Cotangent and the Herglotz trick

What is the most interesting formula involving elementary functions? In
his beautiful article [2], whose exposition we closely follow, Jiirgen Elstrodt
nominates as a first candidate the partial fraction expansion of the cotangent
function:
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This elegant formula was proved by Euler in §178 of his Introductio in
Analysin Infinitorum from 1748 and it certainly counts among his finest
achievements. We can also write it even more elegantly as
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but one has to note that the evaluation of the sum »_ _, ﬁ is a bit

dangerous, since the sum is only conditionally convergent, so its value
depends on the “right” order of summation.

We shall derive (1) by an argument of stunning simplicity which is
attributed to Gustav Herglotz — the “Herglotz trick.” To get started, set
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and let us try to derive enough common properties of these functions to see
in the end that they must coincide . ..

(A) The functions f and g are defined for all non-integral values and are
continuous there.

For the cotangent function f(z) = mcotmx = mZ>77, this is clear (see
the figure). For g(z), we first use the identity - + =, = — 7L22_””w2 to
rewrite Euler’s formula as
1l 2 5
n=1
Thus for (A) we have to prove that for every x ¢ Z the series
o
>
2 _ 2
—n? -

converges uniformly in a neighborhood of z.
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Addition theorems:

sin(z + y) = sinxz cosy + cosz siny

cos(z +y) =coszcosy — sinxsiny

= sin(z+ ) =
cos(z + §) = —sinz

Cos T

sinz = 2sin 3 cos 5
cos T = cos> 5 —sin

2‘7
5.

For this, we don’t get any problem with the first term, for n = 1, or with
the terms with 2n — 1 < 22, since there is only a finite number of them. On
the other hand, for n > 2 and 2n — 1 > 22, thatis n? — 22 > (n—1)? > 0,
the summands are bounded by

1 1

0 < n—12

n2 — 2

and this bound is not only true for x itself, but also for values in a neighbor-
hood of z. Finally the fact that ﬁ converges (to %2, see page 55)

provides the uniform convergence needed for the proof of (A).

(B) Both f and g are periodic of period 1, that is, f(x + 1) = f(z) and
g(z + 1) = g(x) hold for all x € R\Z.

Since the cotangent has period 7, we find that f has period 1 (see again the
figure above). For g we argue as follows. Let

N
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gy(x+1) =
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x+N+x+N+1'

= gy (x)+

Hence g(x + 1) = A}gnoo gy(@+1)= lim g,  (z)=g(2).

N —o0

(C) Both f and g are odd functions, that is, we have f(—z) = —f(x) and
g(—z) = —g(x) forall x € R\Z.

The function f obviously has this property, and for g we just have to
observe that g, (—2) = —g,, (z).

The final two facts constitute the Herglotz trick: First we show that f and g
satisfy the same functional equation, and secondly that h := f — g can be
continuously extended to all of R.

(D) The two functions f and g satisfy the same functional equation:
F(5)+ f(55) = 2f(x) and g(5) + g(F) = 29().

For f(x) this results from the addition theorems for the sine and cosine
functions:

v o4l cos 5F B sin %F
1)+ £(57) W{sin“f cos 7f
cos(ZE 4 L
BT s R )
SIH(T—F?)
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The functional equation for g follows from

2
T z+1 _ -
gN(ﬁ) + gN(T) - 2g2N(x) + $+2N+1
which in turn follows from
1 n 1 _ 2( 1 n 1 )
S+n H4n N x4+2n T+2n+1/

Now let us look at

hiz) = f(z) — g(z) = WCOth_(i_iqﬂﬂixx?)' 3)

We know by now that /4 is a continuous function on R\Z that satisfies the

properties (B), (C), (D). What happens at the integral values? From the sine

and cosine series expansions, or by applying de I’Hospital’s rule twice, we cosz =1 —
find

22
2!
3

+

. 1 . xcosx —sinx sine =z — & +
lim (cotz ——) = lim — = 0, 1
z—0 T z—0 rsinx
and hence also 1
lim (wcotmc— 7) = 0.
z—0 €T

But since the last sum >, % in (3) converges to 0 with z — 0, we

have in fact lin% h(z) = 0, and thus by periodicity
r—r

lim h(z) = 0 foralln € Z.

r—n

In summary, we have shown the following:

(E) By setting h(x) := 0 for x € Z, h becomes a continuous function
on all of R that shares the properties given in (B), (C) and (D).

We are ready for the coup de grdce. Since h is a periodic continuous func-
tion, it possesses a maximum m. Let o be a pointin [0, 1] with A(xg) = m.
It follows from (D) that

h(Z2) + h(2) = 2m,

and hence that h(%2) = m. Iteration gives h(5%) = m for all n, and hence
h(0) = m by continuity. But 2(0) = 0, and so m = 0, that is, h(z) < 0
for all z € R. As h(z) is an odd function, h(x) < 0 is impossible, hence
h(z) = 0 for all x € R, and Euler’s theorem is proved. O

A great many corollaries can be derived from (1), the most famous of which
concerns the values of Riemann’s zeta function at even positive integers
(see the appendix to Chapter 9),
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So to finish our story let us see how Euler — a few years later, in 1755 —
treated the series (4). We start with formula (2). Multiplying (2) by x and
setting y = wa we find for |y| < =

yeoty = 120

o 2
Y 1
1-2 _—,
Zn 1-(%)°

The last factor is the sum of a geometric series, hence

ycoty = 1—222(%)
n=1k=1
oo (o)
1 1 2k
= 1”2(@ Wﬁ/ )
k=1 n=1

and we have proved the remarkable result:

Forall k € N, the coefficient of y>* in the power series expansion of y coty

equals 2 1 9
2k _ —
[ ycoty = — 2k ;7:1 n2k T p2k C(2k). )

There is another, perhaps much more “canonical,” way to obtain a series
expansion of y cot y. We know from analysis that e*¥ = cosy 4 sin y, and
thus

e 4 e~ W . e — e~
cosy = — siny = —
which yields
e e ey |
ycoty = Zym = zym .

We now substitute z = 27y, and get

z ef+1 z z
t = = = = . 6
yeory = 5 =1 T 2 T e ©
Thus all we need is a power series expansion of the function —*7; note

that this function is defined and continuous on all of R (for z = 0 use the
power series of the exponential function, or alternatively de 1’Hospital’s
rule, which yields the value 1). We write

n

z V4
—— = ZBnH. (7

n>0

The coefficients B,, are known as the Bernoulli numbers. The left-hand
side of (6) is an even function (thatis, f(2) = f(—2)), and thus we see that
B,, = 0foroddn > 3, while B; = —% corresponds to the term of % in (6).
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From

n Z?’L ZTL

(Xop)e-n = (a5 (X5) - -
n>0 n>0 n>1

we obtain by comparing coefficients for z™:

n—1

By, _ { 1 forn =1, ®)
= kl(n—Fk)! 0 forn # 1.

We may compute the Bernoulli numbers recursively from (8). The value

n = 1 gives By = 1, n—2ylelds 0+ B; =0, thatis B; = — ,and
SO on.
Now we are almost done: The combination of (6) and (7) yields
2 e k22kB
ycoty ZB% Zy Z 2Ry,

and out comes, with (5), Euler’s formula for {(2k):

& 1 (_1)k—122k—lB2k ok

— = k e N). 9
; 7 @] (k €N) ©)

Looking at our table of the Bernoulli numbers, we thus obtain once again
2
the sum ) # = % from Chapter 9, and further

<1 T <1 76 <1 w8
2T w Xwom 2w om0
=1 10 =1 691 712

s
Zl n'0 93555’ Zl n'2 638512875

The Bernoulli number By = ?6 that gets us ¢(10) looks innocuous enough,
but the next value By = 2730 , needed for ¢(12), contains the large prime
factor 691 in the numerator. Euler had first computed some values ¢(2k)
without noticing the connection to the Bernoulli numbers. Only the appear-
ance of the strange prime 691 put him on the right track.

Incidentally, since {(2k) converges to 1 for k — oo, equation (9) tells us
that the numbers | Boy| grow very fast — something that is not clear from
the first few values.

In contrast to all this, one knows very little about the values of the Riemann
zeta function at the odd integers k£ > 3; see page 64.

nl0 1 23 4 567 8
Bult -Li0o-FoLo-g4

The first few Bernoulli numbers

IN DEFINIEND. SUMMIS SERIER, INFINIT. 131

lem. Quo aurem valor harum fummarum  clasius perfpicia-
wr, plures hujufimodi Serierum fummas commodiori modo
aprellas hic adjiciam.

Hht o gt et &=

g bt e =
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1181830455 .4
273

1 1 1 1
Fmt gt ot Fs'i‘&c-z
76977927 pyy
1

Hucufque iftos Poteftatum ipfius = Exponentes artificio alibi
oponendo continuare licuit, quod ideo hic adjunxi, quod
3 Sesici

Page 131 of Euler’s 1748 “Introductio in
Analysin Infinitorum”
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