
Chapter 4
Electromagnetism

In this chapter, we will revise the pre-relativistic theory of electromagnetic
phenomena, namely the theory of electromagnetism formulated before the advent
of special relativity that the reader is expected to know, and we will write a fully
relativistic and manifestly covariant theory. For manifestly covariant (or, equiva-
lently, manifestly Lorentz-invariant) formulation, we mean that the theory is written
in terms of tensors; that is, the laws of physics are written as equalities between two
tensors or equalities to zero of a tensor. Since we know how tensors change when
we move from a Cartesian inertial reference frame to another Cartesian inertial ref-
erence frame, it is straightforward to realize that the equations are invariant under
Lorentz transformations. In this and the following chapters, we will always employ
Gaussian units to describe electromagnetic phenomena. In the present chapter, unless
stated otherwise, we will use Cartesian coordinates; the generalization to arbitrary
coordinate systems will be discussed in Sect. 6.7.

The basic equations governing electromagnetic phenomena are the Lorentz force
law and Maxwell’s equations. The equation of motion of a particle of mass m and
electric charge e moving in an electromagnetic field is

mẍ = eE + e

c
ẋ × B , (4.1)

where c is the speed of light and E and B are, respectively, the electric and magnetic
fields. Equation (4.1) is just Newton’s Second Law, mẍ = F, when F is the Lorentz
force. The equations of motion (field equations) for the electric and magnetic fields
are the Maxwell equations

∇ · E = 4πρ , (4.2)

∇ · B = 0 , (4.3)

∇ × E = −1

c

∂B
∂t

, (4.4)

∇ × B = 4π

c
J + 1

c

∂E
∂t

, (4.5)
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68 4 Electromagnetism

where ρ is the electric charge density and J is the electric current density.
From Eq. (4.3), we see that we can introduce the vector potential A defined as

B = ∇ × A . (4.6)

Indeed the divergence of the curl of any vector field vanishes (see AppendixB.3). If
we plug Eq. (4.6) into Eq. (4.4), we find

∇ ×
(
E + 1

c

∂A
∂t

)
= 0 . (4.7)

We can thus introduce the scalar potential φ as

E + 1

c

∂A
∂t

= −∇φ , (4.8)

because ∇ × (∇φ) = 0 (see AppendixB.3). The electric field can thus be written in
terms of the scalar potential φ and the vector potential A

E = −∇φ − 1

c

∂A
∂t

. (4.9)

4.1 Action

Now we want to write the action of a system composed of a point-like particle
of mass m and electric charge e and an electromagnetic field. The action should
be made of three parts: the action of the free point-like particle, Sm, the action of
the electromagnetic field, Sem, and the action describing the interaction between
the particle and the electromagnetic field, Sint. The total action should thus have the
following form

S = Sm + Sint + Sem . (4.10)

In the absence of the particle, we would be left with Sem. In the absence of the
electromagnetic field, we would be left with Sm. If we turn the value of the electric
charge of the particle off, we eliminate Sint, and the particle and the electromagnetic
field do not interact, so the equations of motion of the particle are independent of
the electromagnetic field and, vice versa, those of the electromagnetic field do not
depend on the particle.

Oncewe apply the Least Action Principle to the action in (4.10)we have to recover
the Maxwell equations and the relativistic version of the Lorentz force law (4.1). As
we will see in the next sections, this can be achieved with Sm, Sint , and Sem given,
respectively, by
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Sm = −mc
∫

Γ

√
−ds2 ,

Sint = e

c

∫
Γ

Aμdx
μ ,

Sem = − 1

16πc

∫
Ω

FμνFμν d
4Ω . (4.11)

Fμν is the Faraday tensor defined as1

Fμν = ∂μAν − ∂ν Aμ , (4.13)

and Aμ is the 4-vector potential of the electromagnetic field. The latter is a 4-vector
in which the time component is the scalar potential φ and the space components are
the components of the 3-vector potential A

Aμ = (φ,A) . (4.14)

From Eqs. (4.6), (4.9), (4.13), and (4.14), we can write the Faraday tensor in terms
of the electric and magnetic fields. In Cartesian coordinates (ct, x, y, z), we have

||Fμν || =

⎛
⎜⎜⎝

0 −Ex −Ey −Ez

Ex 0 Bz −By

Ey −Bz 0 Bx

Ez By −Bx 0

⎞
⎟⎟⎠ , ||Fμν || =

⎛
⎜⎜⎝

0 Ex Ey Ez

−Ex 0 Bz −By

−Ey −Bz 0 Bx

−Ez By −Bx 0

⎞
⎟⎟⎠ , (4.15)

where Ei and Bi are the i components of, respectively, the electric and the magnetic
fields. We write them with lower indices, but they are not the spatial components of a
dual vector.We remind that Fμν = ημρηνσ Fρσ and note that the t i and i t components
change sign, while the i j components are unchanged, whenwe pass from Fμν to Fμν .

The electric and magnetic fields can be written in terms of the Faraday tensor as
follows

Ei = Fit , Bi = 1

2
εi jk F

jk , (4.16)

1As it will be more clear later (see Sect. 6.7), the definition (4.13) is valid in any coordinate system,
i.e. both Cartesian and non-Cartesian systems.

If the spacetime metric has signature (+ − −−), the Faraday tensor is still defined as in
Eq. (4.13), but now the expression of Fμν in Cartesian coordinates is

||Fμν || =

⎛
⎜⎜⎝

0 Ex Ey Ez
−Ex 0 −Bz By
−Ey Bz 0 −Bx
−Ez −By Bx 0

⎞
⎟⎟⎠ . (4.12)
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where εi jk is the Levi–Civita symbol (see AppendixB.2). The space-space compo-
nents of the Faraday tensor can be written in terms of the magnetic field

Fi j = εi jk Bk . (4.17)

Indeed

εi jk Bk = εki j Bk = 1

2
εki jεklm F

lm = 1

2

(
δil δ

j
m − δimδ

j
l

)
Flm

= 1

2

(
Fi j − F ji

) = Fi j . (4.18)

If we write the electric charge e as the integral of the electric charge density over
the 3-volume, we can write the interaction term in the action, Sint, as follows (note
that d4Ω = cdtd3V )

Sint = 1

c

∫
V

ρd3V
∫

Γ

Aμdx
μ = 1

c

∫
V

ρd3V
∫ t2

t1

dxμ

dt
Aμ dt

= 1

c2

∫
Ω

JμAμ d4Ω , (4.19)

where Jμ is the current 4-vector2

Jμ = (ρc, ρv) . (4.21)

In the case of a system with many electrically charged particles, the total action can
be written as

S = −
∑
i

mi c
∫

Γi

√
−ds2 −

∫
Ω

(
1

16πc
FμνFμν − 1

c2
JμAμ

)
d4Ω . (4.22)

In the next sections, we will see that the action in (4.10), with Sm, Sint, and Sem
given by Eq. (4.11) and Aμ given by Eq. (4.14), provides the relativistic version of
the Lorentz force law (4.1) and the correct Maxwell equations. As we have already
emphasized in the previous chapters, there is no fundamental recipe to obtain the
action of a certain physical system. A specific action represents a specific theory.
If the theoretical predictions agree well with observations, we have the right theory

2Note that the electric charge density ρ can be written as ρ = δQ/δV , where δQ is the electric
charge in the infinitesimal volume δV . The latter depends on the reference frame and can be written
in terms of the proper infinitesimal volume δV = δV0/γ , see Eq. (2.44). Now δQ/δV0 is an invariant
and the current 4-vector can be written as

Jμ = δQ

δV0
(γ c, γ v) = δQ

δV0
uμ , (4.20)

where uμ is the 4-velocity. So Jμ ∝ uμ and is clearly a 4-vector.
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up to when we find a phenomenon that cannot be explained within our model. For
the moment, the action above is our current theory for the description of a charged
particle in an electromagnetic field.

4.2 Motion of a Charged Particle

As we did in Sect. 3.2, we can either employ the standard Lagrangian formalism of
Newtonian mechanics with a time coordinate and a space, or a fully 4-dimensional
approach in which all the spacetime coordinates are treated in the same way and
we have some parameter (e.g. the particle proper time) to parametrize the particle
trajectory.

4.2.1 3-Dimensional Formalism

The motion of the particle in a (pre-determined) electromagnetic field is described
by the action of the free particle and by the interaction term. If the trajectory of the
particle is parametrized by the time coordinate t , we have

S =
∫

Γ

(Lm + L int) dt , (4.23)

where the Lagrangians of the free particle and of the interaction term between the
particle and the electromagnetic field are, respectively,

Lm = −mc

√
1 − ẋ2

c2
,

L int = −eφ + e

c
A · ẋ . (4.24)

Here the dot˙indicates the derivative with respect to the coordinate t , so ẋ = dx/dt
where x = (x, y, z).

The 3-momentum is3

P = ∂L

∂ ẋ
= mẋ√

1 − ẋ2/c2
+ e

c
A , (4.26)

3As already pointed out in Sect. 3.2, the conjugate 3-momentum is

P∗ = ∂L

∂ ẋ
. (4.25)

InCartesian coordinates, themetric tensor is δi j , and thereforeP∗ = P, whereP is the 3-momentum.
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which can also be written as

P = p + e

c
A , (4.27)

where p = mγ ẋ is the 3-momentum of the free particle (see Sect. 3.2). The energy
of the particle is

E = ∂L

∂ ẋ
ẋ − L = mc2√

1 − ẋ2/c2
+ eφ . (4.28)

Let us now derive the equations of motion. The first term in the Euler-Lagrange
equation is

d

dt

∂L

∂ ẋ
= d

dt

(
p + e

c
A

)
= dp

dt
+ e

c

∂A
∂t

+ e

c
(ẋ · ∇)A . (4.29)

The second term in the Euler-Lagrange equation is

∂L

∂x
= −e∇φ + e

c
∇ (A · ẋ) . (4.30)

From the identity

∇ (V · W) = (W · ∇)V + (V · ∇)W + W × (∇ × V) + V × (∇ × W) ,

(4.31)

we can rewrite Eq. (4.30) as

∂L

∂x
= −e∇φ + e

c
(ẋ · ∇)A + e

c
ẋ × (∇ × A) , (4.32)

because the differentiation with respect to x is carried out for constant ẋ. Eventually,
we get the following equation of motion

dp
dt

= −e

c

∂A
∂t

− e∇φ + e

c
ẋ × (∇ × A) . (4.33)

In terms of the electric and magnetic fields, we have

dp
dt

= eE + e

c
ẋ × B , (4.34)

In the non-relativistic limit, p = mẋ, and we recover Eq. (4.1).
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4.2.2 4-Dimensional Formalism

Let us now parametrize the particle trajectory with the particle proper time τ . The
action reads

S =
∫

Γ

(Lm + L int) dτ , (4.35)

where τ is the proper time of the particle, the Lagrangian terms are

Lm = 1

2
mημν ẋ

μ ẋν ,

L int = e

c
Aμ ẋ

μ , (4.36)

and now the dot˙indicates the derivative with respect to τ , i.e. ẋμ = dxμ/dτ . From
the Euler-Lagrange equations, we find

d

dτ

∂Lm

∂ ẋμ
+ d

dτ

∂L int

∂ ẋμ
− ∂L int

∂xμ
= 0 ,

d

dτ

(
mημν ẋ

ν
) + d

dτ

(e
c
Aμ

)
− e

c

∂Aν

∂xμ
ẋν = 0 ,

mẍμ + e

c

∂Aμ

∂xν
ẋν − e

c

∂Aν

∂xμ
ẋν = 0 ,

mẍμ − e

c
Fμν ẋ

ν = 0 . (4.37)

The equations of motion of the particle are

ẍμ = e

mc
Fμν ẋν . (4.38)

If we do not use Cartesian coordinates, in Eq. (4.36) we have gμν instead of ημν ,
Lm provides the geodesic equations, and Eq. (4.38) reads

ẍμ + Γ μ
νρ ẋ

ν ẋρ = e

mc
Fμν ẋν . (4.39)

4.3 Maxwell’s Equations in Covariant Form

4.3.1 Homogeneous Maxwell’s Equations

The covariant form of the homogeneous Maxwell equations, Eqs. (4.3) and (4.4), is
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∂μFνρ + ∂νFρμ + ∂ρFμν = 0 . (4.40)

Equation (4.40) directly follows from the definition of Fμν . If we plug Eq. (4.13) into
Eq. (4.40) we find

∂μ

(
∂ν Aρ − ∂ρ Aν

) + ∂ν

(
∂ρ Aμ − ∂μAρ

) + ∂ρ

(
∂μAν − ∂ν Aμ

) = 0 . (4.41)

Let us now check that Eq. (4.40) is equivalent to Eqs. (4.3) and (4.4). Equa-
tion (4.40) is non-trivial only when there are no repeated indices. So we have four
independent equations, which correspond to the cases in which (μ, ν, ρ) is (t, x, y),
(t, x, z), (t, y, z), and (x, y, z). Permutations of these indices provide the same equa-
tions.

For (μ, ν, ρ) = (t, x, y) we have

1

c

∂Fxy

∂t
+ ∂Fyt

∂x
+ ∂Ftx

∂y
= 0 . (4.42)

Employing the relations in (4.16), we replace the components of the Faraday tensor
with those of the electric and magnetic fields

1

c

∂Bz

∂t
+ ∂Ey

∂x
− ∂Ex

∂y
= 0 . (4.43)

Equation (4.43) can be rewritten with the Levi–Civita symbol εi jk as

1

c

∂Bz

∂t
+ εz jk

∂Ek

∂x j
= 0 . (4.44)

This is the z component of Eq. (4.4). For (μ, ν, ρ) = (t, x, z), we recover the y
component of Eq. (4.4), and for (μ, ν, ρ) = (t, y, z) we get the x component.

For (μ, ν, ρ) = (x, y, z) (no t component), we have

∂Fyz

∂x
+ ∂Fzx

∂y
+ ∂Fxy

∂z
= 0 . (4.45)

Employing Eq. (4.16), we find

∂Bx

∂x
+ ∂By

∂y
+ ∂Bz

∂z
= ∂Bi

∂xi
= 0 , (4.46)

and we recover Eq. (4.3).
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4.3.2 Inhomogeneous Maxwell’s Equations

The covariant form of the inhomogeneous Maxwell equations, Eqs. (4.2) and (4.5),
is4

∂μF
μν = −4π

c
J ν . (4.48)

Equation (4.48) is the field equation from the Least Action Principle, so it follows
from

∂

∂xμ

∂L

∂
(
∂μAν

) − ∂L

∂Aν

= 0 . (4.49)

Sm does not provide any contribution, so we only have to consider

Sem + Sint = 1

c

∫
Ω

(Lem + Lin) d
4Ω , (4.50)

where

Lem = − 1

16π
FμνFμν , Lint = 1

c
JμAμ . (4.51)

Lem only depends on ∂μAν and we have

∂Lem

∂
(
∂μAν

) = − ∂

∂
(
∂μAν

) 1

16π

[(
∂ρ Aσ − ∂σ Aρ

)
(∂τ Aυ − ∂υ Aτ ) ηρτ ησυ

]

= − 1

16π

[(
δμ
ρ δν

σ − δμ
σ δν

ρ

)
Fρσ + F τυ

(
δμ
τ δν

υ − δμ
υ δν

τ

)]

= − 1

16π
(Fμν − Fνμ + Fμν − Fνμ) . (4.52)

Since the Faraday tensor is antisymmetric, i.e. Fμν = −Fνμ, we have

∂Lem

∂
(
∂μAν

) = − 1

4π
Fμν . (4.53)

4Since Fμν is antisymmetric, we can also write

∂νF
μν = 4π

c
Jμ . (4.47)
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Lint depends on Aν and is independent of ∂μAν . We have

∂Lint

∂Aν

= 1

c
J ν . (4.54)

When we combine Eqs. (4.53) and (4.54), we find Eq. (4.48).
Let us now check that we recover the inhomogeneous Maxwell equations (4.2)

and (4.5). For ν = t we have

∂μF
μt = ∂i F

it = −∂i Ei = −4π

c
J t , (4.55)

and it is Eq. (4.2) because J t = ρc.
For ν = i we have

∂μF
μi = 1

c
∂t F

ti + ∂ j F
ji = −4π

c
J i . (4.56)

We replace the components of the Faraday tensor with those of the electric and
magnetic fields and we find

1

c

∂Ei

∂t
− εi jk

∂Bk

∂x j
= −4π

c
J i . (4.57)

For a 3-dimensional vector V, we have

(∇ × V)i = εi jk∂ j Vk , (4.58)

and we thus recover Eq. (4.5) for i = x , y, and z.
Let us note that Eq. (4.48) implies the conservation of the electric current. If we

apply the differential operator ∂ν to both sides of this equation, we find

∂ν∂μF
μν = −4π

c
∂ν J

ν . (4.59)

Since Fμν is an antisymmetric tensor, ∂ν∂μFμν = 0, and thus we find the conserva-
tion of the electric current

∂μ J
μ = 0 . (4.60)

Equation (4.60) is a continuity equation, as we can easily see if we rewrite it as

1

c

∂ J t

∂t
= −∂ J i

∂xi
, (4.61)

and we integrate both sides over the 3-dimensional space volume
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1

c

d

dt

∫
V
J t d3V = −

∫
V

(
∂i J

i
)
d3V = −

∫
�

J id2σi , (4.62)

where in the last passage we applied Gauss’s theorem. The total electric charge in
the volume V is

Q =
∫
V
J t d3V . (4.63)

Equation (4.62) thus tells us that any variation of the total electric charge can be
calculated from the outflow/inflow of the electric current at the boundary of the
region. If there is no outflow/inflow of the electric current, we have the conservation
of the electric charge in that region

d

dt
Q = 0 . (4.64)

4.4 Gauge Invariance

If we plug Eq. (4.13) into Eq. (4.48), we find

�Aμ − ∂μ (∂ν A
ν) = −4π

c
Jμ . (4.65)

where� = ∂μ∂μ is the d’Alembertian. Equation (4.65) is invariant under the follow-
ing transformation

Aμ → A′
μ = Aμ + ∂μΛ , (4.66)

where Λ = Λ(x) is a generic function. Indeed we have

�A′μ − �∂μΛ − ∂μ
(
∂ν A

′ν − �Λ
) = −4π

c
Jμ ,

�A′μ − ∂μ
(
∂ν A

′ν) = −4π

c
Jμ , (4.67)

which is the same as Eq. (4.65) with A′
μ replacing Aμ. We can thus always choose

Aμ such that it satisfies the following condition

∂μA
μ = 0 . (4.68)

If our initial Aμ does not meet this condition, we can perform the transforma-
tion (4.66) such that
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�Λ = ∂μA
μ , (4.69)

and our new equation is

�Aμ = −4π

c
Jμ . (4.70)

The condition (4.68) is called the Lorentz gauge and it is quite a common choice
because it sometimes simplifies the calculations. The formal solution of Eq. (4.70)
is

Aμ = 1

c

∫
d3x′ J

μ(t − |x − x′|/c, x′)
|x − x′| . (4.71)

4.5 Energy-Momentum Tensor of the Electromagnetic
Field

From Eq. (3.88), we can compute the energy-momentum tensor of the electromag-
netic field

T ν
μ = − ∂Lem

∂
(
∂ν Aρ

) (
∂μAρ

) + δν
μLem

= 1

4π
Fνρ

(
∂μAρ

) − 1

16π
δν
μF

ρσ Fρσ , (4.72)

which we can rewrite as

T μν = 1

4π
Fνρ

(
∂μAρ

) − 1

16π
ημνFρσ Fρσ . (4.73)

This tensor is not symmetric. It can be made symmetric as shown in Sect. 3.9

T μν → T μν − 1

4π

∂

∂xρ
(AμFνρ) , (4.74)

where AμFνρ = −AμFρν . Let us note that

1

4π

∂

∂xρ
(AμFνρ) = 1

4π
Fνρ

(
∂ρ A

μ
)

, (4.75)

because ∂ρFνρ = 0 in the absence of electric currents. The energy-momentum tensor
of the electromagnetic field thus becomes

T μν = 1

4π
FνρFμ

ρ − 1

16π
ημνFρσ Fρσ , (4.76)
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and it is symmetric, so we can also write

T μν = 1

4π
FμρFν

ρ − 1

16π
ημνFρσ Fρσ . (4.77)

For the moment, Eq. (4.74) may look an ad hoc recipe. We will see in Sect. 7.4 that
it is possible to define the energy-momentum tensor without ambiguities.

Lastly, it is worth noting that the energy-momentum tensor of the electromagnetic
field has vanishing trace

T μ
μ = 1

4π
FμρFμρ − 1

16π
δμ
μF

ρσ Fρσ

= 1

4π
FμρFμρ − 1

4π
Fρσ Fρσ = 0 . (4.78)

4.6 Examples

4.6.1 Motion of a Charged Particle in a Constant Uniform
Electric Field

Let us consider a particle ofmassm and electric charge e in a constant uniformelectric
field E = (E, 0, 0). At the time t = 0, the position of the particle is x = (x0, y0, z0)
and its velocity is ẋ = (ẋ0, ẏ0, 0).

In the non-relativistic theory, the equation of motion is given by Eq. (4.1). For the
x component we have

mẍ = eE → ẋ(t) = ẋ0 + eE

m
t , x(t) = x0 + ẋ0t + eE

2m
t2 . (4.79)

For the y component we have

mÿ = 0 → ẏ(t) = ẏ0 , y(t) = y0 + ẏ0t . (4.80)

From Eq. (4.80) we can write t in terms of y, y0, and ẏ0. We plug this expression into
Eq. (4.79) and we find

x(y) =
(

eE

2mẏ20

)
y2 +

(
ẋ0
ẏ0

− eEy0
mẏ20

)
y +

(
x0 − ẋ0y0

ẏ0
+ eEy20

2mẏ20

)
. (4.81)

This is the equation of a parabola.
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In the relativistic theory, the equation governing themotion of the particle is (4.34).
Let us assume that at the time t = 0 the position of the particle is x = (x0, y0, z0)
and its 3-momentum is p = (qx , qy, 0). From Eq. (4.34) we have

ṗx = eE → px = qx + eEt , ṗy = 0 → py = qy . (4.82)

The particle energy is thus (here we use ε to indicate the particle energy because E
is the electric field)

ε =
√
m2c4 + p2xc

2 + p2yc
2 , (4.83)

as found in Sect. 3.2. The 3-velocity is ẋ = pc2/ε. For the x component we have

ẋ = pxc2

ε
= qxc + eEct√

m2c2 + (qx + eEt)2 + q2
y

→ x(t) = x0 +
√
m2c4 + (qx + eEt)2 c2 + q2

y c
2

eE
. (4.84)

For the y component we have

ẏ = pyc2

ε
= qyc√

m2c2 + (qx + eEt)2 + q2
y

→ y(t) = y0 + qyc

eE
ln

[
qx + eEt +

√
m2c2 + (qx + eEt)2 + q2

y

]
. (4.85)

Let us note the difference between the non-relativistic and relativistic theories. In
the non-relativistic theory, the velocity diverges

lim
t→∞ ẋ(t) = ∞ , lim

t→∞ ẏ(t) = ẏ0 . (4.86)

In the relativistic theory, the velocity of the charged particle asymptotically tends to
the speed of light

lim
t→∞ ẋ(t) = c , lim

t→∞ ẏ(t) = 0 , (4.87)

but it never reaches it

ẋ2 + ẏ2 = c2
[

(qx + eEt)2 + q2
y

m2c2 + (qx + eEt)2 + q2
y

]
< c2. (4.88)



4.6 Examples 81

Fig. 4.1 The particle with electric charge e is moving with 3-velocity ẋ = (v, 0, 0) with respect to
the reference framewith theCartesian coordinates (x, y, z). In the reference framewith theCartesian
coordinates (x ′, y′, z′), the particle is at rest at the point x′ = (0, 0, 0). We want to calculate the
electric and magnetic fields at the point x = (0, h, 0) measured by the observer with the Cartesian
coordinates (x, y, z)

4.6.2 Electromagnetic Field Generated by a Charged Particle

Let us consider a particle with electric charge e. In the reference frame with the
Cartesian coordinates (x, y, z), the particle has 3-velocity ẋ = (v, 0, 0). We want to
calculate the electric and magnetic fields at the point x = (0, h, 0). The system is
sketched in Fig. 4.1.

In the system with the Cartesian coordinates (x ′, y′, z′), the particle is at rest at
the point x′ = (0, 0, 0). In this coordinate system, it is straightforward to write the
intensities of the electric and magnetic fields. The magnetic field vanishes, because
there is no electric current. The electric field at every point is simply that of a static
charge. So we have

E′ = e

r ′3 r
′ = e(

h2 + v2t ′2
)3/2

⎛
⎝−vt ′

h
0

⎞
⎠ , B′ =

⎛
⎝ 0
0
0

⎞
⎠ . (4.89)

where r ′ = √
h2 + v2t ′2 is the distance between the particle and the point where we

want to evaluate the electric and magnetic fields. The Faraday tensor in the reference
frame (x ′, y′, z′) is thus

||F ′μν || =

⎛
⎜⎜⎝

0 E ′
x E ′

y 0
−E ′

x 0 0 0
−E ′

y 0 0 0
0 0 0 0

⎞
⎟⎟⎠ . (4.90)
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The Faraday tensor in the reference frame (x, y, z) can be obtained with the
coordinate transformation

Fμν = Λμ
ρΛ

ν
σ F

′ρσ , (4.91)

where Λμ
ρ is the Lorentz boost

||Λμ
ν || =

⎛
⎜⎜⎝

γ γβ 0 0
γβ γ 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ . (4.92)

Since Fμν is antisymmetric, the diagonal components vanish and we have only
six independent components. Let us start from Ftx . We have

Ftx = Λt
ρΛ

x
σ F

′ρσ = Λt
tΛ

x
x F

′t x + Λt
xΛ

x
t F

′xt

= γ 2E ′
x − γ 2β2E ′

x = E ′
x , (4.93)

because 1 − β2 = 1/γ 2. For Fty , we have

Fty = Λt
ρΛ

y
σ F

′ρσ = Λt
ρΛ

y
y F

′ρy = Λt
tΛ

y
y F

′t y = γ E ′
y , (4.94)

because the only non-vanishing Λ
y
ρ is Λ

y
y = 1, and then the only non-vanishing

F ′ρy is F ′t y . For Fxy , we have

Fxy = Λx
ρΛ

y
σ F

′ρσ = Λx
ρΛ

y
y F

′ρy = Λx
tΛ

y
y F

′t y = γβE ′
y , (4.95)

because, again, the only non-vanishing Λ
y
ρ is Λ

y
y = 1, and then the only non-

vanishing F ′ρy is F ′t y . Lastly, all Fμzs vanish, because Fμz = Λμ
ρΛ

z
σ F

′ρσ , the
only non-vanishing Λz

σ is Λz
z = 1, but F ′ρz = 0.

In the end, we have

||Fμν || =

⎛
⎜⎜⎝

0 E ′
x γ E ′

y 0
−E ′

x 0 γβE ′
y 0

−γ E ′
y −γβE ′

y 0 0
0 0 0 0

⎞
⎟⎟⎠ . (4.96)

Since we are considering the point x = (0, h, 0), t ′ = γ t (because x = 0), and the
electric and magnetic fields measured in the reference frame (x, y, z) can be written
as

E = eγ(
h2 + v2γ 2t2

)3/2
⎛
⎝−vt

h
0

⎞
⎠ , B = eγβh(

h2 + v2γ 2t2
)3/2

⎛
⎝0
0
1

⎞
⎠ . (4.97)
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Fig. 4.2 Ex as a function of
time at the position (0, h, 0)
for β = 0.95. Units in which
e = h = 1 are used. See the
text for more details
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Fig. 4.3 As in Figure 4.2 for
Ey
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The x component of the electric field in the reference frame (x, y, z) at the point
x = (0, h, 0) is shown in Fig. 4.2 as a function of the time t . The maximum value of
Ex is

(Ex )max = 2

3
√
3

e

h2
, (4.98)

which is reached at the time t = h/(
√
2vγ ). As shown in Fig. 4.3, the y component

of the electric field looks like a pulse. The maximum intensity and the time width of
the pulse are

(
Ey

)
max = eγ

h2
, (�t)half−max = 2

√
41/3 − 1

h

γ v
. (4.99)
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Problems

4.1 Compute the invariants FμνFμν and εμνρσ FμνFρσ in terms of the electric and
magnetic fields.

4.2 Verify the vector identity in Eq. (4.31).

4.3 Consider a Cartesian coordinate system of an inertial reference frame in which
wemeasure a constant uniformelectric fieldE = (E, 0, 0). Calculate the electric field
measured in the inertial reference frame moving with constant velocity v = (v, 0, 0)
with respect to the former.

4.4 Let us consider a constant uniform electric field E = (E, 0, 0). Calculate the
associated energy-momentum tensor.
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