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Energy methods

The basic equations of linear elasticity are derived in chapter 1 and are conveniently
divided into three groups: the equilibrium equations, the strain-displacement rela-
tionships, and the constitutive laws, as illustrated in fig. 9.33. In chapter 9, two vir-
tual work principles are derived. First, the principle of virtual work is established
and shown to be entirely equivalent to the equilibrium equations of the system; this
principle, however, provides no information about the other two sets of equations,
the strain-displacement relationships and constitutive laws, which must be obtained
in the traditional manner. Second, the principle of complementary virtual work is
established and shown to be entirely equivalent to the strain-displacement relation-
ships of the system; this principle, however, provides no information about the other
two sets of equations, the equilibrium equations and constitutive laws, which must
obtained in the traditional manner. To remedy this situation, new principles will be
developed in this chapter that are entirely equivalent to two of the three groups of
equation of linear elasticity. The main tool used to achieve this generalization of the
principles presented in chapter 9 is the concept of conservative forces.

Types of forces

Newton’s first law states that for static equilibrium to be achieved, the “sum of all
forces must vanish.” The power of this law resides in its generality, and all forces,
without any distinction, play an equal role in this equilibrium condition, as under-
lined in example 9.3 on page 404, for instance.

With virtual work principles, however, various categories of forces are defined.
For instance, internal and external forces and the virtual work they perform are
clearly separated in the statement of both the principle of virtual work and its com-
plementary counterpart, see principles 6 and 7 on pages 434 and 444, respectively.
Externally applied forces and reaction forces also warrant a different treatment in
the principle of virtual work. Reaction forces can be eliminated from the formulation
because the work they perform vanishes when using kinematically admissible virtual
displacements; on the other hand, when arbitrary virtual displacements are used, the
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virtual work they perform does not vanish, and they become an integral part of the
formulation.

Conservative forces

The developments presented in this chapter are rooted in the crucial distinction be-
tween conservative and non-conservative forces. This fundamental concept is intro-
duced in elementary physics courses, and it will be examined in much more depth
in this chapter. Conservative forces enjoy many remarkable properties. For instance,
the work they perform always vanishes when the force undergoes displacements that
form a closed path; in other words, forces return to their initial magnitudes when
displacements are returned to their initial values. Furthermore, when a dynamical
system is subjected only to conservative forces, the total mechanical energy of the
system is preserved in time, and hence, the term “conservative forces.” From a more
mathematical view point, conservative forces are characterized by the existence of a
scalar quantity called a potential from which they can be derived.

The principle of virtual work considerably simplifies the analysis procedure for
elastic structures because it involves only the computation and manipulation of scalar
work quantities. If the externally applied forces acting on the system are conserva-
tive, they can be derived from a potential, and this fact can be used to further simplify
the calculation of the virtual work done by these externally applied forces. Similarly,
if the strain energy of an elastic component exists, the corresponding elastic forces
can be derived from this strain energy, thus further simplifying the evaluation of the
virtual work done by the internal forces.

The combination of the principle of virtual work and the concepts of strain en-
ergy and potential of the externally applied loads leads to the principle of minimum
total potential energy, which will further simplify the analysis of elastic structures.
This principle, however, is not as general as the principle of virtual work because it
assumes that both internal and externally applied forces are conservative. Clearly, not
all externally applied forces are conservative; for instance, friction or aerodynamic
forces are not conservative. Similarly, if a material is deformed beyond its elastic
limit and into the plastic regime, no strain energy function exists.

Whereas the principle of virtual work is always valid because is is equivalent to
Newton’s law, the applicability of the principle of minimum total potential energy is
limited to systems involving conservative forces.

10.1 Conservative forces

Let r denote the position vector of a particle, and let F' be a force acting on this par-
ticle. Conservative forces are a class of forces that depend only upon the position of
the particles on which they act, F' = F(r). Although these forces may vary with time
if the system moves, they do not depend explicitly on time or velocity. Figure 10.1
shows two arbitrary paths, denoted ACB and ADB, along which the particle moves
in space from point A to point B.
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Definition

By definition, force F is conservative if and only if the work it performs along any
path joining the same initial and final points is identical. This is expressed by the
following equation

W= E~d[:/ F-dr. (10.1)
Path ACB Path ADB

=1

Path ADB

Fig. 10.1. Paths ACB and ADB join the same  Fig. 10.2. Path enclosing a surface of area .4
two points, A and B. with a normal 7.

Since reversing the limits of integration simply changes the sign of the integral,
the work done by the force along path ADB is equal in magnitude and opposite in
sign to that along path BDA. Equation (10.1) then implies the vanishing of the work
done by the force over the closed path ACBDA. Because path ACB and ADB are
arbitrary paths joining points A and B, it follows the a force is conservative if and
only if the work it performs vanishes over any arbitrary closed path,

W = F~df:j{E-d£:0, (10.2)
c

Any path B

where C is an arbitrary closed curve.

Potential of a conservative force

Based on the definition of conservative forces, eq. (10.2), Stokes’ theorem [7] then
implies that

}I{E-dz:/ﬁ-VxEdA:O, (10.3)
c A

where A is an area enclosed by curve C and 7 the outward normal to area A, as
shown in fig. 10.2. If the force is conservative, the area integral must vanish for any
area, A, and this can only occur if the integrand vanishes, leading to V x F' = 0
for any curve, C, and area, .A. Textbooks on vector algebra [7], prove the following
identity: V x V& = 0, where @ is an arbitrary scalar function. It can then be shown
that the solution of equation V x F' = 0 is simply

F=-Vo, (10.4)
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where V is the gradient operator.

If a vector field, F', can be derived from a scalar function, @, this function is called
a potential, and the vector function is said to “be derived from a potential.” Because
@ is an arbitrary scalar function, the minus sign is redundant, but is, however, a
convention that will be justified later.

It has now been established that if a force is conservative, it can be “derived from
a potential.” In more mathematical terms, a conservative force must be the gradient a
scalar function, called the potential of the force. If T = (i1, %2,13) is an orthonormal
basis, conservative forces can be expressed as

(10.5)

The work done by a conservative force over an arbitrary path joining point 1 to
point 2, with position vectors r; and r,, respectively, is then

W = / dr = — / Vo -dr

oP oP P T,
= —/Tl <a$1d$1 + 97 zdxg + adeI3> = —/T1 d® = &(ry) — P(r,).

Thus the work done by a conservative force along any path joining point 1 to point 2
depends only on the positions of these points and can be evaluated as the difference
between the values of the potential function expressed at these two points,

W =d(r,) — d(ry) = —AD. (10.6)

Summary

Conservative forces enjoy a number of remarkable properties. Initially, conservative
forces are defined as forces that perform the same work along any path joining the
same initial and final points, as expressed by eq. (10.1). Simple calculus reasoning
is then used to prove that a force is conservative if and only if the work it performs
vanishes over any arbitrary closed path, see eq. (10.2). Finally, conservative forces
are shown to be derivable from a potential, as expressed by eq. (10.4). Consequently,
the work done by a conservative force along any path joining two points can be
evaluated as the difference between the potential function evaluated at these two
points, see eq. (10.6).

Examples of conservative forces

To illustrate these concepts, consider the gravity force acting on a particle of mass
m located in a gravity field characterized by an acceleration —gzs. It can easily be
shown that an applied force that remains constant in magnitude and direction, such as
a gravitational force, is conservative. Therefore, the scalar potential, @, of the gravity
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forces is @ = mg r-13 = mgxs, where r = x17, + 272 + x 373 is the position vector
of the particle. The gravity force, £/, acting on the particle can be obtained from
this potential using eq. (10.5) to find F; = —V® = —0® /x5 13 = —mgis, and
the gravity forces is said to be “derived from a potential.” The work done by the
gravity force as the particle moves from elevation x3, to xs; then becomes W =
o Ey-dr = — [7°" 0@ /03 dxg = P(x3,) — D(w3p). Clearly, this work depends
only on the initial and final elevations but not on the particular path followed by the
particle as it moved from the initial to the final elevation. If the particle moves along
a closed path starting and ending at the same elevation, the work done by the gravity
force vanishes.

As another example, consider the restoring force of an elastic spring of stiffness
constant k. If the spring is stretched by an amount u, the restoring force is —ku,
and can be derived from a potential of the form A(u) = 1/2 ku?. Indeed, using
eq. (10.5), the elastic force in the spring becomes F; = —JA/0u = —ku. This
relationship is the constitutive law for the spring because it relates the force in the
spring to its elongation. The quantity A(w) is called the strain energy and it can be
viewed as a “potential of the elastic forces” in the spring. Hence, the strain energy
function implicitly defines the constitutive behavior of the component. Finally, the
work done by the elastic restoring force as the spring stretches from wu, to up is
W = ["Fsdu = — [""9A/0u du = A(u,) — A(up). Here again, the work
depends only on the initial and final positions.

At first glance, the potential, @, of a gravity force and the strain energy, A, of an
elastic spring seem to be distinct, unrelated concepts. Both quantities, however, share
a common property: forces can be derived from these scalar potentials. Consider a
particle of mass m connected to an elastic spring of stiffness constant k and subjected
to a gravity force acting in the direction of the spring. The downward displacement,
u, of the mass measures both the spring stretch and the elevation of the particle.
The externally applied gravity force can be derived from the potential, ® = mgu,

as Fy = —09/0u = —myg; the restoring force in the spring can be derived from
the strain energy, A = 1/2 ku?, which can also be viewed as the potential of the
internal forces, as Fs = —0dA/0u = —ku. The two forces acting on the particle

can therefore be derived from a potential. Note that here again, a distinction is made
between externally applied and internal forces, as is done for both the principle of
virtual work and its complementary counterpart.

10.1.1 Potential for internal and external forces

In the development of the principle of virtual work, see section 9.4.1, a distinction
is made between internal forces and externally applied loads. The same distinction
will be made here: if external forces are conservative, they can be derived from a
potential, called the “potential of the external loads,” and if the internal forces are
conservative, they can be derived from a potential, called the “potential of the internal
forces.”

When dealing with elastic systems, the internal forces are the stresses acting
within the body, or the elastic forces acting in structural components such as springs
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or trusses. The potential of the internal forces is then more appropriately called
strain energy, deformation energy, or internal energy and is denoted A. In view of
eq. (10.6), it is possible to write

W; = —AA, (10.7)

where W7 is the work done by the internal forces or stresses. Similarly, the potential
of external forces is denoted & and eq. (10.6) then implies

Wp = —Ad. (10.8)

In future developments, it will be convenient to combine the strain energy and the
potential of external forces into a single potential called the total potential energy,
defined as

I=A+4a. (10.9)
The total work done by both internal and external forces then becomes
W=W;+Wg=-AA—-Ad=-AllL (10.10)

In summary, if the internal forces in a body are conservative, a strain energy func-
tion exists, and the work done by these internal forces can be computed with the help
of eq. (10.7). Similarly, if the loads externally applied to the body are conservative, a
potential of the externally applied loads exists, and the work done by the externally
applied loads can be computed with the help of eq. (10.8).

If both internal forces and externally applied loads are conservative, the system is
called a conservative system. The result expressed by eq. (10.10) states: for conser-
vative systems, the work done by the internal and external forces equals the negative
change in total potential energy of the system. Note that since the work equals the
change in the potential function, this potential function is defined only to within a
constant, and so adding an arbitrary constant to the potential function will not alter
the work done by the corresponding conservative force.

10.1.2 Calculation of the potential functions

To make use of potential functions, it is necessary to first evaluate them. To be-
gin, consider the potential of the internal forces. The strain energy is a function
of the deformation state in the body, A = A(e), where the array of strain compo-
nents is defined in eq. (2.11a). Because the strain energy is defined within a con-
stant, it is convenient to select A(e = 0) = 0, i.e., the strain energy vanishes
for the undeformed or unstrained state of the body. Equation (10.7) then becomes
Wr=—-AA=—[A(¢) — A(e = 0)] = —A(e), and hence,

Ale) = —W;. (10.11)

This formula provides a direct way to evaluate the strain energy by computing the
work done by the internal forces. In many cases, however, it is cumbersome to com-
pute the work done within a solid as the negative product of the internal stress com-
ponent acting through strains or deformations. Consequently, an alternative approach



10.1 Conservative forces 499

is often used to determine the strain energy. In view of eq. (9.19), W; = —Wg, and
it follows that
Ae) = Wg. (10.12)

This result provides a convenient way of determining the strain energy stored in an
elastic component by computing the work done by the externally applied loads as
they deform the component.

Equation 10.12 can be interpreted as follows: if the internal forces in a solid are
conservative, the work done by the externally applied forces is equal to the strain
energy stored in the body. As the external forces are applied, the body deforms, the
strain magnitudes increase, and so does the strain energy. Consequently, the work
done by the externally applied loads is transformed into strain energy.

Of course, it is assumed that the forces are applied slowly, in a quasi-steady
manner so that velocities remain very small and the associated kinetic energy is neg-
ligible. If the externally applied loads are slowly released, the body will return to its
original, unstrained configuration. Because this corresponds to a motion of the inter-
nal forces along a closed path, the work done by the conservative internal forces will
vanish for the entire cycle, and therefore, the work done during unloading will be the
negative of that done during loading. This explains the term “conservative” used to
characterize forces that can be derived from a potential.

The evaluation of the potential of the externally applied loads, &, is much more
straightforward because it is simply the negative of the work done by the external
forces acting through the displacements at their points of application. Consider a set
of Np forces, P;, each of specified constant magnitude and each with a line of action
fixed in space. Similarly, consider Ng moments, ();, each of specified constant mag-
nitude and each acting about a fixed axis in space. Such loads are sometimes called
dead loads, because they remain unaffected by the motion of the body they act upon.
The potential of these loads is then

Np Nq
b=-Wg=-> Pdi—Y Qo (10.13)
i=1 j=1

where d; and ¢; are the displacements and rotations, respectively, at the points of
applications of the external forces and moments, respectively.

It is important to note that not all externally applied loads are conservative forces.
For instance, aerodynamic loads vary with the motion of the structure they act upon.
For thin airfoils at small angles of attack, the lift acting on the airfoil is proportional
to this angle of attack, and therefore the lift depends on the rotation of the airfoil.
Aerodynamic forces are non-conservative and cannot be derived from a potential.
Another common class of non-conservative forces are follower forces. Such forces
might be of constant magnitude, but the orientation of their line of action changes
with the rotation of the structure upon which they act. Consider, for instance, the
thrust of a rocket jet engine: if the rocket bends, the orientation of the engine thrust
will change with the rotation of the structure at the point of attachment of the engine.
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10.2 Principle of minimum total potential energy

Let a system be represented by N generalized coordinates, ¢ = {ql, qQ2, .- -, qN}T,
as discussed in section 9.4.1. If the system is conservative, the strain energy of the
system can now be viewed as a function of these generalized coordinates, A = A(q),
and similarly, & = &(q). Using the chain rule for derivatives, infinitesimal incre-
ments in strain energy and potential of the externally applied loads can be written as

0A 0A

A= — — 10.14

d o0 dgr + -— 902 dgs + . + dQN E 8 sz7 (10.14a)
152 0P 0P 0P

do = dg1 + — dgo+...+ —d = — dg;. 10.14b
e Q1 905 ) Ban qN ;:1 90 q ( )

If the internal forces are conservative, eq. (10.11) relates the work they perform
to the strain energy as W; = —A(e) = —A(q) because the deformation field inside
the body is a function of the generalized coordinates. Similarly, if the external forces
are conservative, eq. (10.13) relates the work they perform to the potential of the
externally applied loads as Wg = —®(q).

The virtual work done by the internal forces now becomes 6W; = —§A(q), and
for the external forces, SWg = —dP(q). As discussed in section 9.3.1, operatars “d”
and “6” are closely related, and by analogy with egs. (10.14), it is possible to write

Wi =—0A=— gA 8¢, (10.152)
N
0P
Wg = —6d = — 5. 10.15b
B ; 30 0 ( )

In section 9.4.1, the generalized forces associated with internal forces and ex-
ternally applied loads, denoted Q! and Q¥ respectively, are defined in egs. (9.24a)
and (9.24b), respectively. Identifying eq. (9.24a) with eq. (10.15a) and eq. (9.24b)
with eq. (10.15b) then yields

Ql = —gj_, (10.16a)
QF = —gj. (10.16b)

Since the internal forces in the body are assumed to be conservative, it follows
that the internal generalized forces, Q{ , are themselves conservative because they can
be derived from a potential, the strain energy of the structure. Similarly, the externally
applied loads are assumed to be conservative, and their generalized counterparts are
conservative as well because the can be derived from the potential of the externally
applied loads.
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The principle of virtual work, as expressed by eq. (9.25), implies Q + Q¥ =0,
for all generalized coordinates. Introducing egs. (10.16) then yields —0A/dq; —
09/0q; = (A + @)/0q; = 0. Finally, using the definition of the total potential
energy, eq. (10.9), results in

oI
0q; -

i=1,2,...,N. (10.17)

The same result can be obtained in a more expeditious manner by observing that
when both internal forces and externally applied loads are conservative, the work
done by these forces equals the negative change in total potential energy of the sys-
tem, as expressed by eq. (10.10). Since the total potential energy, I, is defined within
a constant, it follows that the virtual work can be expressed as 6W = —§11. The prin-
ciple of virtual work, principle 4, states that a system is in static equilibrium if and
only if the sum of the virtual work done by the internal and external forces vanishes
for all arbitrary virtual displacements, i.e., SW = —§II = 0, or

§IT = 0. (10.18)

The total potential energy is a function of the generalized coordinates, II =
II(q), and hence, virtual changes in this quantity must vanish

K2

N
SIT =" BH} 5q; = 0. (10.19)

i=1 '

Because the virtual changes in the generalized coordinates are arbitrary, the brack-
eted term must vanish, leading once again to eqs. (10.17). These observations lead to
the following principle.

Principle 8 (Principle of stationary total potential energy) A conservative sys-
tem is in equilibrium if and only if virtual changes in the total potential energy vanish
for all virtual displacements.

Equation (10.17) expresses this principle in a somewhat more mathematical man-
ner: a conservative system is in equilibrium if and only if all partial derivatives of
the total potential energy with respect to the generalized coordinates vanish.

Because the principle of stationary total potential energy is derived directly from
the principle of virtual work, it inherits many of its features. Sections 9.3.1 and 9.3.2
describe the use of the principle of virtual work with arbitrary virtual displacements
and with kinematically admissible virtual displacements, respectively. When kine-
matically admissible virtual displacements are used, the virtual work done by the
reaction forces vanishes, and these forces are eliminated from the formulation. On
the other hand, when arbitrary virtual displacements are used, the virtual work done
by the reaction forces does not vanish, and must be included in the virtual work
done by the externally applied loads; the reaction forces must therefore be treated as
externally applied loads.
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The same distinction must be made when using the principle stationary total
potential energy. If kinematically admissible virtual displacements are used, reaction
forces are eliminated from the formulation, whereas if arbitrary virtual displacements
are used, reaction forces must be treated as externally applied loads. In this latter
case, reaction forces must be included in the potential of the externally applied loads
when evaluating the total potential energy of the system.

For low dimensionality systems, it possible to
give a graphical illustration of principle 8. Fig-
ure 10.3 shows the total potential energy as a func-
tion of two generalized coordinates, ¢; and ¢o. Since
it is always possible to select a virtual change in
generalized coordinate as an actual, infinitesimal
change in the same coordinate, eq. (10.18) implies
dII = 0. This means that at an equilibrium point,
the total potential energy is stationary as shown by
points A, B, and C.

Fig. 10.3. Total potential energy. As illustrated in fig. 10.3, however, this station-

ary point could correspond to a minimum (point A),
a maximum (point C), or even a saddle point. To make a distinction between these
various cases, changes in the total potential energy in the neighborhood of the sta-
tionary point must be studied. Increments in this energy are expanded using a Taylor

series N NN
olr 0211
dIl =~ ——dg; + ———F—dg;dgj,
i:Zl 9q; Z Z 3%‘3%‘ !

i=1 j=1

where the higher order terms are neglected. In the neighborhood of static equilibrium,
the first term on the right-hand side vanishes in view of eq. (10.17), leaving

dIT ~ Z Z ?;_dqidqj, (10.20)

Based on this result, three different cases are possible.

1. If 9211 /(0q;0q;)dq;dq; > 0 for all dg;, the total potential energy is a minimum
at equilibrium. The equilibrium is said to be stable, as illustrated by point A in
fig. 10.3.

2. If %11/(9q;0q;)dg;dq; = 0 for all dg;, the total potential energy remains con-
stant around the equilibrium point. The equilibrium is said to be neutrally stable,
as illustrated by point B in fig. 10.3.

3. If 0211 /(0q;0q;)dg;dg; < O for any dg;, the total potential energy is a maximum
at equilibrium. The equilibrium is said to be unstable, as illustrated by point C
in fig. 10.3.

A minimum value of the total potential energy corresponds to a stable equilib-
rium configuration of the system because any perturbation from such an equilibrium
configuration must increase the total potential energy. Since the work done by the
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externally applied loads is included in the total potential, the total potential cannot
increase without an external source of energy, and the equilibrium configuration is
stable. On the other hand, at a maximum point, any disturbance will decrease the to-
tal potential. Again, since the work done by the externally applied loads is included
in the total potential, the released potential energy is converted into kinetic energy,
leading to spontaneous motion of the system. This represents an unstable situation.
The neutrally stable situation is the intermediate case for which a disturbance causes
no change in the total potential.

Combining the principle of stationary total potential energy with the above dis-
cussion leads to the principle of minimum total potential energy.

Principle 9 (Principle of minimum total potential energy) A conservative system
is in a stable state of equilibrium if and only if the total potential energy is a minimum
with respect to changes in the generalized coordinates.

Practical applications of the principle of minimum total potential energy require
the development of expressions for the strain energy stored in the structure and for
the potential of the externally applied forces, the two quantities that make up the
total potential energy. These will be described in sections 10.3 to 10.5. It is first
useful, however, to consider the possibility that some of the external forces might be
non-conservative, as discussed in the following section.

10.2.1 Non-conservative external forces

The principle of minimum total potential energy is based on two assumptions: first,
the internal forces are conservative, and second, the externally applied loads are con-
servative. For important classes of problems, the first assumption is satisfied, but
not the second. In this case, the principle of virtual work, principle 6 on page 434,
implies

oW = 6Wr+Wg =—0A+Wg° =0,

where 6W ¢ represents the virtual work done by the non-conservative forces. This
leads to the following principle.

Principle 10 A system is in equilibrium if and only if virtual changes in the strain
energy equal the virtual work done by the externally applied loads for all arbitrary
virtual displacements.

In other cases, externally applied forces are a mixture of conservative and non-
conservative forces. It is then convenient to split the virtual work done by the exter-
nally applied forces, W g, into two parts: §WW5, due to the conservative forces, and
dW ¢ due to the non-conservative forces, to find 6Wg = 6W g + §W €. The princi-
ple of virtual work, principle 6, then implies 6W; +0Wg = dW+ W5 +0Wge =
0. Introducing the strain energy and the potential of the conservative forces then
yields

0(A+ D) =0Wg“.
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It is important to note that the term §W ¢ represents the virtual work done by the
non-conservative forces, whereas () represents the negative virtual work done by
the conservative forces.

10.3 Strain energy in springs

The strain energy is a function of the deformation of the structure, A = A(e); in turn,
the deformation field is a function of the displacement field, or of the generalized
coordinates, depending on the formulation of the problem. This section considers
one of the simplest elastic structure: a spring. Two different types of springs will be
considered. First, the rectilinear spring can be deformed in a rectilinear manner by a
force that acts along the axis of the spring. Second, the forsional or rotational spring
can be deformed in a rotation about its axis by a moment acting about this axis.

10.3.1 Rectilinear springs

Rectilinear springs are simple, elastic elements K

F
with two primary lumped properties: the stiffness I—/\/\/\/—ﬁ)—>
constant and un-stretched length. For rectilinear u 1
springs, the applied force and the resulting deforma- F ¥

tion are along a common straight line, as depicted « © >

in fig. 10.4. The displacement of the spring is Fig, 10.4. Rectilinear spring sub-
denoted u and its natural length, sometimes called  jected to a force F.

the “un-stretched length,” is denoted wug. The force

applied to the spring is denoted F' and the force in the spring F. The constitutive
behavior of the spring is typically given as F' = F(A), where A = u — wy is the
extension of the spring, and F'(A = 0) = F(u = up) = 0.

Linearly elastic springs

If the relationship between an applied load and the resulting extension is linear, i.e.,
if I = kA, where k is the spring’s stiffness constant, the spring is said to be linear.
It is unfortunate that the term “linear” is often used to describe both the rectilinear
motion of the spring as well as the linearity of the force-extension relationship.

If the spring exhibits a linear constitutive behavior, F' = kA4, it implies that the
spring resists both tensile and compressive external forces, and the spring stiffness
constant, k, is the same constant value for all forces or extension magnitudes. The
stiffness has units of force per length, or N/m in the SI system.

The strain energy in the spring is evaluated with the help of eq. (10.12) to find

u u A
1 1
A=Wz = / Fdu= / kA du = kA dA = 5kAQ = 5FA. (10.21)
u ug 0

0

The strain energy is a positive-definite function of the stretch, i.e., A > 0 for any
positive or negative value of the extension, A, and vanishes only when A = 0. The
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internal force in the spring can be derived from the strain energy using eq. (10.16a)
as Fy = —0A/0u = —kA. The minus sign stems from the fact that the force in
the spring opposes the externally applied force as shown in the free-body diagram in
fig. 10.4.

The constitutive law for the spring is depicted as the straight line in the force
versus extension plot shown in fig. 10.5. In view of eq. (10.21), the strain energy, A,
is the shaded area under the curve.

The complementary strain energy, A’, often called the stress energy, is defined as
the shaded are to the left of the straight line and is computed as

F F F 2
A= (u—u)dF= | AdF= Pap_ 12 _Lpp (10.22)

The complementary strain energy is naturally expressed in terms of forces, and
hence, its name, “stress energy,” or less often used “force energy.”

Using the spring’s constitutive law, it follows that A’ = 1/2 F?/k = 1/2 FA =
1/2 kA? = A. Thus, the strain energy and its complementary counterpart are equal
for linearly elastic springs. In fig. 10.5, the rectangle of area F'A is separated by its
diagonal into two triangles of equal areas A = A’ = FA/2. It follows that A and A’
are related through

A+ A =FA. (10.23)

This expression helps explain the term “complementary energy” used to denote this
energy.

4 F=k A 4
F F
x A v A
A
A
A A
> >
Fig. 10.5. Constitutive law for a linearly elas-  Fig. 10.6. Constitutive law for a nonlinearly
tic spring. elastic spring.

Nonlinearly elastic springs

The discussion has thus far focused on springs with a linear constitutive behavior.
The concept of conservative forces, however, is not limited to elastic components
presenting a linear behavior. Some metals, such as aluminum and copper, exhibit a
slight amount of nonlinearly elastic behavior prior to their yield points. Many elas-
tomers present quite obvious nonlinearly elastic behavior.



506 10 Energy methods

A number of analytical models have been developed to approximate the observed
constitutive behavior, but perhaps the simplest is a law of the form

F = Fytanh (A) , (10.24)
Ug

where Fj, is a reference force and wug a reference displacement.

This type of law, which is shown in fig. 10.6, is representative of materials such as
aluminum which do not exhibit a sharp transition from linear to nonlinear behavior.
The stiffness of this spring is given by

k= 98 = u sech <u0> = ko sech )

where ko = Fy/uqg is the stiffness of the spring at zero elongation.

The constitutive law, eq. (10.24), is now recast in a non-dimensional form by
defining the non-dimensional force and extension as F' = F/Fy and A = A/ug,
respectively. The constitutive law then becomes /' = tanh(A) and its inverse is
A = arctanh(F).

The strain energy in the spring can be found by direct integration of the force
over a differential displacement as

A A
A= / FdA = Fouo/ tanh A dA = Fyug In(cosh A),
0 0

and the complementary strain energy, A’, is given in a similar manner by

F F
A= / AdF = Fou()/ arctanhF' dF = ugFp (F‘arctanhF +Inv1-— F2> .
0 0

The strain energy is the shaded area under the force versus extension curve, see
fig. 10.6, whereas the shaded area to the left of the same curve is the complemen-
tary strain energy. In contrast to the linearly elastic spring shown fig. 10.5, the two
energies are not equal, A # A’, for a nonlinearly elastic spring. It is still true, how-
ever, that A + A’ = FA, as can be seen graphically as well as shown by using the
non-dimensional forms for the strain and complementary strain energy as

A A’ _ _ _ —
=1In (cosh A) + Farctanh F' + In V1 — F?
ugky  uokp
1

=ln———— + Farctanh F +In /1 — F2

V1 —tanh? A
=—Inv1—F24 Farctanh F +1Inv1— F2 = FA,
where the hyperbolic function identity, cosh®a = 1/(1 — tanh®a), is used along

with the non-dimensional constitutive law itself. This result shows that A and A’ are
truly complementary in the same way that they are for a linearly elastic spring.
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The strain energy function incorporates the constitutive law for the material. In-
deed, the elastic force in the spring can be derived from the strain energy,

0A 1 0

F=%2= woa!

(10.25)

. A
Fyug In(cosh A)] = [y tanh () .
U

Figure 10.7 illustrates the difference between the nonlinearly and linearly elastic
springs. The upper figure shows the strain energy or potential for both springs, the
middle figure the force-extension relationship and the bottom figure the spring stift-
ness defined as the local tangent to the constitutive law curve; all three figures are
plotted against the normalized spring extension. The spring studied here is a “soft-
ening spring,” because it presents a decreasing stiffness at higher extensions and its
strain energy is less than that of a linearly elastic spring at all extension magnitudes.

— 05
<o 1 -4 o PP
=] . =] -
o So Ll o
< 05 e / 3
< L n 1 L <
s -1 05 0 0.5 1 15 %
. . . . . — == 1
> 1 === 3 =
<0 ] £ 05
AT 1 o 0
15 -1 05 0 0.5 1 15 0 0.2 0.4 0.6 0.8 1
1 1
o -
< 05 < 05
< =
0 0
15 1 0.5 0 0.5 1 15 0 0.2 0.4 0.6 0.8 1
A/u0 A/u0

Fig. 10.7. Nonlinear spring with the consti-
tutive law given by eq. (10.24). Top figure:
strain energy; middle figure: force; bottom
figure: stiffness. Solid line: nonlinear spring;

Fig. 10.8. Nonlinear “bungee” spring with
the potential given by eq. (10.27). Top figure:
strain energy; middle figure: force; bottom
figure: stiffness. Solid line: nonlinear spring;

dashed line: linear spring. dashed line: linear spring.

Example 10.1. Nonlinearly elastic “bungee cords”
The mathematical form of the force-extension relationship must reflect as accurately
as possible the experimentally observed behavior of the spring. Typically, the force-
extension curve is first obtained experimentally, then a curve fitting procedure is
used to approximate the data using a carefully chosen analytical representation of
the constitutive law.

An interesting example is a “bungee cord,” which can undergo very large de-
formations without failing. The following equation uses the logarithmic function to
approximate the experimentally measured behavior of bungee cords

In(1+ A)

o S s < A
P kouo A for0< A<1,

0, for A<0,

(10.26)
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where A = (u—wug) /ug is the non-dimensional bungee stretch, w its natural length,
and kg is the initial elastic stiffness (i.e., at A = 0).

The relationship in eq. (10.26) closely approximates the experimental data for
A < 1, ie., when the bungee cord extends to less than twice its natural length.
When the bungee cord is in its un-stretched state, a force is required to increase its
length, and this force is a nonlinear function of the extension. Another nonlinearity
in the constitutive law is the unsymmetrical behavior of the bungee in tension and
compression: the cord cannot support a compressive force, and therefore, the above
constitutive law is not valid for negative extensions, A<O.

The potential of the bungee cord for A > 0 is

u u A 2
A :/ Fdu :/ koug 2+ A) 4 k°2“0 n2(1+ A). (10.27)
0 0

1+A

The characteristics of the bungee cord are illustrated in fig. 10.8. The upper figure
shows the spring’s strain energy given by eq. (10.27), the middle figure the force-
stretch relationship given by eq. (10.26) and the bottom figure the spring’s apparent
stiffness. For reference, the corresponding quantities for a linear spring with equal
stiffness constant, kg, are also depicted. The apparent stiffness, k, of the bungee cord
is the tangent to the force-extension curve,

~dF 1-In(1+A4)

k= — = _
dA ~ " (14 A2

(10.28)
As the stretch of the cord increases, its stiffness decreases and vanishes when In(1 +
A) =1,or A= 1.718. Clearly, this is not realistic, and therefore, the approximation
to the force-stretch behavior given by eq. (10.26) is only valid for A < 1.

For the constitutive law expressed by eq. (10.26), the complementary strain en-
ergy cannot be easily computed. Indeed, it would be necessary to express the spring
stretch in terms of the applied force, A = A(F), but in view of the logarithmic
function appearing in eq. (10.26), it is not easy to obtain this expression.

10.3.2 Torsional springs

Torsional springs are also simple elastic elements with Kk

lumped elastic properties. Instead of the rectilinear mo- 0

tion that characterizes the springs described in the pre-

vious section, torsional springs undergo an angular mo- N—"M

tion, 6, under the action of an externally applied torque,  Fig, 10.9. Torsional spring
M, as depicted in ﬁg. 10.9. subjected to a moment M.

For a linearly elastic torsional spring, the constitu-
tive law is M = k6, where k is the stiffness constant of the spring. Note that although
the same symbol, k, is often used to denote the stiffness constants of both rectilinear
and torsional springs, their units are not the same: for a torsional spring the stiffness
constant has units of moment per rotation, N-m/rad, or sometimes N-m/deg. The un-
stretched rotation, 6, of the spring is not necessarily zero, and in such cases, the
constitutive relationship should be written as M = k(6 — 6y).
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Of course, the elastic behavior of the torsional spring could be nonlinear, as
discussed in the previous section for rectilinear springs. In either case, if the force in
the spring is conservative, it is possible to obtain an expression for its potential.

10.3.3 Bars

As discussed in section 9.5, each bar of a truss is assumed to behave like a rectilinear
spring. It then follows from eq. (10.21) that the strain energy in a bar can be written
as
1 1EA
A= Zke? = 2 =2
2" T oL

where e is the bar elongation, and k = EA/L its stiffness.

(10.29)

Example 10.2. Spring-mass system
Consider the rectilinear spring with a weight, mg, attached as depicted in fig. 10.10.
The spring is assumed to behave linearly, its natural length is denoted wy, its final
length is wu, and its extension is A = u — ug.

The strain energy in the linear spring is given by eq. (10.21) as A = 1/2 kA2,
and the potential of the gravity force is & = —mgA. Note that since the potential is
defined within a constant, it is also correct to write @ = —mg(ug + A) = —mgu.

O
k /Gmh

mg mg

Fig. 10.10. Rectilinear spring supporting a  Fig. 10.11. Torsional spring supporting a
weight. weight.

The total potential energy of the systemis [T = A+ & = 1/2 kA% — mgA.
Because the problem presents a single generalized coordinate, A, the principle of
minimum total potential energy, eq. (10.17), implies

Z—Z =kA—mg=0.
The solution of this linear equation gives the extension of the spring, A = mg/k.
In the neighborhood of this equilibrium configuration, variation in the total po-
tential energy is given by eq. (10.20) as dIT ~ (9?11/0A?) dA? = k dA%. Because
the spring stiffness constant is a positive number, it follows that dI/ > 0 and the
equilibrium configuration is stable.
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Example 10.3. Rotational spring-mass system
Consider next a rigid bar of length R carrying a weight, mg, at its tip and pinned
to the ground at the other end, as shown in fig. 10.11. At the pivot point, a linear
torsional spring of stiffness constant k restrains the rotation of the bar. The spring is
unstretched when 6 = 0, which corresponds to the horizontal position of the bar.
The strain energy of the spring is simply A = 1/2 k6?2. The potential of the
externally applied load is computed with the help of eq. (10.13) as & = —Wg =
—mgh, where h is the motion of the point of application of the tip weight projected
along the direction of the load. In this case, h = Rsin 6, leading to ® = —mgR sin 6.
The total potential energy of the system is now I1 = A+® = 1/2 k§? —mgR sin 6.
Because the problem presents a single generalized coordinate, 6, the principle of
minimum total potential energy, eq. (10.17), implies

oIl
0 = kO — mgRcosf = 0.

The equilibrium configuration is the solution of this transcendental equation for
6, which can be recast as kf = cos §, where k = k/(mgR) is the non-dimensional
stiffness constant of the spring. The transcendental equation does not admit a closed
form solution, and it must be solved graphically or iteratively using a procedure such
as Newton’s method. For & — 0, that is, for a spring of very low stiffness or for a
very large tip mass, the equilibrium angle 6 ~ 7/[2(1 + k)]. For k — oo, that is, for
a very stiff spring or very small tip mass, the equilibrium angle 6 ~ 1/k.

Although the spring is assumed to be linear, the equilibrium equations of the
problem are nonlinear because the motion of the bar is finite, i.e., no limit is set on
the magnitude of angle . When k — oo, system deflections remain small, the equi-
librium equation of the problem becomes linear, k6 ~ 1, and the solution is easily
found as § = 1/k = mgR/k. The nonlinearities introduced by large deflections are
called geometric nonlinearities.

Example 10.4. Buckling of a rigid bar under compressive load

The study of the behavior of the total potential energy in the vicinity of an equilib-
rium state provides important information about the stability of the system. To illus-
trate this concept, consider the rigid bar of length L, connected to the ground through
a pivot point and subjected to a tip compressive load, P, as shown in fig. 10.12. A
rectilinear spring is attached at the tip of the bar and is assumed to remain horizontal
at all times; the spring is unstretched when the bar is in the vertical position, i.e.,
when 6 = 0.

The strain energy for the spring is A = 1/2 kA2, where the extension of the
spring is A = Lsin 6. The potential of the externally applied load is computed with
the help of eq. (10.13) as = —Wg = —Ph, where h = L(1 — cos 6) is the motion
of the point of application of the tip force projected along its line of action. The total
potential energy of the system is [T = A + & = 1/2 kL?sin® § — PL(1 — cos6).

Since the problem presents a single generalized coordinate, 6, the principle of
minimum total potential energy, eq. (10.17), implies

o1l

50 = kL?sinfcosf — PLsin@ = Lsin® (kLcos® — P) = 0.
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Fig. 10.12. Rigid bar with tip spring un-  Fig. 10.13. Response of the system: stable
der compressive load. Original and deformed  branch: solid line; unstable branches: dotted
configurations. lines.

This equation possesses two distinct solutions: sinf = 0 and P = kL cos 6. The
first solution, sinf = 0, yields § = 0 or # = =+, for any value of load, P. This
corresponds to the configuration in which the bar remains vertical, straight up or
down with respect to the pivot, for any applied load. The second solution, P =
kL cos 6, can be solved for the deflection of the bar as a function of the applied load:
6 = arccos(P/kL). These two solutions are depicted in fig. 10.13.

To study the stability of these solutions, the variation of the total potential en-
ergy in the vicinity of an equilibrium configuration is evaluated with the help of
eq. (10.20) as

o?n
062

Consider the first solution, # = 0. Along this branch, labeled “branch 1” in
fig. 10.13, the variation of the total potential energy is dI1 ~ L(kL — P)d6#?. For
P < kL, it follows that dII > 0, leading to a stable solution. A solid line is used in
fig. 10.13 to indicate that this branch is stable. For P > kL, however, dII < 0, and
the equilibrium solution becomes unstable; this unstable branch, labeled “branch 2,”
is shown as a dotted line.

Consider now the second solution, P = kL cos #. In the vicinity of this equilib-
rium configuration, it is clear that dII ~ —kL%sin? 0 d6? < 0, and the solution,
labeled “branch 3.” is unstable. Finally, it is easily verified that the last equilibrium
solution, § = 4, is stable for all P > 0.

It now becomes possible to describe the behavior of the system under an increas-
ing load, P. For P < kL, the bar is in stable equilibrium in the vertical configuration.
Asload P increases, point B in fig. 10.13 is reached. At this point three distinct equi-
librium solutions now become possible: # = 0, and § = arccos(P/kL), for either
positive or negatives values of 0. These equilibrium solutions are labeled “branch 2”
and “branch 3,” and are all unstable, as indicated in fig. 10.13. Point B is called a
bifurcation point because three equilibrium solutions emanate from it.

dIT ~ d6? = [k‘L2 (cos2 6 — sin® 9) — PLcos 9] de?.
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From a purely mathematical perspective, although all are unstable, each of the
three solutions is a correct equilibrium solution of the problem. In practice, the
branch to be followed by the bar depends on the imperfection present in the system.
Indeed, a rigid bar is never “perfectly straight” nor “perfectly homogeneous,” and
load P can never be “exactly aligned” with the axis of the bar. If the bar is slightly
canted to the right or load P leaning in that direction, the system will collapse to the
right; conversely, a left leaning imperfection or loading will cause the bar to collapse
to the left. Because imperfections are always present, “branch 2 is never observed
in practice.

From this discussion, it is clear that the system can only sustain loads P < kL
with § = 0, at which point the system collapses. Point B is called the buckling point,
and P.. = kL is the critical load or buckling load. More details about the buckling
phenomenon can be found in chapter 14.

As a final point, it should be noted that the branch 6§ = 0 is stable for any negative
value of P; this correspond to the case when the load is pulling the vertical bar
upward, an obviously stable configuration.

Example 10.5. Rigid aircraft suspended by “bungee cords”

For the purpose of dynamic testing, an aircraft is suspended from a hangar’s roof by
means of three bungee cords attached to the aircraft’s left wing at point L, right wing
at point R, and tail at point T, as depicted in fig. 9.16 on page 424. The aircraft’s total
mass is M and the center of mass is located at point C. For simplicity, the aircraft
is assumed to be rigid and the displacements under the load are assumed to remain
small. The generalized coordinates of the problem are selected as Ay, Ag, and Ar,
the downward vertical distance of points L, R, and T, respectively, from the bungee
cord attachment points. The strain energy for each of the bungee cords is given by
eq. (10.27), and hence, the total strain energy of the system is

k 2 _ k 2 _ k 2 _
A:L?“HHQ(HAL)Jr 32“3 In%(1+ Ag) + T;T In*(1+ Ag), (10.30)

where AL = (AquL)/uL, AR = (ARfuR)/uR, and AT = (ATf’U,T)/uT, are
the non-dimensional extensions of the three bungee cords, ur, ug, and ur are their
natural lengths, and kr, kg, and k7, are their apparent stiffness for small extensions.

Equation (10.30) illustrates one of the fundamental advantages of energy meth-
ods: because strain energy is an additive scalar quantity, the strain energy of a system
is simply the sum of the strain energies stored in each of its elastic components. In
this example, the total strain energy of the system is the sum of the strain energies in
each of the three bungee cords. Because the aircraft is assumed to be rigid, it stores
no strain energy.

The potential of the gravity load acting on the aircraft is & = —M gh, where
h is the distance of the mass center below a reference plane and is given by, h =
(a/d)Ar + (1 — a/d)(AL + Agr)/2. This expression is a direct consequence of
the assumption of a rigid aircraft. The potential of the externally applied loads now
becomes

¢=-Mg|Ar— + 1— =

2 %( Z)] (10.31)
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The total potential energy of the system is II = A 4 &, and the equilibrium
equations of the system, eqs. (10.17), become

In(14+A;) Mg a
k —— = —(1—-= 10.32
UL A, 2 ( d)’ (10.322)
In(1+ Ag) Mg a
- =—(1-—- 10.32b
RURTT AL 2 ( d)’ ( )
111(1 +A_T) a
- - 10.32
A d (10:32¢)

These are three nonlinear equations to be solved for the non-dimensional extensions
of the three bungee cords.

It is interesting to compare the present solution with the solution presented in ex-
ample 9.12 on page 423. Nonlinear springs are used in the present example, but linear
springs are used in example 9.12. The present example illustrates the concept of ma-
terial nonlinearities, i.e., nonlinear relationships for the material constitutive laws,
as opposed to the geometric nonlinearities encountered in examples 10.3 and 10.4.

In example 9.12, the generalized coordinates are selected as u, ¢1, and ¢, the
vertical translation and two rotations of the rigid aircraft, whereas in the present case,
the non-dimensional extensions of the three bungee cords are used. The use of the
former generalized coordinates results in a system of coupled equations as shown in
eq. (9.26), whereas the use of the latter yields the uncoupled equations (10.32). Both
sets of generalized coordinates are equally valid because both uniquely define the
configuration of the aircraft. The final form of the governing equations of the prob-
lem, however, does depend on the choice of a specific set of generalized coordinates.
An interesting exercise would be to repeat the solution of the present problem by
selecting u, ¢1, and ¢ as the generalized coordinates.

Finally, it must be repeated that the solution presented here assumes the move-
ment of the aircraft to remain small. If that assumption is violated, the kinematics of
the problem will be more complicated. For instance, if the generalized coordinates
are selected to be u, ¢1, and ¢, the development of large displacements, and hence,
of finite rotations, will introduce trigonometric functions of angles ¢; and ¢-, which
leads to geometric nonlinearities.

10.3.4 Problems

Problem 10.1. Rotating disk with spring restraint
Work problem 9.1 using the principle of minimum total potential energy.

Problem 10.2. Lever with sliding pivots

Bar ABC is of length b + a and is constrained to move vertically at point A and horizontally
at B, while a horizontal force, P, is applied at point C, as depicted in fig. 10.14. Point A is
restrained by a vertical spring of stiffness constant k, which is relaxed when angle § = 0. Use
the principle of minimum total potential energy to determine the equilibrium configurations
of the system.
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Fig. 10.14. Lever with spring-restrained slid-  Fig. 10.15. Rod in frictionless hemispherical
ing pivots. bowl (L > 2R).

Problem 10.3. Rod in frictionless hemispherical bowl

A uniform rod of mass, m, and length, L, rests from inside to across the rim of a frictionless
hemispherical bowl of radius, R, as shown in the cross-sectional view in fig. 10.15. Assume
that L > 2R. Using the principle of minimum total potential energy, find the equilibrium
angle of inclination, 6, of the rod to the horizontal plane.

Problem 10.4. Geometrically nonlinear spring-mass

Problem 9.6 describes a spring-mass system with a nonlinear geometry which arises from the
large displacements that are developed, as shown in fig. 9.22. Use the principle of minimum
total potential energy to compute the equilibrium configuration of the system.

Problem 10.5. Rigid aircraft suspended by bungee cords

Work example 10.5 with the generalized coordinates u, ¢1, and ¢2 defined in example 9.12.

10.4 Strain energy in beams

10.4.1 Beam under axial loads

Consider a beam subjected only to axial loads as discussed in section 5.4 and de-
picted in fig. 5.6 on page 179. Material constitutive laws are assumed to be linear
and elastic. Focus now on an infinitesimal slice of the beam of span-wise length
dx, acted upon by an axial force ;. The left face of this differential element
undergoes an axial displacement 4, whereas the displacement of its right face is
@y + (d@y /dzq)da;. As the axial force acting on the left face increases from zero to
its final value, N, the work it performs is —1/2 Nj@;; the minus sign is due to the
fact on the left face, displacement and force are counted positive in opposite direc-
tions. For linear constitutive laws, see fig. 10.5, the area under the force-displacement
curve is the area of a triangle, 1/2 N1 ;.

The work done by the axial force acting on the right face as it increases
from zero to Ny is 1/2 Nj [ay + (d@y/dz)da;]. The total work done by the
axial force is found by adding the contributions from the two faces to find
1/2 Ny(day /dxy)dzy = 1/2 Niérday, where € is the sectional axial strain. The
work done by the externally applied force, N1, on a differential element of the beam
is
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1 1
dWg = 5 Niéde, = 3 Sé? duy, (10.33)

where the linear sectional constitutive law, eq. (5.16), is used to obtain the last equal-
ity.
The quantity

a(é) = % Sé2, (10.34)

is known as the strain energy density function and gives the strain energy per unit
length of the beam. This strain energy density can be viewed as the potential of the
axial force, which can be derived from this potential as Ny = —0a(€;)/0¢; = —Se;.
Again, the minus sign indicates that this is the internal force in the beam, not the axial
force externally applied to the differential element.

The total strain energy developed by the axial force distribution over the beam’s
span is now obtained by integration of the strain energy density

L
A(El) :/ 61 d$1 / S€1 dx;. (10.35)
0

Sometimes, it is preferable to express the strain energy stored in the beam in
terms of the axial force by using eq. (5.6), to find

LN2
A(e) = day = A'(V- 10.36
@)= [ 5k do = A, (10.36)

Here, a’(N;) = N?2/28S is known as the stress energy density function, or comple-
mentary strain energy density. A'(Ny) is the total stress energy or complementary
energy stored in the beam expressed in terms of the axial force distribution. As ob-
served earlier, in the case of a linear constitutive law, the strain energy and its com-
plementary counterpart are equal.

To illustrate these concepts, consider a bar fixed at its root end and subjected
to only an axial tip force, P. Static equilibrium implies the N; = P at all points
along the beam’s span, and hence, the axial strain is a constant, & = A/L, where
A is the bar’s tip deflection and L its length. The strain energy, eq. (10.35), is then
A(e) =1/2 fOL Seé? dry = 1/2 SA?/L. Clearly, a beam subjected to a tip axial
load is equivalent to a rectilinear spring of stiffness constant &k = S/ L.

10.4.2 Beam under transverse loads

Beams subjected to transverse loads are discussed in section 5.5 and are depicted
in fig. 5.14 on page 187. Material constitutive laws are assumed to be linear. Con-
sider now an infinitesimal slice of the beam of span-wise length dz;, acted upon by
a bending moment M3. The left face of this differential element rotates by an an-
gle diiy/dxq, whereas the rotation of its right face is diip/dzy + (d%auy/dz?)dw.
When the bending moment acting on the left face increases from zero to its fi-
nal value, M3, the work it performs is —1/2 Msdas/dx; the minus sign is
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due to the fact on the left face, rotation and moment are counted positive in
opposite directions. The work done by the bending moment acting on the right
face is 1/2 M3 [dug/dzy + (d*uz/da})dzy]. The total work done by the bend-
ing moment is found by adding the contributions from the two faces to find
1/2 M3(d%uy/dz?)dey = 1/2 Mskgdaq, where k3 is the sectional curvature de-
fined by eq. (5.6). The work done by the externally applied bending moment, M3, on
a differential element of the beam is

1 1
dWg = 3 M3k dzy = 3 HSy k3 dy. (10.37)

where the linear sectional constitutive law, eq. (5.37), is used to obtain the last equal-
ity.
The quantity

1
a(rg) = 5 Hins, (10.38)

is known as the strain energy density function and gives the strain energy per
unit length of the beam. This strain energy density can be viewed as the poten-
tial of the bending moment, which can be derived from this potential as Mz =
—0a(k3)/0ks = —H$sk3. Again, the minus sign indicates that this is the internal
moment in the beam, not the bending moment externally applied to the differential
element.

The total strain energy developed by the bending moment distribution in the beam
is then obtained by integration of the strain energy density

L
A(k3) :/ a(ks) dzy = / HSyw3 diy. (10.39)

0
The curvature can also be expressed in terms of the transverse deflection using

eq. (5.6) so that
1 b (A%
A('U,Q(le)) = 5/0 H33 (daj%) dxl. (1040)

The strain energy stored in the beam can also be expressed in terms of the bending
moment by using eq. (5.37) in eq. (10.39) to find

Loz
A(Mg):/O 2H3 dzy = A'(Ms). (10.41)
33

In this case, a’(M3) = M2 /2H$, is known as the stress energy density function.
A’(M3) is the total complementary strain energy stored in the beam expressed in
terms of the bending moment distribution.

10.4.3 Beam under torsional loads

Consider a circular cylindrical beam subjected to torsion as discussed in section 7.1.
Material constitutive laws are assumed to be linear. An infinitesimal slice of the
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cylinder of span-wise length dz; is acted upon by a torque M. The left face of this
differential element undergoes a rotation, ¢, whereas the rotation of its right face is
@1 + (d¢1/da1)dz,. As the torque acting on the left face increases from zero to its
final value, M7, the work it performs is —1/2 M ¢1; the minus sign is due to the fact
on the left face, rotation and torque are counted positive in opposite directions. The
work done by the torque acting on the right face as it increases from zero to M; is
1/2 My [¢1 + (d¢1/dxy1)dzq]. The total work done by the torque is found by adding
the contributions from the two faces to find 1/2 M (d¢y /dzy)dx; = 1/2 Mykday,
where k1 is the sectional twist rate. The work done by the externally applied torque,
M7, on a differential element of the beam is

1 1
dWg = 3 M, k1dz, = 3 Hyik2 da;y. (10.42)

where the linear sectional constitutive law, eq. (7.13), is used to obtain the last equal-
ity.
The quantity

1
a(k1) = 5 Hlmi (10.43)

is known as the strain energy density function and gives the strain energy per unit
length of the cylinder. This strain energy density can be viewed as the potential of the
torque, which can be derived from this potential as My = —0a(k1)/0k1 = —Hi1kK1.
Again, the minus sign indicates that this is the internal torque in the beam, not the
torque externally applied to the differential element.

The total strain energy developed in the cylindrical beam by the torque distribu-
tion over the cylinder’s span is then obtained by integration

L
A(Kjl) :/ ,‘il de’l / H11l€1 dxl (1044)
0

Sometimes, it is preferable to express the strain energy stored in the cylindrical
beam in terms of the torque by using eq. (7.13) to find

L 2
An) :/ zﬂff day = A'(My). (10.45)
0 11

a'(My) = M#/2H;; is known as the stress energy density function. A’(M) is the

total complementary strain energy stored in the cylinder expressed in terms of the
torque distribution.

10.4.4 Relationship with virtual work

It is interesting to compare the results obtained in this section with those developed is
section 9.7. The internal work done by a constant bending moment, M3, undergoing
a curvature, K3, is given by eq. (9.69) as dW; = —M3k3 dxq, for a slice of the beam
of infinitesimal size, dz;. Next, eq. (9.19) yields dWg = —dW; = M3k3 dz;. This
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result seems to contradict eq. (10.37) in section 10.4.2, which states that AWy =
1/2 Msks da;. Fortunately, this is only an apparent contradiction. In section 9.7,
the bending moment is assumed to remain constant in magnitude while undergoing
a curvature; in section 10.4.1, however, the bending moment is assumed grow in
proportion to the curvature. If the bending moment is kept constant, the work it
performs as the curvature increases is

K3 K3
dWE = |:/ M3 dlig:| d.’£1 = |:M3/ dlig:| del = Mglig dl’l.
0 0

In contrast, if the bending moment is proportional to the curvature, i.e., if Mg =
kks3, where k is the constant of proportionality between the two quantities, the work
becomes

s s 1 1
dWE = |:/ M3 d/€3:| dl‘l = |:/ ]{3/€3 d/€3:| d$1 = ikﬂgdﬂil = 5M3/€3 dl‘l.
0 0

Clearly, the difference between the two results can be directly attributed to
the nature of the bending moment: if the bending moment remains constant dur-
ing the deformation, the work it performs is dWg = Msks dx;, whereas if the
bending moment increases in proportion to the deformation, the work becomes
dWE = 1/2 Mglﬁlg dxl.

The same reasoning applies to bars under torsion. In section 9.7.2, the work
done by a constant torque, M7, undergoing a twist rate, k1, is found to be dWg =
—dW; = Mjky dzq, see eq. (9.71). In section 10.4.3, the work done by a torque
that increases in proportion to the twist rate is found as dWg = 1/2 H 11/@% dzq,
see eq. (10.42). Here again, the two results differ by a factor of one half, which is
directly related to the nature of the torque.

All the results derived in section 9.7 for the work done by internal stresses or
forces of constant magnitude in various types of structures can be readily used to
obtain the work done by internal stresses or forces of magnitude proportional to the
deformation in the same structures by simply multiplying the expression by a factor
of one half.

The discussion of the previous paragraphs begs the following question: why is
the moment assumed to be constant in the developments of section 9.7, whereas it
is assumed to increase in proportion to the deformation in the present section? In
section 9.7, the goal is to derive expressions for the virtual work and complemen-
tary virtual work. When computing the virtual work, virtual displacements do not
affect the forces or stresses in the system, i.e., the internal forces or stress remain
constant, unaffected by virtual displacements. For instance, the work done by a con-
stant moment in a beam is W; = — fOL M3k dxy, see eq. (9.69), where the bending
moment, M3, remains constant, unaffected by the curvature, 3. The virtual work is
then 6W; = — fOL Msdrs dzq, see eq. (9.70a), where the bending moment remains
constant, unaffected by the virtual curvature.

In contrast, the present study focuses on the determination of the strain energy
stored in a structure. As the external loads are slowly applied to the solid, internal
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forces and moments increase in proportion to the deformation. Because the system
is assumed to be conservative, the work done by the externally applied forces is
now stored in the elastic body in the form of strain energy. Consequently, when the
strain energy is computed from the evaluation of the work done by the externally
applied loads, it must be assumed that the internal forces increase in proportion to
the deformation, as is done in the present section.

10.5 Strain energy in solids

In this section, expressions for the strain energy in three-dimensional solids will be
derived. The starting point of the development is the expression developed in sec-
tion 9.7.3. Expressions for the strain energy in beams undergoing three-dimensional
deformations will also be developed.

10.5.1 Three-dimensional solid

In section 9.7.3, the internal work done by constant stresses undergoing general,
three-dimensional deformation is found to be W; = — fv oTe dV, see eq. 9.76,
where € and ¢ are the arrays of strain and stress components defined by egs. (2.11a)
and (2.11b), respectively. It follows that the work done by the constant, external
stresses is Wg = fv oTedy. Finally, if the stresses increase in proportion to the
deformations, the work becomes

Wg == / aledy. (10.46)
\Z

If the material behaves according to Hooke’s law given by eqgs. (2.4) and (2.9),
the work can be expressed in terms of the strain components only as

1 E
WE = 5 [; m [(1 — V)(E% + 65 —+ 6%) + 21/(6162 + €1€3 + €2€3)
1-2v

+

5 (33 T3+ ’7122)} dy = /Va(é) Ay = A(e).

From this, the strain energy density function for a three-dimensional solid behaving
according to Hooke’s law becomes

1 E

ale) = 5

ST o) 2 TN &)+ (e +ac + ees)

1-2v
"‘T(Vgs +5 + 7%2)] .
(10.47)
This expression can be written in a more compact form as follows
1 E
=- —————[(1-v)I} —2(1 - 2v)I. 10.48
a(g) 2 (1—|—l/)(1—21/) [( V) 1 ( V) 2}7 ( )
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where I; and I5 are the first two invariants of the strain tensor defined by eqs. (1.86a)
and (1.86b), respectively. It is also possible to write the strain energy density function
in term of the strain array as

ae) =

where C is the 6 x 6 stiffness matrix of the material defined by eq. (2.14).

Because Hooke’s law is a linear stress-strain relationship, the strain energy and
its complementary counterpart are equal, a(e) = a’(g). The complementary strain
energy density is expressed in terms of the stress components as

e Ce, (10.49)

N =

1
/ 2 2 2

a\O) = — |0 +(7 +() —2 J10 +(70 020

(7) 2E[ ! 2 3 V( 172 178 2 3) (1050)

+ 21 +v) (T + 753+ 731) ] -

A more compact expression can be obtained by making use of the invariants of the
stress tensor, I1 and o, given by eqgs. (1.15a) and (1.15b), respectively, to find

) 1 1[I
a(o) = 35 I} —2(1+v)L,] = 3 [é - cﬂ : (10.51)

Finally, it is also possible to write the complementary strain energy density function
in term of the stress array as

d(0)=<c"So, (10.52)

N =

where S is the 6 x 6 compliance matrix of the material defined by eq. (2.12).

10.5.2 Three-dimensional beams

The internal work done by constant stress resultants in three-dimensional beams un-
dergoing deformation is derived in section 9.7.4, see eq. (9.78). From this result,
the work done by the same stress resultants when they increase in proportion to the
deformations becomes

1 L
Wg = 5/\ (ngl + Msko + M3,‘<;3) dx;. (10.53)
0

If the beam is made of a linearly elastic material obeying Hooke’s law, the sec-
tional constitutive laws are given by eq. (6.12), assuming that the origin of the axis
system is selected to be at the section’s centroid. Eliminating the stress resultants

from eq. (10.53) with the help of the sectional constitutive laws yields the strain
energy in the beam as

1 L
A= 5 / (Sét + HSyk3 — 2HSskoks + H3k3) das. (10.54)
0
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Similarly, the complementary strain energy is obtained from eq. (10.53), where
the sectional strains are expressed in terms of the stress resultants using the compli-
ance form of the sectional constitutive laws, egs. (6.13), to find

L 2 c c c
A — %/0 (]\g + Zi’ M2 + 2%]\421\43 + Zij M§> dz1, (10.55)
where Ay = HS,HSs — H53 HSs.

Equations (10.54) and (10.55) are general expression for the strain energy in
three-dimensional beams and its complementary counterpart, respectively. They as-
sume a linearly elastic material behavior characterized by Hooke’s law, and the origin
of the axis system must be located at the section’s centroid.

These expressions can be simplified for specific applications. For instance, if the
beam is undergoing axial deformations only, the first term only is kept and A =
1/2 fOL Sé? dry whereas A’ = 1/2 fOL N2/S dz;. If the axis system is selected to
coincide with the principal centroidal axes of bending, H5; = 0, and

1 L
A= 5/ (S€} + Hgyk + HSzr3) day, (10.56a)
0
1 (F/N2 M2 M2
A== 1 2 3 ) da;. 10.56b
2/0(S+H§2+H§3 1 ( )

10.6 Applications to trusses and beams

The principle of minimum total potential energy leads to an elegant solution proce-
dure for truss and beam problems, both of which will be addressed in the sections
below.

10.6.1 Applications to trusses

To illustrate the application of the principle of minimum total potential energy to
truss problems, a simple problem will be solved first, then, the general approach will
be presented more formally, leading to a step-by-step procedure.

Consider the three-bar, hyperstatic truss depicted in fig. 10.16. All bars have the
same cross-sectional area, .4, and modulus, F. Determine both the joint displace-
ments and the member forces. In fig. 10.16, the three bars are labeled by a number
indicated in a square box. The bar lengths are L; = L3 = L/cosf and Ly = L.

First, eq. (9.27) is used to find the bar elongations as e; = uq cos € + ugsinf,
€2 = ug, and e3 = —uq cos 0 + us sin 6. In view of eq. (10.29), the bar strain energy
is written as A = 1/2 ke?, where e is the bar elongation and k = E.A/ L its stiffness.
The strain energy in the truss is then the sum of the bar strain energies
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Vertical and
horizontal
loads

Fig. 10.16. Simple 3-bar truss.
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b L AT % L
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1EA

=57 [2uf cos® 0 + (1 + 2sin® 0 cos 0)u3) .

Based on eq. (10.13), the potential of the externally applied load, P, is given by
@ = — Pyu;. The total potential, I7, then becomes IT = A+ ® = A — Pyu;.

This problem has two degrees of freedom, u; and us, and the principle of mini-
mum total potential energy, eq. (10.17), then requires

[(u1 cos @ + uz sin ) cos 6 + uj + (—uy cosf + us sin §)? cos 0]

oI1 EA

i 2 30— P =

ou, 7 w1 cos® 0 y =0,

olr E

E TA(l 4 25sin? 0 cos O)uy = 0.

It is convenient to recast these equations in a matrix form to underline the fact that
they form a set of two linear equations for the two generalized coordinates of the
problem, uq and us,

2cos3 6 0 u| _ L [P
0 1+2sin?60cosf| lus| EA)O [

Solving these equations then yields u; = P, L/(2EAcos® 6) and uy = 0.
Once the displacements of the system have been evaluated, the elongation-

displacement equations yield the non-dimensional elongations in each bar as

€1 1 P1 0 €3 1 P, 1

—_——= —,——— €y = —_—= ——

L  2cos20EA 7 L 2cos20 EA
Next, the non-dimensional bar forces are obtained from the constitutive laws as

B 1 F3 1

P, 2cos@’ 2=0, P 2cosf

The approach presented here first finds the joint displacements, then evaluates bar
elongations based on the elongation-displacement equations, and finally determines
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the bar forces with the help of the constitutive laws. The principle of minimum total
potential energy enforces the equilibrium equations of the problem. The solution
process does not make special provisions for the fact that the three-bar truss is a
hyperstatic structure: it is equally applicable to both iso- and hyperstatic structures.

The response of a particular structure must often be evaluated under various load-
ing conditions. The right portion of fig. 10.16 depicts the same three-bar truss sub-
jected to two loads, P, and P, both applied at the common joint of the three bars.
The only change in the above analysis is that the expression for the potential of the
externally applied loads now becomes ® = — Pyu; — Pous. Repeating the steps of
the analysis leads to the following set of linear equations

2cos> 6 0 ul L [P
0 1+2sin?6cosf| \ua|[  EA P’

and yields the joint displacements: u; = P,L/(2EAcos®f) and uy =
P,L/[EA(1 + 2sin? § cos 0)).

General procedure

The general procedure for the solution of truss problems using the principle of min-
imum total potential energy can be summarized in the following steps.

1. Based on the geometry of the problem, find the length, L;, of each of the NV}, bars
of the truss. The Young’s modulus, F;, and cross-section area, .4;, are given for
each bar. Compute the stiffness, k; = (EA);/L;, of each bar.

2. Select the generalized coordinates of the problem to be the N joint displace-

ments. Do not include the displacements at the supports because these are con-

strained to be zero.

Find the bar extensions, e;, in terms of the joint displacements using eq. (9.27).

4. Determine the total strain energy of the system by adding up the contributions

from the Ny, bars,
1
_ 2
A= 5 Zl klei .

5. Write the potential of the externally applied loads, @, using eq. (10.13). Because
the externally applied loads, P;, j = 1,2, ... Np, are assumed to act at the joints,
the contribution of each load is —P;d;, where d; is the displacement along the
line of action of the force. The total potential of the externally applied loads is

then
Np
¢ =-Y" Pid;.
j=1

6. The governing equations of the system are found by invoking the principle of
minimum total potential energy expressed by eq. (10.17). Because the strain
energy is a quadratic function of the joint displacements, and the potential of
the externally applied loads a linear function of the same variables, the resulting
equations form a linear set of NV equations for the N generalized coordinates.

et
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7. Solve the equations for the joint displacements.
8. Determine the bar elongations from the elongation-displacement equations.
9. Determine the bar forces from the constitutive laws, F; = k;e;.

The procedure is unaffected by the nature of the truss: both iso- and hyperstatic
problems can be solved in the same manner. For large trusses, the number of gen-
eralized coordinates increases, and the size of the set of linear equations for the
generalized coordinates increases. Clearly, the approach is not suitable for hand cal-
culations, but the solution of large systems of linear equations is easily obtained with
the help of computers.

Example 10.6. Pentagonal truss

Consider the ten-bar pentagonal truss depicted in fig. 10.17. All bars have the same
modulus, F, and cross-sectional area, .4, and a single vertical load, P, is applied
at the top joint of the truss. Because both structure and loading are symmetric with
respect to the vertical axis, the response of the truss must exhibit the same symmetry.
The numbering of the bars reflects the symmetry of the problem: the behavior of the
identically numbered bars must be identical. Only four independent joint displace-
ment components are needed and are indicated in fig. 10.17; these will be selected as
the generalized coordinates of the problem.

Fig. 10.17. A pentagonal truss.

The geometry of a regular pentagon implies that the angles between the diagonals
of the pentagon and the sides are all 36°. The bar lengths are found as L; = Ly =
L¢ = L/(2sin18°) = 1.618 L, and L3y = Ly = Ls = L. Equation (9.27) then
yields the elongations of the bars as

e1 = (v+w) cos(36°) — ssin(36°) = 0.809(v 4+ w) — 0.588s
ez = —usin(72°) 4+ w cos(72°) = —0.951u + 0.309w

es = (s — u)sin(36°) 4+ v cos(36°) = 0.588(s — u) + 0.809v
eq = (v —w) cos(72°) — ssin(72°) = 0.309(v — w) — 0.951s

es = 2w

(10.57)

eg = 2v.
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The truss strain energy is found by summing up the individual bar contributions

1EA [ 22 2e3 e?
A== 1 2 2¢2 & 962 2 6 .
2L (1.618 e T TRt ST R

Due to symmetry, the contributions of bars 1, 2, 3, and 4 are doubled. The total
potential of the externally applied loads reduces to a single term, @ = — Pu.

The principle of minimum total potential energy expressed by eq. (10.17) then
implies the vanishing of the derivatives of the total potential energy, IT(u,v,w, s),
with respect to each of the generalized coordinates,

o on_on ol

ou v  Ow s
Tedious algebraic manipulations yield a set of four simultaneous algebraic equations
for the unknown joint displacements

1.809 —0.9511 —0.3633 —0.6910 u 1
—0.9511 4.781 0.6180 —0.2245 v| PLJO
—-0.3633 0.6180 5.118 0 w( EA)O
—0.6910 —0.2245 0 2.927 s 0

These equations can solved numerically using a computer, and the result is

Uu P v P w P s P
7= 0.703 A L 0.144 A L 0.0325 A L= 0.177 A

Once the joint displacements are determined, the bar non-dimensional elongation are
obtained from the elongation-displacement relationships, eqs. (10.57),

el - P €9 . P es3 B FL
= 0.0387 A L —0.6580 B4 L 0.1930 A
€4 P €5 P €g P

22— 01340 — . =2 = . —_— = = 2 —.
L= 01340 o = 00650 o, = 0.2880

Finally, the non-dimensional bar forces are evaluated with the help of the constitutive
laws to find

Fy Iy I3

o= 00239, 2= -04070, 2= -0.1930,
P B Fs

B = 0.1340, B = 0.0650, D= 0.1780.

10.6.2 Problems

Problem 10.6. Planar 3-bar truss

The hyperstatic, three bar truss depicted in fig. 10.18 is subjected to a load, P, applied at joint
A, with a line of action at an angle § = 45 degrees with respect to the horizontal. All bars have
the same Young’s modulus, F, and cross-sectional area, .A. (/) Determine the displacement
components, 1 and uz, of joint A. (2) Find the elongations in each bar. (3) Evaluate the forces
in each bar.
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Fig. 10.18. Planar 3-bar truss with load ap-  Fig. 10.19. Hyperstatic planar triangular
plied at joint A. truss.

Problem 10.7. Hyperstatic planar triangular truss

The five-bar, hyperstatic truss shown in fig. 10.19 has the overall shape of an equilateral tri-
angle, and is subjected to a horizontal load of magnitude P at joint A. All bars have the same
Young’s modulus, F, and cross-sectional area, .A. Note that this problem features four gener-
alized coordinates: the horizontal and vertical displacement components at joints A and D. (1)
Determine the generalized coordinates. (2) Find the elongations in each bar. (3) Evaluate the
forces in each bar. Use the following data: L = 2 m, A = 100 mm?, E = 70 GPa, P = 20
kN. It will be necessary to use a computer to solve this problem.

Problem 10.8. Multi-cable truss structure

A vertical load, P, is supported by seven cables of equal cross-sectional area, A, and elastic
modulus, E as shown in fig 10.20. The angles between the cables and the vertical are 60° ,
45°,30°,0°, —30°, —45° , and —60°. (1) Determine the generalized coordinates. (2) Find
the elongations in each cable. (3) Evaluate the forces in each cable.

Fig. 10.20. Multiple cables supporting a sin-  Fig. 10.21. Planar rectangular 3-bar truss
gle load point. with unequal axial stiffnesses.

Problem 10.9. Rectangular 3-bar planar truss

The three-bar, hyperstatic truss shown in fig. 10.21 is subjected to a load of magnitude P with
a line of action at an angle § = 45 degrees with respect to the horizontal. All bars have the
same elastic modulus, E; bars 1 and 3 have a cross-sectional area, A, whereas that of bar 3
is 2A. (1) Determine the generalized coordinates. (2) Find the elongations in each bar. (3)
Evaluate the forces in each bar.
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10.6.3 Applications to beams

The principle of minimum total potential energy can also be applied to beam prob-
lems. Expressions for the strain energy stored in beams are developed in section 10.4
for beams under axial, transverse, and torsional loads.

Consider, for instance, a beam under a distributed transverse load, p2(x1), as
shown in fig. 5.14 on page 187. The transverse force applied on a differential el-
ement of the beam of length dz is pa(x1) dzy, and the work it performs is then
pa(x1)ae(x1) day, where o (xq) is the displacement of the force along its line of
action. The work done by this distributed load applied along the beam’s span is then
found by integration, Wg = fOL pa(x1)a2(x1) dzy. Equation (10.8) then yields the
potential of this externally applied load as

L
b = 7/ p2($1)’l_1,2(561) dl‘l. (1058)
0

The total potential energy of the beam now follows from eq. (10.9) as

1 [ d2ﬂ2 2 L
I=A+%= 7/ H;. () dxi — / patis dxy,

where eq. (10.40) is used to express the beam’s strain energy in bending in terms of
the transverse displacement field, us(z1).

At first glance, this form for the total potential energy is similar to that developed
earlier for mechanisms and trusses. A fundamental difference should be pointed out.
Whereas in earlier developments the total potential energy is a function of the gen-
eralized coordinates, IT = II(q), the potential energy is now a function of another
function, IT = IT(tg(x1)), where @y (z;) is the beam’s transverse displacement
field. A “function of a function” is called a functional.

Beam problems are infinite dimensional problems, or continuous problems, be-
cause the solution to the problem requires the determination of the transverse dis-
placements field, @s(x1), at all points 0 < x; < L, and this is equivalent to an in-
finite number of unknowns. This contrasts with planar truss problems, for instance,
that involve only 2N unknowns (i.e., two displacement components at each of the
truss’ NV joints) and are known as finite dimensional problems or discrete problems.

Minimization of the total potential energy is a standard calculus problem when
it is a function of one or a finite number of variables such as the generalized coor-
dinates in eqs. (10.17). When the total potential energy becomes a functional, new
mathematical concepts are required to find the configuration of the system that min-
imizes this functional. The calculus of variations [6, 5] is the branch of mathematics
that studies functionals, and elements of calculus of variations will be developed in
chapter 12.

It is also possible to transform continuous problems into discrete problems by
choosing specific functions for uz(x;) whose amplitudes can then be determined
using the principle of minimum total potential energy. This effectively reduces a
problem with an infinite number of degrees of freedom to one with a finite number
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of degrees of freedom. As will be seen in chapter 11, the principle of minimum total
potential energy is a powerful tool for constructing such approximate solutions.

Equation (10.58) gives the potential of the externally applied loads for a beam
subjected to transverse distributed transverse loads, ps(z1). As illustrated in fig. 6.1
on page 224, three-dimensional beam problems often involve complex loading con-
ditions. In general, the beam can be subjected to distributed loading components,
p1(x1), p2(x1), and ps(z1), acting along axes 71, 72, and 73, respectively. Concen-
trated loads, P, P», and P, can also be applied along the same directions at any
point along the span of the beam. Distributed moments, ¢; (1), g2(21), and g3(z1),
acting about axes 71, 22, and 73, respectively, can be applied. Finally, concentrated
moments, ()1, 2, and ()3, can also be applied about the same directions at any
point along the span of the beam. The potential of these externally applied loads
becomes

L L
D =— / plﬂl dl’l — Pﬂ_l,l(OlL) — / qldsl dl’l — qujl(OZL)
0 0

L L _ _
d d
— / patio dxy — Pgﬂz(aL) +/ QQﬁ dxi + Qgﬁ(aL) (10.59)
0 0 dl‘l dxl

L L — _
du du

— / pg’ag dl’l — Pgﬁg(aL) — / Q372 dl’l — Q372(OZL)
0 0 T dxl

The various terms appearing in this lengthy expression can be interpreted individu-
ally as follows.

For each concentrated load component, the potential is the negative product of
the load by the displacement of its point of application projected along the line of
action of the load. For instance, the potential of a concentrated load, P;, applied at
x1 = aL, is —Pyu;(aL). For simplicity, all concentrated loads and moments are
assumed to be applied at the same location, x1 = «L. In practical applications,
however, each concentrated load must be multiplied by the displacement of its own
point of application. For instance, if three concentrated loads, P;, P», and Ps, acting
along axes 71, 72, and 73, respectively, are applied at location 1 = alL, 8L, and
~L, respectively, the corresponding potential is & = —Pyu;(«Ll) — Pyuig(BL) —

For each concentrated moment component, the potential is the negative prod-
uct of the moment by the rotation of its point of application projected along the
line of action of the moment. For instance, the potential of a concentrated torque,
@1, applied at 1 = alL, is —Q1P1(aL). Similarly, the potential of a concen-
trated moment, @3, is —Q3P3(aL). According to the Euler-Bernoulli assumptions,
the rotation of the section equals the slope of the beam, 3 = duy/dx;, see
eq. (5.3). The potential then becomes —Q)3ds (L) /dx;. For rotation in the orthog-
onal plane, 5 = —dug/dx, see eq. (5.3); the corresponding potential then becomes
—Q2®P2(al) = Qodus(al)/dx;. Here again, if the concentrated moments are ap-
plied at different locations along the beam, the expression for the corresponding
potential must be updated accordingly.
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When dealing with distributed loads, a similar reasoning applies. The potential
of a distributed axial force, p; (1), acting on an infinitesimal slice of the beam of
length dzy is —py (z1)d2 @ (21). The complete potential of the distributed load is

then — fOL p1(x1)@1(x1) dzq. Similar expression are readily derived for the other
loading components, as indicated in eq. (10.59).

10.7 Development of a finite element formulation for trusses

The principle of minimum total potential energy provides a powerful tool for the
analysis of trusses, as demonstrated in the previous section. While the approach is
manageable for simple trusses consisting of only a few bars, it is clear that the al-
gebraic manipulations become increasingly tedious as the number of bars increases.
The method is, however, very systematic and reduces the problem to the solution of
a set of simultaneous linear equations. While difficult to solve by hand, large sets of
simultaneous linear equations are easily solved with the help of computers. In fact,
powerful algorithms have been developed that routinely allow the accurate solution
of very large systems of linear system, involving millions of degrees of freedom.
Since computers take care of the solution phase, i.e., the solution of large sets of lin-
ear equations, attention is directed in this section to the development of a systematic
approach to generating the equilibrium equations of the problem.

A key to the approach presented here is to first focus on an individual truss mem-
ber, i.e., an axially loaded bar, rather than on the entire truss. The strain energy and
potential of the externally applied loads are generated for each individual bar. Next,
the total potential energy of the entire truss is obtained by summing up the contri-
butions from each bar. Equilibrium equations of the problem are then generated by
applying the principle of minimum total potential energy to the entire truss. This ap-
proach allows the development of element oriented methods, which focus on a single
element of the structure at a time.

Another key to this approach is the additive property of strain energy: the total
strain energy stored in a structure is the sum of the strain energy stored in all of its
elastic components. More specifically, the total strain energy in a truss is equal to the
sum of the strain energies in each of its bars. For trusses, each bar is an “element”
of the system, and the heart of the approach is the evaluation of the strain energy in
a generic bar or element of the truss. This simple computation is repeated for each
element of the truss. The total strain energy in the system is then found by adding
the contributions of the individual elements. This process, known as the assembly
process, can be performed in an efficient manner through matrix operations that are
readily implemented on computers.

From this cursory description of the approach, it is apparent that the process
is exceedingly tedious if carried out by hand. It is, however, very systematic: the
overall method is broken into a large number of step, each of which is rather simple
to complete. The approach is ideally suited for computer implementation, and each
step becomes a simple task to be efficiently performed by the computer. First, the
strain energy in each bar is computed; next, the contribution of each bar is added
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to the total strain energy of the truss; finally, the large system of linear equations
resulting from the application of the principle of minimum total potential energy is
solved. The systematic use of linear algebra and matrix notation greatly simplifies
the computer implementation of these procedures. Consequently, a brief summary of
key concepts from linear algebra and the matrix and array notation used in this text is
provided in appendix A.2. A quick review of the material presented in this appendix
may prove useful in understanding the developments that follow.

The approach described in this section is basically an introduction to the finite
element method, which has become the tool of choice for the solution of complex
structural problems. While several key concepts of this method are present in this
development, other distinctive features of the method are not required for truss prob-
lems. In particular, when applied to more complex structural components, the finite
element method involves a discretization procedure that is not required for the prob-
lem at hand. This discretization procedure is needed for beams and will be described
in section 11.5.

10.7.1 General description of the problem

Figure 10.22 depicts an 11-bar, 7-node planar truss that will be used to illustrate the
development of the method. To avoid confusion, each node number is circled, and
each bar number is indicated in a square box; the numbering sequence of both nodes
and bars is otherwise arbitrary. The truss is in a plane defined by unit vectors 7; and
72 and is pinned to the ground at nodes 1 and 7. The geometry of the truss will be
defined in a global coordinate system defined by orthonormal basis Z = (71, 72).

A @ Node number Two concentrated loads are applied to
; Bar number P, the truss. Loads P5; and Py are applied at
i O @ ® nodes 3 and 6, respectively, and are acting

at angles a3 and ag with respect to the hor-
izontal, respectively.

The stiffness properties of each bar are
denoted E(;)A;y/ Ly, where Eqy, A,
and L(i) are the bar’s Young’s modulus,
cross-sectional area, and length, respec-
tively. Throughout this development, sub-
script (-)(;) will be used to indicate quanti-
ties pertaining to the i*" bar or element.

The geometry of the truss is defined by the coordinates of its 7 nodes. For in-
stance, the components of the position vector of node 1 with respect to the origin of
the coordinate system are denoted x; and y;, along unit vectors 7; and 23, respec-

Fig. 10.22. Eleven-bar truss with node and
element numbering.

tively, and stored in array p, = {xl, Y1 }T. Similar arrays1 can be defined for all the
nodes of the truss,

! This notation uses symbols x, y, and z, to denote position components, instead of x1, x2,
and x3, which are used throughout this book. Notations with multiple subscripts, such as
x1, to indicate the position component of node ¢ along axis z; are therefore avoided.
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K _ )2 I
pl_{yl}’ pz—{y2}7 el p7—{y7}. (10.60)

The subscript (-); will be used to indicate quantities pertaining to the i node.

The generalized coordinates of the problem will be selected as the horizontal
and vertical displacement components of each of the 7 nodes, denoted u; and v;,
respectively. The following nodal displacement arrays will be used to contain these
generalized coordinates,

_Jju _ Ju2 _jur
ql_{vl}’ qz—{w}, ceey q7—{v7}. (10.61)

Array g | stores the two components of displacement at node 1, while array q, stores
those at node . It will also be necessary to define a global displacement array, q,
that stores all the nodal displacement arrays in a single column as

Tl gl gl (10.62)

As mentioned earlier, the finite element method first focuses on a “generic ele-
ment” of the system, in this case, a generic bar of the truss, to evaluate the strain
energy stored in that specific element. Each bar is connected to two nodes: a root
node, denoted Node 1, and a tip node, denoted Node 2. These nodes are referred to
as “local nodes,” and are used when focusing on a single bar of the system.

On the other hand, when the complete truss is considered, “global nodes” must
be used. For instance, referring to fig. 10.22, bar 4 has two local nodes, denoted
Node 1 and Node 2, whereas its global nodes are nodes 2 and 4. Similarly, bar 9 has
two local nodes, denoted Node 1 and Node 2, whereas its global nodes are nodes 5
and 6. Since the local nodes are denoted Node I and Node 2 for each and every bar,
they are not indicated on the figure as it would lead to confusion. This distinction
between local and global nodes is important for the development of the method.

1=1{4/.9;.95.4

10.7.2 Kinematics of an element

The kinematics of a specific bar in the truss will be studied first. Figure 10.23 depicts
a single bar with local nodes denoted Node I and Node 2. To simplify the formulation
of the problem, a local coordinate system is defined: unit vector 7; is aligned with the
axis of the bar, and 7» is normal to the bar. The local coordinate system, 7 = (71, J2),
corresponds to a rotation of the global coordinate system, Z = (71,7%2), by an angle
é, which is the angle between the bar and the horizontal axis, 7;.

The position vectors of the two local nodes of the element are denoted as

. z . z

For clarity, the quantities pertaining to an element will be indicated with a caret (f),
to distinguish them from their global counterparts. For example, it is important to
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dlstlngmsh the position vector of node 1, denoted p, as defined by eq. (10.60), from
, which indicates the position vector of Node I of a generic bar element.
Similarly, the displacements of the two nodes of the elements, resolved in axis
systems Z and 7, are denoted

. ) N K e U5
ql_{@1}7 qQ_{@2}7 and q1_{@f}’ qz_{@;}’ (10.64)

respectively. For each of the two nodes, two sets
of displacement components are thus defined.
At Node 1, the components of the displacement
vector resolved in the global coordinate system
are denoted %1 and 91, whereas the correspond-
ing components resolved in the local coordinate
system are denoted 4] and 07, respectively. The
superscript (-)* will be used here to indicate the
components of quantities resolved in the local
coordinate system, 7.

The relationships between quantities re-
solved in two distinct orthonormal bases are
discussed in appendix A.3. Since ¢, and g q are the components of the displacement
vectors of Node I resolved in two orthonormal bases, Z and 7, eqs. (A.43) apply,
and thus

Fig. 10.23. General bar element.

q,=Rq, (10.65)

where the element rotation matrix, E, is similar to that defined in eq. (A.40),

ll=>

(10.66)

-~ cosf —sinf

sinf cosf|’
A similar result can be developed for Node 2, QQ = :I% Q; where the same rotation
matrix is used.

The bar’s length, L and orientation angle, 6, can be computed from the position
vectors of its end nodes. The length is given by

=, — b, = V(&2 — 21)2 + (2 — §1)2- (10.67)

Angle 6 can be found from the nodal position vectors using the deﬁnition of the scalar
product, 7y - (p, = p,) = [[ul |(p, — p,)ll cos 8, and 75 - (p, — p,) = ||zl [|(2, —
p, )| sin 6. It then follows that

i (P, —DP,)

~ « 79 (D, — P
cosf) = ——=2 =17 sinﬂzw
L

=1, (10.68)
Finally, it will be convenient to combine the displacements of the element’s two

nodes into single array, called the element displacement array, which can be ex-
pressed in either global or local coordinates as
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AN () |
Ot

The relationship between these two arrays follows from eq. (10.65) as

il = [0 8] 1) -

where Q indicates a 2 x 2 null matrix, and the element coordinate transformation

\@

RO
OR

>
\H>

i, (10.70)

matrix, z, is defined as
R
0

I~

(10.71)

0
R

In view eq. (A.41), E is an orthogonal matrix, and therefore, the element coordinate

A T
transformation matrix inherits the same property, 1" = I. Consequently, it is
possible to invert eq. (10.70) to find

-1

~ ~T
=T =T q. (10.72)

<}
*
<}

10.7.3 Element elongation and force

Once the kinematics of an element are defined, it becomes possible to evaluate its
elongation. From examination of fig. 10.23, the elongation, é, of the bar is simply
é = u35 — uj. It will be convenient to recast this expression as an array operation by
writing é = a3 — 4 = {—1,0,1,0} ¢ =0 Q where b ={-1, 0 O}Tisan
array that relates the element elongation to the nodal displacements, q

Elongations are naturally expressed in terms of the displacement components
expressed in the local coordinate system, but it is also possible to express them in
terms of displacement components resolved in the global coordinate system as

. ~xT ~xT ATA

IS~
[N
\»Q

\®'>
\»Q>

(10.73)

where eq. (10.72) is used to calculate the nodal displacement components expressed
in the local coordinate system in terms of their global coordinate counterparts. Array
éis defined as é = zé*, where z is given by eq. (10.71).

The bar force, F, is obtained by multiplying the elongation by the bar’s axial
stiffness to find

hk)

k>
\00

~— €= —%
L L

Ty = EAGT, (10.74)

F= .
7 2d

10.7.4 Element strain energy and stiffness matrix

Next, the strain energy stored in a typical bar of the truss is evaluated. Because the
stiffness of the bar is EA/ L, eq. (10.21) yields the element strain energy as
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LEA , 1EA . _1EA

2L 2L 2 7

A (b*TA*) (Q*TQ*)7

where the elongation is expressed in terms of the nodal displacement components in
local coordinates using the first part of eq. (10.73). Regrouping the terms then leads
to

~* . . . . .
where & is the element stiffness matrix expressed in the local coordinate system.

. - T C .
Since b = {—1, 0,1, 0}* , the entries in this matrix become

(10.75)

It is also possible to evaluate the components of the same stiffness matrix ex-
pressed in the global coordinate system. Equation (10.70) expresses the nodal dis-
placement components resolved in the local coordinate system in terms of their

T
global coordinate counterparts as ¢* = 1" §. It then follows that

"

=B
[175>
*

@'1) )=

I

QT(TET )=

[I75>

i"kg,  (10.76)

\»Q>
l\D\ —

1
2

where k = z E z stores the components of the element stiffness matrix expressed
al coo

in the global coordinate system. Simple algebra reveals that
cos? 0 sinfcosf| —cos2f —sinfcosd
& _ E:/4 sin 6 (2305 % ' sin?f |—sinf (2:05 0 f sin? (10.77)
= L —cos“f —sinfcosf cos” 6 sin 6 cos 0
—sinfcosd —sin’b sin 6 cos 6 sin?

In eqs. (10.75) and (10.77), the 4 x 4 element stiffness matrix is partitioned into
four, 2 x 2 sub-matrices. The first two rows and columns of these matrices represent
the stiffnesses associated with the two degrees of freedom, i.e., the two displacement
components, at Node I of the element, whereas the last two rows and columns rep-
resent those associated with the two degrees of freedom at Node 2 of the element.
In eq. (10.75) the degrees of freedom are displacement components resolved in the
local coordinate system, whereas in eq. (10.77) the degrees of freedom are resolved
in the global coordinate system.

Not unexpectedly, the expression for element stiffness matrix expressed in the
local system, eq. (10.75), is far simpler than its counterpart expressed in the global
system, eq. (10.77). Why then is it desirable to derive element stiffness matrices in
the global system? This question can be answered by considering fig. 10.22: bars
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1, 3, 5, and 6 all connect to a single node, node 3. The local coordinate systems
of these four bars are all different, and hence, the four corresponding element stiff-
ness matrices expressed in their individual local systems are associated with local
orthogonal displacement components resolved in four different systems. In contrast,
when the four element stiffness matrices are expressed in the global system, they
are associated with orthogonal displacement components all resolved in the same
global system. This latter form of the stiffness matrix will considerable simplify the
assembly procedure described below.

It is also important to note that Aisa positive-definite quantity because the strain
energy density for an axially loaded bar, see eq. (10.34), is positive-definite.

10.7.5 Element external potential and load array

When dealing with trusses, it is assumed that the externally applied loads act only
at the nodes. Considering the single bar element depicted in fig. 10.23, let Fl and
F2 be concentrated loads acting at local nodes, Node 1 and Node 2, respectlvely
These two forces are resolved in the global coordinate system as F1 = f1 11 + g112
and E2 = lel + §o72, respectively, and their potential is easily evaluated using
eq. (10.13) to find

¢=- {flﬂl +§]1f)1} - {f2a2+9262} = {flaglaf27g2}Q* *A g, (10.78)

where the element load array is defined as

z: {flagl7f27g2}T' (1079)

To illustrate this, consider a concentrated load of magnitude P and orientation «
with respect to the horizontal, acting at Node I of a bar element. The corresponding
element load array is then fl = Pcosa, g1 = Psina, and fg = go = 0. If the
same load is applied at Node 2 instead, the element load array is fl =g =0,
fz = Pcosa, and g = Psina.

It is also possible to include the weight of the bar as an externally applied force.
Let m be the bar’s mass and g the corresponding weight acting at its center of
mass. For a homogeneous bar, the center of mass will be at its geometric center,
and it makes sense to apply half of the weight at each of the element’s two nodes.
For example, if gravity acts along the negative axis 7, direction, the corresponding
element load array is f1 = 0, g1 = —1ng/2, f» = 0, and jo = —1hg/2.

10.7.6 Assembly procedure

In the previous sections, attention is focused on a single, generic bar to determine
its element stiffness matrix, see eq. (10.77), and element load array, see eq. (10.79).
These two quantities are obtained from the element strain energy and external po-
tential, respectively. In this section, attention shifts to the overall truss problem to
determine the global stiffness matrix and global load array. These two quantities
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will be obtained from the system’s total strain energy and total external potential, re-
spectively. Since both strain energy and external potential are scalar quantities, their
combined total will be evaluated simply by summing up the contributions from the
individual elements.

The total strain energy, A, stored in the truss is the sum of the contributions of all
bars. In eq. (10.76), the strain energy of a single, generic bar is A, and this notation is
not ambiguous because only a single element is considered. It now becomes neces-
sary, however, to add the element identification using the subscript (.)(;) introduced
earlier. Summing over all elements yields

~ 1 T 2 .

A= Z; Ay = B} Z;g(i)é(i)g(i)’ (10.80)
where N, is the number of bars in the truss (N, = 11 for the truss illustrated in
fig. 10.23). In this case, it is also necessary to add the element identification subscript
to both the element stiffness matrix, E (i)’ and the nodal displacement array, Q ()"

Equation (10.80) gives the total strain energy in the structure, but it is not easy
to manipulate because each term in the sum is expressed in terms of a different
set of degrees of freedom. For example, with reference to fig. 10.22, element 8 is
connected to global nodes 4 and 6 which are local Node 1 and Node 2 for the element,

respectively. The element stiffness, E 8 is defined in terms of these global nodes, see

eq. (10.77), and the corresponding element displacement array is QE’;) = { QlT, QQT } =

T T T
{g4ag6} = {U4,’U4,'LL6,’06} .
To remedy this situation, the connectivity matrix, g (i) for the it" element is

introduced. This matrix is designed to extract the element displacement array, ¢ iy’
from the global displacement array, g, defined by eq. (10.62). This operation can be
written as

4 :Q(i)g. (10.81)

To best understand this abstract relationship, consider a specific element of the truss,
say bar 6, as shown in fig. 10.22. Its local nodes, Node I and Node 2, are associated
with the global node numbers 3 and 5, respectively, so that ¢ L =4 and Qz =q

15°
The element displacement array, ¢ (6)? San thus be written as

. Ja a,) _[00L0000] J%

90 = \4yf o~ \a.) ~ [0000700] | % (= Ee?
4, (6) 45 =======|q,

4

17

where 0 and [ represent the 2 x 2 null and identity matrices, respectively. The con-
nectivity matrix, g ) is called a Boolean matrix because its entries consist solely
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of 0’s and 1’s. Matrix C' ) establishes the connections of bar 6 within the truss by

indicating the nodes to which this bar is connected, and this explains its being named
a “connectivity matrix.”

Expressing the element nodal displacement arrays, ¢ Gy in terms of the global
displacement array, ¢, with the help of eq. (10.81), the total strain energy of the truss
given by eq. (10.80) now becomes

NE

TR

Z—( )A( )=(%)

This expression can be simplified to

A=-q¢"Kg, (10.82)
by defining the global stiffness matrix, K, as
Ne
_ T 7.
K= — :(i)é(i)g(i)' (10.83)

The potential of the externally applied loads, @, is found by adding the contribu-

tions of all bars,
P = Zq')( =D 4ty (10.84)

=1

where i ) is the load array for the i*? element, as defined by eq. (10.79) for a generic

bar element. Here again, it is convenient to use the connectivity matrix defined in
eq. (10.81) to evaluate the potential,

@—i(C@ﬂ)T - {Z“ }

This expression can be simplified to

¢ =—q7Q, (10.85)

by defining the global load array, Q, as

(10.86)

Mz

e

Q g i)’
1

o
I

Finally, the total potential energy, I/, of the truss is obtained by adding the po-
tential of the external loads, eq. (10.85), to the total strain energy, eq. (10.82), to
find

DN=A+d=-¢"Kq—q"'Q. (10.87)

l\J\H
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This compact expression for the total potential energy of the complete system is only
possible because the matrix notation encapsulates the nodal and element quantities
in arrays and matrices.

The total strain energy is a quadratic form of the generalized coordinates,
whereas the potential of the externally applied loads is a linear form of the same
variables. It should also be noted that the strain energy of the truss is positive-definite
because it is the sum of the positive-definite strain energies for each bar.

10.7.7 Alternative description of the assembly procedure

The assembly procedure described in terms of the connectivity matrix defined in
eq. (10.81) is formally correct, but it is not easy to understand nor is it computation-
ally efficient for realistic trusses with many members and nodes. The connectivity
matrix, g iy’ has four rows and 2N columns, where NN is the total number of nodes.

For large trusses consisting of many bars and nodes, this matrix becomes very large
with a total of 8V entries, and yet, only four entries have a unit value while all
(8N — 4) others are zero. Furthermore, the evaluation of the global stiffness matrix
involves a triple matrix product for each elements, see eq. (10.83). These become
increasingly expensive to perform as the problem size increases, and they also are
very wasteful because most operations actually are multiplications by zero.

OROXONORONOXO)
oz =z |(m|0[0[0]|0
@ _@® _ ® @
4 8 olzBE¥ m|(m|0]0]0
3] 5] [7] 9 T
3] Q6> g OB mmE @ | 0|0
oI E I
X ®® 10 0 AEE
§=%[%% 0] 0Te] 202 5 | m
O @ ®[00/0|n|ofTg
Eslt?f][flﬁ:::l @(0o|0]|0]|0 0 @
matrix

Global stiffness matrix

Fig. 10.24. Illustration of the assembly procedure.

It is possible to give a more graphical visualization of the assembly process.
Figure 10.24 shows the 11-bar, 7-node truss under consideration. It also depicts the
global stiffness matrix; the 7 rows and columns in the matrix are labeled with their
corresponding node numbers. Each node has two degrees of freedom (the horizontal
and vertical displacement components at that node), so each of the 49 entries is
actually a 2 x 2 matrix and the size of the global stiffness matrix itself is 14 x 14.
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Consider now a typical bar of the truss, say bar 6. Its local nodes, Node I and
Node 2, are associated with the global node numbers 3 and 5, respectively. The local
stiffness matrix for this bar, E ) can be partitioned into four 2 x 2 matrices, as

shown in eq. (10.77). Bar 6 is connected to global nodes 3 and 5, and therefore,
the four sub-matrices of the local stiffness matrix can simply be added to entries
K(3,3), K(5,5), K(3,5), and K (5, 3) in the global stiffness matrix, as indicated by
the arrows in fig. 10.24. In this discussion, the notation K (i,7) refers to the 2 x 2
sub-matrix that appears as the (4, j) entry of the matrix depicted in fig. 10.24.

This procedure is repeated for each bar of the truss to give the final result shown
in fig. 10.24. This figure requires careful interpretation. Each of the element numbers
shown in square boxes defines a 2 x 2 sub-matrix extracted from the corresponding
element stiffness matrix. These 2 x 2 sub-matrices are added together to produce the
final result in the global stiffness matrix.

Another way to look at the same process is to consider the fully assembled global
stiffness matrix in fig. 10.24. Diagonal entry K (2, 2) collects contributions from bars
2, 3, and 4 because these three bars are all physically connected to node 2. Similarly,
diagonal entry K (5, 5) collects contributions from bars 6, 7, 9, and 10 because these
four bars all connect to node 5.

The off-diagonal entries in the global stiffness matrix can be interpreted in a
similar manner. For instance, entries K (1,3) and K (3, 1) each collect the single
contribution stemming from bar 1, because bar 1 connects nodes 1 and 3. Similarly,
bar 8 connects nodes 4 and 6, and is the sole contributor to entries K (4,6) and
K (6,4) in the global stiffness matrix. It is important to note that the symmetry of
the local stiffness matrix, see eq. (10.77), and the symmetry of the assembly process,
result in the global stiffness matrix also being a symmetric matrix.

At completion of the assembly process, many entries of the global stiffness ma-
trix remain empty or null. For instance, entries K(2,6) = K(6,2) = 0, because

no bar directly connects nodes 2 and 6. Similarly, K (1,4) = K(4,1) = 0 because
nodes 1 and 4 are not directly connected by a bar. For the node numbering sequence
selected in fig. 10.24, the non-zero entries in the global stiffness matrix concentrate
near the diagonal, and the resulting matrix is called a “banded matrix.” It should be
obvious that other node and/or element numbering could lead to a more dispersed
arrangement of the non-zero entries.

This alternative description of the element assembly process is more graphical
than the initial description based on connectivity matrices. When implementing the
approach in a computer program, this process of simply adding the entries of the
element stiffness matrices to corresponding entries in the global stiffness matrix is
the preferred approach, because it is easy to program and efficient to execute.

10.7.8 Derivation of the governing equations

The total potential energy of the truss is given by eq. (10.87), and application of the
principle of minimum total potential energy, eq. (10.17), now implies
orr o (1

_ = T —_ T = — =
9g ~oq\24 Kq qQ) Kq-Q=0. (10.88)
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To compute the derivative of the total potential energy, egs. (A.29) and (A.27) are
used to evaluate the derivatives of the strain energy and potential of the externally
applied loads, respectively. Appendix A.2.9 also proves that this solution is a mini-
mum.
The governing equation of the system take the form of a linear system of equa-
tions,
Kq=0Q. (10.89)

The global stiffness matrix, /K, is computed from the given geometry and material
properties of the truss, while the global load array, @, stems from the external loads
applied at the nodes. The unknown quantities are the nodal displacements stored in
array q. The solution of eq. (10.89) yields the displacements at all joints of the truss.

The approach presented here is an element-oriented version of the displacement
or stiffness method described in section 4.3.2. Each line of the matrix relationship,
eq. (10.89), represents an equilibrium equation of the problem. For instance, the
equation obtained by extracting the first line eq. (10.89) represents the equilibrium
equation obtained by imposing the vanishing of the sum of the horizontal forces
acting at node 1, whereas the second equation corresponds to the vertical equilibrium
equation at the same node.

10.7.9 Solution procedure

Efficient algorithms are available for the solution of large sets of linear equations
using computers. At this point, however, the linear system given in eq. (10.89) cannot
be solved because the global stiffness matrix is singular.

This situation arises because the element stiffness matrices that make up the
global stiffness matrix are each singular. Examination of eq. (10.75) reveals that
the element stiffness matrix contains two rows of zeros and furthermore, the third
row is simply —1 times the first row. Consequently, this 4 x 4 matrix is three times
singular: it is of rank 1, presents a rank deficiency of 3, and has a zero determinant.
The element stiffness matrix in global coordinates given by eq. (10.77) has the same
rank deficiency because it is the same matrix, expressed in a different coordinate sys-
tem. Finally, the global stiffness matrix, /&, also presents a rank deficiency of 3, and
because it is three times singular, the global stiffness matrix cannot be inverted.

Calculation of the eigenvectors and eigenvalues?® of the element stiffness matrix,

E, given by eq. (10.77), reveals more information about this rank deficiency. The unit
eigenvectors of this matrix are given by the arrays
1 0 sin 0 cosf
nzi 0 :L 1 nzi —cosé n:i sinﬁi
TR (T V2 )00 VR —sinb (T V2 ) —cosh (]
0 1 cosf —sinf

2 See appendix A.2.4 for details on the calculation of eigenvalues and eigenvectors of sym-
metric, positive-definite matrices.
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and the corresponding eigenvalues are Ay = Ay = A3 = 0, and Ay = QE’A/ ﬁ,
respectively.

The first three eigenvectors, n,, 15, and n4, represent the horizontal rigid body
translation of the bar, its vertical rigid body translation, and its rigid body rotation,
respectively. The three associated eigenvalues vanish. By definition, rigid body mo-
tions create no deformation or straining of the element, and hence, no strain energy
is associated with rigid body modes. Usmg eq. (10.76), the strain energy associated
with the first eigenvector is A = 1 /2nik T} kn,, and as expected, A = 0, because the

definition of eigenvectors implies k ny; = An; = 0. Using a similar reasoning, it
is easy to prove the vanishing of the strain energy associated with each of the three
rigid body modes of the element. Clearly, the presence of three rigid body modes
for the structure implies the rank deficiency of 3 for the element stiffness matrix.
The entire truss also presents three rigid body modes, and hence, the global stiffness
matrix also features a rank deficiency of 3.

The physical interpretation of this situation is that boundary conditions have not
yet been applied to the truss, which is still free to translate and rotate in plane (71, 22).
Figure 10.22 shows that nodes 1 and 7 are pinned to the ground, preventing any rigid
body motion of the truss. These conditions, however, are not reflected in the global
stiffness matrix, K, given in eq. (10.83).

The boundary conditions require the vanishing of the displacements at nodes 1
and 7: ¢, = g, = 0. Consequently, the reaction forces arising at nodes 1 and 7,
denoted R; and R, respectively, should be treated as externally applied forces. The
equilibrium equations associated with those two nodes correspond to the first two and
last two rows of the global stiffness matrix illustrated in fig. 10.24. These equations
can be removed from eq. (10.89) and written separately as

K(1,1)q, + K(1,2)q, + K(1,3)q, = R, (10.90a)

1
K(7,5)q, + K(7,6)q, + K(7,7)q, = Ry, (10.90b)

where the indices on K denote nodes and not degrees of freedom (therefore these are
2 x 2 sub-matrices from the global stiffness matrix). This leaves 14 — 4 = 10 rows
remaining in the set of equations. Since the displacements at nodes 1 and 7 vanish,
the corresponding terms vanish in eq. (10.90), which can be solved for the unknown
reaction forces

R, =K(1,2)q,+ K(1,3)q,, R;=K(7,5)q, +K(7,6)q, (10.91)

Because the displacements at nodes 1 and 7 are zero, the contributions from the
terms appearing in the first two and last two columns of the global stiffness matrix
vanish. Consequently, the first two and last two columns of K, as well as the first
two and last two entries in arrays ¢ and @ can also be eliminated to create a reduced
set of 10 equations that can now be solved for the remaining 10 unknown nodal
displacements.

In summary, the boundary conditions can be imposed through the following gen-
eralized process. (/) Eliminate the rows and columns of the global stiffness matrix
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corresponding to constrained degrees of freedom to create its reduced counterpart,
K. (2) Eliminate the row of the global displacement array corresponding to con-
strained degrees of freedom to create its reduced counterpart, g. (3) Finally, eliminate
the row of the global load array corresponding to constrained degrees of freedom to
create its reduced counterpart, Q The system of equations for the truss then reduces
to

[
)]

=Q. (10.92)

The reduced stiffness matrix will now be non-singular, and the solution of the prob-
lem is found by solving the linear system to find the remaining nodal displacements
asq = g ! Q Finally, the reactions can be determined from the equations extracted
in step 1.

10.7.10 Solution procedure using partitioning

The procedpre developgd .in the previgus A @ Node number
paragraphs is very descriptive and consists Z Bar number
of “eliminating rows and columns” in the b @® ©) ®
global stiffness matrix, global displacement 4 8
3 (5] 7] @
array, and global load array. A more math-
ematical description of the process is based
on partitioning of the same quantities in a I 10 )
manner that allows separate treatment of ® @) i

the constrained and unconstrained nodes.

First, it should be observed that the
node numbering sequence is arbitrary: in
fig. 10.22, each node is assigned a number at random. Figure 10.25, shows the same
truss, but with a different node numbering for which the two nodes where boundary
conditions are to be applied are now numbered as nodes 6 and 7 and are the last in
the series.

The global displacement array can now be partitioned into two sub-arrays (using
a vertical bar {.|.}) as follows

Fig. 10.25. Eleven-bar truss.

T T
q={dl,4}.4 .47 . a |4}, ¢} :{QZ,QZ} : (10.93)

Array q is of size N, and stores the IV,, unknown displacements at nodes 1 to 5,
while array 4, is of size INV,, and stores the N, prescribed displacements at support
nodes 6 and 7. For the truss depicted in fig. 10.25, N,, = 10 (two displacement com-
ponents at each of the five nodes numbered 1 to 5), and N, = 4 (two displacement
components at both nodes 6 and 7). Figure 10.25 illustrates the case where nodes 6
and 7 have zero prescribed values, i.e., they are pinned to the ground. In some case,
the prescribed displacement at a node might be non-zero. For instance, if node 7 are

prescribed to move by an amount A along axis 71, then g = {4, O}T.
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The node numbering sequence is arbitrary, and therefore, the formulation of the
problem with the numbering sequence shown in fig. 10.25 is equivalent to that de-
scribed earlier for the numbering sequence presented in fig. 10.22. It leads to the
following partitioned governing equations

éuu éu gu _ Qu
el-E)

where subscripts u and p refer to “unconstrained” nodes and nodes with “prescribed”
displacements, respectively.

This system of equation corresponds to a partitioned version of the general gov-
erning equation for the truss given by eqgs. (10.89). In these equations, the global load
array is partitioned in the same manner as the global displacement array, i.e.,

@={el.q].Qr.qQr.ql, IEZCE?}T = {QZQZ}T. (10.95)

Array Qu is of size IV,, and stores the known forces applied at nodes 1 to 5, while
array Q is of size N, and stores the reaction forces at nodes 6 and 7. Matrices £ s’

K and K, , are of size (N, x Ny), (Np x Np), and (N,, x N,), respectively.
The first N equations of system (10.94) can be rewritten as

,=Q,—K a. (10.96)

—uu =u —u —up =p

Because the prescribed displacements, q , are known, their contribution is moved to
the right-hand side of the equations. The unknown nodal displacements are evaluated
asq = K ;ul (Qu - K wp gp). If the boundary conditions consist solely of nodes
rigidly connected to the ground, all prescribed displacement vanish, q,= 0, and the
system reduces to q,= K Q which is equivalent to egs. (10.92).
Once the unknown dlsplacements have been evaluated, the last N, equations of
system (10.94) can be rewritten to evaluate the reactions as
Q=K ¢, +EK q. (10.97)

PP

Here again, all known quantities have been moved to the right-hand side of the equa-
tions. If the boundary conditions consist solely of nodes rigidly connected to the
ground, all prescribed displacement vanish, q,= 0, and Qp =K Zpgu are the reac-
tion forces at the nodes pinned to the ground.

On the other hand, if some nodal displacements are prescribed to non-vanishing
values, eq. (10.96) can still be used to find the unconstrained nodal displacements, q,
and eq. (10.97) then yields the reaction forces, Qp. These are still reaction forces be-
cause they arise from either zero or non-zero prescribed nodal displacements. Those
acting at nodes where the displacements are prescribed are sometimes called the
“driving forces,” i.e., the forces that must be applied at a node to achieve the pre-
scribed displacement. Nodes with prescribed displacements can also be used to rep-
resent misalignments in the supports due to non-ideal truss geometry.
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In the partitioned system of eq. (10.94), the reduced stiffness matrix, K , 1S ob-
tained by eliminating the last IV, rows and columns of the global stiffness matrix and
is equivalent to the reduced stlffness matrix, &, in eq. (10.92). The present approach,
which is based on partitioning of the reordered system of equations, gives a rigorous
justification of the procedure introduced in the previous section.

It should also be noted that both approaches to enforcing the boundary conditions
may require re-numbering of the rows and columns in the original set of equations.
While tedious to do by hand, such manipulations are easily handled using computer
programs.

10.7.11 Post-processing

The last step in the solution process is to determine the bar elongations and forces.

T
The elongation of a bar is given by eq. (10.73) as ¢ = b §. For the i*? element, this
can be written in a formal manner as

R ~T T
éw) = bw4;) = w4 (10.98)

where eq. (10.81) is used to express the element nodal displacement array, ¢ (i)’ in
terms of the global displacement array, g. Once the bar’s elongation is obtained, the
constitutive law is used to evaluate the bar force as
. EgAg
Fay= =020 40, (10.99)
L

To illustrate the process, consider bar 6 of the truss shown in fig. 10.22; for this
bar, local Node I and Node 2 correspond global nodes 3 and 5, respectively. Because
this bar orientation is parallel to axis 71, 0(6) = 0, the element coordinate transforma-

tion matrix, 2 ©) becomes an identity matrix, and é = z é* = é* The bar elongation
then becomes

X AT T[4, T [ 4. q.
e(G)ZQ(G)C( )q—b(ﬁ { ‘;} b {f]z} :{—1,0,1,0} {f];} = —usz + us.

The corresponding bar force is now

. _ Byl . _ EeAs
_ () ()66): (©) ()(7u3+u5)'

Les) L)

Example 10.7. Pentagonal truss revisited

The finite element formulation will be applied to the pentagonal truss depicted in
fig. 10.26 and analyzed previously in example 10.6. All bars have the same elastic
modulus, F, and cross-sectional area, 4. This five node, ten-bar, hyperstatic truss
involves a total of 10 generalized coordinates, 2 displacement components at each of
the five nodes. Three displacement components are prescribed to zero: the vertical
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displacement component at node 4 and the two displacement components at node
5. These three constraints will eliminate the three rigid body motions of this planar
truss. To facilitate partitioning in the solution procedure, the nodes are numbered as
indicated in fig. 10.26: the nodes with constraints, i.e., nodes 4 and 5, appear last.
The global coordinate system, Z = (71, 22 ), is also shown in the figure.

Fig. 10.26. Pentagonal truss with nodes and members defined for analysis using finite element
approach.

The local coordinates for each element must be defined with respect to Node 1
and Node 2 for the elen}ent. Table 10.1 list§ these nodes for each element, provides
their orientation angle, ¢, and their length, L.

Table 10.1. Definition of local nodes and element geometry for pentagonal truss.

Element|Node I|Node 2| 0 L
1 2 1 36° L
2 2 3 0° |2L cos 36°
3 1 3 —36° L
4 1 5 —72° |2L cos 36°
5 1 4 —108°|2L cos 36°
6 5 3 72° L
7 4 3 36° [2L cos 36°
8 2 5 —36° [2L cos 36°
9 4 2 108° L
10 4 5 0° L

Based on the data listed in table 10.1, the stiffness matrices for each element is
computed using eq. (10.77). The non-dimensional element stiffness matrices, defined
as ﬁ W= E(i)L(i) /E A, are given here for the four bars connected to node 2,
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[ 0.65 0.48 —0.65 —0.48] [ 1.0 0.0-1.0 0.0
p o _ | 048 035-048-0.35 L _| 00 00 00 00
=(1) —0.65 —0.48 0.65 0.48|’ =2 —-1.0 0.0 1.0 0.0}’
| —0.48 —0.35 0.48 0.35] | 0.0 0.0 0.0 0.0
[ 0.65 —0.48 —0.65 0.48] [ 0.10 —0.29 —0.10 0.29
p . |048 035 0.48-0.35 L |~029 090 0.29-0.90
=(8) —0.65 0.48 0.65 —0.48|’ =9 —0.10 0.29 0.10 —0.29
| 0.48 —0.35 —0.48 0.35] | 0.29 —0.90 —0.29 0.90

During the assembly process, these four element matrices will all contribute to the
entries in the global stiffness matrix corresponding to the two degrees of freedom
at node 2. Given the node numbering shown in fig. 10.26, the top left 2 x 2 sub-
matrix from k(l), E(z) and k(s)’ and the lower right 2 x 2 sub-matrix in k( 9 will
be added together to form the 2 x 2 sub-matrix in K for node 2. Adding the various
contributions, this sub-matrix becomes o

EA [ 1.7725 —-0.1123
L |—-0.1123 1.4635|°

The other entries in the global stiffness matrix are constructed in the same manner.

The boundary conditions impose constraints on the degrees of freedom at nodes 4
and 5. Atnode 5, both horizontal and vertical displacement components must vanish,
us = vs = 0, whereas at node 4, the sole vertical component vanishes, v4 = 0.
In view of the node numbering depicted fig. 10.26, those constrained degrees of
freedom correspond to the last 3 entries of the global displacement array. The global
equations are partitioned into the form given in eq. (10.94) to give

K K
lK%u Kup] {Zu} _ {gu} (10.100)
—up =—pp 4 —P

where éuu éup and épp, of size (7 x 7), (7 x 3), and (3 x 3), respectively, define
a partition of the global stiffness matrix. Array q, of size (7 x 1), stores the 7
unconstrained degrees of freedom, while array 4, of size (3 x 1), stores degrees of
freedom us, vs, and vy. It follows that the boundary conditions of the problem imply
that 4, = 0. Array Qu, of size (7 x 1), stores the externally loads applied at the
unconstrained nodes, and array Qp of size (3 x 1), stores the reaction forces at the
constrained nodes.

Since q, = 0, eq. (10.96) can be solved for the unconstrained nodal displace-

ments as
0 —0.0325

_p —0.7025
pp | 01763
— =) 01769 Y
EA N 1114
—0.1769
—0.0650

OO O OO
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where the reduced global stiffness matrix, £ o’ is

1.4271 0 —0.6545 —0.4755 —0.6545  0.4755 —0.0590]
0 1.8090 —0.4755 —0.3455 0.4755 —0.3455 —0.1816
—0.6545 —0.4755 1.7725 —0.1123 —0.6180 0 —0.0955

K = ETA —0.475 —0.3455 —0.1123 1.4635 0 0 0.2939
—0.6545 0.4755 —0.6180 0 1.7725 0.1123 —0.4045
0.4755 —0.3455 0 0 0.1123 1.4635 —0.2939

| —0.0590 —0.1816 —0.0955 0.2939 —0.4045 —0.2939  1.5590

Now that displacements at all nodes have been computed, the bar elongation can
be computed, and finally, eq. (10.99) yields the bar forces as Fi;) = —0.1926 P,
Foy = 01778 P, F(3y = —0.1926 P, F(4) = —0.4067 P, F(5y = —0.4067 P,
Fey = —0.1338 P, F7y = 0.0239 P, Figy = 0.0239 P, Fg) = —0.1338 P,
F10) = 0.0650 P.

Even for this relatively simple problem, the formulation of the individual element
stiffness matrices in global coordinates is a tedious numerical exercise. The proce-
dure, however, is systematic and well suited for implementation on computers. In
particular, the linear algebra formalism and matrix notation ease the transfer of the
different mathematical entities into computer data structures. The various stiffness
matrices, displacement and load arrays, are all easily implemented as data arrays in
high level computing languages.

The finite element approach described here is particularly well suited for com-
puter implementation because many crucial operations are performed at the element
level. When dealing with trusses, this means that many operations, such as the gen-
eration of the element stiffness matrix, require only the data associated with a single
element. And although developed for planar trusses to simplify the presentation, the
approach is readily generalized to three-dimensional truss problems.

In chapter 11, the finite element method introduced here will be extended to
deal with beam structures. An additional discretization step will be required to deal
with beams, but the assembly process and solution method remain identical to those
presented here.

10.7.12 Problems

Problem 10.10. Three-dimensional element stiffness matrix

Section 10.7.4 presents the derivation of the element stiffness matrix for a bar, leading to
eq. (10.77). The presentation is limited to planar trusses; the goal of this problem is to gen-
eralize the formulation to three-dimensional (3D) problems. (/) Generalize the kinematic de-
scription of the element give in section 10.7.2. Generalize the element position vector, dis-
placement vectors, and rotation matrix given eqs. (10.63), (10.64), and (10.66) respectively,
to 3D. Select the rotation matrix as

2 —(62 +€3)/A 61(62—63)/A

R=1|ts 0,/A [02(la — £3) —1]/A| ,
o l3 fl/A [[3([2 — [3) + 1}/A
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where A = /202 + ({5 + £3)2. Prove that matrix R is orthogonal. Express the bar’s length
and direction cosines in terms of the element nodal coordinates. Generalize the element coor-
dinate transformation matrix, 7', defined by eq. (10.71). (2) Generalize the expressions derived
in section 10.7.3 for the element elongation and axial force, see eqs. (10.73) and (10.74), re-
spectively. (3) Generalize the expressions for the element strain energy and stiffness matrix
given in section 10.7.4. Give the expression for the stiffness matrix in the local and global co-
ordinate systems, see eqs. (10.75) and (10.77), respectively. (4) The stiffness matrix expressed
in the global coordinate system is of size 6 x 6. Of the six eigenvalues of this matrix, how
many are zero? Discuss the nature of the corresponding eigenvectors.

Problem 10.11. Global stiffness matrix assembly process

Figure 10.24 gives a pictorial representation of the assembly process for the truss and node
numbering sequence shown in fig. 10.22. Give the corresponding representation of the assem-
bly process for the same truss using the node numbering shown in fig. 10.25.

10.8 Principle of minimum complementary energy

In section 10.2, the principle of minimum total potential energy is derived from the
principle of virtual work. Two assumptions are used in this derivation: (/) the internal
forces are assumed to be conservative and (2) the external forces are also assumed to
be conservative. This means that the internal forces can be derived from a potential,
called the strain energy, and the external forces can also be derived from a potential,
called the potential of the externally applied loads.

Figure 10.27 shows the relationship between the principle of minimum total po-
tential energy and the principle of virtual work. The arrow linking the constitutive
relationship to the strain energy is unidirectional to indicate that an assumption is
made: the internal forces in the solid must be conservative for the strain energy to
exist. The figure does not indicate the second assumption that is required to obtain
the principle of minimum total potential energy: the externally applied loads must be
conservative.

Figure 10.27 also shows how the principle of minimum complementary energy
is related to the principle of complementary virtual work developed in section 9.6.
Here again, two assumptions are required in the derivation. First, the internal forces
are assumed to be conservative. This implies the existence of a strain energy func-
tion, and hence, of a complementary strain energy function, see section 10.3. Second,
it is assumed that the prescribed displacements can be derived from a potential; this
new concept is introduced in the next section. The initial development will focus on
a simple three-bar hyperstatic truss considered earlier in chapter 9, but the method-
ology is general.

10.8.1 The potential of the prescribed displacements

The principle of complementary virtual work is derived in section 9.6, using the
three-bar truss depicted in fig. 10.28 to present the concepts associated with this
principle. In that development, the vertical displacement of point B is prescribed to
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Fig. 10.27. Filiation from elasticity equations to virtual work and energy principles.

be of magnitude A. The force required to obtain this desired displacement, denoted
D and often called the driving force, is an unknown quantity.

X

Fig. 10.28. Three-bar truss with pre-

scribed displacement.

A:

The statement of the principle of com-
plementary virtual work, expressed by
eq. (9.57), involves the external comple-
mentary virtual work, W A 6D,
which is directly related to the prescribed
displacement. This term is the product of
the true prescribed displacement, A, and a
virtual force, §D. It is now assumed that
the prescribed displacement can be derived
from a potential, ¢, as

8%/ (D)

5D (10.101)

7

where @'(D) is called the potential of the prescribed displacement, or sometimes
the dislocation potential. With this assumption, the external complementary virtual

work becomes

SWh = A6D = —

o’
oD

§D = —5&' (D). (10.102)
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10.8.2 Constitutive laws for elastic materials

Consider a truss consisting of bars made of a linearly elastic material. If a uniform
bar of length L, elastic modulus, E, and cross-sectional area, 4, is subjected to a
force F', an elongation, e, results. Equation (10.29) gives the strain energy in the bar
as A = 1/2 ke?, where k = EA/ L. The force applied to the bar can be derived from
this strain energy function as F' = dA(e)/0e = ke. This result shows that once the
strain energy is known, the material’s constitutive law follows. Thus, defining the
strain energy function for a material is equivalent to defining the constitutive law.

The complementary strain energy for the same bar is given by eq. (10.22) as
A" = 1/2 F?/k, where 1/k is the bar’s compliance, i.e., the inverse of its stiffness.
The bar’s elongation can be derived from the complementary strain energy as e =
0A'(F)/OF = F/k. Once the complementary strain energy is known, the material’s
constitutive law follows. The strain energy yields the constitutive law in stiffness
form, F' = ke, whereas the complementary strain energy yields the same relationship
in compliance form, e = F'/k. For a linearly elastic material, the strain energy and
its complementary counterpart are equal, A = A’, although expressed in terms of
different variables: A(e) = 1/2 ke?, and A'(F) = 1/2 F?/k.

If the material is elastic but not linear, the strain energy and its complementary
counterpart still yield the constitutive laws for the material in stiffness and compli-
ance forms, respectively. The relationship between the two strain energies is given by
eq. (10.23) as A(e) + A'(F') = e F. Taking the differential of this equation leads to
(0A/0e)de+ (0A’ JOF)dF = Fde+ edF. Regrouping the terms in this differential

form leads to oA oA
[F—}de—!—{e }dF:O.

de - OF
Since the differential in elongation and force are arbitrary and independent, the two
bracketed terms must vanish, revealing the following relationships

F = 04l (10.103a)
Oe
_ 9A(F)
= (10.103b)

which both express the same constitutive law for the material, one in stiffness, the
other in compliance form. The existence of the strain energy function guarantees that
of its complementary counterpart. Hence, both stiffness and compliance forms of the
constitutive law are entirely equivalent.

To illustrate the role of the strain energy and of its complementary counterpart for
elastic materials, consider the following strain energy expression for a bar, A(e) =
kL?(1 — cose), where &€ = /L is the bar’s axial strain. The material’s constitutive
law in stiffness form is readily obtained as F' = 0A(e)/0e = kLsineé. Due to the
periodic nature of the cosine function, this particular strain energy is only meaningful
for bar strains of moderate value, i.e., || < 1.

The compliance form of the same constitutive law is obtained by inversion as
€ = arcsin F, where ' = F/(kL) is a non-dimensional force. The complemen-
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tary strain energy is then obtained from its definition as A’'(F) = fOF e dFF =

Jy € L kL dF = kL?(Farcsin F + V1 — F2? — 1). The same result can also be
obtained more directly from the relationship the strain energy and its complementary
counterpart, eq. (10.23), as A'(F) = eF — A(e) = kL?(F arcsin F++v1 — F2—1).
The material’s constitutive law can also be obtained from this expression of the com-
plementary strain energy as

_0A'(F)
cT ToF

which expresses the same constitutive law as that derived from the strain energy
function.

Finally, it must be noted that the existence of the strain energy function or of its
complementary counterpart is an assumption equivalent to the assumption of a con-
stitutive law. Indeed, as discussed in section 10.1.1, if the material’s internal forces
are assumed to be conservative, they can be derived from a potential, called the strain
energy function. In other words, the existence of a strain energy function, the exis-
tence of a complementary energy function, or the fact that the material’s internal
forces are conservative are three entirely equivalent assumptions.

= Larcsin F,

10.8.3 The principle of minimum complementary energy

The principle of complementary virtual work is introduced for truss structures in
section 9.6.2, on page 441. The principle is summarized by eq. (9.55) as W' =
O0Wp + dW; = 0, and states that a truss undergoes compatible deformations if and
only if the sum of the internal and external complementary virtual work vanishes for
all statically admissible virtual forces. The internal complementary virtual work for
the three-bar truss depicted in fig. 10.28 is given by eq. (9.49) as 0W| = —ea0F4 —
eB(SFB - ecéFc.

At this point, it is assumed that the material the bars are made of is elastic, i.e.,
the existence of a complementary strain energy function is assumed. The material’s
constitutive law is now expressed in compliance form by eq. (10.103b) and the com-
plementary virtual work becomes

OA! (Fa) 0AL(Fp) 0AC(Fo)
T OF, 0Fa = OFg 0Fp = OFc

SW) =

where A’y, A’;, and A}, are the complementary strain energies of bars A, B, and C,
respectively. Treating J as a differential, this expression readily simplifies to

SWi = —6A! — 6Aly — §AL, = —6 A,

where A" = A’y + A’z + A, is the total complementary strain energy for the three-bar
truss.

Next, it is assumed that the prescribed displacement at point B, see fig. 10.28, can
be derived from a potential. As discussed in section 10.8.1, the external complemen-
tary virtual work can then be written as W, = —J®'(D), where ¢’ is the potential
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of the prescribed displacement. The potential of the prescribed displacements, &', is
different from the potential of the externally applied loads, @, defined in eq. (10.13).

Given these two assumptions, the existence of the material’s complementary
strain energy function and of the prescribed displacement potential, the principle
of complementary virtual work, eq. (9.55), becomes

W' =Wp + W) = —6A" — 6 = —§(A" + &) = 0.
It is convenient to define the fotal complementary energy, II' as
m=A+d, (10.104)
and the above statement then further simplifies to
SI' = 0. (10.105)

These developments lead to the principle of stationary complementary energy.

Principle 11 (Principle of stationary complementary energy) A conservative
system undergoes compatible deformations if and only if the total complementary
energy vanishes for all statically admissible virtual forces.

It can be shown in a manner similar to that for the principle of minimum total
potential energy that this stationary value is also a minimum value for stable equilib-
rium. With this, it is now possible to state the principle of minimum complementary
energy.

Principle 12 (Principle of minimum complementary energy) A conservative sys-
tem undergoes compatible deformations if and only if the total complementary en-
ergy is a minimum with respect to arbitrary changes in statically admissible forces.

Example 10.8. Three-bar truss with prescribed displacement

Consider the hyperstatic three-bar truss treated previously in example 9.15 on
page 448 using the principle of complementary virtual work. The configuration is
shown again in fig. 10.29. Assume that support joint B is given a prescribed displace-
ment, A (perhaps due to an initial assembly imperfection). Determine the resulting

force in each of the bars.
Az

Fig. 10.29. Three-bar truss with prescribed displacement (see fig. 9.37).
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For this hyperstatic problem, the three unknown bar forces cannot be evaluated
based on the two equilibrium equations for joint O. Horizontal equilibrium yields
F4 = F¢, and vertical equilibrium results in F4 cos0 + Fg + Fc cos = 0. The
complementary strain energy written in terms of the bar forces, F'4, Fig, and F¢, is

A’:1< Fj +£§ Fg >7

2 kacost kg  kgcosO

where kg = (EA)4s/L, kg = (EA)p/L, and k¢ = (EA)c/L are the bar stiff-
nesses. With the help of the two equilibrium equations, the three bar forces can be
expressed in terms one, say F, to find

1/ F2 (2F¢ cos 6)? F2 kF2
2 ( + * ) " 2kkpke cosf’
where k4 = ka/kp, k¢ = kc/kp, and k = ka + k¢ + 4kakc cos® 0 are non-
dimensional stiffness coefficients.

The potential of the prescribed displacement, A, at joint B is &' = —DA. The
equilibrium equation at joint B states that D 4+ Fp = 0 and using the equilibrium
equation F'y = —2F¢ cos 0, the potential can now be expressed in terms of bar force

Fe as @ = —2AF¢ cos 6. The total complementary potential energy thus takes the
following form

A=

k4 cosf kg ko cosf

oI=A+¢ = L — 2AFg cost
2k skpke cosf ’
and the principle of minimum complementary energy, principle 12, requires that
orr kF,
= —2Acosf =0,

8FC - I%AkB]%C cos f

which expresses the requirement that the truss must undergo a compatible deforma-
tion. This equation yields the bar force, Fi, and the other two bar forces, F'4 and
F'p, are then obtained from the two equilibrium equations as

) o
2k,4kck%cos€kBA and FB:D:<1—kAZkC> kpA.

Finally, the displacement of joint O can be found from the extension of bar B as
P =ep + A= (ka+ke)AJE.

Fa=Fc=

10.8.4 The principle of least work

The principle of minimum complementary energy developed in the previous section
involves the total complementary energy, which is the sum of two scalar quantities:
the system’s complementary strain energy, and the potential of the prescribed dis-
placements, see eq. (10.104). In the absence of prescribed displacements, the total
complementary energy reduces to the complementary strain energy alone. The prin-
ciple of least work, a corollary of the principle of minimum complementary energy,
states the following.
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Principle 13 (Principle of least work) In the absence of prescribed displacements,
a conservative system undergoes compatible deformations if and only if the comple-
mentary strain energy is a minimum with respect to arbitrary changes in statically
admissible forces.

If the system is made of a linearly elastic material, the complementary strain
energy is equal the strain energy, see section 10.3. The principle of least work then
takes on the following form.

Principle 14 (Principle of least work) In the absence of prescribed displacements,
a linearly elastic system undergoes compatible deformations if and only if the strain
energy is a minimum with respect to arbitrary changes in statically admissible forces.

When using the principle of least work, the system’s complementary strain en-
ergy or its strain energy must be expressed in terms of the statically admissible forces
rather than deformations.

Example 10.9. Three-bar truss with tip load

To illustrate the use of the least work principle, the hyperstatic, three-bar truss treated
in example 9.14 on page 447 using the principle of complementary virtual work will
be re-examined. As shown in fig. 10.30, a vertical downward load P is applied at
joint O. The objective is to determine the resulting bar forces.

Fig. 10.30. Three-bar truss with applied load (fig. 9.36).

Since it is not necessary to determine the reaction forces at the support joints, the
only relevant equilibrium equations are those at joint O; the horizontal and vertical
equilibrium equations are F)y = F and F4 cos 0+ Fp+F¢ cos§ = P, respectively.

The strain energy is first written in terms of the bar forces F4, Fip and Fo, as

(P
2 \kacosd kg kccosO)’
where ky = (EA)4/L, kg = (EA)p/L, and k¢ = (EA)c/L are the bar stiff-

nesses. Next, using the two equilibrium equations, the three bar forces are expressed
in terms of one, say F, to find

A:

1 [ FZ (P —2F¢ cos6)? FZ ]

2 k4 cos @ kg ko cos @
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To impose the condition that the truss must undergo compatible deformations,
the least work principle, principle 14, is applied,

0A Feo (P —2F¢cosf)2cosb Fo

OF- k:ACOSG_ kg kccosf|

This equation can be solved for the bar force, F(-, and the equilibrium equations then
yield the forces in the other two bars as

FA FC QI_CA];JC‘COSZG FB EA‘FZZC

P P k P ko
where ko = ka/kp, kc = kc/kp, and k = k4 + ke + 4k ke cos® 6 are the bar
non-dimensional stiffness factors.

Application of the principle of minimum complementary energy, or of the prin-
ciple of least work in the absence of prescribed displacement, leads to a solution
process that is very similar to that of the force or flexibility method first developed in
section 4.3.3. In this earlier presentation, the compatibility conditions are developed
from simple geometric arguments, whereas the principle of minimum complemen-
tary energy is used here to derive the same conditions in a more abstract but also
more systematic manner.

Example 10.10. Beam on 3 supports

The simply supported beam with an additional mid-span support depicted in
fig. 10.31 is subjected to two concentrated loads of equal magnitude, P. Determine
the location and magnitude of the maximum bending moment in the beam.

Due to the additional mid-span support, the system is hyperstatic of order 1. Any
one of the three support reaction forces, denoted Ry, R2, and R3, respectively, can
be selected as the redundant force; in this example, R; is selected to be the redundant
quantity, and therefore will be treated as the unknown.

SR
i

R L2 L2pRg L2 L2R,

e

Fig. 10.31. A beam on 3 simple supports.

The overall moment and vertical force equilibrium equations result in R3 = Ry
and Ry = 2P — 2R;, respectively. The bending moment distribution in the left
segment of the beam is found from equilibrium considerations as

(10.106)

T\ RiLn - PLip-1/2). 1/2<y<1,
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where ) = x1 /L is the non-dimensional variable along the beam’s span. Due to the
symmetry of the problem it is only necessary to compute the strain energy in the
beam by integrating over the range 0 to L and then doubling the result. Thus

2L 2 L 2 1 2
M. M. M.
A= s gy =g [ gy [0,
0 2Hzg, o 2Hg o 2Hz;
R2L3 [/? L [t
— I}C / n?dn + e / [RiLn— PL(n— 1/2)]2 dn.
33 Jo 33 J1/2

After integration, A = (8R} — 5PRy + P?) L?/(24H$s,), and using the least work
principle then yields

0A L3
OR,  24HS,

(16R, — 5P) = 0.

This equation yields R; = 5P/16, and the overall equilibrium equations then re-
veal the remaining reaction forces as Ry = Rz = 5P/16 and Ry, = 11P/8.
The beam’s bending moment distribution is obtained by substituting these forces
in eq. (10.106). The bending moment at the left support vanishes, as expected. At the
point of application of the concentrated load, i.e., at n = 1/2, the bending moment
is M3 = 5PL/32; at the mid-span support, i.e., at n = 1, M3 = —6PL/32. The
maximum bending moment is found at the mid-span support, and its magnitude is
|Ms| =6PL/32.

Example 10.11. Simply supported beam with a mid-span elastic spring
Consider the simply supported bean of length L with a mid-span spring of stiffness
constant k, as depicted in fig. 10.32. The beam carries a uniformly distributed vertical
load, pg. Determine the load in the spring and the reaction forces at the two supports.
Let R; and R be the two support reaction forces, and F the force that the spring
applies on the beam, counted positive downward. The overall equilibrium equations
are Ry +Ro+Fy = poL and Ry L+ F,L/2—poL?/2 = 0. The problem is hyperstatic
of order 1, because the two equilibrium equations involve three unknown reaction
forces. Two of the reactions can be expressed in terms of the third; for instance,
Fs =poLl —2Rq and R, = Rq, where R; is treated as the redundant quantity.
Based on equilibrium considerations, the bending moment distribution in the
beam is now expressed in terms of the unknown reaction force, R, as

My () = poL®n?/2 — Ry Ly, 0<n<1/2,
S po2(1 = n)2/2 = RiIL(1L =), 1/2<ny<1,

where 7 = x1/L is the non-dimensional variable along the beam.
The strain energy in the system is

1[5 M2(x)) 1 F?2
A=— 3 d -5
2 ), “H T
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Fig. 10.32. Simply supported beam with a mid-span elastic spring.

where the first term represents the strain energy stored in the beam, and the second
represents that stored in the elastic spring.

Rather than substitute for M3 and F in terms of R; and then integrate, the prin-
ciple of least work is applied first,

A _ (" My oMy
OR, Jy H$y ORy

F, OF,
k ORy

dLL‘1 +

Introducing the bending moment distribution and the force in the spring, both ex-
pressed in terms of the unknown reaction force, R, then leads to

} (=Ln) Ldn+ [pOLfRI] (=2) = 0.

) /“2 [P0L2772/2 — RaLy
0 H§3

In this expression, the strain energy in the left half of the beam is computed and then
doubled, based on symmetry. After integration, this becomes

2L3 _pLL & . 2p0L - 2R1
Hs, \ 128 ' 24 k

=0.
The solution of this equation yields the non-dimensional reaction forces at the sup-

ports and the spring force as

R Ry 1384+3k F, 5k
poL  poL  2384+8k" poL 384+ 8k’

where k = kL3 /H$, is the non-dimensional spring stiffness constant expressing the
spring stiffness relative to the beam bending stiffness.

The force in the spring is obtained from the overall equilibrium equation, Fy =
pol —2R,. When k — 0, i.e., in the absence of mid-span spring, the reaction forces
become Ry = Ry = poL/2, as expected from symmetry, and F; = 0. For k — oo,
i.e., for a mid-span support, R = Ry = 3poL/16 and the mid-span reaction force
is Fls = 5poL/8.

Example 10.12. Simply supported beam with a misaligned mid-span support

Figure 10.33 shows a simply supported beam with a misaligned mid-span support. In
the unloaded configuration, the mid-span support is at a distance d below the beam.
As the loading increases, the beam will touch the mid-span support. For the analysis,
it is assumed that the beam is touching the support because the applied loads are high
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Fig. 10.33. Simply supported beam with a misaligned mid-span support.

enough. Of course, for small loads, the beam does not touch the support, which can
then be ignored.

Let R; and Ry be the reaction forces at the two end support and F' the force
that the mid-span support applies to the beam. The overall equilibrium equations are
Ry + Ry + F =poLand RiL + FL/2 — pyL?/2 = 0. The problem is hyperstatic
of order 1, because the two equilibrium equations involve three unknown reaction
forces. Two of the reactions can be expressed in terms of the third; for instance,
F = poL — 2R; and Ry, = R;. Based on equilibrium considerations, the bending
moment distribution in the beam is now expressed in terms of the unknown reaction
force, Ry, as

My() = poL?n?/2 — RyLn, 0<n<1/2,
poL*(1 —=n)*/2 = RiL(1—n), 1/2<n<1,

where 7 = x1/L is the non-dimensional variable along the beam.

For this linearly elastic structure, the total complementary energy is [T’ = A’ +
@' = A+ &'. The potential of the prescribed displacements is ¢’ = —F(—d) =
Fd = d(poL — 2R;), where the minus sign stems from the fact that the force and
displacements are counted positive in opposite direction.

The principle of minimum complementary energy now states

H/ L M /
o _ F My oMy o
dR, )y HS; ORy ORy

Introducing the above bending moment distribution and potential of the prescribed
displacements yields

9 /1/2 {P()LGzﬂ — RiLn
0 Hgs

0
] [—L?]] Ld77 + T&d(poL - 2R1) =0.

In this expression, the strain energy in the left half of the beam is computed and then
doubled, based on symmetry. After integration, this condition becomes

2L3 poL Rl
= (-2 ) —2d=0.
H, ( 128 24> 0

The solution of this equation yields the reaction forces at the supports and the mid-
span reaction force as
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Fa =T = =5 L3 ) L3

The result can be interpreted in different manner. First, if the three supports are on
the same level, d = 0, and the end point reaction forces are Ry = Ry = 3poL /16 and
the mid-span reaction force is F' = 5pgL/8. If the mid-span support is misaligned
and below the beam, i.e., d > 0, the loading level for which the beam will just
touch the mid-span support is found by setting ' = 0, i.e., a reaction force is just
about to vanish at the support. This leads to 5pe,L/8 — 48 HS3d/L3 = 0 and pe, =
384H$,d/(5L*). Thus for pg < pe,, the beam does not reach the support and for
Po > Per, the reaction force give above develops in the misaligned, mid-span support.

The analysis is also valid if d < 0. This means that the mid-span support is
protruding and pushing the beam upwards. Even in the absence of applied loading,
end point reaction forces, Ry = Ry = 24HS$3d/ L3, and a mid-span reaction force,
F = —48H§3d/L3, will develop. If d < 0, it follows that R; < 0, Ry < 0, and
F > 0, as expected.

10.8.5 Problems

Problem 10.12. Cantilevered beam with intermediate spring support

The cantilevered beam shown in fig. 10.34 carries a uniform loading distribution, po, and is
supported by a spring of stiffness constant k, located at a distance a from the root of the beam.
(1) Use the least work principle to determine the force in the spring. (2) Find the bending
moment distribution in the beam.

4i P )
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Fig. 10.34. Cantilevered beam with interme-  Fig. 10.35. Cantilevered beam with tip rota-
diate spring support. tional spring.

Problem 10.13. Cantilevered beam with tip rotational spring

A cantilevered beam of span L is subjected to a uniform loading distribution, po, as depicted
in fig. 10.35. An additional support is located at the beam’s tip, and a rotational spring of
stiffness constant & acts at the same point. (/) Use the least work principle to determine the
tip support reaction force. (2) Find the bending moment distribution in the beam.

Problem 10.14. 3-bar truss with unequal bar stiffness properties

The three-bar, hyperstatic truss shown in fig. 10.36 is subjected to a tip vertical load P. The
three bars have a Young’s modulus F, bar 1 is of cross-sectional area A, while that bars 2 and
3is 2A. (1) Use the principle of complementary energy to find the bar forces.
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Fig. 10.36. 3-bar truss with unequal bar stiff-  Fig. 10.37. Simply supported beam with uni-
ness properties. form load and truss bracing.

Problem 10.15. Combined beam and truss problem

The structure shown in fig. 10.37 consists of a simply supported, continuous beam, AB, sub-
jected to a uniformly distributed load, po. Additional support is provided by a truss consisting
of bars AD, CD, and BD, which are pinned together to provide a mid-span support for the
beam. Bar CD is of length aL. (1) Using the principle of least work, find the forces in the
three bars. (2) Determine the bending moment distribution in the beam. Use the following
data: o« = 1. Ignore the axial forces in the beam.

Problem 10.16. Cantilevered beam with simple support and concentrated load
A cantilevered beam with a mid-span support carries a tip concentrated load, P, as depicted
in fig. 10.38. (/) Using the principle of least work, determine the reaction forces. (2) Find the
bending moment distribution in the beam.

o} —p [} —_
‘ L2 4  L»2 \ L2 “T L2 \

Fig. 10.38. Cantilevered beam with simple  Fig. 10.39. Cantilevered beam with simple
support and concentrated load. support under uniform loading.

Problem 10.17. Cantilevered beam with simple support and uniform load

A cantilevered beam with a mid-span support carries a uniformly distributed load, po, as de-
picted in fig. 10.39. (1) Using the principle of least work, determine the reaction forces. (2)
Find the bending moment distribution in the beam.

10.9 Energy theorems

A number of important energy theorems will be developed in this section. These the-
orems are corollaries of the fundamental energy principles developed earlier. Con-
sequently, all theorems are valid for elastic structures only. The application of two
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of these theorems, Clapeyron’s theorem and Castigliano’s second theorem, is further
limited to linearly elastic materials.

A properly constrained® elastic body subjected to various concentrated loads and
couples is shown in fig. 10.40. The first loading type consists of N concentrated
loads, P;,7 = 1,2,..., N, and the displacements of their points of application pro-
jected in the direction of the loads are denoted A;, ¢ = 1,2,..., N, respectively.
The second type of loading consists of M couples, Q);, j = 1,2,..., M, and the
rotations at their points of application about the axis of the couple are denoted @,
1=1,2,..., M, respectively.

A special case of these loading con-
ditions consists of two forces sharing
the same line action, such as forces Pj
and Py in fig. 10.40. In some cases, the
two forces are of equal magnitude and
opposite direction, Ps = P, = P, and
the relative displacement of their points of
application is then denoted Ag = Az + Ay.
A similar situation could occur with two
couples of equal magnitude and oppo-
site direction sharing a common axis,
say (3 = Q4 = Q, and the relative Fig. 10.40. Elastic body subjected to vari-
rotation at their points of application iS g Joads.

Dy = D3 + Dy

10.9.1 Clapeyron’s theorem

For an elastic system, eq. (10.12) implies that the strain energy stored in the body
equals the work done by the external forces as they are increased quasi-statically
from zero to their final values. Consider a suitably restrained body that is subjected
to IV external loads, F;, and M external couples, ;. Equation (10.12) now implies

N A; N b
A:WE:Z/O Pidui+2/0 Q; dé;,
i=1 j=1

where u; are the displacements of the external load projected along their line of ac-
tion and A; are the final displacements, 6; are the rotations of the external moments
about their axes, and @; are the final rotations.

Next, the body is assumed to be linearly elastic and hence, the applied loads
are proportional to the displacements of their point of application, P; o u;, and the
applied couples are proportional to the rotation of their point of application, Q; o< ;.
It now becomes possible to evaluate the two integrals to find

PA ZQJ (10.107)

=1
This result is known as Clapeyron’s theorem.

3 Properly constrained means that the body cannot rotate or translate freely but may be sub-
jected to a hyperstatic set of reactions.
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Theorem 10.1 (Clapeyron’s theorem). The strain energy stored in a linearly elastic
structure equals the sum of the half product of the applied loads by the displacements
of their respective points of applications projected along their lines of action.

While Clapeyron’s theorem is useful for evaluating the strain energy, it can also
be used to compute the deflection, A, at the point of application of a load, P, when
this single load is the only load applied. In such a case, eq. (10.107) becomes A =
2A/P. A similar result is obtain for the rotation at the point of application of a single
moment.

It is interesting to compare eqs. (10.107) and (10.13), which differ by a factor
of two. In the derivation of eq. (10.107), load P is assumed to grow in proportion
to the displacement, whereas for eq. (10.13), load P is assumed to remain constant.
As discussed in section 10.4.4, this difference in the nature of the applied loading
explains the factor of two in the work they perform.

Clapeyron’s theorem can also be proved by the following alternative reasoning.
First, the total potential energy of the system is written as

N
II=A-) PA,

=1

where A =1/2 |, v ng € dV is the strain energy for the general three-dimensional
linearly elastic body, see eq. (10.49). The principle of minimum total potential energy
implies the stationarity of the total potential energy, which can be expressed as*
oIl = fv ng oedV — Zi\; P;6A; = 0. Since this relationship must hold for all
arbitrary virtual displacement and associated compatible strain fields, a valid choice
is 64; = A; and de = €, where A; and e correspond to the displacement and strain
fields for the equilibrium configuration of the structure, respectively. It follows that
[, €fCedV =N | PA; and finally, A = Y| P,A;/2, which is the statement
of Clapeyron’s theorem, see eq. (10.107). Note that the order in which the forces are
applied is immaterial, and the strain energy stored in the structure depends only on
the magnitude of the forces and the resulting projected displacements.

Consider now the case of two forces, P3 and Py, of equal magnitude and opposite
sign sharing a common line of action, as shown in fig. 10.40. Clapeyron’s theorem
yields A = (P3As + PyA4)/2; let P denote the intensity of the forces, P = Py =
P, and hence, A = P(As + A4)/2 = PAy/2, where Ay = Az + Ay is the relative
distance between the points of application of the two forces. This relative distance
is a positive quantity if the forces pull away from each other, and is negative in the
opposite case.

A similar reasoning yields A = Q®,/2, where @ is the common magnitude
of two couples of equal magnitude and opposite direction sharing a common axis
and P is the relative rotation at their points of application. In summary, each of the
loading terms appearing in Clapeyron’s theorem, eq. (10.107), could be of either of
the following four types: P;A;/2, Q;9,/2, PAy/2, or QP /2.

4 See appendix A.2.7 for details on taking the differential of a quadratic form.
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Example 10.13. Simply supported beam with concentrated load

Consider a simply supported, uniform beam of length L subjected to a concentrated
load P acting at a distance a.LL from the left support, as depicted in fig. 10.41. This
problem is treated using classical approaches in examples 5.5 and 5.6 on pages 197
and 199, respectively. The bending moment distribution is readily obtained from
equilibrium considerations and is given by eq. (5.52).

L oL

F i
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>

Fig. 10.41. Simply supported beam with concentrated load.

The strain energy stored in the beam is now obtained from eq. (10.41) as

1 L M2 P2L2 a 1
A=- 3 dxlzc[/ (1—a)2772Ldn+/ o*(1 —n)? Ldn|,
2H33 0 «

2Jo Hsj
where 7 = x1/L is a non-dimensional variable along the beam’s span. Performing
the integrations leads to

PR

= 21— )%
2 M, (1-a)

a® (1-a)3] P2I3
1— a2 42 _
[( @) 3 +a 3 } GHS, !

Clapeyron’s theorem, eq. (10.1), yields A = PA/2 = P2L3a*(1—«)?/(6HS;),
and solving for the displacement, A, at the point of application of the load leads to
A = PL3a*(1 — «)?/(3HS;). This result is identical to that obtained earlier with
the classical approach. Indeed, A = s (), where ux(n) is the beam’s transverse
displacement field given by eq. (5.51) and us(«) its value at np = a.

Clapeyron’s theorem yields the deflection under the load in a very expeditious
manner. A disadvantage of this theorem, however, is that it is useful only when a
single concentrated load is applied. In contrast, the principle of virtual work devel-
oped in section 9.7.6 is nearly as simple to formulate and can be used for any type or
combination of loading. Finally, the classical approaches presented in section 5.5 and
demonstrated in examples 5.6 and 5.6 require the solution of the governing differen-
tial equation of the problem but yield the distributions of transverse displacements,
bending moments, and shear forces over the beam’s entire span. More detailed infor-
mation is obtained, but at a higher cost.

10.9.2 Castigliano’s first theorem

Consider, again, a properly constrained elastic body subjected to various concen-
trated loads and couples as shown in fig. 10.40. The total potential energy, see
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eq. (10.10), can be written as [l = A+ ® = A — Ziv=1 P;A;, where P; is an ex-
ternally applied load and A; the displacements of its point of application projected
along its line of action.

The principle of minimum total potential energy now implies the stationarity of
the total energy, eq. (10.17), and hence,

om 94
04; ~ 94,

0 A
PA, = = _p —0.
; aAj; oA, 0

This equation leads to Castigliano’s first theorem,

04
T A

P (10.108)
Theorem 10.2 (Castigliano’s first theorem). For an elastic system, the magnitude
of the load applied at a point is equal to the partial derivative of the strain energy
with respect to the projected load’s displacement.

To make use of this theorem the strain energy in the structure must be expressed
in term of the projected displacements, A;. Because this theorem is derived directly
from the principle of minimum total potential energy, eq. (10.108) is simply an equi-
librium statement for the problem.

Castigliano’s first theorem is easily extended to other loading conditions such as
applied couples, loads of equal magnitude and opposite directions sharing a com-
mon line of action, or couples of equal magnitude and opposite directions sharing a
common axis.

10.9.3 Crotti-Engesser theorem

Clapeyron’s and Castigliano’s first theorems are corollaries of the principle of min-
imum total potential energy. Not unexpectedly, parallel developments based on the
principle of minimum complementary energy will lead to similar results.

The total complementary energy, II’, is defined in eq. (10.104) as the sum of
the complementary strain energy, A’, and potential of the prescribed displacements,
@' If the system is subjected to N prescribed displacements, A;, 1 = 1,2,..., N,
the potential of the prescribed displacements is @' = — Ef\il P A;, where P, i =
1,2,..., N, are the driving forces required to obtain the prescribed displacements.
The total complementary energy now becomes

N
I=A+@& =4 —ZPZ-A,
i=1

Next, the statically admissible stress field in the elastic body is expressed in terms
of the driving forces, i.e., A’ = A’(P;). The principle of minimum complementary
energy, principle 12, then implies
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oI 94" 9 & A’
- ~ 2N pA =22 Ao
oP;, ~ 0P, 0P ; T op T Y 0

It now follows that

oA
op;’
where, clearly, the complementary energy in the structure must be expressed in terms

of the driving forces, P;. This result is known as the Crotti-Engesser theorem which
can be stated as follows.

A= (10.109)

Theorem 10.3 (Crotti-Engesser theorem). For an elastic structure, the prescribed
deflection at a point is given by the partial derivative of the complementary energy
with respect to the driving force.

Unlike Clapeyron’s theorem, 10.1, the Crotti-Engesser theorem can be applied to
problems with multiple applied loads.

10.9.4 Castigliano’s second theorem

In the derivation of the Crotti-Engesser theorem, the existence of the complementary
energy is assumed for the elastic material. If the material is assumed to be linearly
elastic, the strain energy and its complementary counterpart become equal, A = A’,
and the Crotti-Engesser theorem, eq. (10.109), then leads to Castigliano’s second
theorem,

0A
A= —. 10.110
= 5P (10.110)
Theorem 10.4 (Castigliano’s second theorem). For a linearly elastic structure, the
prescribed deflection at a point is given by the partial derivative of the strain energy
with respect to the driving force.

Note the obvious symmetry between eq. (10.110) and eq. (10.108). It should
be noted, however, that Castigliano’s first theorem applies to any elastic system,
whereas Castigliano’s second theorem only applies to linearly elastic structures.

10.9.5 Applications of energy theorems

The energy theorems are useful for determining deflections at specific points of a
structure. In particular, Castigliano’s second theorem yields structural deflections
under applied loads.

Castigliano’s second theorem is also useful when dealing with hyperstatic sys-
tems. Imagine a cantilevered beam with a tip support. One way to look at this prob-
lem is to consider a cantilevered beam with a prescribed tip displacement, which is
required to vanish. The driving force, in this case, is the reaction force at the sup-
port. If P; denotes this reaction force and A; = 0 the prescribed tip displacement,
Castigliano’s second theorem, eq. (10.110), requires dA/OP; = 0. This equation is
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the compatibility equation at the tip support. It is interesting to note that in this case,
Castigliano’s second theorem reduces to the principle of least work, principle 13 on
page 554.

Example 10.14. Deflection of a cantilever under transverse load

Consider a cantilevered beam of length L subjected to a tip transverse load P acting
at a distance oL from the left support, as depicted in fig. 5.26 on page 201. This
problem is treated using the classical approach in example 5.8 on page 201.

Simple equilibrium arguments yield the following bending moment distribution:
Mz = PL(a — 1), forn < «, and M3 = 0, for « < 5 < 1, where = x1/L is the
non-dimensional variable along the beam’s span. The strain energy can be expressed
in terms of the bending moment distribution as

1 /L 2 1 /a 2 2 P?(aL)?
- Mjdry = —— [ (PL)*(a—n)* Ldyp = ——".
2HS, Jo O ? 2HS, Jo 6 HS,

Castigliano’s second theorem then yields the deflection under the load as A =
OA/OP = P(aL)?/(3HS;). This result is identical to that found with the classi-
cal approach, see eq. (5.55).

Example 10.15. Rotation of a cantilever under couple

Consider a cantilevered beam of length L subjected to a concentrated couple () acting

at a distance oL from the left support. Find the rotation at the point where () acts.
Simple equilibrium arguments yield the following bending moment distribution:

M; = Q, forn < a, and M5 = 0, for a < n < 1, where n = x1/L is the non-

dimensional variable along the beam’s span. The strain energy can be expressed in

terms of the bending moment distribution as

“ Q2 LdT] — QQ(QL> .

A ! / ’ M3 d !
= J"l =
0 ° 2H33 Jo 2H3;y

2H%,
Castigliano’s second theorem then yields the rotation at the point of application of
the couple as ¢ = 0A/0Q = QaL/HSs.

Example 10.16. Simply supported beam with concentrated load
Consider a simply supported, uniform beam of length L subjected to a concentrated
load P acting at a distance oL from the end supports, as depicted in fig. 10.41. This
problem is treated using classical approaches in examples 5.6 on page 199, and in
example 10.13 using Clapeyron’s theorem. The use of Clapeyron’s theorem will be
contrasted here with Castigliano’s second theorem.

The algebra associated with the use of Castigliano’s second theorem is somewhat
simplified if the following manipulation is performed first

oA o [t M3 L M3 oM
= = = == dz 1= dxl.

oP 0P J, 2HS, o HS; OP

The bending moment distribution is given by eq. (5.52), or it can be obtained
directly from equilibrium considerations as
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—(1—&)77, 0§77§017

M. = PL
3(m) {—a(l—n), a<n<l,

where 7 = x1 /L is the non-dimensional variable along the beam’s span. Substituting
this in the previous equation results in

PL2 [ [ 1
= Te U (1—a)*n® Ldy +/ a*(1—n)? Ldn} :
33 0 o

and performing the integrations then yields

A

A o?(1 —a)?.

PL3 3 1—a)d PL3
= — {(10[)20[4—@2( @) } = C
HS, 3 3 3HS,

This result is identical to that obtained in example 10.13 using Clapeyron’s theorem.

Example 10.17. Ring under internal forces

Consider the open circular ring of radius R shown in fig. 10.42. The ring is cut at
one location and two opposite tangential forces of equal magnitude P are applied
along the same tangential line of action in the plane of the ring. Evaluate the relative
displacement, A, of the points of application of the two forces using Castigliano’s
second theorem.

Fig. 10.42. Ring subjected to internal forces  Fig. 10.43. Ring subjected to internal forces
acting in the plane of the ring. acting out of the plane of the ring.

For this configuration, the ring is subjected to both bending and axial loading,
and hence, the total strain energy in the system is the sum of the strain energies due
to bending and extension, given eqs. (10.41) and (10.36), respectively. Castigliano’s
second theorem now becomes

_0A [P My OM; Rd0+/2”N18N1
0

_ o4 _ “LZL Rag
oP ~ J, HS, OP Raf,

A S OP

where Rd6 is the infinitesimal axial distance around the ring.

The ring’s bending moment and axial force distributions are evaluated by con-
sidering the equilibrium conditions of a segment of the beam of length Rf. They are
found to be M3(0) = —PR(1 — cosd) and N; = —P cos 0, respectively. Substitut-
ing these expression into the statement of Castigliano’s theorem then yields



568 10 Energy methods

P 3 27 27 P 3 P
A= ]j / (1 — cos6)? d9+—/ cos? 9d9—3ﬂ- CR ﬂ
Hss Jo Hg, S

If the ring has a rectangular cross-section of radial thickness h and width b, the
bending stiffness becomes HS; = Ebh?®/12, and it then follows that

R\?2
36 ( h> +1
For a thin ring, R/h > 1, and the first term becomes dominant, implying that bend-
ing rather than extension of the ring is the principal contributor to the relative dis-
placement of the points of application of the two forces.

The problem can be modified to introduce torsional deformation into the ring by
changing the orientation of the applied forces, P, to now act along the same line of
action but normal to the plane of the ring. This configuration is shown in fig. 10.43,
where the two forces of magnitude P are acting normal to the plane of the figure.
The total strain energy in the system is now the sum of the strain energies due to
bending and torsion, given by eqs. (10.41) and (10.45), respectively. Castigliano’s
second theorem can now be written as

36rPR® 7PR 7PR

A=~ T Eoh  Ewh

0A 2”M38M3Rd9+ T My OM,

A== My
orP ), Hg oP o Hy 0P

Rd,

where M3 = PRsin6 is the bending moment distribution in the ring and M; =
PR(1 — cos0) the torsion moment distribution. Note that A is the relative displace-
ment of the points of application of the forces projected along their line of action,
i.e., measured in the direction perpendicular to the plane of the ring. This relative
displacement is then given by

PR3 /2” PR3 [ 7PR® 3nPR?
A= sin? 6 d6 + / 1 —cos6)? RO = + .
Hg, Hii o ( ) H3z Hyy

If the ring has a circular cross-section of radius a, and is made of a linearly elastic,
homogeneous material so that G = E/[2(1 + v)], the relative displacement becomes
A = 4PR3[1+3(1+v)]/(Ea*). For this configuration, torsional deformation in the
ring contributes [3(1 + v)]/[1 4+ 3(1 + v)] ~ 80% of the total relative displacement,
forv =0.3.

Example 10.18. Cantilevered beam with intermediate support
The cantilevered beam subjected to a uniform loading, py and with an intermediate
support located a distance z; = «L from the left clamp is depicted in fig. 10.44.
This is a hyperstatic problem of order 1, and the reaction force at the support will be
determined using Castigliano’s second theorem.

Within the framework of Castigliano’s second theorem, the reaction force, R,
at the support is the driving force that prescribes a vanishing displacement at the
intermediate support. This theorem, eq. (10.110), now implies A = 90A/OR = 0
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Fig. 10.44. Cantilevered beam with an intermediate support at location L.

and this equation will be used to compute the unknown driving force, which is the
desired reaction force.

The bending moment distribution in the beam can be found from equilibrium
considerations as

Mo — poL?(1—1n)?/2 - RL(a—1n), 0<n<a,
° 7 poL2(1 —n)?/2, a<n<l,
where 7 = 1 /L is the non-dimensional span-wise variable.
The compatibility condition at the support now follows from the application of
Castigliano’s second theorem, to find
0A o « pQL2
oR  J, 2

A= (1 =) = RL(e = 1) | [=L(o = )] Ly = 0.

The second part of this integral, extending from « to 1, vanishes because dMs3/OR
vanishes over that portion of the beam. This equation can be integrated and solved to
determine the unknown reaction force

pLL 6 —4da+ a?
8 o '

A free body diagram of the entire beam reveals that the reaction moment at the
clamped end of the beam is My = poL2 /2 — aRL, and substituting for R, it follows
that M() = —(p0L2/8)(O[2 — 4o+ 2)

The same hyperstatic problem can be handled in a different manner within the
framework of Castigliano’s second theorem by choosing another reaction as the driv-
ing force. In this case, the reaction moment, M, at the root clamp is the driving
moment that prescribes a vanishing rotation at the clamp. Castigliano’s second theo-
rem now implies & = 9A/0M, = 0 and this equation will be used to compute the
unknown driving moment, which is the desired reaction moment.

The bending moment distribution in what is now a simply supported beam is
found from equilibrium considerations as

R =

A = JPoL? [P+ (a = 2)n] /24 Mo(1 = n/a), 0<n<a,
p0L2(1 - n)2/2’ a<n<l

The compatibility condition at the clamp now follows from the application of Cas-
tigliano’s second theorem, to find
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A e n Y Lay —
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This equation can be solved to determine the reaction moment My = —pgL?(a? —
4o+ 2)/8, which is identical to that found earlier.

Clearly, the two approaches are identical, and the choice between the two is dic-
tated by simplicity of the required algebra. Again, it should be noted that this ex-
ample can also be solved in almost the same way using the principle of least work,
principle 13 on page 554

10.9.6 The dummy load method

Castigliano’s second theorem as expressed in eq. (10.110) gives the deflection at the
point of application of a concentrated load. This prompts the following question: is it
possible to use Castigliano’s second theorem to compute the deflection of a structure
at a point where no load is applied? The dummy load method is a procedure that
enables the use of Castigliano’s second theorem to compute the deflection at any
point of a structure whether or not a concentrated load is applied at that point.

In the first step of the procedure, a fictitious or “dummy load,” P, is applied to the
structure at the point where the displacement is to be computed. Furthermore, the line
of action of this dummy load is aligned with the direction of the desired displacement
component. In the second step of the procedure, the displacement component, A, is
computed using Castigliano’s second theorem as A = 9A /OP. In the last step, the
dummy load is removed by setting it equal to zero to find the desired displacement,
A = limp_oA. Load P is just an artifact that enables the use of Castigliano’s
second theorem, and this observation explains why load P is called a dummy load,
and why the method is called the dummy load method.

The dummy load method can be summarized by the following equation

0A
A= lim —. 10.111
P20 OP ( )
The strain energy, A, must be determined as a function of the applied loads, including
the dummy load P, and any redundant quantities. If the material the structure is made
of is elastic, but nonlinear, the complementary strain energy, A’, must be used instead
of the strain energy.

Example 10.19. Tip deflection of a cantilevered beam
Consider a cantilevered beam of length L subjected to a uniform loading pg, as shown
in fig. 10.45. Determine the beam’s tip deflection, A, using the dummy load method.
Since no concentrated load is applied at the beam’s tip, the dummy load method
described in section 10.9.6 will be used. In the first step of the procedure, a dummy
load, P, is applied at the beam’s tip, as illustrated in fig. 10.45. The bending mo-
ment distribution in the beam is readily obtained from equilibrium considerations as
Ms(z1) = po(L — 21)?/2 + P(L — @1).
The strain energy in the structure can then be written as
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Fig. 10.45. Cantilevered beam under uniform loading.

! pOL2 2 2
A= 1-— L(1 - Ld
o, { (1—mn)"+PL( 77)] n
1 2L5 L4 2L3
_ nl”  Ppol” P '
2HS, \ 20 4 3

As expected, the strain energy explicitly depends on the dummy load. The second
step of the procedure uses Castigliano’s second theorem to compute the tip deflection
due to all loads as

A=

QA 1 (pL*  2PL?
OP  2HS \ 4 3 )

Finally, the last step of the procedure reveals the desired tip displacement as

This result is identical to that obtained using the classical approach; indeed, A =
@s(n = 1), where the transverse displacement field is given by eq. (5.54). The same
result is also obtained using the unit load method described in section 9.7.6.

The solution just presented has scrupulously followed the dummy load procedure
described in section 10.9.6. While easily understood, this procedure involves unnec-
essarily complicated integrations. The desired displacement can be obtained more
directly by carrying out the derivative with respect to the dummy load and taking the
limit before carrying out the integrations. This is illustrated as follows,

g [t M2 LMy [OM;
A= |—= 3 dz :/ { } dz;. (10.112)
lap o 2Hg, L_O o Hss LOP Jpy

For the present problem, this yields

polL? pol* [! 3 poL*
A= / 2| L zan= 2 [ an = 2o
2H33 2H33 0 8H33

which is the same result as before.

Example 10.20. Deflection of a simply supported beam

Consider the simply supported beam of length L subjected to a uniform transverse
loading, py, as depicted in fig. 10.46. Determine the transverse deflection of the beam
at location L.
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Using the dummy load method, a dummy load, P, is added at location L. To
evaluate the strain energy in the structure, the bending moment distribution is com-
puted first as

—poLPn(1—n)/2 - PL(1—a)y, 0<n<a,

Ms(n) = {_pOLG(l —n)/2—=PLa(l — 1), a<n<l,

where 17 = 21 /L is a non-dimensional span-wise variable. The first term represents
the contribution of the distributed load, pg, and the second term represents that due
to the dummy load, P.

izA oL Py
LTI &
T L 22

Fig. 10.46. Simply supported beam under uniform loading.

Using the simplified approach given by eq. (10.112), the deflection under the
dummy load at 1 = oL becomes

_ polL?

af) = 2L [ [ —nt - amdn+ [ 1= matt - ar].

Performing the integrations and simplifying leads to

4 o ot —a)? — )t
a0 = o[-0 - 5 +al B2 - Bl
poL* .
B 240H§3 (o =207 0]

This result gives the transverse displacement at an arbitrary point along the beam
and is, in fact, the transverse displacement field for the beam, us(), 0 < o < 1.
This result is identical to that obtained with the classical approach in eq. (5.48), but
note that with the present procedure, the transverse displacement field is obtained
without having to integrate the governing differential equation of the problem.

10.9.7 Unit load method revisited

The unit load method is developed in section 9.7.6 based on the principle of com-
plementary virtual work. In this section, the same method will be derived from the
dummy load method presented in section 10.9.6. The close relationship between the
two methods should not come as a surprise: the unit load method is a direct con-
sequence of the principle of complementary virtual work, whereas the dummy load
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method is derived from Castigliano’s second theorem, which itself, stems from the
principle of minimum complementary energy. Clearly, both unit and dummy load
methods have their roots in the principle of complementary virtual work, and hence,
are statements of compatibility conditions.

When using the dummy load method, the expression for the strain energy in an
isostatic beam is

o 2Hgs
where M3(z1) is the bending moment distribution generated by the externally ap-

plied loads and the dummy load. Castigliano’s second theorem now implies that the
deflection at the point of application of the dummy load is

L
A= lim —A lim Ms OMs

— ———dux;. 10.113
PROOP  po0f, H oP ( )

As the dummy load tends to zero, the quantities appearing in this equation can be
interpreted as follows.

lim Mg = M3 = bending moment due to externally applied loads only,

P—0
9 .
7l)iLnO 3\7/1)3 = M3 = bending moment due to a unit load only.
With this notation, eq. (10.113) becomes the familiar statement of the unit load

method, see eq. (9.83),

/ M3 3 da,. (10.114)

Although this expression seems to be 1dent1cal to that derived for the unit load
method, important differences exist. The bending moment distribution due to exter-
nally applied loads, denoted M3, is identical for both unit and dummy load methods,
and is the bending moment distribution acting in the actual structure under the action
of the externally applied loads.

A subtle difference exists, however, between the bending moment distribution,
Ms, defined in the two methods. For the dummy load method, Ms is the bending
moment acting in the structure subjected to a unit dummy load. For the unit load
method, Ms is any statically admissible bending moment distribution in equilibrium
with the unit load. In this latter case, M is not necessarily the actual bending mo-
ment distribution acting in the structure subjected to the unit load, but rather, any
statically admissible bending moment distribution in equilibrium with the unit load.
Consequently, the unit load method is more versatile, and the fact that any statically
admissible bending moment distribution can result in a significant simplification of
the procedure.

Example 10.21. Deflection of a hyperstatic beam (Dummy load method)
Consider the cantilevered beam with a mid-span support subjected to a uniformly
distributed loading, po, as depicted in fig. 10.47. Determine the beam’s tip deflection
using the dummy load method.



574 10 Energy methods
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Fig. 10.47. Application of Castigliano’s second theorem to calculate deflections in a hyper-
static beam.

Because of the presence of the mid-span support, the system is hyperstatic of
order 1. The mid-span reaction force, R, is selected as a redundant quantity, and the
bending moment distribution in the bean is then obtained from equilibrium consid-
erations as

PL(1 —n) +poL*(1 —n)*/2+ RL(1/2 —n), 0<n<1/2,

M(n) = {PL(I—n)+poL2( 1-1n)%/2, 1/2<n<1.

First, Castigliano’s second theorem (or the principle of least work) is used to find
the unknown reaction force, R, by imposing the vanishing of the displacement at the
mid-span support, leading to

/ 1 M3 L Ms OMs,
= dJ?l =0.
aR oR J, 2 Hgd o HS OR

Introducing the above bending moment distribution, this compatibility condition
leads to

/01/2 [PL(l —n) +P0L2(1};§:)2/2 + RL(1/2 ~ ”)} {L (; - n)] Ldn = 0.

Evaluating the integrals then yields the reaction force at the mid-span support as

5P 17poL
R= 2 16 °

Next, the beam’s tip deflection, 4, is computed using the dummy load method as

A OA [T M OMy
0P Jy HS; OP

Introducing the above bending moment distribution then yields

dIl.

1/2 201 _ )2 _
Y [poL?(1—n)?/2
o [P e - )

Regrouping and evaluating these integrals gives the beam’s tip deflection as A =
poL*/(8HS;) +5RL3 /(48 HS;), and introducing the value of the mid-span reaction
force leads to
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Example 10.22. Deflection of a hyperstatic beam (Unit load method)

Consider the same cantilevered beam with a mid-span support subjected to a uni-
formly distributed loading, pg, treated in example 10.21 and shown in fig. 10.47.
Determine the beam’s tip deflection, but now using the unit load method.

A cut is made at the mid-span support and the mid-span reaction force, R, is
selected as the redundant quantity. The bending moment distribution in the beam
due to the externally applied loads is obtained from equilibrium considerations as
M3(n) = poL?(1—n)?/2. Next, a statically admissible bending moment distribution
is evaluated that is in equilibrium with a unit load applied upwards to the beam at the
cut support point: Mz = L(1/2—n) for 0 < n < 1/2and Mz = 0for1/2 < n < 1.
The deflection at the support under the externally applied loads is

L - 1/2 2 2
Ms M- L7(1— 2
A — 3C 3 dey :/ [po ( - n)°/
o His 0 Hgs

o 1 7p0 L4
 384HS,'

][L(l/z—-nn Ldn

The deflection at mid-span support due to the unit load alone is

L 172 1/2 12 2 3

M: L4(1/2 — L

Alz/ jdﬂcl:/ MIA”: —.
o HSs 0 Hg, 24HS,

The reaction force at the support is now R = —A./A; = —17pyL /16, from which

{P0L2(1 —n)?/2+RL(1/2—n), 0<n<1/2

M =
D=2 - 22, 12<n<,

which is identical to the result found with the dummy load method, provided that the
dummy load is set to zero.

To determine the beam’s tip deflection, a unit load is applied at its tip. A statically
admissible bending moment distribution that is in equilibrium with this tip unit load
is found from equilibrium consideration as M = L(1 — n). When evaluating this
bending moment distribution, the mid-span reaction force is set to zero, because all
that is required of this distribution is that it be statically admissible for the tip unit
load. The beam’s tip deflection, A, now becomes

L v 1/2 2 2
M3 M. L7(1— 2 L(1/2 —
0 H33 0 H33
1 2 2 4
poL*(1—mn) /2} 11poL
+/ [ c [L(1—mn)] Ldy = —.

The solution is identical to that found in the previous example.

The choice between the unit and the dummy load methods is largely a matter of
convenience, although a hybrid approach using Castigliano’s second theorem (or the
principle of least work) to find R and the unit load method to find A will often lead
to simpler integrals.



576 10 Energy methods
10.9.8 Problems

Problem 10.18. Cantilevered beam subjected to distributed load

Consider the cantilevered beam subjected to a uniformly distributed load over half its span, as
depicted in fig. 10.48. (1) Use the dummy load method to compute the deflection of the beam
at point M.

T ¢ P i
R U l ,
L2z | L2 T oL [N (-0l £
Fig. 10.48. Cantilevered beam subjected to  Fig. 10.49. Simply-supported beam under
half-span loading. concentrated load

Problem 10.19. Simply supported beam with concentrated load

Consider the simply supported beam subjected to a concentrated load applied at a distance oL
from the left support, as depicted in fig. 10.49. (1) Use the dummy load method to compute
the deflection of the beam at point N.

Problem 10.20. Cantilevered beam subjected to triangular loading
Consider the cantilevered beam subjected to a triangular loading, as depicted in fig. 10.50. (1)
Use the dummy load method to compute the deflection of the beam at point T.

IZTHHHHT Tt e, 1 LT PT P
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Fig. 10.50. Cantilevered beam subjected to  Fig. 10.51. Cantilevered beam subjected to
half-span loading. two concentrated loads.

Problem 10.21. Simply supported beam with concentrated load

Consider the cantilevered beam subjected to two concentrated loads, each of magnitude P, as
depicted in fig. 10.51. (/) Use the dummy load method to compute the deflection of the beam
at point T.

Problem 10.22. Semi-circular beam with rigid arm

Consider the uniform, semi-circular beam with a rigid arm attached at its tip, as shown in
fig. 10.52. The beam is made of a linearly elastic material and the radius of its centerline
is R. A load of magnitude P acts at the tip of the rigid arm in the plane of the beam, but
its orientation in this plane is otherwise arbitrary. Prove that: (/) The displacement, A, of
point O is in the direction of the applied load for any arbitrary orientation of P, and (2) the
spring constant k = P/A is independent of the orientation of the load P. Hint: At first, study
the behavior of the beam under a horizontal force, H. Next, turn to a vertical force, V. The
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behavior of the system under a general loading is then obtained by invoking the principle of
superposition for a linear system. You should assume that only bending deformations will
contribute to the strain energy in the beam, i.e., ignore axial deformation.

Rigid
arm

Fig. 10.52. Semi-circular beam with a rigid  Fig. 10.53. Uniform spring under a vertical
arm. load P.

Problem 10.23. Circular beam with vertical tip load

The uniform circular beam with centerline radius R shown in fig. 10.53 is clamped at point
A and constrained to move in the only in the vertical direction at point B, where it is also
subjected to an applied vertical load, P. (1) Find the displacement, A, in the direction of the
applied load. (2) Find the horizontal reaction @ at point B. (3) Find the equivalent spring
constant k = P/A. Assume that only bending deformations are significant, i.e., ignore axial
deformation.

Problem 10.24. Deflection of 3-bar truss with different member properties

The three-bar, hyperstatic truss shown in fig. 10.36 is subjected to a tip vertical load P. The
three bars have a Young’s modulus F, bar 1 is of cross-sectional area A, while that bars 2 and
3is 2.A. (1) Determine the vertical deflection of the loaded joint. (/) Determine the horizontal
deflection of the loaded joint.

Problem 10.25. Deflection of cantilevered beam with simple support and con-
centrated load

A cantilevered beam with a mid-span support carries a tip concentrated load, P, as depicted
in fig. 10.38. (1) Compute the deflection at the beam’s tip.

10.10 Reciprocity theorems
For linearly elastic structures, a useful reciprocity exists between loads applied at one

set of locations and deflections produced at another set of locations. This reciprocity
can be stated in the form of two theorems that are developed in the following sections.

10.10.1 Betti’s theorem

Consider a properly constrained elastic body subjected to various concentrated loads
and couples, as shown in fig. 10.40. If the displacements of the points of application
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of these loads projected along their lines of action are denoted AE] , Clapeyron’s the-
orem, eq. 10.107, implies Alll = Zf\il PimAEH /2, where Al is the total strain en-
ergy of the system under this loading condition, denoted state 1. Let the magnitude of

(2]

the applied loads be changed to P;™ and the corresponding projected displacements

will then be A?]. In this new state, denoted state 2, the points of application of the
loads and their lines of action are identical to those in state 1. The strain energy in
state 2 is Al = YN PP AP /2 When going from state 1 to state 2, the added
work done by the applied loads equals the change in total strain energy

N pl2l A2 N pl Al
Al Z Z % (10.115)

2
i=1 i=1

This difference can be computed in an alternative manner. It is possible to go

(1]

from state 1 to state 2 by gradually adding to the forces P;~ of state I the forces

Pm — Pim with unchanged lines of action. During this transition, additional work

will be done by the forces Pim

which remain constant, and the forces, PF] — Pi[l],
which are allowed to increase gradually to state 2. The work done by Pi[l] is
Zi]\il Pi[l](A?] — AEI]), and the work done by the gradually increasing forces,
Pi[z] - Pi[l], is Ei]il(Pi[z] - Pi[l])(A?] - AEI])/Z. Thus, the change in strain en-
ergy between the two states is equal to the work done by these forces, and this can
be written as

N (2] (1] (2] (1]
Al (1] (P7 = P)A7 -4
Zl pH — A+ Zl >
= = (10.116)
1 21 4 plily Al _ Al
=3 Z PA 4+ P - AL,
Comparing eqs. (10.115) and (10.116) then yields
N N
S PP =5 pPIAl, (10.117)
=1 =1

This result be interpreted as follows

Theorem 10.5 (Reciprocity theorem or Betti’s theorem). A linearly elastic body
is subjected to two loading states characterized by loads of different magnitudes but
identical points of applications and lines of action. The sum of the product of the
loads in one state by the projected displacements of the other is identical to that
obtained when the two states are interchanged.

Because Betti’s theorem is a direct consequence of Clapeyron’s theorem, theo-
rem 10.1, both theorems are valid for the same loading cases. The loadings defining
states 1 and 2 can involve one or more of the following (/) a concentrated load and
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the projected displacement of its point of application, (2) a couple and the projected
rotation at its point of application, (3) two opposite forces of identical magnitude
sharing a common line of action and the projected relative displacement of their
points of application, and (4) two opposite couples of identical magnitude sharing a
common line of action and the projected relative rotation at their points of applica-
tion.

10.10.2 Maxwell’s theorem

Let the simply supported beam depicted in fig. 10.54 be subjected to two loading
states. State 1 consists of load P!l applied at point 1, whereas state 2 consists of
load P!?! applied at point 2. For state I, the displacements at points 1 and 2 will be
denoted A[11] and A[Ql], respectively. Similarly, the corresponding displacements for
state 2 are A[f] and A[;}, respectively.

o,
oL {)Ill )
State 1 < :
I A n
1
P\ZJ
1 2y
State 2 &= z = A
A
A,

I A 2]
A

Fig. 10.54. Simply supported beam under two loading states.

If the structure is made of a linearly elastic material, Betti’s theorem, theo-
rem 10.5, is applicable and implies

2 Al
Pl AR = pl2) Al o AT 4

P~ phr-

The influence coefficient is defined as the displacement at a point due to the ap-
plication of a unit load at another point. For instance, influence coefficient n;5 gives
the displacement at point 1 due to the application of a unit load at point 2. Clearly,

Nz = A[12] / PPl and 7, the displacement at point 2 due to a unit load applied at
point 1, is 70 = A[Ql]/Pm. Eq. (10.118) becomes

M2 = 1n21- (10.119)

This result be interpreted as follows.

(10.118)

Theorem 10.6 (Maxwell’s theorem). For a linearly elastic structure, the influence
coefficient of point 1 on point 2 equals that of point 2 on point 1, for any choice of
points 1 and 2.
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Maxwell’s theorem is a simple corollary of Betti’s theorem, and applies to all the
loading conditions for which Betti’s theorem is valid. Hence, the concept of influence
coefficient should be understood as the projected displacement or rotation at a point,
relative displacement of two points, or relative rotation at two points due to any of
the following four loading types applied at another location: a concentrated load or
couple, or two opposite forces of identical magnitude sharing a common line, or two
opposite couples of identical magnitude sharing a common line of action.

Example 10.23. Simply supported beam
Consider a simply supported, uniform beam of length L as shown in fig. 10.54. Let
points 1 and 2 be located at distances a; L and ais L from the left end support.

The influence coefficient 712 can be evaluated from the exact solution of the
problem given in example 5.5. In this case, 712 is the displacement at point 1 when
the beam is subjected to a unit load at point 2. Equation (5.51) gives this displacement
as

LS
Tz = 6HCS [7(1 - a?)a? + 042(2 - OZQ)(I — OtQ)Oél}
33
LS
= 6HCE [70}1)) + ail))O‘Q + 20n0n — 30[1045 + 061043] .
33

The following values are used in eq. (5.51): P = 1 because a unit load is applied,
« = ap because this load is applied at n = a2, and 7 = « to find the displacement
U2 (0[1 ) .

The influence coefficient 121, corresponding to the displacement at point 2 when
the beam is subjected to a unit load at point 1 is evaluated in a similar manner, to find

LS
No1 = oI [al(ag —3a3) + (24 a?)as — a:{’]
33
LS
= G [alag — 3a1a% + 20100 + Oé?OéQ — 04:13] .
33

The following values are used in eq. (5.51): P = 1 because a unit load is applied,
a = «q because this load is applied at n = a1, and 7 = ay to find the displacement
as (). As expected, 1712 = 1)21, in accordance with Maxwell’s theorem.

Example 10.24. Symmetry of the flexibility matrix

The concept of flexibility matrix is introduced in example 5.9 on page 203. Since the
flexibility matrix simply stores the influence coefficients, see eq. (5.58), Maxwell’s
theorem implies the symmetry of the flexibility matrix. In example 5.10 on page 204,
the flexibility matrix of a cantilevered beam is determined analytically, see eq. (5.60),
and is found to be symmetric, as expected.

Of course, if the flexibility matrix is determined experimentally according to
the procedure described in example 5.9, the symmetry condition will only be satis-
fied within the bounds of experimental errors. Consider the case of the cantilevered
beam depicted in fig. 5.28 on page 203. Table 10.2 lists the displacements mea-
sured on a cantilevered beam subjected to three loading cases. The first column of
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Table 10.2. Measured displacements for the three loading cases. Load are measured in kN,
displacements in mm.

P =15P,=10|P;s =0.5
Al 109 18.3 14.6
Ao 277 59.1 51.1
Asz| 431 104. 98.5

this table lists the displacements at locations «; L, as L, and asL for P, = 1.5 kN,
P, = P3 = 0. The next two columns list the corresponding data for P, = 1.0
kKN, P, = P;3 = 0and P3s = 0.5 kN, P, = P, = 0, respectively. The in-
fluence coefficients are easily obtained from the experimental data: for instance,
n1 = Ay /Py = 10.9 1073/1.5 103> = 7.27 10~% m/N. Proceeding similarly
with all other influence coefficients, the flexibility matrix is found as

0.0073 0.0183 0.0292
F = {0.0185 0.0591 0.1022| 10~° m/N,
0.0287 0.1040 0.1970

which is not exactly symmetric. From the measurements, the influence coefficient,
123, can be estimated by averaging the corresponding entries of the measured flex-
ibility matrix as 723 = 732 ~ (0.1022 1073 + 0.1040 1073)/2 = 0.1031 1073
m/N. The estimated displacements now becomes Ay3 = 7p3P3 = 51.6 mm
and Azy = o3 P> = 103.1 mm. The relative experimental error is now e =
|Ags — Aoz|/Asz =~ 0.9% or e = |Azy — Asa|/Asze =~ 0.9%. An error estimation
using the other off-diagonal terms of the flexibility matrix reveals a relative error of
approximatively the same magnitude. Based on Maxwell’s theorem, the experimen-
tal error is of the order of one percent.

10.10.3 Problems

Problem 10.26. Direct proof of Maxwell’s theorem
Prove Maxwell’s theorem directly from the unit load method. Use the simply supported beam
depicted in fig. 10.54to support your reasoning.

Problem 10.27. Direct proof of Maxwell’s theorem
Prove Maxwell’s theorem directly from the dummy load method. Use the simply supported
beam depicted in fig. 10.54to support your reasoning.





