
Appendix A
Proofs

A.1 Irrationality of
√

2

There are many different proofs of irrationality of
√

2. The one that I will present
here is due to the American mathematician Stanley Tennenbaum (1927–2005). It is
a beautiful proof.

We need some preparation. Consider a unit square pictured below. The length of
each side is 1. Let d be the length of the diagonal.

1

1d

Now consider a d by d square positioned as in the picture below. The dashed
lines show a right triangle. The smaller square can be cut into two such triangles,
the larger one into four, which shows that the area of the larger square is 2. The
larger square is twice larger than the smaller.

1

1d
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Because the area of the larger square is 2, the length of its side d must be such
that d2 = 2. Hence, d is the square root of 2. The picture shows that d is a number
between 1 and 2. One can ask if by choosing smaller units of length, one could
measure the side of the square with exactly m such units, and the diagonal by exactly
n units, where m and n are natural numbers.

m

mn

If we could find such m and n, it would follow that n2 is equal to twice m2,
i.e. 2m2 = n2. Then, by dividing both sides by m2 we would obtain that 2 = ( n

m
)2,

and that in turn would show that
√

2 = n
m

, proving that
√

2 is a rational number.
Tennenbaum’s proof shows that there can be no such m and n. The proof begins
now.

Suppose that there is a number m, such that 2m2 is a square, i.e. m2 + m2 = n2

for some natural number n. Let’s see what this m could be.

• Could m = 1? No, 12 + 12 = 2 is not a square.
• Could m = 2? No, 22 + 22 = 8 is not a square.
• Could m = 3? No, 32 + 32 = 18 is not a square.
• Could m = 4? No, 42 + 42 = 32 is not a square.
• Could m = 5? No, 52 + 52 = 50, close but not a square.

For m = 2 and m = 5 we almost succeeded, we missed a square by 1. It is
encouraging, but instead of continuing, we will assume that we have found an m

that works, and we will examine consequences.
In preparation, let us consider a similar case. It is well know that the sum of

squares can be a square. It happens infinitely often. We will illustrate what is going
on using pebbles in square boxes. For example, 32 +42 = 52. Fig. A.1, it shows how
9 pebbles and 16 pebbles are first arranged in two square boxes, and then rearranged
into five rows with five pebbles in each row in a 5 by 5 square.

Now let rearrange the pebbles differently. In the 5 by 5 square let us place the
9 pebbles to form a square in its upper left corner, and then 16 pebbles to form a
square in the lower right corner as in Fig. A.2.

Fig. A.1 32 + 42 = 52
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Fig. A.2 Squares rearranged

Fig. A.3 m2 + m2 = n2

m2

+

m2

=

n2

Fig. A.4 Rearranging
m2 + m2

l2

k2

k2m2

m2

The squares overlap, and the number of doubly occupied slots is equal to the
number of empty slots in the other two corners of the big square. It is clear that it is
the case by inspecting the picture. For the rest of the proof, keep in mind that when
the squares arranged the same fashion as in Fig. A.2, for each doubly occupied slot,
there must be one that is left unoccupied.

Now we come back to Tennebaum’s proof. Think about what would happen if
instead of adding two squares of different sizes, we could add m2 to m2 and obtain
a bigger square n2 (Fig. A.3).

The picture will be similar to the one in Fig. A.2, but now since the smaller
squares are of the same size, the picture is symmetric, as in Fig. A.4. The region
over which the smaller squares overlap must consist of the same number of slots, as
the two empty areas. Hence, if l is the length of each side of the square in the middle,
and k is the length of each sides of the two smaller squares, then k2 + k2 = l2.

Now comes the punch line. If there were a whole number m such that m2 + m2

is a square then, there would be a smallest such number m. Suppose that m is that
smallest number. Then, the argument above shows that there is a smaller natural
number k such that k2 + k2 = l2, so k2 + k2 is a square, hence m could not have
been the smallest such number, and that is a contradiction and it completes the proof.√

2 is not rational.
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A.2 Cantor’s Theorem

In Chap. 5, we saw that the real line R is made of points that are ideal geometric
places determined by the set of all Dedekind cuts in the rational numbers. Cantor
proved that the collection of all such cuts cannot be obtained in a step-by-step
process. In this section we will examine Cantor’s argument.

We will show that for every step-by-step construction that at each step generates
finitely many points on the real number line, there is always a point that is not
generated by the construction. It follows that all of R cannot be generated step-by-
step, or, in other words, that R is uncountable. We will consider an arbitrary process
that in each step generates just one point. This is for notational convenience only,
the argument below can be easily adjusted to any other step-by-step construction as
long as at each step only a finite number of points in generated. When you read the
proof below, it helps to draw pictures.

Let us consider a step-by-step process that generates points on the number line.
For a < b, the interval [a, b] is the set of all points between a and b, including
the endpoints a and b. We will use the process to construct a sequence of intervals
[a0, b0], [a1, b1], [a2, b2], . . . , each next interval contained in the previous one.

Let p0, p1, p2,. . . be the sequence of points that our step-by-step process
produces one by one. To begin our construction, we take any interval [a0, b0]
with rational endpoints, and select a rational point q that is different from p0 and
a0 < q < b0. Since p0 is different from q, it can only be in one of the intervals
[a0, q] and [q, b0]. If it is not in the first interval, we let [a1, b1], be [a0, q]; otherwise
we let it be [q, b0]. So p0 is not in [a1, b1]. In the second step, we select another
rational q, this time different from p1, such that a1 < q < b1. We consider intervals
[a1, q] and [q, b1] and select as [a2, b2] the one which does not contain p1. So
[a2, b2] contains neither p0 nor p1. We continue in this fashion to obtain a nested
sequence of nonempty intervals [an, bn] such that for each n, [an, bn] does not
contain any of the points p0, p1, . . . , pn−1.

Now we add an additional twist to the selection of the points an and bn: we want
the distance between them to be smaller than 1

n
. This can be achieved by moving an

closer to bn, if an and bn do not satisfy this additional condition already. For such
modified sequence of intervals, let D = {p : p ∈ Q ∧ ∃n (p ≤ an)}. Then, D is a
Dedekind cut that corresponds to a real number d. Since d belongs to all intervals
[an, bn], it must be different from all points pn, and this finishes the proof.

An interesting feature of this proof is that if the procedure that generates the
sequence p0, p1, p2,. . . is not just “given,” but actually is an effective computational
procedure, then from the proof we can extract an algorithm to compute the digits
in the decimal expansion of the number d. In particular, since there is an effective
procedure that lists all real algebraic numbers, we get an algorithm to construct a
non-algebraic number.
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A.3 Theories of Structures with Finite Domains

In Chap. 11, we noted that structures with finite domains that share the same first-
order theories must be isomorphic. This may not be that surprising if one thinks of
a structure with a finite number of relations. It seems reasonable that a finite amount
of information suffices to describe what those relations on a finite domain look like.
The proof that is given below is interesting because it does not attempt to show how
a finite structure can be completely described by its first-order properties. It is a
proof by contradiction, and it works for an arbitrary number of relations.

Theorem A.1 Let A and B be structures with finite domains for the same first-
order language. If for every first-order sentence ϕ, ϕ is true in A if and only if it is
true in B, then A and B are isomorphic.

Proof Suppose, to the contrary, that A and B satisfy the assumptions of the theorem,
but are not isomorphic. Let A be the domain of A and let B be the domain of B. Let
n be the size of A. Since the fact that A has n elements is expressible by a first-order
sentence, B must also have n elements.

Because we assumed that A and B are not isomorphic, none of the functions
f : A −→ B is an isomorphism. There are only finitely many such functions: f1,
f2, f3, . . . , fm.1 Also let a1, a2, . . . , an be a list of all elements of A.

Because none of the functions fi , for 1 ≤ i ≤ n is an isomorphism, for each such
i there is a formula ϕi(x1, x2, . . . , xn) such that

ϕi(a1, a2, . . . , an) holds in A,

but

ϕi(f (a1), f (a2), . . . , f (an)) does not hold in B.

Now, consider the following sentence ϕ

∃x1∃x2 . . . ∃xn [ϕ1(x1, x2, . . . , xn)∧ϕ2(x1, x2, . . . , xn)∧. . . ∧ϕm(x1, x2, . . . , xn)].

The formulas ϕi(x1, x2, . . . , xn) were chosen so that all the conjuncts in ϕ hold
when interpreted by a1, a2, . . . , an; hence, ϕ holds in A. It remains to show that ϕ

does not hold in B. If it did, it would have been witnessed by a sequence of elements
b1, b2, . . . , bn, but then the function f : A −→ B defined by f (ai) = bi , for all i

such that 1 ≤ i ≤ n is one of the functions fj : A −→ B that we have considered,
and it follows that ϕj (b1, b2, . . . , bn) does not hold in B, contradicting ϕ.

1m = nn, but is not important for the argument.
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A.4 Existence of Elementary Extensions

In this section we give a proof of the following theorem that played a big role in
Chap. 11.

Theorem A.2 Every structure with an infinite domain has a proper elementary
extension.

All details of the proof are spelled out in the following four paragraphs. It is
a formal mathematical argument, but it is simple. The result is very powerful. In
Chap. 11, we saw some of its consequences, and it is used in the next section in a
proof of an important theorem in combinatorics. The power of the theorem is not in
the simple argument below, it comes from the compactness theorem (Fig. A.5).

Let A be a structure with an infinite domain A, and let A be its expansion obtained
by adding names for all elements of the domain. We will add to the language one
more constant that is not among the constants naming the elements of A. Let us
call it c. We will consider a theory T in this expanded language. T consists of the
complete theory of A, Th(A), and the infinite set of sentences of the form ¬(c =
a), one for each element a of A. Notice that Th(A) includes the types of all finite
sequences of the elements of A.

It is easy to see that every finite fragment of T has a model. Indeed, if T ′ is a finite
set of sentences from T , then T ′ consists of a finite number of sentences ϕ1, ϕ2, . . . ,
ϕm that are true in A, and a finite number of sentences of the form ¬(c = a1),
¬(c = a2), . . . , ¬(c = an), for some a1, a2, . . . , an in the domain. We will show
that T ′ has a model.

Since A is infinite, there is an element in A that is not among a1, a2, . . . , an.
Let us take such an element and interpret the constant c by it. Then all sentences in
T ′ are true (A, c). We use here the fact that none of the sentences ϕ1, ϕ2, . . . , ϕm

mentions c.
By the compactness theorem, T has a model. Let us call it B. All constants

naming the elements of A, are interpreted as elements of the domain of B, and those
interpretations are related to each other in B exactly as they were in A, because
all the information about those relations is included in T . Hence, B contains an
isomorphic copy of A, and in this sense it is an extension of A. Moreover, since T

Fig. A.5 B is a proper
elementary extension of A
with a new element c
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contains types of all finite sequences from A, B is an elementary extension of A.
Finally, because the constant c must be interpreted as an element outside the domain
of A, B is a proper extension. Its domain has at least one new element.

A.5 Ramsey’s Theorem

If an infinite set is cut into a finite number of pieces, then at least one of those pieces
must be infinite. How do we know that? This is a basic intuition concerning infinity.
We cannot build an infinite set by putting together a finite number of finite sets. If
each of the pieces is finite, then so is their union. This section is devoted to a proof
of a similar, but harder to prove result. We need some definitions first.

For a set X, [X]2 is the set of all unordered pairs of elements of X. For example,
if X = {a, b}, then [X]2 consists of only one pair {a, b}.

For a subset A of [X]2, a subset H of X is A-homogeneous if either for all distinct
a, and b in H , {a, b} is in A, or for all distinct a and b in H , {a, b} is not in A.

Theorem A.3 (Infinite Ramsey’s Theorem for pairs) Let X be a countably
infinite set. For every subset A of [X]2, there exists an infinite subset H of X that is
A-homogeneous.

Ramsey’s theorem can be also formulated in term of graphs. Think of the infinite
graph whose set of vertices is X, such that there is an edge between any two vertices.
Suppose that each edge {a, b} is colored either red or blue. Ramsey’s theorem says
that no matter how the coloring is done, there always will be an infinite set of vertices
H such that either all edges {a, b}, with a and b in H are red, or all such edges
are blue.

In another interpretation, think of A as the set of pairs of elements having a
certain property. Ramsey’s theorem says that for every property of pairs of elements,
every infinite set has an infinite subset such that either all pairs from that subset have
that property, or none of them have. We can identify each edge with the unordered
pair of vertices it connects. This interpretation justifies the inclusion of the theorem
in this book, as in this form the theorem is a stepping stone toward constructions of
elementary extensions with non-trivial symmetries. The reason to include the proof
below is that it illustrates the use of elementary extensions.

The usual proof of Ramsey’s theorem is not hard, but is not elementary either.
The proof given below is a little simpler than the one that is usually given in
textbooks. The simplification is due to the use of Theorem A.2 from the previous
section.

A set X is countably infinite if its elements can be enumerated using natural
numbers. Thus, to prove the theorem we can assume that X is the set of natural
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numbers N.2 The theorem is about sets of unordered pairs of natural numbers, but
it will be convenient to represent them as the ordered pairs (m, n), where m is less
than n.3 With these conventions in mind we can now begin the proof .

Let a subset A of [N]2 be given. We will consider the structure N = (N,<,A)

and its proper elementary extension N∗ = (N∗,<∗, A∗). Notice that A and A∗ are
binary relations. Let c be an element of N∗ that is not in N. Because the extension is
elementary, for every natural number n, n <∗ c.4

Now we will define a sequence of natural numbers. Let x0 = 0, and suppose that
the sequence x0, x1, . . . , xn has been defined so that x0 < x1 < · · · < xn, and for
all i < j ≤ n

(xi, xj ) ∈ A ⇐⇒ (xi, c) ∈ A∗

Our task now is to define xn+1. The formula below says that there is an element v

of N∗ that behaves with respect x0, x1,. . . , xn exactly as c does. It is obviously true
in N∗, since c is such an element. To make the statement a bit shorter, we will use
symbols εi , for each i ≤ n, with the interpretation: if (xi, c) ∈ A∗, then εi =∈,
otherwise εi =/∈.

∃v[xn <∗ v ∧ (x0, v)ε0A
∗ ∧ (x1, v)ε1A

∗ · · · ∧ (xn, v)εnA
∗]. (∗)

Now comes the crucial part of the argument. Since N∗ is an elementary extension
of N, there must be an element in N that has the property expressed by (∗) when A∗
and <∗ are replaced with A and <, respectively. We define xn+1 to be a least such
element.

Now imagine that the whole infinite sequence of the x0, x1, x2, . . . has been
constructed. Let B = {xn : n ∈ N}. The construction guarantees that for all x and
y in B, if x < y, then (x, y) is in A if and only if (x, c) ∈ A∗. Let H = {x ∈ B :
(x, c) ∈ A∗} if this set is infinite, otherwise let H = {x ∈ B : (x, c) /∈ A∗}. Then,
H has the required property: either for all x in H the pair (x, c) is in A∗, and then
for all x and y in H , such that x < y, (x, y) is in A; or for all x in H , (x, c) is not
in A∗, hence for all x and y in H , such that x < y, (x, y) is not in A. This finishes
the proof.

2If X = {x0, x1, x2 . . . } is an enumeration of X, then Ramsey’s Theorem for X is a straightforward
consequence of Ramsey’s Theorem for the set of indices {0, 1, 2 . . . }.
3Since {m, n} = {n,m} we can identify each unordered pair with the ordered pair in which m < n.
4An argument showing this is given in Sect. 12.1.
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A.5.1 A Stronger Version of Ramsey’s Theorem

The use of an elementary extension and the “infinite” element c in it made the proof
of Ramsey’s theorem a bit more streamlined than the usual combinatorial proof,
but it comes at a price. The proof shows that there must exist a set H with the
required properties, but it not telling us much more about this set. That is because
we do not have sufficient information about A∗ and the “infinte” element c that are
used to define the homogeneous set H . The definition of H given in the proof is
not a first-order definition in (N,<,A). It is a set-theoretic definition that refers
to the inductively defined infinite sequence x0, x1, x2, . . . . The proof tells us that
an infinite homogeneous set exists for any set of pairs A, but we don’t know how
complex H is in comparison to A. However, there is another similar proof that
provides more information.

In Theorem A.3, let us assume in addition that the set A is first-order definable
in (N,+, ·). For such an A, we can show that there is a homogeneous set H that
is also first-order definable in (N,+, ·). To prove that, instead of an elementary
extension (N∗,<∗, A∗), we can use an elementary extension of the richer structure
(N∗,+∗, ·∗). It is not necessary to include A, and < explicitly, since < definable and
we assume that A is definable as well. To reach the stronger conclusion, we can now
use a stronger version of Theorem A.2. The arithmetic structure (N,+, ·) not only
has a proper elementary extension, as any other structure with infinite domain has.
It also has a conservative elementary extension, i.e. an extension (N∗,+∗, ·∗) such
that for each set X∗ that is parametrically definable in (N∗,+∗, ·∗), the intersection
of X∗ with N is definable in (N,+, ·).5 If we use such a conservative extension, then
one can show6 that the set H , that we defied in the proof is extended to a set H ∗
that is defined in (N∗,+∗, ·∗) using the parameter c, so that H is the intersection of
H ∗ with N. It follows that H is definable in (N,+, ·).

5In (N,+, ·) all natural numbers are definable, hence every parametrically definable set is also
definable without parameters.
6This part of the argument is routine, but a bit technical so we skip it.



Appendix B
Hilbert’s Program

The general study of mathematical structures by means of formal logic is relatively
new. The applications of logic that I described in his book were not the original
motivation behind the developments in mathematical logic that led to first-order
logic and related formal systems, but they turned out to be a very useful byproduct.
Mathematicians study numbers and geometric figures, and come up with patterns
and regularities. They deal with proofs, irrefutable arguments showing that such
and such fact is true. What are those proofs based on? They are based on a theory
that starts with basic, undeniable observations concerning numbers and geometric
figures and then proceeds piling up results derived from previously established ones
by logical deductions. That is a description of the kind of mathematics we learn
about at school. Some mathematics nowadays is still like that, but most of it is
not. While still rooted in classical numerical, geometric, and algebraic problems,
modern mathematics, has evolved into an extremely diverse body of knowledge.
The current official classification identifies 98 general mathematical subjects, each
of which splits into a large number of more specialized subcategories. The names
of the subjects will say very little to nonspecialists, and it is becoming harder
and harder to have a clear picture of what all this is about. However, there is one
distinctive feature that is present explicitly in most subjects, and that is an open and
unrestricted use of arguments involving infinity. How does one use infinity? If you
have studied calculus, you have seen examples of uses of infinity on almost every
page the textbook. In fact, the whole idea of calculus is built on reasoning about
infinite processes. But we do not need to refer to calculus to see the presence of
infinity in mathematics.

Since
√

2 is not rational, it cannot be represented as a finite decimal, and, as
shown in Sect. 5.5, it cannot be represented as an infinite repeating decimal. It is
represented by an infinite non-repeating sequence of digits. Once we start thinking
about it, all kinds of questions arise. In what sense do we say that

√
2 is an infinite

sequence? How can we know anything about that entire sequence? How is one
infinite sequence added to another sequence; how are such sequences multiplied?
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Mathematics provides very good answers, but working with infinite objects requires
substantively more than just basic numerical and geometric intuitions. Where do our
intuitions concerning infinity come from? All mathematical entities are abstract, but
if we only talk about those that are finite (and not too large), we can still rely on our
direct insight. We can argue about finite mathematical objects as we would about
ordinary “real life” entities, and the results are usually precise and correct. It is not
so when it comes to infinity. The history of mathematics is full of episodes showing
how cavalier approaches to infinity lead to paradoxes and contradictions.

In the 1870s, Georg Cantor proved that the points filling a square can be put
into a one-to-one correspondence with the points of one of its sides. In this sense,
the number of points of the square is the same as the number of points of its
side. In Cantor’s time, the result was considered counterintuitive, as “clearly” two-
dimensional objects (squares) are larger than one-dimensional ones (line segments).

Cantor’s result is just a first step into the exploration of the vast world of infinite
sets. Infinitistic methods proved useful in establishing mathematical results, but they
were also a subject of criticism and concerns about their validity. In response to
criticism, Hilbert proposed a program to prove once and for all that infinity, and set
theory that deals with it, have a proper place in mathematics. Here is an outline of
his program:

1. Define a system based on a formal language in which all mathematical statements
can be expressed, and in which proofs of theorems can be carried out according
to well-defined, strict rules of proof.

2. Show that the system is complete, i.e. all true mathematical statements can be
proved in the formalism.

3. Show that the system is consistent, i.e. it is not possible to derive a statement and
its negation. The proof of consistency should be carried out using finitistic means
without appeal to the notion of actual infinity.

4. Show that the system is conservative, i.e. if a statement about concrete objects of
mathematics, such as natural numbers or geometric figures, has a proof involving
infinitistic methods, then it also has an elementary proof in which those methods
are not used.

5. Show that the system is decidable by finding an algorithm for deciding the truth
or falsity of any mathematical statement.

All elements of Hilbert’s program had a tremendous impact on the development
of the foundations of mathematics. Our main concern in this book was its first,
initial stage—designing a system in which all of mathematics can be formalized.
It is the part of the program that has been successfully completed in the first half
of the twentieth century. At the beginning, a major candidate for the formal system
to encompass all mathematics was the theory of types developed by Alfred North
Whitehead and Bertrand Russell in Principia Mathematica. The elaborate system
of Whitehead and Russell was later replaced by a combination of first-order logic,
developed earlier by Gottlob Frege, and axiomatic set theory. The story of Hilbert’s
remaining desiderates is complex and interesting. First-order logic turned out to
be complete, as was shown by Kurt Gödel in 1929; but in the following year
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Gödel proved his celebrated incompleteness theorems which in effect caused the
collapse of Hilbert’s program. Gödel showed that for any consistent formal system
that is strong enough there are statements about natural numbers that are true, but
unprovable in the system. Hilbert’s program collapsed, but it inspired a great body
of research in foundations of mathematics, including all methods we discussed in
this book. Of particular interest is the consistency problem.

If we argue informally, it is not unusual to come up with contradictory state-
ments. A good example is Cantor’s theorem stating that there is a one-to-one
correspondence between the points of a square and the points of one of its sides.
When Cantor proved his result, it was believed to be false, and in fact it was
later proved to be false by L.E.J. Brouwer. How is that possible? How can one
have proofs of two contradictory statements? The secret is that when nineteenth
century mathematicians talked about one-to-one correspondences, they meant not
arbitrary correspondences, but the continuous ones. Brouwer proved that there
cannot be a continuous one-to-one correspondence between the points of a square
and the points of its side, confirming the good intuition of the mathematicians
who had thought that to be the case. Cantor’s one-to-one correspondence was
(and had to be) discontinuous. Contradictions in informal reasoning can arise
from imprecise understanding of terms used. Once differences in terminology are
clarified, contradictions should disappear. There is no guarantee that this will always
happen, but at least this is how it has worked in practice so far.

In formal systems all terms are precisely defined upfront, and so are the rules of
arguments (proofs). There is no room for ambiguity. There are many proof systems,
but their common feature is that the rules of proof are mechanical. How do we design
such systems, and how can we prove that inconsistencies will not be found in them?
It was Hilbert’s profound insight that formal statements and formal proofs are finite
combinatorial objects and that one can argue about them mathematically. If there is
no contradiction in a system (which we believe to be the case for the commonly used
systems of mathematics today), this itself is an example of a mathematical statement
that can be turned into a theorem once a proof is supplied. Hilbert believed that this
could be done. His belief was shattered by Gödel’s second incompleteness theorem
which states that if a system is strong enough its consistency cannot be proved within
the system. Formalized mathematics cannot prove its own consistency!

It was only a brief sketch, for a full account I strongly recommend Craig
Smoryński’s excellent book [32].

While Hilbert’s program turned out untenable, its impact can not be overstated.
Formalization of mathematics was crucial for the development of computer science
and computer technology. We can talk to machines and they talk to us. We have a
formal language to communicate. This is a success story, but in this book we have
examined a different, and perhaps somewhat unexpected aspect of formalization.
One could ask: Is there any point in learning a formal language if one is not
interested in formalizing mathematical arguments or in talking to a machine? The
answer is “yes,” for several reasons. One is that formal methods play an important
role in building and analyzing mathematical structures, and if you are interested
in structures in general, those are good examples to consider. Secondly, when
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expressed in a formal language, properties of structures become, as Hilbert wanted,
mathematical objects. Each has its own internal structure. They can be classified
according to various levels of complexity. They can be manipulated revealing
meanings that may not be that transparent in an informal approach. Finally, the
properties of elements of structures that are expressible by first-order formulas have
a certain geometric structure. This geometry brings a kind of geometric thinking that
can be applied in situations that do not seem to have much to do with traditionally
understood geometry. Such geometrization has been effective in several areas of
modern mathematics. For an account of these developments, see David Marker’s
entry on Logic and Model Theory in [23].
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Field, 89
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Free variable, 5
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Immediate successor, 45
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repeating decimal, 68
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Ramsey’s theorem, 175
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