
Index

Symbols

[α] 114
[·] 111, 433
〈α〉 114
〈·〉 111, 433
∃ 49, 111, 114, 433
∀ 48, 111, 114, 433
∧ 111, 180, 433
↔ 111
→ 111, 180, 433
¬ 111, 180, 433
∨ 111, 180, 433
?Q 76, 429
(F)′ 329
(e)′ 296
; 76, 429
Fe

x 591
Fc/b

x 589
F−∞

x̄ 612
Fe+ε

x̄ 617
Fe

x̄ 595
[′] 149
[:=]= 204, 368
[?] 151
[∩] 505
[·] 484
[∪] 144
[]∧ 161, 231, 336
[d] 505
[∗] 155, 216
[:=] 147, 536
[;] 153
[∗∗] 240
[×] 505
d
dt 51, 304, 327
∂ f
∂x (ξ ) 300

Γ `dGL P 499
Φ `dL Q 180
· 537
∩ 427
Ck(D,Rn) 54
∪ 76, 429
δα (X) 474
R 195
x :=∗ 390
∃lin 590
`dL P 180, 186, 205
`dGL P 499, 500
ςn

α (X) 461
∞ 610
〈′〉 487
〈:=〉 486
〈?〉 488
〈∩〉 505
〈·〉 157
〈d〉 491
〈∗〉 493
〈;〉 490
〈∪〉 489
〈×〉 505
S 45, 77
Γ ` ∆ 177
V 45
BV(P) 166
BV(α) 165, 166
FV(P) 165, 167
FV(α) 165, 167
FV(σ) 543
FV(e) 165
MBV(α) 167
V(P) 168
V(α) 168
[[P]] 113, 452
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630 Index

[[α]] 79
[[e]] 46
ω |= P 48
σ(α) 537
σ(φ) 537
σ(θ) 537
ςα (X) 474
ε 614
ϕ |= x′ = f (x)∧Q 80
ϕ |= x′ = f (x) 80
c() 533
f (e) 534
p(e) 534
x′ = f (x)&Q 76, 429
x′ = f (x) 76, 429
x :=e 76, 429
:= 76, 429
∗ 76, 429
× 428
d 429
QE 197, 583
i∀ 198
` 177

A

abstraction 70
admissible see substitution, admissible
advance notice 458
adversarial 8, 422
analytic cut see cut
and-operator 52, 123, 443
Angel 426
antecedent 177
arity 533
assignment 76, 147

differential 307, 327
nondeterministic 390

automaton
hybrid 85, 91

autonomous 38
axiom 142–162, 215–217, 301–308,

327–349, 378–380, 484–494, 527
assignment 147, 486, 536
composition 153, 490
determinacy 484
duality 157, 491
iteration 155, 216, 493
modus ponens

modal 161
of choice 144
of game of choice 489
solution 149, 487
test 151, 488

vacuous 162, 231, 536
axiomatics 138
axiomatization 502, 551

B

bi-implication 52, 123, 443
box-modality 123, 443
brackets

semantic 47

C

calculus
axiomatic see axiom
sequent 179

Cauchy-Lipschitz 54
CEL rule 188
CER rule 188
CE rule 188
challenge 430
change

explicit 52, 308
choice

angelic 426
demonic 427
nondeterministic 76, 144

clash 538, 543
closed

formula see formula, closed
closure

universal 196
competition

adversarial 437
analytic 422

complete 502, 551
composition

sequential 76, 153
compositional 138, 298, 455
conclusion 179
condition

intermediate 125
winning 433

conjunction 52, 123, 443
connectives 174
consequence 114
consistent 483
constant 224, 230
context 188, 188
continued

to boundary 53
continuous 8

evolution see differential, equation
Lipschitz see Lipschitz, continuous
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contract 97–106
invariant 107

contraction 202
control

and modeling 12
event-triggered 261, 245–264
model-predictive 273
time-triggered 280, 267–282

convention
naming 44

counterexample 121
CPS 1
cut 183

differential see differential, cut

D

dA rule 380
DC axiom 349
dC rule 346
DE axiom 307, 327
De Morgan 586
degree 611
Demon 426
derivation 302

operator 317
derivative

partial 300
descriptive power 39
design

iterative 69
determined 483
DG axiom 379
dG rule 380
dGL 433
DI axiom 305, 340
dI rule 309, 331, 340
diamond-modality 123, 443
differential 295, 300, 304, 327

algebra 317
auxiliaries 380
axiomatization 388
constant 317
cut 346, 349
effect 307, 327
equation 32, 28–58, 76, 80, 148–151,

287–415
dual 428

field of quotients 317
formula 329
ghost 379, 380
indeterminates 317
invariant 331, 340
polynomial algebra 317

structure 404
symbol 297, 339
term 296, 300
weakening 327

discrete 8
disjunction 52, 123, 443
distributed 8
dL 111
domain 32

evolution 40, 76, 429
reduction 503

of substitution 537
doubt

Cartesian 123
draw 482
DW axiom 327
dW rule 328
dynamics

adversarial 422
continuous 39–52
discrete 66

E

equation
differential see differential, equation

equilibrium 385
equivalence

contextual 188, 551
equivalent 52, 123, 443
event 251
evolution

continuous see differential, equation
exchange 201
existence

of solution 53
existential quantifier see quantifier,

existential
exists 52
expression

square root 592
expressive

differentially 502, 551

F

filibuster 441
fixpoint 472
for all 52
form

differential 289
game 429

formula
dGL 433
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dL 111
atomic 183
closed 197, 584
differential game logic 433
differential dynamic logic 111

with interpretation 534
FOL 43
ground 197, 584
modal 110, 433
principal 183

FP× rule 506
FP rule 494

G

Gödel 162, 218
G rule 162, 218
game 424–432

atomic 429
choice 430
compound 430
continuous evolution 429
demonic choice 427
demonic repetition 428
deterministic assignment 429
dual 430
dual test 430
hybrid 8, 429
repeated 430
sequential 430
test 430

generator 316
George Box 561
ghost

arithmetic 390
axiomatic 387
differential see differential, ghost
differential-algebraic 393
discrete 367
substitute 383

graph 53
ground

formula see formula, ground

H

HG 429
hide 202
Hoare

triple 117
homomorphism 542
HP 76
hybrid see system, hybrid

I

I axiom 217
IA rule 367
ideal

vanishing 600
implication 52, 123, 443
implies-operator 52, 123, 443
ind× rule 506
ind rule 219
inductive 221
infinitesimal 614
inflation 473
initial value

problem 32
symbolic 34, 149

instantiation 200
intermediate

condition 125
state 124

interpretation 535
adjoint 546

invariant 221
differential 305, 331, 340
function 319
term 305

K

kernel 48
K axiom 161

L

Leibniz
rule 317

Lie-derivative 319, 339
Lipschitz 54

local 54
logic

differential dynamic 107–115
with interpretation 533–536

differential game 428–439
first-order 42–50, 580

loop
invariant 221
rule 221

M

M rule 163, 220
M[·] rule 163, 220
[]-modality 123, 443
〈〉-modality 123, 443
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ModelPlex 557–574
model checking

bounded 235
monitor 569

controller 563
model 564
runtime 569

monotone 456, 481
MR rule 237
multi-firing 259
M rule 485
M[·] rule 485

N

negation 52, 123, 443
nilpotent 56
nondeterministic 8, 70
not-operator 52, 123, 443

O

objective 433
Occam 201
ODE see differential, equation
operator

duality 429
modal 110
precedence 77, 113

or-operator 52, 123, 443
ordinal 465

arithmetic 468
limit 465, 467
successor 465, 467
transfinite 466

P

parameter
constant 224, 230
symbolic 119

Peano 53
Picard-Lindelöf 54
postcondition 110
powerset 81, 115
pre-fixpoint 470
precedence

operator 113
premise 179
program

atomic 76
compound 76
continuous 42
hybrid 76, 65–80, 534

proof 179
irrelevance 255

propositional
rule see rule, propositional

proved 180, 499

Q

QE (quantifier elimination) 197, 583
quantifier

elimination 197, 583
equational 591
linear 589
quadratic 618

existential 52, 123, 443
universal 52, 123, 443

Quantum 98
quotient

rule 317

R

reaction 273
reals 43

extended 613
nonstandard 618

region
winning 452, 474

iterated 461
repetition

angelic 426
demonic 428
nondeterministic 76, 155, 216

response 246
rule 162–164, 180–205, 217–223, 327–349,

367, 378–380, 494–495, 538, 552
arithmetic 195
axiomatic 552
derived 192
fixpoint 494
Gödel 162, 218
loop 221
loop 494
monotonicity 163, 220, 485
product 317
proof 179
propositional 175–193

S

satisfaction 48, 114, 453
satisfiable 49
schema

axiom 527
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rule 551
semantics 113, 138, 535

denotational 298
of dGL 452
of dL 112
of differentials 300
of differential symbols 297
of FOL 47
of games 474
of HPs 77
of terms 45
operational 439
static 164

sequent 177, 179
set

closed 411
open 411
semialgebraic 625

skills
CPS 14

Skolem
function 190

solution 32, 51, 80, 149, 369
soundness

local 552
miracle 500
of axioms 146, 159, 548
of calculus 186, 205
of dL 159
of proof rule 179
of dGL 500
of US 547, 552

state 45, 77, 297, 451
modification 49
set of 45, 77, 451

stochastic 8
strategy 441

winning 433, 433, 441, 474
subgame 429
substitution

admissible 148, 543
uniform 536, 542, 536–547

of rule 552
virtual 590–599, 609–624

infinitesimal 615
infinity 610
square root 595

succedent 177
symbol 531

constant 533
differential 295
function 533
predicate 533
program constant 533

syntax 138
of dGL 433
of dL 110
of FOL 43
of HGs 429
of HPs 75
of terms 42

system
cyber-physical 1
hybrid 6, 8

distributed 8
stochastic 8

multi-dynamical 8, 422

T

tangent 300
Tarski 197, 584
Tarski-Seidenberg 625
term 42, 296, 534

atomic 43
compound 43
differential 295, 300

test 76, 151, 429
dual 428
poor 503
rich 503

theory
proof 399, 502, 551

thinking
computational 13

time 38, 82, 271
divergence of 278

topology 411
transfinite 473
transition

semantics
dL 78

trinity 138
logical 138

U

uncertain 8
uniform substitution see substitution,

uniform
uniqueness

of solution 54
universal quantifier see quantifier, universal
unsatisfiable 49
US rule 538, 547

V

V axiom 162, 231
vacuous 162, 231, 536
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valid 49, 114, 453, 535
value

of term 46, 535
of term

differential 300
variable 42

bound 164, 166
differential see symbol, differential
free 164, 167
must-bound 167

variant 516
variety

affine 600
velocity

limit 385
V axiom 536

W

ω-semantics 461
weakening 202

differential see differential, weakening

Z

Zeno 278
zero-sum 482



Operators of Differential Dynamic Logic (dL)
dL Operator Meaning
e≥ ẽ greater or equals true if value of e greater-or-equal to ẽ
¬P negation / not true if P is false
P∧Q conjunction / and true if both P and Q are true
P∨Q disjunction / or true if P is true or if Q is true
P→ Q implication / implies true if P is false or Q is true
P↔ Q bi-implication / equivalent true if P and Q are both true or both false
∀xP universal quantifier / for all true if P is true for all values of variable x
∃xP existential quantifier / exist true if P is true for some value of variable x
[α]P [·] modality / box true if P is true after all runs of HP α
〈α〉P 〈·〉 modality / diamond true if P is true after some run of HP α

Statements and effects of Hybrid Programs (HPs)
HP Notation Operation Effect
x :=e discrete assignment assigns current value of term e to variable x
x :=∗ nondet. assignment assigns any real value to variable x
x′ = f (x)&Q continuous evolution follow differential equation x′ = f (x) with-

in evolution domain Q for any duration
?Q state test / check test first-order formula Q at current state
α; β seq. composition HP β starts after HP α finishes
α ∪β nondet. choice choice between alternatives HP α or HP β
α∗ nondet. repetition repeats HP α any n ∈ N times

Semantics of dL formula P is the set of states [[P]]⊆S in which it is true
[[e≥ ẽ]] = {ω ∈S : ω[[e]]≥ ω[[ẽ]]}
[[P∧Q]] = [[P]]∩ [[Q]]
[[P∨Q]] = [[P]]∪ [[Q]]

[[¬P]] = [[P]]{ = S \ [[P]]
[[〈α〉P]] = [[α]]◦ [[P]] = {ω : ν ∈ [[P]] for some state ν such that (ω,ν) ∈ [[α]]}
[[[α]P]] = [[¬〈α〉¬P]] = {ω : ν ∈ [[P]] for all states ν such that (ω,ν) ∈ [[α]]}
[[∃xP]] = {ω : ν ∈ [[P]] for some state ν that agrees with ω except on x}
[[∀xP]] = {ω : ν ∈ [[P]] for all states ν that agree with ω except on x}

Semantics of HP α is relation [[α]]⊆S×S between initial and final states
[[x :=e]] = {(ω,ν) : ν = ω except that ν [[x]] = ω[[e]]}
[[?Q]] = {(ω,ω) : ω ∈ [[Q]]}
[[x′ = f (x)&Q]] =

{
(ω,ν) : ϕ(0) = ω except at x′ and ϕ(r) = ν for a solution

ϕ:[0,r]→S of any duration r satisfying ϕ |= x′ = f (x)∧Q
}

[[α ∪β ]] = [[α]]∪ [[β ]]
[[α;β ]] = [[α]]◦ [[β ]] = {(ω,ν) : (ω,µ) ∈ [[α]],(µ,ν) ∈ [[β ]]}
[[α∗]] = [[α]]∗ =

⋃
n∈N

[[αn]] with αn+1 ≡ αn;α and α0 ≡?true
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Axiomatization (dL)

〈·〉 〈α〉P↔¬[α]¬P

[:=] [x :=e]p(x)↔ p(e)

[?] [?Q]P↔ (Q→ P)

[′] [x′ = f (x)]p(x)↔∀t≥0 [x :=y(t)]p(x) (y′(t) = f (y))

[∪] [α ∪β ]P↔ [α]P∧ [β ]P

[;] [α;β ]P↔ [α][β ]P

[∗] [α∗]P↔ P∧ [α][α∗]P

K [α](P→ Q)→ ([α]P→ [α]Q)

I [α∗]P↔ P∧ [α∗](P→ [α]P)

V p→ [α]p (FV (p)∩BV (α) = /0)

M[·] P→ Q
[α]P→ [α]Q

G
P

[α]P

Differential equation axioms
DW [x′ = f (x)&Q]P↔ [x′ = f (x)&Q](Q→ P)

DI
(
[x′ = f (x)&Q]P↔ [?Q]P

)
← (Q→ [x′ = f (x)&Q](P)′)

DC
(
[x′ = f (x)&Q]P↔ [x′ = f (x)&Q∧C]P

)
← [x′ = f (x)&Q]C

DE [x′ = f (x)&Q]P↔ [x′ = f (x)&Q][x′ := f (x)]P

DG [x′ = f (x)&Q]P↔∃y [x′ = f (x),y′ = a(x) · y+b(x)&Q]P

+′ (e+ k)′ = (e)′+(k)′

·′ (e · k)′ = (e)′ · k+ e · (k)′

c′ (c())′ = 0 (for numbers or constants c())

x′ (x)′ = x′ (for variable x ∈ V )

Differential equation proof rules

dW
Q ` P

Γ ` [x′ = f (x)&Q]P,∆
dI

Q ` [x′:= f (x)](F)′

F ` [x′ = f (x)&Q]F

dC
Γ ` [x′ = f (x)&Q]C,∆ Γ ` [x′ = f (x)&(Q∧C)]P,∆

Γ ` [x′ = f (x)&Q]P,∆
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Sequent calculus proof rules

¬R
Γ ,P ` ∆

Γ ` ¬P,∆

¬L
Γ ` P,∆

Γ ,¬P ` ∆

→R
Γ ,P ` Q,∆

Γ ` P→ Q,∆

→L
Γ ` P,∆ Γ ,Q ` ∆

Γ ,P→ Q ` ∆

∧R
Γ ` P,∆ Γ ` Q,∆

Γ ` P∧Q,∆

∧L
Γ ,P,Q ` ∆

Γ ,P∧Q ` ∆

id
Γ ,P ` P,∆

cut
Γ ` C,∆ Γ ,C ` ∆

Γ ` ∆

∨R
Γ ` P,Q,∆

Γ ` P∨Q,∆

∨L
Γ ,P ` ∆ Γ ,Q ` ∆

Γ ,P∨Q ` ∆

WR
Γ ` ∆

Γ ` P,∆

WL
Γ ` ∆

Γ ,P ` ∆

∀R Γ ` p(y),∆
Γ ` ∀x p(x),∆

(y 6∈ Γ ,∆ ,∀x p(x))

∀L Γ , p(e) ` ∆
Γ ,∀x p(x) ` ∆

(arbitrary term e)

CER
Γ ` C(Q),∆ ` P↔ Q

Γ ` C(P),∆

CEL
Γ ,C(Q) ` ∆ ` P↔ Q

Γ ,C(P) ` ∆

∃R Γ ` p(e),∆
Γ ` ∃x p(x),∆

(arbitrary term e)

∃L Γ , p(y) ` ∆
Γ ,∃x p(x) ` ∆

(y 6∈ Γ ,∆ ,∃x p(x))

=R
Γ ,x = e ` p(e),∆
Γ ,x = e ` p(x),∆

=L
Γ ,x = e, p(e) ` ∆
Γ ,x = e, p(x) ` ∆

Derived axioms and derived rules
∧′ (P∧Q)′↔ (P)′∧ (Q)′

∨′ (P∨Q)′↔ (P)′∧ (Q)′

[]∧ [α](P∧Q)↔ [α]P∧ [α]Q

←−
[∗] [α∗]P↔ P∧ [α∗][α]P

[∗∗] [α∗;α∗]P↔ [α∗]P

[:=]=
Γ ,y = e ` p(y),∆
Γ ` [x :=e]p(x),∆

(y new)

iG
Γ ` [y :=e]p,∆

Γ ` p,∆
(y new)

dG
Γ ` ∃y [x′ = f (x),y′ = a(x) · y+b(x)&Q]P,∆

Γ ` [x′ = f (x)&Q]P,∆

dA
` J↔∃yG G ` [x′ = f (x),y′ = a(x) · y+b(x)&Q]G

J ` [x′ = f (x)&Q]J
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