CHAPTER

Hypatia, the 5" century Egyptian
mathematician and philosopher, as
envisioned around 1900 by Alfred
Seifert.

Operators on Complex
Vector Spaces

In this chapter we delve deeper into the structure of operators, with most of
the attention on complex vector spaces. An inner product does not help with
this material, so we return to the general setting of a finite-dimensional vector
space. To avoid some trivialities, we will assume that V' # {0}. Thus our
assumptions for this chapter are as follows:

8.1 Notation F,V
e F denotes R or C.

e I/ denotes a finite-dimensional nonzero vector space over F.

LEARNING OBJECTIVES FOR THIS CHAPTER
m generalized eigenvectors and generalized eigenspaces
m characteristic polynomial and the Cayley—Hamilton Theorem
m decomposition of an operator
® minimal polynomial
m Jordan Form
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242 CHAPTER 8 Operators on Complex Vector Spaces

8.A | Generalized Eigenvectors and Nilpotent
Operators

Null Spaces of Powers of an Operator

We begin this chapter with a study of null spaces of powers of an operator.

8.2 Sequence of increasing null spaces
Suppose T' € L(V'). Then

0} =nul7° cnull 7! € --- C null 7% c nun 7%+ ...

Proof Suppose k is a nonnegative integer and v € null Tk. Then T*v = 0,
and hence TX*1y = T(T*kv) = T(0) = 0. Thus v € null T+, Hence
null 7% ¢ null 7¥+1 | as desired. n

The next result says that if two consecutive terms in this sequence of
subspaces are equal, then all later terms in the sequence are equal.

8.3 Equality in the sequence of null spaces

Suppose T € L(V). Suppose m is a nonnegative integer such that
null 7 = null 7" *!. Then

null 77 = null 771! = pull 7712 = uil 7713 = ...

Proof Let k be a positive integer. We want to prove that
null 7K = puip 7P

We already know from 8.2 that null 77k ¢ null 77 +k+1,
To prove the inclusion in the other direction, suppose v € null 77 +k+1,
Then
Tm+1 (TkV) — Tm—i—k-i—lv — 0

Hence
75y € null 7"+ = null 7.

Thus 77t%y = T™(T*y) = 0, which means that v € null 7% This
implies that null 77 +k+1 < null 7+ completing the proof. "
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The proposition above raises the question of whether there exists a non-
negative integer m such that null 7" = null 7**!. The proposition below
shows that this equality holds at least when m equals the dimension of the
vector space on which T operates.

8.4 Null spaces stop growing
Suppose T € L(V). Letn = dim V. Then
null 7% = null 7" = null 7712 = ...
Proof We need only prove that null 7" = null 7"+ (by 8.3). Suppose this
is not true. Then, by 8.2 and 8.3, we have
0} =null7° Cnull 7' € --- C null 7" € null 77+,

where the symbol ¢ means “contained in but not equal to”. At each of the
strict inclusions in the chain above, the dimension increases by at least 1.
Thus dimnull 77! > n + 1, a contradiction because a subspace of V' cannot
have a larger dimension than n. ]

Unfortunately, it is not true that V' = null 7’ @range T foreach T € L(V).
However, the following result is a useful substitute.

8.5 V is the direct sum of null 74™" and range 74™"

Suppose T € L(V). Letn = dim V. Then
V =null T" @ range T".

Proof First we show that
8.6 (null 7") N (range T™) = {0}.

Suppose v € (null 7") N (range 7). Then T"v = 0, and there exists u € V
such that v = T"u. Applying 7" to both sides of the last equation shows that
T"v = T?™y. Hence T?"u = 0, which implies that 7"y = 0 (by 8.4). Thus
v = T"u = 0, completing the proof of 8.6.

Now 8.6 implies that null 7" + range 7" is a direct sum (by 1.45). Also,

dim(null 7" @ range T") = dimnull 7" + dimrange 7" = dim V,

where the first equality above comes from 3.78 and the second equality comes
from the Fundamental Theorem of Linear Maps (3.22). The equation above
implies that null 7" @ range 7" = V, as desired. [
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8.7 Example Suppose T € E(F3) is defined by
T(z1,z2,23) = (422,0,5z23).

For this operator, null 7 4 range T is not a direct sum of subspaces, because
null7 = {(z1,0,0) : z; € F} and range T = {(z1,0,z3) : z1,z3 € F}.
Thus null 7 N range T # {0} and hence null 7" 4 range 7 is not a direct sum.
Also note that null 7 + range 7 # F3.

However, we have T3(21,22,23) = (0,0,125z3). Thus we see that
null 73 = {(z1,22,0) : z1,2o € F} and range T3 = {(0,0,z3) : z3 € F}.
Hence F3 = null 73 @ range 7'3.

Generalized Eigenvectors

Unfortunately, some operators do not have enough eigenvectors to lead to
a good description. Thus in this subsection we introduce the concept of
generalized eigenvectors, which will play a major role in our description of
the structure of an operator.

To understand why we need more than eigenvectors, let’s examine the
question of describing an operator by decomposing its domain into invariant
subspaces. Fix T € L(V'). We seek to describe T by finding a “nice” direct
sum decomposition

V=U®- & Un,

where each U; is a subspace of V' invariant under 7. The simplest possible
nonzero invariant subspaces are 1-dimensional. A decomposition as above
where each U is a 1-dimensional subspace of V' invariant under 7" is possible
if and only if V' has a basis consisting of eigenvectors of 7' (see 5.41). This
happens if and only if V' has an eigenspace decomposition

8.8 V=EQM.T)® - ®EXn.T).

where A1, ..., A, are the distinct eigenvalues of T (see 5.41).

The Spectral Theorem in the previous chapter shows that if V' is an inner
product space, then a decomposition of the form 8.8 holds for every normal
operator if F = C and for every self-adjoint operator if F = R because
operators of those types have enough eigenvectors to form a basis of V' (see
7.24 and 7.29).
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Sadly, a decomposition of the form 8.8 may not hold for more general oper-
ators, even on a complex vector space. An example was given by the operator
in 5.43, which does not have enough eigenvectors for 8.8 to hold. General-
ized eigenvectors and generalized eigenspaces, which we now introduce, will
remedy this situation.

8.9 Definition generalized eigenvector

Suppose T € L(V) and A is an eigenvalue of 7. A vector v € V is called
a generalized eigenvector of T corresponding to A if v # 0 and

(T — A1) v=0

for some positive integer ;.

Although j is allowed to be an arbi- [n,1e that we do not define the con-

trary integer in the equation cept of a generalized eigenvalue,
. because this would not lead to any-
(T —-A)'v=0 thing new. Reason: if (T — A1) is

not injective for some positive inte-
in the definition of a generalized eigen- |ger j, then T — A1 is not injective,

vector, we will soon prove that every |and hence A is an eigenvalue of T.
generalized eigenvector satisfies this
equation with j = dim V.

8.10 Definition generalized eigenspace, G(A,T)

Suppose T € L(V) and A € F. The generalized eigenspace of T corre-
sponding to A, denoted G (A, T), is defined to be the set of all generalized
eigenvectors of T corresponding to A, along with the 0 vector.

Because every eigenvector of 7' is a generalized eigenvector of T (take
j = 1 in the definition of generalized eigenvector), each eigenspace is
contained in the corresponding generalized eigenspace. In other words, if
T € L(V)and A € F, then

EM.T)C GO, T).

The next result implies that if 7 € £(V) and A € F, then G(A,T) is a
subspace of V' (because the null space of each linear map on V' is a subspace
of V).
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Description of generalized eigenspaces

Suppose T € L(V)and A € F. Then G(A, T) = null(T — AT)4mV,

Proof  Suppose v € null(7 — A1)%™V  The definitions imply v € G(A, T').
Thus G(A, T) D null(T — AT)dmV,
Conversely, suppose v € G(A, T'). Thus there is a positive integer j such

that

venull(T — AL .

From 8.2 and 8.4 (with T — A[ replacing T), we get v € null(T — AT)4m V',

Thus G(A, T) C null(T — A1)%™ Y completing the proof. [
8.12 Example Define T € £(C?) by
T(z1,22,23) = (422,0,5z3).

(a) Find all eigenvalues of T, the corresponding eigenspaces, and the
corresponding generalized eigenspaces.

(b)  Show that C? is the direct sum of generalized eigenspaces correspond-
ing to the distinct eigenvalues of 7.

Solution

(a) A routine use of the definition of eigenvalue shows that the eigenvalues
of T" are 0 and 5. The corresponding eigenspaces are easily seen to be
EQO,T) ={(21,0,0) : z; e C}and E(5,T) = {(0,0,z3) : z3 € C}.
Note that this operator 7" does not have enough eigenvectors to span its
domain C3.
We have T3(z1,22,23) = (0,0, 125z3) for all z1, 25,23 € C. Thus
8.11 implies that G(0, T) = {(z1,22,0) : z1,22 € C}.
We have (T —51)3(z1, 22, 23) = (—12521 + 300z, —12525,0). Thus
8.11 implies that G(5, T) = {(0,0, z3) : z3 € C}.

(b)  The results in part (a) show that C3 = G(0,T) & G(5.7T).
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One of our major goals in this chapter is to show that the result in part (b)
of the example above holds in general for operators on finite-dimensional
complex vector spaces; we will do this in 8.21.

We saw earlier (5.10) that eigenvectors corresponding to distinct eigenval-
ues are linearly independent. Now we prove a similar result for generalized
eigenvectors.

8.13 Linearly independent generalized eigenvectors

Let T € L(V). Suppose Ay, ..., A, are distinct eigenvalues of 7" and
Vi, ...,V are corresponding generalized eigenvectors. Then vy, ..., vy
is linearly independent.

Proof Suppose ai, ..., a, are complex numbers such that

8.14 O=ayvi+--+amvm-

Let k be the largest nonnegative integer such that (T — A;1)Kv; # 0. Let
w= (T — A 1)¥vy.

Thus

(T —xDw= (T -1 D 'w=o,
and hence Tw = A;w. Thus (T — Al)w = (A; — A)w for every A € F and
hence

8.15 (T —AI)"W = (A1 — A)"w

for every A € F, where n = dim V.
Apply the operator

(T = D¥(T = 22D)" (T = Am1)"
to both sides of 8.14, getting
0=ay(T—MDXT = dxD)" (T — AmI)"n
= al(T —/\21)” (T —)&ml)nw
=aj(A1 —A2)" - (A1 = Am)"'w,
where we have used 8.11 to get the first equation above and 8.15 to get the
last equation above.

The equation above implies that a; = 0. In a similar fashion, a; = 0 for
each j, which implies that vy, ..., vy, is linearly independent. |
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Nilpotent Operators

8.16 Definition nilpotent

An operator is called nilpotent if some power of it equals 0.

8.17 Example nilpotent operators

(a)  The operator N € L(F*) defined by
N(z1.22,23,24) = (23, 24,0,0)
is nilpotent because N2 = 0.

(b)  The operator of differentiation on P,,(R) is nilpotent because the
(m + 1) derivative of every polynomial of degree at most m equals 0.
Note that on this space of dimension m + 1, we need to raise the
nilpotent operator to the power m + 1 to get the 0 operator.

The next result shows that we never
need to use a power higher than the di-
mension of the space.

The Latin word nil means noth-
ing or zero, the Latin word potent
means power. Thus nilpotent liter-
ally means zero power.

8.18 Nilpotent operator raised to dimension of domain is 0
Suppose N € L£(V) is nilpotent. Then N4mV = 0.

Proof Because N is nilpotent, G(0, N) = V. Thus 8.11 implies that
null N9V = 7 ag desired. (]

Given an operator 7" on V, we want to find a basis of V' such that the
matrix of 7" with respect to this basis is as simple as possible, meaning that
the matrix contains many 0’s.

If V is a complex vector space, a The next result shows that if N is

proof of the next result follows eas- nilpotent, then we can choose a basis
ily from Exercise 7, 5.27, and 5.32. of V such that the matrix of N with
But the proof given here uses sim-||  respect to this basis has more than half
pler ideas than needed to prove of its entries equal to 0. Later in this

5.27, and it works for both real and
complex vector spaces.

chapter we will do even better.
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8.19 Matrix of a nilpotent operator

Suppose N is a nilpotent operator on V. Then there is a basis of V' with
respect to which the matrix of N has the form

0 *
0 0
here all entries on and below the diagonal are 0’s.

Proof  First choose a basis of null N. Then extend this to a basis of null N 2.
Then extend to a basis of null N 3. Continue in this fashion, eventually getting
a basis of V (because 8.18 states that null N9mV = ).

Now let’s think about the matrix of N with respect to this basis. The
first column, and perhaps additional columns at the beginning, consists of
all 0’s, because the corresponding basis vectors are in null N. The next set
of columns comes from basis vectors in null N2. Applying N to any such
vector, we get a vector in null N; in other words, we get a vector that is a
linear combination of the previous basis vectors. Thus all nonzero entries in
these columns lie above the diagonal. The next set of columns comes from
basis vectors in null N3. Applying N to any such vector, we get a vector in
null N2; in other words, we get a vector that is a linear combination of the
previous basis vectors. Thus once again, all nonzero entries in these columns
lie above the diagonal. Continue in this fashion to complete the proof. |

EXERCISES 8.A

1 Define T € L£(C?) by
T(w,z) = (z,0).

Find all generalized eigenvectors of 7.
2 Define T € £(C?) by
Tw,z) = (—z,w).

Find the generalized eigenspaces corresponding to the distinct eigenval-
ues of 7.
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Suppose T € L(V) is invertible. Prove that G(A, T) = G(%, T—1) for
every A € F with A # 0.

Suppose T € L(V) and «, B € F with @ # . Prove that

G(a,T) NGB, T) = {0}.

Suppose T € L(V), m is a positive integer, and v € V is such that
T™=1y 2 0 but T™v = 0. Prove that

v, Tv,T?v,...,T™ 1y
is linearly independent.

Suppose T € L£(C3) is defined by T'(z1,22,23) = (22,23,0). Prove
that 7" has no square root. More precisely, prove that there does not exist
S € £(C?) such that S? = T..

Suppose N € L(V) is nilpotent. Prove that 0 is the only eigenvalue
of N.

Prove or give a counterexample: The set of nilpotent operators on V is a
subspace of L(V).

Suppose S, T € L(V) and ST is nilpotent. Prove that 7'S is nilpotent.

Suppose that T € L(V') is not nilpotent. Let n = dim V. Show that
V =null 7" @ range 7"~ 1.

Prove or give a counterexample: If V' is a complex vector space and
dimV =nand T € L(V), then T" is diagonalizable.

Suppose N € L(V') and there exists a basis of V' with respect to which
N has an upper-triangular matrix with only 0’s on the diagonal. Prove
that N is nilpotent.

Suppose V is an inner product space and N € L(V') is normal and
nilpotent. Prove that N = 0.

Suppose V' is an inner product space and N € L(V) is nilpotent. Prove
that there exists an orthonormal basis of V' with respect to which N has
an upper-triangular matrix.

Uf F = C, then the result above follows from Schur’s Theorem (6.38)
without the hypothesis that N is nilpotent. Thus the exercise above needs
to be proved only when F = R.]
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Suppose N € L£(V) is such that null N9™ V=1 o£ nuil N9V Prove
that N is nilpotent and that

dimnull N/ = j
for every integer j with0 < j <dim V.
Suppose T € L(V'). Show that
V = range 7° > range T!'>...o range T* 5 range Tk 5.
Suppose T € L(V) and m is a nonnegative integer such that
range T = range T™ 1.
Prove that range T% = range T™ for all k > m.

Suppose T € L(V). Let n = dim V. Prove that

range T" = range Tt — range T" 1% = ... .

Suppose 7" € L(V') and m is a nonnegative integer. Prove that

null 7 = null 7"*!  if and only if range 7™ = range 7™ !,
Suppose T € L(C?) is such that range T* # range T>. Prove that T is

nilpotent.

Find a vector space W and T € L(W) such that null Tk < null Tk+1
and range T% 2 range Tk+1 for every positive integer k.
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8.B | Decomposition of an Operator

Description of Operators on Complex Vector Spaces

We saw earlier that the domain of an operator might not decompose into
eigenspaces, even on a finite-dimensional complex vector space. In this
section we will see that every operator on a finite-dimensional complex vector
space has enough generalized eigenvectors to provide a decomposition.

We observed earlier that if T € £(V), then null 7" and range T are invari-
ant under 7" [see 5.3, parts (c) and (d)]. Now we show that the null space and
the range of each polynomial of 7 is also invariant under 7.

8.20 The null space and range of p(T) are invariant under T
Suppose T € L(V) and p € P(F). Then null p(7T') and range p(T') are

invariant under 7.

Proof Suppose v € null p(T). Then p(T)v = 0. Thus

((p(D))(Tv) = T (p(T)v) = T(0) = 0.

Hence Tv € null p(T'). Thus null p(7) is invariant under 7, as desired.
Suppose v € range p(T'). Then there exists u € V such thatv = p(T)u.
Thus

Tv = T(p(T)u) = p(T)(Tu).
Hence Tv € range p(T'). Thus range p(T) is invariant under 7, as desired. m

The following major result shows that every operator on a complex vector
space can be thought of as composed of pieces, each of which is a nilpotent
operator plus a scalar multiple of the identity. Actually we have already done
the hard work in our discussion of the generalized eigenspaces G (A, T), so at
this point the proof is easy.

8.21 Description of operators on complex vector spaces

Suppose V' is a complex vector space and T € L(V). Let A1, ..., A, be
the distinct eigenvalues of 7. Then

@ V=GA..T)® - ®GAn.T);

(b) each G(A;, T) is invariant under T';

() each (T —Ajl)|G;,T) is nilpotent.
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Proof Letn = dim V. Recall that G(A;,T) = null(T — A ;)" for each j
(by 8.11). From 8.20 [with p(z) = (z — A;)"], we get (b). Obviously (c)
follows from the definitions.

We will prove (a) by induction on n. To get started, note that the desired
result holds if # = 1. Thus we can assume that n > 1 and that the desired
result holds on all vector spaces of smaller dimension.

Because V is a complex vector space, T has an eigenvalue (see 5.21); thus
m > 1. Applying 8.5 to T — A1/ shows that

8.22 V=G0.T)®U,

where U = range(T — A11)". Using 8.20 [with p(z) = (z — A1)"], we see
that U is invariant under 7. Because G(A1, T) # {0}, we have dimU < n.
Thus we can apply our induction hypothesis to T'|y.

None of the generalized eigenvectors of T |y correspond to the eigenvalue
A1, because all generalized eigenvectors of 7' corresponding to A; are in
G(A1,T). Thus each eigenvalue of T'|y isin {12, ..., Am}.

By our induction hypothesis, U = G(A2,T|y) & --- ® G(Am, T|v).
Combining this information with 8.22 will complete the proof if we can show
that GAg, T|ly) = G(Ag, T) fork =2,...,m.

Thus fix k € {2,...,m}. The inclusion G(Ar, T|y) C G(Ag, T) is clear.

To prove the inclusion in the other direction, suppose v € G(Ag, T). By
8.22, we can write v = v; 4+ u, where vi € G(A1,T) and u € U. Our
induction hypothesis implies that

U=vy+-+vm,
where each v; isin G(A;, T |y), which is a subset of G(A j, T'). Thus
V=vi+v2+-tvm,

Because generalized eigenvectors corresponding to distinct eigenvalues are
linearly independent (see 8.13), the equation above implies that each v; equals
0 except possibly when j = k. In particular, vi = 0 and thus v = u € U.
Because v € U, we can conclude that v € G(Ag, T|y), completing the
proof. |

As we know, an operator on a complex vector space may not have enough
eigenvectors to form a basis of the domain. The next result shows that on a
complex vector space there are enough generalized eigenvectors to do this.
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8.23 A basis of generalized eigenvectors

Suppose V' is a complex vector space and 7' € L(V'). Then there is a basis
of V' consisting of generalized eigenvectors of 7.

Proof Choose a basis of each G(A;,T) in 8.21. Put all these bases together
to form a basis of V' consisting of generalized eigenvectors of 7. ]

Multiplicity of an Eigenvalue

If V' is a complex vector space and 7" € L(V'), then the decomposition of V'
provided by 8.21 can be a powerful tool. The dimensions of the subspaces
involved in this decomposition are sufficiently important to get a name.

8.24 Definition multiplicity

e Suppose T € L(V). The multiplicity of an eigenvalue A of T
is defined to be the dimension of the corresponding generalized
eigenspace G(A, T).

e In other words, the multiplicity of an eigenvalue A of T equals
dimnull(T — AT)dmV

The second bullet point above is justified by 8.11.

8.25 Example Suppose T € L£(C3) is defined by
T(z1,z2,23) = (621 + 325 + 423,625 + 223,7z3).
The matrix of T (with respect to the standard basis) is
6 3 4
0 6 2
00 7

The eigenvalues of T are 6 and 7, as follows from 5.32. You can verify that
the generalized eigenspaces of T are as follows:
G(6,T) = span((1,0,0),(0,1,0)) and G(7.T) = span((10.2, 1)).

Thus the eigenvalue 6 has multiplicity 2 and the eigenvalue 7 has multiplicity 1.

The direct sum C3 = G(6, T)®G(7, T) is the decomposition promised by
8.21. A basis of C3 consisting of generalized eigenvectors of T, as promised
by 8.23, is

(1,0,0),(0,1,0), (10,2, 1).
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In Example 8.25, the sum of the multiplicities of the eigenvalues of T
equals 3, which is the dimension of the domain of 7. The next result shows
that this always happens on a complex vector space.

8.26 Sum of the multiplicities equals dim V'

Suppose V' is a complex vector space and 7 € £(V'). Then the sum of the
multiplicities of all the eigenvalues of 7" equals dim V.

Proof The desired result follows from 8.21 and the obvious formula for the
dimension of a direct sum (see 3.78 or Exercise 16 in Section 2.C). [

The terms algebraic multiplicity and geometric multiplicity are used in
some books. In case you encounter this terminology, be aware that the
algebraic multiplicity is the same as the multiplicity defined here and the
geometric multiplicity is the dimension of the corresponding eigenspace. In
other words, if T € £(V') and A is an eigenvalue of T, then

algebraic multiplicity of A = dimnull(7 — A1)¥™Y = dim G (1, T),
geometric multiplicity of A = dimnull(7 — A7) = dim E(A, T).
Note that as defined above, the algebraic multiplicity also has a geometric
meaning as the dimension of a certain null space. The definition of multiplicity

given here is cleaner than the traditional definition that involves determinants;
10.25 implies that these definitions are equivalent.

Block Diagonal Matrices

To interpret our results in matrix form, Often we can understand a matrix
we make the following definition, gener- | perter by thinking of it as composed
alizing the notion of a diagonal matrix. |of smaller matrices.

If each matrix A; in the definition
below is a 1-by-1 matrix, then we actually have a diagonal matrix.

8.27 Definition block diagonal matrix

A block diagonal matrix is a square matrix of the form

Ay 0
0 Am
where Ay, ..., A, are square matrices lying along the diagonal and all

the other entries of the matrix equal 0.
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8.28 Example The 5-by-5 matrix
(4) 0 0 00

0 2 -3 0 0
A= 0 0 2 0 0

0 00 1 7
0 00 ( 0 1 )
is a block diagonal matrix with
Ay 0

A == A2 ’
0 A3

A =(4), A2=(3 _23) A3=((1) Z)

Here the inner matrices in the 5-by-5 matrix above are blocked off to show
how we can think of it as a block diagonal matrix.

where

Note that in the next result we get many more zeros in the matrix of 7'
than are needed to make it upper triangular.

8.29 Block diagonal matrix with upper-triangular blocks

Suppose V' is a complex vector space and T € L(V). Let A1,..., A, be
the distinct eigenvalues of T, with multiplicities dy, . . ., dy,. Then there is
a basis of V' with respect to which 7" has a block diagonal matrix of the
form

Ay 0
0 Am
where each A4 is a d j-by-d j upper-triangular matrix of the form
Aj %

Aj = .
0 A
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Proof  Each (T'—A;1)|G(x,,T) is nilpotent [see 8.21(c)]. For each j, choose
a basis of G(4, T'), which is a vector space with dimension d;, such that the
matrix of (7' — A;I)|G(x,;,r) with respect to this basis is as in 8.19. Thus the
matrix of T|G(Aj,T)’ which equals (7" — A I)|G(/lj,T) +A;1 |G()tj,T)= with
respect to this basis will look like the desired form shown above for A4 ;.
Putting the bases of the G(A j, T')’s together gives a basis of V' [by 8.21(a)].
The matrix of 7" with respect to this basis has the desired form. ]

The 5-by-5 matrix in 8.28 is of the form promised by 8.29, with each of
the blocks itself an upper-triangular matrix that is constant along the diagonal
of the block. If 7" is an operator on a 5-dimensional vector space whose matrix
is as in 8.28, then the eigenvalues of T are 4,2, 1 (as follows from 5.32), with
multiplicities 1, 2, 2.

8.30 Example Suppose 7 € £(C3) is defined by
T(Zl, Z2, 23) = (621 + 323 + 423,625 + 223,723).

The matrix of 7' (with respect to the standard basis) is

6 3 4
06 21,
0 0 7

which is an upper-triangular matrix but is not of the form promised by 8.29.
As we saw in Example 8.25, the eigenvalues of T are 6 and 7 and the
corresponding generalized eigenspaces are

G(6,T) = span((1,0,0),(0,1,0)) and G(7.T) = span((10,2, 1)).
We also saw that a basis of C3 consisting of generalized eigenvectors of T is
(1,0,0),(0,1,0), (10,2, 1).

The matrix of 7" with respect to this basis is
6 3 0
0 6 0 ,
0 0 (7)

which is a matrix of the block diagonal form promised by 8.29.

When we discuss the Jordan Form in Section 8.D, we will see that we can
find a basis with respect to which an operator 7" has a matrix with even more
0’s than promised by 8.29. However, 8.29 and its equivalent companion 8.21
are already quite powerful. For example, in the next subsection we will use
8.21 to show that every invertible operator on a complex vector space has a
square root.
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Square Roots

Recall that a square root of an operator 7 € L(V') is an operator R € L(V)
such that R? = T (see 7.33). Every complex number has a square root, but
not every operator on a complex vector space has a square root. For example,
the operator on C3 in Exercise 6 in Section 8.A has no square root. The
noninvertibility of that operator is no accident, as we will soon see. We begin
by showing that the identity plus any nilpotent operator has a square root.

8.31 ldentity plus nilpotent has a square root

Suppose N € L(V) is nilpotent. Then / + N has a square root.

Proof Consider the Taylor series for the function +/1 + x:

8.32 Vi+x=14aix+ax?>+---.

Because a; = 1/2, the formula We will not find an explicit formula

above shows that 1 + x/2 is a for the coefficients or worry about

good estimate for /1 + x when x whether the infinite sum converges be-

is small. cause we will use this equation only as
motivation.

Because N is nilpotent, N = 0 for some positive integer m. In 8.32,
suppose we replace x with N and 1 with /. Then the infinite sum on the right
side becomes a finite sum (because N/ = 0 for all j = m). In other words,
we guess that there is a square root of I + N of the form

I +aN+a N>+ +a,_(N™ L.

Having made this guess, we can try to choose a1, az, ..., am—1 such that the
operator above has its square equal to I + N. Now

(I+aN +a,N? + asN3 + - + a_ N 1)2
=1 +2aN + 2az + a;®>)N? + (2a3 + 2a1a,)N> + -
+ (2am—_1 + terms involving a1, . .., am_2)N™ 1.

We want the right side of the equation above to equal / + N. Hence choose a1
such that 2ay = 1 (thus a1 = 1/2). Next, choose a; such that 2a, + a2 =0
(thus ap = —1/8). Then choose a3 such that the coefficient of N 3 on the
right side of the equation above equals 0 (thus a3 = 1/16). Continue in
this fashion for j = 4,...,m — 1, at each step solving for a; so that the
coefficient of N/ on the right side of the equation above equals 0. Actually
we do not care about the explicit formula for the a ;’s. We need only know
that some choice of the a;’s gives a square root of 1 + N. ]
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The previous lemma is valid on real and complex vector spaces. However,
the next result holds only on complex vector spaces. For example, the operator
of multiplication by —1 on the 1-dimensional real vector space R has no square
root.

8.33 Qver C, invertible operators have square roots

Suppose V' is a complex vector space and 7' € £(V') is invertible. Then
T has a square root.

Proof LetAq,..., A, be the distinct eigenvalues of 7. For each j, there ex-
ists a nilpotent operator Nj € L(G(A;, T)) such that T, 1) = A; I +N;
[see 8.21(c)]. Because T is invertible, none of the A ;’s equals 0, so we can
write

N .
Tlooy.m =4 (1 +32)
J

for each j. Clearly N;/A; is nilpotent, and so / 4+ N; /A has a square root
(by 8.31). Multiplying a square root of the complex number A ; by a square
rootof I + N; /A, we obtain a square root R; of T'|G(a;,T)-

A typical vector v € V' can be written uniquely in the form

V=g U,

where each u; isin G(A, T) (see 8.21). Using this decomposition, define an
operator R € L(V') by

RV: Rlul +"'+ Rmum.

You should verify that this operator R is a square root of 7, completing the
proof. [

By imitating the techniques in this section, you should be able to prove
that if V' is a complex vector space and 7" € L(V) is invertible, then 7" has a
k'™ root for every positive integer k.

EXERCISES 8.B

1 Suppose V is a complex vector space, N € L(V), and 0O is the only
eigenvalue of N. Prove that N is nilpotent.

2 Give an example of an operator 7' on a finite-dimensional real vector
space such that 0 is the only eigenvalue of T but 7" is not nilpotent.
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Suppose T" € L(V). Suppose S € L(V) is invertible. Prove that 7" and
S~ITS have the same eigenvalues with the same multiplicities.

Suppose V' is an n-dimensional complex vector space and 7 is an oper-
ator on V' such that null 772 % null 7”1, Prove that T has at most
two distinct eigenvalues.

Suppose V' is a complex vector space and T € L(V'). Prove that V has
a basis consisting of eigenvectors of T if and only if every generalized
eigenvector of 7T is an eigenvector of 7.

[For F = C, the exercise above adds an equivalence to the list in 5.41.]

Define N € L(F°) by
N(x1,x2,Xx3, X4, Xx5) = (2x2,3x3, —x4,4x5,0).
Find a square root of / + N.

Suppose V is a complex vector space. Prove that every invertible operator
on V has a cube root.

Suppose T € L(V) and 3 and 8 are eigenvalues of 7. Let n = dim V.
Prove that V = (null 7"~2) @ (range T"2).

Suppose A and B are block diagonal matrices of the form

Ay 0 B 0
A= , B= ,

0 Am 0 By,
where A has the same size as Bj for j = 1,...,m. Show that AB is a
block diagonal matrix of the form

A1 By 0
AB = .
0 Am Bm

Suppose F = C and T € L(V'). Prove that there exist D, N € L(V)
such that T = D + N, the operator D is diagonalizable, N is nilpotent,
and DN = ND.

Suppose T € L(V) and A € F. Prove that for every basis of IV with
respect to which 7" has an upper-triangular matrix, the number of times
that A appears on the diagonal of the matrix of 7" equals the multiplicity
of A as an eigenvalue of 7.
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8.C | Characteristic and Minimal Polynomials

The Cayley—Hamilton Theorem

The next definition associates a polynomial with each operator on V' if F = C.
For F = R, the corresponding definition will be given in the next chapter.

8.34 Definition characteristic polynomial

Suppose V is a complex vector space and T € L(V). Let Aq,...,An
denote the distinct eigenvalues of 7, with multiplicities dy, . .., dy,. The
polynomial

(z =2 (2 = d) P
is called the characteristic polynomial of T.
8.35 Example Suppose T € £(C?) is defined as in Example 8.25. Be-

cause the eigenvalues of 7" are 6, with multiplicity 2, and 7, with multiplicity 1,
we see that the characteristic polynomial of 7 is (z — 6)%(z — 7).

8.36 Degree and zeros of characteristic polynomial

Suppose V is a complex vector space and 7 € L(V'). Then

(a)  the characteristic polynomial of 7" has degree dim V;

(b) the zeros of the characteristic polynomial of 7" are the eigenvalues
of T.

Proof Clearly part (a) follows from 8.26 and part (b) follows from the defini-
tion of the characteristic polynomial. ]

Most texts define the characteristic polynomial using determinants (the
two definitions are equivalent by 10.25). The approach taken here, which
is considerably simpler, leads to the following easy proof of the Cayley—
Hamilton Theorem. In the next chapter, we will see that this result also holds
on real vector spaces (see 9.24).

8.37 Cayley—Hamilton Theorem

Suppose V' is a complex vector space and 7 € L(V'). Let g denote the
characteristic polynomial of 7. Then ¢(T) = 0.
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English mathematician Arthur Proof Let Aq,..., A, be the distinct
Cayley (1821-1895) published eigenvalues of the operator 7, and let

three math papers before complet- di,...,dy be the dimensions of the
ing his undergraduate degree in corresponding generalized eigenspaces
1842. Irish mathematician William GA1,T).....,GAm.T). For each

Rowan Hamilton (1805-1865) was
made a professor in 1827 when
he was 22 years old and still an
undergraduate! we have (T — Ajl)dj |G()L_,-,T) = 0 (by
8.18).

Every vectorin V' is a sum of vectors in G(A1, T), ..., G(Ay, T) (by 8.21).
Thus to prove that ¢(7') = 0, we need only show that ¢(7')[g(x,;,1) = 0 for
each j.

Thus fix j € {l,...,m}. We have

j € {1,...,m}, we know that
(T = A;jDlG,;,r) is nilpotent. Thus

g(T) = (T = A D3 - (T = A D).

The operators on the right side of the equation above all commute, so we can
move the factor (7' — A ;1 )%/ to be the last term in the expression on the right.
Because (T — A % lcr,;, ) = 0, we conclude that ¢(T) |Gz ,;,1) = 0, as
desired. ]

The Minimal Polynomial

In this subsection we introduce another important polynomial associated with
each operator. We begin with the following definition.

8.38 Definition monic polynomial

A monic polynomial is a polynomial whose highest-degree coefficient
equals 1.

8.39 Example The polynomial 2 4+ 922 + z7 is a monic polynomial of
degree 7.

8.40 Minimal polynomial

Suppose T € L(V). Then there is a unique monic polynomial p of
smallest degree such that p(7') = 0.
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Proof Letn = dim V. Then the list

2

I.T.T? ....T"

is not linearly independent in £(V'), because the vector space L£(V') has
dimension n? (see 3.61) and we have a list of length n% + 1. Let m be the
smallest positive integer such that the list

8.41 I.T.T? ....,T™

is linearly dependent. The Linear Dependence Lemma (2.21) implies that one
of the operators in the list above is a linear combination of the previous ones.
Because m was chosen to be the smallest positive integer such that the list
above is linearly dependent, we conclude that 7™ is a linear combination of
I,T,T2,...,T™ ! Thus there exist scalars ag, a1,as, ...,am—1 € F such
that

8.42 aol +ai1T +asT?> + -+ am T L+ T = 0.
Define a monic polynomial p € P(F) by
p(z)=ag+a1z+az*+ -+ am_12™ L 2™,

Then 8.42 implies that p(7) = 0.

To prove the uniqueness part of the result, note that the choice of m implies
that no monic polynomial ¢ € P(F) with degree smaller than m can satisfy
q(T) = 0. Suppose ¢ € P(F) is a monic polynomial with degree m and
q(T) = 0. Then (p —q)(T) = 0 and deg(p — q) < m. The choice of m now
implies that ¢ = p, completing the proof. [

The last result justifies the following definition.

8.43 Definition minimal polynomial

Suppose T € L(V). Then the minimal polynomial of T is the unique
monic polynomial p of smallest degree such that p(7T) = 0.

The proof of the last result shows that the degree of the minimal polynomial
of each operator on V is at most (dim V)2. The Cayley—Hamilton Theorem
(8.37) tells us that if V' is a complex vector space, then the minimal polynomial
of each operator on V has degree at most dim V. This remarkable improvement
also holds on real vector spaces, as we will see in the next chapter.



264 CHAPTER 8 Operators on Complex Vector Spaces

Suppose you are given the matrix (with respect to some basis) of an
operator 7" € L(V). You could program a computer to find the minimal
polynomial of 7" as follows: Consider the system of linear equations

8.44  aoM(I) +a M(T) + -+ amy M(T)" ! = —M(T)"

Think of this as a system of for successive valuesof m = 1,2, ...

(dim V)2 linear equations in m until this system of equations has a solu-

variables ag, ay, ..., am—1. tion ag,ai,ds,...,am—1. The scalars
ap,di,ds, . ..,adm—1, 1 will then be the

coefficients of the minimal polynomial of 7. All this can be computed using a
familiar and fast (for a computer) process such as Gaussian elimination.

8.45 Example Let T be the operator on C° whose matrix (with respect
to the standard basis) is

000 0 =3
1 00 0 6
0100 O
0010 O
0001 O

~

Find the minimal polynomial of

Solution  Because of the large number of 0’s in this matrix, Gaussian elim-
ination is not needed here. Simply compute powers of M(T), and then
you will notice that there is clearly no solution to 8.44 until m = 5. Do
the computations and you will see that the minimal polynomial of 7" equals
z° — 6z + 3.

The next result completely characterizes the polynomials that when applied
to an operator give the 0 operator.

8.46 ¢q(T) = 0implies g is a multiple of the minimal polynomial
Suppose T € L(V) and g € P(F). Then ¢(T) = 0 if and only if g is a

polynomial multiple of the minimal polynomial of 7.

Proof Let p denote the minimal polynomial of 7.
First we prove the easy direction. Suppose ¢ is a polynomial multiple of p.
Thus there exists a polynomial s € P(F) such that ¢ = ps. We have

q(T) = p(T)s(T) = 0s(T) = 0,

as desired.
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To prove the other direction, now suppose ¢(7') = 0. By the Division
Algorithm for Polynomials (4.8), there exist polynomials s, r € P(F) such
that

8.47 q=ps+r
and degr < deg p. We have
0=¢q(T) = p(T)s(T) +r(T) =r(T).

The equation above implies that r = 0 (otherwise, dividing r by its highest-
degree coefficient would produce a monic polynomial that when applied to
T gives 0; this polynomial would have a smaller degree than the minimal
polynomial, which would be a contradiction). Thus 8.47 becomes the equation
q = ps. Hence ¢q is a polynomial multiple of p, as desired. |

The next result is stated only for complex vector spaces, because we have
not yet defined the characteristic polynomial when F = R. However, the
result also holds for real vector spaces, as we will see in the next chapter.

8.48 Characteristic polynomial is a multiple of minimal polynomial

Suppose F = C and T € L(V). Then the characteristic polynomial of 7
is a polynomial multiple of the minimal polynomial of 7.

Proof The desired result follows immediately from the Cayley—Hamilton
Theorem (8.37) and 8.46. |

We know (at least when F = C) that the zeros of the characteristic
polynomial of T are the eigenvalues of 7" (see 8.36). Now we show that the
minimal polynomial has the same zeros (although the multiplicities of these
zeros may differ).

8.49 Eigenvalues are the zeros of the minimal polynomial

Let T € L(V). Then the zeros of the minimal polynomial of T are
precisely the eigenvalues of 7.

Proof Let
p(z) :ao+a12+a222+...+am_12m—1 4om

be the minimal polynomial of 7.
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First suppose A € F is a zero of p. Then p can be written in the form

p(z) = (z = A)q(2),

where ¢ is a monic polynomial with coefficients in F (see 4.11). Because
p(T) = 0, we have
0= (T —AI)(q(T)v)

for all v € V. Because the degree of ¢ is less than the degree of the minimal
polynomial p, there exists at least one vector v € V such that g(T)v # 0.
The equation above thus implies that A is an eigenvalue of 7, as desired.

To prove the other direction, now suppose A € F is an eigenvalue of T.
Thus there exists v € V with v # 0 such that Tv = Av. Repeated applications
of T to both sides of this equation show that 7/ v = A/ v for every nonnegative
integer j. Thus

0= p(T)v=(aol +a1T +asT?>+ -4+ ap TV + Ty
= (a0 4+ air +a2A? + -+ am A" Ay
= p(A)v.

Because v # 0, the equation above implies that p(A) = 0, as desired. [

The next three examples show how our results can be useful in finding
minimal polynomials and in understanding why eigenvalues of some operators
cannot be exactly computed.

8.50 Example Find the minimal polynomial of the operator 7 € £(C3)
in Example 8.30.

Solution  In Example 8.30 we noted that the eigenvalues of 7" are 6 and 7.
Thus by 8.49, the minimal polynomial of 7' is a polynomial multiple of
(z—=6)(z—17).

In Example 8.35, we saw that the characteristic polynomial of T is
(z — 6)%(z — 7). Thus by 8.48 and the paragraph above, the minimal polyno-
mial of T is either (z — 6)(z — 7) or (z — 6)%>(z — 7). A simple computation
shows that

(T —6I)(T —17I)+#0.

Thus the minimal polynomial of T is (z — 6)%(z — 7).
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8.51 Example Find the minimal polynomial of the operator T € £(C3)
defined by T'(z1, 22, z3) = (621, 622, 723).

Solution It is easy to see that for this operator 7, the eigenvalues of T are 6
and 7, and the characteristic polynomial of T is (z — 6)?(z — 7).

Thus as in the previous example, the minimal polynomial of 7 is ei-
ther (z — 6)(z — 7) or (z — 6)*>(z — 7). A simple computation shows that
(T —6I1)(T —71) = 0. Thus the minimal polynomial of 7" is (z — 6)(z — 7).

8.52 Example What are the eigenvalues of the operator in Example 8.45?

Solution  From 8.49 and the solution to Example 8.45, we see that the
eigenvalues of 7' equal the solutions to the equation

22 —6z4+3=0.

Unfortunately, no solution to this equation can be computed using rational
numbers, roots of rational numbers, and the usual rules of arithmetic (a proof
of this would take us considerably beyond linear algebra). Thus we cannot find
an exact expression for any eigenvalue of 7" in any familiar form, although
numeric techniques can give good approximations for the eigenvalues of
T. The numeric techniques, which we will not discuss here, show that the
eigenvalues for this particular operator are approximately

—-1.67, 0.51, 1.40, —-0.12+1.59, —0.12—-1.59i.

The nonreal eigenvalues occur as a pair, with each the complex conjugate of
the other, as expected for a polynomial with real coefficients (see 4.15).

EXERCISES 8.C

1 Suppose T € L(C?) is such that the eigenvalues of T are 3, 5, 8. Prove
that (T — 31)*(T — 51)>(T —81)?> = 0.

2 Suppose V' is a complex vector space. Suppose T € L(V) is such that 5
and 6 are eigenvalues of 7" and that T has no other eigenvalues. Prove
that (T — 51)""Y(T —61)"~! =0, where n = dim V.

3 Give an example of an operator on C* whose characteristic polynomial
equals (z — 7)%(z — 8)2.
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Give an example of an operator on C* whose characteristic polyno-
mial equals (z — 1)(z — 5)® and whose minimal polynomial equals
(z —1)(z =52

Give an example of an operator on C* whose characteristic and minimal
polynomials both equal z(z — 1)%(z — 3).

Give an example of an operator on C* whose characteristic polyno-
mial equals z(z — 1)?(z — 3) and whose minimal polynomial equals
z(z = 1)(z = 3).

Suppose V is a complex vector space. Suppose T € L(V) is such that
P? = P. Prove that the characteristic polynomial of P is z"(z — 1),
where m = dimnull P and n = dimrange P.

Suppose 7" € L(V'). Prove that T is invertible if and only if the constant
term in the minimal polynomial of 7" is nonzero.

Suppose T € £(V') has minimal polynomial 445z—622—72z342z4 42,
Find the minimal polynomial of 7!,

Suppose V' is a complex vector space and 7 € L(V) is invertible.
Let p denote the characteristic polynomial of 7" and let ¢ denote the
characteristic polynomial of 7~!. Prove that

1) = 2" o )

for all nonzero z € C.

Suppose T € L(V) is invertible. Prove that there exists a polynomial
p € P(F) such that T~! = p(T).

Suppose V' is a complex vector space and 7 € L(V'). Prove that V
has a basis consisting of eigenvectors of 7 if and only if the minimal
polynomial of 7" has no repeated zeros.

[For complex vector spaces, the exercise above adds another equivalence
to the list given by 5.41.]

Suppose V' is an inner product space and 7 € £(V) is normal. Prove
that the minimal polynomial of 7" has no repeated zeros.

Suppose V' is a complex inner product space and S € L(V) is an
isometry. Prove that the constant term in the characteristic polynomial
of S has absolute value 1.
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Suppose T' € L(V) andv € V.

(a)  Prove that there exists a unique monic polynomial p of smallest
degree such that p(7)v = 0.

(b)  Prove that p divides the minimal polynomial of 7.
Suppose V' is an inner product space and T € L£(V'). Suppose
ap+arz +arz®> + -+ am_1 2" 4 2™
is the minimal polynomial of 7. Prove that
ag+aiz +azz> -+ amgz" 4 2"
is the minimal polynomial of 7*.

Suppose F = C and T € L(V'). Suppose the minimal polynomial of T
has degree dim V. Prove that the characteristic polynomial of 7" equals
the minimal polynomial of 7.

Suppose ay, . ..,an—1 € C. Find the minimal and characteristic polyno-
mials of the operator on C"* whose matrix (with respect to the standard
basis) is

0 —ay
1 0 —dai
1 . —day

0 —ap—

\ 1 —ap— )

[The exercise above shows that every monic polynomial is the character-
istic polynomial of some operator.]

Suppose V is a complex vector space and T € L(V). Suppose that
with respect to some basis of V' the matrix of 7 is upper triangular, with
Al ..., Ay on the diagonal of this matrix. Prove that the characteristic
polynomial of T is (z — A1) --- (z — Ap).

Suppose V is a complex vector space and V71, ..., V}, are nonzero sub-
spaces of V suchthat V = V1 @ --- @ V. Suppose T € L(V) and
each V; is invariant under 7. For each j, let p; denote the characteristic
polynomial of T'|y; . Prove that the characteristic polynomial of 7" equals

plpm
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8.D  Jordan Form

We know that if V' is a complex vector space, then for every T € L(V') there
is a basis of V' with respect to which 7" has a nice upper-triangular matrix (see
8.29). In this section we will see that we can do even better—there is a basis
of V' with respect to which the matrix of 7" contains 0’s everywhere except
possibly on the diagonal and the line directly above the diagonal.

We begin by looking at two examples of nilpotent operators.

853 Example Let N € £(F*) be the nilpotent operator defined by
N(z1,22,23,24) = (0, 21, 22, 23).

Ifv =(1,0,0,0), then N3y, N2y, Nv,v is a basis of F*. The matrix of N

with respect to this basis is

S O OO
S O O =
S o = O
S = O O

The next example of a nilpotent operator has more complicated behavior
than the example above.

854 Example Let N € L(F®) be the nilpotent operator defined by
N(Z],Zz, Z3,Z4,25,Z6) = (0,21,22, 0, Z4, O).

Unlike the nice behavior of the nilpotent operator of the previous exam-
ple, for this nilpotent operator there does not exist a vector v € F° such
that N2v, N4y, N3v, N2y, Nv,v is a basis of F®. However, if we take
vi = (1,0,0,0,0,0), v = (0,0,0,1,0,0), and v3 = (0,0,0,0,0, 1), then
N2vi, Nvi,vi, Nva, va, va is a basis of FO. The matrix of N with respect to
this basis is

S O O O O
[ lelelNoel
S OO = O
S O O

S O O

oS O O O

01
00 0
000 00 (0)
Here the inner matrices are blocked off to show that we can think of the 6-by-6
matrix above as a block diagonal matrix consisting of a 3-by-3 block with 1’s

on the line above the diagonal and 0’s elsewhere, a 2-by-2 block with 1 above
the diagonal and O’s elsewhere, and a 1-by-1 block containing 0.
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Our next result shows that every nilpotent operator N € L(}') behaves
similarly to the previous example. Specifically, there is a finite collection of
vectors vy, ..., vy € V such that there is a basis of V' consisting of the vectors
of the form N¥v j,as j varies from 1 to n and k varies (in reverse order) from
0 to the largest nonnegative integer m ; such that N/ v; 2 0. For the matrix
interpretation of the next result, see the first part of the proof of 8.60.

8.55 Basis corresponding to a nilpotent operator

Suppose N € L(V) is nilpotent. Then there exist vectors vy,...,v, € V
and nonnegative integers mj, . .., my, such that

@ N™wvyy,...,Nvi,vi,...,N™y, ... Nv,,vy,is abasis of V;
(b) N™Mitly —...=N"tly —0

Proof We will prove this result by induction on dim V. To get started, note
that the desired result obviously holds if dim V' = 1 (in that case, the only
nilpotent operator is the 0 operator, so take v; to be any nonzero vector and
m1 = 0). Now assume that dim V' > 1 and that the desired result holds on all
vector spaces of smaller dimension.

Because N is nilpotent, N is not injective. Thus N is not surjective (by
3.69) and hence range N is a subspace of V that has a smaller dimension
than V. Thus we can apply our induction hypothesis to the restriction operator
N|ange N € L(range N). [We can ignore the trivial case range N = {0},
because in that case N is the 0 operator and we can choose vy, ..., v, to be
any basis of V and m; = --- = m, = 0 to get the desired result.]

By our induction hypothesis applied to N ;g v, there exist vectors
vi1,...,Vy € range N and nonnegative integers my, ..., m, such that

8.56 N™yr o Nvi,ve, ..., N™v, ... Nv,, vy
is a basis of range N and
N™tly = = Nty = 0.

Because each v; is in range N, for each j there exists u; € V such
that v; = Nu;. Thus N¥*1u; = N*y; for each j and each nonnegative
integer k. We now claim that

8.57 N™+hy Nup,ug, ..., N™ Ty, Nu,,u,
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is a linearly independent list of vectors in V. To verify this claim, suppose
that some linear combination of 8.57 equals 0. Applying N to that linear
combination, we get a linear combination of 8.56 equal to 0. However, the
list 8.56 is linearly independent, and hence all the coefficients in our original
linear combination of 8.57 equal 0 except possibly the coefficients of the
vectors

N™ Ly Nty

which equal the vectors
N™yy, ..., Ny,

Again using the linear independence of the list 8.56, we conclude that those
coefficients also equal 0, completing our proof that the list 8.57 is linearly
independent.

Now extend 8.57 to a basis

m 1 m 1
858 N™tly, ... Nuj,up,...,N™* Un, ... Ny, Up,W1,...,Wp

of V' (which is possible by 2.33). Each Nw; is in range N and hence is in the
span of 8.56. Each vector in the list 8.56 equals N applied to some vector in
the list 8.57. Thus there exists x; in the span of 8.57 such that Nw; = Nx;.
Now let

Up+j =W — Xj.

Then Nuy+; = 0. Furthermore,
N””Hul,...,Nul,ul,...,Nm”Hun,...,Nun,un,un+1,...,un+p

spans V' because its span contains each x; and each u, ¢ ; and hence each w;
(and because 8.58 spans V).

Thus the spanning list above is a basis of V' because it has the same length
as the basis 8.58 (where we have used 2.42). This basis has the required form,

completing the proof. ]
French mathematician Camille Jor- In the next definition, the diagonal of
dan (1838-1922) first published a each A; is filled with some eigenvalue
proof of 8.60 in 1870. A of T, the line directly above the di-

agonal of A; is filled with 1’s, and all
other entries in A; are O (to understand why each A ; is an eigenvalue of 7,
see 5.32). The A ;’s need not be distinct. Also, A; may be a 1-by-1 matrix
(A ;) containing just an eigenvalue of 7.
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8.59 Definition Jordan basis

Suppose T € L(V'). A basis of V is called a Jordan basis for T if with
respect to this basis 7" has a block diagonal matrix

A 0
0 Ap
where each A4 is an upper-triangular matrix of the form
Ajo 1 0
Aj =
1
0 Aj

8.60 Jordan Form

Suppose V' is a complex vector space. If T € L(V), then there is a basis
of V that is a Jordan basis for 7.

Proof  First consider a nilpotent operator N € L(V') and the vectors
Vi,...,Vvy € V given by 8.55. For each j, note that N sends the first vector
in the list N"™/v;,..., Nv;,v; to 0 and that N sends each vector in this list
other than the first vector to the previous vector. In other words, 8.55 gives a
basis of V' with respect to which N has a block diagonal matrix, where each
matrix on the diagonal has the form

0 1 0
1
0 0

Thus the desired result holds for nilpotent operators.
Now suppose 7" € L(V). Let A1, ..., A, be the distinct eigenvalues of 7.
We have the generalized eigenspace decomposition

V=GA,.T)® - ®GAn.T),

where each (T'—A; I')[G(a ;1) 18 nilpotent (see 8.21). Thus some basis of each
G(A;,T)is aJordan basis for (' — A, 1)|g(a,,.T) (see previous paragraph).
Put these bases together to get a basis of V' that is a Jordan basis for 7. ]
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EXERCISES 8.D

Find the characteristic polynomial and the minimal polynomial of the
operator N in Example 8.53.

Find the characteristic polynomial and the minimal polynomial of the
operator N in Example 8.54.

Suppose N € L(V) is nilpotent. Prove that the minimal polynomial of
N is z*1 where m is the length of the longest consecutive string of
1’s that appears on the line directly above the diagonal in the matrix of
N with respect to any Jordan basis for N.

Suppose T € L(V) and vy, ..., v, is a basis of V that is a Jordan basis
for T. Describe the matrix of T with respect to the basis vy, ...,V
obtained by reversing the order of the v’s.

Suppose T € L(V) and vy, ..., vy, is a basis of V that is a Jordan basis
for T. Describe the matrix of 72 with respect to this basis.

Suppose N € L(V) is nilpotent and vy, ..., v, and my, ..., m, are as
in 8.55. Prove that N™1yq, ..., N™ny, is a basis of null V.

[The exercise above implies that n, which equals dimnull N, depends
only on N and not on the specific Jordan basis chosen for N.]

Suppose p, g € P(C) are monic polynomials with the same zeros and ¢
is a polynomial multiple of p. Prove that there exists 7 € £(C%29) such
that the characteristic polynomial of T is ¢ and the minimal polynomial
of T is p.

Suppose V' is a complex vector space and T € L(V'). Prove that there
does not exist a direct sum decomposition of V' into two proper subspaces
invariant under 7 if and only if the minimal polynomial of T is of the
form (z — A)4™V for some A € C.
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