CHAPTER 7
The General Linear Model: The Basics

7.1 Introduction

Consider the following regression equation

y=XpG+u (7.1)
where
Y1 X1 X2 ... Xy b1 uy
Y= 5./2 X = X.21 X.22 X.2k B @2 = u.z
Y. X Xno ... Xk By, Up,

with n denoting the number of observations and k& the number of variables in the regression,
with n > k. In this case, y is a column vector of dimension (nx 1) and X is a matrix of dimension
(n x k). Each column of X denotes a variable and each row of X denotes an observation on
these variables. If y is log(wage) as in the empirical example in Chapter 4, see Table 4.1 then
the columns of X contain a column of ones for the constant (usually the first column), weeks
worked, years of full time experience, years of education, sex, race, marital status, etc.

7.2 Least Squares Estimation

Least squares minimizes the residual sum of squares where the residuals are given by e = y— X E
and 3 denotes a guess on the regression parameters 3. The residual sum of squares

RSS=3Y" el=ce=(y—XB)(y—XB)=yy—yX3—FXy+ XX

The last four terms are scalars as can be verified by their dimensions. It is essential that the
reader keep track of the dimensions of the matrices used. This will insure proper multiplication,
addition, subtraction of matrices and help the reader obtain the right answers. In fact the middle
two terms are the same because the transpose of a scalar is a scalar. For a quick review of some
matrix properties, see the Appendix to this chapter. Differentiating the RSS with respect to
one gets

ORSS/0p = —2X'y +2X' X3 (7.2)

where use is made of the following two rules of differentiating matrices. The first is that
d0a’b/Ob = a and the second is

A(H Ab)/0b = (A + A')b = 2Ab

where the last equality holds if A is a symmetric matrix. In the RSS equation a is ' X and A is
X'X . The first-order condition for minimization equates the expression in (7.2) to zero. This yields
X'Xp = X'y (7.3)
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which is known as the OLS normal equations. As long as X is of full column rank , i.e., of rank £,
then X’X is nonsingular and the solution to the above equations is 3p.¢ = (X'X)"1 X'y, Full
column rank means that no column of X is a perfect linear combination of the other columns.
In other words, no variable in the regression can be obtained from a linear combination of the
other variables. Otherwise, at least one of the OLS normal equations becomes redundant. This
means that we only have (k — 1) linearly independent equations to solve for k unknown ([’s.
This yields no solution for BO s and we say that X’X is singular. X’X is the sum of squares
cross product matrix (SSCP). If it has a column of ones then it will contain the sums, the sum
of squares, and the cross-product sum between any two variables

n S Xio o Y Xk
XX — Y Xip YL XG0 Y XX
S X o XX .. Y XA

Of course y could be added to this matrix as another variable which will generate X'y and
y'y automatically for us, i.e., the column pertaining to the variable y will generate Y " y;,
S XYy Dorq Xikyi, and Y, y2. To see this, let

/ /
vy yX
Z=[y,X] then Z'Z= [X’y XX ]
This matrix summarizes the data and we can compute any regression of one variable in Z on
any subset of the remaining variables in Z using only 7' Z. Denoting the least squares residuals
by e =y — XBorg, the OLS normal equations given in (7.3) can be written as

X'(y — XBors) = X'e =0 (7.4)

Note that if the regression includes a constant, the first column of X will be a vector of ones
and the first equation of (7.4) becomes Y " ;e¢; = 0. This proves the well known result that
if there is a constant in the regression, the OLS residuals sum to zero. Equation (7.4) also
indicates that the regressor matrix X is orthogonal to the residuals vector e. This will become
clear when we define e in terms of the orthogonal projection matrix on X. This representation
allows another interpretation of OLS as a method of moments estimator which was considered
in Chapter 2. This follows from the classical assumptions where X satisfies E(X'u) = 0. The
sample counterpart of this condition yields X’e/n = 0. These are the OLS normal equations
and therefore, yield the OLS estimates without minimizing the residual sums of squares.

Since data in economics are not generated using experiments like the physical sciences, the
X’s are stochastic and we only observe one realization of this data. Consider for example, annual
observations for GNP, money supply, unemployment rate, etc. One cannot repeat draws for this
data in the real world or fix the X’s to generate new y’s (unless one is performing a Monte
Carlo study). So we have to condition on the set of X’s observed, see Chapter 5.

Classical Assumptions: u ~ (0,021,,) which means that (i) each disturbance u; has zero mean,
(ii) constant variance, and (iii) u; and u; for i # j are not correlated. The u’s are known as
spherical disturbances. Also, (iv) the conditional expectation of u given X is zero, E(u/X) = 0.
Note that the conditioning here is with respect to every regressor in X and for all observations
i = 1,2,...n. In other words, it is conditional on all the elements of the matrix X. Using
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(7.1), this implies that E(y/X) = Xf is linear in B, var(u;/X) = % and cov(u;,u;/X) = 0.
Additionally, we assume that plim X’ X/n is finite and positive definite and plim X'u/n =0 as
n — oo.

Given these classical assumptions, and conditioning on the X’s observed, it is easy to show
that BO s is unbiased for . In fact using (7.1) one can write

Bors =B+ (X'X) ™ X'u (7.5)

Taking expectations, conditioning on the X’s, and using assumptions (i) and (iv), one attains
the unbiasedness result. Furthermore, one can derive the variance-covariance matrix of 8519
from (7.5) since

var(Bors) = E(Bors — B)(Bors — B) = B(X'X) ™ X uu/ X (X'X) ™" = a*(X'X)™" (7.6)

this uses assumption (iv) along with the fact that E(uu') = ¢%I,. This variance-covariance
matrix is (k x k) and gives the variances of the 3;’s across the diagonal and the pairwise
covariances of say [3; and 3; off the diagonal. The next theorem shows that among all linear

unbiased estimators of ¢/f3, it is ¢ BO s Which has the smallest variance. This is known as the
Gauss-Markov Theorem.

Theorem 1: Consider the linear estimator a'y for ¢/3, where both a and ¢ are arbitrary vectors
of constants. If a'y is unbiased for ¢/ then var(a’y) > var(¢'Borg)-

Proof: For o’y to be unbiased for ¢/ it must follow from (7.1) that E(a'y) = ' X3+ E(d'u) =
a' X3 = ¢'3 which means that ' X = ¢’ . Also, var(a'y) = E(d'y—c'B)(a'y—c'B) = E(a'uu'a) =
2(1 a. Comparlng this variance with that of ¢ BOLS, one gets var(a'y)— var(c ﬁOLS) =o%da—
2d(X'X)"te. But, ¢ = a’X, therefore this difference becomes o%[a’a — o’ Pxa] = o%a’Pxa

Where Px is a projection matrix on the X-plane defined as X(X'X) !X’ and Py is defined as

I, — Px. In fact, Pxy = XﬂOLS =gand Pxy =y — Pxy = y — 4 = e. So that 7 projects

the vector y on the X-plane and e is the projection of y on the plane orthogonal to X or

perpendicular to X, see Figure 7.1. Both Px and Py are idempotent which means that the
above difference o a’ Pxa is greater or equal to zero since Py is positive semi-definite. To see

this, define z = Pxa, then the above difference is equal to 022’z > 0.

The implications of the theorem are important. It means for example, that for the choice
of ¢ =(1,0,...,0) one can pick 3; = ¢/ for which the best linear unbiased estimator would
be El,OLS = /Boys- Similarly any 3, can be chosen by using ¢ = (0,...,1,...,0) which has
1 in the j-th position and zero elsewhere. Again, the BLUE of 3; = dpB is Ej,OLS = C’BOLS.
Furthermore, any linear combination of these 3’s such as their sum Z§=1 ; which corresponds
tod =(1,1,...,1) has the sum Z?:l Bj,OLS as its BLUE.

The disturbance variance o2 is unknown and has to be estimated. Note that E(u'u) =

E(tr(uu)) = tr(E(uu')) = tr(o%l,) = no?, so that v'u/n seems like a natural unbiased es-

timator for 0. However, u is not observed and is estimated by the OLS residuals e. It is

therefore, natural to investigate E(e’e). In what follows, we show that s = e’e/(n — k) is an
unbiased estimator for 2. To prove this, we need the fact that

e=y—XBors =y — X(X'X) ' X'y = Pxy = Pxu (7.7)
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Figure 7.1 The Orthogonal Decomposition of y

where the last equality follows from the fact that PxX = 0. Hence,
E(e) = E(u'Pxu)= E(tr{u/Pxu}) = E(tr{uu'Px})
tr(o?Px) = o*tr(Px) = o(n — k)
where the second equality follows from the fact that the trace of a scalar is a scalar. The
third equality from the fact that tr(ABC) = tr(CAB). The fourth equality from the fact that
E(trace) = trace{E(.)}, and E(uu') = 0%I,. The last equality from the fact that
tr(Px) = tr(I,) —tr(Px) =n—tr(X(X'X)"1X")
= n—tr(X’'X(X'X) ) =n—tr(Ily) =n—k.
Hence, an unbiased estimator of Var(BOLS) = o?(X'X)" ! is given by s?(X'X)~L.
So far we have shown that 8,1 g is BLUE. It can also be shown that it is consistent for 3. In
fact, taking probability limits of (7.5) as n — oo, one gets

plim(Bpg) = plim(B) + plim(X'X/n)~ (X u/n) = 3

The first equality uses the fact that the plim of a sum is the sum of the plims. The second
equality follows from assumption 1 and the fact that plim of a product is the product of plims.

7.3 Partitioned Regression and the Frisch-Waugh-Lovell Theorem

In Chapter 4, we studied a useful property of least squares which allows us to interpret multiple
regression coefficients as simple regression coefficients. This was called the residualing inter-
pretation of multiple regression coefficients. In general, this property applies whenever the k
regressors given by X can be separated into two sets of variables X7 and X5 of dimension (n x k1)
and (n x k) respectively, with X = [X7, Xs] and k = k; + k2. The regression in equation (7.1)
becomes a partitioned regression given by

y=Xf+u=X10; + X208, +u (7.8)
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One may be interested in the least squares estimates of (35 corresponding to Xy, but one has
to control for the presence of X; which may include seasonal dummy variables or a time trend,
see Frisch and Waugh (1933) and Lovell (1963)!.

The OLS normal equations from (7.8) are as follows:

[X{X1 X;XQ] Brots :[Xiy] (7.9)
XoXh XoXo Ba0Ls X2y

These can be solved by partitioned inversion of the matrix on the left, see the Appendix to this
chapter, or by solving two equations in two unknowns. Problem 2 asks the reader to verify that

Byons = (X5Px, X2) ' X5 Py,y (7.10)

where ]3;9 = I, — Px, and Px, = X1(X]X1)"1X]. Py, is the orthogonal projection matrix of
X7 and Py, Xo generates the least squares resi_duals of each co}umn of X5 regressed on all the
variables in X;. In fact, if we denote by X2 = Px, X3 and y = Px,y, then (7.10) can be written
as

ﬁzom = (X5X5) "' X4y (7.11)

using the fact that Py, is idempotent. This implies that B2,0LS can be obtained from the

regression of y on X,. In words, the residuals from regressing y on X; are in turn regressed
upon the residuals from each column of Xs regressed on all the variables in X;. This was
illustrated in Chapter 4 with some examples. Following Davidson and MacKinnon (1993) we
denote this result more formally as the Frisch-Waugh-Lovell (FWL) Theorem. In fact, if we
premultiply (7.8) by Px, and use the fact that Py, X; = 0, one gets

Px,y = Px, X205 + Px,u (7.12)

The FWL Theorem states that: (1) The least squares estimates of 35 from equations (7.8)
and (7.12) are numerically identical and (2) The least squares residuals from equations (7.8)
and (7.12) are identical.

Using the fact that Py, is idempotent, it immediately follows that, OLS on (7.12) yields B2,0 LS
as given by equation (7.10). Alternatively, one can start from equation (7.8) and use the result
that

y = Pxy+ Pxy = XPBors + Pxy = X181 015 + X2b9.01s + Pxy (7.13)
where Py = X(X'X:)’lX' and Px = I,, — Px. Premultiplying equation (7.13) by X} Py, and
using the fact that Px, X7 = 0, one gets

X5 Px,y = X4Px, XoBy 015 + X5Px, Pxy (7.14)

But, Px, Px = Py,. Hence, Px, Px = Px. Using this fact along with Px X = Px[X1, X3] = 0,
the last term of equation (7.14) drops out yielding the result that 85 o ¢ from (7.14) is identical

to the expression in (7.10). Note that no partitioned inversion was used in this proof. This proves
part (1) of the FWL Theorem.
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Also, premultiplying equation (7.13) by Py, and using the fact that Px, Px = Py, one gets
Ple = PX1X2527OLS + PX’y (715)

Now BZO s was shown to be numerically identical to the least squares estimate obtained from
equation (7.12). Hence, the first term on the right hand side of equation (7.15) must be the
fitted values from equation (7.12). Since the dependent variables are the same in equations
(7.15) and (7.12), Pxy in equation (7.15) must be the least squares residuals from regression
(7.12). But, Pxy is the least squares residuals from regression (7.8). Hence, the least squares
residuals from regressions (7.8) and (7.12) are numerically identical. This proves part (2) of the
FWL Theorem.

Several applications of the FWL Theorem will be given in this book. Problem 2 shows that if
X1 is the vector of ones indicating the presence of a constant in the regression, then regression
(7.15) is equivalent to running (y; —¥) on the set of variables in Xs expressed as deviations from
their respective sample means. Problem 3 shows that the FWL Theorem can be used to prove
that including a dummy variable for one of the observations in the regression is equivalent to
omitting that observation from the regression.

7.4 Maximum Likelihood Estimation

In Chapter 2, we introduced the method of maximum likelihood estimation which is based on
specifying the distribution we are sampling from and writing the joint density of our sample.
This joint density is then referred to as the likelihood function because it gives for a given
set of parameters specifying the distribution, the probability of obtaining the observed sample.
See Chapter 2 for several examples. For the regression equation, specifying the distribution of
the disturbances in turn specifies the likelihood function. These disturbances could be Poisson,
Exponential, Normal, etc. Once this distribution is chosen, the likelihood function is maximized
and the MLE of the regression parameters are obtained. Maximum likelihood estimators are
desirable because they are (1) consistent under fairly general conditions,? (2) asymptotically
normal, (3) asymptotically efficient and (4) invariant to reparameterizations of the model®. Some
of the undesirable properties of MLE are that (1) it requires explicit distributional assumptions
on the disturbances, and (2) their finite sample properties can be quite different from their
asymptotic properties. For example, MLE can be biased even though they are consistent, and
their covariance estimates can be misleading for small samples. In this section, we derive the
MLE under normality of the disturbances.

The Normality Assumption: u ~ N(0,0%I,). This additional assumption allows us to
derive distributions of estimators and other random variables. This is important for constructing
confidence intervals and tests of hypotheses. In fact using (7.5) one can easily see that Sy g is
a linear combination of the w’s. But, a linear combination of normal random variables is itself
a normal random variable. Hence, B¢ is N(83,0%(X'X)~!). Similarly y is N(X3,02%I,) and
e is N(0,02Px). Moreover, we can write the joint probability density function of the u’s as
fug,ug, ... up;02) = (1/2102)" 2exp(—u'u/20%). To get the likelihood function we make the
transformation u = y — X3 and note that the Jacobian of the transformation is one. Hence

f(yla Y2, -5 Yn; ﬁa 0—2) - (1/27r0.2)n/2€xp{_(y - X/B)/(y - X/B)/202} (716)
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Taking the log of this likelihood, we get
logL(8,0%) = —(n/2)log(2m0?) — (y — XB)'(y — XB)/20” (7.17)

Maximizing this likelihood with respect to 3 and o2 one gets the maximum likelihood estimators
(MLE). Let § = 0% and Q = (y — X3)'(y — X3), then

dlogL(B3,0)  2X'y—-2X'Xp
op N 20
OlogL(B,0)  Q n
90 T2 2

Setting these first-order conditions equal to zero, one gets
3 3 D ~2
Bure = Bors and 0 =35y p=Q/n=RSS/n=_¢€e/n.

Intuitively, only the second term in the log likelihood contains (3 and that term (without the
negative sign) has already been minimized with respect to 3 in (7.2) giving us the OLS estimator.
Note that 53, 5 differs from s only in the degrees of freedom. It is clear that 3,,; ;; is unbiased
for 8 while 64,7 5 is not unbiased for o2. Substituting these MLE’s into (7.17) one gets the
maximum value of logl, which is

l0gL(Brrrp 0xre) = —(n/2)log(2n0% 1) — €'¢/2071p
—(n/2)log(2m) — (n/2)log(e’e/n) — n/2
= constant — (n/2)log(e’e).
In order to get the Cramér-Rao lower bound for the unbiased estimators of 3 and o2 one first
computes the information matrix

0?logL/0p03  0*logL/0B00?

2y —
1(8,07) = 0%logL /00208 9PlogL)do00” (7.18)

Recall, that § = 0% and Q = (y — XB)'(y — X3). It is easy to show (see problem 4) that

PlogL(6,0) _ 1 0Q . 9logL(B,0) _ —X'(y— XP)
9500 20298 9008 02
Therefore,
0?logL(3,0) _ —E(X'u) _o
0000 62
Also
?logL(3,0) XX and d?logL(3,0) _H4Q  2n - —Q L n
opos 6 GIE 40 49® 03 202

so that

0%1ogL(3,0) —nf n —2n+4+n -n
b 06? - B -

03 202 202 22
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using the fact that E(Q) = no? = nf. Hence,

X'X/o? 0 ] (7.19)

](5’“2)::{ 0 n/20*

The information matrix is block-diagonal between 8 and ¢2. This is an important property for
regression models with normal disturbances. It implies that the Cramér-Rao lower bound is

a2 X'X)"t 0 }

11(8,0%) = [ 5 i (7.20)

Note that 3 MLE = BO g attains the Cramér-Rao lower bound. Under normality, BO L 1S
MVU (minimum variance unbiased). This is best among all unbiased estimators not only linear
unbiased estimators. By assuming more (in this case normality) we get more (MVU rather than
BLUE)*.

Problem 5 derives the variance of s under normality of the disturbances. This is found to
be 20%/(n — k). This means that s does not attain the Cramér-Rao lower bound. However,
following the theory of complete sufficient statistics one can show that both (,;¢ and s? are
MVU for their respective parameters and therefore both are small sample efficient. Note also
that 63, is biased, therefore it is not meaningful to compare its variance to the Cramér-Rao
lower bound. There is a trade-off between bias and variance in estimating 0. Problem 6 looks
at all estimators of o2 of the type €’e/r and derives 7 such that the mean squared error (MSE)
is minimized. The choice of 7 turns out to be (n —k + 2).

We found the distribution of 3, g, now we derive the distribution of s2. In order to do that
we need a result from matrix algebra, which is stated without proof, see Graybill (1961).

Lemma 1: For every symmetric idempotent matrix A of rank r, there exists an orthogonal
matrix P such that P’AP = J, where J, is a diagonal matrix with the first r elements equal to
one and the rest equal to zero.

We use this lemma to show that the RSS/o? is a chi-squared with (n —k) degrees of freedom.
To see this note that e¢’e/o? = u/Pxu/o? and that Py is symmetric and idempotent of rank
(n—k). Using the lemma there exists a matrix P such that P’ Px P = J,_} is a diagonal matrix
with the first (n — k) elements on the diagonal equal to 1 and the last k elements equal to zero.
Now make the change of variable v = P'u. This makes v ~ N(0,021,) since the v’s are linear
combinations of the u’s and P'P = I,,. Replacing u by v in RSS/c? we get

v'PPxPv/o?® =v'J,_jv/0? = Z?;k vifo®

where the last sum is only over ¢ = 1,2,...,n — k. But, the v’s are independent identically
distributed N (0, 02), hence v?/o? is the square of a standardized N (0, 1) random variable which
is distributed as a x?. Moreover, the sum of independent y? random variables is a x? random
variable with degrees of freedom equal to the sum of the respective degrees of freedom. Hence,
RSS/o? is distributed as x2_,.

The beauty of the above result is that it applies to all quadratic forms v Au where A is
symmetric and idempotent. We will use this result again in the test of hypotheses section.
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7.5 Prediction

Let us now predict T, periods ahead. Those new observations are assumed to satisfy (7.1). In
other words

Yo = Xof + uo (7.21)

What is the Best Linear Unbiased Predictor (BLUP) of E(y,)? From (7.21), E(y,) = X,3 which
is a linear combination of the 3’s. Using the Gauss-Markov result y, = X,65.¢ is BLUE for
X,f3 and the variance of this predictor of E(y,) is Xovar(Bprs) X, = 02Xo(X'X)~1X!. But,
what if we are interested in the predictor for y,? The best predictor of u, is zero, so the predictor
for y, is still g, but its MSE is

E(@o — y0)(Fo — y0)' = E{Xo(Bors — 8) — ueH{Xo(BoLs — ) — 1o}
= X,var(Borg) X, + oI, — 2covi{Xo(Bors — B), Uot (7.22)
= 0?2 X,(X' X)X + o?Ir,

the last equality follows from the fact that (Bprg — ) = (X'X) " X’u and u, have zero co-
variance. The latter holds because u, and v have zero covariance. Intuitively this says that the
future T, disturbances are not correlated with the current sample disturbances.

Therefore, the predictor of the average consumption of a $20,000 income household is the
same as the predictor of consumption of a specific household whose income is $20,000. The
difference is not in the predictor itself but in the MSE attached to it. The latter MSE being
larger.

Salkever (1976) suggested a simple way to compute these forecasts and their standard errors.
The basic idea is to augment the usual regression in (7.1) with a matrix of observation-specific
dummies, i.e., a dummy variable for each period where we want to forecast:

[;j]:[))(( IH[?%H] (7.23)

yr=X"0+u" (7.24)

or

where &' = (#,4'). X* has in its second part a matrix of dummy variables one for each of
the T, periods for which we are forecasting. Since these T, observations do not serve in the
estimation, problem 7 asks the reader to verify that OLS on (7.23) yields § = (B/ﬁ/) where
B = (X'X)"'X'y, ¥ = yo — ¥b, and 3, = X,3. In other words, OLS on (7.23) yields the
OLS estimate of # without the T, observations, and the coefficients of the 7T, dummies are
the forecast errors. This also means that the first n residuals are the usual OLS residuals
e = y — X[ based on the first n observations, whereas the next T, residuals are all zero.
Therefore, s*2 = 52 = €’e/(n — k), and the variance covariance matrix of ¢ is given by

(X'X)"!
I, + Xo(X'X) 71 X))

and the off-diagonal elements are of no interest. This means that the regression package gives
the estimated variance of B and the estimated variance of the forecast error in one stroke. Note
that if the forecasts rather than the forecast errors are needed, one can replace y, by zero, and
I7, by —Ir, in (7.23). The resulting estimate of v will be g, = XOB, as required. The variance
of this forecast will be the same as that given in (7.25), see problem 7.

XX = g2 (7.25)
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7.6 Confidence Intervals and Test of Hypotheses

We start by constructing a confidence interval for any linear combination of 3, say /3. We
know that ¢/Bprg ~ N(¢'3,0%c/ (X' X)71c) and it is a scalar. Hence,

Zobs = (¢ Borg — ¢ B)/o(d (X' X)) e)/? (7.26)

is a standardized N (0, 1) random variable. Replacing o by s is equivalent to dividing z.ps by
the square root of a y? random variable divided by its degrees of freedom. The latter random
variable is (n — k)s?/0% = RSS/o? which was shown to be a x?_,. Problem 8 shows that z,ps
and RSS/o? are independent. This means that

tops = (¢ Bors — ¢ B)/s(c (X' X)e)/? (7.27)

is a N(0,1) random variable divided by the square root of an independent x2 , /(n — k). This
is a t-statistic with (n — k) degrees of freedom. Hence, a 100(1 — «)% confidence interval for ¢/
is

Bows = tayas(c (X' X)Le)/? (7.28)

Example: Let us say we are predicting one year ahead so that T, = 1 and z, is a (1 x k) vector
of next year’s observations on the exogenous variables. The 100(1 — «) confidence interval for
next year’s forecast of y, will be 7, + £, /25(1 + 2! (X' X) " 'a,)/2. Similarly (7.28) allows us to
construct confidence intervals or test any single hypothesis on any single 3; (again by picking
¢ to have 1 in its j-th position and zero elsewhere). In this case we get the usual ¢-statistic
reported in any regression package. More importantly, this allows us to test any hypothesis
concerning any linear combination of the 3’s, e.g., testing that the sum of coefficients of input
variables in a Cobb-Douglas production function is equal to one. This is known as a test for
constant returns to scale, see Chapter 4.

7.7 Joint Confidence Intervals and Test of Hypotheses

We have learned how to test any single hypothesis involving any linear combination of the
(B’s. But what if we are interested in testing two or three or more hypotheses involving linear
combinations of the §’s. For example, testing that 85 = 8, = 0, i.e., that variables X2 and X4
are not significant in the model. This can be written as ¢33 = ¢} = 0 where ¢} is a row vector
of zeros with a one in the j-th position. In order to test these two hypotheses simultaneously,
we rearrange these restrictions on the 3’s in matrix form R3 = 0 where R’ = [c2,¢4]. In a
similar fashion, we can rearrange g restrictions on the (’s into this matrix R which will now be
of dimension (g x k). Also these restrictions need not be of the form R3 = 0 and can be of the
more general form RS = r where r is a (g x 1) vector of constants. For example, 8, + 8 = 1
and 3033 + 208, = 5 are two such restrictions. Since Rf is a collection of linear combinations
of the 3’s, the BLUE of these is R3¢ and the latter is distributed N(R3,0?R(X'X)"'R').
Standardization of the form encountered with the scalar ¢3 gives us the following:

(RBors — RBY[R(X'X) 'R (RBors — RB)/0 (7.29)
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rather than divide by the variance we multiply by its inverse, and since we divided by the
variance rather than the standard deviation we square the numerator which means in vector
form premultiplying by its transpose. Problem 9 replaces the matrix R by the vector ¢’ and
shows that (7.29) reduces to the square of the z-statistic observed in (7.26). This also proves
that the resulting statistic is distributed as x3. But, what is the distribution of (7.29)? The
trick is to write it in terms of the original disturbances, i.e.,

W X (X' X)TIR[RX'X) 'R R(X' X)X u/0? (7.30)
where (RB0; — Rf) is replaced by R(X'X)~'X'u. Note that (7.30) is quadratic in the dis-
turbances u of the form u/Au/o?. Problem 10 shows that A is symmetric and idempotent and
of rank g. Applying the same proof as given below lemma 1 we get the result that (7.30) is
distributed as x2. Again o2 is unobserved, so we divide by (n — k)s*/o? which is x2_,. This
becomes a ratio of two x?’s random variables. If we divide the numerator and denominator y?’s
by their respective degrees of freedom and prove that they are independent (see problem 11)
the resulting statistic

(RBors —r)'[R(X'X) 'R (RBops — 1) /95 (7.31)
is distributed under the null R3 = r as an F(g,n — k).

7.8 Restricted MLE and Restricted Least Squares

Maximizing the likelihood function given in (7.16) subject to R = r is equivalent to minimizing
the residual sum of squares subject to R = r. Forming the Lagrangian function

(6, 1) = (y — XB)(y — XB) + 24 (R — 1) (7.32)
and differentiating with respect to 8 and p one gets

oV(B,p) /08 = —2X"y+2X'XB+2R'n=0 (7.33)

OU(B, 1) O = 2R — 1) = 0 (7.34)
Solving for u1, we premultiply (7.33) by R(X’X)~! and use (7.34)

fi=[RX'X)' R (RBoys — 1) (7.35)
Substituting (7.35) in (7.33) we get

Bris = Pors — (X' X)'R[R(X'X)"'R™ (RBors — 1) (7.36)

The restricted least squares estimator of 3 differs from that of the unrestricted OLS estimator
by the second term in (7.36) with the term in parentheses showing the extent to which the
unrestricted OLS estimator satisfies the constraint. Problem 12 shows that Sppg is biased
unless the restriction B3 = r is satisfied. However, its variance is always less than that of 857 g.
This brings in the trade-off between bias and variance and the MSE criteria which was discussed
in Chapter 2.

The Lagrange Multiplier estimator ji is distributed N(0,0?[R(X'X)1R/]7!) under the null
hypothesis. Therefore, to test = 0, we use

IR(X'X) ' Rji/o* = (RBOLS - T)/[R(X,X)flR/]fl(RBOLS —r)/o” (7.37)

Since p measures the cost of imposing the restriction R = r, it is no surprise that the right
hand side of (7.37) was already encountered in (7.29) and is distributed as x?2.
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7.9 Likelihood Ratio, Wald and Lagrange Multiplier Tests

Before we go into the derivations of these three classical tests for the null hypothesis Hyo; RS = r,
it is important for the reader to review the intuitive graphical explanation of these tests given
in Chapter 2.

The Likelihood Ratio test of Hy; R = r is based upon the ratio A\ = max/, /maxt,,, where
max/,, and max/, are the maximum values of the unrestricted and restricted likelihoods, re-
spectively. Let us assume for simplicity that o is known, then

maxty = (1/270)" *exp{—(y — XBrrzp)' (y — XBarpp)/20%}

where ﬁ MLE = BO 1s- Denoting the unrestricted residual sum of squares by URSS, we have
max/, = (1/2702)" ?exp{—URSS/25?}

Similarly, max/, is given by
maxt, = (1/270%)" 2exp{—(y — XBrarrr) (v — XBrarpe)/20°}

where B RMLE = B rrs- Denoting the restricted residual sum of squares by RRSS, we have
max/, = (1/2r02)" ?exp{—RRSS /25?}

Therefore, —2log\ = (RRSS — URSS)/o?. Let us find the relationship between these residual
sums of squares.

er =y — XPBrrs =Y — XBors — X(Brrs — Bors) =€ — X(Brrs — Pors)  (7.38)
erer = €'e+ (Brrs — Bors) X' X (Brrs — Bors)
where e, denotes the restricted residuals andAe;,e,n the RRSS. The cross-product terms drop out
because X'e = 0. Substituting the value of (Brrg — Borg) from (7.36) into (7.38), we get:

RRSS — URSS = (RBprs — ) [R(X'X) "R Y (RBprs — 1) (7.39)

It is now clear that —2log) is the right hand side of (7.39) divided by o2. In fact, this Likelihood
Ratio (LR) statistic is the same as that given in (7.37) and (7.29). Under the null hypothesis
RpB = r , this was shown to be a X3~

The Wald test of RS = r is based upon the unrestricted estimator and the extent of which it
satisfies the restriction. More formally, if 7(3) = 0 denote the vector of g restrictions on 3 and
R(BMLE) denotes the (g x k) matrix of partial derivatives dr(3)/03 evaluated at Bysrp, then
the Wald statistic is given by

W = r(Barre) [RBrre)I Brre) " RBarpe) ) r(Brre) (7.40)

where I(3) = —FE(0?logL/0303'). In this case, r(3) = R3 —r, R(BMLE) = R and I(BMLE) =
(X'X)/o? as seen in (7.19). Therefore,

W = (RBupp — ) [R(X'X) 'R (RBysppp — 1) /0 (7.41)

which is the same as the LR statistic®.
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The Lagrange Multiplier test is based upon the restricted estimator. In section 7.8, we derived
the restricted estimator and the estimated Lagrange Multiplier zi. The Lagrange Multiplier p is
the cost or shadow price of imposing the restrictions RS = r. If these restrictions are true, one
would expect the estimated Lagrange Multiplier 1z to have mean zero. Therefore, a test for the
null hypothesis that © = 0, is called the LM test and the corresponding test statistic is given
in equation (7.37). Alternatively, one can derive the LM test as a score’ test based on the score
or the first derivative of the log-likelihood function i.e., S(3) = dlogL/9d3. The score is zero for
the unrestricted MLE, and the score test is based upon the departure of S (8), evaluated at the

restricted estimator Bp, 15, from zero. In this case, the score form of the LM statistic is given
by

LM = SBpare)' I Brarrs) ™" SBrarrs) (7.42)
For our model, S(3) = (X'y — X’ X3)/0? and from equation (7.36) we have

S(BruLE) = X’(y—XﬂRyLE)/U2 R
= {X'y— X'XBors + R[R(X'X) 'R (RBoLs —1)}/0”
RIR(X'X) 'R (RBops —7)/0°
Using (7.20), one gets I~ (Brayrp) = 02(X'X) L. Therefore, the score form of the LM test
becomes

LM = (R§OLS - T),[R(X,X)_lR/]_1R(§/X)_lR/[R(X/X)_1R,}_1(REOLS —r)/o”
= (RBors —r)[RX'X)"'R ™ (RBops —1)/0” (7.43)

This is numerically identical to the LM test derived in equation (7.37) and to the W and LR
statistics derived above. Note that S(BRMLE) = R'[i/o? from (7.35), so it is clear why the Score
and the Lagrangian Multiplier tests are identical.

The score form of the LM test can also be obtained as a by-product of an artificial regression.
In fact, S(B) evaluated as 3 RMLE 1s given by

S(@RMLE) = X’(y - XBRMLE)/U2

where y — X ERMLE is the vector of restricted residuals. If Hy is true, then this converges
asymptotically to v and the asymptotic variance of the vector of scores becomes (X'X)/o2.
The score test is then based upon

(Y — XBrure) X(X' X)X (y — XBrapp)/o? (7.44)

This expression is the explained sum of squares from the artificial regression of (y—X B RMLE)/]C
on X. To see that this is exactly identical to the LM test in equation (7.37), recall from equation
(7.33) that R'i = X'(y — XBpryr) and substituting this expression for R’ on the left hand
side of equation (7.37) we get equation (7.44). In practice, o2 is estimated by 3 the Mean
Square Error of the restricted regression. This is an example of the Gauss-Newton Regression
which will be discussed in Chapter 8.

An alternative approach to testing Hy, is to estimate the restricted and unrestricted models
and compute the following F-statistic

(RRSS — URSS)/g

Fo s —
b URSS/(n — k)

(7.45)
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This statistic is known in the econometric literature as the Chow (1960) test and was encoun-
tered in Chapter 4. Note that from equation (7.39), if we divide the numerator by ¢ we get a
X?; statistic divided by its degrees of freedom. Also, using the fact that (n — k)s%/0? is Xi_k,
the denominator divided by o2 is a X?z— .. statistic divided by its degrees of freedom. Problem
11 shows independence of the numerator and denominator and completes the proof that Fy is
distributed F'(g,n — k) under Hy.

Chow’s (1960) Test for Regression Stability
Chow (1960) considered the problem of testing the equality of two sets of regression coefficients
y1 = X168y +ur and y2 = Xof8y + us (7.46)

where X7 is ny X k and X3 is no X k with ny and ny > k. In this case, the unrestricted regression
can be written as

Y1 X1 0 B ] [ uy ]
_ 7.47
MRS @4
under the null hypothesis Hy; 3; = 85 = 3, the restricted model becomes
Y1 X1 uy
= + 7.48
F R a4

The URSS and the RRSS are obtained from these two regressions by stacking the ni + no
observations. It is easy to show that the URSS= €/ e; + e)es where e; is the OLS residuals from
y1 on X1 and es is the OLS residuals from yo on Xs. In other words, the URSS is the sum of two
residual sums of squares from the separate regressions, see problem 13. The Chow F'-statistic
given in equation (7.45) has k and (n1 +ng — 2k) degrees of freedom, respectively. Equivalently,
one can obtain this Chow F-statistic from running

{yl]_[i]ﬁﬁ{)?g](ﬁ?_ﬁlwr[m] (7.49)

Y2 U2

Note that the second set of explanatory variables whose coefficients are (85— (3;) are interaction
variables obtained by multiplying each independent variable in equation (7.48) by a dummy
variable, say Ds, that takes on the value 1 if the observation is from the second regression and
0 if it is from the first regression. A test for Hy; #; = 5 becomes a joint test of significance
for the coefficients of these interaction variables. Gujarati (1970) points out that this dummy
variable approach has the additional advantage of giving the estimates of (85 — (3;) and their
t-statistics. If the Chow F-test rejects stability, these individual interaction dummy variable
coefficients may point to the source of instability. Of course, one has to be careful with the
interpretation of these individual ¢-statistics, after all they can all be insignificant with the joint
F-statistic still being significant, see Maddala (1992).

In case one of the two regressions does not have sufficient observations to estimate a separate
regression say ns < k, then one can proceed by running the regression on the full data set to
get the RRSS. This is the restricted model because the extra no observations are assumed to be
generated by the same regression as the first ny observations. The URSS is the residual sums
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of squares based only on the longer period (n; observations). In this case, the Chow F-statistic
given in equation (7.45) has ny and ny; — k degrees of freedom, respectively. This is known
as Chow’s predictive test since it tests whether the shorter no observations are different from
their predictions using the model with the longer n; observations. This predictive test can be
performed with dummy variables as follows: Introduce ns observation specific dummies, one for
each of the observations in the second regression. Test the joint significance of these no dummy
variables. Salkever’s (1976) result applies and each dummy variable will have as its estimated
coefficient the prediction error with its corresponding standard error and its ¢-statistic. Once,
again, the individual dummies may point out possible outliers, but it is their joint significance
that is under question.

The W, LR and LM Inequality

We have shown that the LR = W = LM for linear restrictions if the log-likelihood is quadratic.
However, this is not necessarily the case for more general situations. In fact, in the next chapter
where we consider more general variance covariance structure on the disturbances, estimating
this variance-covariance matrix destroys this equality and may lead to conflict in hypotheses
testing as noted by Berndt and Savin (1977). In this case, W > LR > LM. See also the
problems at the end of this chapter. The LR, W and LM tests are based on the efficient MLE.
When consistent rather than efficient estimators are used, an alternative way of constructing
the score-type test is known as Neyman’s C'(«). For details, see Bera and Permaratne (2001).

Although, these three tests are asymptotically equivalent, one test may be more convenient
than another for a particular problem. For example, when the model is linear but the restriction
is nonlinear, the unrestricted model is easier to estimate than the restricted model. So the Wald
test suggests itself in that it relies only on the unrestricted estimator. Unfortunately, the Wald
test has a drawback that the LR and LM test do not have. In finite samples, the Wald test is not
invariant to testing two algebraically equivalent formulations of the nonlinear restriction. This
fact has been pointed out in the econometric literature by Gregory and Veall (1985, 1986) and
Lafontaine and White (1986). In what follows, we review some of Gregory and Veall’s (1985)
findings:

Consider the linear regression with two regressors

Yt = By + Brx1e + Bomar + wy (7.50)

where the u;’s are IIN(0, 02), and the nonlinear restriction 3,3y = 1. Two algebraically equiv-
alent formulation of the null hypothesis are: H4; r4(8) = 8, — 1/By = 0, and HEB: rB(B) =
B1B9 —1 = 0. The unrestricted maximum likelihood estimator is 3¢ and the Wald statistic
given in (7.40) is

W =rBoLs) [RBors)V Bors)R Bors)) r(Bors) (7.51)

where ‘A/(BO 1g) is the usual estimated variance-covariance matrix of BO 1g- Problem 19 asks the
reader to verify that the Wald statistics corresponding to H4 and Hp using (7.51) are

WA = (B8, — 1)2/(33’011 + 2012 + U22/B§) (7.52)

and

W5 = (8,85 — 1%/ (Byvrt + 281 Byviz + Brvns) (7.53)
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where the v;;’s are the elements of ‘7(30 rs) fori, j =0,1,2. These Wald statistics are clearly not
identical, and other algebraically equivalent formulations of the null hypothesis can be generated
with correspondingly different Wald statistics. Monte Carlo experiments were performed with
1000 replications on the model given in (7.50) with various values for 3, and 5, and for a
sample size n = 20, 30, 50, 100, 500. The experiments were run when the null hypothesis is true
and when it is false. For n = 20 and (; = 10, 85 = 0.1, so that Hy is satisfied, WA rejects the
null when it is true 293 times out of a 1000, while W2 rejects the null 65 times out of a 1000. At
the 5% level one would expect 50 rejections with a 95% confidence interval [36,64]. Both W4
and WP reject too often but W4 performs worse than W5, When n is increased to 500, W4
rejects 78 times while W% rejects 39 times out of a 1000. W4 still rejects too often although
its performance is better than that for n = 20, while W2 performs well and is within the 95%
confidence region. When n = 20, #; = 1 and 3, = 0.5, so that Hy is not satisfied, WA rejects
the null when it is false 65 times out of a 1000 whereas W2 rejects it 584 times out of a 1000. For
n = 500, both test statistics reject the null in 1000 out of 1000 times. Even in cases where the
empirical sizes of the tests appear similar, see Table 1 of Gregory and Veall (1985), in particular
the case where 3; = 3, = 1, Gregory and Veall find that W# and W2 are in conflict about 5%
of the time for n = 20, and this conflict drops to 0.5% at n = 500. Problem 20 asks the reader
to derive four Wald statistics corresponding to four algebraically equivalent formulations of the
common factor restriction analyzed by Hendry and Mizon (1978). Gregory and Veall (1986)
give Monte Carlo results on the performance of these Wald statistics for various sample sizes.
Once again they find conflict among these tests even when their empirical sizes appear to be
similar. Also, the differences among the Wald statistics are much more substantial, and persist
even when n is as large as 500.
Lafontaine and White (1985) consider a simple regression

y=a+pr+yz+u

where y is log of per capita consumption of textiles, x is log of per capita real income and z is
log of relative prices of textiles, with the data taken from Theil (1971, p. 102). The estimated
equation is:

7= 137 + 1.14z — 0.832
(0.31)  (0.16) (0.04)

with 62 = 0.0001833, and n = 17, with standard errors shown in parentheses. Consider the
null hypothesis Hy: 3 = 1. Algebraically equivalent formulations of Hy are Hy; 5% = 1 for any
exponent k. Applying (7.40) with r(3) = 8¥ — 1 and R(8) = k3*~!, one gets the Wald statistic

Wi = (3" = D2/[(kB" )2V (B)] (7.54)

where B is the OLS estimate of # and V(B)is its corresponding estimated variance. For every k,
Wi has a limiting x? distribution under Hy. The critical values are X1 05 = 3-84 and F1 = 4.6.
The latter is an exact distribution test for § = 1 under Hy. Lafontalne and White (1985) try
different integer exponents (+k) where k = 1,2,3,6, 10, 20,40. Using 3 = 1.14 and V(ﬂ)
(0.16)2 one gets W_o9 = 24.56, W1 = 0.84, and Wyy = 0.12. The authors conclude that one
could get any Wald statistic desired by choosing an appropriate exponent. Since 8 > 1, Wy, is
inversely related to k. So, we can find a W}, that exceeds the critical values given by the y? and
I distributions. In fact, W_qq leads to rejection whereas W7 and Wsy do not reject Hy.
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For testing nonlinear restrictions, the Wald test is easy to compute. However, it has a serious
problem in that it is not invariant to the way the null hypothesis is formulated. In this case,
the score test may be difficult to compute, but Neyman’s C'(«) test is convenient to use and
provide the invariance that is needed, see Dagenais and Dufour (1991).

Notes

1. For example, in a time-series setting, including the time trend in the multiple regression is equiv-
alent to detrending each variable first, by residualing out the effect of time, and then running the
regression on these residuals.

2. Two exceptions noted in Davidson and MacKinnon (1993) are the following: One, if the model
is not identified asymptotically. For example, y, = 8(1/t) + uy for t = 1,2,..., T, will have (1/t)
tend to zero as T' — oo. This means that as the sample size increase, there is no information on £.
Two, if the number of parameters in the model increase as the sample size increase. For example,
the fixed effects model in panel data discussed in Chapter 12.

3. If the MLE of (3 is BMLE, then the MLE of (1/0) is (1/BMLE). Note that this invariance property
implies that MLE cannot be in general unbiased. For example, even if 3,,;  is unbiased for 3, by
the above reparameterization, (1/5,,.5) is not unbiased for (1/3).

4. If the distribution of disturbances is not normal, then OLS is still BLUE as long as the assumptions
underlying the Gauss-Markov Theorem are satisfied. The MLE in this case will be in general more
efficient than OLS as long as the distribution of the errors is correctly specified.

5. Using the Taylor Series approximation of T‘(B wmLp) around the true parameter vector 3, one gets
r(Barne) = r(8)+ R(B)(Bare — B)- Under the null hypothesis, r(8) = 0 and the var[r(8,,1.5)] ~
R(B) var(Byp) R (B).

Problems

1. Invariance of the Fitted Values and Residuals to Nonsingular Transformations of the Independent
Variables. Post-multiply the independent variables in (7.1) by a nonsingular transformation C, so
that X* = XC.

(a) Show that Px~ = Px and Px. = Px. Conclude that the regression of ¥ on X has the same
fitted values and the same residuals as the regression of y on X*.

(b) As an application of these results, suppose that every X was multiplied by a constant, say,
a change in the units of measurement. Would the fitted values or residuals change when we
rerun this regression?

(¢) Suppose that X contains two regressors X; and Xy each of dimension n x 1. If we run the
regression of y on (X; — Xo) and (X; + X3), will this yield the same fitted values and the
same residuals as the original regression of y on X; and X57

2. The FWL Theorem.

(a) Using partitioned inverse results from the Appendix, show that the solution to (7.9) yields
Ba.0Ls given in (7.10).
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(b) Alternatively, write (7.9) as a system of two equations in two unknowns BI,O g and BZO LS
Solve, by eliminating BLOLS and show that the resulting solution is given by (7.10).

(c) Using the FWL Theorem, show that if X; = ¢,, a vector of ones indicating the presence of
the constant in the regression, and X, is a set of economic variables, then (i) 3, o5 can

be obtained by running y; — ¢ on the set of variables in Xo expressed as deviations from
their respective sample means. (ii) The least squares estimate of the constant 3, 5,¢ can

be retrieved as § — Xé@Q,OLS where X = 1/ X5/n is the vector of sample means of the
independent variables in Xs.

3. Let y = XG4+ D;v+u where y isnx 1, X is n x k and D; is a dummy variable that takes the value

1 for the i-th observation and 0 otherw1se Using the FWL Theorem, prove that the least S(luares
estimates of # and v from this regression are BOLS = (X"X*)" X*’y* and Yors = i — TiBorss
where X* denotes the X matrix without the i-th observation and y* is the y vector without
the i-th observation and (y;,z}) denotes the i-th observation on the dependent and independent
variables. This means that 7, ¢ is the forecasted OLS residual from the regression of y* on X*
for the i-th observation which was essentially excluded from the regression by the inclusion of the
dummy variable D;.

Mazimum Likelihood Estimation. Given the log-likelihood in (7.17),

(a) D2erive the first-order conditions for maximization and show that 3 MLE = 30 s and that

(b) Calculate the second derivatives given in (7.18) and verify that the information matrix re-
duces to (7.19).

. Given that u ~ N(0,02%I,), we showed that (n — k)s*/o? ~ x2_,. Use this fact to prove that,

(a) s? is unbiased for o2.
(b) var(s?) = 20*/(n — k). Hint: E(x?) = r and var(x2) = 2r.

. Consider all estimators of o2 of the type &° = e’e/r = u/Pxu/r with u ~ N(0,0%I,).

(a) Find E(63,, ) and the bias(53,, 5).

(b) Find var(63;; ;) and the MSE(53,; 5)-

(c) Compute MSE(5°) and minimize it with respect to . Compare with the MSE of s? and
~2

OMLE:"

. Computing Forecasts and Forecast Standard Errors Using a Regression Package. This is based on

Salkever (1976). From equations (7.23) and (7.24), show that

~ ~/ e ~ o e ~ .

(a) dors = (Bors:Tors) where s = (X'X) ' X"y, and o5 = yo — Xofors- Hint: Set up
the OLS normal equations and solve two equations in two unknowns. Alternatively, one can
use the FWL Theorem to residual out the additional T, dummy variables.

(b) ehrs = (enrs,0') and s*2 = 5%,

(c) s*2(X*X*)~1 is given by the expression in (7.25). Hint: Use partitioned inverse.
(d) Replace y, by 0 and Iz, by —Iz, in (7.23) and show that 5 = 7, = X,3, s whereas all the

results in parts (a), (b) and (¢) remain the same.

(a) Show that COV(BO Ls,€) = 0. (Since both random variables are normally distributed, this
proves their independence).



Problems 169

(b) Show that By ¢ and s2 are independent. Hint: A linear (Bu) and quadratic (u/Au) forms
in normal random variables are independent if BA = 0. See Graybill (1961) Theorem 4.17.

9. (a) Show that if one replaces R by ¢ in (7.29) one gets the square of the z-statistic given in
(7.26).

(b) Show that when we replace 02 by s2, the x? statistic given in part (a) becomes the square
of a t-statistic which is distributed as F(1,n — K). Hint: The square of a N(0,1) is x3. Also
the ratio of two independent y? random variables divided by their degrees of freedom is an
F-statistic with these corresponding degrees of freedom, see Chapter 2.

10. (a) Show that the matrix A defined in (7.30) by u/Au/o? is symmetric, idempotent and of rank
g.
(b) Using the same proof given below lemma 1, show that (7.30) is x;.
11.  (a) Show that the two quadratic forms s> = u/Pyu/(n — k) and that given in (7.30) are inde-

pendent. Hint: Two positive semi-definite quadratic forms v’ Au and v’ Bu are independent
if and only if AB = 0, see Graybill (1961) Theorem 4.10.

(b) Conclude that (7.31) is distributed as an F(g,n — k).
12. Restricted Least Squares.
(a) Show that BRLS given by (7.36) is biased unless RS = r.
(b) Show that the V&I‘(BRLS) = var(A(X'X) "' X'u) where
A=1Ix - (X'’X)'R'[R(X'X) 'R 'R.
Prove that A2 = A, but A’ # A. Conclude that
var(Bpps) =  0?AX'X) 1A = a2 {(X'X)7!
—(X'X)'RIRX'X) 'R 'R(X'X)"1}.
(¢) Show that var(BOLS)— V&I"(BRLS) is a positive semi-definite matrix.
13. The Chow Test.

(a) Show that OLS on (7.47) yields OLS on each equation separately in (7.46). In other words,
Biors = (X1X1)"'X{y; and Bo.oLs = (X5X2) " Xbys.

(b) Show that the residual sum of squares for equation (7.47) is given by RSS; + RSSs, where
RSS; is the residual sum of squares from running y; on X; for i = 1,2.

(¢) Show that the Chow F-statistic can be obtained from (7.49) by testing for the joint signifi-
cance of H,; B9 — 3, = 0.

14. Suppose we would like to test H,; 85 = 0 in the following unrestricted model given also in (7.8)
y=XB+u=X18,+ X208, +u

(a) Using the FWL Theorem, show that the URSS is identical to the residual sum of squares
obtained from Px,y = Px, X235 + Px,u. Conclude that

URSS =y Pxy =y Px,y — y Px, Xa(X}Px, X2) "' X} Px,y.

(b) Show that the numerator of the F-statistic for testing H,; 85 = 0 which is given in (7.45),
is 3y Px, Xo (X5 Px, X2) 1 X, Px,y/ko.
Substituting y = X106, +u under the null hypothesis, show that the above expression reduces
to ulpxng(Xépxng)_lXépxlu/kg.
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()

Let v = X} Px, u, show that if u ~ IIN(0,0?) then v ~ N(0,02X%Px, X5). Conclude that
the numerator of the F-statistic given in part (b) when divided by o2 can be written as
v'[var(v)]~'v/ky where v'[var(v)]~'v is distributed as x7 under H,. Hint: See the discussion
below lemma 1.

Using the result that (n — k)s?/o? ~ x2_, where s? is the URSS/(n — k), show that the
F-statistic given by (7.45) is distributed as F'(ka,n — k) under H,. Hint: You need to show
that u' Py u is independent of the quadratic term given in part (b), see problem 11.

Show that the Wald Test for H,; 8, = 0, given in (7.41), reduces in this case to W =

,@;[R(X’X)*lR’]*lﬁQ/s2 were R = [0,I1,], B, denotes the OLS or equivalently the MLE
of By from the unrestricted model and s? is the corresponding estimate of o? given by
URSS/(n — k). Using partitioned inversion or the FWL Theorem, show that the numerator
of W is ko times the expression in part (b).

Show that the score form of the LM statistic, given in (7.42) and (7.44), can be obtained
as the explained sum of squares from the artificial regression of the restricted residuals
(y— X151 rrs) deflated by § on the matrix of regressors X. In this case, s> = RRSS/(n—ki)
is the Mean Square Error of the restricted regression. In other words, obtain the explained
sum of squares from regressing Px,y/3 on X; and Xy.

15. Iterative Estimation in Partitioned Regression Models. This is based on Fiebig (1995). Consider the
partitioned regression model given in (7.8) and let X5 be a single regressor, call it 25 of dimension
n x 1 so that 3, is a scalar. Consider the following strategy for estimating 3,: Estimate §; from

the shortened regression of y on X;. Regress the residuals from this regression on z9 to yield bél).

(a)

(b)
()

Prove that bgl) is biased.
Now consider the following iterative strategy for re-estimating 3,:

Re-estimate (3; by regressing y — argbgl) on X; to yield bgl). Next iterate according to the
following scheme:

by = (X1 X1) "L X (y — w2b5)

béjﬂ) = (zhay) tab(y — legj)), j=1,2,..

Determine the behavior of the bias of béﬁl) as j increases.

Show that as j increases béj 1 converges to the estimator of (5 obtained by running OLS

on (7.8).

16. Maddala (1992, pp. 120-127). Consider the simple linear regression

Yi=a+p8X;,+u; i=1,2,...,n.

where o and 3 are scalars and u; ~ IIN(0,0?). For H,; 3 = 0,

(a)
(b)

Derive the Likelihood Ratio (LR) statistic and show that it can be written as nlog[1/(1—7?)]
where 72 is the square of the correlation coefficient between X and y.

Derive the Wald (W) statistic for testing H,; 8 = 0. Show that it can be written as nr?/(1—
72). This is the square of the usual t-statistic on 3 with 3,5 = 3.7 ,e2/n used instead of

s? in estimating o2. ﬁ is the unrestricted MLE which is OLS in this case, and the e;’s are

the usual least squares residuals.
Derive the Lagrange Multiplier (LM) statistic for testing H,; 8 = 0. Show that it can be
written as 7. This is the square of the usual t-statistic on § with 5y 0 = Yoy (Yi—Y)%/n

used instead of s2 in estimating 2. The G5y is restricted MLE of o2 (i.e., imposing H,
and maximizing the likelihood with respect to o2).



(d)
()

Problems 171

Show that LM /n = (W/n)/[1 + (W/n)], and LR/n = log[l + (W/n)]. Using the following
inequality « > log(1 + ) > /(1 + ), conclude that W > LR > LM. Hint: Use x = W/n.
For the cigarette consumption data given in Table 3.2, compute the W, LR, LM for the

simple regression of logC' on logP and demonstrate the above inequality given in part (d)
for testing that the price elasticity is zero?

17. Engle (1984, pp. 785-786). Consider a set of T' independent observations on a Bernoulli random
variable which takes on the values y; = 1 with probability 6, and y; = 0 with probability (1 — 6).

(a)
(b)

Derive the log-likelihood function, the MLE of 6, the score S(), and the information I(6).

Compute the LR, W and LM test statistics for testing H,; 0 = 6, versus Ha; 0 # 6, for
0e(0,1).

18. Engle (1984, pp. 787-788). Consider the linear regression model

y=Xf+u=X10,+Xof, +u

given in (7.8), where u ~ N(0,0%Ir).

(a)
(b)

()

(f)

Write down the log-likelihood function, find the MLE of 3 and 2.

Write down the score S(/3) and show that the information matrix is block-diagonal between
3 and 2.

Derive the W, LR and LM test statistics in order to test H,; 8, = (37, versus Ha; 81 # 39,
where [, is say the first k; elements of 5. Show that if X = [X, X5], then

W = (87 = B))[X1 Px, X1](67 — B,)/3”

LM = X,[X]| Px, X, * X|u/5*

LR =T log(u'u/u'u)
where & =y — X3, 4 =y — X3 and 62 = w'u/T, 5 = 'u/T. B is the unrestricted MLE,
whereas (3 is the restricted MLE.
Using the above results, show that

W =T(@W's —u'n)/d'u

LM =T (uW'u—1u'n)/u'a
Also, that LR = T log[1 + (W/T)]; LM = W/[1 + (W/T)}; and (T — k)W/Tky ~ Fi, 7—x
under H,. As in problem 16, we use the inequality x > log(1 4+ ) > x/(1 + x) to conclude
that W > LR > LM. Hint: Use 2 = W/T. However, it is important to note that all the test

statistics are monotonic functions of the F-statistic and exact tests for each would produce
identical critical regions.

For the cigarette consumption data given in Table 3.2, run the following regression:
logC' = a + BlogP + ~logY + u

compute the W, LR, LM given in part (c¢) for the null hypothesis H,; 5 = —1.

Compute the Wald statistics for H'; g = —1, H?,; 8% = —1 and HY; $7% = —1. How do
these statistics compare?

19. Gregory and Veall (1985). Using equation (7.51) and the two formulations of the null hypothe-
sis HA and HP given below (7.50), verify that the Wald statistics corresponding to these two
formulations are those given in (7.52) and (7.53), respectively.
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20. Gregory and Veall (1986). Consider the dynamic equation

Yo = pYi—1 + BT + BoTi—1 + g

where |p| < 1, and u; ~ NID(0,0?). Note that for this equation to be the Cochrane-Orcutt
transformation

Yt — pYe—1 = Pr(xs — pri—1) + us

the following nonlinear restriction must be satisfied —(3,p = 35 called the common factor restric-
tion by Hendry and Mizon (1978). Now consider the following four formulations of this restriction

HA; Bip+ By =0; H?B; B+ (Ba/p) = 0; HC; p+(B2/B1) =0 and HP; (B1p/B2) +1=0.

(a) Using equation (7.51) derive the four Wald statistics corresponding to the four formulations
of the null hypothesis.

(b) Apply these four Wald statistics to the equation relating real personal consumption expen-
ditures to real disposable personal income in the U.S. over the post World War II period
1959-2007, see Table 5.3.

21. Effect of Additional Regressors on R%. This problem was considered in non-matrix form in Chapter
4, problem 4. Regress y on X; which is T' x K7 and compute SSFE;. Add X5 which is T' x K5 so
that the number of regressors in now K = K; + K. Regress y on X = [X7, X5] and get SSEs.
Show that SSFEy < SSE;. Conclude that the corresponding R-squares satisfy R3 > R?. Hint:
Show that Px — Px, is a positive semi-definite matrix.
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Appendix
Some Useful Matrix Properties

This book assumes that the reader has encountered matrices before, and knows how to add, subtract
and multiply conformable matrices. In addition, that the reader is familiar with the transpose, trace,
rank, determinant and inverse of a matrix. Unfamiliar readers should consult standard texts like Bellman
(1970) or Searle (1982). The purpose of this Appendix is to review some useful matrix properties that are
used in the text and provide easy access to these properties. Most of these properties are given without
proof.

Starting with Chapter 7, our data matrix X is organized such that it has n rows and k columns, so
that each row denotes an observation on k variables and each column denotes n observations on one
variable. This matrix is of dimension n x k. The rank of an n x k matrix is always less than or equal
to its smaller dimension. Since n > k, the rank (X) < k. When there is no perfect multicollinearity
among the variables in X, this matrix is said to be of full column rank k. In this case, X’'X, the matrix
of cross-products is of dimension k x k. It is square, symmetric and of full rank k. This uses the fact
that the rank(X’X) = rank(X) = k. Therefore, (X’X) is nonsingular and the inverse (X’X)~! exists.
This is needed for the computation of Ordinary Least Squares. In fact, for least squares to be feasible,
X should be of full column rank k and no variable in X should be a perfect linear combination of the
other variables in X. If we write

where z; denotes the i-th observation, in the data, then X'X = >"" | x;2} where z; is a column vector
of dimension k x 1.
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An important and widely encountered matrix is the Identity matriz which will be denoted by I,, and
subscripted by its dimension n. This is a square n x n matrix whose diagonal elements are all equal to one
and its off diagonal elements are all equal to zero. Also, 021, will be a familiar scalar covariance matriz,
with every diagonal element equal to o2 reflecting homoskedasticity or equal variances (see Chapter 5),
and zero covariances or no serial correlation (see Chapter 5). Let

o3 0
Q = diag[o?] =
0 o2
be an (n x n) diagonal matrix with the i-th diagonal element equal to o2 for i = 1,2, ...,n. This matrix

will be encountered under heteroskedasticity, see Chapter 9. Note that tr(2) = " | 07 is the sum of its
diagonal elements. Also, tr(I,) = n and tr(c%I,) = no?. Another useful matrix is the projection matriz
Px = X(X'X)~1X’ which is of dimension n x n. This matrix is encountered in Chapter 7. If y denotes
the n x 1 vector of observations on the dependent variable, then Pyy generates the predicted values ¥y
from the least squares regression of y on X. This matrix Px is symmetric and idempotent. This means
that Py = Px and P2 = PxPx = Px as can be easily verified. Some of the properties of idempotent
matrices is that their rank is equal to their trace. Hence, rank(Px) = tr(Px) = tr[X(X'X)"1X'] =
tr[ X/ X (X' X Y] = tr(I},) = k.

Here, we used the fact that tr(ABC) = tr(CAB) = tr(BCA). In other words, the trace is unaffected by
the cyclical permutation of the product. Of course, these matrices should be conformable and the product
should result in a square matrix. Note that Py = I,, — Px is also a symmetric and idempotent matrix.
In this case, Pxy =y — Pxy = y — 4 = e where e denotes the least squares residuals, y — X3¢ where
BOLS = (X'X)"1 X"y, see Chapter 7. Some properties of these projection matrices are the following:

PXX:X,PXX:QPXe:e and PXe:0

In fact, X'e = 0 means that the matrix X is orthogonal to the vector of least squares residuals e. Note
that X’e = 0 means that X'(y — XBorg) =0 or X'y = X' XB,1g. These k equations are known as the
OLS normal equations and their solution yields the least squares estimates ﬁo 1s- By the definition of
Px, we have (i) Px + Px = I,,. Also, (ii) Px and Px are idempotent and (iii) Px Px = 0. In fact, any
two of these properties imply the third. The rank(Px) = tr(Px) = tr(I,, — Px) = n — k. Note that Py
and Px are of rank k and (n — k), respectively. Both matrices are not of full column rank. In fact, the
only full rank, symmetric idempotent matrix is the identity matrix.

Matrices not of full rank are singular, and their inverse do not exist. However, one can find a generalized
inverse of a matrix 2 which we will call 2~ which satisfies the following requirements:

(i) QO Q =Q (i) Q QQ =Q~
(iii) Q~Q is symmetric and (iv) QQ~ is symmetric.

Even if € is not square, a unique €2~ can be found for {2 which satisfies the above four properties. This
is called the Moore-Penrose generalized inverse.

Note that a symmetric idempotent matrix is its own Moore-Penrose generalized inverse. For example, it
is easy to verify that if 2 = Px, then 9~ = Px and that it satisfies the above four properties. Idempotent
matrices have characteristic roots that are either zero or one. The number of non-zero characteristic roots
is equal to the rank of this matrix. The characteristic roots of Q2! are the reciprocals of the characteristic
roots of €, but the characteristic vectors of both matrices are the same.

The determinant of a matrix is non-zero if and only if it has full rank. Therefore, if A is singular,
then |[A| = 0. Also, the determinant of a matrix is equal to the product of its characteristic roots.
For two square matrices A and B, the determinant of the product is the product of the determinants
|AB| = |A|-|B|. Therefore, the determinant of 27! is the reciprocal of the determinant of 2. This follows
from the fact that |Q|2~!| = |QQ 1| = |I| = 1. This property is used in writing the likelihood function
for Generalized Least Squares (GLS) estimation, see Chapter 9. The determinant of a triangular matrix
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is equal to the product of its diagonal elements. Of course, it immediately follows that the determinant
of a diagonal matrix is the product of its diagonal elements.

The constant in the regression corresponds to a vector of ones in the matrix of regressors X. This
vector of ones is denoted by ¢,, where n is the dimension of this column vector. Note that ¢/,t, = n and
tnth, = Jn where J, is a matrix of ones of dimension n x n. Note also that J,, is not idempotent, but

Jn = Jp/n is idempotent as can be easily verified. The rank(J,) = tr(J,) = 1. Note also that I,, — J,
is idempotent with rank (n — 1). J,y has a typical element § = >i" | y;/n whereas (I, — J,)y has a
typical element (y; — ). So that .J, is the averaging matrix, whereas premultiplying by (I,, — J,,) results
in deviations from the mean.

For two nonsingular matrices A and B
(AB)"'=pB~'A™!

Also, the transpose of a product of two conformable matrices, (AB)’ = B’A’. In fact, for the product of
three conformable matrices this becomes (ABC) = C'B’A’. The transpose of the inverse is the inverse
of the transpose, i.e., (A7) = (4)~%

The inverse of a partitioned matrix

A A
A =
[ Az As }

is

41— E —EA;pA
— At A B Ay + Ayt Ay BEA Ay

where E = (417 — A12A521A21)_1. Alternatively, it can be expressed as

AL = AT+ A A FAN AL —A A
—FA21A1_11 F

where F' = (Agy — A21A1_11A12)_1. These formulas are used in partitioned regression models, see for
example the Frisch-Waugh Lovell Theorem and the computation of the variance-covariance matrix of
forecasts from a multiple regression in Chapter 7.

An n x n symmetric matrix €2 has n distinct characteristic vectors ¢y, ..., c,. The corresponding n
characteristic roots Ai,..., A, may not be distinct but they are all real numbers. The number of non-
zero characteristic roots of €2 is equal to the rank of 2. The characteristic roots of a positive definite
matrix are positive. The characteristic vectors of the symmetric matrix €2 are orthogonal to each other,
ie., cicj = 0 for i # j and can be made orthonormal with c¢jc; = 1 for i = 1,2,...,n. Hence, the
matrix of characteristic vectors C' = [c1,¢a, ..., ¢,] is an orthogonal matrix, such that CC’ = C'C =1,
with C' = O~ By definition Qc; = \;j¢; or QC = CA where A = diag[)\;]. Premultiplying the last
equation by C’ we get C'QC = C'CA = A. Therefore, the matrix of characteristic vectors C diagonalizes
the symmetric matrix Q. Alternatively, we can write Q@ = CAC’ = "' | X\ic;¢; which is the spectral
decomposition of 2.

A real symmetric n X n matrix € is positive semi-definite if for every n x 1 non-negative vector y, we
have y'Qy > 0. If 4/Qy is strictly positive for any non-zero y then Q is said to be positive definite. A
necessary and sufficient condition for €2 to be positive definite is that all the characteristic roots of {2 are
positive. One important application is the comparison of efficiency of two unbiased estimators of a vector
of parameters (3. In this case, we subtract the variance-covariance matrix of the inefficient estimator from
the more efficient one and show that the resulting difference yields a positive semi-definite matrix, see
the Gauss-Markov Theorem in Chapter 7.

If Q is a symmetric and positive definite matrix, there exists a nonsingular matrix P such that
Q) = PP’. In fact, using the spectral decomposition of § given above, one choice for P = CAY? so
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that Q@ = CAC’ = PP’. This is a useful result which we use in Chapter 9 to obtain Generalized
Least Squares (GLS) as a least squares regression after transforming the original regression model by
P! = (CAY?)~™! = A=Y/2C". In fact, if u ~ (0,02Q), then P~'u has zero mean and var(P~'u) =
P~ Vvar(u)P~Y = o2 P71QP~Y = 2P~ PP P~V = 0?1,.

From Chapter 2, we have seen that if u ~ N(0, 021 ), then u;/o ~ N(0,1), so that u?/o? ~ 3
and v'u/o? = Y1 u?/o? ~ xZ%. Therefore, u/(0%1,) " u ~ x2. If u ~ N(0,0%Q) where Q is positive
definite, then u* = P~tu ~ N(0,0%1,) and u*'u*/o? ~ x2. But u*u* = ' P~ P~y = u/Q~'u. Hence,
w'Q tu/o? ~ x2 . This is used in Chapter 9.

Note that the OLS residuals are denoted by e = Pxu. If u ~ N(0,021I,), then e has mean zero and
var(e) = 02 Px 1, Px = 0?Pyx so that e ~ N (0,02 Px). Our estimator of 02 in Chapter 7 is s2 = ¢’e/(n—k)
so that (n — k)s?/0? = e’e/o?. The last term can also be written as u'Pxu/o?. In order to find the
distribution of this quadratic form in Normal variables, we use the following result stated as lemma 1 in
Chapter 7.

Lemma 1: For every symmetric idempotent matrix A of rank r, there exists an orthogonal matrix P
such that P’AP = J,. where J,. is a diagonal matrix with the first r elements equal to one and the rest
equal to zero.

We use this lemma to show that the e’e/o? is a chi-squared with (n — k) degrees of freedom. To see
this note that e¢’e/0? = u/Pxu/o? and that Px is symmetric and idempotent of rank (n — k). Using
the lemma there exists a matrix P such that P’'PxP = J,_j is a diagonal matrix with the first (n — k)
elements on the diagonal equal to 1 and the last & elements equal to zero. An orthogonal matrix P is
by definition a matrix whose inverse, is its own transpose, i.e., PP = I,,. Let v = P’u then v has mean
zero and var(v) = o2P'P = oI, so that v is N(0,0%1,) and u = Pv. Therefore,

e'e/o? =u'Pxujo* =v'P'PxPv/o* =v'J,_yvfo? =3 1"] U2/0'

But, the v’s are independent identically distributed N (0,0?), hence v?/a? is the square of a standardized
N(0,1) random variable which is distributed as a x%. Moreover, the sum of independent x? random
variables is a x? random variable with degrees of freedom equal to the sum of the respective degrees of
freedom, see Chapter 2. Hence, €’e/o? is distributed as x2_,.

The beauty of the above result is that it applies to all quadratic forms v’ Au where A is symmetric
and idempotent. In general, for u ~ N(0,02I), a necessary and sufficient condition for u’Au/o? to
be distributed % is that A is idempotent of rank k, see Theorem 4.6 of Graybill (1961). Another
useful theorem on quadratic forms in normal random variables is the following: If u ~ N(0,02), then
uw' Au/o? is x3 if and only if AQ is an idempotent matrix of rank &, see Theorem 4.8 of Graybill (1961). If
u ~ N(0,0%I), the two positive semi-definite quadratic forms in normal random variables say u’Au and
u’ Bu are independent if and only if AB = 0, see Theorem 4.10 of Graybill (1961). A sufficient condition
is that tr(AB) = 0, see Theorem 4.15 of Graybill (1961). This is used in Chapter 7 to construct F-
statistics to test hypotheses, see for example problem 11. For u ~ N(0,02I), the quadratic form u'Au
is independent of the linear form Bu if BA = 0, see Theorem 4.17 of Graybill (1961). This is used in
Chapter 7 to prove the independence of s? and @Ols, see problem 8. In general, if u ~ N(0,X), then v’ Au
and «'Bu are independent if and only if AXB = 0, see Theorem 4.21 of Graybill (1961). Many other
useful matrix properties can be found. This is only a sample of them that will be implicitly or explicitly
used in this book.

The Kronecker product of two matrices say X® I,, where X is m x m and I, is the identity matrix of
dimension n is defined as follows:

Ollln UlmIn
YeI, = :

Omiln . Ommin

In other words, we place an I,, next to every element of ¥ = [0;;]. The dimension of the resulting matrix
is mn x mn. This is useful when we have a system of equations like Seemingly Unrelated Regressions in
Chapter 10. In general, if A is m xn and B is p X ¢ then A® B is mp X nq. Some properties of Kronecker
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products include (A ® B) = A’ ® B’. If both A and B are square matrices of order m x m and p X p
then (A B)™! = A=1 ® B7!, |[A® B| = |A|™|BJ? and tr(A ® B) = tr(A)tr(B). Applying this result to
Y ® I, we get

(EeL) =219, and [Z®IL,|= 2" =™

and tr(X ® I,) = tr(X)tr(f,) = n tr(X).
Some useful properties of matrix differentiation are the following:

!
b
%:x where 2’ is 1 x k and b is k x 1.
Also
ob' Ab
5 (A+ A")  where A is k x k.

If A is symmetric, then 90’ Ab/0b = 2Ab. These two properties will be used in Chapter 7 in deriving the
least squares estimator.
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