Chapter 10
Simulated Annealing

Emile Aarts, Jan Korst and Wil Michiels

10.1 Introduction

Many problems in engineering, planning and manufacturing can be modeled as that
of minimizing or maximizing a cost function over a finite set of discrete variables.
This class of so-called combinatorial optimization problems has received much
attention over the years and major achievements have been made in its analysis
(Ausiello et al. 1999). One of these achievements is the separation of this class into
two subclasses. The first one contains the problems that can be efficiently solved,
i.e. problems for which algorithms are known that solve each instance to optimal-
ity in polynomial time. Examples are linear programming, matching and network
problems. The second subclass contains the problems that are notoriously hard—
formally referred to as NP-hard—and for which it is generally believed that no algo-
rithms exist that solve each instance in polynomial time. Consequently, there are in-
stances that require superpolynomial or exponential time to be solved to optimality.
Many known problems belong to this class and probably the best known example
is the traveling salesman problem (TSP). The above-mentioned distinction is sup-
ported by a general discipline in computer science called complexity theory; for a
detailed introduction and an extensive listing of provably hard problems see Garey
and Johnson (1979) and Arora and Barak (2009).
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Clearly, also hard problems must be handled in practice. Roughly speaking, this
can be done by two types of algorithms of inherently different nature: either one may
use optimization algorithms that find optimal solutions possibly using large amounts
of computation time or one may use heuristic algorithms that find approximate
solutions in relatively small amounts of computation time. Local search algorithms
are of the latter type (Aarts and Lenstra 2003; Michiels et al. 2007). Simulated
annealing, the subject of this chapter, is among the best known local search algo-
rithms, since it performs quite well and is widely applicable. In this chapter we
present the basics of simulated annealing. The chapter summarizes the treatment of
simulated annealing contained in Michiels et al. (2007). First, we introduce some
elementary local search concepts. We introduce basic simulated annealing as an ap-
proach following directly from the strong analogy with the physical process of the
annealing of solids. We analyze the asymptotic performance of basic simulated an-
nealing. Next, we present some cooling schedules that allow for a finite-time imple-
mentation. Finally, we discuss some issues related to the practical use of simulated
annealing and conclude with some suggestions for further reading.

10.2 Local Search

Local search algorithms constitute a widely used, general approach to hard com-
binatorial optimization problems. They are typically instantiations of various gen-
eral search schemes, but all have the same feature of an underlying neighborhood
function, which is used to guide the search for a good solution. To make this more
precise, we introduce in this section some notation and definitions.

An instance of a combinatorial optimization problem consists of a set S of feasi-
ble solutions and a non-negative cost function f. The problem is to find a globally
optimal solution i* € S, i.e. a solution with optimal cost f*. A neighborhood func-
tion is a mapping N : S — 25, which defines for each solution i € S a set N(i) C S of
solutions that are in some sense close to i. The set N(i) is called the neighborhood
of solution i, and each j € N(i) is called a neighbor of i. The simplest form of local
search is called iterative improvement. An iterative improvement algorithm starts
with an initial solution and then continuously explores neighborhoods for a solution
with lower cost. If such a solution is found, then the current solution is replaced
by this better solution. The procedure is continued until no better solutions can be
found in the neighborhood of the current solution. By definition, iterative improve-
ment terminates in a local optimum, i.e. a solution 7 € § that is at least as good as
all its neighbors with regard to the cost. Note that the concept of local optimality
depends on the neighborhood function that is used.

For many combinatorial optimization problems one can represent solutions as
sequences or collections of subsets of elements; examples are tours in the TSP,
partitions in the graph partitioning problem (GPP), and schedules in the job shop
scheduling problem (JSSP). These solution representations enable the use of k-change
neighborhoods, where the k-change neighborhood N(i) of a solution i is defined
as the set of solutions that can be obtained from i by exchanging at most k ele-
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ments. These k-change neighborhoods are widely applied; see Lin (1965) and Lin
and Kernighan (1973) for the TSP, Kernighan and Lin (1970) for the GPP, and van
Laarhoven et al. (1992) for the JSSP.

As an example we discuss the TSP. In an instance of TSP we are given n cities
and an n X n-matrix (dp,), whose elements denote the distance from city p to city
q for each pair p,q of cities. A tour is defined as a closed path visiting each city
exactly once. The problem is to find a tour of minimal length. For this problem a
solution can be written as a permutation ©T = (n(1),...,m(n)) as each permutation
corresponds uniquely to a tour. The solution space is given by

S = {all permutations 1 on n cities}.

The cost function is defined as
n—1
F(m) =Y, duiiy n(i+1) + dr(n) m(1)
i=1

that is, f(m) gives the length of the tour corresponding to m. Furthermore, we have
S| = (n—1)!

For a TSP instance, the k-change neighborhood function N defines for each
solution i a neighborhood Ny consisting of the set of solutions that can be obtained
from the given solution i by removing k' < k edges from the tour corresponding to
solution i, replacing them with k¥’ other edges such that again a tour is obtained, and
choosing the direction of the tour arbitrarily (Lin 1965; Lin and Kernighan 1973).
The simplest non-trivial version of this is the 2-change neighborhood. In that case
we have

N(r) = {r € S| 7’ is obtained from 7t by a 2-exchange}

and
|N2(m)| =2+ n(n—73), forallweS.

In general, local search can be viewed as a walk in a neighborhood graph.
The node set of the neighborhood graph is given by the set of solutions and there
is an arc from node i to node j if and only if j is a neighbor of i. The sequence
of nodes visited by the search process defines the walk. Note that, as for the TSP,
each solution j can be obtained from any other solution i by at most n — 2 succes-
sive 2-changes, so the 2-change neighborhood graph is strongly connected. Roughly
speaking, the two main issues of a local search algorithm are the choice of the
neighborhood function and the search strategy that is used. Good neighborhoods
often take advantage of the combinatorial structure of the problem at hand, and
are therefore typically problem dependent. A disadvantage of using iterative im-
provement as a search strategy is that it easily gets trapped in poor local minima.
To avoid this disadvantage—while maintaining the basic principle of local search
algorithms, i.e. iteration among neighboring solutions—one can consider the ex-
tension of accepting in a limited way neighboring solutions corresponding to a
deterioration in the value of the cost function. This in fact is the basic idea
underlying simulated annealing.
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10.3 Basic Simulated Annealing

In the early 1980s Kirkpatrick et al. (1983) and independently Cerny (1985)
introduced the concept of annealing in combinatorial optimization. Originally this
concept was heavily inspired by an analogy between the physical annealing process
of solids and the problem of solving large combinatorial optimization problems.
Since this analogy is quite appealing we use it here as a background for introducing
simulated annealing.

In condensed matter physics, annealing is known as a thermal process for obtain-
ing low-energy states of a solid in a heat bath. The process consists of the following
two steps (Kirkpatrick et al. 1983):

e Increase the temperature of the heat bath to a maximum value at which the solid
melts.

e Decrease carefully the temperature of the heat bath until the particles arrange
themselves in the ground state of the solid.

In the liquid phase all particles arrange themselves randomly, whereas in the ground
state of the solid, the particles are arranged in a highly structured lattice, for which
the corresponding energy is minimal. The ground state of the solid is obtained only
if the maximum value of the temperature is sufficiently high and the cooling is
sufficiently slow. Otherwise the solid will be frozen into a meta-stable state rather
than into the true ground state.

As far back as 1953, Metropolis et al. (1953) introduced a simple algorithm for
simulating the evolution of a solid in a heat bath to thermal equilibrium. Their algo-
rithm is based on Monte Carlo techniques (Binder 1978) and generates a sequence
of states of the solid in the following way. Given a current state i of the solid with
energy E;, a subsequent state j is generated by applying a perturbation mechanism
which transforms the current state into a next state by a small distortion, for instance
by displacement of a particle. The energy of the next state is E;. If the energy dif-
ference, E; — Ej, is less than or equal to 0, the state j is accepted as the current state.
If the energy difference is greater than 0, the state j is accepted with a probability

given by
E,—E;
xp [ =~
exp T )’

where T denotes the temperature of the heat bath and kg a physical constant known
as the Boltzmann constant. The acceptance rule described above is known as the
Metropolis criterion and the algorithm that goes with it is known as the Metropolis
algorithm. It is known that, if the lowering of the temperature is sufficiently slow, the
solid can reach thermal equilibrium at each temperature. In the Metropolis algorithm
this is achieved by generating a large number of transitions at a given temperature
value. Thermal equilibrium is characterized by the Boltzmann distribution, which
gives the probability of the solid of being in a state i with energy E; at temperature
T, and which is given by
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exp(—E,»/kBT)

PT{X = l} = Zexp(fE]/kBT) 9
J

(10.1)

where X is a random variable denoting the current state of the solid and the summa-
tion extends over all possible states. As we show below, the Boltzmann distribution
plays an essential role in the analysis of the convergence of simulated annealing.

Returning to simulated annealing, the Metropolis algorithm can be used to
generate a sequence of solutions of a combinatorial optimization problem by
assuming the following equivalences between a physical many-particle system and
a combinatorial optimization problem:

e Solutions in a combinatorial optimization problem are equivalent to states of a
physical system.
e The cost of a solution is equivalent to the energy of a state.

Furthermore, we introduce a control parameter ¢ which plays the role of the temper-
ature. In this way simulated annealing can be viewed as an iteration of Metropolis
algorithms, evaluated at decreasing values of the control parameter.

We now let go of the physical analogy and formulate simulated annealing in
terms of a local search algorithm. To simplify the presentation, we assume in the
remainder of this paper that we are dealing with a minimization problem. The dis-
cussion easily translates to maximization problems. Figure 10.1 describes simu-
lated annealing in pseudo-code for an instance (S, f) of a combinatorial optimization
problem and a neighborhood function N.

The meaning of the four functions in the procedure SIMULATED_ANNEALING is
obvious: INITIALIZE computes a start solution and initial values of the parameters
c and L, where L denotes the number of iterations at a given value of the control
parameter ¢; GENERATE selects a solution from the neighborhood of the current
solution; CALCULATE_LENGTH and CALCULATE_CONTROL compute new values
for the parameters L and c, respectively.

As already mentioned, a typical feature of simulated annealing is that, besides
accepting improvements in cost, it also to a limited extent accepts deteriorations
in cost. Initially, at large values of c, large deteriorations will be accepted; as ¢
decreases, only smaller deteriorations will be accepted and finally, as the value of
¢ approaches 0, no deteriorations will be accepted at all. Furthermore, there is no
limitation on the size of a deterioration with respect to its acceptance. In simulated
annealing, arbitrarily large deteriorations are accepted with positive probability; for
these deteriorations the acceptance probability is small, however. This feature means
that simulated annealing, in contrast to iterative improvement, can escape from local
minima while it still exhibits the favorable features of iterative improvement, i.e.
simplicity and general applicability.

Note that the probability of accepting deteriorations is implemented by
comparing the value of exp((f (i) — f(j))/c) with a random number generated from
a uniform distribution on the interval [0,1). Furthermore, it should be obvious that
the speed of convergence of the algorithm is determined by the choice of the pa-
rameters L; and c¢; with k =0,1,..., where L; and ¢, denote the values of L and
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procedure SIMULATED_ ANNEALING;
begin
INITIALIZE (is4rt,c0,L0);
k=0
= igan;
repeat
for/:=1to Ly do
begin
GENERATE (j from S;);
if £(j) < (i) then i := j
else o
if exp (ka(f’) > random|0, 1) then i := j
end;

ki=k+1;
CALCULATE_LENGTH (L;);
CALCULATE_ CONTROL (c;);

until stopcriterion

end;

Fig. 10.1 The simulated annealing algorithm in pseudo-code

c in iteration k of the algorithm. In the next section we will argue that under cer-
tain mild conditions on the choice of the parameters simulated annealing converges
asymptotically to a globally optimal solution, and that it exhibits an equilibrium
behavior from which some performance characteristics can be derived. In the sub-
sequent section we present more practical, implementation-oriented choices of the
parameter values that lead to a finite-time execution of the algorithm.

Comparing simulated annealing to iterative improvement, it is evident that
simulated annealing can be viewed as a generalization. Simulated annealing be-
comes identical to iterative improvement in the case where the value of the control
parameter is taken equal to zero. With respect to a comparison between the perfor-
mance of both algorithms we mention that for most problems simulated annealing
performs better than iterative improvement, repeated for a number of different initial
solutions such that both algorithms have used the same computation time.

Figure 10.2 shows four solutions in the evolution of simulated annealing running
on a TSP instance with 100 cities on the positions of a 10 x 10 grid. The initial
solution at the top left is given by a random sequence among 100 cities, which is far
from optimal evidently. It looks very chaotic; the corresponding value of the tour
length is large. In the course of the optimization process the solutions become less
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Fig. 10.2 Evolution of simulated annealing for an instance with 100 cities on a regular grid

and less chaotic (top right and bottom left), and the tour length decreases. Finally,
the optimal solution shown at the bottom right is obtained. This solution has a highly
regular pattern for which the tour length is minimal.

10.4 Mathematical Modeling

Simulated annealing can be mathematically modeled by means of Markov chains
(Feller 1950; Isaacson and Madsen 1976; Seneta 1981). In this model, we view
simulated annealing as a process in which a sequence of Markov chains is gener-
ated. For each Markov chain the value of the control parameter is constant, but it
decreases for successive Markov chains. Each chain consists of a sequence of trials,
where the outcomes of the ith trial corresponds to the solution generated in the ith
iteration at the considered value of the control parameter.

Let (S, f) be a problem instance, N be a neighborhood function, and X(k) be a
stochastic variable denoting the outcome of the kth trial. Then the transition prob-
ability P; j(k) is the probability to make a transition from solution i to solution j at
the kth trial and it is given by
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Pij(k) = P{X(k) = j|IX(k—1) = i}

Gij(ck)Aij(Ck) ifi?éj
= e 10.2
1— Y Gyler)Auler) ifi=j, ( )
1€8,14i

where Gjj(cx) denotes the generation probability, i.e. the probability of generating a
solution j from the neighborhood of a solution i, and A;j(cx) denotes the acceptance
probability, i.e. the probability of accepting the solution j, once it is generated from
solution i. The most frequently used choice for these probabilities is the following
(Aarts and Korst 1989):

Gij(ck) = {gv(i)rl ﬁj Zg (10.3)
and
e it /(7) < 110
45000 ={ St s04e) 1100 0 (104

For fixed values of ¢, the probabilities do not depend on k, in which case the resulting
Markov chain is time-independent or homogeneous. Using the theory of Markov
chains it is fairly straightforward to show that, under the condition that the neigh-
borhoods are strongly connected and not all solutions have the same cost—in which
case the Markov chain is irreducible and aperiodic—there exists a unique stationary
distribution of the outcomes. This distribution is the probability distribution of the
solutions after an infinite number of trials. If G; j(c) = G| i(c), then the distribution
takes the following form (Aarts and Korst 1989).

Theorem 10.1. Given an instance (S, f) of a combinatorial optimization problem
in which not all solutions are optimal and a neighborhood function that induces
a strongly connected neighborhood graph, then, after a sufficiently large number
of transitions at a fixed value of ¢, applying the transition probabilities of (10.2)—
(10.4), simulated annealing will find a solution i € S with a probability equal to

Nol(c) exp (—fil)) , (10.5)

where X is a stochastic variable denoting the current solution obtained by simulated
annealing and

PAX =Y 4i(c) =

No(c) = Y exp (—f(cf)) (10.6)

jes
denotes a normalization constant.

A proof of this theorem is considered beyond the scope if this chapter. For those
interested we refer to Michiels et al. (2007). The probability distribution of Eq. (10.5)
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is called the stationary or equilibrium distribution and it is the equivalent of the
Boltzmann distribution of Eq. (10.1). Next we can formulate the following impor-
tant result.

Corollary 10.1. Given an instance (S, f) of a combinatorial optimization problem
and a suitable neighborhood function, and furthermore let the stationary distribu-
tion be given by Eq. (10.5), then

. def 1 .
limgi(c) = q; = @X(s*)(t), (10.7)
where S* denotes the set of globally optimal solutions.'

Proof. Using the fact that for all a < O,Iijge% =1 if a =0, and 0 otherwise,
X.

we obtain

e
lL%lqz( c) = l‘lf})lzjesfmpw

exp (L1

=10}
) X
exp

+lim X(s\s) (@)
€10 2 €S exp( 1) )

= lim
cl0 ZjeS exp (

= lim
S exp(

. 0 .
= @X(s*)(l)‘*‘ |S*|X(S\S*)(l)7
which completes the proof. a

As already mentioned, the result of this corollary is important since it guarantees
asymptotic convergence of the simulated annealing algorithm to the set of globally
optimal solutions under the condition that the stationary distribution of Eq. (10.5) is
attained at each value of c. More specifically, it implies that asymptotically optimal
solutions are obtained which can be expressed as

lim lim IP.{X (k) € §*} =
lim lim {X(k) € 57}

!'Let A and A’ C A be two sets. Then the characteristic function Xy : A= {0,1} of the set A is
defined as x4y (a) = 1 if a € A’, and () (a) = O otherwise.



274 E. Aarts et al.

We end this section with some remarks:

e We can also prove asymptotic convergence to optimality in the case that the con-
straints on the generation probabilities are weakened to the extent that they only
need to induce a symmetric neighborhood graph.

e The simulated annealing algorithm can also be formulated as an inhomogeneous
algorithm, namely as a single inhomogeneous Markov chain, where the value
of the control parameter c is decreased between subsequent trials. In this case,
asymptotic convergence can again be proved. However, an additional condition
on the sequence {c; } of values of the control parameter is needed, namely

Cr > log(k+2)’ k,=0,1,...
for some constant I" that can be related to the neighborhood function that is
applied.

e Asymptotic estimates of the rate of convergence show that the stationary
distribution of simulated annealing can only be approximated arbitrarily closely
if the number of transitions is proportional to |S|?. For hard problems, |S| is
necessarily exponential in the size of the problem instance, thus implying that
approximating the asymptotic behavior arbitrarily close results in an exponential-
time execution of simulated annealing. Similar results have been derived for the
asymptotic convergence of the inhomogeneous algorithm.

Summarizing, simulated annealing can find optimal solutions with probability one
if it is allowed an infinite number of transitions and it can get arbitrarily close to an
optimal solution if at least an exponential amount of transitions is allowed. In
Sect. 10.6 we show how a more efficient finite-time implementation of simulated
annealing can be obtained. Evidently, this will be at the cost of the guarantee of ob-
taining optimal solutions. Nevertheless, practice shows that high-quality solutions
can be obtained in this way.

10.5 Equilibrium Statistics

In order to enhance our understanding of the algorithm, we discuss some
characteristic features of simulated annealing under the assumption that we are at
equilibrium, i.e. at the stationary distribution given by Eq. (10.5). The expected cost
[E.(f) at equilibrium is defined as

E.(f) < ().
3 F()PAX =i}

i€S

> fi)gilc). (10.8)

icS
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Similarly, the expected squared cost IE.(f?) is defined as

def

(f*)e
= Y PP AX =i}

ieS

= > F)ailc). (10.9)

icS

E.(f?)

Using the above definitions, the variance Var,(f) of the cost is given by

Var(f) € 62

S )~ () PRAX = i}
ieS

= Zg(f(i)_<f>c)2qi(c)

= (fA)e= (N2 (10.10)

The notation {f).,(f?). and o2 is introduced as shorthand notation for the
remainder of this paper.

Corollary 10.2. Let the stationary distribution be given by Eq. (10.5), then the fol-
lowing relation holds:

d
$<f>c:

o N

(10.11)

ﬁw‘ Q

Proof. The relation can be straightforwardly verified by using the definition of
Eq. (10.8) and substituting the expression for the stationary distribution given by
Eq. (10.5). O

Corollary 10.3. Let the stationary distribution be given by (10.5). Then we have

e 1
tim () < (f).. = 512/ (10.12)
icS

lim(f)e = f* (10.13)
limo? 62 = L (£() — (f))? (10.14)

e S| i

and

limo? = 0. (10.15)
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Proof. The relations can be easily verified by using the definitions of the expected
cost (10.8) and the variance (10.10), and by substituting the stationary distribution
of Eq. (10.5). a

Since %( f)e is strictly positive, as follows from Eq.(10.11), we get that dur-
ing execution of simulated annealing the expected cost decreases monotonically—
provided equilibrium is reached at each value of the control parameter—to its final
value, i.e. f*. The dependence of the stationary distribution of Eq.(10.5) on the
control parameter c is the subject of the following corollary.

Corollary 10.4. Let (S, f) denote an instance of a combinatorial optimization prob-
lem with S* # S, and let g;(c) denote the stationary distribution associated with
simulated annealing and given by (10.5). Then we have

(i) VieS*

E?—qu(c) <0
(ii)  VieS\S*,f(i) = {f)..

aa—cq,-(c) >0

(iii)  Vie S\S*, f(i) <(f).,3¢ >0

(¢) <0 ife>¢
=0 l'fC=5i
>0 l:fC<5,'.

&%’

Proof. From (10.6) we can derive the following expression:
0 f0) /()
=—No(c) = ) —= — .
oc o(c) % iz P c

Hence, we obtain

2 5 exp (H40)

39 = 3% N0

() e (=)o
5.4V0

o

R No(c) B Ng(c) e (c)

_qile) ., gilo) Yjesf(j)exp (ifc(j))

=2 -3 N

= gi(c) (F(i) = (f)e). (10,16
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Thus, the sign of %qi(c) is determined by the sign of f(i) — (f). since %;) > 0, for
allie Sandc > 0.

From Egs. (10.11) to (10.13) we have that (f). increases monotonically from
¥ to (f)e with increasing c, provided S* # S. The remainder of the proof is now
straightforward.

If i € S* and S # S, then f(i) < (f).. Hence, %qi(c) < 0 (see Eq. (10.16)), which
completes the proof of part (i).

If i ¢ S*, then the sign of %qi(c) depends on the value of (f).. Hence, using
(10.16), we have that Vi € S\S* : 2g,(c) > 0if f(i) > (f)e, whereas Vi € S\S*,
where f (i) < (f), there exists a & > 0 at which f(i) — (f). changes sign. Conse-
quently, we have

%q[(c) <0 ifc>¢

=0 ifc=¢;
>0 ifc < ;.
This completes the proofs of parts (ii) and (iii). O

From Corollary 10.4 it follows that the probability of finding an optimal solution
increases monotonically with decreasing c. Furthermore, for each solution, not be-
ing an optimal one, there exists a positive value of the control parameter ¢;, such
that for ¢ < ¢;, the probability of finding that solution decreases monotonically with
decreasing c.

We conclude this section with some results that illustrate some of the elements
discussed in the analysis presented above. For this we need the definition of the
acceptance ratio ®(c) which is defined as

number of accepted transitions

= . 10.17
o(c) number of proposed transitions |, ( )

Figure 10.3 shows the behavior of the acceptance ratio as a function of the value of
the control parameter for typical implementations of simulated annealing. The figure
illustrates the behavior as it would be expected from the acceptance criterion given
in Eq. (10.4). At large values of c, virtually all proposed transitions are accepted.
As c decreases, ever fewer proposed transitions are accepted, and finally, at very
small values of ¢, no proposed transitions are accepted at all.

Figure 10.4 shows the typical behavior of (a) the normalized average cost and
(b) the normalized spread of the cost for simulated annealing as a function of the
control parameter c. The typical behavior shown in this figure is observed for many
different problem instances and is reported in the literature by a number of authors
(Aarts et al. 1988; Hajek 1985; Kirkpatrick et al. 1983; van Laarhoven and Aarts
1987; White 1984).

From the figures we can deduce some characteristic features of the expected cost
(f)c and the variance 62 of the cost. First, it is observed that for large values of ¢
the average and the spread of the cost are about constant and equal to (f)e and Ge,
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Fig. 10.3 Acceptance ratio as function of the control parameter
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Fig. 10.4 (a) Normalized average value gg:ﬁ%;* and (b) normalized spread g—; of the cost func-
tion, as a function of the control parameter '

respectively. This behavior is directly explained by Eqgs. (10.12) and (10.14), from
which it follows that both the average value and the spreading of the cost function
are constant at large c-values.

Secondly, we observe that there exists a threshold value ¢; of the control param-
eter for which

(Fla = 5Nt ) (10.18)

and

Gf o~ GZO if ¢ > ¢
<ol ife<e. (10.19)

Moreover, we mention that ¢, is roughly the value of ¢ for which ®(c) ~ 0.5.
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10.6 Practical Application

A finite-time implementation of simulated annealing is obtained by generating a
sequence of homogeneous Markov chains of finite length at descending values of
the control parameter. A cooling schedule specifies a finite sequence of values of
the control parameter, and a finite number of transitions at each value of the control
parameter. More precisely, it is specified by

e An initial value of the control parameter cg

o A decrement function for lowering the value of the control parameter
e A final value of the control parameter specified by a stop criterion and
o A finite length of each homogeneous Markov chain.

The search for adequate cooling schedules has been the subject of many studies
over the years. Reviews are given by van Laarhoven and Aarts (1987), Collins et al.
(1988), and Romeo and Sangiovanni-Vincentelli (1991). Below we discuss some
results.

Most of the existing work on cooling schedules presented in the literature deals
with heuristic schedules. We distinguish between two broad classes: static and dy-
namic schedules. In a static cooling schedule the parameters are fixed; they cannot
be changed during execution of the algorithm. In a dynamic cooling schedule the
parameters are adaptively changed during execution of the algorithm. Below we
present some examples.

10.6.1 Static Cooling Schedules

The following simple schedule is known as the geometric schedule. It originates
from the early work on cooling schedules by Kirkpatrick et al. (1983), and is still
used in many practical situations.

10.6.1.1 Initial Value of the Control Parameter

To ensure a sufficiently large value of ®(cp), one may choose ¢y = A finax, Where
Afmax 1S the maximal difference in cost between any two neighboring solutions.
Exact calculation of Afnax is quite time consuming in many cases. However, one
often can give simple estimates of its value.

10.6.1.2 Lowering the Control Parameter Value

A frequently used decrement function is given by
Ck+1 = O Ck, k=0,1,...

where o is a positive constant smaller than but close to 1. Typical values lie between
0.8 and 0.99.
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10.6.1.3 Final Value of the Control Parameter

The final value is fixed at some small value, which may be related to the smallest
possible difference in cost between two neighboring solutions.

10.6.1.4 Markov Chain Length

The length of Markov chains is fixed by some number that may be related to the
size of the neighborhoods in the problem instance at hand.

10.6.2 Dynamic Cooling Schedules

There exist many extensions of the simple static schedule presented above that
lead to a dynamic schedule. For instance, a sufficiently large value of ¢y may be
obtained by requiring that the initial acceptance ratio ®(cg) is close to 1. This can
be achieved by starting off at a small positive value of c¢g and multiplying it with a
constant factor, larger than 1, until the corresponding value of ®(cp), which is calcu-
lated from a number of generated transitions, is close to 1. Typical values of ®(co)
lie between 0.9 and 0.99. An adaptive calculation of the final value of the control
parameter may be obtained by terminating the execution of the algorithm at a c-
value for which the value of the cost function of the solution obtained in the last trial
of a Markov chain remains unchanged for a number of consecutive chains. Clearly
such a value exists for each local minimum that is found. The length of Markov
chains may be determined by requiring that at each value ¢, a minimum number
of transitions is accepted. However, since transitions are accepted with decreasing
probability, one would obtain Ly — o for ¢ | 0. Therefore, Ly, is usually bounded by
some constant Ly, to avoid extremely long Markov chains for small values of .

In addition to this basic dynamic schedule the literature presents a number of
more elaborate schedules. Most of these schedules are based on a statistical analysis
of simulated annealing using the equilibrium statistics of the previous section.

10.7 Tricks of the Trade

To apply simulated annealing in practice, three basic ingredients are needed: a
concise problem representation, a neighborhood and a cooling schedule. The al-
gorithm is usually implemented as a sequence of homogeneous Markov chains of
finite length, generated at descending values of the control parameter. This is spec-
ified by the cooling schedule. As for the choice of the cooling schedule, we have
seen in the previous section that there exist some general guidelines. However, for
the other ingredients no general rules are known that guide their choice. The way
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they are handled is still a matter of experience, taste and skill left to the annealing
practitioner, and we expect that this will not change in the near future.

Ever since its introduction in 1983, simulated annealing has been applied to a
large number of different combinatorial optimization problems in areas as diverse
as operations research, VLSI design, code design, image processing and molecular
physics. The success of simulated annealing can be characterized by the following
elements:

e Performance, i.e. running time and solution quality
e Ease of implementation and
e Applicability and flexibility.

With respect to the last two items we make the following remarks. It is appar-
ent that simulated annealing is conceptually simple and quite easy to implement.
Implementation of the algorithm typically takes only a few hundred lines of com-
puter code. Experience shows that implementations for new problems often take
only a few days and in most cases existing programs, written for another problem,
can be efficiently used.

With respect to applicability and flexibility it has become obvious as a result of
the overwhelming amount of practical experience that has been gathered over the
past 30 years that simulated annealing can be considered as one of the most flexible
and applicable algorithms that exist. However, one must bear in mind that it is not
always trivial to apply the algorithm to a given problem. Finding appropriate neigh-
borhoods requires problem insight, and sometimes it is necessary to reformulate the
problem or transform it into an equivalent or similar problem, before simulated an-
nealing can be applied successfully; an example is graph coloring (Michiels et al.
2007).

With respect to performance, one typically trades solution quality against running
time. Performance analyses of simulated annealing algorithms have been the subject
of many studies. Despite numerous studies it is still difficult to judge simulated
annealing on its true merits. This is predominantly due to the fact that many of these
studies lack the depth required to draw reliable conclusions; for example, results are
often limited to one single run of the algorithm, instead of taking the average over a
number of runs; the applied cooling schedules are often too simple, and do not get
the best out of the algorithm; results are often not compared to the results obtained
with other (tailored) algorithms.

We conclude this section with two remarks.

Comparing simulated annealing to time-equivalent iterative improvement using
the same neighborhood function, i.e. repeating iterative improvement with different
initial solutions for an equally long time as the running time of simulated anneal-
ing and keeping the best solution, reveals that simulated annealing performs sub-
stantially better (smaller error). This difference becomes even more pronounced for
larger problem instances (van Laarhoven et al. 1992; van Laarhoven 1988).

Finally, experience shows that the performance of simulated annealing depends
as much on the skill and effort that is applied to the implementation as on the
algorithm itself. For instance, the choice of an appropriate neighborhood function,
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of an efficient cooling schedule, and of sophisticated data structures allowing fast
manipulations can substantially reduce the error as well as the running time. Thus,
in view of this and considering the simple nature of annealing, there lies a challenge
in constructing efficient and effective implementations of simulated annealing.

10.8 Conclusions

Since its introduction in 1983, simulated annealing has been applied to many dif-
ferent problems in many different areas. Thirty years of experience has led to the
following general observations:

e High-quality solutions can be obtained but sometimes at the cost of large amounts
of computation time.

e In many practical situations, where no tailored algorithms are available, the algo-
rithm is a real boon due to its general applicability and its ease of implementation.

So, simulated annealing is an algorithm that every practical mathematician and
computer scientist should have in his toolbox.

Sources of Additional Information

Introductory textbooks describing both theoretical and practical issues of simulated
annealing are given by Aarts and Korst (1989), van Laarhoven and Aarts (1987),
and Michiels et al. (2007). Salamon et al. (2002) present a basic textbook on sim-
ulated annealing with improvements for practical implementations and references
to software tools. Azencott (1992) presents a theoretical textbook on parallelization
techniques for simulated annealing for the purpose of speeding up the algorithm
through effective parallel implementations.

Early proofs of the asymptotic convergence of the homogeneous Markov model
for simulated annealing are presented by Aarts and van Laarhoven (1985) and Lundy
and Mees (1986). Proofs for the inhomogeneous algorithm have been published by
Connors and Kumar (1987), Gidas (1985), and Mitra et al. (1986). Hajek (1988) was
the first to present necessary and sufficient conditions for asymptotic convergence
of the inhomogeneous model. Anily and Federgruen (1987) present theoretical re-
sults on the convergence of simulated annealing for a set of acceptance probabilities
that are much more general than the classical Metropolis acceptance probabilities.
Villalobos-Arias et al. (2006) prove asymptotic convergence of simulated annealing
when applied to multi-objective optimization problems. A comprehensive review of
the theory of simulated annealing is given by Romeo and Sangiovanni-Vincentelli
(1991).

Strenski and Kirkpatrick (1991) present an early analysis of the finite-time
behavior of simulated annealing for various cooling schedules. Steinhofel et al.
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(1998) present a comparative study in which they investigate the performance
of simulated annealing for different cooling schedules when applied to job shop
scheduling. Nourani and Andersen (1998) present a comparative study in which
they investigate the performance of simulated annealing with cooling schedules ap-
plying different types of decrement functions for lowering the value of the control
parameter. Andersen (1996) elaborates on the thermodynamical analysis of finite-
time implementations of simulated annealing. Orosz and Jacobson (2002) study the
finite-time behavior of a special variant of simulated annealing in which the values
of the control parameters are kept constant during the annealing process. Park and
Kim (1998) present a systematic approach to the problem of choosing appropriate
values for the parameters in a cooling schedule.

Vidal (1993) presents an edited collection of papers on practical aspects of
simulated annealing, ranging from empirical studies of cooling schedules up to im-
plementation issues of simulated annealing for problems in engineering and plan-
ning. Eglese (1990) presents a survey of the application of simulated annealing to
problems in operations research. Collins et al. (1988) present an annotated bibliog-
raphy with more than a thousand references to papers on simulated annealing. It is
organized in two parts; one on theory, and the other on applications. The applica-
tions range from graph-theoretic problems to problems in engineering, biology and
chemistry. Fox (1993) discusses the integration of simulated annealing with other
local search heuristics such as tabu search and genetic algorithms.
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