Chapter 11 ®)
Cosmological Models oo

In this chapter, we will show how we can construct some simple models for the de-
scription of the Universe.! More details on cosmological models and on the evolution
of the Universe can be found in standard textbooks on cosmology, like [1].

11.1 Friedmann-Robertson—Walker Metric

Our starting point to construct some simple cosmological models is the so-called
Cosmological Principle:

Cosmological Principle. The Universe is homogeneous and isotropic.

As a matter of fact, the Universe is far from being homogeneous and isotropic.
We observe a lot of structures around us (stars, galaxies, clusters of galaxies). How-
ever, we can expect that the Universe can be well approximated as homogeneous and
isotropic if we average over large volumes. The Cosmological Principle can be seen
as a sort of Copernican Principle: there are no preferred points or preferred directions
in the Universe. Our current model for the description of the Universe is called the
Standard Model of Cosmology and is based on the Cosmological Principle. Never-
theless, today there is debate on the applicability of this principle. Since there are
structures, the assumptions of homogeneity and isotropy inevitably introduce sys-
tematic effects in the measurements of the properties of the Universe, and the impact
of these systematic effects on current measurements of cosmological parameters,
which are more and more precise, is not clear.

Note that it is common to use the initial capital letter in Universe only when we refer to our
Universe. If we mean a generic universe/cosmological model, we write universe.
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The Cosmological Principle requires that there are no preferred points (homogene-
ity, i.e. invariance under spatial translations) and no preferred directions (isotropy,
i.e. invariance under spatial rotations) in the 3-dimensional spacetime. The spacetime
geometry is still allowed to depend on time.? These assumptions strongly constrain
the metric of the spacetime. The only background compatible with the Cosmological
Principle is the Friedmann—Robertson—Walker metric. Its derivation requires some
calculations, which are outlined in Appendix H. The line element reads

dr?
ds’ = —di* +a* [ ———
s cAr a2

+r2d6* + r? sin? 0d¢2) , (11.1)
where a = a(t) is the scale factor, which depends on the temporal coordinate ¢ and is
independent of the spatial coordinates (r, 6, ¢), and k is a constant. In general, k can
be positive, zero, or negative. Nevertheless, it is always possible to rescale the radial
coordinate r and have k = 1,0, or —1.If k = 1, we have a closed universe. If k = 0,
we have a flat universe. If k = —1, we have an open universe. Note that, in general,
a flat universe is not a flat spacetime, namely the Minkowski spacetime of special
relativity. The spacetime is flat only when a is independent of ¢ and £ = 0. In such
a case, we can redefine the radial coordinate to absorb the scale factor and the line
element (11.1) becomes that of the Minkowski spacetime in spherical coordinates

ds* = —c*dt* + dr* + r?d6* + r*sin® 0d o> . (11.2)

It is straightforward to compute some invariants of the Friedmann—Robertson—
Walker spacetime with specific Mathematica packages (see Appendix E). For in-
stance, the scalar curvature is

k 2 . 2 ..
R=6 # . (11.3)
a’c

When k = 0 and a is constant, R vanishes, which is indeed the case of the Minkowski
spacetime (but R may vanish even if the spacetime is curved; in Einstein’s gravity
R =0if T} = 0). Note also that R diverges fora — 0. Typical cosmological models
start from a singularity, namely a = 0 at the initial time (Big Bang). The Kretschmann

scalar is

k2 4 2k 22 -4 2 2

=12 ¢ +2kca”+a +aa’ (11.4)

a*ct

which also diverges for a — 0.

Note that the Cosmological Principle is quite a strong assumption only based on
the requirement that the Universe is homogeneous and isotropic. It is completely
independent of the Einstein equations. If we impose the Cosmological Principle in a

2If we impose that the spacetime geometry is also independent of time (“Perfect” Cosmological
Principle), we find cosmological models in disagreement with observations.
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4-dimensional spacetime, the geometry is described by the Friedmann—Robertson—
Walker metric in (11.1). If we specify that we are in Einstein’s gravity and we know
the matter content of the Universe, we can find a(¢) and k. In another gravity theory
and/or for a different matter content we would find, in general, different solutions
for a(t) and k.

Note that the Cosmological Principle cannot determine some global properties of
the Universe. For example, the Friedmann—Robertson—Walker metric can describe
topologically different universes. If we assume that the Universe has a trivial topol-
ogy, the 3-volume V is finite if X = 1 and infinite for k = 0 and —1:

\/3» 3 3 21 T Ik err
V=/ gd’x =a / dd)/ sin@d@/ _— (11.5)
14 0 0 0 /1 —kr?

where 3g is the determinant of the spatial 3-metric,® r, = 1 fork = 1, and r, = 0o

for k = 0 and —1. If we integrate Eq. (11.5), we find
w%a® for k=1

V_{ oo fork=0,—-1" (1.7)

In the case of a universe with non-trivial topology, the picture is more complicated,
and depends on the specific configuration. Closed universes always have a finite
volume, but in the case of flat and open universes the volume can be either finite or
infinite. Current astrophysical data suggest that the Universe is almost flat, and we
cannot say if k = 1, 0, or —1. In such a situation, even assuming that the Universe has
a trivial topology we cannot say whether its volume is finite or infinite. In the case
of a universe with non-trivial topology, the measurement of k is not enough to assert
if it is finite or infinite. In principle, in the case of a non-trivial topology, the volume
of the Universe may be evaluated by looking for “ghost images” of astronomical
sources,* namely images of the same source coming from different directions. Since
we currently have no evidence of the presence of ghost images due to the possible
non-trivial topology of the Universe, we only have lower bounds of the possible finite
size of the Universe in the case of non-trivial topologies.

3The line element of the spatial 3-metric of the Friedmann—Robertson—Walker spacetime reads

d 2
di? =42 (1 rk 5 +77d6* + r* sin® 9d¢>2) ) (11.6)
— kr

“In general, ghost images can be potentially seen in any universe (with either trivial or non-trivial
topology) with at least one space dimension of finite size. However, it is when the topology is
non-trivial that the detection of ghost images seems to be the simplest way to infer if the Universe
has at least one space dimension of finite size.
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11.2 Friedmann Equations

If we assume the Cosmological Principle, the metric of the spacetime must be
described by the Friedmann—Robertson—Walker solution. The only undetermined
quantities are the scale factor a(#) and the constant k, which can be obtained once
we specify the gravity theory (e.g. Einstein’s gravity) and the matter content, and we
solve the corresponding field equations.

The simplest cosmological models are constructed assuming that the matter in
the Universe can be described by the energy-momentum tensor of a perfect fluid

u'u

T" = (p + P) + Pgh, (11.8)

c2
where p and P are, respectively, the energy density and the pressure of the fluid,
and u* is the fluid 4-velocity. In the coordinate system of the Friedmann—Robertson—
Walker metric, the Universe is manifestly homogeneous and isotropic. It corresponds
to the rest-frame of the fluid, where the fluid 4-velocity becomes u* = (c, 0). Let us
note that the expression in Eq. (11.8) can be employed even when there are several
matter components. In such a case, p and P are the total energy density and the total
pressure, namely

p= p. P=) P, (11.9)
i i

where p; and P; are, respectively, the energy density and the pressure of the compo-
nent i.

If we plug the Friedmann—Robertson—Walker metric (11.1) and the energy-
momentum tensor of a perfect fluid (11.8) with u* = (c,0) into the Einstein
equations, we find the field equations to solve. The ¢ component of the Einstein
equations gives the first Friedmann equation:

87 G ke?
2 - 362Np—a—2, (11.10)

where H = a/a is the Hubble parameter. The rr, 66, and ¢¢ components of the
Einstein equations provide the same equation, which is called the second Friedmann
equation and reads

a 4JTGN

—=-—5 (p+3P). (11.11)

Instead of the Einstein equations, we may use the covariant conservation of
the energy-momentum tensor, V, T#" = 0, which is a consequence of the Einstein
equations. In such a case, we find
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p=-3H((p+P). (11.12)

Note that Eqs. (11.10), (11.11), and (11.12) are not three independent equations. Only
two equations are independent, and it is possible to obtain the third equation from
the other two. For instance, if we derive the first Friedmann equation with respect to
t, we have

2aia* — 2ad® _ 87Gn . 2akc?
at T3¢ P a3’
a a2 4nGyN . kc?
HE gL TN Ty (11.13)
a a? 3c2 a’?

We replace the term a?/a” with the expression on the right hand side of the first
Friedmann equation and p with the expression in Eq.(11.12)

i 877G k2 4xG ke
HE N B TN S (4 P+ S H, (11.14)
a 3c2 a? 3c2 a?

and eventually we recover the second Friedmann equation.

At this point, we have two independent equations and three unknown functions of
time (a, p, and P). In order to close the system and find a, p, and P, we need another
equation. We can introduce the equation of state of the matter in the Universe. The
simplest form is

P=wp, (11.15)

where w is a constant. While this is a very simple equation of state, it includes
the main physically relevant cases: dust (w = 0), radiation (w = 1/3), and vacuum
energy (w = —1).

The first Friedmann equation for k = 0 reads

87G
H? = %pc, (11.16)
C

and defines the critical density p. as the energy density of a flat universe. The value
of the critical energy density today is
0 _ 3H;?

P = BrGe = 1.88-107% h2 ¢* g-em™

= 11 h} protons-m™, (11.17)
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where H) is the Hubble constant, namely the value of the Hubble parameter today,
and can be written as’

km
s - Mpc

Hy =100 hy (11.18)

ho is a dimensionless parameter of order 1. Since the value of the Hubble constant
was not known with good precision in the past, it was common to use the expression
in (11.18) and keep the parameter hg in all the equations. Today we know that
ho =~ 0.7.

11.3 Cosmological Models

If we plug the equation of state (11.15) into Eq. (11.12), we have

R, a
o 30+w=. (11.19)
I a

The solution of this equation is
p oc a3 (11.20)

In particular, we have the following relevant cases

w=0 — pxl/d (dust),
w=1/3 - poxl/a* (radiation), (11.21)
w=—1 — p=constant (vacuum energy),

If we plug (11.20) into the first Friedmann equation, we neglect the term kc?/a”
(whose contribution can always be ignored at sufficiently early times in a universe
made of dust or radiation because the term with p is dominant with respect to kc?/a>
for a — 0), and we write a « t*, the first Friedmann equation reads

172 o g3 (11.22)
and we find
2
R — (11.23)
3(1+w)

5The parsec (pc) is a common unit of length in astronomy and cosmology. 1 pc = 3.086 - 106 m.
1 Mpc = 10° pc.
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11.3.1 Einstein Universe

For ordinary matter p + 3P > 0, and therefore the second Friedmann equation im-
plies that ¢ < 0; that is, the Universe cannot be static. However, this was against
the common belief at the beginning of the 20th century. This apparent problem led
Einstein to introduce the cosmological constant A into the theory, replacing the field
equations (7.6) with (7.8). In the presence of A, the first and the second Friedmann
equations read

871Gy Ac? kc?

H? = — 11.24
3¢ Pt 3 a? ( )

i 4G Ac?

o TN py3py+ S (11.25)

a 3c2 3

The so-called Einstein universe is a cosmological model in which matter is de-
scribed by dust (P = 0) and there is a non-vanishing cosmological constant to make
the universe static. If we require that @ = d@ = 0, from Egs. (11.24) and (11.25) we
find
Act 1

a=—, k=1. (11.26)

P = amGn’ T3

The Einstein universe is unstable, namely small perturbations make it either collapse
or expand. After the discovery of the expansion of the Universe by Hubble in 1929,
the cosmological constant was (temporarily) removed from the Einstein equations.

11.3.2 Matter Dominated Universe

Let us now consider a universe filled with dust. The equation of state is P = 0,
namely w = 0. The energy density scales as 1/a>, so we can write

pa3 = constant = Cy . (11.27)

The first Friedmann equation becomes

) 87TGNC1
a” = —

P — ke?. (11.28)

In order to solve Eq. (11.28), we introduce the variable n

dn 1
—_— = 11.29
dt a ( )
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Fig. 11.1 Scale factor a as a 1
function of the cosmological K= -1
time ¢ for matter dominated -
universes. The scale factor is 0.8} k=0 1
expressed in units in which
87GNCi/c? = A =1
NCi/c 06l ]
®
0.4+ 1
~~~~~~~~~~~~~~~~~ k=1
0.2+t - 4
0 ! ! ! ! ! ! !

We replace ¢ with 1 in Eq. (11.28) and the first Friedmann equation reads

8t G
a/Z_ TUN

=2 G — kcta? (11.30)

where the prime " indicates the derivative with respect to 7, i.e. " = d/dn. With the
initial condition a = 0 at ¢ = 0, we get the following parametric solutions for a and
t. In the case of closed universes (k = 1), we have

4 GN n __ 4nGn _ N
a=—=7 ClA( —cosﬁ), t = 32 ClA(n «/Zmnﬁ). (11.31)

For flat universes (k = 0), we have

217G 2 G
az%cmz, t= N3 (11.32)
C

Lastly, for open universes (k = —1), we have

a_4ZiNC1A(cosh%—l), t—4§GNC1A(\/ZSinh%_”>' (11.33)

A = 1/(|k|c?) has dimensions of time squared.

The scale factor a as a function of the cosmological time ¢ for matter dominated
universes is shown in Fig. 11.1. At r = 0, a = 0 and the matter density diverges.
This is the Big Bang and the universe starts expanding. A closed universe expands
up to a critical point and then recollapses. An open universe expands forever. The
flat universe expands forever and represents the critical case separating closed and
open universes.
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Fig. 11.2 Scale factor a as a
function of the cosmological

time ¢ for radiation

dominated universes. The

scale factor is expressed in

units in which

87GNCa/? =c=1 —

11.3.3 Radiation Dominated Universe

If the universe is filled with radiation, the energy density scales as 1/a*, and we can
write

,oa4 = constant = C, . (11.34)

The first Friedmann equation becomes

.2 87‘[GNC2
a = ——F—=

2
ke (11.35)

With the initial condition a = 0 at = 0, we find the following solution

12
327GnC
a=| )N gl (11.36)
3c2

where k = 1, 0, or —1 for closed, flat, or open universes, respectively.

Figure 11.2 shows the scale factor a as a function of the cosmological time ¢
for radiation dominated universes. As in the matter dominated universes, closed
universes expand up to a critical point and then recollapse, while flat and open
universes expand forever.
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11.3.4 Vacuum Dominated Universe

In the case of vacuum energy, the equation of state is P = —p, and we find that
p is constant. Equivalently, we can write the Friedmann equations without matter
(p = P = 0) and with a non-vanishing cosmological constant

A ket d A
sz_"_iz, a_ a4 (11.37)
3 a a

For A > 0, the solutions for closed, flat, and open universes are

k:lea:,/%cosh (,/éct). (11.38)
A 3
[ A
k=0—>a=a(l=0) exp( ?Ct>' (11.39)
[Z3k (/A )
k=—-1—a=, ——sinh —ct) . (11.40)
A 3

All universes expand forever. For k = 1 and 0, the scale factor never vanishes, so
there is no Big Bang.
If A < 0, we can only find a solution for k = —1

|3k [ A
k=—-1—>a= —cos( ——ct) . (11.41)
A 3

If A = 0, we have only the trivial case k = 0 and a constant corresponding to the
Minkowski spacetime.

11.4 Properties of the Friedmann—Robertson—Walker
Metric

11.4.1 Cosmological Redshift

Now we want to study the geodesic motion of test-particles in the Friedmann—
Robertson—Walker metric. The Lagrangian is

1 / v
L= ngx x™, (11.42)
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where g,,, s are the metric coefficients of the Friedmann—Robertson—Walker solution
and the prime’ is used to indicate the derivative with respect to the proper time/affine
parameter of the trajectory (in this chapter the dot "is used for the derivative of the
coordinate ¢; e.g. da/dt = a). Since in the Friedmann—Robertson—Walker metric the
scale factor a depends on the time ¢, it is clear that the energy of the particle is not a
constant of motion.

In the case of a photon, g,,,x"*x" = 0.If we employ a coordinate system in which
the motion is only along the radial direction, we have

2.1 2 T
t —a"—=0. 11.43
R (11.43)

The Euler-Lagrange equation for the # coordinate reads

Y aa  r?
= 2T (11.44)

If we use Eq. (11.43) into Eq. (11.44), we find

" a n” a’ I
t'=——t"=——t". (11.45)
a a

Since ¢’ is proportional to the energy of the photon, say E, t’/t' = E'/E.
Equation (11.45) tells us that the the energy of a photon propagating in a Friedmann—
Robertson—Walker spacetime scales as the inverse of the scale factor

Exl/a. (11.406)

This is the cosmological redshift and it is due to the expansion of the Universe. It is
different from the Doppler redshift, which is due to the relative motion between the
source and the observer and is present already in special relativity. It is also different
from the gravitational redshift, which is due to climbing in a gravitational potential.
Itis instead connected to the behavior of the energy density of radiation, which scales
as 1/ a*: the photon number density scales as the inverse of the volume, 1/ a3, while
the photon energy scales as 1/a, so the result is that the energy density scales as
1/a*.

11.4.2 Particle Horizon

Within a cosmological model with a Big Bang, the particle horizon at the time ¢ is
defined as the distance covered by a photon from the time of the Big Bang to the time
t. It is an important concept because it defines the causally connected regions at any
time: two points at a distance larger than the particle horizon have never exchanged



216 11 Cosmological Models

any information. Let us consider a flat universe (k = 0), which can be seen as a valid
approximation for any matter or radiation dominated universe for sufficiently early
times. For simplicity, we choose a coordinate system in which the photon is at the
origin = 0 at the time r = 0 (Big Bang). From ds* = 0, we have

r _ t di’
r= dr =c¢ —. (11.47)
0 0o a

If we write the scale factor as a o< t* (see Sect. 11.3) and we integrate in df, we find

_ (11.48)
r_a(l—oz)' .

The proper distance at the time ¢ between the origin and a point with the radial
coordinate r is d = a r. The particle horizon is thus

(11.49)

If we have a universe filled with dust, « = 2/3 and d = 3ct. If the universe is filled
with radiation, « = 1/2 and d = 2ct. For ordinary matter w > 0, the particle horizon
grows linearly with time, and the scale factor grows slower, because a o t* and
a < 1.In such a case, more and more regions in the universe get causally connected
at later times.

11.5 Primordial Plasma

Let us consider a gas of particles in thermal equilibrium. We assume that the space
is homogeneous and isotropic. The particle number density n and the particle energy
density p at the temperature 7' are, respectively,

d’p d’p
= . o= E , 11.50
n g/ 2nh) f®@, p g/ 2ah) P f(P ( )

where g is the number of internal degrees of freedom, p is the particle 3-momentum,
E = /m2c* + p2c? is the particle energy, and f (p) is the Bose-Einstein distribution
(in the case of bosons, namely for particles with integer spin) or the Fermi-Dirac
distribution (for fermions, namely for particles with half-integer spin)

1

ro = | T

E—I0/FBT 1

Bose-Einstein distribution

Fermi-Dirac distribution (11.51)
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Here u is the chemical potential and kg is the Boltzmann constant. The reader not
familiar with these concepts may refer to any textbook on statistical mechanics.

For a non-degenerate (u < T') relativistic (m < T') gas, the particle number den-
sity turns out to be

(kgT)*>  for bosons

(11.52)

g / E*dE k2 C*h‘
(kg T)3 for fermions

T 2230 | EBT 1 | 5.
76"??

3
1

where ¢(3) = 1.20206... is the Riemann Zeta function. The particle energy density
is
2

g / B JE i (kgT)*  for bosons

272303 | eE/kT £ 1

o= (11.53)

% ”—0 5 (kp T)*  for fermions

For non-relativistic particles (m > T') with arbitrary chemical potential u, we find
(in the non-relativistic limit, there is no difference between bosons and fermions)

knT 3/2

If the gas is made of different species of particles, the total number density and the
total energy density will be given by, respectively, the sum of all number densities
and the sum of all energy densities, as in Eq. (11.9). Since the energy density of non-
relativistic particles in thermal equilibrium is exponentially suppressed with respect
to that of relativistic particles, their contribution may be ignored and we can write
the total energy density of the universe as

_ 77_2 8eff
0 3n3

(ks T)*, (11.55)

where g.r is the effective number of light degrees of freedom

et = ) gb+% > g (11.56)

bosons fermions

In general, g.+ will depend on the plasma temperature, because some particles may
be relativistic above some temperature and become non-relativistic at lower temper-
atures.

If we plug the expression in Eq. (11.55) into the first Friedmann equation, we get

47T3GN kC
2 _
H™ = 75575 8t (kpT)* — o (11.57)
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In a radiation dominated universe, we have a oc t'/? at sufficiently early times, and
therefore H = 1/2¢. If we plug such an expression for the Hubble parameter into
Eq.(11.57), we can get a relation between the time ¢ of the universe and the temper-
ature T of the plasma. Within the Standard Model of particle physics, at 7 > 1 MeV
we have gesr ~ 10 — 100 [1]. The relation between time ¢ and plasma temperature
T is

1 MeV >
t~l< Te > s, (11.58)

11.6 Age of the Universe

The cosmological models discussed in Sect. 11.3 are very simple and it is possible
to obtain a compact analytic expression for their scale factor a. In more realistic
cosmological models, the Universe is filled with different components. However, if
we know the contribution of each component and the value of the Hubble parameter
at a certain time (for example today), we can calculate the evolution in time of
the scale factor. In the cosmological models starting from a vanishing scale factor,
like those in Sects. 11.3.2 and 11.3.3, we can define the age of the Universe as the
time interval measured with respect to the temporal coordinate of the Friedmann—
Robertson—Walker metric between the Big Bang (a = 0) and today.

To evaluate the age of the Universe today we can proceed as follows. First, we
define the effective energy density associated to a possible non-vanishing k as

_ 3k (11.59)
PE= "3y Gy a?’ ’
and we rewrite the first Friedmann equation as
8GN i
H? = ) Yy 11.60
32 P p pd ( )

where p? is the value of the critical energy density today and the sum is over all the
different components filling the Universe, including also py.
We define the redshift factor z as
ao

l+z=—, (11.61)
a

where ay is the scale factor today and a is the scale factor at the redshift z. Today z = 0.
We know from observations that the Universe is expanding, namely z increases as
we go backwards in time. From Sect. 11.3 and Eq. (11.59), we know how the energy
densities of different components evolve with the scale factor, and therefore with
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the redshift factor. If we restrict attention to non-relativistic matter (dust), vacuum
energy, and the effective energy associated to k (curvature), we have

pm=po(1+27° ., pa=p%. p=p (1+2)7>. (11.62)
where pn,, p4, and py are, respectively, the energy densities of non-relativistic matter,
vacuum energy, and curvature at redshift z, and p2, p%, and p? are the same energy
densities today. We plug the expressions in Eq. (11.62) into Eq.(11.60) and we find

H? = Hy [20 (1+2° + 2%+ 20 (1 +2)7], (11.63)

where £2; = p;/p. and the index 0 is to indicate their value today.
From the definition of the Hubble parameter, we find

a d a d 1 1 dz
H:—:—ln—:—ln—:———, (1164)
a dt ay dt 14z 1+zdt
and we can thus rewrite Eq. (11.63) as
dt 1 1
— = . 11.65
dz ( )

]+ZMngﬂ+zf+Qg+Qﬂl+Dz

Since 22 + 29 + 2 = 1 by definition, we can write £2) = 1 — 2% — 29 and
remove £2) in Eq.(11.65). Integrating by parts, we can find the time difference
between today (z = 0) and the time at which the redshift of the Universe was z in
terms of Hy, 2%, and £29

1 (% dz 1
NZF/1~ . (11.66)
0o 12 Jv 202 427~z + 2 24

The age of the Universe is obtained when z — 0o (corresponding to a = 0)

1> dz 1
T:Ff L . (167
oJo THZ (14 202) (1 +27 -2+ 5 2

The integral in Eq.(11.67) is typically of order unity, so the age of the Universe is
roughly given by 1/Hy &~ 14 Gyr and is not too sensitive to the exact matter content.
For instance, in the simple case of a flat Universe without vacuum energy (i.e. 20 = 1
and 29 = 0), we find
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1 [ 4z 21
fz_f —fs/zz__mo Gyr. (11.68)
Ho Jo (1432 3 Hy

In more general cases, it is necessary to integrate Eq. (11.67) numerically. We should
also take into account the contribution of relativistic matter in order to get a more
accurate result, but in the case of our Universe it only introduces a small correction.

11.7 Destiny of the Universe

For a universe filled with ordinary matter, there is a simple relation between its
geometry (given by the value of the constant k) and its destiny (recollapse or eternal
expansion): a closed universe must recollapse, while flat or open universes expand
forever. In the presence of vacuum energy, this is not true any longer. A positive
cosmological constant makes a universe without matter expand for any value of k. If
the universe is filled with dust and vacuum energy, its destiny is determined by their
relative contribution. If there is enough dust to stop the expansion, then the universe
starts recollapsing to a new singular configuration with a = 0. If vacuum energy
starts driving the expansion before the recollapse, we are in the opposite scenario
and dust becomes less and less important in the evolution of the universe.
If we consider only dust and vacuum energy, the universe is flat if

2n+2,=1, (11.69)
and it is closed (open) if £2,,, + 24 > 1 (< 1).

The curve separating eternally expanding universes from universes initially having
an expanding phase followed by a contraction is given by

(11.70)

o 0 for 2, <1,
4T 482, sin® [% arcsin (Qg_l>] for 2, > 1.

From the second Friedmann equation, we see that the universe’s expansion is
accelerating (decelerating) if p + 3P < 0 (> 0). If we write p = py, + p4 and P =
Py = —py, we find

i > 0= 02, <22, (@ < 0= 2y > 282,). (11.71)

Figure 11.3 shows the curves in Egs. (11.69), (11.70), and (11.71) on the plane
(£2m, £24)
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Fig. 11.3 Cosmological models with dust and vacuum energy. The line §2,,, = | — §24 separates
closed universes (£2, > 1 — £24) from open universes (2, < 1 — §24). The line “Expansion” (red
solid line) separates universes that expand forever (above) from universes that first expand and then

recollapse (below). The line £2,, = 2§24 separates accelerating (¢ > 0) from decelerating (¢ < 0)
universes

Problems

11.1 Write the tr component of the Einstein equations for the Friedmann—Robertson—
Walker metric and a perfect fluid and derive the first Friedmann equation.

11.2 With the help of some Mathematica package, verify Eqgs. (11.3) and (11.4).
11.3 Check that the Einstein universe is unstable.

11.4 Repeat the discussion in Sect. 11.6 about the age of the Universe in the case
of a non-negligible contribution from a radiation component.
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