In praise of inequalities

Analysis abounds with inequalities, as witnessed for example by the famous
book “Inequalities” by Hardy, Littlewood and Pélya. Let us single out two
of the most basic inequalities with two applications each, and let us listen
in to George Pdlya, who was himself a champion of the Book Proof, about
what he considers the most appropriate proofs.

Our first inequality is variously attributed to Cauchy, Schwarz and/or to
Buniakowski:

Theorem I (Cauchy-Schwarz inequality)
Let (a,b) be an inner product on a real vector space V (with the norm
la|? = (a,a)). Then

(a,b)* < laf*bf?
holds for all vectors a,b € V, with equality if and only if a and b are
linearly dependent.

M Proof. The following (folklore) proof is probably the shortest. Consider
the quadratic function

|za 4+ b]* = z%|a|* + 22(a,b) + |b|?

in the variable xz. We may assume a # 0. If b = Aa, then clearly
(a,b)? = |a|?|b|?. If, on the other hand, a and b are linearly independent,
then |za + b|?> > 0 for all x, and thus the discriminant (a, b)> — |a|?|b|? is
less than 0. 0

Our second example is the inequality of the harmonic, geometric and
arithmetic mean:

Theorem II (Harmonic, geometric and arithmetic mean)
Let ay, ..., a, be positive real numbers, then

" < taaya, < BT
?1 + e + E n
with equality in both cases if and only if all a;’s are equal.
B Proof. The following beautiful nonstandard induction proof is attributed

to Cauchy (see [8]). Let P(n) be the statement of the second inequality,
written in the form

a/1+.‘.+an)n

ajag - an < ( ”
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Note that we have proved the inequality
x > 1+ log z for x > 0 on the side.

For n = 2, we have ajay < (9592)? <= (ay — az)? > 0, which is true.
Now we proceed in the following two steps:

(A) P(n) = P(n—1)
(B) P(n)and P(2) = P(2n)

which will clearly imply the full result.

n—1

To prove (A), set A == > n“_kl , then
k=1
n—1 nl A n
= P(n) ar + — 1A+ A\n
(Hak>A < (12—31 r ) = (u) = A"
k=1 n n
n—1 n—lak n—1
and hence Hak. < AT = <k—1 ) .
k=1 n—1

For (B), we see

2n

o= (o)1 o) 2 (55285 2y

k=n-+1 k=1 k=n+1

20 qp\ 2n 2n 2n
P(2) Z — Z ag
< (k_l ") = (k_l ) .
2 2n

The condition for equality is derived just as easily.

The left-hand inequality, between the harmonic and the geometric mean,
follows now by considering i, s ai" O
B Another Proof. Of the many other proofs of the arithmetic-geometric
mean inequality (the monograph [2] lists more than fifty), let us single out
a particularly striking one by Horst Alzer, with some shortenings due to
France Dacar. As a matter of fact, this proof yields the stronger inequality

at*ab® ---alr < prai+paaz + -+ puay

for any positive numbers a1, ..., 0y, P1,. .., P, With Z?:l p; = 1. Letus
denote the expression on the left side by GG, and on the right side by A. Fix
¢ > 0 and define the function f(¢) := 1 — 1 on R-. Since f(t) < 0 for

t < cand f(t) > 0 for ¢ > ¢, we get the inequality

/cxf(t)dt > 0

for every x > 0, with equality if and only if x = c.
Now

T t x
OS/ fit)ydt = [E—logt]c zg—l—log%,
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and setting ¢ = G and x = a; we conclude that

%—1 > loga; — logG for i=1,2,...,n. (1)

Multiplying this inequality by p; and summing over all ¢ gives
Zpia > pi = > pilogai— Y pilogG.
i=1 i=1 i=1 i=1
With "7 p; = 1, the left side equals é — 1, while the right side is
log (Haf) —logG = logG —logG = 0.
i=1

We conclude % —1 > 0, whichis A > G. In the case of equality, all
inequalities in (1) must be equalities, which implies a; = --- = a, = G.
O

B Still another Proof. There is another nice proof, due to Michael D.
Hirschhorn. It uses Bernoulli’s inequality, which says

1+t > 1+ (n+1)t  forreal t > —1.

Suppose ay, ag, .. .,a,4+1 > 0 and set

ay + -+ apq1

- n+1 .
t = ot fa, 1.
n
By Bernoulli,
ai+ -+ apgr \ " a1+ -+ apg
n+1 n+1 _
a1+ - +ay, 21+(n+1) a+ - +a, 1
n n
Sl S e s R R A
a1+...+an
_ T anp41
a1+...+an’

which translates into

a1+...+an+1)n+1 <a1+...+an)n
e N > - @@
( n+1 = Ontl

and the arithmetic-geometric mean inequality follows by induction. O
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Our first application is a beautiful result of Laguerre (see [8]) concerning
the location of roots of polynomials.

Theorem 1. Suppose all roots of the polynomial ™ +a,,_1x"~*+---+ag
are real. Then the roots are contained in the interval with the endpoints

ap_1 , n—1 2n
_n + \/ai_l — man_g .

B Proof. Let y be one of the roots and y1,...,y,—1 the others. Then
the polynomial is (x — y)(z — y1)--- (¥ — yn—1). Thus by comparing
coefficients
—Gp—1 = Y+uy1+-+Yn-1,
an—2 = yYyi+-+yn-1)+ Zyiyj7

i<j
and so )
a’ | =20, 9 —y? = ny
i=1
By Cauchy’s inequality applied to (y1,...,yn—1) and (1,...,1),

(a’ﬂ—l + y)2 = (yl +Yy2 o+ yn—1)2
n—1
< (-1 ¢}
1=1

= (n - 1)(0’3171 —2ap—2 — y2)>

or
2a,,1 2(n—1) n—2

y* + Y+ An_s — a?_, <0.
n n

Thus y (and hence all y;) lie between the two roots of the quadratic function,
and these roots are our bounds. ]

For our second application we start from a well-known elementary property
of a parabola. Consider the parabola described by f(z) = 1 — 2% between
x = —1and x = 1. We associate to f(z) the tangential triangle and the
tangential rectangle as in the figure.

We find that the shaded area
1
A= / (1 —2?)dz
-1

is equal to %, and the areas 7" and R of the triangle and rectangle are both
equal to 2. Thus 4 = 2 and & = 2.

In a beautiful paper, Paul Erd6és and Tibor Gallai asked what happens
when f(z) is an arbitrary n-th degree real polynomial with f(x) > 0 for

—1 <z <1,and f(—1) = f(1) = 0. The area A is then f_ll f(x)dx.
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Suppose that f(z) assumes in (—1, 1) its maximum value at b, then R =
2f(b). Computing the tangents at —1 and at 1, it is readily seen (see the
box below) that

o= ST @)

respectively 7' = 0 for f/(1) = f'(—1) = 0.

The tangential triangle

The area 7' of the tangential triangle is precisely yo, where (20, yo)
is the point of intersection of the two tangents. The equation of these
tangents are y = f'(—1)(x + 1) and y = f’(1)(x — 1), hence

and thus

In general, there are no nontrivial bounds for % and %. To see this, take

f(z) =1—2?". ThenT = 2n, A = 27%11, and thus £ > n. Similarly,

R =2and & = 22 'which approaches 1 with n to infinity.

But, as Erd6s and Gallai showed, for polynomials which have only real
roots such bounds do indeed exist.

Theorem 2. Let f(x) be a real polynomial of degree n > 2 with only real
roots, such that f(x) > 0for —1 < x < land f(—1) = f(1) = 0. Then

;TSAS R,

Wl o

and equality holds in both cases only for n = 2.

Erd6s and Gallai established this result with an intricate induction proof.
In the review of their paper, which appeared on the first page of the first
issue of the Mathematical Reviews in 1940, George Pdlya explained how
the first inequality can also be proved by the inequality of the arithmetic
and geometric mean — a beautiful example of a conscientious review and
a Book Proof at the same time.

(anyO)

Mathematical Reviews

Val. 1, Ko 1 JANUARY, 1948 Pages 152

Erdés, P. and Grilnwald, T. On polynomials with only real
roots. Ann. of Math, 40, 537-548 (1939). [MF 93]
Es sei f{x) ein Polynom mit nur reellen Wurzeln,
f=1)=f1)=0, 0<flx)=fls) fir —1<x<1,
wobei —1<u<1, so dass u die Stelle des Maximums von
flx) im Intervall (=1, 1) bedeutet. Dann ist
F-n
f)=f(=1)

J' HRdr=1-2/(s),
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H Proof of %T < A. Since f(x) has only real roots, and none of them in
the open interval (—1, 1), it can be written — apart from a constant positive
factor which cancels out in the end — in the form

fl@) = (=) [J(ei —2) [T (8 +2) 3)

i J

with o; > 1, 3; > 1. Hence

A= /(1 —2?) [ [ (e — =) [[(8; + 2)d.

% J

By making the substitution x — —x, we find that also

A = /(1 —2?) H(ai + ) H(ﬁj —z)dz,
1

i J
and hence by the inequality of the arithmetic and the geometric mean (note
that all factors are > 0)

[5l = - o e +o +
)

A

i J

(1-— 332) H(ai + ) H(Bj — ) }d:c

Y

— h—

> oo ([ -0 ][ -n) e
= (M- 0TI -v) "

Let us compute f/(1) and f'(—1). (We may assume f'(—1), f'(1) # 0,
since otherwise 7' = 0 and the inequality %T < A becomes trivial.) By (3)

we see
71 = 2]~ D] + 1.
and similarly l J
(=1 = 2+ D] - 1.
Hence we conclude Z j

Az 2CFOf )
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Applying now the inequality of the harmonic and the geometric mean
to —f’(1) and f’(1), we arrive by (2) at the conclusion

which is what we wanted to show. By analyzing the case of equality in
all our inequalities the reader can easily supply the last statement of the
theorem. 0

The reader is invited to search for an equally inspired proof of the second
inequality in Theorem 2.

Well, analysis is inequalities after all, but here is an example from graph
theory where the use of inequalities comes in quite unexpected. In Chap-
ter 41 we will discuss Turdn’s theorem. In the simplest case it takes on the
following form.

Theorem 3. Suppose G is a graph on n vertices without triangles. Then G
has at most ”72 edges, and equality holds only when n is even and G is the
complete bipartite graph K, ., /2.

M First proof. This proof, using Cauchy’s inequality, is due to Mantel. Let
V ={1,...,n} be the vertex set and E the edge set of G. By d; we denote
the degree of ¢, hence ), | d; = 2|E| (see page 199 in the chapter on
double counting). Suppose ij is an edge. Since G has no triangles, we find
d; + d; < n since no vertex is a neighbor of both 7 and j.

It follows that

> (di+dj) < n|E].

ijEE

Note that d; appears exactly d; times in the sum, so we get

n|E| > Z(dﬂrdj) = Zd?a

ijEE ieV

and hence with Cauchy’s inequality applied to the vectors (dy, . .., d,) and
(1,...,1),

o o (Xdi)? _ 4E]?
n|E|zi€ZVdiz e
and the result follows. In the case of equality we find d; = d; for all

i,j, and further d; = % (since d; + d; = n). Since G is triangle-free,
G = K, /2,12 is immediately seen from this. O
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H Second proof. The following proof of Theorem 3, using the inequality
of the arithmetic and the geometric mean, is a folklore Book Proof. Let
be the size of a largest independent set A, and set 5 = n — a. Since G is
triangle-free, the neighbors of a vertex ¢ form an independent set, and we
infer d; < o for all <.

The set B = V\ A of size 8 meets every edge of G. Counting the edges
of G according to their endvertices in B, we obtain |E| < >, 5 d;. The
inequality of the arithmetic and geometric mean now yields

o+ B\2 n?
El < Sd <aB < ( ) -
Bl < > di < af < (= 4
i€B
and again the case of equality is easily dealt with. (I
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