Completing Latin squares Chapter 36
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Some of the oldest combinatorial objects, whose study apparently goes

back to ancient times, are the Latin squares. To obtain a Latin square, one 112134

has to fill the n? cells of an n x n square array with the numbers 1,2,...,n 2111413

so that that every number appears exactly once in every row and in every

column. In other words, the rows and columns each represent permutations 4131112

of the set {1, ...,n}. Let us call n the order of the Latin square. 3141211

Here is the problem we want to discuss. Suppose someone started filling Latin square of order 4

the cells with the numbers {1,2,...,n}. At some point he stops and asks
us to fill in the remaining cells so that we get a Latin square. When is this
possible? In order to have a chance at all we must, of course, assume that at
the start of our task any element appears at most once in every row and in
every column. Let us give this situation a name. We speak of a partial Latin
square of order n if some cells of an n x n array are filled with numbers
from the set {1,...,n} such that every number appears at most once in
every row and column. So the problem is:

When can a partial Latin square be completed to a Latin square of

the same order? 114121513
Let us look at a few examples. Suppose the first n — 1 rows are filled and 472153 |1
the last row is empty. Then we can easily fill in the last row. Just note that 215 13 1|1 |4
every element appears n — 1 times in the partial Latin square and hence is
missing from exactly one column. Hence by writing each element below 5 (3 |1 ]4 ]2
the column where it is missing we have completed the square correctly. 31114 12 |5

Going to the other end, suppose only the first row is filled. Then it is again
easy to complete the square by cyclically rotating the elements one step in
each of the following rows.

A cyclic Latin square

So, while in our first example the completion is forced, we have lots of 1 12 . n-1
possibilities in the second example. In general, the fewer cells are pre-
filled, the more freedom we should have in completing the square.

However, the margin displays an example of a partial square with only n
cells filled which clearly cannot be completed, since there is no way to fill
the upper right-hand corner without violating the row or column condition.

If fewer than n cells are filled in an n X n array, can one then always

complete it to obtain a Latin square? A partial Latin square that cannot be

completed
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R:111222333
C:123123123
E:132213321

If we permute the lines of the above
example cyclically,

R — C — E — R, then we
obtain the following line array and
Latin square:

11213
3112
21311

R:132213321
C:111222333
E:123123123

This question was raised by Trevor Evans in 1960, and the assertion that
a completion is always possible quickly became known as the Evans con-
jecture. Of course, one would try induction, and this is what finally led
to success. But Bohdan Smetaniuk’s proof from 1981, which answered
the question, is a beautiful example of just how subtle an induction proof
may be needed in order to do such a job. And, what’s more, the proof is
constructive, it allows us to complete the Latin square explicitly from any
initial partial configuration.

Before proceeding to the proof let us take a closer look at Latin squares in
general. We can alternatively view a Latin square as a 3 x n? array, called
the line array of the Latin square. The figure to the left shows a Latin square
of order 3 and its associated line array, where R, C' and E stand for rows,
columns and elements.

The condition on the Latin square is equivalent to saying that in any two
lines of the line array all n? ordered pairs appear (and therefore each pair
appears exactly once). Clearly, we may permute the symbols in each line
arbitrarily (corresponding to permutations of rows, columns or elements)
and still obtain a Latin square. But the condition on the 3 x n? array tells
us more: There is no special role for the elements. We may also permute
the lines of the array (as a whole) and still preserve the conditions on the
line array and hence obtain a Latin square.

Latin squares that are connected by any such permutation are called con-
Jjugates. Here is the observation which will make the proof transparent:
A partial Latin square obviously corresponds to a partial line array (every
pair appears at most once in any two lines), and any conjugate of a partial
Latin square is again a partial Latin square. In particular, a partial Latin
square can be completed if and only if any conjugate can be completed (just
complete the conjugate and then reverse the permutation of the three lines).

We will need two results, due to Herbert J. Ryser and to Charles C. Lindner,
that were known prior to Smetaniuk’s theorem. If a partial Latin square is
of the form that the first r rows are completely filled and the remaining cells
are empty, then we speak of an » X n Latin rectangle.

Lemma 1. Any r X n Latin rectangle, r < n, can be extended to an (r +
1) x n Latin rectangle and hence can be completed to a Latin square.

W Proof. We apply Hall’s theorem (see Chapter 30). Let A; be the set
of numbers that do not appear in column j. An admissible (r + 1)-st row
corresponds then precisely to a system of distinct representatives for the
collection Ay,...,A,. To prove the lemma we therefore have to verify
Hall’s condition (H). Every set A; has size n — r, and every element is in
precisely n — r sets A; (since it appears r times in the rectangle). Any m
of the sets A; contain together m(n — r) elements and therefore at least m
different ones, which is just condition (H). ([

Lemma 2. Let P be a partial Latin square of order n with at most n — 1
cells filled and at most 5 distinct elements, then P can be completed to a
Latin square of order n.
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B Proof. We first transform the problem into a more convenient form.
By the conjugacy principle discussed above, we may replace the condi-
tion “at most 3 distinct elements” by the condition that the entries appear
in at most 5 rows, and we may further assume that these rows are the top
rows. So let the rows with filled cells be the rows 1,2, ..., r, with f; filled
cells in row 4, where r < 7 and 21:1 fi <n — 1. By permuting the rows,
we may assume that f1 > fo > --- > f.. Now we complete the rows
1,...,r step by step until we reach an r x n rectangle which can then be
extended to a Latin square by Lemma 1.

Suppose we have already filled rows 1,2,...,¢ — 1. In row ¢ there are f;
filled cells which we may assume to be at the end. The current situation is
depicted in the figure, where the shaded part indicates the filled cells.

The completion of row ¢ is performed by another application of Hall’s
theorem, but this time it is quite subtle. Let X be the set of elements that
do not appear in row £, thus |X| = n — fy,and for j = 1,....,n — fy
let A; denote the set of those elements in X which do nor appear in
column j (neither above nor below row ¢). Hence in order to complete
row ¢ we must verify condition (H) for the collection Ay, ..., A,_y,.

First we claim
n—fo—l+1 > =1+ frp1+-+fr )]

The case ¢/ = 1 is clear. Otherwise 22:1 fi<n, f >--- > f.and
1 < ¢ < r together imply

no> > fi = C=Dfea+ fott fr
=1

Now either fy_1 > 2 (in which case (1) holds) or f,_; = 1. In the latter
case, (1) reduceston > 2({ —1)+r — £+ 1 = r + £ — 1, which is true
because of £ < r < 7.

Let us now take m sets A;, 1 < m < n — fy, and let B be their union.
We must show | B| > m. Consider the number c of cells in the m columns
corresponding to the A;’s which contain elements of X. There are at most
(£ — 1)m such cells above row £ and at most fy11 + - - - + f, below row £,
and thus

c < (U=1m+ fogr+-+fr

On the other hand, each element 2z € X\B appears in each of the m
columns, hence ¢ > m(|X| — | B|), and therefore (with | X | = n — f)

Bl > |[X|=qe > n—fo—(0=1) = L (fern+- -+ fr).
It follows that | B| > m if

n—fi—=1)=2(fox1+-+fr) > m—1,
that is, if

mn—fo—0+2—-m) > fop1+-+ fr. )

A situation forn = 8, with £ = 3, f1 =
fo = fs = 2, f4 = 1. The dark squares
represent the pre-filled cells, the lighter
ones show the cells that have been filled
in the completion process.
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Inequality (2) is true for m = 1 and form = n— f,—£¢+1 by (1), and hence
for all values m between 1 and n — f; — ¢ + 1, since the left-hand side is
a quadratic function in m with leading coefficient —1. The remaining case
ism > n — f, — ¢+ 1. Since any element = of X is contained in at most
¢ —1+4 foy1 + -+ + f- rows, it can also appear in at most that many
columns. Invoking (1) once more, we find that z is in one of the sets A;, so
in this case B = X, |B| = n — f; > m, and the proof is complete. O

Let us finally prove Smetaniuk’s theorem.

Theorem. Any partial Latin square of order n with at most n — 1 filled
cells can be completed to a Latin square of the same order.

B Proof. We use induction on n, the cases n < 2 being trivial. Thus we
now study a partial Latin square of order n > 3 with at most n — 1 filled
cells. With the notation used above these cells lie in » < n — 1 different
rows numbered sy, ..., s., which contain f1, ..., f, > 0 filled cells, with
i1 fi <n—1. By Lemma 2 we may assume that there are more than
5 different elements; thus there is an element that appears only once: after
renumbering and permutation of rows (if necessary) we may assume that
the element n occurs only once, and this is in row s;.

In the next step we want to permute the rows and columns of the partial
Latin square such that after the permutations all the filled cells lie below
the diagonal — except for the cell filled with n, which will end up on the
diagonal. (The diagonal consists of the cells (k, k) with 1 < k < n.) We
achieve this as follows: First we permute row s; into the position f;. By
permutation of columns we move all the filled cells to the left, so that n
occurs as the last element in its row, on the diagonal. Next we move row
so into position 1 + f; + fo, and again the filled cells as far to the left
as possible. In general, for 1 < ¢ < r we move the row s; into position
1+ f1+ fo+-- -+ f; and the filled cells as far left as possible. This clearly
gives the desired set-up. The drawing to the left shows an example, with
n = 7. therows s1 = 2, 85 = 3, s3 = band s, = 7 with f; = fo =2
and f3 = f, = 1 are moved into the rows numbered 2, 5, 6 and 7, and the
columns are permuted “to the left” so that in the end all entries except for
the single 7 come to lie below the diagonal, which is marked by es.

In order to be able to apply induction we now remove the entry n from
the diagonal and ignore the first row and the last column (which do not
not contain any filled cells): thus we are looking at a partial Latin square
of order n — 1 with at most n — 2 filled cells, which by induction can be
completed to a Latin square of order n — 1. The margin shows one (of
many) completions of the partial Latin square that arises in our example.
In the figure, the original entries are printed bold. They are already final,
as are all the elements in shaded cells; some of the other entries will be
changed in the following, in order to complete the Latin square of order n.
In the next step we want to move the diagonal elements of the square to
the last column and put entries n onto the diagonal in their place. How-
ever, in general we cannot do this, since the diagonal elements need not
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be distinct. Thus we proceed more carefully and perform successively, for
k=2,3,...,n — 1 (in this order), the following operation:

Put the value n into the cell (k,n). This yields a correct partial Latin
square. Now exchange the value xy, in the diagonal cell (k,k) with the
value n in the cell (k,n) in the last column.

If the value xj, did not already occur in the last column, then our job for the
current k is completed. After this, the current elements in the k-th column
will not be changed any more.

In our example this works without problems for £ = 2, 3 and 4, and the
corresponding diagonal elements 3, 1 and 6 move to the last column. The
following three figures show the corresponding operations.
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Now we have to treat the case in which there is already an element x}, in
the last column. In this case we proceed as follows:

If there is already an element xy, in a cell (j,n) with 2 < j < k, then we
exchange in row j the element xy, in the n-th column with the element ),
in the k-th column. If the element x}, also occurs in a cell (j',n), then we
also exchange the elements in the j'-th row that occur in the n-th and in the
k-th columns, and so on.

If we proceed like this there will never be two equal entries in a row. Our
exchange process ensures that there also will never be two equal elements in
a column. So we only have to verify that the exchange process between the
k-th and the n-th column does not lead to an infinite loop. This can be seen
from the following bipartite graph G: Its vertices correspond to the cells
(i,k) and (7,n) with 2 < 4,5 < k whose elements might be exchanged.
There is an edge between (i, k) and (j, n) if these two cells lie in the same
row (that is, for ¢ = j), or if the cells before the exchange process contain
the same element (which implies 7 # 7). In our sketch the edges for i = j
are dotted, the others are not. All vertices in G, have degree 1 or 2. The
cell (k,n) corresponds to a vertex of degree 1; this vertex is the beginning
of a path which leads to column k on a horizontal edge, then possibly on a
sloped edge back to column n, then horizontally back to column k and so
on. It ends in column £ at a value that does not occur in column n. Thus the
exchange operations will end at some point with a step where we move a
new element into the last column. Then the work on column % is completed,
and the elements in the cells (7, k) for ¢ > 2 are fixed for good.

,
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In our example the “exchange case” happens for k£ = 5: the element x5 = 3
does already occur in the last column, so that entry has to be moved back
to column k& = 5. But the exchange element zf = 6 is not new either, it is
exchanged by z¥ = 5, and this one is new.

20714 1]6|5|3 2|74 (13|56

5161 7] 4 2/t 311 516 714231

1121375416 1123 |7 |6 (415

--------- &ﬁ

6|45 2|3 1|7 6 452 |7 |13

31 1]6| 5| 4| 2 3|11 (6 (5[4 ]2

4| 5] 2| 3| 1|6 4|5 (23 |1]6
Finally, the exchange for £ = 6 = n — 1 poses no problem, and after that
the completion of the Latin square is unique:

71316424
2| 714111356 2|74 11]13|5]|6 217141113 ]5]|6
516 | 74|23 5016|7412 |3]|1 51671412 ]3]|1
1123|7645 1123|7645 1123|7645
64527 }} B g 61452 [7|1]3 6 14|52 |7]1|3

7 Y
311|654 2]|7 311|654 |7]|2 31116 |54 ]|7]2
4| 5(2]3|1]6 4|52 [3[1]6 45|23 |1|6|7

...and the same occurs in general: We put an element n into the cell (n, n),
and after that the first row can be completed by the missing elements of the
respective columns (see Lemma 1), and this completes the proof. In order
to get explicitly a completion of the original partial Latin square of order n,
we only have to reverse the element, row and column permutations of the
first two steps of the proof. U
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