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Operators on Real Vector Spaces

In the last chapter we learned about the structure of an operator on a finite-
dimensional complex vector space. In this chapter, we will use our results
about operators on complex vector spaces to learn about operators on real
vector spaces.

Our assumptions for this chapter are as follows:

9.1 Notation F, V

� F denotes R or C.

� V denotes a finite-dimensional nonzero vector space over F.

LEARNING OBJECTIVES FOR THIS CHAPTER

complexification of a real vector space

complexification of an operator on a real vector space

operators on finite-dimensional real vector spaces have an
eigenvalue or a 2-dimensional invariant subspace

characteristic polynomial and the Cayley–Hamilton Theorem

description of normal operators on a real inner product space

description of isometries on a real inner product space

© Springer International Publishing 2015
S. Axler, Linear Algebra Done Right, Undergraduate Texts in Mathematics,
DOI 10.1007/978-3-319-11080-6__9

275



276 CHAPTER 9 Operators on Real Vector Spaces

9.A Complexification

Complexification of a Vector Space

As we will soon see, a real vector space V can be embedded, in a natural way,
in a complex vector space called the complexification of V. Each operator
on V can be extended to an operator on the complexification of V. Our
results about operators on complex vector spaces can then be translated to
information about operators on real vector spaces.

We begin by defining the complexification of a real vector space.

9.2 Definition complexification of V, VC

Suppose V is a real vector space.

� The complexification of V, denoted VC , equals V � V. An element
of VC is an ordered pair .u; v/, where u; v 2 V, but we will write
this as u C iv.

� Addition on VC is defined by

.u1 C iv1/ C .u2 C iv2/ D .u1 C u2/ C i.v1 C v2/

for u1; v1; u2; v2 2 V.

� Complex scalar multiplication on VC is defined by

.a C bi/.u C iv/ D .au � bv/ C i.av C bu/

for a; b 2 R and u; v 2 V.

Motivation for the definition above of complex scalar multiplication comes
from usual algebraic properties and the identity i2 D �1. If you remember
the motivation, then you do not need to memorize the definition above.

We think of V as a subset of VC by identifying u 2 V with u C i0.
The construction of VC from V can then be thought of as generalizing the
construction of Cn from Rn.

9.3 VC is a complex vector space.

Suppose V is a real vector space. Then with the definitions of addition
and scalar multiplication as above, VC is a complex vector space.

The proof of the result above is left as an exercise for the reader. Note that
the additive identity of VC is 0 C i0, which we write as just 0.
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Probably everything that you think should work concerning complexifica-
tion does work, usually with a straightforward verification, as illustrated by
the next result.

9.4 Basis of V is basis of VC

Suppose V is a real vector space.

(a) If v1; : : : ; vn is a basis of V (as a real vector space), then v1; : : : ; vn

is a basis of VC (as a complex vector space).

(b) The dimension of VC (as a complex vector space) equals the dimen-
sion of V (as a real vector space).

Proof To prove (a), suppose v1; : : : ; vn is a basis of the real vector space V.
Then span.v1; : : : ; vn/ in the complex vector space VC contains all the vectors
v1; : : : ; vn; iv1; : : : ; ivn. Thus v1; : : : ; vn spans the complex vector space VC .

To show that v1; : : : ; vn is linearly independent in the complex vector
space VC , suppose �1; : : : ; �n 2 C and

�1v1 C � � � C �nvn D 0:

Then the equation above and our definitions imply that

.Re�1/v1 C � � � C .Re�n/vn D 0 and .Im�1/v1 C � � � C .Im�n/vn D 0:

Because v1; : : : ; vn is linearly independent in V, the equations above imply
Re�1 D � � � D Re�n D 0 and Im�1 D � � � D Imn D 0. Thus we have
�1 D � � � D �n D 0. Hence v1; : : : ; vn is linearly independent in VC ,
completing the proof of (a).

Clearly (b) follows immediately from (a).

Complexification of an Operator

Now we can define the complexification of an operator.

9.5 Definition complexification of T, TC

Suppose V is a real vector space and T 2 L.V /. The complexification of
T, denoted TC , is the operator TC 2 L.VC/ defined by

TC.u C iv/ D T u C iT v

for u; v 2 V.



278 CHAPTER 9 Operators on Real Vector Spaces

You should verify that if V is a real vector space and T 2 L.V /, then TC

is indeed in L.VC/. The key point here is that our definition of complex scalar
multiplication can be used to show that TC

�
�.u C iv/

� D �TC.u C iv/ for
all u; v 2 V and all complex numbers �.

The next example gives a good way to think about the complexification of
a typical operator.

9.6 Example Suppose A is an n-by-n matrix of real numbers. Define
T 2 L.Rn/ by T x D Ax, where elements of Rn are thought of as n-by-1
column vectors. Identifying the complexification of Rn with Cn, we then
have TCz D Az for each z 2 Cn, where again elements of Cn are thought of
as n-by-1 column vectors.

In other words, if T is the operator of matrix multiplication by A on Rn,
then the complexification TC is also matrix multiplication byA but now acting
on the larger domain Cn.

The next result makes sense because 9.4 tells us that a basis of a real vector
space is also a basis of its complexification. The proof of the next result
follows immediately from the definitions.

9.7 Matrix of TC equals matrix of T

Suppose V is a real vector space with basis v1; : : : ; vn and T 2 L.V /.
Then M.T / D M.TC/, where both matrices are with respect to the basis
v1; : : : ; vn.

The result above and Example 9.6 provide complete insight into complexi-
fication, because once a basis is chosen, every operator essentially looks like
Example 9.6. Complexification of an operator could have been defined using
matrices, but the approach taken here is more natural because it does not
depend on the choice of a basis.

We know that every operator on a nonzero finite-dimensional complex
vector space has an eigenvalue (see 5.21) and thus has a 1-dimensional in-
variant subspace. We have seen an example [5.8(a)] of an operator on a
nonzero finite-dimensional real vector space with no eigenvalues and thus no
1-dimensional invariant subspaces. However, we now show that an invariant
subspace of dimension 1 or 2 always exists. Notice how complexification
leads to a simple proof of this result.
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9.8 Every operator has an invariant subspace of dimension 1 or 2

Every operator on a nonzero finite-dimensional vector space has an
invariant subspace of dimension 1 or 2.

Proof Every operator on a nonzero finite-dimensional complex vector space
has an eigenvalue (5.21) and thus has a 1-dimensional invariant subspace.

Hence assume V is a real vector space and T 2 L.V /. The complexifica-
tion TC has an eigenvalue a C bi (by 5.21), where a; b 2 R. Thus there exist
u; v 2 V, not both 0, such that TC.u C iv/ D .a C bi/.u C iv/. Using the
definition of TC , the last equation can be rewritten as

T u C iT v D .au � bv/ C .av C bu/i:

Thus
T u D au � bv and T v D av C bu:

Let U equal the span in V of the list u; v. Then U is a subspace of V
with dimension 1 or 2. The equations above show that U is invariant under T,
completing the proof.

The Minimal Polynomial of the Complexification

Suppose V is a real vector space and T 2 L.V /. Repeated application of the
definition of TC shows that

9.9 .TC/
n.u C iv/ D T nu C iT nv

for every positive integer n and all u; v 2 V.
Notice that the next result implies that the minimal polynomial of TC has

real coefficients.

9.10 Minimal polynomial of TC equals minimal polynomial of T

Suppose V is a real vector space and T 2 L.V /. Then the minimal
polynomial of TC equals the minimal polynomial of T.

Proof Let p 2 P.R/ denote the minimal polynomial of T. From 9.9 it is
easy to see that p.TC/ D �

p.T /
�

C
, and thus p.TC/ D 0.

Suppose q 2 P.C/ is a monic polynomial such that q.TC/ D 0. Then�
q.TC/

�
.u/ D 0 for every u 2 V. Letting r denote the polynomial whose j th

coefficient is the real part of the j th coefficient of q, we see that r is a monic
polynomial and r.T / D 0. Thus deg q D deg r � degp.

The conclusions of the two previous paragraphs imply that p is the minimal
polynomial of TC , as desired.
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Eigenvalues of the Complexification

Now we turn to questions about the eigenvalues of the complexification of an
operator. Again, everything that we expect to work indeed works easily.

We begin with a result showing that the real eigenvalues of TC are precisely
the eigenvalues of T. We give two different proofs of this result. The first
proof is more elementary, but the second proof is shorter and gives some
useful insight.

9.11 Real eigenvalues of TC

Suppose V is a real vector space, T 2 L.V /, and � 2 R. Then � is an
eigenvalue of TC if and only if � is an eigenvalue of T.

Proof 1 First suppose � is an eigenvalue of T. Then there exists v 2 V

with v ¤ 0 such that T v D �v. Thus TCv D �v, which shows that � is an
eigenvalue of TC , completing one direction of the proof.

To prove the other direction, suppose now that � is an eigenvalue of TC .
Then there exist u; v 2 V with u C iv ¤ 0 such that

TC.u C iv/ D �.u C iv/:

The equation above implies that T u D �u and T v D �v. Because u ¤ 0 or
v ¤ 0, this implies that � is an eigenvalue of T, completing the proof.

Proof 2 The (real) eigenvalues of T are the (real) zeros of the minimal
polynomial of T (by 8.49). The real eigenvalues of TC are the real zeros of the
minimal polynomial of TC (again by 8.49). These two minimal polynomials
are the same (by 9.10). Thus the eigenvalues of T are precisely the real
eigenvalues of TC , as desired.

Our next result shows that TC behaves symmetrically with respect to an
eigenvalue � and its complex conjugate N�.

9.12 TC � �I and TC � N�I
Suppose V is a real vector space, T 2 L.V /, � 2 C, j is a nonnegative
integer, and u; v 2 V. Then

.TC � �I/j .u C iv/ D 0 if and only if .TC � N�I/j .u � iv/ D 0:
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Proof We will prove this result by induction on j . To get started, note that
if j D 0 then (because an operator raised to the power 0 equals the identity
operator) the result claims that uC iv D 0 if and only if u� iv D 0, which is
clearly true.

Thus assume by induction that j � 1 and the desired result holds for j �1.
Suppose .TC � �I/j .u C iv/ D 0. Then

9.13 .TC � �I/j �1
�
.TC � �I/.u C iv/

� D 0:

Writing � D a C bi , where a; b 2 R, we have

9.14 .TC � �I/.u C iv/ D .T u � au C bv/ C i.T v � av � bu/

and

9.15 .TC � N�I/.u � iv/ D .T u � au C bv/ � i.T v � av � bu/:

Our induction hypothesis, 9.13, and 9.14 imply that

.TC � N�I/j �1
�
.T u � au C bv/ � i.T v � av � bu/

� D 0:

Now the equation above and 9.15 imply that .TC � N�I/j .u � iv/ D 0,
completing the proof in one direction.

The other direction is proved by replacing � with N�, replacing v with �v,
and then using the first direction.

An important consequence of the result above is the next result, which
states that if a number is an eigenvalue of TC , then its complex conjugate is
also an eigenvalue of TC .

9.16 Nonreal eigenvalues of TC come in pairs

Suppose V is a real vector space, T 2 L.V /, and � 2 C. Then � is an
eigenvalue of TC if and only if N� is an eigenvalue of TC .

Proof Take j D 1 in 9.12.

By definition, the eigenvalues of an operator on a real vector space are
real numbers. Thus when mathematicians sometimes informally mention the
complex eigenvalues of an operator on a real vector space, what they have in
mind is the eigenvalues of the complexification of the operator.

Recall that the multiplicity of an eigenvalue is defined to be the dimension
of the generalized eigenspace corresponding to that eigenvalue (see 8.24). The
next result states that the multiplicity of an eigenvalue of a complexification
equals the multiplicity of its complex conjugate.
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9.17 Multiplicity of � equals multiplicity of N�
Suppose V is a real vector space, T 2 L.V /, and � 2 C is an eigenvalue
of TC . Then the multiplicity of � as an eigenvalue of TC equals the
multiplicity of N� as an eigenvalue of TC .

Proof Suppose u1 C iv1; : : : ; um C ivm is a basis of the generalized
eigenspace G.�; TC/, where u1; : : : ; um; v1; : : : ; vm 2 V. Then using 9.12,
routine arguments show that u1 � iv1; : : : ; um � ivm is a basis of the gen-
eralized eigenspace G. N�; TC/. Thus both � and N� have multiplicity m as
eigenvalues of TC .

9.18 Example Suppose T 2 L.R3/ is defined by
T .x1; x2; x3/ D .2x1; x2 � x3; x2 C x3/:

The matrix of T with respect to the standard basis of R3 is

0@ 2 0 0

0 1 �1

0 1 1

1A :

As you can verify, 2 is an eigenvalue of T with multiplicity 1 and T has no
other eigenvalues.

If we identify the complexification of R3 with C3, then the matrix of TC

with respect to the standard basis of C3 is the matrix above. As you can
verify, the eigenvalues of TC are 2, 1 C i , and 1 � i , each with multiplicity
1. Thus the nonreal eigenvalues of TC come as a pair, with each the complex
conjugate of the other and with the same multiplicity, as expected by 9.17.

We have seen an example [5.8(a)] of an operator on R2 with no eigenvalues.
The next result shows that no such example exists on R3.

9.19 Operator on odd-dimensional vector space has eigenvalue

Every operator on an odd-dimensional real vector space has an eigenvalue.

Proof Suppose V is a real vector space with odd dimension and T 2 L.V /.
Because the nonreal eigenvalues of TC come in pairs with equal multiplicity
(by 9.17), the sum of the multiplicities of all the nonreal eigenvalues of TC is
an even number.

Because the sum of the multiplicities of all the eigenvalues of TC equals
the (complex) dimension of VC (by Theorem 8.26), the conclusion of the
paragraph above implies that TC has a real eigenvalue. Every real eigenvalue
of TC is also an eigenvalue of T (by 9.11), giving the desired result.
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Characteristic Polynomial of the Complexification

In the previous chapter we defined the characteristic polynomial of an operator
on a finite-dimensional complex vector space (see 8.34). The next result is
a key step toward defining the characteristic polynomial for operators on
finite-dimensional real vector spaces.

9.20 Characteristic polynomial of TC

Suppose V is a real vector space and T 2 L.V /. Then the coefficients of
the characteristic polynomial of TC are all real.

Proof Suppose � is a nonreal eigenvalue of TC with multiplicitym. Then N� is
also an eigenvalue of TC with multiplicitym (by 9.17). Thus the characteristic
polynomial of TC includes factors of .z � �/m and .z � N�/m. Multiplying
together these two factors, we have

.z � �/m.z � N�/m D �
z2 � 2.Re�/z C j�j2�m

:

The polynomial above on the right has real coefficients.
The characteristic polynomial of TC is the product of terms of the form

above and terms of the form .z � t /d , where t is a real eigenvalue of TC with
multiplicity d . Thus the coefficients of the characteristic polynomial of TC

are all real.

Now we can define the characteristic polynomial of an operator on a
finite-dimensional real vector space to be the characteristic polynomial of its
complexification.

9.21 Definition Characteristic polynomial

Suppose V is a real vector space and T 2 L.V /. Then the characteristic
polynomial of T is defined to be the characteristic polynomial of TC .

9.22 Example Suppose T 2 L.R3/ is defined by

T .x1; x2; x3/ D .2x1; x2 � x3; x2 C x3/:

As we noted in 9.18, the eigenvalues of TC are 2, 1 C i , and 1 � i , each with
multiplicity 1. Thus the characteristic polynomial of the complexification TC

is .z � 2/
�
z � .1C i/

��
z � .1� i/

�
, which equals z3 � 4z2 C 6z � 4. Hence

the characteristic polynomial of T is also z3 � 4z2 C 6z � 4.
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In the next result, the eigenvalues of T are all real (because T is an operator
on a real vector space).

9.23 Degree and zeros of characteristic polynomial

Suppose V is a real vector space and T 2 L.V /. Then

(a) the coefficients of the characteristic polynomial of T are all real;

(b) the characteristic polynomial of T has degree dimV ;

(c) the eigenvalues of T are precisely the real zeros of the characteristic
polynomial of T.

Proof Part (a) holds because of 9.20.
Part (b) follows from 8.36(a).
Part (c) holds because the real zeros of the characteristic polynomial of T

are the real eigenvalues of TC [by 8.36(a)], which are the eigenvalues of T
(by 9.11).

In the previous chapter, we proved the Cayley–Hamilton Theorem (8.37)
for complex vector spaces. Now we can also prove it for real vector spaces.

9.24 Cayley–Hamilton Theorem

Suppose T 2 L.V /. Let q denote the characteristic polynomial of T.
Then q.T / D 0.

Proof We have already proved this result when V is a complex vector space.
Thus assume that V is a real vector space.

The complex case of the Cayley–Hamilton Theorem (8.37) implies that
q.TC/ D 0. Thus we also have q.T / D 0, as desired.

9.25 Example Suppose T 2 L.R3/ is defined by

T .x1; x2; x3/ D .2x1; x2 � x3; x2 C x3/:

As we saw in 9.22, the characteristic polynomial of T is z3 � 4z2 C 6z � 4.
Thus the Cayley–Hamilton Theorem implies that T 3 � 4T 2 C 6T � 4I D 0,
which can also be verified by direct calculation.

We can now prove another result that we previously knew only in the
complex case.
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9.26 Characteristic polynomial is a multiple of minimal polynomial

Suppose T 2 L.V /. Then

(a) the degree of the minimal polynomial of T is at most dimV ;

(b) the characteristic polynomial of T is a polynomial multiple of the
minimal polynomial of T.

Proof Part (a) follows immediately from the Cayley–Hamilton Theorem.
Part (b) follows from the Cayley–Hamilton Theorem and 8.46.

EXERCISES 9.A

1 Prove 9.3.

2 Verify that if V is a real vector space and T 2 L.V /, then TC 2 L.VC/.

3 Suppose V is a real vector space and v1; : : : ; vm 2 V. Prove that
v1; : : : ; vm is linearly independent in VC if and only if v1; : : : ; vm is
linearly independent in V.

4 Suppose V is a real vector space and v1; : : : ; vm 2 V. Prove that
v1; : : : ; vm spans VC if and only if v1; : : : ; vm spans V.

5 Suppose that V is a real vector space and S; T 2 L.V /. Show that
.S C T /C D SC C TC and that .�T /C D �TC for every � 2 R.

6 Suppose V is a real vector space and T 2 L.V /. Prove that TC is
invertible if and only if T is invertible.

7 Suppose V is a real vector space and N 2 L.V /. Prove that NC is
nilpotent if and only if N is nilpotent.

8 Suppose T 2 L.R3/ and 5; 7 are eigenvalues of T. Prove that TC has no
nonreal eigenvalues.

9 Prove there does not exist an operator T 2 L.R7/ such that T 2 C T C I

is nilpotent.

10 Give an example of an operator T 2 L.C7/ such that T 2 C T C I

is nilpotent.
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11 Suppose V is a real vector space and T 2 L.V /. Suppose there exist
b; c 2 R such that T 2 C bT C cI D 0. Prove that T has an eigenvalue
if and only if b2 � 4c.

12 Suppose V is a real vector space and T 2 L.V /. Suppose there exist
b; c 2 R such that b2 < 4c and T 2 C bT C cI is nilpotent. Prove that
T has no eigenvalues.

13 Suppose V is a real vector space, T 2 L.V /, and b; c 2 R are such that
b2 < 4c. Prove that null.T 2 C bT C cI /j has even dimension for every
positive integer j .

14 Suppose V is a real vector space with dimV D 8. Suppose T 2 L.V /

is such that T 2 C T C I is nilpotent. Prove that .T 2 C T C I /4 D 0.

15 Suppose V is a real vector space and T 2 L.V / has no eigenvalues.
Prove that every subspace of V invariant under T has even dimension.

16 Suppose V is a real vector space. Prove that there exists T 2 L.V / such
that T 2 D �I if and only if V has even dimension.

17 Suppose V is a real vector space and T 2 L.V / satisfies T 2 D �I.
Define complex scalar multiplication on V as follows: if a; b 2 R, then

.a C bi/v D av C bT v:

(a) Show that the complex scalar multiplication on V defined above
and the addition on V makes V into a complex vector space.

(b) Show that the dimension of V as a complex vector space is half
the dimension of V as a real vector space.

18 Suppose V is a real vector space and T 2 L.V /. Prove that the following
are equivalent:

(a) All the eigenvalues of TC are real.
(b) There exists a basis of V with respect to which T has an upper-

triangular matrix.
(c) There exists a basis of V consisting of generalized eigenvectors

of T.

19 Suppose V is a real vector space with dimV D n and T 2 L.V / is
such that nullT n�2 ¤ nullT n�1. Prove that T has at most two distinct
eigenvalues and that TC has no nonreal eigenvalues.
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9.B Operators on Real Inner Product Spaces
We now switch our focus to the context of inner product spaces. We will give
a complete description of normal operators on real inner product spaces; a
key step in the proof of this result (9.34) requires the result from the previous
section that an operator on a finite-dimensional real vector space has an
invariant subspace of dimension 1 or 2 (9.8).

After describing the normal operators on real inner product spaces, we will
use that result to give a complete description of isometries on such spaces.

Normal Operators on Real Inner Product Spaces

The Complex Spectral Theorem (7.24) gives a complete description of normal
operators on complex inner product spaces. In this subsection we will give a
complete description of normal operators on real inner product spaces.

We begin with a description of the operators on 2-dimensional real inner
product spaces that are normal but not self-adjoint.

9.27 Normal but not self-adjoint operators

Suppose V is a 2-dimensional real inner product space and T 2 L.V /.
Then the following are equivalent:

(a) T is normal but not self-adjoint.

(b) The matrix of T with respect to every orthonormal basis of V has
the form �

a �b

b a

�
;

with b ¤ 0.

(c) The matrix of T with respect to some orthonormal basis of V has
the form �

a �b

b a

�
;

with b > 0.

Proof First suppose (a) holds, so that T is normal but not self-adjoint. Let
e1; e2 be an orthonormal basis of V. Suppose

9.28 M�
T; .e1; e2/

� D
�

a c

b d

�
:
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Then kTe1k2 D a2 C b2 and kT �e1k2 D a2 C c2. Because T is normal,
kTe1k D kT �e1k (see 7.20); thus these equations imply that b2 D c2. Thus
c D b or c D �b. But c ¤ b, because otherwise T would be self-adjoint, as
can be seen from the matrix in 9.28. Hence c D �b, so

9.29 M�
T; .e1; e2/

� D
�

a �b

b d

�
:

The matrix of T � is the transpose of the matrix above. Use matrix multipli-
cation to compute the matrices of T T � and T �T (do it now). Because T is
normal, these two matrices are equal. Equating the entries in the upper-right
corner of the two matrices you computed, you will discover that bd D ab.
Now b ¤ 0, because otherwise T would be self-adjoint, as can be seen from
the matrix in 9.29. Thus d D a, completing the proof that (a) implies (b).

Now suppose (b) holds. We want to prove that (c) holds. Choose an
orthonormal basis e1; e2 of V. We know that the matrix of T with respect to
this basis has the form given by (b), with b ¤ 0. If b > 0, then (c) holds
and we have proved that (b) implies (c). If b < 0, then, as you should verify,
the matrix of T with respect to the orthonormal basis e1;�e2 equals

�
a b�b a

�
,

where �b > 0; thus in this case we also see that (b) implies (c).
Now suppose (c) holds, so that the matrix of T with respect to some

orthonormal basis has the form given in (c) with b > 0. Clearly the matrix
of T is not equal to its transpose (because b ¤ 0). Hence T is not self-adjoint.
Now use matrix multiplication to verify that the matrices of T T � and T �T
are equal. We conclude that T T � D T �T. Hence T is normal. Thus (c)
implies (a), completing the proof.

The next result tells us that a normal operator restricted to an invariant
subspace is normal. This will allow us to use induction on dimV when we
prove our description of normal operators (9.34).

9.30 Normal operators and invariant subspaces

Suppose V is an inner product space, T 2 L.V / is normal, and U is a
subspace of V that is invariant under T. Then

(a) U? is invariant under T ;

(b) U is invariant under T �;

(c) .T jU /� D .T �/jU ;

(d) T jU 2 L.U / and T jU ? 2 L.U?/ are normal operators.
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Proof First we will prove (a). Let e1; : : : ; em be an orthonormal basis
of U. Extend to an orthonormal basis e1; : : : ; em; f1; : : : ; fn of V (this is
possible by 6.35). Because U is invariant under T, each Tej is a linear
combination of e1; : : : ; em. Thus the matrix of T with respect to the basis
e1; : : : ; em; f1; : : : ; fn is of the form

e1 : : : em f1 : : : fn

M.T / D

e1
:::

em

f1
:::

fn

0BBBBBBBB@

A B

0 C

1CCCCCCCCA
I

here A denotes an m-by-m matrix, 0 denotes the n-by-m matrix of all 0’s, B
denotes an m-by-n matrix, C denotes an n-by-n matrix, and for convenience
the basis has been listed along the top and left sides of the matrix.

For each j 2 f1; : : : ; mg, kTej k2 equals the sum of the squares of the
absolute values of the entries in the j th column of A (see 6.25). Hence

9.31
mX

j D1

kTej k2 D the sum of the squares of the absolute
values of the entries of A.

For each j 2 f1; : : : ; mg, kT �ej k2 equals the sum of the squares of the
absolute values of the entries in the j th rows of A and B . Hence

9.32
mX

j D1

kT �ej k2 D the sum of the squares of the absolute
values of the entries of A and B .

Because T is normal, kTej k D kT �ej k for each j (see 7.20); thus

mX
j D1

kTej k2 D
mX

j D1

kT �ej k2:

This equation, along with 9.31 and 9.32, implies that the sum of the squares
of the absolute values of the entries of B equals 0. In other words, B is the
matrix of all 0’s. Thus
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e1 : : : em f1 : : : fn

M.T / D

e1
:::

em

f1
:::

fn

0BBBBBBBB@

A 0

0 C

1CCCCCCCCA
:9.33

This representation shows that Tfk is in the span of f1; : : : ; fn for each k.
Because f1; : : : ; fn is a basis of U?, this implies that T v 2 U? whenever
v 2 U?. In other words, U? is invariant under T, completing the proof of (a).

To prove (b), note thatM.T �/, which is the conjugate transpose ofM.T /,
has a block of 0’s in the lower left corner (becauseM.T /, as given above, has
a block of 0’s in the upper right corner). In other words, each T �ej can be
written as a linear combination of e1; : : : ; em. Thus U is invariant under T �,
completing the proof of (b).

To prove (c), let S D T jU 2 L.U /. Fix v 2 U. Then

hSu; vi D hT u; vi
D hu; T �vi

for all u 2 U. Because T �v 2 U [by (b)], the equation above shows that
S�v D T �v. In other words, .T jU /� D .T �/jU, completing the proof of (c).

To prove (d), note that T commutes with T � (because T is normal) and
that .T jU /� D .T �/jU [by (c)]. Thus T jU commutes with its adjoint and
hence is normal. Interchanging the roles of U and U?, which is justified by
(a), shows that T jU ? is also normal, completing the proof of (d).

Note that if an operator T has a
block diagonal matrix with respect
to some basis, then the entry in
each 1-by-1 block on the diagonal
of this matrix is an eigenvalue of T.

Our next result shows that normal
operators on real inner product spaces
come close to having diagonal matrices.
Specifically, we get block diagonal ma-
trices, with each block having size at
most 2-by-2.

We cannot expect to do better than the next result, because on a real inner
product space there exist normal operators that do not have a diagonal matrix
with respect to any basis. For example, the operator T 2 L.R2/ defined by
T .x; y/ D .�y; x/ is normal (as you should verify) but has no eigenvalues;
thus this particular T does not have even an upper-triangular matrix with
respect to any basis of R2.
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9.34 Characterization of normal operators when F D R

Suppose V is a real inner product space and T 2 L.V /. Then the follow-
ing are equivalent:

(a) T is normal.

(b) There is an orthonormal basis of V with respect to which T has a
block diagonal matrix such that each block is a 1-by-1 matrix or a
2-by-2 matrix of the form �

a �b

b a

�
;

with b > 0.

Proof First suppose (b) holds. With respect to the basis given by (b), the
matrix of T commutes with the matrix of T � (which is the transpose of the
matrix of T ), as you should verify (use Exercise 9 in Section 8.B for the
product of two block diagonal matrices). Thus T commutes with T �, which
means that T is normal, completing the proof that (b) implies (a).

Now suppose (a) holds, so T is normal. We will prove that (b) holds
by induction on dimV. To get started, note that our desired result holds if
dimV D 1 (trivially) or if dimV D 2 [if T is self-adjoint, use the Real
Spectral Theorem (7.29); if T is not self-adjoint, use 9.27].

Now assume that dimV > 2 and that the desired result holds on vector
spaces of smaller dimension. Let U be a subspace of V of dimension 1 that
is invariant under T if such a subspace exists (in other words, if T has an
eigenvector, let U be the span of this eigenvector). If no such subspace exists,
let U be a subspace of V of dimension 2 that is invariant under T (an invariant
subspace of dimension 1 or 2 always exists by 9.8).

If dimU D 1, choose a vector in U with norm 1; this vector will be
an orthonormal basis of U, and of course the matrix of T jU 2 L.U / is a
1-by-1 matrix. If dimU D 2, then T jU 2 L.U / is normal (by 9.30) but not
self-adjoint (otherwise T jU, and hence T, would have an eigenvector by 7.27).
Thus we can choose an orthonormal basis of U with respect to which the
matrix of T jU 2 L.U / has the required form (see 9.27).

Now U? is invariant under T and T jU ? is a normal operator on U?
(by 9.30). Thus by our induction hypothesis, there is an orthonormal basis
of U? with respect to which the matrix of T jU ? has the desired form. Adjoin-
ing this basis to the basis of U gives an orthonormal basis of V with respect
to which the matrix of T has the desired form. Thus (b) holds.
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Isometries on Real Inner Product Spaces

As we will see, the next example is a key building block for isometries on real
inner product spaces. Also, note that the next example shows that an isometry
on R2 may have no eigenvalues.

9.35 Example Let � 2 R. Then the operator on R2 of counterclockwise
rotation (centered at the origin) by an angle of � is an isometry, as is geomet-
rically obvious. The matrix of this operator with respect to the standard basis
is �

cos � � sin �
sin � cos �

�
:

If � is not an integer multiple of � , then no nonzero vector of R2 gets mapped
to a scalar multiple of itself, and hence the operator has no eigenvalues.

The next result shows that every isometry on a real inner product space is
composed of pieces that are rotations on 2-dimensional subspaces, pieces that
equal the identity operator, and pieces that equal multiplication by �1.

9.36 Description of isometries when F D R

Suppose V is a real inner product space and S 2 L.V /. Then the following
are equivalent:

(a) S is an isometry.

(b) There is an orthonormal basis of V with respect to which S has
a block diagonal matrix such that each block on the diagonal is a
1-by-1 matrix containing 1 or �1 or is a 2-by-2 matrix of the form�

cos � � sin �
sin � cos �

�
;

with � 2 .0; �/.

Proof First suppose (a) holds, so S is an isometry. Because S is normal, there
is an orthonormal basis of V with respect to which S has a block diagonal
matrix such that each block is a 1-by-1 matrix or a 2-by-2 matrix of the form

9.37
�

a �b

b a

�
;

with b > 0 (by 9.34).
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If � is an entry in a 1-by-1 matrix along the diagonal of the matrix of S
(with respect to the basis mentioned above), then there is a basis vector ej

such that Sej D �ej . Because S is an isometry, this implies that j�j D 1.
Thus � D 1 or � D �1, because these are the only real numbers with absolute
value 1.

Now consider a 2-by-2 matrix of the form 9.37 along the diagonal of the
matrix of S . There are basis vectors ej ; ej C1 such that

Sej D aej C bej C1:

Thus
1 D kej k2 D kSej k2 D a2 C b2:

The equation above, along with the condition b > 0, implies that there exists
a number � 2 .0; �/ such that a D cos � and b D sin � . Thus the matrix 9.37
has the required form, completing the proof in this direction.

Conversely, now suppose (b) holds, so there is an orthonormal basis of V
with respect to which the matrix of S has the form required by the theorem.
Thus there is a direct sum decomposition

V D U1 ˚ � � � ˚ Um;

where each Uj is a subspace of V of dimension 1 or 2. Furthermore, any two
vectors belonging to distinct U ’s are orthogonal, and each S jUj

is an isometry
mapping Uj into Uj . If v 2 V, we can write

v D u1 C � � � C um;

where each uj is in Uj . Applying S to the equation above and then taking
norms gives

kSvk2 D kSu1 C � � � C Sumk2

D kSu1k2 C � � � C kSumk2

D ku1k2 C � � � C kumk2

D kvk2:

Thus S is an isometry, and hence (a) holds.
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EXERCISES 9.B

1 Suppose S 2 L.R3/ is an isometry. Prove that there exists a nonzero
vector x 2 R3 such that S2x D x.

2 Prove that every isometry on an odd-dimensional real inner product space
has 1 or �1 as an eigenvalue.

3 Suppose V is a real inner product space. Show that

hu C iv; x C iyi D hu; xi C hv; yi C �hv; xi � hu; yi�i
for u; v; x; y 2 V defines a complex inner product on VC .

4 Suppose V is a real inner product space and T 2 L.V / is self-adjoint.
Show that TC is a self-adjoint operator on the inner product space VC

defined by the previous exercise.

5 Use the previous exercise to give a proof of the Real Spectral Theorem
(7.29) via complexification and the Complex Spectral Theorem (7.24).

6 Give an example of an operator T on an inner product space such that T
has an invariant subspace whose orthogonal complement is not invariant
under T.
[The exercise above shows that 9.30 can fail without the hypothesis that
T is normal.]

7 Suppose T 2 L.V / and T has a block diagonal matrix0B@ A1 0
: : :

0 Am

1CA
with respect to some basis of V. For j D 1; : : : ; m, let Tj be the operator
on V whose matrix with respect to the same basis is a block diagonal
matrix with blocks the same size as in the matrix above, with Aj in the
j th block, and with all the other blocks on the diagonal equal to identity
matrices (of the appropriate size). Prove that T D T1 � � �Tm.

8 Suppose D is the differentiation operator on the vector space V in
Exercise 21 in Section 7.A. Find an orthonormal basis of V such that
the matrix of the normal operator D has the form promised by 9.34.
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