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Operators on Inner Product
Spaces

The deepest results related to inner product spaces deal with the subject
to which we now turn—operators on inner product spaces. By exploiting
properties of the adjoint, we will develop a detailed description of several
important classes of operators on inner product spaces.

A new assumption for this chapter is listed in the second bullet point below:

7.1 Notation F, V

� F denotes R or C.

� V and W denote finite-dimensional inner product spaces over F.
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204 CHAPTER 7 Operators on Inner Product Spaces

7.A Self-Adjoint and Normal Operators

Adjoints

7.2 Definition adjoint, T �

Suppose T 2 L.V;W /. The adjoint of T is the function T � W W ! V

such that
hT v;wi D hv; T �wi

for every v 2 V and every w 2 W.

The word adjoint has another
meaning in linear algebra. We do
not need the second meaning in
this book. In case you encounter
the second meaning for adjoint
elsewhere, be warned that the two
meanings for adjoint are unrelated
to each other.

To see why the definition above
makes sense, suppose T 2 L.V;W /.
Fix w 2 W. Consider the linear func-
tional on V that maps v 2 V to hT v;wi;
this linear functional depends on T and
w. By the Riesz Representation Theo-
rem (6.42), there exists a unique vector
in V such that this linear functional is

given by taking the inner product with it. We call this unique vector T �w. In
other words, T �w is the unique vector in V such that hT v;wi D hv; T �wi for
every v 2 V.

7.3 Example Define T W R3 ! R2 by

T .x1; x2; x3/ D .x2 C 3x3; 2x1/:

Find a formula for T �.

Solution Here T � will be a function from R2 to R3. To compute T �, fix a
point .y1; y2/ 2 R2. Then for every .x1; x2; x3/ 2 R3 we have

h.x1; x2; x3/; T
�.y1; y2/i D hT .x1; x2; x3/; .y1; y2/i

D h.x2 C 3x3; 2x1/; .y1; y2/i
D x2y1 C 3x3y1 C 2x1y2

D h.x1; x2; x3/; .2y2; y1; 3y1/i:
Thus

T �.y1; y2/ D .2y2; y1; 3y1/:
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7.4 Example Fix u 2 V and x 2 W. Define T 2 L.V;W / by

T v D hv; uix
for every v 2 V. Find a formula for T �.

Solution Fix w 2 W. Then for every v 2 V we have

hv; T �wi D hT v;wi
D ˝hv; uix;w˛
D hv; uihx;wi
D ˝

v; hw; xiu˛:
Thus

T �w D hw; xiu:
In the two examples above, T � turned out to be not just a function but a

linear map. This is true in general, as shown by the next result.
The proofs of the next two results use a common technique: flip T � from

one side of an inner product to become T on the other side.

7.5 The adjoint is a linear map

If T 2 L.V;W /, then T � 2 L.W; V /.

Proof Suppose T 2 L.V;W /. Fix w1;w2 2 W. If v 2 V, then

hv; T �.w1 C w2/i D hT v;w1 C w2i
D hT v;w1i C hT v;w2i
D hv; T �w1i C hv; T �w2i
D hv; T �w1 C T �w2i;

which shows that T �.w1 C w2/ D T �w1 C T �w2.
Fix w 2 W and � 2 F. If v 2 V, then

hv; T �.�w/i D hT v; �wi
D N�hT v;wi
D N�hv; T �wi
D hv; �T �wi;

which shows that T �.�w/ D �T �w.
Thus T � is a linear map, as desired.
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7.6 Properties of the adjoint

(a) .S C T /� D S� C T � for all S; T 2 L.V;W /;

(b) .�T /� D N�T � for all � 2 F and T 2 L.V;W /;

(c) .T �/� D T for all T 2 L.V;W /;

(d) I� D I, where I is the identity operator on V ;

(e) .ST /� D T �S� for all T 2 L.V;W / and S 2 L.W;U / (here U
is an inner product space over F).

Proof

(a) Suppose S; T 2 L.V;W /. If v 2 V and w 2 W, then

hv; .S C T /�wi D h.S C T /v;wi
D hSv;wi C hT v;wi
D hv; S�wi C hv; T �wi
D hv; S�w C T �wi:

Thus .S C T /�w D S�w C T �w, as desired.

(b) Suppose � 2 F and T 2 L.V;W /. If v 2 V and w 2 W, then

hv; .�T /�wi D h�T v;wi D �hT v;wi D �hv; T �wi D hv; N�T �wi:
Thus .�T /�w D N�T �w, as desired.

(c) Suppose T 2 L.V;W /. If v 2 V and w 2 W, then

hw; .T �/�vi D hT �w; vi D hv; T �wi D hT v;wi D hw; T vi:
Thus .T �/�v D T v, as desired.

(d) If v; u 2 V, then

hv; I�ui D hI v; ui D hv; ui:
Thus I�u D u, as desired.

(e) Suppose T 2 L.V;W / and S 2 L.W;U /. If v 2 V and u 2 U, then

hv; .ST /�ui D hST v; ui D hT v; S�ui D hv; T �.S�u/i:
Thus .ST /�u D T �.S�u/, as desired.
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The next result shows the relationship between the null space and the range
of a linear map and its adjoint. The symbol () used in the proof means “if
and only if”; this symbol could also be read to mean “is equivalent to”.

7.7 Null space and range of T �

Suppose T 2 L.V;W /. Then

(a) nullT � D .rangeT /?;

(b) rangeT � D .nullT /?;

(c) nullT D .rangeT �/?;

(d) rangeT D .nullT �/?.

Proof We begin by proving (a). Let w 2 W. Then

w 2 nullT � () T �w D 0

() hv; T �wi D 0 for all v 2 V

() hT v;wi D 0 for all v 2 V

() w 2 .rangeT /?:

Thus nullT � D .rangeT /?, proving (a).
If we take the orthogonal complement of both sides of (a), we get (d),

where we have used 6.51. Replacing T with T � in (a) gives (c), where we
have used 7.6(c). Finally, replacing T with T � in (d) gives (b).

7.8 Definition conjugate transpose

The conjugate transpose of an m-by-n matrix is the n-by-m matrix ob-
tained by interchanging the rows and columns and then taking the complex
conjugate of each entry.

7.9 Example
If F D R, then the conjugate trans-
pose of a matrix is the same as its
transpose, which is the matrix ob-
tained by interchanging the rows
and columns.

The conjugate transpose of the matrix�
2 3 C 4i 7

6 5 8i

�
is the matrix0@ 2 6

3 � 4i 5

7 �8i

1A :
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The adjoint of a linear map does
not depend on a choice of basis.
This explains why this book em-
phasizes adjoints of linear maps
instead of conjugate transposes of
matrices.

The next result shows how to com-
pute the matrix of T � from the matrix
of T.

Caution: Remember that the result
below applies only when we are dealing
with orthonormal bases. With respect to
nonorthonormal bases, the matrix of T �
does not necessarily equal the conjugate
transpose of the matrix of T.

7.10 The matrix of T �

Let T 2 L.V;W /. Suppose e1; : : : ; en is an orthonormal basis of V and
f1; : : : ; fm is an orthonormal basis of W. Then

M�
T �; .f1; : : : ; fm/; .e1; : : : ; en/

�
is the conjugate transpose of

M�
T; .e1; : : : ; en/; .f1; : : : ; fm/

�
:

Proof In this proof, we will write M.T / instead of the longer expres-
sion M�

T; .e1; : : : ; en/; .f1; : : : ; fm/
�
; we will also write M.T �/ instead

ofM�
T �; .f1; : : : ; fm/; .e1; : : : ; en/

�
.

Recall that we obtain the kth column of M.T / by writing Tek as a linear
combination of the fj ’s; the scalars used in this linear combination then
become the kth column of M.T /. Because f1; : : : ; fm is an orthonormal
basis of W, we know how to write Tek as a linear combination of the fj ’s
(see 6.30):

Tek D hTek; f1if1 C � � � C hTek; fmifm:

Thus the entry in row j , column k, of M.T / is hTek; fj i.
Replacing T with T � and interchanging the roles played by the e’s and

f ’s, we see that the entry in row j , column k, of M.T �/ is hT �fk; ej i,
which equals hfk; Tej i, which equals hTej ; fki, which equals the complex
conjugate of the entry in row k, column j , ofM.T /. In other words,M.T �/
is the conjugate transpose ofM.T /.
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Self-Adjoint Operators

Now we switch our attention to operators on inner product spaces. Thus
instead of considering linear maps from V toW, we will be focusing on linear
maps from V to V ; recall that such linear maps are called operators.

7.11 Definition self-adjoint

An operator T 2 L.V / is called self-adjoint if T D T �. In other words,
T 2 L.V / is self-adjoint if and only if

hT v;wi D hv; Twi
for all v;w 2 V.

7.12 Example Suppose T is the operator on F2 whose matrix (with re-
spect to the standard basis) is �

2 b

3 7

�
:

Find all numbers b such that T is self-adjoint.

Solution The operator T is self-adjoint if and only if b D 3 (because
M.T / D M.T �/ if and only if b D 3; recall that M.T �/ is the conjugate
transpose of M.T /—see 7.10).

You should verify that the sum of two self-adjoint operators is self-adjoint
and that the product of a real scalar and a self-adjoint operator is self-adjoint.

Some mathematicians use the term
Hermitian instead of self-adjoint,
honoring French mathematician
Charles Hermite, who in 1873 pub-
lished the first proof that e is not a
zero of any polynomial with integer
coefficients.

A good analogy to keep in mind (es-
pecially when F D C) is that the adjoint
on L.V / plays a role similar to complex
conjugation on C. A complex number
z is real if and only if z D Nz; thus a self-
adjoint operator (T D T �) is analogous
to a real number.

We will see that the analogy discussed above is reflected in some important
properties of self-adjoint operators, beginning with eigenvalues in the next
result.

If F D R, then by definition every eigenvalue is real, so the next result is
interesting only when F D C.
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7.13 Eigenvalues of self-adjoint operators are real

Every eigenvalue of a self-adjoint operator is real.

Proof Suppose T is a self-adjoint operator on V. Let � be an eigenvalue of
T, and let v be a nonzero vector in V such that T v D �v. Then

�kvk2 D h�v; vi D hT v; vi D hv; T vi D hv; �vi D N�kvk2:

Thus � D N�, which means that � is real, as desired.

The next result is false for real inner product spaces. As an example,
consider the operator T 2 L.R2/ that is a counterclockwise rotation of 90ı
around the origin; thus T .x; y/ D .�y; x/. Obviously T v is orthogonal to v
for every v 2 R2, even though T ¤ 0.

7.14 Over C, T v is orthogonal to v for all v only for the 0 operator

Suppose V is a complex inner product space and T 2 L.V /. Suppose

hT v; vi D 0

for all v 2 V. Then T D 0.

Proof We have

hT u;wi D hT .u C w/; u C wi � hT .u � w/; u � wi
4

C hT .u C iw/; u C iwi � hT .u � iw/; u � iwi
4

i

for all u;w 2 V, as can be verified by computing the right side. Note that
each term on the right side is of the form hT v; vi for appropriate v 2 V. Thus
our hypothesis implies that hT u;wi D 0 for all u;w 2 V. This implies that
T D 0 (take w D T u).

The next result provides another ex-
ample of how self-adjoint opera-
tors behave like real numbers.

The next result is false for real inner
product spaces, as shown by consider-
ing any operator on a real inner product
space that is not self-adjoint.
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7.15 Over C, hT v; vi is real for all v only for self-adjoint operators

Suppose V is a complex inner product space and T 2 L.V /. Then T is
self-adjoint if and only if

hT v; vi 2 R

for every v 2 V.

Proof Let v 2 V. Then

hT v; vi�hT v; vi D hT v; vi�hv; T vi D hT v; vi�hT �v; vi D h.T �T �/v; vi:
If hT v; vi 2 R for every v 2 V, then the left side of the equation above equals
0, so h.T � T �/v; vi D 0 for every v 2 V. This implies that T � T � D 0 (by
7.14). Hence T is self-adjoint.

Conversely, if T is self-adjoint, then the right side of the equation above
equals 0, so hT v; vi D hT v; vi for every v 2 V. This implies that hT v; vi 2 R

for every v 2 V, as desired.

On a real inner product space V, a nonzero operator T might satisfy
hT v; vi D 0 for all v 2 V. However, the next result shows that this cannot
happen for a self-adjoint operator.

7.16 If T D T � and hT v; vi D 0 for all v, then T D 0

Suppose T is a self-adjoint operator on V such that

hT v; vi D 0

for all v 2 V. Then T D 0.

Proof We have already proved this (without the hypothesis that T is self-
adjoint) when V is a complex inner product space (see 7.14). Thus we can
assume that V is a real inner product space. If u;w 2 V, then

7.17 hT u;wi D hT .u C w/; u C wi � hT .u � w/; u � wi
4

I
this is proved by computing the right side using the equation

hTw; ui D hw; T ui D hT u;wi;
where the first equality holds because T is self-adjoint and the second equality
holds because we are working in a real inner product space.

Each term on the right side of 7.17 is of the form hT v; vi for appropriate v.
Thus hT u;wi D 0 for all u;w 2 V. This implies that T D 0 (take w D T u).
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Normal Operators

7.18 Definition normal

� An operator on an inner product space is called normal if it com-
mutes with its adjoint.

� In other words, T 2 L.V / is normal if

T T � D T �T:

Obviously every self-adjoint operator is normal, because if T is self-adjoint
then T � D T.

7.19 Example Let T be the operator on F2 whose matrix (with respect to
the standard basis) is �

2 �3

3 2

�
:

Show that T is not self-adjoint and that T is normal.

Solution This operator is not self-adjoint because the entry in row 2, column 1
(which equals 3) does not equal the complex conjugate of the entry in row 1,
column 2 (which equals �3).

The matrix of T T � equals�
2 �3

3 2

��
2 3

�3 2

�
; which equals

�
13 0

0 13

�
:

Similarly, the matrix of T �T equals�
2 3

�3 2

��
2 �3

3 2

�
; which equals

�
13 0

0 13

�
:

Because T T � and T �T have the same matrix, we see that T T � D T �T.
Thus T is normal.

The next result implies that
nullT D nullT � for every normal
operator T.

In the next section we will see why
normal operators are worthy of special
attention.

The next result provides a simple
characterization of normal operators.
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7.20 T is normal if and only if kT vk D kT �vk for all v

An operator T 2 L.V / is normal if and only if

kT vk D kT �vk
for all v 2 V.

Proof Let T 2 L.V /. We will prove both directions of this result at the same
time. Note that

T is normal () T �T � T T � D 0

() h.T �T � T T �/v; vi D 0 for all v 2 V

() hT �T v; vi D hT T �v; vi for all v 2 V

() kT vk2 D kT �vk2 for all v 2 V;

where we used 7.16 to establish the second equivalence (note that the operator
T �T � T T � is self-adjoint). The equivalence of the first and last conditions
above gives the desired result.

Compare the next corollary to Exercise 2. That exercise states that the
eigenvalues of the adjoint of each operator are equal (as a set) to the complex
conjugates of the eigenvalues of the operator. The exercise says nothing
about eigenvectors, because an operator and its adjoint may have different
eigenvectors. However, the next corollary implies that a normal operator and
its adjoint have the same eigenvectors.

7.21 For T normal, T and T � have the same eigenvectors

Suppose T 2 L.V / is normal and v 2 V is an eigenvector of T with
eigenvalue �. Then v is also an eigenvector of T � with eigenvalue N�.

Proof Because T is normal, so is T � �I, as you should verify. Using 7.20,
we have

0 D k.T � �I/vk D k.T � �I/�vk D k.T � � N�I/vk:
Hence v is an eigenvector of T � with eigenvalue N�, as desired.

Because every self-adjoint operator is normal, the next result applies in
particular to self-adjoint operators.
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7.22 Orthogonal eigenvectors for normal operators

Suppose T 2 L.V / is normal. Then eigenvectors of T corresponding to
distinct eigenvalues are orthogonal.

Proof Suppose ˛; ˇ are distinct eigenvalues of T, with corresponding eigen-
vectors u; v. Thus T u D ˛u and T v D ˇv. From 7.21 we have T �v D Ňv.
Thus

.˛ � ˇ/hu; vi D h˛u; vi � hu; Ňvi
D hT u; vi � hu; T �vi
D 0:

Because ˛ ¤ ˇ, the equation above implies that hu; vi D 0. Thus u and v are
orthogonal, as desired.

EXERCISES 7.A

1 Suppose n is a positive integer. Define T 2 L.Fn/ by

T .z1; : : : ; zn/ D .0; z1; : : : ; zn�1/:

Find a formula for T �.z1; : : : ; zn/.

2 Suppose T 2 L.V / and � 2 F. Prove that � is an eigenvalue of T if and
only if N� is an eigenvalue of T �.

3 Suppose T 2 L.V / and U is a subspace of V. Prove that U is invariant
under T if and only if U? is invariant under T �.

4 Suppose T 2 L.V;W /. Prove that

(a) T is injective if and only if T � is surjective;

(b) T is surjective if and only if T � is injective.

5 Prove that

dim nullT � D dim nullT C dimW � dimV

and
dim rangeT � D dim rangeT

for every T 2 L.V;W /.
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6 Make P2.R/ into an inner product space by defining

hp; qi D
Z 1

0

p.x/q.x/ dx:

Define T 2 L�P2.R/
�
by T .a0 C a1x C a2x

2/ D a1x.

(a) Show that T is not self-adjoint.

(b) The matrix of T with respect to the basis .1; x; x2/ is0@ 0 0 0

0 1 0

0 0 0

1A :

This matrix equals its conjugate transpose, even though T is not
self-adjoint. Explain why this is not a contradiction.

7 Suppose S; T 2 L.V / are self-adjoint. Prove that ST is self-adjoint if
and only if ST D TS .

8 Suppose V is a real inner product space. Show that the set of self-adjoint
operators on V is a subspace of L.V /.

9 Suppose V is a complex inner product space with V ¤ f0g. Show that
the set of self-adjoint operators on V is not a subspace of L.V /.

10 Suppose dimV � 2. Show that the set of normal operators on V is not a
subspace of L.V /.

11 Suppose P 2 L.V / is such that P 2 D P . Prove that there is a subspace
U of V such that P D PU if and only if P is self-adjoint.

12 Suppose that T is a normal operator on V and that 3 and 4 are eigenvalues
of T. Prove that there exists a vector v 2 V such that kvk D p

2 and
kT vk D 5.

13 Give an example of an operator T 2 L.C4/ such that T is normal but
not self-adjoint.

14 Suppose T is a normal operator on V. Suppose also that v;w 2 V satisfy
the equations

kvk D kwk D 2; T v D 3v; Tw D 4w:

Show that kT .v C w/k D 10.
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15 Fix u; x 2 V. Define T 2 L.V / by

T v D hv; uix
for every v 2 V.

(a) Suppose F D R. Prove that T is self-adjoint if and only if u; x is
linearly dependent.

(b) Prove that T is normal if and only if u; x is linearly dependent.

16 Suppose T 2 L.V / is normal. Prove that

rangeT D rangeT �:

17 Suppose T 2 L.V / is normal. Prove that

nullT k D nullT and rangeT k D rangeT

for every positive integer k.

18 Prove or give a counterexample: If T 2 L.V / and there exists an ortho-
normal basis e1; : : : ; en of V such that kTej k D kT �ej k for each j ,
then T is normal.

19 Suppose T 2 L.C3/ is normal and T .1; 1; 1/ D .2; 2; 2/. Suppose
.z1; z2; z3/ 2 nullT. Prove that z1 C z2 C z3 D 0.

20 Suppose T 2 L.V;W / and F D R. Let ˆV be the isomorphism from V

onto the dual space V 0 given by Exercise 17 in Section 6.B, and let ˆW

be the corresponding isomorphism fromW ontoW 0. Show that ifˆV and
ˆW are used to identify V and W with V 0 and W 0, then T � is identified
with the dual map T 0. More precisely, show that ˆV ı T � D T 0 ı ˆW.

21 Fix a positive integer n. In the inner product space of continuous real-
valued functions on Œ��; �� with inner product

hf; gi D
Z �

��

f .x/g.x/ dx;

let

V D span.1; cos x; cos 2x; : : : ; cosnx; sin x; sin 2x; : : : ; sinnx/:

(a) DefineD 2 L.V / byDf D f 0. Show thatD� D �D. Conclude
that D is normal but not self-adjoint.

(b) Define T 2 L.V / by Tf D f 00. Show that T is self-adjoint.
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7.B The Spectral Theorem
Recall that a diagonal matrix is a square matrix that is 0 everywhere except
possibly along the diagonal. Recall also that an operator on V has a diagonal
matrix with respect to a basis if and only if the basis consists of eigenvectors
of the operator (see 5.41).

The nicest operators on V are those for which there is an orthonormal
basis of V with respect to which the operator has a diagonal matrix. These
are precisely the operators T 2 L.V / such that there is an orthonormal basis
of V consisting of eigenvectors of T. Our goal in this section is to prove the
Spectral Theorem, which characterizes these operators as the normal operators
when F D C and as the self-adjoint operators when F D R. The Spectral
Theorem is probably the most useful tool in the study of operators on inner
product spaces.

Because the conclusion of the Spectral Theorem depends on F, we will
break the Spectral Theorem into two pieces, called the Complex Spectral
Theorem and the Real Spectral Theorem. As is often the case in linear algebra,
complex vector spaces are easier to deal with than real vector spaces. Thus
we present the Complex Spectral Theorem first.

The Complex Spectral Theorem

The key part of the Complex Spectral Theorem (7.24) states that if F D C

and T 2 L.V / is normal, then T has a diagonal matrix with respect to some
orthonormal basis of V. The next example illustrates this conclusion.

7.23 Example Consider the normal operator T 2 L.C2/ from Example
7.19, whose matrix (with respect to the standard basis) is�

2 �3

3 2

�
:

As you can verify, .i;1/p
2
; .�i;1/p

2
is an orthonormal basis of C2 consisting of

eigenvectors of T, and with respect to this basis the matrix of T is the diagonal
matrix �

2 C 3i 0

0 2 � 3i

�
:

In the next result, the equivalence of (b) and (c) is easy (see 5.41). Thus
we prove only that (c) implies (a) and that (a) implies (c).
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7.24 Complex Spectral Theorem

Suppose F D C and T 2 L.V /. Then the following are equivalent:

(a) T is normal.

(b) V has an orthonormal basis consisting of eigenvectors of T.

(c) T has a diagonal matrix with respect to some orthonormal basis
of V.

Proof First suppose (c) holds, so T has a diagonal matrix with respect to
some orthonormal basis of V. The matrix of T � (with respect to the same
basis) is obtained by taking the conjugate transpose of the matrix of T ; hence
T � also has a diagonal matrix. Any two diagonal matrices commute; thus T
commutes with T �, which means that T is normal. In other words, (a) holds.

Now suppose (a) holds, so T is normal. By Schur’s Theorem (6.38),
there is an orthonormal basis e1; : : : ; en of V with respect to which T has an
upper-triangular matrix. Thus we can write

7.25 M�
T; .e1; : : : ; en/

� D

0B@ a1;1 : : : a1;n

: : :
:::

0 an;n

1CA :

We will show that this matrix is actually a diagonal matrix.
We see from the matrix above that

kTe1k2 D ja1;1j2
and

kT �e1k2 D ja1;1j2 C ja1;2j2 C � � � C ja1;nj2:
Because T is normal, kTe1k D kT �e1k (see 7.20). Thus the two equations
above imply that all entries in the first row of the matrix in 7.25, except
possibly the first entry a1;1, equal 0.

Now from 7.25 we see that

kTe2k2 D ja2;2j2
(because a1;2 D 0, as we showed in the paragraph above) and

kT �e2k2 D ja2;2j2 C ja2;3j2 C � � � C ja2;nj2:
Because T is normal, kTe2k D kT �e2k. Thus the two equations above imply
that all entries in the second row of the matrix in 7.25, except possibly the
diagonal entry a2;2, equal 0.

Continuing in this fashion, we see that all the nondiagonal entries in the
matrix 7.25 equal 0. Thus (c) holds.
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The Real Spectral Theorem

We will need a few preliminary results, which apply to both real and complex
inner product spaces, for our proof of the Real Spectral Theorem.

This technique of completing the
square can be used to derive the
quadratic formula.

You could guess that the next result
is true and even discover its proof by
thinking about quadratic polynomials
with real coefficients. Specifically, sup-
pose b; c 2 R and b2 < 4c. Let x be a
real number. Then

x2 C bx C c D
�
x C b

2

�2 C
�
c � b2

4

�
> 0:

In particular, x2 C bx C c is an invertible real number (a convoluted way
of saying that it is not 0). Replacing the real number x with a self-adjoint
operator (recall the analogy between real numbers and self-adjoint operators),
we are led to the result below.

7.26 Invertible quadratic expressions

Suppose T 2 L.V / is self-adjoint and b; c 2 R are such that b2 < 4c.
Then

T 2 C bT C cI

is invertible.

Proof Let v be a nonzero vector in V. Then

h.T 2 C bT C cI /v; vi D hT 2v; vi C bhT v; vi C chv; vi
D hT v; T vi C bhT v; vi C ckvk2

� kT vk2 � jbjkT vkkvk C ckvk2

D
�
kT vk � jbjkvk

2

�2 C
�
c � b2

4

�
kvk2

> 0;

where the third line above holds by the Cauchy–Schwarz Inequality (6.15).
The last inequality implies that .T 2 C bT C cI /v ¤ 0. Thus T 2 C bT C cI

is injective, which implies that it is invertible (see 3.69).

We know that every operator, self-adjoint or not, on a finite-dimensional
nonzero complex vector space has an eigenvalue (see 5.21). Thus the next
result tells us something new only for real inner product spaces.
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7.27 Self-adjoint operators have eigenvalues

Suppose V ¤ f0g and T 2 L.V / is a self-adjoint operator. Then T has
an eigenvalue.

Proof We can assume that V is a real inner product space, as we have already
noted. Let n D dimV and choose v 2 V with v ¤ 0. Then

v; T v; T 2v; : : : ; T nv

cannot be linearly independent, because V has dimension n and we have nC1

vectors. Thus there exist real numbers a0; : : : ; an, not all 0, such that

0 D a0v C a1T v C � � � C anT
nv:

Make the a’s the coefficients of a polynomial, which can be written in factored
form (see 4.17) as

a0 C a1x C � � � C anx
n

D c.x2 C b1x C c1/ � � � .x2 C bMx C cM /.x � �1/ � � � .x � �m/;

where c is a nonzero real number, each bj , cj , and �j is real, each bj
2 is less

than 4cj , m C M � 1, and the equation holds for all real x. We then have

0 D a0v C a1T v C � � � C anT
nv

D .a0I C a1T C � � � C anT
n/v

D c.T 2 C b1T C c1I / � � � .T 2 C bMT C cM I /.T � �1I / � � � .T � �mI /v:

By 7.26, each T 2 C bjT C cj I is invertible. Recall also that c ¤ 0. Thus
the equation above implies that m > 0 and

0 D .T � �1I / � � � .T � �mI /v:

Hence T � �j I is not injective for at least one j . In other words, T has an
eigenvalue.

The next result shows that if U is a subspace of V that is invariant under
a self-adjoint operator T, then U? is also invariant under T. Later we will
show that the hypothesis that T is self-adjoint can be replaced with the weaker
hypothesis that T is normal (see 9.30).
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7.28 Self-adjoint operators and invariant subspaces

Suppose T 2 L.V / is self-adjoint and U is a subspace of V that is
invariant under T. Then

(a) U? is invariant under T ;

(b) T jU 2 L.U / is self-adjoint;

(c) T jU ? 2 L.U?/ is self-adjoint.

Proof To prove (a), suppose v 2 U?. Let u 2 U. Then

hT v; ui D hv; T ui D 0;

where the first equality above holds because T is self-adjoint and the second
equality above holds because U is invariant under T (and hence T u 2 U )
and because v 2 U?. Because the equation above holds for each u 2 U, we
conclude that T v 2 U?. Thus U? is invariant under T, completing the proof
of (a).

To prove (b), note that if u; v 2 U, then

h.T jU /u; vi D hT u; vi D hu; T vi D hu; .T jU /vi:
Thus T jU is self-adjoint.

Now (c) follows from replacing U with U? in (b), which makes sense
by (a).

We can now prove the next result, which is one of the major theorems in
linear algebra.

7.29 Real Spectral Theorem

Suppose F D R and T 2 L.V /. Then the following are equivalent:

(a) T is self-adjoint.

(b) V has an orthonormal basis consisting of eigenvectors of T.

(c) T has a diagonal matrix with respect to some orthonormal basis
of V.
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Proof First suppose (c) holds, so T has a diagonal matrix with respect to
some orthonormal basis of V. A diagonal matrix equals its transpose. Hence
T D T �, and thus T is self-adjoint. In other words, (a) holds.

We will prove that (a) implies (b) by induction on dimV. To get started,
note that if dimV D 1, then (a) implies (b). Now assume that dimV > 1 and
that (a) implies (b) for all real inner product spaces of smaller dimension.

Suppose (a) holds, so T 2 L.V / is self-adjoint. Let u be an eigenvector
of T with kuk D 1 (7.27 guarantees that T has an eigenvector, which can
then be divided by its norm to produce an eigenvector with norm 1). Let
U D span.u/. Then U is a 1-dimensional subspace of V that is invariant
under T. By 7.28(c), the operator T jU ? 2 L.U?/ is self-adjoint.

By our induction hypothesis, there is an orthonormal basis of U? consist-
ing of eigenvectors of T jU ? . Adjoining u to this orthonormal basis of U?
gives an orthonormal basis of V consisting of eigenvectors of T, completing
the proof that (a) implies (b).

We have proved that (c) implies (a) and that (a) implies (b). Clearly (b)
implies (c), completing the proof.

7.30 Example Consider the self-adjoint operator T on R3 whose matrix
(with respect to the standard basis) is0@ 14 �13 8

�13 14 8

8 8 �7

1A :

As you can verify,
.1;�1; 0/p

2
;
.1; 1; 1/p

3
;
.1; 1;�2/p

6

is an orthonormal basis of R3 consisting of eigenvectors of T, and with respect
to this basis, the matrix of T is the diagonal matrix0@ 27 0 0

0 9 0

0 0 �15

1A :

If F D C, then the Complex Spectral Theorem gives a complete descrip-
tion of the normal operators on V. A complete description of the self-adjoint
operators on V then easily follows (they are the normal operators on V whose
eigenvalues all are real; see Exercise 6).

If F D R, then the Real Spectral Theorem gives a complete description
of the self-adjoint operators on V. In Chapter 9, we will give a complete
description of the normal operators on V (see 9.34).
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EXERCISES 7.B

1 True or false (and give a proof of your answer): There exists T 2 L.R3/

such that T is not self-adjoint (with respect to the usual inner product)
and such that there is a basis of R3 consisting of eigenvectors of T.

2 Suppose that T is a self-adjoint operator on a finite-dimensional inner
product space and that 2 and 3 are the only eigenvalues of T. Prove that
T 2 � 5T C 6I D 0.

3 Give an example of an operator T 2 L.C3/ such that 2 and 3 are the
only eigenvalues of T and T 2 � 5T C 6I ¤ 0.

4 Suppose F D C and T 2 L.V /. Prove that T is normal if and only if
all pairs of eigenvectors corresponding to distinct eigenvalues of T are
orthogonal and

V D E.�1; T / ˚ � � � ˚ E.�m; T /;

where �1; : : : ; �m denote the distinct eigenvalues of T.

5 Suppose F D R and T 2 L.V /. Prove that T is self-adjoint if and only
if all pairs of eigenvectors corresponding to distinct eigenvalues of T are
orthogonal and

V D E.�1; T / ˚ � � � ˚ E.�m; T /;

where �1; : : : ; �m denote the distinct eigenvalues of T.

6 Prove that a normal operator on a complex inner product space is self-
adjoint if and only if all its eigenvalues are real.
[The exercise above strengthens the analogy (for normal operators)
between self-adjoint operators and real numbers.]

7 Suppose V is a complex inner product space and T 2 L.V / is a normal
operator such that T 9 D T 8. Prove that T is self-adjoint and T 2 D T.

8 Give an example of an operator T on a complex vector space such that
T 9 D T 8 but T 2 ¤ T.

9 Suppose V is a complex inner product space. Prove that every normal
operator on V has a square root. (An operator S 2 L.V / is called a
square root of T 2 L.V / if S2 D T.)



224 CHAPTER 7 Operators on Inner Product Spaces

10 Give an example of a real inner product space V and T 2 L.V / and real
numbers b; c with b2 < 4c such that T 2 C bT C cI is not invertible.
[The exercise above shows that the hypothesis that T is self-adjoint is
needed in 7.26, even for real vector spaces.]

11 Prove or give a counterexample: every self-adjoint operator on V has a
cube root. (An operator S 2 L.V / is called a cube root of T 2 L.V / if
S3 D T.)

12 Suppose T 2 L.V / is self-adjoint, � 2 F, and 	 > 0. Suppose there
exists v 2 V such that kvk D 1 and

kT v � �vk < 	:

Prove that T has an eigenvalue �0 such that j� � �0j < 	.

13 Give an alternative proof of the Complex Spectral Theorem that avoids
Schur’s Theorem and instead follows the pattern of the proof of the Real
Spectral Theorem.

14 Suppose U is a finite-dimensional real vector space and T 2 L.U /.
Prove that U has a basis consisting of eigenvectors of T if and only if
there is an inner product on U that makes T into a self-adjoint operator.

15 Find the matrix entry below that is covered up.
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7.C Positive Operators and Isometries

Positive Operators

7.31 Definition positive operator

An operator T 2 L.V / is called positive if T is self-adjoint and

hT v; vi � 0

for all v 2 V.

If V is a complex vector space, then the requirement that T is self-adjoint
can be dropped from the definition above (by 7.15).

7.32 Example positive operators

(a) If U is a subspace of V, then the orthogonal projection PU is a positive
operator, as you should verify.

(b) If T 2 L.V / is self-adjoint and b; c 2 R are such that b2 < 4c, then
T 2 C bT C cI is a positive operator, as shown by the proof of 7.26.

7.33 Definition square root

An operator R is called a square root of an operator T if R2 D T.

7.34 Example If T 2 L.F3/ is defined by T .z1; z2; z3/ D .z3; 0; 0/,
then the operator R 2 L.F3/ defined by R.z1; z2; z3/ D .z2; z3; 0/ is a
square root of T.

The positive operators correspond
to the numbers Œ0;1/, so better
terminology would use the term
nonnegative instead of positive.
However, operator theorists consis-
tently call these the positive opera-
tors, so we will follow that custom.

The characterizations of the positive
operators in the next result correspond
to characterizations of the nonnegative
numbers among C. Specifically, a com-
plex number z is nonnegative if and
only if it has a nonnegative square root,
corresponding to condition (c). Also,
z is nonnegative if and only if it has a real square root, corresponding to
condition (d). Finally, z is nonnegative if and only if there exists a complex
number w such that z D Nww, corresponding to condition (e).



226 CHAPTER 7 Operators on Inner Product Spaces

7.35 Characterization of positive operators

Let T 2 L.V /. Then the following are equivalent:

(a) T is positive;

(b) T is self-adjoint and all the eigenvalues of T are nonnegative;

(c) T has a positive square root;

(d) T has a self-adjoint square root;

(e) there exists an operator R 2 L.V / such that T D R�R.

Proof We will prove that (a) ) (b) ) (c) ) (d) ) (e) ) (a).
First suppose (a) holds, so that T is positive. Obviously T is self-adjoint

(by the definition of a positive operator). To prove the other condition in (b),
suppose � is an eigenvalue of T. Let v be an eigenvector of T corresponding
to �. Then

0 � hT v; vi D h�v; vi D �hv; vi:
Thus � is a nonnegative number. Hence (b) holds.

Now suppose (b) holds, so that T is self-adjoint and all the eigenvalues
of T are nonnegative. By the Spectral Theorem (7.24 and 7.29), there is
an orthonormal basis e1; : : : ; en of V consisting of eigenvectors of T. Let
�1; : : : ; �n be the eigenvalues of T corresponding to e1; : : : ; en,; thus each
�j is a nonnegative number. Let R be the linear map from V to V such that

Rej D
q
�j ej

for j D 1; : : : ; n (see 3.5). Then R is a positive operator, as you should verify.
Furthermore, R2ej D �j ej D Tej for each j , which implies that R2 D T.
Thus R is a positive square root of T. Hence (c) holds.

Clearly (c) implies (d) (because, by definition, every positive operator is
self-adjoint).

Now suppose (d) holds, meaning that there exists a self-adjoint operator
R on V such that T D R2. Then T D R�R (because R� D R). Hence (e)
holds.

Finally, suppose (e) holds. Let R 2 L.V / be such that T D R�R. Then
T � D .R�R/� D R�.R�/� D R�R D T. Hence T is self-adjoint. To
complete the proof that (a) holds, note that

hT v; vi D hR�Rv; vi D hRv; Rvi � 0

for every v 2 V. Thus T is positive.
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Some mathematicians also use the
term positive semidefinite opera-
tor, which means the same as posi-
tive operator.

Each nonnegative number has a
unique nonnegative square root. The
next result shows that positive operators
enjoy a similar property.

7.36 Each positive operator has only one positive square root

Every positive operator on V has a unique positive square root.

A positive operator can have in-
finitely many square roots (al-
though only one of them can be
positive). For example, the identity
operator on V has infinitely many
square roots if dimV > 1.

Proof Suppose T 2 L.V / is positive.
Suppose v 2 V is an eigenvector of T.
Thus there exists � � 0 such that T v D
�v.

Let R be a positive square root of T.
We will prove that Rv D p

�v. This
will imply that the behavior of R on the eigenvectors of T is uniquely deter-
mined. Because there is a basis of V consisting of eigenvectors of T (by the
Spectral Theorem), this will imply that R is uniquely determined.

To prove that Rv D p
�v, note that the Spectral Theorem asserts that

there is an orthonormal basis e1; : : : ; en of V consisting of eigenvectors of R.
Because R is a positive operator, all its eigenvalues are nonnegative. Thus
there exist nonnegative numbers �1; : : : ; �n such that Rej D p

�j ej for
j D 1; : : : ; n.

Because e1; : : : ; en is a basis of V, we can write

v D a1e1 C � � � C anen

for some numbers a1; : : : ; an 2 F. Thus

Rv D a1

p
�1e1 C � � � C an

p
�nen

and hence
R2v D a1�1e1 C � � � C an�nen:

But R2 D T, and T v D �v. Thus the equation above implies

a1�e1 C � � � C an�en D a1�1e1 C � � � C an�nen:

The equation above implies that aj .�� �j / D 0 for j D 1; : : : ; n. Hence

v D
X

fj W �j D�g
aj ej ;

and thus
Rv D

X
fj W �j D�g

aj

p
�ej D

p
�v;

as desired.
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Isometries

Operators that preserve norms are sufficiently important to deserve a name:

7.37 Definition isometry

� An operator S 2 L.V / is called an isometry if

kSvk D kvk
for all v 2 V.

� In other words, an operator is an isometry if it preserves norms.

The Greek word isos means equal;
the Greek word metron means
measure. Thus isometry literally
means equal measure.

For example, �I is an isometry
whenever � 2 F satisfies j�j D 1. We
will see soon that if F D C, then the
next example includes all isometries.

7.38 Example Suppose �1; : : : ; �n are scalars with absolute value 1 and
S 2 L.V / satisfies Sej D �j ej for some orthonormal basis e1; : : : ; en of V.
Show that S is an isometry.

Solution Suppose v 2 V. Then

7.39 v D hv; e1ie1 C � � � C hv; enien

and

7.40 kvk2 D jhv; e1ij2 C � � � C jhv; enij2;
where we have used 6.30. Applying S to both sides of 7.39 gives

Sv D hv; e1iSe1 C � � � C hv; eniSen

D �1hv; e1ie1 C � � � C �nhv; enien:

The last equation, along with the equation j�j j D 1, shows that

7.41 kSvk2 D jhv; e1ij2 C � � � C jhv; enij2:
Comparing 7.40 and 7.41 shows that kvk D kSvk. In other words, S is an
isometry.
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An isometry on a real inner product
space is often called an orthogonal
operator. An isometry on a com-
plex inner product space is often
called a unitary operator. We use
the term isometry so that our re-
sults can apply to both real and
complex inner product spaces.

The next result provides several con-
ditions that are equivalent to being an
isometry. The equivalence of (a) and (b)
shows that an operator is an isometry if
and only if it preserves inner products.
The equivalence of (a) and (c) [or (d)]
shows that an operator is an isometry
if and only if the list of columns of its
matrix with respect to every [or some] basis is orthonormal. Exercise 10
implies that in the previous sentence we can replace “columns” with “rows”.

7.42 Characterization of isometries

Suppose S 2 L.V /. Then the following are equivalent:

(a) S is an isometry;

(b) hSu; Svi D hu; vi for all u; v 2 V ;

(c) Se1; : : : ; Sen is orthonormal for every orthonormal list of vectors
e1; : : : ; en in V ;

(d) there exists an orthonormal basis e1; : : : ; en of V such that
Se1; : : : ; Sen is orthonormal;

(e) S�S D I ;

(f) SS� D I ;

(g) S� is an isometry;

(h) S is invertible and S�1 D S�.

Proof First suppose (a) holds, so S is an isometry. Exercises 19 and 20 in
Section 6.A show that inner products can be computed from norms. Because
S preserves norms, this implies that S preserves inner products, and hence
(b) holds. More precisely, if V is a real inner product space, then for every
u; v 2 V we have

hSu; Svi D .kSu C Svk2 � kSu � Svk2/=4

D .kS.u C v/k2 � kS.u � v/k2/=4

D .ku C vk2 � ku � vk2/=4

D hu; vi;
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where the first equality comes from Exercise 19 in Section 6.A, the second
equality comes from the linearity of S , the third equality holds because S is an
isometry, and the last equality again comes from Exercise 19 in Section 6.A.
If V is a complex inner product space, then use Exercise 20 in Section 6.A
instead of Exercise 19 to obtain the same conclusion. In either case, we see
that (b) holds.

Now suppose (b) holds, so S preserves inner products. Suppose that
e1; : : : ; en is an orthonormal list of vectors in V. Then we see that the list
Se1; : : : ; Sen is orthonormal because hSej ; Seki D hej ; eki. Thus (c) holds.

Clearly (c) implies (d).
Now suppose (d) holds. Let e1; : : : ; en be an orthonormal basis of V such

that Se1; : : : ; Sen is orthonormal. Thus

hS�Sej ; eki D hej ; eki
for j; k D 1; : : : ; n [because the term on the left equals hSej ; Seki and
.Se1; : : : ; Sen/ is orthonormal]. All vectors u; v 2 V can be written as
linear combinations of e1; : : : ; en, and thus the equation above implies that
hS�Su; vi D hu; vi. Hence S�S D I ; in other words, (e) holds.

Now suppose (e) holds, so that S�S D I. In general, an operator S need
not commute with S�. However, S�S D I if and only if SS� D I ; this is a
special case of Exercise 10 in Section 3.D. Thus SS� D I, showing that (f)
holds.

Now suppose (f) holds, so SS� D I. If v 2 V, then

kS�vk2 D hS�v; S�vi D hSS�v; vi D hv; vi D kvk2:

Thus S� is an isometry, showing that (g) holds.
Now suppose (g) holds, so S� is an isometry. We know that (a) ) (e) and

(a) ) (f) because we have shown (a) ) (b) ) (c) ) (d) ) (e) ) (f). Using
the implications (a) ) (e) and (a) ) (f) but with S replaced with S� [and
using the equation .S�/� D S], we conclude that SS� D I and S�S D I.
Thus S is invertible and S�1 D S�; in other words, (h) holds.

Now suppose (h) holds, so S is invertible and S�1 D S�. Thus S�S D I.
If v 2 V, then

kSvk2 D hSv; Svi D hS�Sv; vi D hv; vi D kvk2:

Thus S is an isometry, showing that (a) holds.
We have shown (a) ) (b) ) (c) ) (d) ) (e) ) (f) ) (g) ) (h) ) (a),

completing the proof.
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The previous result shows that every isometry is normal [see (a), (e), and
(f) of 7.42]. Thus characterizations of normal operators can be used to give
descriptions of isometries. We do this in the next result in the complex case
and in Chapter 9 in the real case (see 9.36).

7.43 Description of isometries when F D C

Suppose V is a complex inner product space and S 2 L.V /. Then the
following are equivalent:

(a) S is an isometry.

(b) There is an orthonormal basis of V consisting of eigenvectors of S
whose corresponding eigenvalues all have absolute value 1.

Proof We have already shown (see Example 7.38) that (b) implies (a).
To prove the other direction, suppose (a) holds, so S is an isometry. By the

Complex Spectral Theorem (7.24), there is an orthonormal basis e1; : : : ; en

of V consisting of eigenvectors of S . For j 2 f1; : : : ; ng, let �j be the
eigenvalue corresponding to ej . Then

j�j j D k�j ej k D kSej k D kej k D 1:

Thus each eigenvalue of S has absolute value 1, completing the proof.

EXERCISES 7.C

1 Prove or give a counterexample: If T 2 L.V / is self-adjoint and there
exists an orthonormal basis e1; : : : ; en of V such that hTej ; ej i � 0 for
each j , then T is a positive operator.

2 Suppose T is a positive operator on V. Suppose v;w 2 V are such that

T v D w and Tw D v:

Prove that v D w.

3 Suppose T is a positive operator on V and U is a subspace of V invariant
under T. Prove that T jU 2 L.U / is a positive operator on U.

4 Suppose T 2 L.V;W /. Prove that T �T is a positive operator on V and
T T � is a positive operator on W.
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5 Prove that the sum of two positive operators on V is positive.

6 Suppose T 2 L.V / is positive. Prove that T k is positive for every
positive integer k.

7 Suppose T is a positive operator on V. Prove that T is invertible if and
only if

hT v; vi > 0

for every v 2 V with v ¤ 0.

8 Suppose T 2 L.V /. For u; v 2 V, define hu; viT by

hu; viT D hT u; vi:
Prove that h�; �iT is an inner product on V if and only if T is an invertible
positive operator (with respect to the original inner product h�; �i).

9 Prove or disprove: the identity operator on F2 has infinitely many self-
adjoint square roots.

10 Suppose S 2 L.V /. Prove that the following are equivalent:

(a) S is an isometry;
(b) hS�u; S�vi D hu; vi for all u; v 2 V ;
(c) S�e1; : : : ; S

�em is an orthonormal list for every orthonormal list
of vectors e1; : : : ; em in V ;

(d) S�e1; : : : ; S
�en is an orthonormal basis for some orthonormal

basis e1; : : : ; en of V.

11 Suppose T1; T2 are normal operators on L.F3/ and both operators have
2; 5; 7 as eigenvalues. Prove that there exists an isometry S 2 L.F3/

such that T1 D S�T2S .

12 Give an example of two self-adjoint operators T1; T2 2 L.F4/ such that
the eigenvalues of both operators are 2; 5; 7 but there does not exist an
isometry S 2 L.F4/ such that T1 D S�T2S . Be sure to explain why
there is no isometry with the required property.

13 Prove or give a counterexample: if S 2 L.V / and there exists an ortho-
normal basis e1; : : : ; en of V such that kSej k D 1 for each ej , then S

is an isometry.

14 Let T be the second derivative operator in Exercise 21 in Section 7.A.
Show that �T is a positive operator.
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7.D Polar Decomposition and Singular
Value Decomposition

Polar Decomposition

Recall our analogy between C and L.V /. Under this analogy, a complex
number z corresponds to an operator T, and Nz corresponds to T �. The real
numbers (z D Nz) correspond to the self-adjoint operators (T D T �), and the
nonnegative numbers correspond to the (badly named) positive operators.

Another distinguished subset of C is the unit circle, which consists of the
complex numbers z such that jzj D 1. The condition jzj D 1 is equivalent
to the condition Nzz D 1. Under our analogy, this would correspond to the
condition T �T D I, which is equivalent to T being an isometry (see 7.42).
In other words, the unit circle in C corresponds to the isometries.

Continuing with our analogy, note that each complex number z except 0
can be written in the form

z D
� z

jzj
�
jzj D

� z

jzj
�pNzz;

where the first factor, namely, z=jzj, is an element of the unit circle. Our
analogy leads us to guess that each operator T 2 L.V / can be written as an
isometry times

p
T �T . That guess is indeed correct, as we now prove after

defining the obvious notation, which is justified by 7.36.

7.44 Notation
p
T

If T is a positive operator, then
p
T denotes the unique positive square

root of T.

Now we can state and prove the Polar Decomposition, which gives a
beautiful description of an arbitrary operator on V. Note that T �T is a
positive operator for every T 2 L.V /, and thus

p
T �T is well defined.

7.45 Polar Decomposition

Suppose T 2 L.V /. Then there exists an isometry S 2 L.V / such that

T D S
p
T �T :
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Proof If v 2 V, then

kT vk2 D hT v; T vi D hT �T v; vi
D hpT �T

p
T �T v; vi

D hpT �T v;
p
T �T vi

D kp
T �T vk2:

Thus

7.46 kT vk D kp
T �T vk

for all v 2 V.
Define a linear map S1 W range

p
T �T ! rangeT by

7.47 S1.
p
T �T v/ D T v:

The idea of the proof is to extend S1 to an isometry S 2 L.V / such that
T D S

p
T �T . Now for the details.

First we must check that S1 is well defined. To do this, suppose v1; v2 2 V

are such that
p
T �T v1 D p

T �T v2. For the definition given by 7.47 to make
sense, we must show that T v1 D T v2. Note that

kT v1 � T v2k D kT .v1 � v2/k
D kp

T �T .v1 � v2/k
D kp

T �T v1 � p
T �T v2k

D 0;

where the second equality holds by 7.46. The equation above shows that
T v1 D T v2, so S1 is indeed well defined. You should verify that S1 is a
linear map.

We see from 7.47 that S1 maps range
p
T �T onto rangeT. Clearly 7.46

and 7.47 imply that
kS1uk D kuk

for all u 2 range
p
T �T .

The rest of the proof extends S1 to
an isometry S on all of V.

In particular, S1 is injective. Thus
from the Fundamental Theorem of Lin-
ear Maps (3.22), applied to S1, we have

dim range
p
T �T D dim rangeT:
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This implies that dim.range
p
T �T /? D dim.rangeT /? (see 6.50).

Thus orthonormal bases e1; : : : ; em of .range
p
T �T /? and f1; : : : ; fm

of .rangeT /? can be chosen; the key point here is that these two ortho-
normal bases have the same length (denoted m). Now define a linear map
S2 W .rangep

T �T /? ! .rangeT /? by

S2.a1e1 C � � � C amem/ D a1f1 C � � � C amfm:

For all w 2 .range
p
T �T /?, we have kS2wk D kwk (from 6.25).

Now let S be the operator on V that equals S1 on range
p
T �T and equals

S2 on .range
p
T �T /?. More precisely, recall that each v 2 V can be written

uniquely in the form

7.48 v D u C w;

where u 2 range
p
T �T and w 2 .range

p
T �T /? (see 6.47). For v 2 V

with decomposition as above, define Sv by

Sv D S1u C S2w:

For each v 2 V we have

S.
p
T �T v/ D S1.

p
T �T v/ D T v;

so T D S
p
T �T , as desired. All that remains is to show that S is an isometry.

However, this follows easily from two uses of the Pythagorean Theorem: if
v 2 V has decomposition as in 7.48, then

kSvk2 D kS1u C S2wk2 D kS1uk2 C kS2wk2 D kuk2 C kwk2 D kvk2I
the second equality holds because S1u 2 rangeT and S2w 2 .rangeT /?.

The Polar Decomposition (7.45) states that each operator on V is the
product of an isometry and a positive operator. Thus we can write each
operator on V as the product of two operators, each of which comes from
a class that we can completely describe and that we understand reasonably
well. The isometries are described by 7.43 and 9.36; the positive operators
are described by the Spectral Theorem (7.24 and 7.29).

Specifically, consider the case F D C, and suppose T D S
p
T �T is a

Polar Decomposition of an operator T 2 L.V /, where S is an isometry. Then
there is an orthonormal basis of V with respect to which S has a diagonal
matrix, and there is an orthonormal basis of V with respect to which

p
T �T

has a diagonal matrix. Warning: there may not exist an orthonormal basis
that simultaneously puts the matrices of both S and

p
T �T into these nice

diagonal forms. In other words, S may require one orthonormal basis andp
T �T may require a different orthonormal basis.
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Singular Value Decomposition

The eigenvalues of an operator tell us something about the behavior of the
operator. Another collection of numbers, called the singular values, is also
useful. Recall that eigenspaces and the notation E are defined in 5.36.

7.49 Definition singular values

Suppose T 2 L.V /. The singular values of T are the eigenvalues
of

p
T �T , with each eigenvalue � repeated dimE.�;

p
T �T / times.

The singular values of T are all nonnegative, because they are the eigen-
values of the positive operator

p
T �T .

7.50 Example Define T 2 L.F4/ by

T .z1; z2; z3; z4/ D .0; 3z1; 2z2;�3z4/:

Find the singular values of T.

Solution A calculation shows T �T .z1; z2; z3; z4/ D .9z1; 4z2; 0; 9z4/, as
you should verify. Thus

p
T �T .z1; z2; z3; z4/ D .3z1; 2z2; 0; 3z4/;

and we see that the eigenvalues of
p
T �T are 3; 2; 0 and

dimE.3;
p
T �T / D 2; dimE.2;

p
T �T / D 1; dimE.0;

p
T �T / D 1:

Hence the singular values of T are 3; 3; 2; 0.
Note that �3 and 0 are the only eigenvalues of T. Thus in this case, the

collection of eigenvalues did not pick up the number 2 that appears in the
definition (and hence the behavior) of T, but the collection of singular values
does include 2.

Each T 2 L.V / has dimV singular values, as can be seen by applying
the Spectral Theorem and 5.41 [see especially part (e)] to the positive (hence
self-adjoint) operator

p
T �T . For example, the operator T defined in Exam-

ple 7.50 on the four-dimensional vector space F4 has four singular values
(they are 3; 3; 2; 0), as we saw above.

The next result shows that every operator on V has a clean description in
terms of its singular values and two orthonormal bases of V.
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7.51 Singular Value Decomposition

Suppose T 2 L.V / has singular values s1; : : : ; sn. Then there exist
orthonormal bases e1; : : : ; en and f1; : : : ; fn of V such that

T v D s1hv; e1if1 C � � � C snhv; enifn

for every v 2 V.

Proof By the Spectral Theorem applied to
p
T �T , there is an orthonormal

basis e1; : : : ; en of V such that
p
T �T ej D sj ej for j D 1; : : : ; n.

We have
v D hv; e1ie1 C � � � C hv; enien

for every v 2 V (see 6.30). Apply
p
T �T to both sides of this equation,

getting p
T �T v D s1hv; e1ie1 C � � � C snhv; enien

for every v 2 V. By the Polar Decomposition (see 7.45), there is an isometry
S 2 L.V / such that T D S

p
T �T . Apply S to both sides of the equation

above, getting

T v D s1hv; e1iSe1 C � � � C snhv; eniSen

for every v 2 V. For each j , let fj D Sej . Because S is an isometry,
f1; : : : ; fn is an orthonormal basis of V (see 7.42). The equation above now
becomes

T v D s1hv; e1if1 C � � � C snhv; enifn

for every v 2 V, completing the proof.

When we worked with linear maps from one vector space to a second
vector space, we considered the matrix of a linear map with respect to a basis
of the first vector space and a basis of the second vector space. When dealing
with operators, which are linear maps from a vector space to itself, we almost
always use only one basis, making it play both roles.

The Singular Value Decomposition allows us a rare opportunity to make
good use of two different bases for the matrix of an operator. To do this,
suppose T 2 L.V /. Let s1; : : : ; sn denote the singular values of T, and let
e1; : : : ; en and f1; : : : ; fn be orthonormal bases of V such that the Singular
Value Decomposition 7.51 holds. Because Tej D sjfj for each j , we have

M�
T; .e1; : : : ; en/; .f1; : : : ; fn/

� D

0B@ s1 0
: : :

0 sn

1CA :
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In other words, every operator on V has a diagonal matrix with respect
to some orthonormal bases of V, provided that we are permitted to use two
different bases rather than a single basis as customary when working with
operators.

Singular values and the Singular Value Decomposition have many applica-
tions (some are given in the exercises), including applications in computational
linear algebra. To compute numeric approximations to the singular values of
an operator T, first compute T �T and then compute approximations to the
eigenvalues of T �T (good techniques exist for approximating eigenvalues
of positive operators). The nonnegative square roots of these (approximate)
eigenvalues of T �T will be the (approximate) singular values of T. In other
words, the singular values of T can be approximated without computing the
square root of T �T. The next result helps justify working with T �T instead
of

p
T �T .

7.52 Singular values without taking square root of an operator

Suppose T 2 L.V /. Then the singular values of T are the nonnegative
square roots of the eigenvalues of T �T, with each eigenvalue � repeated
dimE.�; T �T / times.

Proof The Spectral Theorem implies that there are an orthonormal basis
e1; : : : ; en and nonnegative numbers �1; : : : ; �n such that T �Tej D �j ej

for j D 1; : : : ; n. It is easy to see that
p
T �T ej D p

�j ej for j D 1; : : : ; n,
which implies the desired result.

EXERCISES 7.D

1 Fix u; x 2 V with u ¤ 0. Define T 2 L.V / by

T v D hv; uix
for every v 2 V. Prove that

p
T �T v D kxk

kukhv; uiu

for every v 2 V.

2 Give an example of T 2 L.C2/ such that 0 is the only eigenvalue of T
and the singular values of T are 5; 0.
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3 Suppose T 2 L.V /. Prove that there exists an isometry S 2 L.V / such
that

T D p
T T � S:

4 Suppose T 2 L.V / and s is a singular value of T. Prove that there exists
a vector v 2 V such that kvk D 1 and kT vk D s.

5 Suppose T 2 L.C2/ is defined by T .x; y/ D .�4y; x/. Find the singu-
lar values of T.

6 Find the singular values of the differentiation operator D 2 P.R2/

defined byDp D p0, where the inner product on P.R2/ is as in Example
6.33.

7 Define T 2 L.F3/ by

T .z1; z2; z3/ D .z3; 2z1; 3z2/:

Find (explicitly) an isometry S 2 L.F3/ such that T D S
p
T �T .

8 Suppose T 2 L.V /, S 2 L.V / is an isometry, and R 2 L.V / is a
positive operator such that T D SR. Prove that R D p

T �T .
[The exercise above shows that if we write T as the product of an isometry
and a positive operator (as in the Polar Decomposition 7.45), then the
positive operator equals

p
T �T .]

9 Suppose T 2 L.V /. Prove that T is invertible if and only if there exists
a unique isometry S 2 L.V / such that T D S

p
T �T .

10 Suppose T 2 L.V / is self-adjoint. Prove that the singular values of T
equal the absolute values of the eigenvalues of T, repeated appropriately.

11 Suppose T 2 L.V /. Prove that T and T � have the same singular values.

12 Prove or give a counterexample: if T 2 L.V /, then the singular values
of T 2 equal the squares of the singular values of T.

13 Suppose T 2 L.V /. Prove that T is invertible if and only if 0 is not a
singular value of T.

14 Suppose T 2 L.V /. Prove that dim rangeT equals the number of
nonzero singular values of T.

15 Suppose S 2 L.V /. Prove that S is an isometry if and only if all the
singular values of S equal 1.
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16 Suppose T1; T2 2 L.V /. Prove that T1 and T2 have the same singular
values if and only if there exist isometries S1; S2 2 L.V / such that
T1 D S1T2S2.

17 Suppose T 2 L.V / has singular value decomposition given by

T v D s1hv; e1if1 C � � � C snhv; enifn

for every v 2 V, where s1; : : : ; sn are the singular values of T and
e1; : : : ; en and f1; : : : ; fn are orthonormal bases of V.

(a) Prove that if v 2 V, then

T �v D s1hv; f1ie1 C � � � C snhv; fnien:

(b) Prove that if v 2 V, then

T �T v D s1
2hv; e1ie1 C � � � C sn

2hv; enien:

(c) Prove that if v 2 V, then
p
T �T v D s1hv; e1ie1 C � � � C snhv; enien:

(d) Suppose T is invertible. Prove that if v 2 V, then

T �1v D hv; f1ie1

s1
C � � � C hv; fnien

sn

for every v 2 V.

18 Suppose T 2 L.V /. Let Os denote the smallest singular value of T, and
let s denote the largest singular value of T.

(a) Prove that Oskvk � kT vk � skvk for every v 2 V.

(b) Suppose � is an eigenvalue of T. Prove that Os � j�j � s.

19 Suppose T 2 L.V /. Show that T is uniformly continuous with respect
to the metric d on V defined by d.u; v/ D ku � vk.

20 Suppose S; T 2 L.V /. Let s denote the largest singular value of S ,
let t denote the largest singular value of T, and let r denote the largest
singular value of S C T. Prove that r � s C t .
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