Chapter 7
Power Series Methods

Thus far in our study of linear differential equations, we have imposed severe
restrictions on the coefficient functions in order to find solution methods. Two
special classes of note are the constant coefficient and Cauchy—Euler differential
equations. The Laplace transform method was also useful in solving some differ-
ential equations where the coefficients were linear. Outside of special cases such
as these, linear second order differential equations with variable coefficients can be
very difficult to solve.

In this chapter, we introduce the use of power series in solving differential
equations. Here is the main idea. Suppose a second order differential equation

ar(1)y" +ai(t)y +ao(t)y = f(t)

is given. Under the right conditions on the coefficient functions, a solution can be
expressed in terms of a power series which takes the form

y(O) =" cult —10)",

n=0

for some fixed 7#y. Substituting the power series into the differential equation gives
relationships among the coefficients {c¢,}r—,, which when solved gives a power
series solution. This technique is called the power series method. While we may
not enjoy a closed form solution, as in the special cases thus far considered, power
series methods imposes the least restrictions on the coefficient functions.
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7.1 A Review of Power Series

We begin with a review of the main properties of power series that are usually
learned in a first year calculus course.

Definitions and Convergence

A power series centered at t in the variable t is a series of the form

D et —10)" = co+ er(t —to) + eat —10)” + -+ . (1)

n=0

The center of the power series is o, and the coefficients are the constants {c, }rw-
Frequently, we will simply refer to (1) as a power series. Let I be the set of real
numbers where the series converges. Obviously, # is in 7, so I is nonempty. It turns
out that / is an interval and is called the interval of convergence. It contains an open
interval of the form (#p — R, tp + R) and possibly one or both of the endpoints. The
number R is called the radius of convergence and can frequently be determined by
the ratio test.

The Ratio Test for Power Series Lety .o c,(t —1o)" be a given power series and

suppose L = lim,,_, %’ . Define R in the following way:

Then

1 The power series converges only att = ty if R = 0.
2 The power series converges absolutely for allt € R if R = oo.

3 The power series converges absolutely when |t —ty| < R and diverges when
|t —to] > Rif0 < R < o0.

If R = 0, then I is the degenerate interval [ty, fy], and if R = oo, then I =
(—00,00). If 0 < R < o0, then [ is the interval (f) — R, o + R) and possibly the
endpoints, 7p — R and ) + R, which one must check separately using other tests of
convergence.

Recall that absolute convergence means that Y .- |c,(f — )" | converges and
implies the original series converges. One of the important advantages absolute
convergence gives us is that we can add up the terms in a series in any order we
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please and still get the same result. For example, we can add all the even terms and
then the odd terms separately. Thus,

Dot —10)" =) et —to)" + Y et —to)"
n=0

n odd neven

00 00
= ZCzn_H(t — 10)2n+1 + ZCzn(t —lo)zn.

n=0 n=0

Example 1. Find the interval of convergence of the power series

IR
— 2 ’
» Solution. The ratio test gives
Cn+1 n2" n 1
= = — —
Cn (n+ D20+ 2(n+1) 2

as n — oo. The radius of convergence is 2. The interval of convergence has 4 as the
center, and thus, the endpoints are 2 and 6. When ¢ = 2, the power series reduces to
> CD which is the alternating harmomc series and known to converge. When

n=1 n
¢ = 6, the power series reduces to > o _0 , which is the harmonic series and known
to diverge. The interval of convergence is thus 1 =12,6). <

Example 2. Find the interval of convergence of the power series

n42n
Jo(f)_z( ik

22n (n|)2
» Solution. Let u = 12. We apply the ratio test to Y -, % to get
Cnt1 22" (n!)? 1
= = -0
Cn 22080 ((n + Y2 4(n+1)2

as n — oo. It follows that R = oo and the series converges for all u. Hence,

1%} (_l)nt2n _
> ozo Tz converges forall t and I = (—o0, 00). <

In each example, the power series defines a function on its interval of con-
vergence. In Example 2, the function Jo(¢) is known as the Bessel function of
order 0 and plays an important role in many physical problems. More generally,
let f(t) = Y.o2ocn(t —19)" forallt € I. Then f is a function on the interval
of convergence I, and (1) is its power series representation. A simple example
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of a power series representation is a polynomial defined on R. In this case, the
coefficients are all zero except for finitely many. Other well-known examples from
calculus are:

,_°°t”_1 P )
= =l ot 2
n=0
0o
_ (_l)nIZn_ 12 14
COSI_ZW_I_i-’_m_’ (3)
n=0
00
) _ (_l)nt2n+1 _ 1‘3 tS
Slnt_’;)m_t_a-’_a_”" 4)
1 00
— " =1 t [2 cee, 5
T ;) +r412+ 5)
00
(=D 1) -1 (@=1
mr=Y — = (-1~ + —eel (6)
|
ot n! 2 3

Equations (2), (3), and (4) are centered at 0 and have interval of convergence
(—o00, 00). Equation (5), known as the geometric series, is centered at 0 and has
interval of convergence (—1, 1). Equation (6) is centered at 1 and has interval of
convergence (0,2].

Index Shifting

In calculus, the variable x in a definite integral fah f(x)dx is called a dummy
variable because the value of the integral is independent of x. Sometimes it is
convenient to change the variable. For example, if we replace x by x — 1 in the
integral || 12 %H dx, we obtain

x—1=2

2 3
1 1 1
dx = ——d(kx—-1) = [ —dx.
/x+1 . x—1+1 (x ) /xx
1 2

x—1=1

In like manner, the index n in a power series is referred to as a dummy variable
because the sum is independent of n. It is also sometimes convenient to make a
change of variable, which, for series, is called an index shift. For example, in the
series Y oo (n 4+ 1)" !, we replace n by n — 1 to obtain

n—1=o00

o0 o0
Dn+ D= 3" =1+ D" =) "ne
n=0 n=1

n—1=0
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The lower limit n = 0 is replaced by » — 1 = 0 or n = 1. The upper limit n = co
is replace by n — 1 = oo or n = oo. The terms (n + 1)t"*! in the series go to
(n—14 D)= 1H = ppn,

When a power series is given is such a way that the index n in the sum is the
power of (¢t — fy), we say the power series is written in standard form. Thus,
3>  nt" is in standard form while Y"°2 ((n + 1)t"*! is not.

. . . -2
Example 3. Make an index shift so that the series Y oo, ’nn—z is expressed as a
series in standard form.

» Solution. We replace n by n + 2 and get

00 =2 MFT2Z00 pi2

27_ n+2)7? Z(n+2)2 <

n=2 n+2=2

Differentiation and Integration of Power Series

If a function can be represented by a power series, then we can compute its derivative
and integral by differentiating and integrating each term in the power series as noted
in the following theorem.

Theorem 4. Suppose
o0
F@O) =) calt —10)"
n=0

is defined by a power series with radius of convergence R > 0. Then f is
differentiable and integrable on (to — R, ty + R) and

@)=Y nea(t — 10" )
n=1
and
oo (f — 10)"*!
/f(t)dt a1l + C. 8)

Furthermore, the radius of convergence for the power series representations of '
and [ f are both R.

We note that the presence of the factor n in f”(¢) allows us to write
o0
F1@) = ne,t —10)""!
n=0

since the term at n = 0 is zero. This observation is occasionally used. Consider the
following examples.
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Example 5. Find a power series representation for ﬁ in standard form.

» Solution. If f(¢) = ﬁ, then f'(t) = ——. If follows from Theorem 4 that

(1-0)?"

1 d o0 o0 o0
—_ n o__ n—1 __ n
n=0 n=1 n=0
Example 6. Find the power series representation for In(1 — ¢) in standard form.

» Solution. Forz € (—1,1),In(1 —1) = — [ 1th + C. Thus,

e [ X n

o0
ma—nzc—/zym:c_ :C—2:
n=0 n=0 n+l1 n=1 n

Evaluating both side at ¢t = 0 gives C = 0. It follows that

oo l‘n
(-1 ==Y —. <
n
n=1

The Algebra of Power Series

Suppose f(1) = Y o2 yan(t —1o)" and g(1) = Y oo, ba(t — fp)" are power series
representation of f and g and converge on the interval () — R, ?y) + R) for some
R > 0. Then

f(t) = g(¢) if and only if a, = b,,,

forallm = 1,2,3,.... Let ¢ € R. Then the power series representation of f + g,
cf, fg,and f/g are given by

f@) £g(t) = (an £ ba)(t —10)", )
n=0

cf(t) =) cay(t —1p)", (10)
n=0

F(0)g@) = cu(t —10)"  where ¢, = aohy + arby—1 + -+ + anbo, (11)

n=0
and %znzzjodn(r—ro)", ¢(a) # 0, (12)
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where each d, is determined by the equation f(t) = g(t) Y veodu(t —10)". In
(9), (10), and (11), the series converges on the interval (fp— R, fo+ R). For division of
power series, (12), the radius of convergence is positive but may not be as large as R.

Example 7. Compute the power series representations of

t —t At
cosht = etre and sinht? = c-¢
2 2
» Solution. We write out the terms in each series, €’ and e, and get
. S A
e =141t + + 3 + +
- t2 I t4
M TR TR TR
e +e”’ =2+2—2 +2—4+
21 4! ’
e —e™ —2Z+2 A +2—5
3! 5!
It follows that
o t2n o t2n+l
cosht = and sinht = —_— <
n;) n)! ! ; 2n + 1)!

Example 8. Let y(1) = Y o2, ¢,t". Compute
(1 +12)y" +4ty’ + 2y

as a power series.

» Solution. We differentiate y twice to get
o0 o0
y'(t) = X:C,lnt”_1 and y"(t) = chn(n — "2
n=1 n=2

In the following calculations, we shift indices as necessary to obtain series in
standard form:

o0
12y" chn(n — )" chn(n - D",
n=0

o0 o0
"= ean(n = D" =Y eppa(n +2)(n + D",
n=2

n=0
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Notice that the presence of the factors n and n — 1 in the first series allows us to
write it with a starting point n = 0 instead of n = 2, similarly for the third series.
Adding these results and simplifying gives

o0
(412" + 41y +2y =Y ((casa+ ca)n +2)(n + 1))1". -
n=0
A function f is said to be an odd function if f(—t) = —f(¢) and even if

f(=t) = f(¢). If f is odd and has a power series representation with center 0,
then all coefficients of even powers of ¢ are zero. Similarly, if f is even, then all the
coefficients of odd powers are zero. Thus, f has the following form:

o0

f@) =ao+ay® +ast* + ... =Y apt™ f -even,
n=0
o0

fO)=ait +ast® +ast’ +... = Y. ay1t¥+! f -odd.
n=0

For example, the power series representations of cos? and cosh? reflect that they
are even, while those of sin ¢ and sinh ¢ reflect that they are odd functions.

Example 9. Compute the first four nonzero terms in the power series representa-
tion of

» Solution. Division of power series is generally complicated. To make things
a little simpler, we observe that tanh? is an odd function. Thus, its power series
expansion is of the form tanhs = Y 02 dy,+112"t! and satisfies sinht =
cosht Y °2  dry4+11*" 1. By Example 7, this means

£L0 Ny dit + dot? + dst®
ittt )=ttt (dit + dat® +dst” +---)

. d1 3 d3 dl 5
_(dlt+(d3+§)l +(d5+§+m)l‘ +)
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We now equate coefficients to get the following sequence of equations:

d =1
d5+§+%=§
d7+§+é+ﬂ=—

21 4 6t 7!

Recursively solving these equations gives d; = 1,d3 = _Tl, ds = %, andd; = ;T157

The first four nonzero terms in the power series expansion for tanh ¢ is thus
1 2 17
tanh? = ¢ — §t3 + = — —1’

50 T35t T <

Identifying Power Series

Given a power series, with positive radius of convergence, it is sometimes possible
to identify it with a known function. When we can do this, we will say that it is
written in closed form. Usually, such identifications come by using a combination
of differentiation, integration, or the algebraic properties of power series discussed
above. Consider the following examples.

Example 10. Write the power series

e t2n+l

n!
n=0

in closed form.
» Solution. Observe that we can factor out # and associate the term ¢ to get
0 2+l _ o (t2)n B

2
te’”,

n! n!
n=0 n=0

from (2). <
Example 11. Write the power series

o0

Z n(_l)nZZn

n=1

in closed form.
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» Solution. Letz(r) = > °2 n(—1)"¢>". Then dividing both sides by 7 gives

Z(t—t) =Y n(=1""

n=1

Integration will now simplify the sum:

/@d —Z/n( D" de
2n

o0 nt
= ;(—1) -
= li(_ﬂ)n

2 n=1

where the last line is obtained from the geometric series by adding and subtracting
the n = 0 term and c is a constant of integration. We now differentiate this equation

to get
)y 1d (1 |
¢ 2dr\1+¢22

—t
(1)
It follows now that 5
—t
(1+412)?
It is straightforward to check that the radius of convergence is 1 so we get the
equality

z2(t) =

—12

o0
— n.2n
(1+12)?2 2, mee,

on the interval (—1, 1). <

Taylor Series

Suppose f(t) = Y o2, ca(t — fy)", with positive radius of converge. Theorem 4
implies that the derivatives, f M) exist for all n = 0, 1, . ... Furthermore, it is easy
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(1) . .
to check that £ (ty) = n!c, and thus ¢, = % Therefore, if f is represented
by a power series, then it must be that

X Fm)
f(0) = Z%(l—fo)n- (13)
n=0 :

This series is called the Taylor series of f centered at t.

Now let us suppose that f is a function on some domain D and we wish to find a
power series representation centered at fp € D. By what we have just argued, f will
have to be given by its Taylor Series, which, of course, means that all higher order
derivatives of f at fo must exist. However, it can happen that the Taylor series may
not converge to f on any interval containing #, (see Exercises 28—29 where such an
example is considered). When (13) is valid on an open interval containing ¢, we call
f analytic at ty. The properties of power series listed above shows that the sum,
difference, scalar multiple, and product of analytic functions is again analytic. The
quotient of analytic functions is likewise analytic at points where the denominator
is not zero. Derivatives and integrals of analytic functions are again analytic.

Example 12. Verify that the Taylor series of sin ¢ centered at O is that given in (4).

» Solution. The first four derivatives of sin ¢ and their values at O are as follows:

ordern sin®™(z) sin™(0)

n=20 sin ¢ 0
n=1 cost 1
n=2 —sint 0
n=3 —cost -1
n=4 sin ¢ 0

The sequence 0, 1, 0, —1 thereafter repeats. Hence, the Taylor series of sint is

t2 l3 l4 IS S t2n+l
0+ 11 +0=———4+0—+1—F- =Y ——,
R TR TR T YT  (2n +1)!

asin (4). <

Given a function f, it can sometimes be difficult to compute the Taylor series
by computing £ (ty) for all n = 0,1,.... For example, compute the first
few derivatives of tanh?, considered in Example 9, to see how complicated the
derivatives become. Additionally, determining whether the Taylor series converges
to f requires some additional information, for example, the Taylor remainder
theorem. We will not include this in our review. Rather we will stick to examples
where we derive new power series representations from existing ones as we did in
Examples 5-9.
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Rational Functions

A rational function is the quotient of two polynomials and is analytic at all points
where the denominator is nonzero. Rational functions will arise in many examples.
It will be convenient to know what the radius of convergence about a point #y. The
following theorem allows us to determine this without going through the work of
determining the power series. The proof is beyond the scope of this text.

Theorem 13. Suppose % is a quotient of two polynomials p and q. Suppose
q(to) # 0. Then the power series expansion for £ about tq has radius of convergence

equal to the closest distance from ty to the roots (including complex roots) of q.

Example 14. Find the radius of convergence for each rational function about the
given point.

t —
1. prry about th = 1

2. ;T_fz aboutzy = 2
3
3. ,ztﬁ about zp = 2

» Solution.

1. The only root of 4 — ¢ is 4. Its distance to o = 1 is 3. The radius of convergence
is 3.

2. The roots of 9—¢2 are 3 and —3. Their distances to zy = 2 is 1 and 5, respectively.
The radius of convergence is 1.

3. The roots of #> + 1 are i and —i. Their distances to fo = 2 are |2 — i| = +/5 and
|2 4 i| = +/5. The radius of convergence is v/5. <
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Exercises

1-9. Compute the radius of convergence for the given power series.

00
1Y n2(t—2)

n=0

o0 t*’l
2. —

n=1 N

X (r1=1)"
3.

n2=:0 2np!
4 S 33y
. n=0 N+ 1

00
5. nlt"

n=0

00 (_l)nZZn
6.

n2=:0 (21’! + 1)'
; 00 (_l)nt2n+l
. n2=:0 (27’[)'

o0 nntn
8.

n;O n!
9 x® nlt"

=0 1-3-5--2n+ 1)
10-16. Find the Taylor series for each function with center fyp = 0.

1

10. ——
1+ 12

el —1

t

14.

15. tan™'¢

16. In(1 + 12
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17-20. Find the first four nonzero terms in the Taylor series with center O for each
function.

17. tant

18. sect

19. €' sint

20. €’ cost

21-25. Find a closed form expression for each power series.

= +1
mﬂaem%w
o0
22. 3 =2 n

o)
23. 3 (n+ D"
n=0

o0 t2n+l
24.

n2=:0 2n —1

o0 t2n+l
25. %

0o 2n+1)(2n—-1)

n

26. Redo Exercises 19 and 20 in the following way. Recall Euler’s formula '/ =
cost + i sint and write e’ cos? and e’ sin as the real and imaginary parts of
e'e’’ = e(lT)" expanded as a power series.

27. Use the power series (with center 0) for the exponential function and expand
both sides of the equation e = e@*+? What well-known formula arises
when the coefficients of ;l, are equated?

28-29. A test similar to the ratio test is the root test.

The Root Test for Power Series. Let Y oo ¢, (t — to)" be a given power series and
suppose L = lim, oo v/|Cy|- Define R in the following way:

R=1 if 0<L <oo,
R=0 if L=oo,
R=o0 if L=0.

Then
i. The power series converges only at t = 7y if R = 0.

ii. The power series converges for all # € R if R = oo.

iii. The power series converges if |t — )| < R and divergesif |t — #y| > R.
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28. Use the root test to determine the radius of convergence of Y oo ”1—:
29. Letc, = 1ifnis odd and ¢, = 2 if n is even. Consider the power series

> o2 cnt". Show that the ratio test does not apply. Use the root test to determine
the radius of convergence.

30-34. In this sequence of exercises, we consider a function that is infinitely
differentiable but not analytic. Let

<
1) = O;1 ?ft_O'
e if t>0
30. Compute f”(t) and f”(t) and observe that £ (r) = e%lpn(%) where p, is a
polynomial, » = 1,2. Find p; and p».
31. Use mathematical induction to show that ™ (¢) = et pn(%) where p, is a
polynomial.
32. Show that lim, o+ f™(t) = 0. To do this, let u = 1 in f" (1) = e%lpn(%)
and let u — oo. Apply L’Hospital’s rule.

33. Show that f"(0) =0 foralln =0,1,....
34. Conclude that f is not analytic at # = 0 though all derivatives at t = 0 exist.
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7.2 Power Series Solutions About an Ordinary Point

A point ¢ is called an ordinary point of Ly = 0 if we can write the differential
equation in the form

Y+ a0y +aot)y =0, (M
where ao(¢) and a;(¢) are analytic at #. If # is not an ordinary point, we call it a
singular point.

Example 1. Determine the ordinary and singular points for each of the following
differential equations:

LY+ sy + 5y =0,

2. (1=1%)y" =2ty + n(n + 1)y = 0, where n is an integer.
3. ty" + (sint)y’ + (' — 1)y = 0.
>
1.

Solution.
Here a)(1) = - is analytic except at 1 = +3. The function ay = 5 is
analytic except at ¢ = —1. Thus, the singular points are —3, 3, and —1. All other

points are ordinary.
21

2. This is Legendre’s equation. In standard form, we find a; (¢) = ;=7 and ao(¢) =

%. They are analytic except at 1 and —1. These are the singular points and

all other points are ordinary.

3. In standard form, a,(¢) = % and aop(t) = ett—_l Both of these are analytic
everywhere. (See Exercises 13 and 14 of Sect.7.1.) It follows that all points are
ordinary. <

In this section, we restrict our attention to ordinary points. Their importance is
underscored by the following theorem. It tells us that there is always a power series
solution about ordinary points.

Theorem 2. Suppose ay(t) and a,(t) are analytic at ty, both of which converge for
|t — to| < R. Then there is a unique solution y(t), analytic at ty, to the initial value
problem

Yi+ai®)y' +a)t)y =0, yto) =a, y'(t) = p. 2
If
o0
y(O) = cult —1)"
n=0
then ¢y = a, ¢y = B, and all other cx, k = 2,3, ..., are determined by ¢y and c;.

Furthermore, the power series for y converges for |t —ty| < R.

Of course the uniqueness and existence theorem, Theorem 6 of Sect. 5.1, implies
there is a unique solution. What is new here is that the solution is analytic at #y. Since
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the solution is necessarily unique, it is not at all surprising that the coefficients are
determined by the initial conditions. The only hard part about the proof, which we
omit, is showing that the solution converges for |t — #y| < R. Let y; be the solution
with initial conditions y(fo) = 1 and y’(fy) = 0 and y, the solution with initial
condition y(f) = 0 and y’(fo) = 1. Then it is easy to see that y; and y, are
independent solutions, and hence, all solutions are of the form c;y; + c2y,. (See
Theorem 2 of Sect. 5.2) The power series method refers to the use of this theorem
by substituting y (1) = > oo, ¢, (¢ — )" into (2) and determining the coefficients.

We illustrate the use of Theorem 2 with a few examples. Let us begin with a
familiar constant coefficient differential equation.

Example 3. Use the power series method to solve
y'+y=0.

» Solution. Of course, this is a constant coefficient differential equation. Since

q(s) = s>+ 1 and B, = {cost,sint}, we get solution y() = ¢; sin? + ¢, cost. Let

us see how the power series method gives the same answer. Since the coefficients

are constant, they are analytic everywhere with infinite radius of convergence.

Theorem 2 implies that the power series solutions converge everywhere. Let y (¢) =
00 n .

Zn=0 cyt" be a power series about 7y = 0. Then

o0
Y@ = cpnt"!

n=1

o0
and y"(t) = chn(n — "2

n=2

An index shift, n — n + 2, gives y" (1) = Y v cut2(n + 2)(n + 1)¢". Therefore,
the equation y” + y = 0 gives

o0

D (en + Cagan +2)(n + D)i" =0,
n=0

which implies ¢, + ¢,42(n + 2)(n + 1) = 0, or, equivalently,

—c,
Chap = —————— foralln =0,1,.... 3
P m)m+ 1) )

Equation (3) is an example of a recurrence relation: terms of the sequence are
determined by earlier terms. Since the difference in indices between ¢, and ¢, 4 is
2, it follows that even terms are determined by previous even terms and odd terms
are determined by previous odd terms. Let us consider these two cases separately.
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The Even Case The Odd Case
n=20 =5t n=1 =35
= —e _—_q _— = —Za_—_a_ _—a
n=2 C4=73 T @2t T @ n=3 (5= 354 T 35432 = 3
n=d == n=5 ==
n==6 g =32 =49 n=717 Co=35g =7
More generally, we can see that Similarly, we see that
Co n C1
Coyy = -1)" . Coypd+1 = -1y ——.
n =D 2n)! w1 = (D) @n + 1)!

Now, as we mentioned in Sect. 7.1, we can change the order of absolutely convergent
sequences without affecting the sum. Thus, let us rewrite y(¢f) = Z:O:() cyt" in
terms of odd and even indices to get

o0 o0
y@) = et + Y o™t
n=0

n=0
( 1) 2n+l
Z < (2n + O

%)
(=)
=
1Ny
A/-\
[\)
T
vv

cocost + cp sint,

where the first power series in the second line is that of cos ¢ and the second power
series is that of sin¢ (See (3) and (4) of Sect.7.1). <

Example 4. Use the power series method with center 7y = 0 to solve
(14 12)y" + 4ty +2y = 0.

What is a lower bound on the radius of convergence?

» Solution. We write the given equation in standard form to get

L e y=
1412 142

Since the coefficient functions a; (t) = t2 andas (1) = t2 are rational functions
with nonzero denominators, they are analytlc at all points. By Theorem 13 of
Sect. 7.1, it is not hard to see that they have power series expansions about fp = 0
with radius of convergence 1. By Theorem 2, the radius of convergence for a
solution, y(¢) = Z:OZO cyt" is at least 1. To determine the coefficients, it is easier
to substitute y () directly into (1 4 #2)y” + 4ty’ 4+ 2y = 0 instead of its equivalent
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standard form. The details were worked out in Example 8 of Sect.7.1. We thus
obtain

(L+3)y" +41y' +2y =) (a2 + )+ 2)(n + D) 1" = 0.

n=0
From this equation, we get ¢, + ¢, = Oforalln = 0,1,---. Again we consider
even and odd cases.
The Even Case The Odd Case
n=20 Cy = —Cp n=1 Cc3 = —C1
n=2 Cy = —Cr = C n=3 c5 = —C3 = (1
n=+4% Ce = —Cp n=>5 Cc7 = —C1
More generally, we can see that Similarly, we see that
Coyp = (—1)"6‘0. Copn4+1 = (—1)"6‘1.

It follows now that

y(t) =co Z(—l)”tz" to Z(_l)nt2n+1_

n=0 n=0

As we observed earlier, each of these series has radius of convergence at least 1. In
fact, the radius of convergence of each is 1. <

A couple of observations are in order for this example. First, we can relate the
power series solutions to the geometric series, (5) of Sect.7.1, and write them in
closed form. Thus,

[ele) [ele) 1

2n __ 2yn __
S = Y =
n=0 n=0

00 00 /
n2n+1 __ 42\

> (1) —t§:(t)_1+t2,

n=0 n=0

It follows now that the general solution is y(¢f) = COH%Z + ¢ H{—tz Second,
since a(t) and ay(¢) are continuous on R, the uniqueness and existence theorem,
Theorem 6 of Sect. 5.1, guarantees the existence of solutions defined on all of R. It
is easy to check that these closed forms, H—;ﬂ and #, are defined on all of R and
satisfy the given differential equation.

This example illustrates that there is some give and take between the uniqueness
and existence theorem, Theorem 6 of Sect. 5.1, and Theorem 2 above. On the one
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hand, Theorem 6 of Sect.5.1 may guarantee a solution, but it may be difficult or
impossible to find without the power series method. The power series method,
Theorem 2, on the other hand, may only find a series solution on the interval of
convergence, which may be quite smaller than that guaranteed by Theorem 6 of
Sect.5.1. Further analysis of the power series may reveal a closed form solution
valid on a larger interval as in the example above. However, it is not always possible
to do this. Indeed, some recurrence relations can be difficult to solve and we must be
satisfied with writing out only a finite number of terms in the power series solution.

Example 5. Discuss the radius of convergence of the power series solution about
to=0to
(I-0)y"+y=0.

Write out the first five terms given the initial conditions
y(0)=1 and y'(0)=0.

» Solution. In standard form, the differential equation is

Y+ ——y =0
1—1 ‘

Thus, a,(t) = 0, ap(t) = ﬁ, and typ = O is an ordinary point. Since ay(¢) is
represented by the geometric series, which has radius of convergence 1, it follows
that any solution will have radius of convergence at least 1. Let y(t) = Y oo cat”.

Then y” and —ty” are given by

V') = entaln +2)(n + 11",

n=0
o0
—ty"(t) = Z—cnn(n — D"
n=2
o0
= Z—an(n + Dnt".
n=0

It follows that

(L=0)y" +y = D (eapaln +2)(n + 1) = o + D + 0",

n=0

which leads to the recurrence relations

Cura2(n +2)(n + 1) = ey (n 4+ D+ ¢, = 0,
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forallm = 0,1,2,.... This recurrence relation is not easy to solve generally. We
can, however, compute any finite number of terms. First, we solve for ¢, 4:

n 1
n+2 "hrm+l)

“)

Cn+2 = Cp+1

The initial conditions y(0) = 1 and y’(0) = 0 imply that ¢ = 1 and ¢; = 0.
Recursively applying (4), we get

n=20 czzcl-O—co%z—E,
n=1 6’326’2%—6’1% :—%,
n=2 C4=C3%—62% Z—ﬁ,
n=3 6’526’4%—6’3% :—6—10.

It now follows that the first five terms of y(¢) is

1 1 1 1
y(t) =1—=t*——3——t*——1¢°

20 6 24 60 <

In general, it may not be possible to find a closed form description of ¢,.
Nevertheless, we can use the recurrence relation to find as many terms as we desire.
Although this may be tedious, it may suffice to give an approximate solution to a
given differential equation.

We note that the examples we gave are power series solutions about #y = O.
We can always reduce to this case by a substitution. To illustrate, consider the
differential equation

ty" =@t -1y —ty =0. 5)

It has tp = 1 as an ordinary point. Suppose we wish to derive a power series
solution about 5 = 1. Let y(¢z) be a solution and let Y(x) = y(x + 1). Then
Y(x) =y (x+1) and Y’(x) = y”(x + 1). In the variable x, (5) becomes
(x+ 1DY"(x) —xY'(x) — (x + )Y(x) = 0 and xo = O is an ordinary point. We
solve Y(x) = Y2, ¢,x" as before. Now let x = ¢ — 1. Thatis, y(1) = Y(t — 1) =
32 o cnlt — 1)" is the series solution to (5) about 7y = 1.

Chebyshev Polynomials

We conclude this section with the following two related problems: For a nonnegative
integer n, expand cosnx and sinnx in terms of just cosx and sinx. It is an easy
exercise (see Exercises 12 and 13) to show that we can write cos nx as a polynomial
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in cos x and we can write sinnx as a product of sinx and a polynomial in cos x.
More specifically, we will find polynomials 7, and U, such that

cosnx = T,(cosx),
sin(n 4+ 1)x = sinx U, (cos x). (6)

(The shift by 1 in the formula defining U, is intentional.) The polynomials 7, and
U, are called the Chebyshev polynomials of the first and second kind, respectively.
They each have degree 1. For example, if n = 2, we have cos 2x = cos? x—sin® x =
2cos® x — 1. Thus, T5(t) = 2t> — 1;if t = cos x, we have

cos2x = Tr(cos x).
Similarly, sin 2x = 2 sin x cos x. Thus, U;(¢) = 2t and

sin 2x = sin xU (cos x).

More generally, we can use the trigonometric summation formulas

sin(x + y) = sinx cosy + cosx sin y,

cos(x + y) = cosx cosy — sinx sin y,
and the basic identity sin® x 4+ cos> x = 1 to expand
cosnx = cos((n — 1)x + x) = cos((n — 1)x) sinx — sin((n — 1)x) sin x.

Now expand cos((n — 1)x) and sin((n — 1)x) and continue inductively to the point
where all occurrences of cos kx and sinkx, k > 1, are removed. Whenever sin® x
occurs, replace it by 1 — cos? x. In the table below, we have done just that for some
small values of n. We include in the table the resulting Chebyshev polynomials of

the first kind, 7,,.

n cosnx T (1)

0 cosOx =1 To(t) =1

1 cos 1x = cosx Ti(t) =t

2 cos2x = 2cos’x — 1 Tr(t) = 21> — 1

3 cos3x = 4cos’x —3cosx Ti(t) = 413 — 3t

4 cosdx = 8cos*x —8cos?x + 1  Ty(t) = 8t*— 8> + 1
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In a similar way, we expand sin(n + 1)x. The following table gives the Chebyshev
polynomials of the second kind, U, for some small values of n.

n | sin(n+ )x U, (1)

0 sin lx = sinx Up(t) =1

1 sin2x = sin x(2 cos x) Ui(t) = 2t

2 | sin3x =sinx(4cos’x —1) Uy(t) =412 —1

3 sin4x = sin x (8 cos® x — 4 cos x) Us(t) = 8t3 — 4t

4 | sin5x =sinx(16cos*x —12cos> x + 1) Uy(t) = 16t* — 1212 + 1

The method we used for computing the tables is not very efficient. We will use
the interplay between the defining equations, (6), to derive second order differential
equations that will determine 7, and U,,. This theme of using the interplay between
two related families of functions will come up again in Sect. 7.4.

Let us begin by differentiating the equations that define 7, and U, in (6). For the
first equation, we get

d
LHS: d_ cosnx = —nsinnx = —n sin xU,_1(cos x),
b
d , .
RHS: d—Tn (cosx) = T,(cos x)(—sinx).
X
Equating these results, simplifying, and substituting = cos x gives
(1) = nUp-1 (). (7)
For the second equation, we get
d .
LHS: o sin(n + 1)x = (n + 1) cos(n + 1)x = (n + 1)T,,4+1(cos x),
by
d . . , .
RHS: o sin xU, (cos x) = cos xU,(cos x) + sinxU, (cos x)(—sin x)
X
= cos xU,(cos x) — (1 — cos’ x) U, (cos x).

It now follows that (n + 1)T,,11(t) = tU,(t) — (1 —t*)U/(t). Replacing n by n — 1
gives

nTy(t) = tUp—1(t) — (1 = 1)U, _, (0). (8)



7.2 Power Series Solutions About an Ordinary Point 513

We now substitute (7) and its derivative 7)'(z)
simplifying, we get that 7T}, satisfies

nU,_,(t) into (8). After

(1 —tHT)(t) —tT, + n*T,(t) = 0. 9)
By substituting (7) into the derivative of (8) and simplifying we get that U, satisfies
(1 —)U)(t) = 3tU, + n(n + 2)U,(t) = 0. (10)

The differential equations

A=)y"(0) =1y +a?y(t) = 0 (11)
(A —12)y"(t) =3ty + afa +2)y(t) =0 (12)
are known as Chebyshev’s differential equations. Each have ) = +1 as singular

points and #y = 0 is an ordinary point. The Chebyshev polynomial 7, is a
polynomial solution to (11) and U, is a polynomial solution to (12), when o = n.

Theorem 6. We have the following explicit formulas for T,, and U,,;

(n 4k —1)! (2t)%*

T (1) = n(=1)" Y (=D*
k=0

n—kKk)! @k’
2 1 n k 1 (2 2k+1
Ton+1(t) = n2+ =" Z(_l)k gii_k))' ((2kt)+ nr

k=0

(n + k)! (21)%
(n—k)! k)’

Unn(1) = (=1)" Y _(=1)*
k=0

) (n+k + 1) (21)%+!

V() = (=1 ;(_1 =kt Q@+

Proof. Let us first consider Chebyshev’s first differential equation, for general c.
Let y(t) = Y 72, ckt*. Substituting y(¢) into (11), we get the following relation
for the coefficients:

—(a? = k*)ex

Tkt 1)

Let us consider the even and odd cases.
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The Even Case

a? —0?

Cy = — 21 Co
a? —2? (a? = 2%)(a® — 0?)

Cq4 = — CHy = C|

! 4.3 ? 41 0

062 _ 42 (a2 _ 42)(062 _ 22)(0[2 _ 02)

Ce = — Cy = — Co

6-5 6!

More generally, we can see that

—(k=2P)- (@2 -0
0-

(o
oo = (=DF 26)!

By factoring each expression a> — (2;)? that appears in the numerator into
22 (% + j) (% — j) and rearranging factors, we can write

Bk = ) (5= () B+ ) (5 k4 D)

= (-1
e = (=173 (2k)!
The Odd Case
= (@ - 12)c
3= 32 1
(a® —3%) (a® —3%)(a® — 17)
C; = — Cc3 = C1
5-4 5!
(a® —5%) (@ —5%)(a® = 3%)(a? — 1?)
C1 = —————FC5 = — C1
7-6 7!

Similarly, we see that

— 2k —1)%) (@~ 1?)
2k + 1)!

(o
Cos1 = (—1)F c1.

By factoring each expression a? — (2j — 1)? that appears in the numerator into
22 (%1 + /) (%2 — ( — 1)) and rearranging factors, we get

(T +k) (5 = (k= 1))22kc
2k + 1)! a

g1 = (1)
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Let

_“oo (GHh—1) (G —k+1)
YO—EIZ(:)(—U 0! (21)

and

1 (rx_—1+k)...(a_—1_(k_1))
y = 5};(—1)" 2 o +21)! (21)%+!,

Then the general solution to Chebyshev’s first differential equation is

y =coyo + c1)1.

It is clear that neither yo nor y; is a polynomial if « is not an integer.

The Case x = 2n

In this case, y¢ is a polynomial while y; is not. In fact, for k > n, the numerator
in the sum for yj is zero, and hence,

m+k-1)---(n—k+1)
(2k)!

yot) =n Y (=1 1)
k=0

- L+ k=D Q2nH*
—"];)(—1) =k 2

It follows 75, (t) = coyo(t), where ¢y = T3,(0). To determine 75, (0), we evaluate
the defining equation 75,(cos x) = cos2nx at x = 7 to get 15,(0) = cosnm =
(—1)". The formula for 75, now follows.

The Caseax =2n + 1

In this case, y; is a polynomial while y, is not. Further,

" K---(n—k
7o) = 3 St R S EE D e
k=0 '

I — L (k) (20)%H!
Ekzzjo(_l) (n—k) Qk + D
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It now follows that T5,4+1(t) = c1y1(¢). There is no constant coefficient term in
y1. However, y{(0) = 1 is the coefficient of 7 in y;. Differentiating the defining
equation 75, 41(cos x) = cos((2n+1)x) atx = % gives 75,  ,(0) = 2n+1)(=1)".
Let c; = (2n + 1)(—1)". The formula for 75,4 now follows. The formulas for U,

follow from (7) which can be written U,, = # Tn’ T O
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Exercises

1-4. Use the power series method about 7y = 0 to solve the given differential
equation. Identify the power series with known functions. Since each is constant
coefficient, use the characteristic polynomial to solve and compare.

I.y"—y=0

2.y =2y +y=0

3. y" +k*y =0, wherek € R

4. y" =3y +2y =0
5-10. Use the power series method about 75 = 0 to solve each of the following
differential equations. Write the solution in the form y(¢t) = coyo(t) + c1y1(¢),
where y9(0) = 1, y;(0) = 0 and y;(0) = 0, y{(¢) = 1. Find y, and y; in closed
form.

5. (1—-12)y"4+2y=0 —-1<t<l1
(1 =tH)y" =2ty +2y =0 —-1<t<l1
L=1)y"—ty'+y=0
(LAY =2ty 42y =0
(1 +12)y" —4ty' +6y =0
10. (1 =¢%)y" —6ty' —4y =0

11-19. Chebyshev Polynomials:

O 0 3 AN

11. Use Euler’s formula to derive the following identity known as de Moivre’s
formula:
(cosx +isinx)" = cosnx + i sinnx,

for any integer n.
12. Assume 7 is a nonnegative integer. Use the binomial theorem on de Moivre’s
formula to show that cos nx is a polynomial in cos x and that

3]
HOEDY (Z"k)r"‘”‘(l -,

k=0

13. Assume 7 is a nonnegative integer. Use the binomial theorem on de Moivre’s
formula to show that sin(n 4 1)x is a product of sin x and a polynomial in cos x
and that

L&) n+1\ , o 2k
U,,(t)zkz k1) (1 =2k,
=0

14. Show that
(1 = )U,(t) = tTys1(t) — Tys2(1).
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15. Show that

16. Show that

17. Show that

18. Show that

19. Show that

Uip1(t) = tU, (1) + T4 (2).

Tn+l(t) = ZtTn(t) - Tn—l(t)'
Upt1(t) = 2tU,(t) — U1 (2).
T0(0) = 5 (Ua6) = Uy a(0)

Un(0) = 5 (T,(0) = Tysa(0))

7 Power Series Methods
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7.3 Regular Singular Points and the Frobenius Method

Recall that the singular points of a differential equation

y'+ai(t)y +ap(t)y =0 (1)

are those points for which either a;(¢) or ao(¢) is not analytic. Generally, they are
few in number but tend to be the most important and interesting. In this section, we
will describe a modified power series method, called the Frobenius Method, that
can be applied to differential equations with certain kinds of singular points.

We say that the point f is a regular singular point of (1) if

1. %o is a singular point.

2. Ai(t) = (t —to)a(¢) and Ao(t) = (¢t — t9)*ao(?) are analytic at z.

Note that by multiplying a;(¢) by ¢ — to and ao(t) by (¢ — ty)?, we “restore” the
analyticity at 7. In this sense, a regular singularity at #; is not too bad. A singular

point that is not regular is called irregular.

Example 1. Show 7y = 0 is a regular singular point for the differential equation

12y” +tsinty’ —2(t + 1)y = 0. )

» Solution. Let us rewrite (2) by dividing by #2. We get

, osint , 20+ 1)
+ p y o

While a; (1) = ¢ is analytic at O (see Exercise 13, of Sect.7.1) the coefficient

t
—_2(:2“) is not. However, both za (1) = ¢ ¥ = sint and 1%ao (1) =

functionay(t) =
tzw = —2(1 + ¢t) are analytic at f, = 0. It follows that {, = 0 is a regular
singular point. <

In the case of a regular singular point, we will rewrite (1): multiply both sides by
(t —t)? and note that

(t —t0)ai(t) = (t —t0)A1(t) and (¢ — to)%ao(t) = Ao(?).

We then get
(t —10)%y" + (t = 10) A1 (1)y" + Ao(t)y = 0. 3)

We will refer to this equation as the standard form of the differential equation when
fo is a regular singular point. By making a change of variable, if necessary, we can
assume that rp = 0. We will restrict our attention to this case. Equation (3) then
becomes

1*y" 4+ 1A (1)y’ + Ao(t)y = 0. 4)
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When A;(¢) and Ay(¢) are constants then (4) is a Cauchy—Euler equation. We
would expect that any reasonable adjustment to the power series method should able
to handle this simplest case. Before we describe the adjustments let us explore, by
an example, what goes wrong when we apply the power series method to a Cauchy—
Euler equation. Consider the differential equation

212y" 4+ 5ty' —2y = 0. (5)

Let y(1) = Y vocat". Then
o0
212y = Z2n(n — Deut”,
=0

o0
5ty’ = Z Sncut”,
n=0

Thus,

00 o0
20%y" + 51y =2y =) _(2n(n—1) + 50 = 2)e,t" = Y (2n = D(n + 2)eyt".

n=0 n=0

Equation (5) now implies (2n — 1)(n + 2)c, = 0, and hence ¢, = 0, for all
n =20,1,.... The power series method has failed; it has only given us the trivial
solution. With a little forethought, we could have seen the problem. The indicial
polynomial for (5)is 252 +5s —2 = (25— 1)(s +2). The roots are % and —2. Thus,

a fundamental set is {t 3 , t_z} and neither of these functions is analytic at 7y = 0.

Our assumption that there was a power series solution centered at 0 was wrong!

Any modification of the power series method must take into account that
solutions to differential equations about regular singular points can have fractional
or negative powers of ¢, as in the example above. It is thus natural to consider
solutions of the form

YOy =1 cut", (6)
n=0

where 7 is a constant to be determined. This is the starting point for the Frobenius
method. We may assume that ¢y is nonzero for if ¢o = 0, we could factor out a
power of ¢ and incorporate it into r. Under this assumption, we call (6) a Frobenius
series. Of course, if r is a nonnegative integer, then a Frobenius series is a power
series.
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Recall that the fundamental sets for Cauchy—Euler equations take the form
{t" 1"}, {¢",t"Int}, and {t%cosfInt,t%sinBInt}.

(cf. Sect.5.3). The power of ¢ depends on the roots of the indicial polynomial.
For differential equations with regular singular points, something similar occurs.
Suppose A;(¢) and Ay(¢) have power series expansions about #y) = 0 given by

A1) =ag+ait +axt> +--- and  Ay(t) = bo + byt + bat> + ---.
The polynomial

q(s) =s(s — 1) + aps + b @)

is called the indicial polynomial associated to (4) and extends the definition given
in the Cauchy—Euler case.! Its roots are called the exponents of singularity and, as
in the Cauchy—FEuler equations, indicate the power to use in the Frobenius series. A
Frobenius series that solves (4) is called a Frobenius series solution.

Theorem 2 (The Frobenius Method). Suppose to = 0 is a regular singular point
of the differential equation

12y" + 1A ()Y + Ao(t)y = 0.

Suppose r| and r, are the exponents of singularity.

The Real Case: Assume ry and ry are real and ry > ry. There are three cases to
consider:

1. If ry — ry is not an integer, then there are two Frobenius solutions of the form
o0 o0
@O =" et and  yr(t) =17 Cut”.
n=0 n=0

2. If ri — ry is a positive integer, then there is one Frobenius series solution of the
form

o
@) =11 cqt”
n=0

and a second independent solution of the form

o0
2(t) = €yi(t)Int 41" Z C,t".
n=0

UIf the coefficient of t2y” is a number ¢ other than 1, we take the indicial polynomial to be ¢(s) =
cs(s — 1) + ags + by.



522 7 Power Series Methods

It can be arranged so that € is either O or 1. When € = 0, there are two Frobenius
series solution. When € = 1, then a second independent solution is the sum of a
Frobenius series and a logarithmic term. We refer to these as the nonlogarithmic
and logarithmic cases, respectively.

3. Ifry —ry =0, letr = r; = ry. Then there is one Frobenius series solution of the
form

o0
i) =1 cqt"
n=0

and a second independent solution of the form

o
ya(t) = yi()Int +17 ) Cyt".
n=0

The second solution y, is also referred to as a logarithmic case.

The Complex Case: If the roots of the indicial polynomial are distinct complex
numbers, v and 7 say, then there is a complex-valued Frobenius series solution of
the form

o0
YOy =1") cat",
n=0

where the coefficients ¢, may be complex. The real and imaginary parts of y(t),
y1(2), and y,(t), respectively, are linearly independent solutions.
Each series given for all five different cases has a positive radius of convergence.

Remark 3. You will notice that in each case, there is at least one Frobenius
solution. When the roots are real, there is a Frobenius solution for the larger of the
two roots. If y; is a Frobenius solution and there is not a second Frobenius solution,
then a second independent solution is the sum of a logarithmic expression y;(¢) In ¢
and a Frobenius series. This fact is obtained by applying reduction of order. We
will not provide the proof as it is long and not very enlightening. However, we will
consider an example of each case mentioned in the theorem. Read these examples
carefully. They will reveal some of the subtleties involved in the general proof and,
of course, are a guide through the exercises.

Example 4 (Real Roots Not Differing by an Integer). Use Theorem 2 to solve
the following differential equation:

2t%y" +3t(1+ 1)y’ —y = 0. (8)

» Solution. We can identify A;(¢) = 3 + 3¢ and Ay(¢) = —1. It is easy to see that
to = 01is a regular singular point and the indicial equation

gis) =2s(s =D +3s—1=Q2s>+s5s—1)=2s— (s + 1).
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The exponents of singularity are thus % and —1, and since their difference is not an
integer, Theorem 2 tells us there are two Frobenius solutions: one for each exponent
of singularity. Before we specialize to each case, we will first derive the general
recurrence relation from which the indicial equation falls out. Let

o0 o0
YO =17 et =Y cpt"t.
n=0 n=0

Then

o0 o
y'(@) = Z(n + ) " and (1) = Z(n +r)(n 41— e, t" T2
n=0 n=0

It follows that

o
202" (t) =t ZZ(n +7r)m+r—1cyt”,
n=0

o0
3y'(t) = 1" Z3(n + r)eqt”,
n=0

o0 o0
32y/(t) = " Z 3(n+r)c, "t =1 ZS(n — 14 r)ep_1t",

n=0 n=1

o0
—y() =17 —cut”.
n=0

The sum of these four expressions is 2¢2y” + 3t(1 + t)y’ — 1y = 0. Notice that
each term has ¢" as a factor. It follows that the sum of each corresponding power
series is 0. They are each written in standard form so the sum of the coefficients with
the same powers must likewise be 0. For n = 0, only the first, second, and fourth
series contribute constant coefficients (¢°), while for n > 1, all four series contribute
coefficients for ¢". We thus get

n=20 Q@r(r—=1)4+3r—1)cy =0,
n>1 CQn+ryin+r—1D)+3mn+r)—c, +3n—1+r)c,— =0.

Now observe that for n = 0, the coefficient of ¢ is the indicial polynomial ¢(r) =
2r(r—1)43r—1 = (2r—1)(r+1), and for n > 1, the coefficient of ¢, is g(n +r).
This will happen routinely. We can therefore rewrite these equations in the form

n=20 q(r)yco =0
n>1 qgn+r)yc, +3n—1+r)c,—1 =0. 9)
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Since a Frobenius series has a nonzero constant term, it follows that g(r) = 0
implies r = % and r = —1, the exponents of singularity derived in the beginning.

Let us now specialize to these cases individually. We start with the larger of the two.

The Case r = % Letr = % in the recurrence relation given in (9). Observe that
q(n+ %) =2n(n+ %) = n(2n + 3) and is nonzero for all positive n since the only
roots are % and —1. We can therefore solve for ¢, in the recurrence relation and get

-3(n—3) _(—3) @2n-1)

2 ) n@2n+3)

= 2 = 1. 10
n(2n+3)c ! Cnt (10)

Recursively applying (10), we get

| 3\ 1 -3 3
n= cr=|—)=co=\|— €0,
! 2 )5° 2 )1-G5-3)°
5 -3\ 3 -3\?* 3
n= o=—])—c=—) ——cp.
2 2 )27 2 ) 2.(7-5°

-3\ 5.3 (-3 3
7) (3-20-7-5°7 (7) 3HO-7)

7 (=3\* 3
4112 (7) @nat-9) "

Generally, we have ¢, = (%3)" mco. We let ¢co = 1 and substitute ¢,

into the Frobenius series with r = % to get

[e.]

1 -3\" 3 n
yl(t)ZIZZ(T) M+ 3+ 1)

n=0

The Case r = —1. In this case, g(n +r) = g(n — 1) = (2n — 3)(n) is again
nonzero for all positive integers n. The recurrence relation in (9) simplifies to
n—2

—3mcn_l. (11)

Cyp =

Recursively applying (11), we get

n=1 C1 :—3%00:—3&)
n=2 c,=0c =0
n=3 C3:0

Again, we let ¢y = 1 and substitute ¢, into the Frobenius series with r = —1 to get
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yat) =17 (1=31) = 1_3t.

Since y; and y, are linearly independent, the solutions to (8) is the set of all linear
combinations. <

Before proceeding to our next example let us make a couple of observations that
will apply in general. It is not an accident that the coefficient of ¢ is the indicial
polynomial g. This will happen in general, and since we assumed from the outset
that ¢y # 0, it follows that if a Frobenius series solution exists, then ¢ (r) = 0; that
is, ¥ must be an exponent of singularity. It is also not an accident that the coefficient
of ¢, is g(n + r) in the recurrence relation. This will happen in general as well. If
we can guarantee that g (n + r) is not zero for all positive integers 7, then we obtain
a consistent recurrence relation, that is, we can solve for ¢, to obtain a Frobenius
series solution. This will always happen for ry, the larger of the two roots. For the
smaller root r,, we need to be more careful. In fact, in the previous example, we
were careful to point out that ¢(n + r;) # 0 for n > 0. However, if the roots differ
by an integer, then the consistency of the recurrence relation comes into question in
the case of the smaller root. The next two examples consider this situation.

Example 5 (Real Roots Differing by an Integer: The Nonlogarithmic Case).
Use Theorem 2 to solve the following differential equation:

ty" +2y +1ty =0.
» Solution. We first multiply both sides by ¢ to put in standard form. We get
2y 42ty +12y =0 (12)
and it is easy to verify that 7o = 0 is a regular singular point. The indicial polynomial
isq(s) = s(s —1) +2s = s> +s5 = s(s + 1). It follows that 0 and —1 are the

exponents of singularity. They differ by an integer so there may or may not be a
second Frobenius solution. Let

o0
yt)=1t" cht".
n=0
Then

o0
2y (t) =t" Z(n +r)(n+r—1c,t",

n=0

o
2ty'(t) = t" ZZ(H + r)cat”,

n=0
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o0
2y(t) =1 cpat".

n=2

The sum of the left side of each of these equations is t2y” + 2ty’ + t>y = 0, and,
therefore, the sum of the series is zero. We separate then = 0,n = 1, andn > 2
cases and simplify to get

n=0 (r(r+1))co =0,
n=1 ((r+1D@F+2)c =0,
n>2 (n+r)Yn+r+1)c, +chn—=0. (13)
The n = 0 case tells us that r = 0 or r = —1, the exponents of singularity.
The Case r = 0. If r = 0 is the larger of the two roots, then the n = 1 case in

(13) implies ¢; = 0. Also g(n + r) = g(n) = n(n + 1) is nonzero for all positive
integers n. The recurrence relation simplifies to

c = —Cp—2
"+ Dn’

Since the difference in indices in the recurrence relation is 2 and ¢; = 0, it follows
that all the odd terms, ¢,+1, are zero. For the even terms, we get

—Co
= 2 = —
n C 3.2
—C Co
= 4 = — = —
" “4T537 5
—C4 —Co
= 6 = — = —_,
" “T7%6° 7

and generally, ¢p, = ¢o. If we choose ¢y = 1, then

="
@n+D!

( l)n[2n
N = Z < (2n + 1)

is a Frobenius solution (with exponent of singularity 0).

The Case r = —1. In this case, we see something different in the recurrence
relation. For in the n = 1 case, (13) gives the equation

0'6’1:0.

This equation is satisfied for all ¢;. There is no restriction on ¢; so we will choose
c1 = 0, as this is most convenient. The recurrence relation becomes
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—Cy—
n—2 n>2.

cn:(n——l)n’ =

A calculation similar to what we did above gives all the odd terms ¢;,+| zero and

="
2n)!

Coyp = Cop.

If we set cp = 1, we find the Frobenius solution with exponent of singularity —1

S (_l)nt2n—l
2(1) = Z—(M! :
n=0

sint

It is easy to verify that y;(t) = 7 and y»(¢) = C"t—”‘ Since y; and y, are linearly
independent, the solutions to (12) is the set of all linear combinations of y,
and y,. <

The main difference that we saw in the previous example from that of the first
example was in the case of the smaller root ¥ = —1. We had g(n — 1) = 0 when
n = 1, and this leads to the equation c; - 0 = 0. We were fortunate in that any c) is a
solution and choosing ¢; = 0 leads to a second Frobenius solution. The recurrence
relation remained consistent. In the next example, we will not be so fortunate. (If ¢,
were chosen to be a fixed nonzero number, then the odd terms would add up to a
multiple of y;; nothing is gained.)

Example 6 (Real Roots Differing by an Integer: The Logarithmic Case). Use
Theorem 2 to solve the following differential equation:

12y —t*y — (3t +2)y = 0. (14)
» Solution. It is easy to verify that fp = 0 is a regular singular point. The indicial
polynomial is ¢(s) = s(s — 1) =2 = s —s — 2 = (s — 2)(s + 1). It follows that

2 and —1 are the exponents of singularity. They differ by an integer so there may or
may not be a second Frobenius solution. Let

o0
y)=1t" cht”.
n=0
Then

o0
2y"(t) =t Z(n +r)(n+r—1)cut",
n=0
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o
—2y'(t) =t" Z —(n =14+ r)c,—t",

n=1

o0
=3ty(0) =17 =3cpt”,

n=1

o0
—=2y(t) =17 —2c,t".

n=0

As in the previous examples, the sum of the series is zero. We separate the n = 0
and n > 1 cases and simplify to get

n=0 (r—=2)r+1co=0,
n>1 ((m+r=-2n+r+1)c,—m+r+2)c,—1 =0. (15)

The n = 0 case tells us that r = 2 or r = —1, the exponents of singularity.

The Case r = 2. Since r = 2 is the larger of the two roots, the n > 1 case in
(15) implies ¢, = %cn_l. We then get

1 5
n= g =—c
1= 1
5 6 6
= Ty = —(C1 = C
" 2T T
3 7 7
n= 3= ——0C = o,
YT 36 7 3140
and generally, ¢, = %co. If we choose ¢y = 4, then
o0 o0
) I’l+4n_ n+4n+2
yi(t) =1t Z)Tt _X;Tt (16)

is a Frobenius series solution; the exponent of singularity is 2. (It is easy to see that
yi(t) = (3 + 4¢)e’ but we will not use this fact.)

The Case r = —1. The recurrence relation in (15) simplifies to
n(n—3)c, = —(l’l + Deu-t.
In this case, there is a problem when n = 3. Observe

n=1 —2c1 = 2c9 hence ¢; = —cy,
n=2 —2¢; = 3¢y hence ¢; = %co,
=3 0- C3 = 46’2 = 66’(), =<
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In the n = 3 case, there is no solution since ¢y # 0. The recurrence relation is
inconsistent and there is no second Frobenius series solution. However, Theorem 2
tells us there is a second independent solution of the form

y@O) = y@) e+ et 17)

n=0

Although the calculations that follow are straightforward, they are more involved
than in the previous examples. The idea is simple though: substitute (17) into
(14) and solve for the coefficients ¢,, n = 0,1,2,.... If y(¢) is as in (17), then
a calculation gives

o0
2y" =2y Int +20y) =y + 17 Y (0= D)(n = 2)cut”
n=0

—2y = =yl Int — 1y, + 1~ IZ (n —2)cy_11",

n=1

o0
=3ty = 3ty Int +17" Y =3e, 1",

n=1

o0
—2y =2y Int +17! Z—cht”
n=0

The sum of the terms on the left is zero since we are assuming a y is a solution.
The sum of the terms with In¢ as a factor is also zero since y; is the solution, (16),
we found in the case r = 2. Observe also that the n = 0 term only occurs in the
first and fourth series. In the first series, the constant term is (—1)(=2)cy = 2cy,
and in the fourth series, the constant term is (—2)cy = —2c¢y. Since the n = 0 terms
cancel, we can thus start all the series at n = 1. Adding these terms together and
simplifying gives

0 = 2iy| — (t + )y,

+1! % (n(n —3))cy — (n+ Dcy—1) 1", (18)
n=1

Now let us calculate the power series for 2¢ty| — (t 4+ 1)y; and factor t~! out of the
sum. A short calculation and some index shifting gives

2ty{ _ Z 2(n+4)(n + 2)l‘n+2 1 Z 2(n 4+ 1)(n — l)l‘

Z n! (n—3)!
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n+4 = n+1,
— = — :t — t S

o0
_ nt A _ ”(”_3)
—ty1 —};— py t Z (n—3)'

n=3

Adding these three series and simplifying gives

2ty —(t + Dy, = 17! Z 3 +n31(§)!_ Dy

We now substitute this calculation into (18), cancel out the common factor t~!,
and get

Z (n + 3)(’1

~3i z+2pm—@% (n+ De,_)t" =

n=1

We separate out the n = 1 and n = 2 cases to get:

n=1 —2c¢1 —2cp =0 hence c¢; = —cp,
n=2 —2¢3—3c; =0 hence ¢ = %co.

Forn > 3, we get

3)n—1
w +nn—3),—(n+ ey =0
(n—3)!
which we can rewrite as
3Hn—1
0 —Den = (1 + Depy — 2FDO=D s (19)
(n —3)!

You should notice that the coefficient of ¢, is zero when n = 3. As observed

earlier, this led to an inconsistency of the recurrence relation for a Frobenius series.
However, the additional term % that comes from the logarithmic term results
in consistency but only for a specific value of ¢;. To see this, let n = 3 in (19) to

get 0 = Ocz = 4c¢, — 12 and hence ¢, = 3. Since ¢; = %co, we have that c) = 2

and ¢; = —2. We now have Oc; = 4¢, — 12 = 0, and we can choose c3 to be any
number. It is convenient to let c3 = 0. For n > 4, we can write (19) as

_on+l n+3)(n-1)
= =" T am—hHm—3 "=* 20
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Such recurrence relations are generally very difficult to solve in a closed form.
However, we can always solve any finite number of terms. In fact, the following
terms are easy to check:

n=20 co =2, n= 6'4:_721
n=1 cp = -2, n=>5 6,5:—719
n=2 c =3, n==o6 Céz%
n=3 c3 =0, n=717 C7=_7—;3.

We substitute these values into (17) to obtain (an approximation to) a second linearly
independent solution

21 19 163 53
HD=yOnt+:t (220432 -4 — P - —°—47...)]. <«
ya(t) = yi (1) It + ( v 2 D 1% 2

A couple of remarks are in order. By far the logarithmic cases are the most tedious.
In the case just considered, the difference in the roots is 2 — (—1) = 3 and it was
precisely at n = 3 in the recurrence relation where ¢ is determined in order to
achieve consistency. After n = 3, the coefficients are nonzero so the recurrence
relation is consistent. In general, it is at the difference in the roots where this junction
occurs. If we choose c¢3 to be a nonzero fixed constant, the terms that would arise
with ¢3 as a coefficient would be a multiple of y;, and thus, nothing is gained.
Choosing c¢3 = 0 does not exclude any critical part of the solution.

Example 7 (Real roots: Coincident). Use Theorem 2 to solve the following
differential equation:

12y —t(t +3)y' +4y =0. (1)

» Solution. It is easy to verify that fp = 0 is a regular singular point. The indicial
polynomial is g(s) = s(s — 1) — 3s + 4 = s> —4s + 4 = (s — 2)°. It follows that
2 is a root with multiplicity two. Hence, r = 2 is the only exponent of singularity.
There will be only one Frobenius series solution. A second solution will involve a
logarithmic term. Let

(o]
YOy =1 et
n=0
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Then

o0
2y"(t) =1 Z(n +1r)m+r—1c,t",
—0

o0
—2y'(t) =17 (n+r— Deyt”,

n=1

o0
=3ty'() =17 =Bea(n )",
n=0

o0
4y(t) =1t" Z 4ept”.

n=0

As in previous examples, the sum of the series is zero. We separate the n = 0 and
n > 1 cases and simplify to get

n=20 (r—2)%cy =0,
n>1 n+r—22%,=m+r—1)c,_. (22)

The Case r = 2. Equation (22) implies r = 2 and

n+1
cp = > Cn—1 N = 1.
n
We then get
n=1 Cc1 = 1%Co,
n=2 Cy = Z%Cl = %Co,
n=3 C3:%C2:%Co,
and generally,
_m+D o+
T ()2 TR
If we choose ¢y = 1, then
o0
_py it
n@ =t ZO -t (23)

is a Frobenius series solution (with exponent of singularity 2). This is the only
Frobenius series solution.
A second independent solution takes the form

y(O) =y +12 Y eqt”. (24)
n=0
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The ideas and calculations are very similar to the previous example. A straight-
forward calculation gives

o
2y" = 1>y Int 4+ 2ty| — y; + 1 Z(n +2)(n + 1)cut",

n=0

o0
—12y" = —2y|Int —ty; + 12 Z—(n + Depqt”,

n=1

o0
—3ty’ = =3ty Int — 3y, +1* Z =3(n + 2)cut",
n=0

o0
4y =4y, Int + 12 Z4cnt".
n=0

The sum of the terms on the left is zero since we are assuming a y is a solution. The
sum of the terms with In as a factor is also zero since y; is a solution. Observe also
that the n = 0 terms occur in the first, third, and fourth series. In the first series the
coefficient is 2c¢g, in the third series the coefficient is —6c¢g, and in the fourth series
the coefficient is 4cy. We can thus start all the series at # = 1 since the n = 0 terms
cancel. Adding these terms together and simplifying gives

o0
0=2ty] — (1 +Hy1 + 1> Y (n%ch — (n 4+ V)cumr) 1™ (25)

n=1

Now let us calculate the power series for 2ty] — (f + 4)y; and factor t? out of the
sum. A short calculation and some index shifting gives

4 2 O n+2 n
n=1 '

We now substitute this calculation into (25), cancel out the common factor 2, and
equate coefficients to get

n—+2
o e = e =0,
Since n > 1, we can solve for ¢, to get the following recurrence relation:
_n+ 1 _ n+2 -1
Cn—TCn_l—m, n=1.

As in the previous example, such recurrence relations are difficult to solve in a
closed form. There is no restriction on ¢y so we may assume it is zero. The first few
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terms thereafter are as follows:

0 0 4 —173
n = C = . n = C = R
0 METY
—187
n=1 c1 = =3, n=>5 5 = ———,
1200
—13 —463
n=2 = —), n==~6 6= ——,
4 14400
=31 —-971
n=3 3 = ——, n=717 c7 = .
18 176400

We substitute these values into (24) to obtain (an approximation to) a second
linearly independent solution

13, 31. 173, 187 463
HN=y(@)Int— 334+ —=t* + =+ —1"+ — ).
y2(t) = 7101 ( TR T st 200" T iaae’ T

<

Since the roots in this example are coincident, their difference is 0. The juncture
mentioned in the example that proceeded this one thus occurs at » = 0 and so we
can make the choice ¢y = 0. If ¢ is chosen to be nonzero, then y, will include an
extra term ¢ y;. Thus nothing is gained.

Example 8 (Complex Roots). Use Theorem 2 to solve the following differential
equation:

e+ 0Dy +1y'+ @+ 1)y =0. (27)

» Solution. It is easy to see that ) = O is a regular singular point. The indicial
polynomial is ¢(s) = s(s — 1) +s + 1 = s> 4 1 and has roots r = =i. Thus, there
is a complex-valued Frobenius solution, and its real and imaginary parts will be two
linear independent solutions to (27). A straightforward substitution gives

o0
B3y =1 Z(n +r—1D0n+r—2)c,—1t",

n=1

o0
2y =1" Z(n +7r)n+r—1c,t",

n=0

o0
ty =t Z(n + 1r)eqt”,

n=0

o0
y =1t cht”,
n=0
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3y =1" Z 3c,_it",

o0
3%y =17 3c,at",
n=2
o0
Py =1 ch_3z".
n=3

535

As usual, the sum of these series is zero. Since the index of the sums have different
starting points, we separate the casesn = 0,n = 1,n = 2, and n > 3 to get, after

some simplification, the following:

n=20 (r* 4+ 1)y =0,

n=1 ((r+ D>+ Der+ (r(r = 1) +3)eg =0,

n=2 ((r+2)24 Do+ ((r + 1)r +3)e; + 3¢9 =0,
n>3 (r+n)?+ e, +((r+n—=D@r+n—-2)+3)c,

+ 3¢cp—2 + cp—3 = 0.

The n = 0 case implies that r = £i. We will let r =i (the r = —i case will give
equivalent results). As usual, ¢y is arbitrary but nonzero. For simplicity, let us fix
co = 1. Substituting these values into the cases, n = 1 and n = 2 above, gives

ci=iandc, = _71 The general recursion relation is

(G+n)?+Dew+ (G +n—1)G +n—2)+3)cnet + 3 + cae3 =0 (28)

from which we see that ¢, is determined as long as we know the previous three
terms. Since ¢y, ¢, and ¢, are known, it follows that we can determine all ¢,’s.
Although (28) is somewhat tedious to work with, straightforward calculations give

the following values:

n=0 Cop = 1, 6 = 310
n=1 c1 =1, ﬁ = %,
We will leave it as an exercise to verify by mathematical induction that ¢, = ’n—",

It follows now that

o0 l.n
yoy =y =l

n=0
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We assume ¢ > 0. Therefore, we can write t* = e’ and

y(t) = el t+nn),
By Euler’s formula, the real and imaginary parts are
yi(t) =cos(t +1Int) and y,(¢) = sin(t + In¢).
It is easy to see that these functions are linearly independent solutions. We remark

that the r = —i case gives the solution y(t) = e !+ TIts real and imaginary
parts are, up to sign, the same as y; and y, given above. <
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Exercises

1-5. For each problem, determine the singular points. Classify them as regular or
irregular.

Ly + 5y + 7y =0

2. y//+¥yl+ 1_;0”)1:0

3.y +3t(1—0)y + =y =0
4.+ 1y +Fy=0
500"+ (1 —1)y +4ty=0

6-10. Each differential equation has a regular singular pointat ¢ = 0. Determine the
indicial polynomial and the exponents of singularity. How many Frobenius solutions
are guaranteed by Theorem 2?7 How many could there be?

6. 2ty" +y +1ty=0

7. t2y" 4+ 2ty + 12y =0

8. 12y" +tely +4(1—4t)y =0

9.1/ +(1—-1)y' + Ay =0

10. 2y" +3t(1 +31)y' + (1 —t>)y =0

11-14. Verify the following claims that were made in the text.

11. In Example 5, verify the claims that y,(z) = “tﬂ and y,(t) = %"f

12. In Example 8, we claimed that the solution to the recursion relation
(G +n)?+Dew+ (G +n—1)0 +n—2)+3)cp1 + 32+ a3 =0

was ¢, = ’n—", Use mathematical induction to verify this claim.

13. In Remark 3, we stated that the logarithmic case could be obtained by a
reduction of order argument. Consider the Cauchy—Euler equation

2y" +5ty' + 4y = 0.

One solution is y;(t) = 2. Use reduction of order to show that a second
independent solution is y,(t) = ¢~ In¢, in harmony with the statement for the
appropriate case of the theorem.

14. Verify the claim made in Example 6 that y; (t) = (t3 + 41%)e

15-26. Use the Frobenius method to solve each of the following differential
equations. For those problems marked with a (*), one of the independent solutions
can easily be written in closed form. For those problems marked with a (**), both
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independent solutions can easily be written in closed form. In each case below we
lety = 1" Y 22 ) c,t" where we assume ¢y # 0 and r is the exponent of singularity.

15. ty” =2y’ +1ty = 0 (**) (real roots, differ by integer, two Frobenius solutions)

16. 2t2y" —ty’ + (1 + t)y = 0 (¥*) (real roots, do not differ by an integer, two
Frobenius solutions)

17. 2y" —t(1 + 1)y’ + y = 0, (*) (real roots, coincident, logarithmic case)

18. 212y" — 1y’ + (1 — t)y = 0 (¥*) (real roots, do not differ by an integer, two
Frobenius solutions)

19. £2y” + 12y’ — 2y = 0 (**) (real roots, differ by integer, two Frobenius
solutions)

20. t2y" + 2ty’ — a’t*’y = 0 (**) (real roots, differ by integer, two Frobenius
Solutions)

21. ty" + (t — 1)y’ — 2y = 0, (*) (real roots, differ by integer, logarithmic case)
22. ty” — 4y = 0 (real roots, differ by an integer, logarithmic case)
23. t2(—=t + 1)y" + (t + 13y’ + (=2t + 1)y = 0 (**) (complex)

24. t2y" +t(1 +1)y’ —y = 0, (¥*) (real roots, differ by an integer, two Frobenius
solutions)

25. t2y" 4+ t(1 =2t)y" + (1> =t + 1)y = 0 (**) (complex)

26. t2(1+1)y" —t(14+2t)y" + (1 + 2t)y = 0 (**) (real roots, equal, logarithmic
case)
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7.4 Application of the Frobenius Method:
Laplace Inversion Involving Irreducible Quadratics

In this section, we return to the question of determining formulas for the Laplace
inversion of

b s
for k a nonnegative integer. Recall that in Sect. 2.5, we developed reduction of order
formulas so that each inversion could be recursively computed. In this section, we
will derive a closed formula for the inversion by solving a distinguished second
order differential equation, with a regular singular point at # = 0, associated to each
simple rational function given above. Table 7.1 of Sect. 7.5 summarizes the Laplace
transform formulas we obtain in this section.

To begin with, we use the dilatation principle to reduce the simple quadratic
rational functions given in (1) to the case » = 1. Recall the dilation principle,
Theorem 23 of Sect.2.2. For an input function f(¢) and b a positive number, we
have

ey

1
L0} (s) = L LI D)} (s/b).
The corresponding inversion formula gives
L7V {F(s/b} = bf(bt), (2)

where asusual L{f} = F.
Proposition 1. Suppose b > 0. Then

()= p L { } bo),

= % b } 1
(Sz + b2)k+1 (sz + 1)k+1

_ N | s
e T e

Proof. We simply apply (2) to get

b b 1
—1 _ -1
£ { (s + bz)k“} (1) = bz(k+1)£ { ((s/b)? + 1)k+1} )
| S 1
- ﬁﬁ { (s2 + 1)k+1} (b1).
A similar calculation holds for the second simple rational function. O
It follows from Proposition 1 that we only need to consider the cases

N 1
(S2 + 1)k+l and (52 + 1)k+l : (3)
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We now define A, (¢) and By (¢) as follows:

_ 1

The factor 2k ! will make the resulting formulas a little simpler.

Lemma 2. Fork > 1, we have

Ap(t) = =2 A (t) + 2k — DA (1), k=2, (5)
By (1) = tAk—1(2), (6)
Ar(0) = 0, (N
By (0) = 0. (®)

Proof. Let b = 1 in Proposition 8 of Sect. 2.5, use the definition of A; and By, and
simplify to get

Ap(t) = =tBr— 1 (t) + 2k — 1) A1 (1),
Bi(t) = 1t Ak—1(2).

Equation (6) is the second of the two above. Now replace k by k — 1 in (6) and
substitute into the first equation above to get (5). By the initial value theorem,
Theorem 1 of Sect. 5.4, we have

— kg 1 S _
A(©) = 24! lim =y = 0.

Bi(0) = 2’(1«!313130 ﬁ = 0. a

Proposition 3. Suppose k > 1. Then
() = By (1), ©)
B (1) = 2k Ag—1(r) — Ax(1). (10)

Proof. By the input derivative principle and the Lemma above, we have

1 1
Fer £ A O} = S LD} = A(0)
S
T 24 D
: L{B(1)}.

= 2kl
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Equation (9) now follows. In a similar way, we have

Sl B0} = 5

2k e L ABk (0} — B (0))

S2

T (52 D
1 1
TS24 DE (24 DR

2k 1
= Zkk!E{Ak—l(t)} - k)

LA}

Equation (10) now follows. O
Proposition 4. With notation as above, we have

tA] —2kA; + tAr = 0, (11D

t*B —2ktB] + (t* + 2k)B = 0. (12)

Proof. We first differentiate equation (9) and then substitute in (10) to get
A}l = B, = 2kAx—1 — Ay.
Now multiply this equation by ¢ and simplify using (6) and (9) to get
tA] = 2ktAg—y —tAx = 2kBy — tAx = 2k A} — t Ay.

Equation (11) now follows. To derive equation (12), first differentiate equation (11)
and then multiply by ¢ to get

1A 4+ (1= 2k)t A + 12 A}, + 1Ay = 0.
From (11), we get t Ay, = —t A} +2k A} which we substitute into the equation above
to get
1*AY — 2kt Al + (t* + 2k) A}, = 0.
Equation (12) follows now from (9). O

Proposition 4 tells us that Ay and By both satisfy differential equations with a
regular singular point at 7, = 0. We know from Corollary 11 of Sect.2.5 that Ay
and By are sums of products of polynomials with sin# and cost (see Table 2.5 for
the cases k = 0, 1, 2, 3). Specifically, we can write

A (t) = pi(t)cost + pa(t)sint, (13)
Bi(t) = qi(t)cost + ga(t) sint, (14)
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where pi, p2, q1, and ¢, are polynomials of degree at most k. Because of the
presence of the sin and cos functions, the Frobenius method will produce rather
complicated power series and it will be very difficult to recognize these polynomial
factors. Let us introduce a simplifying feature that gets to the heart of the polynomial
coefficients. We will again assume some familiarity of complex number arithmetic.
By Euler’s formula, e/’ = cost + isint and e = cost — i sint. Adding these
formulas together and dividing by 2 gives a formula for cos ¢. Similarly, subtracting
these formula and dividing by 2i gives a formula for sin ¢. Specifically, we get

eit + e—it
cost = T,
) elt _ it
sint = -
21

Substituting these formulas into (13) and simplifying gives

A (t) = p1(t)cost + pa(t)sint

it —it it —it

e’ + e’ —e
= pit)———— f———
p1(t) 5 + pa2(t) 2
_ pi@)—ipa(t) 5, pi() +ipa(t)
= e + e
2 2
ak(t) it ak(t) it
= et
= Re(ax (t)e'"),

where ay (1) = py(t) —ip2(t) is a complex-valued polynomial, which we determine
below. Observe that since p; and p, have degrees at most &, it follows that ay (¢) is
a polynomial of degree at most k. In a similar way, we can write

Bi(t) = Re(bi(1)e'),

for some complex-valued polynomial by (z) whose degree is at most k. We
summarize the discussion above for easy reference.

Proposition 5. There are complex-valued polynomials ax (t) and by (t) so that

Ai(r) = Re(ar(1)e"),
Bi(t) = Re(br(1)e).

We now proceed to show that ay (¢) and by (¢) satisfy second order differential
equations with a regular singular point at #y) = 0. The Frobenius method will give
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only one polynomial solution in each case, which we identify with a (¢) and b (¢).
From there, it is an easy matter to use Proposition 5 to find A, (¢) and By (¢).
First a little Lemma.

Lemma 6. Suppose p(t) is a complex-valued polynomial and Re(p(t)e'’) = 0 for
allt € R. Then p(t) = 0 forallt.

Proof. Write p(t) = a(t)+ifB(t), where a(?) and B(z) are real-valued polynomials.
Then the assumption that Re(p(¢)e’’) = 0 becomes

a(t)cost — B(t)sint = 0. 15

Lett = 2mn in (15). Then we get «(2wrn) = O for each integer n. This means
a(?) has infinitely many roots, and this can only happen when a polynomial is zero.
Similarly, if # = Z + 27n is substituted into 15, then we get B (% + 27n) = 0,
for all n. We similarly get 8(¢) = 0. It now follows that p(¢) = 0. O

Proposition 7. The polynomials ay (t) and by (t) satisfy
tay +2(it —k)ay —2kiax =0,
*b] 4 2t(it — k)b, — 2k(it — )by = 0.

Proof. Let us start with Ay. Since differentiation respects the real and imaginary
parts of complex-valued functions, we have

Ar(t) = Re(ag(t)e"),
1 (1) = Re((ax (1)e")') = Re((ar (1) + iax(1))e"),
1(t) = Re((a](¢) + 2ial(t) — ax(t))e’").
It follows now from Proposition 4 that
0 = 1A}(t) — 2k A} (t) + 1Ak (1)
=t Re(ay (t)e'")” — 2k Re(ay (t)e'") + t Re(ax (t)e')
= Re((t(a}(t) + 2ia, (1) — ax(t)) — 2k(a, (1) + iax(t)) + tax(t))e")
= Re ((ra}/(t) + 2(it — k)ay (t) — 2kiak(t))e'") .
Now, Lemma 6 implies

tal(t) +2(it — k)a, (t) — 2kiax(t) = 0.

The differential equation in by is done similarly and left as an exercise (see
Exercise 3). O
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Each differential equation involving a; and by in Proposition 7 is second order
and has 7o = 0 as a regular singular point. Do not be troubled by the presence of
complex coefficients; the Frobenius method applies over the complex numbers as
well.

The following lemma will be useful in determining the coefficient needed in the
Frobenius solutions given below for ay () and by (¢).

Lemma 8. The constant coefficient of ay (t) is given by

2k)!
ar(0) = —i (k!;{ .

The coefficient of t in by is given by

. 2k =1)!
"= )nEn"

PO = -
Proof. Replace k by k + 2in (5) to get
A2 = 2k + 3) Apq — 2 Ag,
forall t and k > 1. Lemma 6 gives that a; satisfies the same recursion relation:
ar42(t) = 2k + 3)ag41(t) — tar(t).
Ift = 0, we get ag+2(0) = (2k + 3)ax+1(0). Replace k by k — 1 to get

ai+1(0) = (2k + 1)ax (0).

By Table 2.5, we have
Ai(r) =2'anc! {;}
' (s241)2
=sint —t cost
= Re((—t —i)e').
Thus, a;(t) = —t — i and a;(0) = —i. The above recursion relation gives the
following first four terms:
a(0) = —i, a3(0) = 5a,(0) = —=5-3 -1,
az(0) = 3a,(0) = -3i, as(0) = T7a3(0) = —7-5-3-1i.
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Inductively, we get

ap(0) = =k — 1) - 2k —3)---5-3 i
(Zk)'
TRk

For any polynomial p(t), the coefficient of 7 is given by p(0). Thus, b, (0) is the
coefficient of z in by (¢). On the other hand, (6) implies by +1(¢) = tay(t), and hence,
the coefficient of 7 in by (¢) is the same as the constant coefficient, ay (0) of ay (¢).
Replacing k by k — 1 and using the formula for a, (0) derived above, we get

k— 1))
bi(0) = ax—1(0) = % o

Proposition 9. With the notation as above, we have

k —
at) = 51 Z & ( 2y’

n'(k
it {2 e
and  bi(t) = 2klt12_:(i1'((k—l— ))'( 2it)".

Proof. By Proposition 7, ai (t) is the polynomial solution to the differential equation
ty" 4+ 23t —k)y —2kiy =0 (16)

with constant coefficient a,(0) as given in Lemma 8. Multiplying equation (16)
by ¢ gives t2y” + 2t(it —k)y’ — 2kity = 0 which is easily seen to have a regular
singular point at # = 0. The indicial polynomial is given by g(s) = s(s—1)—2ks =
s(s — (2k 4 1)). It follows that the exponents of singularity are 0 and 2k + 1. We
will show below that the r = 0 case gives a polynomial solution. We leave it to the
exercises (see Exercise 1) to verify that the r = 2k + 1 case gives a nonpolynomial
Frobenius solution. We thus let

o0
YOy =Y et
n=0

Then
o0

1y"(1) = Y@ + Degsat”,

n=1

o0
2ity' (1) = Y _ 2inc,1",
n=1
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o0

=2k (0) = ) ~2k(n + Deygat”,
n=0

—2iky(t) =Y —2ikc,t".
n=0

By assumption, the sum of the series is zero. We separate the n = 0 andn > 1 cases
and simplify to get

n=0 —2kc; —2ikcy =0,

n>1 (m—=2k)(n+ Vcyy1 +2i(n—k)c, = 0. 17)
The n = 0 case tells us that ¢; = —icg. For 1 <n <2k — 1, we have
—2i(k —n)
Cn+1 =

Ck—mn+ )"

Observe that ¢4+ = 0, and hence, ¢, = Oforallk +1 < n < 2k — 1. For
n = 2k we get from the recursion relation Ocp;+1 = 2ikc; = 0. This implies that
Cak+1 can be arbitrary. We will choose ¢yx+1 = 0. Thenc¢, = O foralln > k + 1,
and hence, the solution y is a polynomial. We make the usual comment that if ¢
is chosen to be nonzero, then those terms with ci4; as a factor will make up the
Frobenius solution for exponent of singularity r = 2k + 1. Let us now determine
the coefficients ¢, for 0 < n < k. From the recursion relation, (17), we get

n=20 c1 = —ico,
_1 _ —2i(k—=1) _ 2(—=i)*(k — 1) _ (=2i)k(k — 1)
n= ) = 2k —1)2 cp = 2k —1)2 co = 202k — 1)2 o,

_, L 2i(k-2) (=20 —1)(k —2)
"= ST T2k —2)3 2T k@ — D2k —2)31
“2ik—3) _ (<2i)*k(k — 1)(k —2)(k —3)

=3 G o T C T 2k = Dk —2) 2k — A"

and generally,

(20 k(k = 1) (e —n + 1)
T Mk —1) -k —n+ ) °

=1,...,k.

We can write this more compactly in terms of binomial coefficients as

_ (20()

T e
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It follows now that
(— l)”
y() =co Z

The constant coefficient is ¢g. Thus, we choose ¢y = a(0) as given in Lemma 8.
Then y(¢) = ax(¢) is the polynomial solution we seek. We get

20()
NG

k
k) (=20)"(5) ,
:;) lk|2k (Zk)n, "

ai (1) = a(0) Z

(2k —n)! n
- Z(k n)n v( 2it)".

It is easy to check that (6) has as an analogue the equation by () = tax ().
Replacing k by k — 1 in the formula for a4 (#) and multiplying by ¢ thus establishes
the formula for by (¢). O

For x € R, we let | x| denote the greatest integer function of x. It is defined to
be the greatest integer less than or equal to x. We are now in a position to give a
closed formula for the inverse Laplace transforms of the simple rational functions
given in (4).

Theorem 10. For the simple rational functions, we have

. 1 _sint w2k —2m\ (20)*"
£ {W}m 3 Z( )< k )(Zm)!

Lk;lJ 2m+1
cost w2k —2m—1) (2t)
2%k 2, D ( k )(2m+1)!’

m=0

) Lk—lJ 5
1 _ 2tsint m [ 2k —2m =2\ (2t)°"
£ {(2+1)k+1}() k.sz Z( 1) ( -1 )(Zm)!

|52 2m+1
2t cost w2k —2m — (21)
k2% Z( D ( -1 )(2m+1)!'

The first formula is valid for k > 0, and the second formula is valid for k > 1. Sums
where the upper limit is less than 0 (which occur in the cases k = 0 and 1) should
be understood to be 0.
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Proof. From Proposition 9, we can write

2k
a(t) = Zkzn('(k n)'( @y 2y

It is easy to see that the real part of a; consists of those terms where n is odd.
The imaginary part consists of those terms where n is even. The odd integers from

n=0,...,k can be written n = 2m + 1 wherem = 0,..., L]‘T_lj Similarly, the
even integers can be written n = 2m, wherem = 0, ..., L%J. We thus have
I @k—am -
R t [ 1 2m—+2 2m+2 2t 2m—+1
elax(0) = Z G D=z =T OTen

-1 22: @k=2m =D oy

2 @2m + Dk —2m —1)!
and
11 Y ks amy
Im(a (1)) = 727 2 > m( D> @) )

-1 (2k —2m)! o
= Z(Zm)'(k o )‘( 1)™(21)>™.

Now Re(a(t)e’") = Re(ax(t)) cost — Im(ay(t))sint. It follows from Proposi-
tions 5 that

1
E_l
fox

Re(a(1)e'")

1
1)k+1} = 2Fk

1 1 .
= 5 Re(ay(t)) cost — xl Im(ay()) sin¢

—cost XT: (2k —2m —1)! (—1)" (20)2mH!

kK'2m + D)k —2m — 1)!

smt 2k —2m)! . .
o Z  K12m)lk — T
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=Yy
_ —cost 22: 2k —2m — ( by (21)2m+1
o @2m+1)!

14
sin ¢ 2k —2m (20"
T m=0< )( D et

A similar calculation gives the formula for £ {m } 0

We conclude with the following corollary which is immediate from
Proposition 1.

Corollary 11. Let b > 0, then

1 b _ sinbt L] [ 2k —2m\ (2b1)*"
£ %(s2+b2)k+1} 0= @by ¢ Z(_) ( k ) @m)!
Lk%lJ 2m+1
cos bt w2k —2m —1) (2bt)
C(2b)%* ’;(_1) ( k )(2m+1)!’

71
2bt sinbt L] <2k 2m — 2) (2b1)>m

—1 _ m
£ {( +b2)k+1}() k- (2b)2k Z( D —1 2m)!

2bt cos bt L= 2k 2m — 3\ (2br)>+!
k- @by* Z - -1 @m+ 1)
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Exercises

1-3. Verify the following unproven statements made in this section.

1. Verify the statement made that the Frobenius solution to
ty” + 2@t —k)y —2kiy =0

with exponent of singularity r = 2k + 1 is not a polynomial.
2. Verify the second inversion formula

_ s | S s
| 0 = e (] o

given in Proposition 1.
3. Verify the second differential equation formula

£*b] 4+ 2t(it — k)b, —2k(it — )b = 0

given in Proposition 7.

4-15. This series of exercises leads to closed formulas for the inverse Laplace
transform of

1 s
(s2 — 1)F+1 and (s2 — k+1

Define Cy(t) and Dy (t) by the formulas

1

S LG} () =

(Sz _ 1)k+1
and
1

N
S £ APk} () = (o2 — 1L

4. Show that Cy and Dy are related by
Di41(2) = 1Ci ().

5. Show that C and Dy satisfy the recursion formula

Ci(t) = tDg—1 (1) — 2k — 1)Cy—1(1).
6. Show that Cj, satisfies the recursion formula

Cria(t) = t2Cr(t) — 2k + 3)Cry1 ().
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7. Show that Dj, satisfies the recursion formula
Diya(t) = Dy (1) — 2k + 1) D41 (1).
8. For k > 1, show that
Cr(0) =0,
Dy (0) = 0.
9. Show that for k > 1,
L. C/(t) = Di(t).
2. Di(t) = 2kCy—i(t) + Ci(1).
10. Show the following:
L tC/'(t) —2kC[(t) —tCi(t) = 0.
2. 1*D}/(t) — 2ktD; (1) + (2k — t*) Dy (1) = 0.

11. Show that there are polynomials ¢k (¢) and dj (¢), each of degree at most k, such
that

1. Cr(t) = ci(t)e —cp(—t)e™.

2. Di(t) = di(t)e' + di(—t)e™.
12. Show the following:

Lt/ (t) + (2t —2k)c; (1) — 2ker(t) = 0.

2. td](t) + 2t(t — k)d[(t) — 2k(t — 1)dy(t) = 0.
13. Show the following:

1Yk (2k)!

1. (0) = %
/ (=D @k — 1)t
2. d/(0) = .

2k (k — 1)
14. Show the following:

(—D* &\ 2k —n)! ]
Loeet) = S Zn!(k_n)!(—zz) .
n=0

2. di(t) =

(—Df & Qk—n—1)! .
2T 2 =ik = 2"
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15. Show the following:

- 1 (—1) 2k — . .
1. o1 {(52 )k+l} @) = 22k+1)) Z n'(k ( 21)"e' — (21)"e )

k
S ( 1) Z (Zk_n ) ((_zt)net —|—(21‘)"e_t).

2. 7! {m} )= 22k+1)) — DItk —n)!
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7.5 Summary of Laplace Transforms

Table 7.1 Laplace transforms

555

f@

F(s)

Page

Laplace transforms involving the quadratic s> + b?

sinbr Lzl ko (201)2"
=Y i )(2m_)!

coshr L'T] h—am—1y (2b1)2 1

“anr =, TV )

2bt sinbr L o (2h—am—2 (2b1)*"
k- 2byk Z o) (2m)!

k;
2bt cos bt 2 2k—2m—3) (2bn)2mt1

k- @by mzo( ")

Laplace transforms involving the quadratic s> — b?

(=DF  k @2k —n)!

> 2%+ 1 ,,;0 nl(k —n)!

((=20)"e' — 21)"e™")

(—Df & @k—n-— L
2FELS (= DIk —

4. (( 20)"e + (21)"e™)

b

(s2 + p2)k+1

N

(S2 + b2)k+1

(sz — 1)k+1

(s2 — 1)k+1
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