
Appendix A
Derivation of the Acceleration in Circular
Motion

Let us first recall the definitions of position vector, velocity and acceleration of a
particle. In a given reference frame (i.e., coordinate system) the position of a particle
is given by a vector extending from the coordinate frame origin to the instantaneous
position of the particle. This vector could be a function of time, thus specifying the
particle trajectory

r(t) = (x(t), y(t), z(t)). (A.1)

The velocity of the particle is defined as the change of position per unit time

v = lim�t→0

�r
�t

= dr
dt

. (A.2)

The acceleration is defined as the change of velocity per unit time,

a = lim�t→0

�v
�t

= dv
dt

. (A.3)

We note that this is a vector equation, so the change in velocity refers to both a change
in the magnitude of velocity, as well as to a change of velocity direction.

Circular motion is described by a rotating vector r(t) of fixed length, |r | =
constant . The position vector is thus determined by the radius of the circle r , and
by the angle θ(t) of r with respect to the x-axis (Fig. A.1).

Let us now introduce a set of three orthogonal unit vectors: er in the direction of
r, et in the direction of the tangent to the circle and ez in the direction of the z axis.
The relation between the three unit vectors is given by et = ez × er .

We define the angular velocity vector as being perpendicular to the plane of the
circular trajectory with magnitude equal to the time derivative of the angle θ

ω = θ̇ez . (A.4)

Let us proceed to calculate the velocity
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Fig. A.1 Parameters and
variables in circular motion

v = dr
dt

. (A.5)

The direction of velocity is given by the tangent to the circle: et = ez × er . The
magnitude of velocity is given by the length of the infinitesimal circular arc ds = rdθ
divided by the infinitesimal time dt , that the particle requires to traverse this path

ds

dt
= r

dθ

dt
= r θ̇. (A.6)

Including the tangential direction of velocity gives

v = r θ̇et = θ̇ez × rer = ω × r. (A.7)

In order to obtain the acceleration, we calculate the time derivative of velocity

a = dv
dt

= d

dt
(ω × r). (A.8)

We differentiate the vector product as one would differentiate a normal product of
two functions

a = dω

dt
× r + ω × dr

dt
. (A.9)

Defining the angular acceleration α as the time derivative of angular velocity α =
dω
dt , we see that the first term corresponds to the tangential acceleration

at = α × r. (A.10)

In the second term we insert the expression for velocity
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dr
dt

= v = ω × r, (A.11)

and we get a double vector product ω × (ω × r). Using the identity a × (b × c) =
b(a · c) − c(a · b) from vector algebra and noting that ω and r are orthogonal, we
obtain for the second term in the equation for acceleration

ω × dr
dt

= ω × (ω × r) = ω(ω · r) − r(ω · ω) = −ω2r, (A.12)

which is the radial (or centripetal) component of acceleration. So we finally have

a = at + ar = α × r − ω2r. (A.13)
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A
Acceleration

angular, 62, 244
centripetal, 62, 245
radial, 62, 245
tangential, 62, 244

Accelerometer, 94
Accuracy

distance, 239
drift, 233, 240
orientation, 237
pose, 233, 235
position, 237

Actuator
flexible, 175
series elastic, 175
variable stiffness, 175

Anthropomorphic robot, 6, 231
Application

hand-guided, 187
hand-over window, 185

Assembly, 147
Attractor

point, 222, 226
Automated guided vehicle, 189

B
Backward projection, 110, 113, 114

model based, 115
Balance, 210
Bumper, 98

C
Camera, 185

calibration, 114, 118

calibration pattern, 118
calibration tip, 118
extrinsic parameters, 114
intrinsic parameters, 112

Cartesian robot, 231
Center of Mass (COM), 214, 215
Closed kinematic chain, 69
Cobot, 9
Collaborative

application, 185
gripper, 184
operation, 173, 177
robot, 157, 173, 175, 184
workspace, 174, 186

Collision, 175
Compliance, 175
Constraints, 71, 77
Contact

quasi-static, 182
transient, 182

Contact sensor, 96
Control, 133

admittance, 176
force, 133, 147, 149, 151
gravity compensation, 136, 137, 144
impedance, 176
inverse dynamics, 137, 139, 144, 148,
152

inverse Jacobian, 143
orientation, 202
parallel composition, 151
position, 133
position and orientation, 203
proportional-derivative, 135, 136, 144
torque, 176
transposed Jacobian, 142

Conveyor, 164
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belt-driven, 165
chain, 164
metal chain, 164
roller, 165

Conveyor belt, 158
Cooperation, 173
Coordinate frame

base, 231
camera, 109
global, 189, 194, 200, 204, 206
image, 109
index, 111
local, 191
mechanical interface, 232
reference, 23, 31
robot, 208
world, 133, 231

Coordinates
external, 49, 80, 133, 141, 145, 151, 152
image, 111
index, 110
internal, 49, 133
joint, 80

Coriolis, 68
Cycle time, 159
Cylinder

pneumatic, 158
Cylindrical robot, 231

D
Danger, 153
Degrees of freedom, 5, 6, 210, 217
Delta robot, 69, 75
Differential drive, 192
Displacement, 16
Distance

braking, 180
intrusion, 180
protective separation, 180
stopping, 180

DynamicMovement Primitives (DMP), 221,
223

estimation, 225
modulation, 227

Dynamic system
linear, 222

E
Electrical gripper, 167
Encoder

magnetic, 92
optical, 89

End-effector, 133, 142, 149, 160
Euler angles, 39, 218
Exoskeleton, 2, 3

passive, 220

F
Fault avoidance, 154
Feeder, 160

magazine, 163
part, 163
vibratory, 163
vibratory bowl, 163
vibratory in-line, 164

Feeding device, 160
Finger

spring, 167
Fixture, 160
Force

contact, 148, 149, 152
ground reaction, 211
limiting, 177, 181
magnetic, 170
permissible, 183

Force and torque sensor, 98
Force sensor, 98
Forcing term, 223
Forward projection, 108, 114

G
Grasp

by force, 167
by form, 167
reliable, 167

Gravity, 68
Gripper, 39, 41, 46, 165

electrical, 167
hydraulic, 167
magnetic, 169
multi-fingered, 166
pneumatic, 167
two-fingered, 166
vacuum, 168

Guiding device, 178
Gun

spot welding, 171
welding, 171

Gyroscope, 94

H
Hand guiding, 177, 178, 220
Haptic robot, 2
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Human motion capture, 217
Humanoid robot, 3, 209, 210
Hydraulic gripper, 167

I
Image coordinates, 111
Image plane, 109
Image processing, 118
Imitation learning, 210, 216, 217
Inclinometer, 94
Index coordinates, 110
Inertia, 68
Inertial measurement unit, 94, 96, 219
Instantaneous center of rotation, 193
Interface window, 186

J
Joint torque sensor, 101

K
Kinematic pair, 27
Kinematics, 49

direct, 49, 51, 73, 80, 214
inverse, 49, 51, 73, 80

L
Laser rangefinder, 103
Laser scanner, 104
Leg, 70
LiDAR, 105
Limit switch, 98
Localization, 189, 197

inductive guidance, 197
laser, 197
magnetic spot, 197
magnetic tape, 197
natural, 197
odometry, 199
radio-based, 199
wire, 197

Locomotion
biped, 210, 211
double support phase, 213
single support phase, 213
stance phase, 213
swing phase, 213
walking pattern, 213

M
Machine

indexing, 159
Magnet

electromagnet, 169
permanent, 170

Magnetic encoder, 92
Magnetic gripper, 169
Magnetometer, 94
Matrix

homogenous transformation, 11, 13, 16,
20, 27

Jacobian, 51, 55, 142–144, 148
rotation, 13, 39, 42

Mobile robot, 1, 189, 191
mobile forklift, 189
tugger, 189
unit loader, 189

Model
dynamic, 136, 138, 148, 176
geometrical, 19, 24
kinematic, 142

Monitoring speed and separation, 177

N
Nanorobot, 1
Navigation, 189, 197

O
Obstacle avoidance, 205
Odometry, 199
Omnidirectional, 190
Operation

collaborative, 173
Operator, 174
Optical encoder, 89

absolute, 89
incremental, 91

Orientation, 6, 16, 39
Overshoot, 240

pose, 233

P
Pallet, 158–160

injection molded, 161
metal, 161
vacuum formed, 161

Parallel robot, 69, 73, 76, 80
Part-holder, 159
Path

control, 202
Path following, 207
Path planning, 189, 201
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Perspective matrix equation, 110
Perspective projection, 108, 110
Phase

evolution, 228
variable, 223, 228

Platform, 70
Pneumatic cylinder, 158
Pneumatic gripper, 167
Point

final, 126, 129
initial, 126, 129
via, 126, 128, 129

Point-to-point, 123, 223, 226
Pose, 6, 16

initial, 23, 29, 31, 35
Position, 6, 16
Potentiometer, 87
Pressure

permissible, 183
Production line, 158

asynchronous, 159
hybrid, 158
in-line, 158
rotary, 158
synchronous, 159

Programming by demonstration, 210, 217
Projection

backward, 110, 113–115
forward, 108, 114
perspective, 108, 110

Proximity sensor, 102
Pump

vacuum, 169
Venturi, 169

Q
Quadrocopter, 2
Quaternion, 39, 44, 45

R
Ranging sensor, 102
Reducer, 86
Repeatability

distance, 239
drift, 233, 240
orientation, 238
pose, 233, 235, 238
position, 238

Robo-ethics, 3
Robot

anthropomorphic, 6, 231

cartesian, 231
collaborative, 9, 157, 173, 175, 184
cylindrical, 231
Delta, 69, 75
end-effector, 160
environment, 153
haptic, 2
humanoid, 3, 209, 210
industrial, 173, 174, 178
mobile, 1, 189, 191
parallel, 1, 69, 73, 76, 80
rehabilitation, 2
SCARA, 6, 22, 35, 231
segment, 27
soft, 9
spherical, 231
system, 173
vision system, 160

Robot arm, 4
Robot cell, 6, 8, 153
Robot dynamics, 60, 67
Robot gripper, 4
Robot hand, 9
Robotics, 1

humanoid, 209
Robot joint, 1, 4

prismatic, 4
revolute, 4
rotational, 4
translational, 4

Robot manipulator, 1, 4, 6, 7
Robot segment, 1, 4
Robot vehicle, 1
Robot vision, 107
Robot wrist, 4
Rotation, 6, 12, 16
Rotation matrix, 13, 39, 42
RPY angles, 39, 42, 134

S
Safety, 153–155
Safety hazard, 174
SCARA robot, 6, 231
Sensation

pain, 182
Sensor, 2, 4, 85

bumper, 98
capacitive, 185
contact, 96
electric, 85
electromagnetic, 85
exteroceptive, 85
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force, 98, 185
force and torque, 98, 175
inclinomater, 94
inertial measurement unit, 94
joint torque, 101, 175
laser rangefinder, 103
laser scanner, 104
LiDAR, 105
limit switch, 98
magnetic encoder, 92
optical, 86
optical encoder, 89
potentiometer, 87
proprioceptive, 85
proximity, 102
ranging, 102
safety rated, 176
tachometer, 93
tactile, 96, 175, 185
ultrasonic rangefinder, 102

Sensor abstraction disk, 200
Simultaneous Localization and Mapping

(SLAM), 200
Spherical robot, 231
Spring finger, 167
Stabilization time, 233, 240
Standards, 153
Statics, 54
Stereo vision, 115
Stewart-Gough platform, 69, 74, 78, 82
Stop

emergency, 178, 184
protective, 178–180
safety-rated monitored, 177–180, 182

Support polygon, 211, 214

T
Table

dial, 159
rotary, 161

Tachometer, 93
Tactile sensor, 96

capacitive, 97
deformation-based, 97
magnetic, 98
mechanical, 98
optical, 97
piezoelectric, 97

Tele-manipulator, 2, 3, 9

Torch
welding, 171

Tracking
optical, 217

Trajectory, 123, 132
interpolation, 126, 129
planning, 123

Translation, 5, 12, 16
Trapezoidal velocity profile, 123, 126

U
Ultrasonic rangefinder, 102
Unicycle model, 194

V
Variable

rotational, 29
translational, 29

Virtual environment, 2
Vision

robot, 107
Vision system, 158

W
Walking

dynamic, 215
static, 215

Wheel, 190
castor, 190
fixed, 190
spherical, 190
standard steered, 190
Sweedish, 190

Working area, 58
Workspace, 6, 55, 153, 231

collaborative, 174, 186
dexterous, 59
maximum, 174
operating, 174
reachable, 59
restricted, 174

Wrist sensor, 98

Z
Zero-Moment-Point (ZMP), 210, 211, 214
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