14

Buckling of beams

When a structure is subjected to loading, it can fail because local stresses exceed
the maximum allowable stress for the material. There exist, however, another type
of failure mode where the entire structure suddenly collapses. The critical value of
the applied load that triggers this failure mode primarily depends on the geometry
of the structure and the stiffness of the material, not its strength. The study of this
catastrophic failure mode is known as the theory of elastic stability.

The best known problem of elastic stability undoubtedly is the transverse buck-
ling of a beam. Consider a straight cantilevered beam subjected to an end axial com-
pressive load. If this load is applied at the centroid of the cross-section of the beam,
it creates only an axial straining of the beam. As the axial compressive load is in-
creased, a critical value is reached when the beam buckles sideways and collapses.

The basic concepts involved in the study of elastic stability will be introduced
with the simple problem of a rigid bar with a root torsional spring subjected to a
compressive load. This will serve as an introduction to the problem of buckling of
beams. Beams, when subjected to compressive axial loads, are often called columns,
although this designation will not be used in this text.

14.1 Rigid bar with root torsional spring

14.1.1 Analysis of a perfect system

Consider a rigid bar of length L articulated at the root as depicted in fig. 14.1. A
torsional spring of constant k is acting at the root, and is un-stretched when the bar
is vertical. A compressive axial load, P, constantly acting in the vertical direction,
is applied at the bar’s tip. Let the lateral deflection of the bar be defined by angle 0
measured from the vertical. The equilibrium of moments about point O implies

M — k0 =0, (14.1)

where M is the moment of the applied load, and k6 the elastic restoring force in the
spring. The moment of the applied load is M = PL sin 6 resulting in the following
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Fig. 14.1. Bar with a root torsional spring. Fig. 14.2. Behavior of a perfect system.
equilibrium equation
PLsind — k6 =0 (14.2)

In the theory of elastic stability, the determination of the critical load for the
onset of instability plays a central role. Since the elastic spring is un-stretched when
0 = 0, the rigid bar will remain vertical as the applied load P is increased. At the
onset of buckling, the bar will start to move sideways and 6 will increase. If the onset
of buckling is to be determined, angle € can be assumed to be a small quantity,

sinf = 6. (14.3)

Hence, eq. (14.2) becomes
(PL—k)0 =0 (14.4)

This equation of equilibrium is satisfied if § = 0. This represents, however, the
trivial solution where the bar remains vertical. Indeed, when the bar is vertical, the
line of action of the applied force passes through point O, the moment in the spring
vanishes, and equation (14.1) is then identically satisfied for any value of the applied
load, P.

An important point is to determine whether equation (14.4) admits a non-trivial
solution. In fact, the buckling load, sometimes called the critical load of the system
and denoted P, is defined as that load for which a non-trivial solution of eq. (14.4)
exists. Clearly, if (PL — k) =0,

P, =2 (14.5)

When P = P,,, equation of equilibrium, eq. (14.4), is satisfied for an arbitrary value
of angle 6. The behavior of the system is depicted in fig. 14.2. For P < P,,, the only
solution of eq. (14.4) is § = 0. When the applied load reaches the buckling load, i.e.,
when P = P, another solution of eq. (14.4) exists for which angle 6 is arbitrary,
and this is shown by the horizontal line labeled “linearized system.”

Strictly speaking, the solution described in fig. 14.2 is only valid for small 6,
because assumption (14.3) is made. When 6 becomes large, the post-buckling range
starts, and eq. (14.2) must be used. This equation is recast as
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P 0
= 14.
P.. sin6 (14.6)

This nonlinear relationship is also depicted in fig. 14.2. Both linearized and nonlinear
solutions are in close agreement for small angles. The buckling load characterizes the
onset of buckling, i.e., the loading for which lateral displacement begins.

From a design standpoint, it is often imperative to keep the applied load well
below the buckling load, because the collapse of the structure at the buckling load is
a sudden and catastrophic phenomenon. The buckling load depends on k, the spring
stiffness constant, and L, the length of the bar. The strength of the system compo-
nents are irrelevant in this analysis.

14.1.2 Analysis of an imperfect system

The system considered above is a perfect system in the sense that the rigid bar is
perfectly straight, the line of action of the applied load exactly passes through the
pivot point, and the un-stretched position of the spring corresponds to § = 0. In
practical situations, however, a certain level of imperfection is always present. The
actual imperfection of the system is often unknown, as it comes from manufacturing
inaccuracies or load misalignment.

A convenient way of introducing imperfection in the system is to assume that the
un-stretched position of the spring corresponds to § = 6y, where 6 is now a measure
of the initial imperfection of the system. The equilibrium eq. (14.2) then becomes

PLsing — k(0 — 6y) = 0. (14.7)

The onset of buckling can be determined assuming 6 to be a small quantity, im-
plying (14.3), to find
(PL — k)0 = —kby. (14.8)

This equation possesses a non-vanishing right-hand side, in contrast with the homo-
geneous equation, eq. (14.2), for the perfect system. The solution of eq. (14.8) is

o

9:1—Pﬂa

(14.9)

The response of the system is very different from that of the perfect system and
is depicted in fig. 14.3 for various levels of the initial imperfection, 6. Unlike the
perfect system, rotation of the bar begins from the onset of loading and grows as
the load is increased. When the initial imperfection is very small, the response of
the system is very small except when the applied load approaches F... When the
applied load reaches P, the response rapidly grows to infinity. For larger initial
imperfections, a large response of the system is observed even for applied loads well
below the critical load.

In all cases, the response of the system is unbounded when the applied load
approaches the buckling load, F.,. In fact, the buckling load can be defined as the
load for which the response of an initially imperfect system grows without bounds.
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Fig. 14.3. System linearized response with  Fig. 14.4. System nonlinear response with
various levels of imperfection. various levels of imperfection.

For the simple system discussed here, the analysis of both perfect and imperfect
systems give the same buckling load, eq. (14.5).

The analysis developed here is valid for small values of 6. For larger values of ¢
equation (14.7) must be used. It can be recast as

P 0—0
P.. sind

This relationship is depicted in fig. 14.4 for various levels of the initial imperfection.
For angles less than 10 degrees, the curves are nearly identical to those in fig. 14.3,
but as the angle increases, the curves bend upwards and asymptotically approach the
behavior of the perfect system at large angles as shown in fig. 14.2

Although the buckling loads obtained for the perfect and imperfect systems are
the same, their respective behaviors are quite different for applied loads below the
buckling load. Indeed, comparing figs. 14.2 and 14.3 shows that the perfect system
presents no lateral deflection for applied loads below P.., whereas the imperfect
system presents lateral deflections even for small applied load. Failure can occur for
applied loads far smaller that the buckling load. Assuming that the spring fails when
0 = 0,31, the failure load is readily computed from eq. (14.9) as

Pran 1 to
P cr ofail .

Note the fundamental difference between the failure load associated with a dis-
placement or stress reaching an allowable limit for the material (8 = 6g,; in this
simple example), and the buckling load associated with the instability of a structure,
which depends solely on its elastic and geometric characteristics.

In this simple example, two conceptually different definitions of the buckling
load are given. First, the buckling load is defined as the critical load for which a
perfect system admits a non-trivial solution. Second, the buckling load is defined
as the load for which the response of an imperfect system grows without bounds.
Although conceptually different, these two definitions give the same value of the
buckling load for the simple rigid bar problem considered here.

(14.10)

(14.11)
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14.2 Buckling of beams

Consider now the simply-supported, uniform beam acted upon by a compressive
load, P, depicted in fig. 14.5. This loading is assumed to be applied exactly at the
centroid of the section. According to three dimensional beam theory, all the condi-
tions for decoupling the problem are met. This means that three simpler, independent
problems can be solved: first, an extensional problem giving rise to extension of the
beam (compression in this case), and second, two uncoupled bending problems along
the principal axes of bending. Because the axial load is applied exactly at the cen-
troid and no transverse loads are applied, the beam does not bend. Consequently,
the transverse deflections will remain zero, independently of the level of the applied
axial load P.

Fig. 14.5. Simply-supported beam with end compressive load.

This simple reasoning shows that the beam theory developed in the previous
chapters is unable to predict the buckling phenomenon. The basic equations of Euler-
Bernoulli beam theory, egs. (5.19), and (5.40) must be modified to account for the
effect of the large compressive load that causes the instability. The key to this mod-
ification is a restatement of the equilibrium equations for a deformed configuration
of the beam.

14.2.1 Equilibrium equations

Consider an infinitesimal slice of the beam subjected to axial and transverse forces, as
well as bending moments. In contrast with earlier developments, see sections 5.4.3
or 5.5.3, a free body diagram of a deformed slice of the beam will be analyzed.
Figure 14.6 shows the deformed slice of the beam subjected to the same force and
moment components considered in chapter 5. At the onset of buckling, a large axial
force is present in the beam, but the transverse shear force and deflection are still
very small. Consequently, the following assumption will be made
duy < L (14.12)
dz 1

The first equilibrium equation is obtained by summing up forces along axis 7; to
find

N1 > Vo,

diio dN; diy  d%us
— N7 cos — N —d S| — + —=-d
1 COS o, + ( 1+ day x1> cos (dxl + dxf xq

_ dag dvy . (duy  d*ap
Vosin — — | V% —=dz 5 — + —d dz, = 0.
+ V5 sin 4oy ( 2 + day J‘1> sin (dml + dx% r1 | + p1dzy
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N, + (dN,/dx,) dx,
V, + (dV,/dx,) dx,

du,/dx, + (d’u,/dx,’)dx,
M, + (dM,"/dx,) dx,

Fig. 14.6. Free body diagram of a deformed slice of the beam.

In view of assumption (14.12), cos(diiz/dx1) ~ 1, and sindus/dx; = dug/da;.
Neglecting higher order differential terms in this equations, it reduces to

d dUQ
— ~ Vi = —p.
dry < 1 2d331> yal

Finally, assumption (14.12) implies that the second term in the parentheses is negli-
gible as compared to the first, resulting in the following axial equilibrium equation
dN;/dxy = —p;. This equation of axial force equilibrium is identical to that ob-
tained when considering a differential element of the beam in its original, reference
configuration, eq. (5.19).

The second equation of equilibrium is obtained by summing up the forces along
axis 7o to find

de dV dUQ d UQ
-V Vo4 —2da —d
2COS —— o, < 2+ 4oy 1) cos (dml + 3?2 T )

diiy d dig  d%ug
_Nl Slnd71+ <N1+dldl'1> sin <dw1+ ng%dxl +p2dl’1 =0.

Here again, this equation simplifies considerably when assumptions (14.12) are taken

into account, leading to
d dﬂz
Vo+ Ni—= | = —po.
dxl ( 2+ dx1> P2

The two terms in the parentheses are now of the same order of magnitude. The equa-
tion cannot be further simplified and is recast as

v | 4 (N1 d“2) — (14.13)

dxl d(El d.’El

This equilibrium equation differs from that derived earlier, eq. (5.38). The second
term represents the contribution of the large axial force N7 to the transverse equi-
librium of the beam. The presence of this term stems from the fact that equilibrium
conditions are expressed for a differential element of the beam in its deformed con-
figuration.
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The last equilibrium equation is obtained by summing the moments about axis 3
to find

— M5 + (M§ + ij\f’ dx1> + Vadz; = 0. (14.14)
After simplification this equation becomes dM$/dx; + V2 = 0, and is identical to
that obtained earlier as eq. (5.38).

The governing equation of the problem is obtained by eliminating the shear force,
Vs, fromegs. (14.13) and (5.38), then introducing the constitutive law for the bending
moment, eq. (5.37), to find

d? A%, d duo
Hi¢Z 2| _ [N, —2| = po. 14.15
d:z:% [ 33 dx% } dz; [ ldxl} P2 ( )

The second term in this equation is a new term which is absent in previous devel-
opments, see eq. (5.40). The governing equation is now a fourth order differential
equation for the transverse displacement field.

Four boundary conditions are required, two at each end of the beam. The bound-
ary conditions are identical to those discussed in section 5.5.4, except when a large
axial force is applied at an unsupported end of the beam. In this case, the natural
boundary conditions must be derived from equilibrium of the beam in its deformed
configuration. Consider, for instance, a cantilevered beam with an end tip load P;
acting in a fixed, horizontal direction, as depicted in fig. 14.7. The boundary condi-
tions at the tip end are
dusg
dx 1 '

Governing equation (14.15) can be applied when large axial forces are present
in the beam, whether in compression (/V; is negative) or in tension (/N is positive).
If the axial force is compressive, the beam will buckle when this compressive force
reaches a critical level; if the axial force is tensile, the beam will not buckle, although
its behavior will be affected by the presence of the large axial force which will tend
to reduce the transverse deflection.

Ms=0;, Vo=-P (14.16)

Fig. 14.7. Cantilevered beam with a tip load.

14.2.2 Buckling of a simply-supported beam (equilibrium approach)

Consider a uniform, simply-supported beam subjected to an end compressive load
of magnitude P, as shown in fig. 14.5. The axial force in the beam, N1, is constant
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along its span, and N; = —P. Assuming axis 7, to be a principal axis of bending,

the uncoupled governing equation that accounts for the presence of the large com-

pressive load is

d2ﬂ2
2

da?

47
e 4702

=0. (14.17)
with the following boundary conditions, %y = d%as / dz% = 0, at the beam’s root,
and iy = d%@ip/dz? = 0 at its tip. The governing equations and associated boundary
conditions are homogeneous. Hence, the trivial solution, %s = 0, is a solution of the
problem. The buckling load is defined as the lowest load for which a non-trivial
solution of the governing equations exists.

For simplicity, the governing equation is recast in a non-dimensional form as

ay" + N2l =0, (14.18)
where )
PL

N = (14.19)
Hzg

is a non-dimensional loading parameter, and ()’ denotes a derivative with respect to
the non-dimensional span-wise variable 7 = x1 /L. The boundary conditions at the
beam’s root are U = u4 = 0 and at its tip, uy = a5 = 0.

The solution of eq. (14.18) is

g = A+ Bn+ Ccos An + Dsin An, (14.20)

where A, B, C, and D, are four integration constants to be determined from the
boundary conditions. The two root boundary conditions imply A+C = 0 and A\2C =
0, which in turn, implies A = C = 0. The solution now reduces to iy = Bn +
D sin An. The two tip boundary conditions yield

1sinA| [ B
EIHE e
This is a set of algebraic equations for the last two integration constants, B and
D. Since the system is homogeneous, the solution is B = D = 0, which corresponds
to the trivial solution of the problem. A linear system of homogeneous algebraic

equations admits a non-trivial solution if and only if the determinant of the system
vanishes, i.e., when

1sin A
det [0 sin )J = (14.22)
Expanding this determinant yield the buckling equation
sin\ = 0. (14.23)

The governing equation of the problem admits non-trivial solutions for the dis-
crete values, \,,, which satisfy eq. (14.23), and the lowest solution is the buckling
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load. The roots of eq. (14.23) are \,, = nm, n = 1,2,...00, which, in view of
eq. (14.19), can be written as

n2m2 HiS
(Per)n = T‘“”; n=1,2..00. (14.24)
The lowest root corresponds to n = 1, resulting in a buckling load
2 Hi
Poo = =15 (14.25)

The deflected shape of the beam can also be determined from this analysis. The
first equation in (14.21) is BL + D sin A = 0, which, in view of eq. (14.23), yields
B = 0. The deflected shape is then us = D sin A,n. The buckling mode shape
corresponding to the lowest buckling load is now

e = Dsinmn. (14.26)

When the beam is loaded, its transverse displacement remains zero until P =
P, at which point it buckles with the transverse deflection assuming the sinusoidal
shape given by eq. (14.26). The integration constant, [J, remains undetermined, i.e.,
the transverse displacement is of arbitrary amplitude, indicating a lateral collapse of
the beam. This is the same fundamental behavior presented by the rigid bar exam-
ined in section 14.1, and the unknown deflection amplitude is a direct result of the
inherent linearization in the governing differential equation, eq. (14.15). A more pre-
cise description of the behavior of the structure at and beyond buckling cannot be
determined within the framework of this linearized theory.

The above analysis is based on the uncoupled governing equation (14.17) pertain-
ing to bending in plane (71,72). A buckling analysis using the uncoupled governing
equation in plane (71,73) could be performed in the same manner, leading to the
following buckling load
m2H3S

2 -
assuming, of course that the boundary conditions in planes (71,72) and (71,7%3) are
identical. For the case at hand, this would mean that the beam is pinned in both
directions by a ball-and-socket joint. In such cases, the buckling load is based on the
lowest principal bending stiffness, and the buckling load, called the Euler buckling
load is

P, = (14.27)

7T2H*C
Pruler = 7z (14.28)

where H* is the lowest principal centroidal bending stiffness. This buckling load
is proportional to this lowest principal centroidal bending stiffness, and inversely
proportional to the square of the beam length.

14.2.3 Buckling of a simply-supported beam (imperfection approach)

In the previous section, a perfect system is analyzed. The beam is perfectly uniform
and straight, and the line of action of the load passes exactly through the centroid. In
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practical situations, no system is ever perfect: manufacturing imperfections always
result in non-uniform beams, and no experimental set-up can apply a compressive
load exactly at the centroid. Imperfections are always present, although their exact
nature and magnitude are generally unknown.

To investigate the effect of these imperfections, a pinned-pinned beam with ec-
centrically applied end compressive loads will be analyzed. Figure 14.8 depicts the
geometry of the problem, and it shows the compressive loads are applied at a dis-
tance e from the centroid. The governing equation of the problem is eq. (14.17)
once more. The boundary conditions at the beam’s root now become uy = 0,
Hj;$d2uy/da? = —Pe and at its tip, iz = 0, H3$d?uy/d2? = — Pe.

4 d

L

e

Fig. 14.8. Pinned-pinned beam with eccentric end loads.

The present problem is no longer homogeneous, because non-zero right-hand
side terms appear in the boundary conditions. The trivial solution, @a(z1) = 0, is
not a solution of the problem. Introducing once more the non-dimensional span and
loading variables,  and A, respectively, the differential equation can be written as
eq. (14.18). The beam’s root boundary conditions now become iy = 0, i = —\%e
and at its tip, uz = 0, iy = —\2e.

The solution of eq. (14.18) is once more given by eq. (14.20). The root boundary
conditions imply A + C = 0 and —A\2C = —\Z2e, which yields —4 = C = e.
Proceeding with the tip boundary conditions yields B + Dsin A = e(1l — cos A
and —A\2Dsin A = —eA?(1 — cos \). Solving for the last two integration constants
gives D = e(1 — cosA)/sin A and B = 0. The final solution for the transverse
displacement then becomes

1 — cos }:e{cos/\(n—lﬁ)

Ug =€ | ————sinAn 4+ cos An — 1 cos /2

—1]. 14.29
sin A ( )

The buckling load for the structure can be defined as the load for which the
response of an initially imperfect structure becomes unbounded. Clearly, us — oo
when cos A\/2 — 0, i.e., when A = (2n— )7, n = 1,2, ...00. Using eq. (14.19), the
dimensional buckling load now becomes

(2n — 1272 H35

(Pcr)n = 72 5

=1,2,...00. (14.30)
The lowest buckling load corresponds to n = 1, leading to the same result given for
the perfect beam in eq. (14.25). The solutions for the perfect and imperfect simply
supported beams give the same buckling load.
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Insight into the behavior of imperfect structures can be gained by computing the
mid-span deflection, A, of the beam. With = 1/2, eq. (14.29) becomes

suoD) ()

The non-dimensional loading parameter is expressed in terms of the applied com-
pressive load with the help of eqgs. (14.19) and (14.28)

N P2 1/27 2p 1/27 po\1/2 143
B H*e B PEuler T PEuler ’ ’

The non-dimensional mid-span transverse deflection now becomes

? - cos (gJim) — = se {COS (g\/%)] -1 (14.32)

Figure 14.9 depicts the mid-span deflection as a function of the applied compres-
sive load, P, for various levels of the initial imperfection e. For all levels of imper-
fection, the mid-span deflection grows to infinity as the applied load approaches the
buckling load. Although large mid-span deflections can occur for applied load levels
far smaller than the buckling load when large imperfections are present, the buckling
load itself is unaffected by the presence of imperfections.

The bending moment distribution in the beam is obtained from the transverse
displacement field, eq. (14.29), as

Cay  cosAly— 1)
M$ = H3S =P 2, 14.33
3 3 da? “cos A2 ( )

The maximum bending moment occurs in the middle of the beam and is M,.x =
Pe/ cos(A/2). Considering a beam with a rectangular cross-section of height, A,
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made of a homogeneous material with a modulus of elasticity, F, the corresponding
maximum axial (compressive) stress in the beam is the sum of the uniform stress due
to the axial force and of that arising from the bending moment,

1+ EE Sk sec il P
2 h H3S 2V Pguler

where Sh?/H3$ is a non-dimensional ratio of the axial to bending stiffnesses, and
e/h a measure of the imperfection’s magnitude.

The beam deflects until the maximum axial stress reaches the allowable stress
1evel, Tallow»

UallowA Pallow le Sh2 ™ Pallow
= 14 == - . 14.35
[ + 27 H sec | 5 (14.35)

P Muh/2 P

max:*'*'Ei*
x| = 3 Hig A

. (14.34)

PEuler PEuler PEuler

This is a transcendental equation for Pajjow/ Pruler and must be solved numerically.
For structures with large imperfections, the allowable load, Pajjow, can be substan-
tially lower than the buckling load, Pgyer, as depicted in fig. 14.10.

14.2.4 Work done by the axial force

The analysis of the buckling behavior of simply-supported beams is developed in
the previous section as the solution of a differential equation. The buckling load is a
solution of the buckling equation, eq. (14.23), which is, in general, a transcendental
equation. In view of the difficulties associated with this solution process, an alter-
native approach, such as an energy approach, is desirable. General procedures for
obtaining approximate predictions of the static deflection of beams under transverse
loading are developed in chapter 11, based on the principle of virtual work and the
principle of minimum total potential energy. The latter approach requires the evalu-
ation of the strain energy stored in the elastic system and of the work done by the
externally applied forces.

Consider the problem of a cantilevered beam subjected to an axial force. When
dealing with buckling problems, the strain energy stored in the deformed beam is a
function of the sole curvature, as given by eq. (10.39). The work done by the axial
force that causes buckling is a key aspect of the problem.

Figure 14.11 shows a differential element of the beam subjected to an axial force,
Nj. In the deformed, buckled configuration of the beam, the point of application of
the axial force displaces an amount ¢ along the line of action of the force.
Consequently, the work, dW, done by the axial force is dWW = —N;§; the minus
sign reflects the fact that displacement § occurs in the direction opposite to that of
the force. Figure 14.11 indicates that @ + § = dx;. Because the bending and axial
loading problems are assumed to be decoupled, it follows that when undergoing
bending deformation, the length of the beam remains unchanged. If the differential
beam element is inextensible, a = dxq cos(dus/dx1), and hence,
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du diis \ 2
§ = day — dz; cos S22 = dgy — dxy 177 S92 L], (1436)
dxz, dxy

where the second equality results from a Taylor series expansion of the cosine
function. If the slope of the beam is assumed to remain much smaller than unity,
see eq. (14.12), the higher order terms in the expansion can be neglected and
6 =1/2 (dazdxl)2 dx1. The total work done by the internal axial forces is then
found by integration along the span of the beam

1 [ diig 2
== N — ) dz;. 14.37
B /0 1(331) (d:m) T ( )
The total potential energy of the struc- Reference
ture now becomes configuration
_ N dx, N
1 L d2U2 dw F —
meg [ () anes [ () Bl et
(14.38) XN

du,/dx,

The first term represents the strain energy
associated with the bending deformation of

Deformed
the beam, the ssacond .the work done by the configuration
externally applied axial load, /Ny, and the N,
third the work done by the externally ap-
plied transverse load, ps(x1).

The principle of minimum total poten-
tial energy requires that the total potential energy of the system is a minimum with
respect to all arbitrary variations of the displacement field, and hence the total poten-
tial energy must be stationary

s& day du L
5H / H UQ dler/ Nlﬂ 6ﬂ dxl / P2 5’&2 dl‘l =0.
d d$1 da?l 0

Fig. 14.11. A differential element of the
beam in the deformed configuration.

The first term is integrated by parts twice and the second once to yield
/Léﬂ (@) o 4 (ydu) T,
o (A U8 a2 ) T A \Uldey ) TP

L ay  (das\ 1" diz  d (6] "
| o (32)], - { [ - s () om =0

This equation is satisfied for arbitrary variations, dua (1), only if the integral and
each of the boundary terms vanishes independently. The integral term vanishes if
the integrand in brackets vanishes leading to the Euler-Lagrange equation of the

problem,
d? d?s d diiy
— | Hxc - — ([N =—=2) = .
da? < 3 da? ) dxq < 1dx1) bz
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This is the governing differential equation of the problem. It is identical to eq. (14.15)
that is obtained from the equilibrium conditions for a differential element of the beam
in the deformed configuration, see section 14.2.2.

For a cantilevered beam, the geometric boundary conditions at the beam’s
root imply @ = 0 and diy/dz; = 0. Because the variations at the beam’s
tip, 6(duz(L)/dxy) and Sig(L), are arbitrary, Hi§d%up(L)/dzf = 0 and
Nydiiz(L)/dxy — d/dzy (H;5d%us/da?) = 0, respectively. The first condition cor-
responds to the vanishing of the bending moment at the tip of the beam, as expected;
the second condition corresponds to Ny dis(L)/dxy + Va(L) = 0. These boundary
conditions are identical to those derived in section 14.2.2, see eq. (14.16), and corre-
spond to the tip equilibrium equations of the beam in its deformed configuration.

The energy approach developed in this section leads to the same governing dif-
ferential equation and boundary conditions obtained from the equilibrium approach
in section 14.2.1. This result should be expected because the principle of minimum
total potential energy is derived from the equations of equilibrium.

14.2.5 Buckling of a simply-supported beam (energy approach)

Consider a uniform, simply-supported beam of length L subjected to an end com-
pressive load of magnitude P, as depicted in fig. 14.5. The beam is assumed to be
pinned about axis 23 which is perpendicular to the plane of symmetry of the beam.
The axial force in the beam, V1, is constant along the span, and N; = — P. The total
potential energy of the system, eq. (14.38), becomes

1 L A%, \° 1 (E /dag\?
II=- HS | — ) do1—= P— ) dx;.
7 33(dx%> =3, <dx> "
An approximate solution can be developed by expressing @2(x1) as a sum of

shape functions, each of which satisfies the geometric boundary conditions, see sec-
tion 11.4.

Solution using a single shape function

The geometric boundary conditions for a simply supported beam require the dis-
placement to vanish at both end. An assumed transverse displacement field that sat-
isfies these conditions is )

Uz (z1) = ¢;sin % (14.39)

where g¢; is the single degree of freedom of the problem and j an unspecified integer.

Substituting this assumed displacement field into the expression for the total po-
tential energy, eq. (14.38), and carrying out the integrations yields the total potential
energy as a function of the degree of freedom

. 2
11 = ngS (f) ~P
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The principle of minimum total potential energy requires the total potential en-
ergy to be a minimum with respect to the choice of the degrees of freedom, leading

to ) )
on . [Jm jm B
By [H (7) -#| (%) w0

This homogeneous equation admits a trivial solution, g; = 0, which implies
t2(w1) = 0. A nontrivial solution exists if (j272HS;/L? — P) = 0, and this condi-
tion yields the critical load,

P, = jQWQ%.
The lowest critical load is obtained when j = 1 and defines the buckling load, P, =
m2 H$,;/ L?. The buckling shape is given by eq. (14.39) as @ia(x1) = q1 sin(mz1) /L.
This result is identical to that obtained in section 14.2.2. This should not be sur-
prising because the shape function given in eq. (14.39) is, in fact, the exact solution.
An infinite number of critical loads are obtained for all values of integer j, but the
lowest critical load is the buckling load.

Solution using multiple shape functions

The following transverse displacement field containing two shape functions will be
assumed next

. TX . 2mx
tp(r1) = qrhi(x1) + q@2ho(21) = @1 SIHTI + @2 sin T !

= H" (21)q, (14.40)

where h; and ho are the assumed shape functions, H the displacement interpolation

array defined by eq. (11.62), and ¢ = {q1, qg}T the solution array. In this case, the
shape functions are selected as sine functions. In general, N shape functions could
be used, but the assumed shape functions must all satisfy the geometric boundary
conditions of the problem.

Calculation of the integrals in eq. (14.38) requires the first and second derivatives
of the transverse deflection which can be expressed in matrix form as follows

du 2 2

d% — ql% cos % + QQ% cos 7erl = QT(xl)g, (14.41a)
d?s T™\2 . 7x1 o\ ? . 21 T

Tx% = —q <Z) SIHT — @2 ( 7 > sin 7 =& (21)g. (14.41b)

The displacement gradient interpolation array, G(x1), is defined as

(14.42)

dhy dby - dhy )
dxl’dxl"” dl‘l

G(z1) = {

and the curvature interpolation array, B(x1), is given by eq. (11.72).
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The strain energy in the structure is readily evaluated using the general procedure
described in section 11.4.3. The strain energy is expressed as A = 1/2 QT£ q, see
eq. (11.75). The stiffness matrix is given by eq. (11.67) as

L
g:/ B(xy) H;(x1)BT (1) dzy. (14.43)
0

For the shape functions defined in eq. (14.40), the stiffness matrix becomes

mHS, 10
K=" {0 16]. (14.44)

The second integral in eq. (14.38) represent the work done by the applied axial
load. Using eq. (14.41a), it can be evaluated as follows

L =\ 2 L
& _1/ p (dw) dz, = 75/ (C7q)" (G7q) day
2 Jo 2 Jo N N

dl’l

1 T
= —¢"P
54

L
T _ 1 T
/0 GG dm]q—Qq PK.q,

where the geometric stiffness matrix, K o is defined as

L
£G:/ G(21)G" (x1) day. (14.45)
0

For the problem at hand, this matrix is

72 10
K, = {0 4] . (14.46)

The total potential energy of the structure is now found by combining the strain
energy and the work done by the axial force as

1

1
M=5qKq-54 PK q=3

1 T
54 a [£ + Pég] a

This is a positive-definite quadratic form in g, and from the principle of minimum
total potential energy, it must assume a minimum when the system is in equilibrium.
It is shown in appendix A.2.9 that this quadratic form is minimum when the solution

array, ¢, satisfies the following condition
[K+PE.|q=0. (14.47)
This is a set of homogeneous, algebraic equations for the solution array, g; the solu-

tion of this homogeneous system is the trivial solution, ¢ = 0, which corresponds to
the vanishing of the transverse displacement field.



14.2 Buckling of beams 779

In the equilibrium approach developed in section 14.2.5, a trivial solution is also
found. The buckling load of the system is defined as the lowest load for which a
non-trivial solution of the governing equations exists. A nontrivial solution of the
homogeneous, algebraic system given by eq. (14.47) exists if and only if the deter-
minant of the system vanishes,

det (K ~ PK,,) =0. (14.48)

This is the buckling equation for the system, and the values of the axial compressive
load, P, for which this determinant vanishes are the critical loads. Introducing the
stiffness matrix, eq. (14.44), and the geometric stiffness matrix, eq. (14.46), leads to
an explicit expression for the buckling equation

2H*c
2 ™ 233 _p 0
det oL L 2 e =0. (14.49)
0 16=—5* — 4P

The solutions of this buckling equation are P = 72 Hj;$/L? and 472 H3;$/L2.
The lowest solution is the buckling load P., = w2H3$/L?. This buckling load is
identical to that found from the equilibrium approach, see section 14.2.5. Again,
this should be expected because the exact buckling mode shape, sin7wxzq/L, see
eq. (14.26), is one of the assumed mode shapes in eq. (14.40).

The solutions of the buckling equation give rise to non-trivial solutions of the
problem. Since the stiffness and geometric stiffness matrices are, in general, matrices
of size N x N, the expansion of the determinant equation leads to an N'*" order
algebraic equation in P, and hence, solutions P;, 7 = 1,2,..., N. For large values
of N, the coefficients of this algebraic equation become very large, and the solution
process becomes increasingly difficult, leading to inaccurate solutions. In this case,
it is preferable to recast eq. (14.48) as K ¢ = PK 4 Multiplying through by K -1
then yields

Dqg=Ag, (14.50)

where D = K 'K . and A = 1/P. This is an eigenvalue problem of the type
described in a@encﬁ( A.2.4, and the eigenvalues, ), are the reciprocals of the critical
loads.

Matrix D is of size NV x N and it possesses NV eigenvalues \;, i = 1,2,--- /N,
see appendﬁ A2.4. Let \; be the highest eigenvalue of D; P, = 1/)\; is then
an approximation to the lowest critical load of the system, which is the buckling
load. If ¢, is the corresponding eigenvector, the buckling mode shape is @ (z1) =
H'(z1)g,.

The procedure described in this section can be summarized by the following
steps.

1. Select N shape functions that satisfy the geometric boundary conditions. Con-
struct the corresponding displacement, displacement gradient, and strain inter-
polation arrays.
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2. Compute the strain energy of the structure, leading to the N x IV stiffness matrix,
K, see eq. (14.43).

3. Compute the work done by the axial forces, leading to the N x N geometric
stiffness matrix, K , see eq. (14.45).

4. Solve the elgenproblem Dq = Aq, where D = K~ 1K to find the highest
eigenvalue A1, and corresponding eigenvector q,-

5. The approximate buckling load of the structure is P, = 1/A; and the buckling
mode shapes is Ua(z1) = ﬂT(xl)ql.

If externally applied transverse loads are also applied, the above procedure must
be modified as follows.

1. Select NV shape functions that satisfy the geometric boundary conditions. Con-
struct the corresponding displacement, displacement gradient, and strain inter-
polation arrays.

2. Compute the strain energy of the structure, leading to the N x NV stiffness matrix,
K.

3. Compute the work done by the externally applied transverse loads, leading to
the load array, Q.

4. Compute the work done by the axial forces, leading to the N x N geometric
stiffness matrix, é -

5. Solve the linear system (K — PK ,)q = Q to find the solution array, ¢

In this case, the solution procedure assumes that matrix (K — PK G) is non-singular,
i.e., det(K — PK ) # 0.If the axial force is such that tdet(K — PK o) =0, the
linear system cannot be solved, and P has reached the buckling load.

14.2.6 Applications to beam buckling

A number of examples will be worked to illustrate the use of both the equilibrium
and energy approaches.

Example 14.1. Cantilevered beam with tip support (equilibrium approach)
Consider a uniform, cantilevered beam with a tip support as depicted in fig. 14.12.
The beam is subjected to an axial compressive load P at the tip. The resulting axial
force in the beam, [V, is constant along the span, and N; = —P. The governing dif-
ferential equation of the problem is given by eq. (14.17), with the following boundary
conditions at the beam’s root @i = diip/dx; = 0 and at its tip %z = d?i/dz? = 0.
The non-dimensional span-wise variable 7 = x1/L is defined and the governing
equation then reduces to eq. (14.18), where (-)’ denotes a derivative with respect to n
and the non-dimensional loading parameter, \?, is defined by eq. (14.19). The bound-
ary conditions at the beam’s root become @s = @), = 0 and at its tip uo = a4 = 0.
The solution of eq. (14.18) is

iy = A+ Bn+ CcosA\n+ Dsin An

where A, B, C, and D, are four integration constants to be determined from the
boundary conditions. The first two boundary conditions imply A + C = 0 and B +
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AD = 0. Eliminating constants B and C'yields 1o = A(1—cos A\n)+D(sin An—An).
The last two boundary conditions then yield

1—cosAsinA— Al [A —0
cosA\  —sin\ | |Df 7

o
®

o
o

I
>

BUCKLING MODE SHAPE

o
N

O0 0.2 0.4 0.6 0.8 1

n

Fig. 14.12. Cantilevered beam with tip sup- Fig. 14.13. Buckling mode shape for the can-

port under axial load. tilevered beam with tip support. Exact solu-
tion: solid line; approximate solution (n = 1):
dashed line.

This is a set of algebraic equations for the last two integration constants, A and D.
Because the system is homogeneous, the solution is A = D = 0, which corresponds
to the trivial, non-buckled, solution of the problem. A linear system of homogeneous
algebraic equations admits a non-trivial solution if and only if the determinant of the
system vanishes,

—cosAsinA —A|

1
det cos\  —sin\ |

Expanding this determinant yield the buckling equation, tan A\—\ = 0. The buckling
equation is a transcendental equation, and the lowest solution is A = 4.4934. The
buckling load of the system is P., = (4.4934)2H3$/L?. For comparison, this can be
recast as P, = 2.045772 H3$ /L? = 2.0457 Pgyler, Or about twice the buckling load
for a simply supported beam of the same length.

The buckling mode shape can be determined from this analysis. The buckling
equation implies AcosA = DsinA or A = Dtan A = AD. the buckling mode
shape is then uz(n) = D [A(1 —n) + sin A — A cos Anj]. The integration constant,
D, remains undetermined, which means that the transverse displacement is of arbi-
trary amplitude, indicating a lateral collapse of the beam.

Example 14.2. Cantilevered beam with tip support (energy approach)

Consider the same cantilevered beam with a tip support depicted in fig. 14.12. An
energy approach will be used to find an approximate solution to the problem. The
following transverse displacement field will be assumed
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N N
1
us(z1) = Z qn hn(n) = Z In 5 [cos ann — cosb,n], (14.51)
n=1 n=1

where 7 = x1/L is the non-dimensional span-wise variable, a,, = (n — 1/2)7 and
b, = (n 4+ 1/2)x. Note that each assumed shape function satisfies the geometric
boundary conditions of the problem: h,,(0) = 0, h/,(0) = 0, and h,,(1) = 0, where
() denotes a derivative with respect to 7).

The displacement field is written as g (21) = H (1) ¢, where H is the displace-
ment interpolation array, and ¢ the solution array. The displacement gradient and
the curvature interpolation arrays are given by eqs. (14.41) as

N

diiy Z In : : T
R == [—an sin a,,n + by, sin bn77] =G (n) 9
dxy —_ 2L
d2112 al dn 2 2 T
- = — [—a2 cos ann + by cosb,n] = B (1) q.
da? — 2L

The bending and geometric stiffness matrices are computed using eqs. (14.43)
and (14.45), and using the first four terms in eq. (14.51) results in

(1% +3* —3* 0 0
oo 1S (3)4 —-3* 3'+5t -5t 0
=" 413 \2 0 —5+ iyt 74 |0
0 0 —7t Tt 494
and _
12432 32 0 0
X 1 /m\2| —32 32452 52 0
=G 4L (5) 0 —52 B2472 _72
| 0 0 —7% 72492

The buckling equation is given by eq. (14.48). If a single term is taken in the
assumed displacement field, i.e., if N = 1, the buckling load is found to be P, =
82/10(w/2)2H3$/L? = 2.0500m% Hj;$ /L?. This compares very favorably with the
exact solution found in the previous example as P, = 2.045772H3$ /L2, A two term
approximation yields P., = 2.046772H3$/L? that overestimates the exact solution
by 0.05% only. For larger values of N more accurate solutions are obtained, but it is
the preferable to rely on the solution of the eigenproblem defined by eq. (14.50).

Figure 14.13 depicts the buckling mode shape for the exact solution developed in
the previous example and the present approximate solution using a single assumed
mode, i.e., with N = 1. For N = 2, the exact and approximate buckling mode shapes
are almost coincident.

Example 14.3. Cantilevered beam with linearly tapered depth

During buckling of a cantilevered beam, the region near the root undergoes the
largest bending moment. To increase the buckling load, it is reasonable to increase
the depth of the section in the root region to provide a greater bending stiffness.
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To investigate this effect, consider a cantilevered beam with a depth in plane
(22,71) that is tapered linearly from h, at the root to h; at the tip, as shown in
fig. 14.14. From a practical point of view, assume also that either the beam is re-
strained from deflection in the 73 direction or else H5, > Hg; so that buckling in
plane (71,73) will not occur.

For a beam with a rectangular cross-section having a linearly tapered depth, the
bending stiffness can be written as

Hgy = Hy [h— (h—1)p]°, (14.52)

where 1 = x1/L is a non-dimensional span-wise variable, Hy the tip bending stiff-
ness, and h = h,./h; > 1 the root depth factor.

Euler

1 15 2 _ 25 3
ROOT TIP RATIO h

Fig. 14.14. Tapered cantilevered beam under Fig. 14.15. Buckling load for tapered can-
axial load. tilevered beam as a function of the root depth
to the tip depth, h.

The following transverse displacement field satisfies the geometric boundary
conditions

N N
a(x1) =Y g™ = gnhn(n), (14.53)
n=1 n=1

where the shape functions are h,,(n) = n™*1. For N = 2, the displacement gradi-
ent and curvature interpolation arrays are G = [27, 3n%]/L and B = [2, 67]/L?,
respectively.

The bending stiffness matrix, £ , and geometric stiffness matrix, £ o are found
from eqs. (14.43) and (14.45), respectively, as

s Ho [ 5(L+h+h?+h%) 3(4+3h+2h%+h?)
=7 572 |3(4 4 3h + 2h% + h®) 3(10 + 6k + 3h2 + h3) |’
and

1[40 45
Lo=50L [45 54} ’
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From eq. (14.50), the critical loads are the reciprocals of the two eigenval-
ues of the matrix D = K~ 1K The buckling load is the lowest of these. Fig-

ure 14.15 shows the increase in buckhng load as the root depth factor, h, increases.
For h = 1, the beam is a cantilever with uniform depth, and the buckling load is
P, = 0.2519 Ppyier Where Pryjer = T2 H*C / L?. This compares very favorably with
the exact buckling load, P, = 0.2500Pgyjer. For h = 2, the buckling load is ap-
proximately the same as that obtained for cantilevered beam with tip support, see
example 14.1. For h = 3.7, the buckling load is equal to that of a uniform, simply
supported beam of the identical length and tip bending stiffness.

14.2.7 Buckling of beams with various end conditions

The analysis method developed in the previous section can be repeated for beams
with various end conditions. The buckling load for various configurations are sum-
marized in table 14.1 which lists the non-dimensional buckling parameter k, such
that

B H*c
P, = krn?

L2 - k PEuleI

Table 14.1. Buckling loads for beams with various end conditions.

Boundary Conditions [Buckling parameter k
Clamped - Free 1/4
Clamped - Clamped 4
Clamped - Pinned 2.0457
Pinned - Pinned 1

Finally, it should be noted that in all the previous examples, it is assumed that the
beam under consideration is supported in such a way that it is free to buckle in plane
(71,72). This can be assured if this is a plane of symmetry or contains one of the
principal axes of bending and if the bending stiffness is the minimum for the given
cross-section.

14.2.8 Problems

Problem 14.1. Uniform cantilevered beam

Consider a uniform cantilevered beam of length L subjected to an axial compressive load P.
Find the lowest buckling load of the system and the associated buckling mode shape. Check
your predictions with the results listed in table 14.1.

Problem 14.2. Simply-supported beam with end torsional springs

Consider a simply-supported beam with end torsional springs of stiffness k subjected to an
axial compressive load P, as depicted in fig. 14.16. It will be convenient to use the non-
dimensional load P/ Pgyler Where Pryler = 2 H 35/ L? and non-dimensional spring constant
k=kL /H35. (1) Find the lowest buckling load Pe, of the system. Plot P, as a function of
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k. Discuss the limiting cases & = 0 and k = oo. (2) Use an energy method to estimate the
lowest buckling load of the system. Select the following assumed displacements @2(x1) =
qisinmzy/L + g2 sin2nx1/L. (3) Plot the exact and approximate buckling loads on the
same graph. Comment on the accuracy of the approximate solution. How would you improve
its accuracy?

) Tl

H Q2
LS s Ls S
VAN L PEAN L2 = L

Fig. 14.16. Simply-supported beam with end  Fig. 14.17. Simply-supported beam with a
torsional springs. mid-span spring.

Problem 14.3. Simply-supported beam with a mid-span spring

Study the effect of a mid-span spring of stiffness constant k on the buckling load of the simply-
supported beam of span L depicted in fig. 14.17. To investigate this problem, use an energy ap-
proach with the following assumed mode shapes w2 (n) = ¢1 sin 7+ q2 sin 27n+as sin 377.
It is convenient to use the following notation: Pgyler = 2 H 35/ L? is the Euler buckling load
for the beam in the absence of the mid-span spring, k = kL®/H3$ the non-dimensional stiff-
ness of the spring, and 7 = z1/L the non-dimensional span variable. (/) Find the buckling
loads of the system. (2) How does the lowest buckling load vary when k increases? Plot the
non-dimensional buckling loads P/P. as a function of k. (3) How much improvement in
buckling load can be expected from the mid-span spring.

Problem 14.4. Cantilevered beam with axial and transverse loads

Consider the cantilevered beam of length L subjected to tip axial load in tension, 7', and tip
transverse load, P, as depicted in fig. 14.18. (/) Write the governing differential equation of
the problem and the associated boundary conditions. (2) Find the transverse displacement field
of the beam.

T;i> le_>
L ] L P

Ly > F

Fig. 14.18. Cantilevered beam subjected to  Fig. 14.19. Cantilevered beam subjected to
tip axial and transverse loads. tip axial load with an off-set.

Problem 14.5. Various short questions

Consider a cantilevered beam subjected to a tip compressive load applied with an off-set e, as
depicted in fig. 14.19. Let Pgryier denote the Euler buckling load on the system. (/) For the
perfect system, i.e., for e = 0, is the buckling load of the system affected by the strength of the
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material the beam is made of? (2) For the imperfect system, i.e., for e # 0, is the buckling load
of the system affected by the strength of the material the beam is made of? (3) For the perfect
system, ie., for e = 0, does the beam experience transverse deflections when P < Pgyler?
(4) For the imperfect system, i.e., for e # 0, does the beam experience transverse deflections
when P < Pguier? (5) Consider an imperfect system, i.e., e # 0, under increasing load P.
Does the material allowable stress play a role in predicting the allowable applied load P?
Explain your answers to all the above questions; a YES/NO answer is not valid.

Problem 14.6. Cantilevered beam with tip support
A uniform cantilevered beam of span L has a tip support, as depicted in fig. 14.20. The beam
is subjected to a tip compressive axial force P and a uniform transverse loading po. (/) Find
the exact solution of the problem when the beam is subjected to the sole transverse load po.
(2) Find an approximate solution for the problem when the beam is subjected to the combined
loading, i.e., both transverse loading po and tip compressive load P are applied. Use an energy
method with a single assumed mode selected to be the solution to part 1. (3) Determine the
buckling load P, for this problem. (4) How is the buckling load affected by the transverse
loading po. (5) Under the combined loading condition, find the failure envelope in the two-
dimensional space P/ Per, po/(bou ). Failure is reached when |0 |+ |0md™| = ouit, where
Opent and on, " are the the maximum stresses due to bending and axial force, respectively,
and oy the ultimate allowable stress for the material. Use the following data £ = 73.0 GPa,
ouly = 620 MPa. Plot two failure envelopes for L/h = 20 and 10 on the same graph. Assume
a rectangular section of width b and hight h.

b

!

|

|

|

|

|

Po

4i
'HHHHHHHWHW P
| L 4 L

Fig. 14.20. Cantilevered beam with tip sup-  Fig. 14.21. Flag pole standing under its own
port subjected to a compressive load. weight.

>
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Problem 14.7. Flag pole standing under its own weight

A flagpole of uniform mass per unit span m is standing up against gravity, as depicted in
fig. 14.21. What is the critical weight mg., such that this flagpole will buckle under its own
weight? (1) Use an energy method to solve this problem. Use the following assumed mode
t2(n) = a (1 — cosmn/2). (2) If the flagpole is made of steel and has a square cross-section
(Icmx lcm), what is the critical length at which it will buckle under its own weight. (For
steel: material density p = 7700kg/m3, Young’s modulus £ = 210 GPa; g = 9.81m/sec2).

Problem 14.8. Cantilevered beam with tip spring
An axial compressive load P is applied at the centroid of a uniform, cantilevered beam of span
L with a tip spring of stiffness k, as depicted in fig. 14.22. (1) Derive the exact buckling equa-
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tion for this problem in terms of the following non-dimensional parameters A\> = PL?/H3S,
k = kL®/Hj3S. (2) Plot the buckling load of the system for k& € [0, 75]. (3) Find an approx-
imate solution of the problem using an energy approach with the following assumed mode
G2 = qu(n® — 4n® + 6n%) + ¢2(2n* — 51 + 3n?), where n = x1/L. (4) Compare your
results by plotting the exact and approximate buckling loads of the system for & € [0, 75].

=

| L

Fig. 14.22. Cantilevered beam with tip  Fig. 14.23. Clamped-clamped beam under tip
spring. load.

Problem 14.9. Clamped-clamped beam under tip load

Consider the clamped-clamped beam of length L depicted in fig. 14.23. The beam is subjected
to a compressive load P. (1) Find the lowest buckling load of this system using the differential
equation approach. (2) Find the lowest buckling load of the system using an energy approach
with the following assumed mode @2(n) = a(n® — 20 + n*), where n = x1/L is the
non-dimensional variable along the beam span.

Problem 14.10. Portal frame subjected to compressive loads

Consider the portal frame shown in fig. 14.24. Note that the problem is symmetric, and hence
it is sufficient to consider one of the vertical beams with a tip torsional spring of stiffness
constant k and subjected to a compressive load P. (1) Verify that k = 6J33/w. (2) Find the
lowest buckling load of the system. Show that the non-dimensional critical load depends on
the non-dimensional parameter 5 = (Hssw)/(J3sh). (3) Plot the lowest buckling load as a
function of (3. Discuss the meaning of your results when 3 = 0 and co.

VL]) J33 PJL
—
h Hu W H33 ) / I}i
i )
1 ﬁ’ (_JCentroid

d

Fig. 14.24. Portal frame sub-
jected to compressive loads.  Fig. 14.25. Cantilevered beam with a C-channel cross-section.
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Problem 14.11. Cantilevered beam with a C-channel cross-section

A uniform cantilevered beam with a thin-walled, C-channel cross-section is subjected to an
end compressive load P in the lower corner, as depicted in fig. 14.25. Let L = 10b, h = 2b,
and b = 10t, where t is the constant wall thickness. (/) Find the distributions of transverse
displacements @2 (1) and @z (x1). (2) Determine the buckling load P of the system. (3) Plot
P/ P., versus @5 /b and P/ P., versus @4" /b, both on the same graph. 5" and " are the
tip transverse displacements of the beam along the 7> and 73, respectively.

Problem 14.12. Cantilevered beam under tip tensile force

Consider a cantilevered beam of length L and bending stiffness Hs3; subjected to a tip trans-
verse load, P, and a tip tensile axial force, F'. The tip deflection of the beam will be de-
noted 6 = @z(x1 = L). The beam features a rectangular cross-section of width b and height
h. (1) Compute the non-dimensional transverse displacement field H$31a(n)/PL?, where
n = x1/L is the non-dimensional span-wise variable. Express your result in terms if the
non-dimensional axial force factor A\ = 7/2 \/ F'/ Pguler, Where Pgryier = w2 HS, / 4172 is
the buckling load for the cantilevered beam. (2) Compute the non-dimensional tip transverse
displacement H$;5/PL3. Show that for vanishing axial force, F' = 0, the tip deflection be-
comes 8o = PL*/(3H$s), as expected. (3) Plot the non-dimensional tip deflection /8o as a
function of F// Pguler € [0,5.0]. (4) On one graph, plot the non-dimensional transverse dis-
placement field, HS32(n)/(PL?), for F// Pauler = 0.0, 1.0, 2.0, 3.0, 4.0 and 5.0. (5) Plot the
non-dimensional root bending moment Myoot/(PL) as a function of F/Pguier € [0,5.0].
(6) On one graph, plot the non-dimensional bending moment distribution, M3(n)/(PL), for
F/Pgyler = 0.0, 1.0, 2.0, 3.0, 4.0 and 5.0. (7) Based on simple statics arguments, prove that
Moot = PL — Fé. Does your solution satisfy this relationship? (8) Plot the maximum root
axial stress, o /00, as a function of F//Pguler € [0,5.0]. 00 = 6PL/(bh?) is the maximum
root axial stress for a vanishing axial force, F' = 0. Your result should depend on &y /h; select
values of do/h = 0.5, 1.0, 2.0, 3.0, 4.0 and 5.0. Is it possible to reduce the maximum axial
stress in the cantilevered beam by applying the axial force F'? Discuss your results.

Problem 14.13. Simply-supported beam under thermal loading

Consider a simply-supported beam of length L subjected to the parabolic thermal field de-
picted in fig. 14.26. The beam features a rectangular cross-section of height h and width b,
where h < b. (1) Find the transverse deflection of the beam. (2) Find the critical thermal strain,
Ty, at which the beam buckles. (3) Plot To /Ter as a function of the beam’s mid-span deflec-
tion, @4 /h. (4) Plot Ty /T, as a function of the mid-span bending moment, hMERd JHss.
(5) How does the situation change if h > b?

TL | T=T,(x/h+12)
7 A—P

e

I A

Fig. 14.26. Simply-supported beam under thermal loading.
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14.3 Buckling of sandwich beams

Beams with sandwich cross-section are very common in aerospace constructions due
to their high stiffness and strength to weight ratios. A typical sandwich cross-section
is depicted in fig. 14.27. Two thin faces of thickness ¢y and Young’s modulus £y
sandwich a rather thick core of thickness ¢. and Young’s modulus E.. The stiffness
of the core is, in general, much smaller than that of the faces, . < Ej.

The bending stiffness of the complete sandwich section is readily found as

bt h2 bt3 h2 1t 1t 2 E
HE = 2L B + 90t i Ey+ B, = bt ;—Ff |14 =L 4 ~c2e Zel
e T A A T I M Y 32 T 5 12

For typical constructions, the faces are much thinner than the core, ¢y /h < 1, and the
core material is very much softer than that of the faces, E./E; < 1. Consequently,
the bending stiffness reduces to

‘ h2
Hiy ~ bty B (14.54)

Very stiff constructions can be obtained by selecting deep cores (large values of
h) and a stiff material for the faces (such as composite materials). Note that for a
given amount of material, i.e., for a specific face thickness ¢, the bending stiffness
of the sandwich increases quadratically with the depth h.

ltf Ef
i T i, ]
h t, & % P_ 1 >
I I N 2 N N N Nk N 2 3
Elastic foundation k
b ' L !

Fig. 14.27. Cross-section of a  Fig. 14.28. Upper face of a sandwich structure under end
sandwich beam. compressive loads. The core of the sandwich is modeled
by an elastic foundation.

If sandwich beams are subjected to axial compressive loads, buckling will occur
when the critical load level is reached, i.e., when P., = 72H3,/L? for a simply-
supported boundary conditions. Because sandwich structures are designed to achieve
large bending stiffnesses, they are efficient at sustaining large in-plane compressive
loads.

This general instability of the structure is not the only failure mode of sandwich
constructions. Because the core material is typically very soft, it carries a negligible
portion of the axial force, and hence, the axial compressive load is primarily carried
by the thin faces. Figure 14.28 shows an idealized model of the upper face of the
sandwich subjected to an axial compressive load P. If a sandwich beam is subjected
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to an axial force Ny, the load in each of the upper and lower faces will be P ~ Ny /2,
assuming identical faces and a negligible contribution of the core to supporting the
axial force.

Although the core material is of little help in carrying the axial compressive load,
it does provide an elastic support for the faces. This elastic support can be approxi-
mated by an elastic foundation of stiffness constant %, as depicted in fig. 14.28. The
problem is now to determine the buckling load of the system shown in fig. 14.28,
which consists a beam acted upon by axial compressive forces and resting on an
elastic foundation of stiffness k. The bending stiffness of the face, H 3{3 = FEy bt? /12,
is much smaller than that of the sandwich beam given by eq. (14.54), and hence its
buckling load can be considerably lower than that of the sandwich beam.

The buckling problem for the thin face resting on an elastic foundation will be
treated using an energy approach with the following assumed displacement field for

the face
oo
. nmxy
= > gusin 2T
n=1

where ¢, are unknown displacement parameters. Note that each assumed displace-
ment mode, sin nwx; /L satisfies the geometric boundary conditions of the problem.
The total potential energy of the system is

1 [k d2a, \ 2 1 [k 1 X /day\?
m=-1 gi(=—2) a ~ | kadtdx,—= | P[=-2) d
2./0 35<dx%) “2/0 B dn 2/0 (dx) .

where the first term represents the strain energy associated with the bending of the
face, the second term the strain energy in the elastic foundation, and the last term the
work done by the axial compressive load P. Introducing the assumed displacement
field in this expression leads to

2 L
33 Z quqn (@) (TZT) /0 sin mfl sin L g,

m=1n=1
kN & L mmray . nwTy
+ B Z quqn/ sin 17 ! gin dx
m=1n=1 0
P > mm nmw L mmxy nmwry
-5 Aman (*) (*)/ cos cos dx;.
y 2 2 i () () J) s T

In view of the orthogonality of trigonometric functions, see apendix A.4, the total
potential energy reduces to

me 3 [ () e ()

The principle of minimum total potential energy implies that I/ is a minimum
with respect to the choice of the displacement parameters ¢,,. Hence 9I1/9q,, = 0,
forn=1,2,...000r
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4 2
[ (7) vk (E) ] e

This represents a set of homogeneous, uncoupled algebraic equations for the un-
known displacement parameters g,,. The solution of this system is ¢,, = 0, n =
1,2, ... 00, corresponding to the trivial solution of the problem. A non-trivial solu-
tion exists if and only if the determinant of the system of equations vanishes, leading
to the following condition

nm\4 nm\?2
Hgg(f) +kfp(f) =0, n=1,2,...00.

Solving for the critical load yields

2 L 2 2Hf
P.., = H:{3 (@) +k <) _ T i3

L nw L2

5 kL 1
n” + Tl 2| n=12,...00.
T Hsa M

In this expression, Pgryler = mH gg / L? is the Euler buckling load for the simply-
supported face in the absence of elastic foundation. If k = kL*/w*H. 3{3 is defined
as the non-dimensional stiffness of the elastic foundation, the critical loads of the
system become

Pcr n

PEuler

2
=n —4—?7 n=12,...00.

Each of the above critical loads gives rise to a non-trivial solution of the problem,
and the lowest critical load is the buckling load. The lowest critical load, however, is
not always obtained for n = 1; indeed, as n increases, the first term, n2, increases,
but the second term, k / n?, decreases. This implies that the wave number, n, that
yields the lowest critical load is itself a function of k.

To illustrate this point, fig 14.29 shows the non-dimensional critical loads
P/ Pruler for n = 1, 2, and 3. For a wave number n = 1, the critical load
iS Per1/Pruler = 1+ k, a linear relationship. For n = 2, the critical load is
Per2/Pruler = 4 + k/4, which is also a linear relationship, and defines a dashed
line with intermediate slope. A third dashed line is shown for n = 3. It follows that
when 0 < k < 4, the lowest critical load is obtained for a wave number n = 1 but
when 4 < k < 36, the lowest critical load is obtained with n = 2. The buckling load
is therefore a function of &, and it consists of an envelope of straight line segments,
each with a different value of the wave number.

Let k¢, be the cross-over value of k at which the wave number switches from n to
n+ 1._ This cross-over point is the intersection o_f two straight lines, P, (n) / Pruler =
n?+k/n* and P.y (n41)/Peuer = (n+1)% + k/(n+1)2, which is readily found as
keo = n%(n + 1)2. It follows that the range of values of k for which buckling occurs
with wave number 7 is

(n—1)2n? <k <n?*(n+1)%

When looking at a large range of values of k, the various straight line segments blend
together into a smooth curve, as illustrated in fig. 14.30. The buckling load can then
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Fig. 14.29. Non-dimensional critical loads  Fig. 14.30. Non-dimensional buckling load
Pern/Pruler forn=1,2, and 3. Per / Pruler versus k.

be approximated as Pe,/Pguler ~ 2v/k. This result, how_ever, hides the constantly
changing wave number as the elastic foundation stiffness k changes.





