A theorem of Pdlya on polynomials

Among the many contributions of George Pélya to analysis, the following
has always been Erd6s’ favorite, both for the surprising result and for the
beauty of its proof. Suppose that

f(z) = 2"+ by 12" 4 by

is a complex polynomial of degree n > 1 with leading coefficient 1. Asso-
ciate with f(z) the set

C ={zeC:|f(z) <2},

that is, C is the set of points which are mapped under f into the circle of
radius 2 around the origin in the complex plane. So for n = 1 the domain C
is just a circular disk of diameter 4.

By an astoundingly simple argument, P6lya revealed the following beauti-
ful property of this set C:

Take any line L in the complex plane and consider the orthogonal
projection Cr, of the set C onto L. Then the total length of any such
projection never exceeds 4.

What do we mean by the total length of the projection Cy, being at most 4?
We will see that Cy, is a finite union of disjoint intervals Iy, .. ., I;, and the
condition means that £(11)+---+£(I;) < 4, where £(I;) is the usual length
of an interval.

By rotating the plane we see that it suffices to consider the case when L is

the real axis of the complex plane. With these comments in mind, let us
state Polya’s result.

Theorem 1. Let f(z) be a complex polynomial of degree at least 1 and
leading coefficient 1. Set C = {z € C : |f(2)| < 2} and let R be the
orthogonal projection of C onto the real axis. Then there are intervals
Iy, ..., I, on the real line which together cover R and satisfy

O(Iy) + -+ 0(1;) < 4

Clearly the bound of 4 in the theorem is attained for n = 1. To get more
of a feeling for the problem let us look at the polynomial f(z) = 22 — 2,
which also attains the bound of 4. If z = x + ¢y is a complex number, then
x is its orthogonal projection onto the real line. Hence

R ={z €R:z+iy e C for some y}.
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Pavnuty Chebyshev on a Soviet stamp
from 1946

The reader can easily prove that for f(z) = 22 — 2 we have z + iy € C if
and only if

(@ + %) < 4(2® —y?).
It follows that z* < (22 + y?)? < 422, and thus 22 < 4, that is, |2| < 2.
On the other hand, any z = x € R with |z| < 2 satisfies |2? — 2| < 2, and
we find that R is precisely the interval [—2, 2] of length 4.
As a first step towards the proof write f(z) = (z—c¢1) - -+ (z—¢yp,) with ¢, =
ay, + by, and consider the real polynomial p(z) = (z — a1) -+ - (z — ay).
Let z = = 4 iy € C, then by the theorem of Pythagoras

| = axl? + |y = b|* = |z — ci?
and hence |z — ay| < |z — ¢ ] for all k, that is,
p@)] = |z —aif--fx—an] < |z—cl-|z—cn| = [f(2)] <2

Thus we find that R is contained in the set P = {x € R : |p(x)| < 2},
and if we can show that this latter set is covered by intervals of total length
at most 4, then we are done. Accordingly, our main Theorem 1 will be a
consequence of the following result.

Theorem 2. Let p(x) be a real polynomial of degree n > 1 with leading
coefficient 1, and all roots real. Then the set P = {z € R : |p(x)| < 2}
can be covered by intervals of total length at most 4.

As Pdlya shows in his paper [2], Theorem 2 is, in turn, a consequence
of the following famous result due to Chebyshev. To make this chapter
self-contained, we have included a proof in the appendix (following the
beautiful exposition by Pélya and Szegd).

Chebyshev’s Theorem.
Let p(x) be a real polynomial of degree n > 1 with leading coefficient 1.
Then 1
> .
_max [p(a)l = 5o

Let us first note the following immediate consequence.

Corollary. Let p(x) be a real polynomial of degree n > 1 with leading
coefficient 1, and suppose that |p(x)| < 2 for all x in the interval [a,b].
Then b — a < 4.

B Proof. Consider the substitution y = ;2 (z — a) — 1. This maps the

z-interval [a, b] onto the y-interval [—1, 1]. The corresponding polynomial
a(y) = p(*3*(y+1) +a)
has leading coefficient (25%)™ and satisfies

_max lay)| = Jnax, ().
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By Chebyshev’s theorem we deduce

b—a\n 1 _ —a\n A

2 > Jnax, p(x)] = (33%)" 7= = 2(°7%)", ]

and thus b — a < 4, as desired. O |
This corollary brings us already very close to the statement of Theorem 2. 1-V3 1 1f\/§ %3~20)>

If the set P = {z : |p(x)| < 2} is an interval, then the length of P is
at most 4. The set P may, however, not be an interval, as in the example T
depicted here, where P consists of two intervals.

What can we say about P? Since p(x) is a continuous function, we know
at any rate that P is the union of disjoint closed intervals I3, Is, .. ., and
that p(x) assumes the value 2 or —2 at each endpoint of an interval ;. This
implies that there are only finitely many intervals I, . . ., I, since p(x) can
assume any value only finitely often. For the polynomial p(z) = z*(z — 3)
Pélya’s wonderful idea was to construct another polynomial p(x) of degree  we get P = [1—+/3, 1JU[1++/3, ~ 3.2
n, again with leading coefficient 1, such that P = {z : |p(x)| < 2} is an

interval of length at least £(I;) + --- + ¢(I;). The corollary then proves

O(I) + -+ £(I;) < {(P) < 4, and we are done.

B Proof of Theorem 2. Consider p(z) = (x — ay) -+ (x — ay,) with
P={zeR:|p(z)] <2} =1, U---U I, where we arrange the intervals
I; such that I is the leftmost and I; the rightmost interval. First we claim
that any interval I; contains a root of p(x). We know that p(z) assumes the
values 2 or —2 at the endpoints of ;. If one value is 2 and the other —2,
then there is certainly a root in ;. So assume p(z) = 2 at both endpoints
(the case —2 being analogous). Suppose b € I; is a point where p(x)
assumes its minimum in 7;. Then p’(b) = 0 and p”(b) > 0. If p”(b) = 0,
then b is a multiple root of p/(z), and hence a root of p(z) by Fact 1 from
the box on the next page. If, on the other hand, p” (b) > 0, then we deduce
p(b) < 0 from Fact 2 from the same box. Hence either p(b) = 0, and we
have our root, or p(b) < 0, and we obtain a root in the interval from b to
either endpoint of I;.

Here is the final idea of the proof. Let Iy, ..., I; be the intervals as before,
and suppose the rightmost interval I; contains m roots of p(x), counted
with their multiplicities. If m = n, then I; is the only interval (by what
we just proved), and we are finished. So assume m < n, and let d be

the distance between I;_; and I; as in the figure. Let by,...,b,, be the d
roots of p(x) which lie in I; and ¢y, . . . ¢;,—,,, the remaining roots. We now e
write p(xz) = g(z)r(z) where ¢(z) = (z — b1) -+ (x — by,) and r(x) = I I I, I,

(x —c1) - (x — cn_m), and set p1 () = g(a + d)r(x). The polynomial
p1(x) is again of degree n with leading coefficient 1. Forx € I;U---UT;_4
we have |z + d — b;| < |z — b;| for all 4, and hence |¢(x + d)| < |q(z)|. Tt
follows that

[p1(z)] < |p(x)] < 2 forx e [ U---UIL_;.
If, on the other hand, = € I, then we find |r(z — d)| < |r(x)| and thus
Ip1(z —d)] = lg(@)|[r(z —d)] < [p(z)] < 2,
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which means that I; —d C Py = {z : |p1(x)| < 2}.

In summary, we see that P; contains [; U- - -Ul;_1 U(I; — d) and hence has
total length at least as large as P. Notice now that with the passage from
p(z) to p1(x) the intervals I;_; and I; — d merge into a single interval.
We conclude that the intervals .J1, . . ., J; of p1 (z) making up P; have total
length at least £(11) + - - - + ¢(I¢), and that the rightmost interval J, con-
tains more than m roots of p;(x). Repeating this procedure at most ¢ — 1
times, we finally arrive at a polynomial j(z) with P = {z : |[p(z)| < 2}
being an interval of length £(P) > () 4 --- + £(I;), and the proof is
complete. ]

Two facts about polynomials with real roots
Let p(z) be a nonconstant polynomial with only real roots.
Fact 1. If b is a multiple root of p' (), then b is also a root of p(x).

B Proof. Let b; < --- < b, be the roots of p(x) with multiplicities
815+, 8r Dy 85 = n. From p(z) = (z — b;)®% h(z) we infer
that b; is a root of p’(x) if s; > 2, and the multiplicity of b; in p’(z)
is s; — 1. Furthermore, there is a root of p’(z) between by and by,
another root between by and bs, ..., and one between b,_; and b,.,
and all these roots must be single roots, since Z;zl (s;—=1)+(r—1)
counts already up to the degree n — 1 of p’(x). Consequently, the
multiple roots of p’(x) can only occur among the roots of p(z). O

Fact 2. We have p/(z)? > p(z)p”(z) forall z € R.

B Proof. If x = a; is a root of p(x), then there is nothing to show.
Assume then z is not a root. The product rule of differentiation yields

, ~ p() Pl —~ 1
- that is, - :
P(2) ;x—ak’ atis p(x) kz::l:c—ak

Differentiating this again we have

zn:#<0. 0

= — )2
= (@ ax)
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Appendix: Chebyshev’s theorem

Theorem. Let p(x) be a real polynomial of degree n > 1 with leading
coefficient 1. Then

) > o
_{rgéllp(w Z g

Before we start, let us look at some examples where we have equality. The
margin depicts the graphs of polynomials of degrees 1, 2 and 3, where we
have equality in each case. Indeed, we will see that for every degree there
is precisely one polynomial with equality in Chebyshev’s theorem.

B Proof. Consider a real polynomial p(z) = 2™ + a,—12" "' + -+ + ap
with leading coefficient 1. Since we are interested in the range —1 < x < 1,
we set ¢ = cos ¢ and denote by g() := p(cos¥}) the resulting polynomial
in cos 9,

g(19) = (cos )™ + a1 (cos )"t + -+ + ag. (1

The proof proceeds now in the following two steps which are both classical
results and interesting in their own right.

(A) We express g(1) as a so-called cosine polynomial, that is, a polynomial
of the form

g(9) = bycosnd 4+ by_1cos(n—1)0+---+brcosd+by (2)
with by, € R, and show that its leading coefficient is b,, = 2%1

(B) Given any cosine polynomial i (¢}) of order n (meaning that \,, is the
highest nonvanishing coefficient)

h(9) = Apcosnd 4+ N\,—qcos(n — 1)F + -+ + Ao, 3)

we show |A,| < max |h(9)[, which when applied to g(«}) will then prove
the theorem.

Proof of (A). To pass from (1) to the representation (2), we have to ex-
press all powers (cos 9)* as cosine polynomials. For example, the addition
theorem for the cosine gives

cos20 = cos? ¥ —sin?0 = 2cos? Y — 1,

so that cos® ) = 1 cos 20 + 3. To do this for an arbitrary power (cos1)*
we go into the complex numbers, via the relation e® = cosz + isin .
The ¢ are the complex numbers of absolute value 1 (see the box on com-
plex unit roots on page 37). In particular, this yields

™ = cosnd + isinnd. %)
On the other hand,

e = (") = (cos® +isin®)". 5)

The polynomials p1 (z) = =, p2(z) =
z® — 1 and ps(z) = 2® — 3z achieve

equality in Chebyshev’s theorem.
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>0 (5) = 2" holds for n > 0:
Every subsetof {1,2,...,n— 1} yields
an even sized subset of {1,2,...,n} if
we add the element n “if needed.”

Equating the real parts in (4) and (5) we obtain by i**2 = —1,i*¢ = 1 and
sin?@ =1 — cos? 6

cosny = Z (L) (cos )" (1 — cos? 9)*

£>0
(6)
n ) n—46—2 2 ,9\20+1
- Z (cos ) (1 —cos”9)=""".
= <4€ + 2
We conclude that cosn is a polynomial in cos ®J,
cosntd = cp(cos®)™ + cp_q(cos?)" 4+ cp. @)

From (6) we obtain for the highest coefficient

n n
n  — = 277.71 .
o= () 2 ()
£>0 >0
Now we turn our argument around. Assuming by induction that for k < n,
(cos9)* can be expressed as a cosine polynomial of order k, we infer from
(7) that (cos)™ can be written as a cosine polynomial of order n with

leading coefficient b, = 7.

Proof of (B). Let h(¢) be a cosine polynomial of order n as in (3), and
assume without loss of generality A,, > 0. Now we set m(¥) := A, cos nd
and find

m(Er) = (=1, for k=0,1,...,n.

Suppose, for a proof by contradiction, that max |h(¢)| < A,,. Then
m(Em) —h(Em) = (=1)"A, — h(Em)

is positive for even k and negative for odd k in the range 0 < k < n. We

conclude that m(¥) — h(¥) has at least n roots in the interval [0, 7]. But

this cannot be since m () — h(19) is a cosine polynomial of order n — 1,
and thus has at most n — 1 roots.

The proof of (B) and thus of Chebyshev’s theorem is complete. O

The energetic reader is now invited to complete the analysis, showing that
gn (V) = 2%1 cos nd is the only cosine polynomial of order n with leading
coefficient 1 that achieves the equality max |g(9)| = 5.

The polynomials T,,(xz) = cosnd, x = cosd, are called the Chebyshev
polynomials (of the first kind); thus W%Tn(m) is the unique monic poly-
nomial of degree n where equality holds in Chebyshev’s theorem.
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