6

Three-dimensional beam theory

In the previous chapter, Euler-Bernoulli theory is developed for beams under axial
and transverse loads. The analysis is limited, however, to deformations of the beam
in plane (71,72). This behavior can be observed, for instance, when the cross-section
of the beam presents a plane of symmetry and the only applied loads are acting in
this plane.

In numerous practical applications, the beam’s cross-section presents no partic-
ular symmetries and is instead of arbitrary shape. In addition, the applied loads may
act along several distinct directions and not just in plane (71, 22). Consider an aircraft
wing: the cross-section is of a complex shape involving curved skins and two or more
spars, and the wing is subjected lift and drag forces. In the case of a helicopter blade,
large centrifugal forces generated by the rotation of the blade are also present. Sim-
ilarly, machine components often operate in a complex, three-dimensional loading
environment.

Figure 6.1 shows a beam of arbitrary cross-sectional shape subjected to a com-
plex three-dimensional loading. This loading consists of distributed and concentrated
axial and transverse loads, as well as distributed and concentrated moments. The ax-
ial and transverse distributed loads, p1 (1), p2(z1), and p3(x1) act along directions,
1, 12, and 73, respectively. The same convention is used for the concentrated loads
Pl[k], PQ[H, and ngk'], but in this case it is necessary to add a second index to iden-

tify the k' concentrated load in the direction specified by the first index: PPEQ] is
the second concentrated force acting along axis 73. Distributed moments, ¢» () and
g3(x1), acting about axes 7 and 73, respectively, can be introduced in a similar man-
ner. Concentrated moments Q[Qk] and ng] act about the same axes.

Figure 6.1 depicts concentrated forces and moments acting at the tip of the beam,
but in practical situations, such concentrated loads could be applied at any span-
wise location. The notation used in this text for the various loads is summarized in
table 6.1. The subscript indicates the direction of the loading component. If multiple
concentrated loads are applied, a second subscript might be used to keep track of
individual concentrated loads.
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Fig. 6.1. Beam with arbitrary three-dimensional loading.

Table 6.1. Loading components acting on the beam.

Loading Type Notation Units
Distributed loads  |p1(x1), p2(x1),p3(z1)| N/m
Concentrated loads Pl[k] , PQ[k] , ngk] N
Distributed moments g2(x1),q3(x1) N.m/m
Concentrated moments [2k] , ék] N.m

This three-dimensional loading is general, with an important exception: no tor-
sional loads are applied, and the transverse loads are assumed to be applied in such
a manner that the beam will bend without twisting. This important restriction will
be removed in a later chapter after the study of the torsional behavior of beams. As
mentioned earlier, the cross-section of the beam is of arbitrary shape. The origin of
the axes has not yet been specified, and the orientation of axes 73 and 723 within the
plane of the section is arbitrary, as depicted in fig. 6.1.

6.1 Kinematic description

The development of the three-dimensional beam theory starts with the three Euler-
Bernoulli assumptions discussed in section 5.1. These assumptions are of a purely
kinematic nature and are shown to imply the following displacements field

uy (@1, T, w3) = U1 (21) + 23Pa(21) — 22P3(21), (6.1a)
ug(wy, 2, x3) = Uz(1), (6.1b)
uz(x1, v, x3) = Uz(w1). (6.1c)

where the origin of the axis system on the cross-section is not yet specified. The

corresponding strain field is shown to be

e2=0; e3=0; 73=0, (6.22)
0; ms3=0, (6.2b)

2
e1(x1, e, x3) = &1(x1) + x3 ka(21) — T2 K3(21)- (6.2¢)
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6.2 Sectional constitutive law

Assume now that the beam is made of linearly elastic, isotropic material for which
the stress-strain relationships are adequately described by Hooke’s law, eq. (5.14).
Because the cross-section does not deform in its own plane, the stress components,
o9 and o3, acting in the plane of the section are far smaller than the axial stress
component, o1, and Hooke’s law is shown to reduce to eq. (5.14). The axial stress
distribution is found by introducing eq. (6.2¢) into eq. (5.14) to find

0'1(1’171’2,1'3) =F [51(1‘1) +£C3 HQ(IL‘l) — T2 Iig(fﬂl)} (63)

The axial force, N1, is now evaluated by introducing this axial stress distribution
into eq. (5.8) to find

N1($1):/0'1 d.AZ/E€1 dA+/ Ersko dA—/ Exors dA
A A A A

_|;/Ed./4:| E1+|:/ El’gdA:| I€2|:/ ECEZdA:| K3 (64)
A A A

=S €1(1'1) + 53 EQ(xl) -5 ’{3(‘%1);
where the following sectional stiffness coefficients are defined

S:/ E dA, 52:/ Exy dA; 53:/ Exs dA. (6.5)
A A A

The bending moments, M» and M3, acting about axes 72 and 3, respectively, are
evaluated by introducing the axial stress distribution eq. (6.3) into eq. (5.11) to find

MQZ/ T30 d.A:/ r3Fe; dA+/ Engiz d.A—/ Exyxsks dA
A A A A

/ Exj d.A] €1+ [/ Ezj d.A} Ko — [/ Exoxs d-A} K3 66)
A A A

=S5 €1 (x1) + Hoz k(1) — Has k3(z1),

and

M3:—/ To01 dA:—/ 1’2E€1 dA—/ $2E$3/€2 dA+/ El’g/ig dA
A A A A

/ Ezxo d.A:| €1 — |:/ FExoxs d.A:| Ko + [/ E.’L‘% d.A:l K3
A A A

= — Sy € (x1) — Hos ka(z1) + Hss k3(z1),

(6.7)
where the following additional sectional stiffness coefficients are defined

A A
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H23 = / FE o3 dA (69)
A

The axial stiffness, S, is found in section 5.4 to characterize the axial stiffness
of the beam and in section 5.5 the bending stiffness, Hss, is found to characterize
the bending behavior of the beam about axis 23. The bending stiffness Hoo plays the
same role, but for bending about axis 75. A new bending stiffness coefficient, Hss, is
called the cross bending stiffness.

Equations (6.4), (6.6) and (6.7) can be rewritten in a more compact matrix form
as follows

Nl(fL'l) S 53 _52 El(.’lil)
Mg(l‘1> = 53 H22 —H23 Iig(.’l?l) . (610)
Ms(z1) —Sy —Haz Hsz| | K3(71)

These equations express a general linear relationship between the sectional stress
resultants and the sectional strains. Thus, they are the constitutive laws for the cross-
section of the beam, and the matrix on the right hand side of eq. (6.10) is called the
sectional stiffness matrix. Clearly, these equations are fully coupled: all of the sec-
tional strains affect the values of each of the sectional stress resultants. For example,
the axial force N1 (1) is not proportional only to the axial strain €; (1), nor are the
bending moments proportional only to curvatures. Instead, the behavior is fully cou-
pled through the sectional coupling stiffness coefficients S3, S3 and Hog that appear
in the off-diagonal entries of the sectional stiffness matrix. This means that an axial
force, N1, will appear as a result of an axial strain, €1, but also in the presence of
curvatures, <o or k3. Similarly, a bending moment appears as a result of either the
Ko O K3 curvatures, but also in the presence of an axial strain, €;.

A general formulation of three dimensional Euler-Bernoulli beam theory can be
developed based on the constitutive laws of eq. (6.10). Unfortunately, this leads to
complex governing differential equations for the problem and this approach will not
be pursued further. Rather, it will be shown that the sectional constitutive laws can
be simplified by selecting the axis system appropriately. Indeed, in the formulation
developed thus far, the origin of the axis system is arbitrary, and although the ori-
entation of axis 77 is along the axis of the beam, the orientations of axes 75 and 73
within the plane of the cross-section are also arbitrary.

More specifically, the origin of the axis system can be selected to coincide with
the centroid of the section, i.e.,

1 So 1 S3
e = — ExzodA=—=0; e=— | ExsdA=— =0, 6.11
T2 3 /A T2 5 Te =g /A 3 3 (6.11)
where the sectional coefficients, Ss and S3, are defined in eq. (6.5). The sectional
constitutive laws, eq. (6.10), reduces to a partially uncoupled form

Nl(xl) S 0 0 €1(1‘1)
Ms (1}1) = |0 H§ —HS, K9 (331) . (6.12)
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The bending stiffness coefficient, Hoo, Hss, and Hss, are now replaced by their
counterparts, HS,, H$s, and HS,, evaluated with respect to the centroid of the cross-
section.

It is important to note that these partially uncoupled equations show that the axial
force NV is now related to only the axial strain €; and that the bending moments are
related to the curvatures xo and k3 only. This decoupling of the axial and bending
behavior results from locating the origin of the axis system the centroid of the
cross-section, rather than at an arbitrary point of the section. The two bending mo-
ments and corresponding curvatures, however, are still coupled due to the presence
of the stiffness coefficient, H 5.

For most problems, the forces and moments are specified and it is required to find
the resulting displacements and internal stresses. The sectional constitutive equa-
tions, egs. (6.12), must therefore be inverted and solved for the sectional strain, €,
and curvatures, xo and k3, in terms of stress resultants, Ny, M5 and M3. This results
in

El(l‘l) 1/5 0 0 N1($1)
ko(z)) S = | 0 HE /A Hs /A | { Ma(a1) b, 6.13)
K3(21) 0 HS3/Aw HS/An| | Ms(x1)

where Ay = HS,HSy — H5, HSs.
The axial stress can now be found by substituting these results into eq. (6.3) to
find

o =F [Nl + 2 Hgy My + H33 M3 - Hy3 My + Hio M3

5 iy p } . (6.14)

or, with minor rearrangements,

N1 .’L‘QHQCg — $3H§3 M2 . $2H§2 — .’I}3H203 M3:| ) (6 15)

op=FE|— —
! { S Ax An
This is a key result because it relates the axial stress distribution to the stress resul-
tants which are, in turn, functions of the applied loads.

6.3 Sectional equilibrium equations

To complete the theory, equilibrium equations must also be derived. Consider an
infinitesimal slice of the beam of length dx; as depicted in fig. 6.2. The axial force,
Ny, acts on the face at span-wise location x;. A Taylor’s series expansion is then
used to express this axial force at location z; + dx;. Higher order differential terms
are neglected, leading to the contribution shown in fig. 6.2. Summing all the forces
in the axial direction yields the axial equilibrium equation

dN,;

d7331 = —p1(z1). (6.16)
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A similar approach can be applied to transverse force and moment equilibrium.
The left portion of fig. 6.3 depicts the transverse loads and bending moments act-
ing on an infinitesimal slice of the beam, focusing on plane (21, 72) in the left figure.
Summation of the forces acting along axis 75 gives the transverse equilibrium equa-
tion

dV
— = . 6.17
Ay p2(z1) ( )
Summation of the moments taken about the centroidal axis 3 yields
dM.
T Ve = —as(a1) + waapa (1), (6.18)
1

where the last term arises because the line of
action of the axial load, p; (x1), passes through p,(x,)dx, -
a point of coordinates (a4, 3,). In general, — >
there is no reason to believe that x5, = 3, =
0, i.e., that the line of action of the applied ax-
ial load passes through the origin of the axis P
system, which is selected to coincide with the dx,
centroid of the section. For instance, if the axial ~ Fig. 6.2. Free body diagram for the
load is the centrifugal force acting on the cross-  axial forces.

section of a spinning beam, this axial load will be applied at the center of mass of
the section, which might not coincide with its centroid.

Similarly, the right portion of fig. 6.3 depicts the transverse loads and bending
moments acting on an infinitesimal slice of the beam, but now focusing on plane
(21,23). Summing the forces along axis 73 gives the second transverse equilibrium
equation

avs
le

and summing the moments about the centroidal axis 7, leads to

= —p3(z1), (6.19)

dM,
dl’l

— V3 = —qa(x1) — z3ap1(21), (6.20)

where x3, defines the location at which the axial force p; acts on the cross-section.

The shear forces, V> and V3, can be eliminated from the equilibrium equations by
taking a derivative of egs. (6.20) and (6.18), then introducing egs. (6.19) and (6.17),
respectively, to yield the equilibrium equations

d? M. d
dx; = —ps(z1) — dixl[%apl(ml) + q2(21)], (6.21a)
d?M. d
T = Pean) + e (@) — as(a)) (6.21b)
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Fig. 6.3. Free body diagram for the transverse shear forces and bending moments. Left figure:
view of the (71, 72) plane; right figure: view of the (71,73) plane;

6.4 Governing equations

The governing equations for the beam transverse displacement field can be formu-
lated as second order differential equations by introducing eqs. (5.6) into the sec-
tional constitutive laws, egs. (6.12) to find

d2 d U3
H33—— dx 2 +H22 d = —My(z1),
6.22
d2 d Us ( )

H33d 2 —|—H23 d(pl = Mg(l‘l).

These differential equations can be used to solve for the beam transverse displace-
ment field when the bending moments, Ms(z1) and M35(z1), are known. For iso-
static problems, the bending moment distribution can be expressed in terms of the
externally applied loads based on equilibrium considerations alone.

For hyperstatic problems, another approach is necessary. Fourth order differential
equations are obtained by introducing the sectional constitutive laws, egs. (6.12),
into the equilibrium equations, eqs. (6.16), (6.21a), and (6.21b), and then using the
definition of the sectional strains, eq. (5.6), to find

d diq |
dey |Pdey |~ 6.23
dzy [del ] P1, ( a)
d2 c d2ﬂ2 ¢ d21_1,3 d
a2 |:H33dl‘2 + HQSﬁ_ =p2+ d—xl[mgapl —qs), (6.23b)
d2 d2 d2 b d
dx% |:H23 da? 2 + Hyp——5 a2 =p3+ — a2, [z3ap1 + ¢2]- (6.23¢)

These are second and fourth order, ordinary differential equations and their so-
lution requires specification of a number of boundary conditions on u1, @iz, and u3.
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Using the beam example shown in fig. 6.1, the boundary conditions at the root of the
beam are purely geometric,
diy _ dig

U1 = o = ug = 0, =

—2 = =0 6.24
dl’l d:cl ’ ( )

which correspond to zero displacements and slopes at the clamped end. At the tip of
the beam, the boundary conditions deal with the applied tip shear and axial loads,
and bending moments

N1 =P, M3 = Q3 —x2,P1, My = Qo +x3,P1, Vo =P, V3 =P;. (6.25)

These boundary conditions must now be expressed in terms of the displacement com-
ponents, 1, io, and %3. Introducing the sectional constitutive laws, eq. (6.12), into
eq. (6.25) and using the definition of the sectional strains, eq. (5.6), yields the bound-
ary conditions expressed in terms of displacements as
duy
S— =P,
dxl 1

dQ’UQ dzﬂg
HS HS S0 = Qs — 200 P,
33712 + Hys 422 Q3 — z2a P2

d?a, d%as

H +HS — Qo — 3, P, (6.26)
2 da? 2 a2
d dzﬂg d2ﬂ3
S 5 B S bl ) - S PSS,
day [ 33,2 + a3 dx%} y — [T2a1 — @3]L
d A%, d?as
= s g, S — Py (s, .
dzt [ 23742 + Hyy dxf} 3 — (23401 + @21

In summary, the governing equations of the problem are in the form of the three
coupled differential equations (6.23a), (6.23b), and (6.23c¢) for the three sectional dis-
placements w1, U2, and 4. The equations are second order in the axial displacement
11, and fourth order in the transverse displacements 9, and 3. There are ten asso-
ciated boundary conditions, five at each end of the beam, as specified in eqs (6.24)
and (6.26). Boundary conditions corresponding to various end configurations can be
easily derived, as described in section 5.5.4.

6.5 Decoupling the three-dimensional problem

The governing equations described in the previous section form a set of coupled dif-
ferential equations, and as such, are more difficult to solve than the bending problems
presented in chapter 5. The axial behavior, eq. (6.23a), is decoupled from the bend-
ing behavior governed by egs. (6.23b) and (6.23c¢), hence, these two problems can be
handled separately. The bending equations (6.23b) and (6.23c), however, are coupled
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and must be solved simultaneously. Stated in another way, the coupling between the
two bending equations means that loads applied along axis 72 will not only cause
deflection in that direction but can also produce deflection along axis 7.

The theory developed in the previous section requires the axis system to be cen-
troidal, that is that axis 7; passes through the centroid of the cross-section. Although
this choice decouples the axial behavior from bending, if an axial force is not ap-
plied at the centroid, it will contribute to the bending problem: see the terms x2,p1
and x3,p1, in eqs. (6.23b) and (6.23c), respectively. Similar contributions appear in
the boundary conditions.

An important case of axial forces not applied at the centroid is found in air vehi-
cles such as helicopters. The large centrifugal force generated by the rotation of the
blade is an axial force applied at the sectional center of mass, which is, in general,
distinct from its centroid. In such a case, p1(z1) is the distributed centrifugal force
applied on the blade, and (z2,, z3,) the coordinates of the sectional center of mass
in a centroidal axis system. If a non-centroidal axis system is chosen, the resulting
equations are considerably more complicated to solve, and in addition, the results are
harder to understand and interpret.

6.5.1 Definition of the principal axes of bending

The question to be raised in this section is whether the governing equations can
be further simplified by a judicious choice of the orientation of the centroidal axis
system. The coupling between displacement components 9 and 43 in eqs. (6.23b)
and (6.23c) arises from the presence of the cross bending stiffness coefficient, H35,
defined in eq. (6.9). This term can be made to vanish by an appropriate choice of the
orientation or rotation of axes 75 and 73, within the plane of the cross-section. The
principal centroidal axes of bending are defined as a set of axes with their origin at
the centroid of the section and for which

A

The actual procedure for determining the orientation of the principal centroidal
axes of bending is described in section 6.6. The result is a new axis system, Z* =
(75,73), that is rotated about the axis of the beam, 71, i.e., leaving the axis of the beam
unchanged, 7; = 7}. The notation (-)* will be used to indicate quantities resolved in
the new reference frame.

In this frame of reference, the constitutive laws for the cross-section, eq. (6.13),
take the following, fully decoupled form

€ =< k2= T5orr K3 = Trer- (6.28)
S Hg; Hgs
The corresponding axial stress distribution, eq. (6.3), becomes
* E 1 * 2 3 629
01 S* + 1'3 H25>2k To Hg; ) ( )

which is considerably simpler than eq. (6.14).
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6.5.2 Decoupled governing equations

The use of the principal centroidal axis of bending also simplifies the governing
equations of the problem, eqgs. (6.23a) to 6.23c, which now decouple into three inde-
pendent equations that describe the axial and bending behaviors of the beam. With
reference to the particular beam configuration illustrated in fig. 6.1, three indepen-
dent problems are now defined.

The axial problem

The axial problem is governed by eq. (6.23a), which now takes on the following form

d da*
SF—L| = —p*. 6.30
dxy { dsc’{] P ( )

For the problem shown in fig. 6.1, the boundary conditions are as follows: @] = 0 at
the root of the beam, whereas at its tip, S*da} /dz; = P;*. This extensional problem
is identical to that discussed in section 5.4. Note that S = S* since the axial stiffness
remains unaffected by a rotation of axes 2 and 7 about axis 7.

The first bending problem

The bending problem reduces to two independent equations. The first of these,
eq. (6.23b), takes the following form

d2 c*d2ﬂ* * d * % *
|:H33 dl’fg] = P2 + dz* [$2ap1 - Q3]7 (631)
1

*2
dxy

—k T

which describes bending in plane (27, 25). This differential equation is subject to the
following boundary conditions at the beam’s root 45 = 0 and daj/dz7 = 0 and at
its tip,

20k 20k
c*d Uo d |: c*d Uo

* * * * * ok *
—s =Q5 — x5, P - —s | = Py — 75,07 — q3]-
33 d$T2 3 2at 1> dCCT 33 d$>{2:| 2 [ 2at’1 3]

The second bending problem

Finally, eq. (6.23c) takes the following form

* [

* d * % *
dop? |22 dez] =p5+ 3,01 + @3 (6.32)

dzi

which describes bending in plane (71,73). The differential equation is subject to the
following boundary conditions at the beam’s root @5 = 0 and d@}/dz7 = 0 and at
its tip,
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2 7% 2%
c*d Usg d c*d Ug
22 dgy?

* * *
= —Q5 — z5, P, —
2 d:r*{2 2 a” 1> dxy

} = Py — [23,p] + @3]

Note that the two bending problems are identical problems written in the two
orthogonal planes defined by the principal centroidal axes of bending. Each bending
problem is identical to the bending problems discussed in section 5.5. It is clear that
the rotation of the axes to the principal directions takes place about axis 7;. Hence,
7] = 11, ] = 21, and @] = u;. The notational difference is made to emphasize
the fact that all quantities in the decoupled equations are resolved along the principal

centroidal axes of bending.

6.6 The principal centroidal axes of bending

Consider an arbitrary set of axes, Z = (2, 13),
with their origin at the centroid of the section,
as depicted in fig. 6.4. Next, a new set of axes,
I* = (u5,73), is defined by rotating the first set
of axes by an angle a. Let (z2, x3) and (x5, z3)
denote the coordinates of point P resolved in co-
ordinate systems Z and 7%, respectively.

Coordinate transformations are discussed in
appendix A.3.4, and the two sets of coordinates,
(w2, x3) and (x5, T3), are related by eq. (A.43).
The centroidal bending stiffnesses in system Z*
can be computed using eq. (6.8) to find

X %
Centroid X i,

Fig. 6.4. Rotation of the axes of the
cross-section.

H3; = / E (—m2sina + z3cosa)? dA,
A

Hz3 :/ E (z3cosa+ z3sina)? dA,
A

H3; = / E (zgcosa+ xgsina)(—zg sina + x3 cos a) d.A.
A

Expanding these expressions, and noting that centroidal axes are being used, gives

HSy = HS, cos® a + HSy sin? oo — 2HS, sin acos a, (6.33a)
H$ = HSysin? o + HS, cos® a + 2HE, sin a cos a, (6.33b)
HS; = (HS, — HS) sina cos a + HSs(cos? o — sin” ). (6.33¢)

With the help of basic double-angle trigonometric identities, these expressions can

be rewritten as
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Hj3, + H5;  Hj, — Hig

HS = 5 + 5 cos 2a — Hgs sin 20 (6.34a)
. HC HC HC _ HC

HSS = 22 _; 33 22 5 33 cos 20 + HS, sin 2¢y; (6.34b)
HS, — HS

H3; = + % sin 2a + Hg cos 2a. (6.34¢)

Note the very close similarity between these equations, expressing the relation-
ship between bending stiffnesses in two different coordinate system and eqs. (1.49)
expressing the relationship between stress components in two different coordinate
systems, or egs. (1.94) expressing the relationship between strain components in two
different coordinate systems. This is due to the fact that bending stiffnesses, stress
components, and strain components, all form second order tensors. The components
of second order tensors under an axis rotation all behave in the same manner, as
expressed by egs. (6.34), (1.49), or (1.94).

By definition (6.27), the principal centroidal axes of bending are such that H3§ =
0. Equation (6.34c¢) yields the following equation for the orientation of the principal
axes
2Hs,

tan2a* = ——=2 .
Hss — Hy,

(6.35)
This equation presents two solutions, o* and «* + 7/2, corresponding to two mutu-
ally orthogonal principal centroidal axes directions. The maximum bending is found
about one direction, and the minimum about the other. To define these orientations
unequivocally, it is convenient to separately define the sine and cosines of angle 2a*
as follows

c c c
H23 HSS _ H22
;

in2a* = d 2a* =
sin 2« and cos2a 5A

[ c 2
4&:¢<H“2Hﬁ)+wﬂgv. (6.37)

This result is equivalent to eq. (6.35), but it gives a unique solution for o because
both the sine and cosine of the angle are known. The minimum and maximum bend-
ing stiffnesses, denoted HS5 and HS;, respectively, act about the directions a* and
o* + /2, respectively. These minimum and maximum bending stiffnesses, called
principal centroidal bending stiffnesses, are evaluated by introducing the orientation
of the principal axes, eq. (6.36), into eqs. (6.34a) and (6.34b), to find

(6.36)

where

H, + H
_A; ng—ﬁg—§+A. (6.38)

2
In summary, the orientation of the principal centroidal axes of bending is ob-
tained according to the following procedure.
1. Compute the centroid of the section using the definition, eq. (6.11);
2. Compute the bending stiffnesses in this axis system using eqs. (6.8) and (6.9);
3. Compute the orientation of the principal axes of bending using eq. (6.36);
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4. Compute the principal bending stiffnesses using eq. (6.38).

It is interesting to note that the principal axes of bending are axes about which the
bending stiffnesses are extremal: minimum about 73, and maximum about 3. Indeed,
the bending stiffness is expressed in terms of a* in eq. (6.34a): the minimum value
of HS5(a*) occurs when its derivative with respect to o™ vanishes

dHc* Hc _ Hc
1 22 — =3 22 9gin2a* — Hs 2cos2a” = 0. (6.39)
«

This condition is identical to eq. (6.35). Similarly, the value of a* which maximizes
H$; (a*) is the same value determined by eq. (6.35). In summary, the principal axes
of bending are such that H5$ vanishes, and the corresponding bending stiffnesses are
extremal.

6.6.1 The bending stiffness ellipse

It is noted in the previous section that
bending stiffnesses, stress components,
and strain components, all form sec-
ond order tensors, and the compo-
nents of second order tensors under an
axis rotation all behave in the same
manner, as expressed by eqs. (6.34),
(1.49), or (1.94). Hence, it should not
come as a surprise that Mohr’s circle
representation of stress components,
as presented in section 1.3.6, or of
strain components, as presented in sec-
tion 1.6.4, can also be used to represent
the bending stiffness components.

Bending stiffness components, however, afford another representation that is
more informative than Mohr’s circle. Figure 6.5 shows the arbitrarily shaped cross-
section of a beam with its principal centroidal axes of bending, 75 and 73; point C is
located at the centroid of the cross-section. An ellipse, called the bending stiffness el-
lipse, with semi-axes /Hg5 and \/H$3 is constructed with its center at the centroid
of the section and its axes aligned with the principal centroidal axes of bending.

By construction, the equation of this ellipse is

Fig. 6.5. The bending stiffness ellipse of a
cross-section.

*2 *2
Hs3; — Hgs

=1. (6.40)

Consider now an arbitrary axis system, Z = (%2, 73), where 75 forms an angle « with
respect to axis 25. Let point A be located at the intersection of axis 72 with the bending
stiffness ellipse. The coordinates of point A are x5 = r cos aand x5 = r sin «, where
r is the length of segment CA. Since point A is on the bending stiffness ellipse, it
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follows that eq. (6.40) can be rewritten as r2(cos? o/ H$; + sin® o/ HS5) = 1, and
hence,
TZ Hc* (‘* _ H('*
HCSCOSQO[+HC3SIH Q HQCQ ’

where the last equality results from eq. (6.33a). A fundamental property of an ellipse
is that the product of the lengths of segments TE and CA equals the product of
the lengths of the semi-axes, i.e., r TE = |/H$ HS;. Introducing the value of r
computed above leads to

TE? = HS,. (6.41)

The interpretation of this result is as follows: the bending stiffness of the
cross-section about an arbitrary axis 7 equals the square of the distance between
this axis and the tangent to the bending stiffness ellipse that is parallel to 75. As axis
75 rotates around the centroid, the bending stiffness ellipse provides a convenient
visualization of the variation of the bending stiffness about this axis.

6.7 The neutral axis

If the cross-section of the beam is made of a homogeneous material, the axial stress
distribution varies linearly over the cross-section. Indeed, the axial stress distribution
described by eq. (6.14) is the equation of a plane with terms in 2, x3, and an in-
dependent term. The same observation can be made by considering the distribution
of axial stress expressed in principal centroidal axes of bending, see eq. (6.29). If
the material Young’s modulus is a function of position over the cross-section, i.e., if
E = E(x2,x3), as would be the case for a beam made of layered composite material,
the axial stress distribution over the cross-section is no longer linear.

For sections made of homogeneous material, three distinct types of the axial
stress distribution are possible over the cross-section.

1. If the axial force, N1, has a sufficiently large tensile (positive) value, the axial
stress is tensile over the entire cross-section.

2. If the axial force, N1, has a sufficiently large compressive (negative) value, the
axial stress is compressive over the entire cross-section.

3. If the axial force, N1, assumes an intermediate value or vanishes, the axial stress
will vanish along a straight line intersecting the boundaries of the cross-section;
the axial stress will be tensile on one side of this line and compressive on the
other. The locus of zero axial stress is a straight line called the neutral axis.

Figure 6.6 illustrates the concept of the neutral axis, which divides the cross-
section into two regions, one subjected to compressive stresses, the other to tensile
stresses. Along the neutral axis, the axial stress vanishes, while along lines parallel to
the neutral axis, the axial stress is constant. Consequently, axial stresses will increase
or decrease most rapidly when moving along the direction perpendicular to the neu-
tral axis: the maximum axial stress gradient direction is normal to the neutral axis. It
then follows that the extremal values of the axial stress are found at the points of the
cross-section that are at the largest perpendicular distance from the neutral axis, as
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i Extremal

i .
Neutral 3, Tension > stress point

axis (or compression)

Neutral
Extremal axIs
stress point

Extremal
stress point

Extremal

. stress point
Tension

(or compression)

Axial force is present No axial force present

Fig. 6.6. Neutral axis on a cross-section: left portion, axial force is preset, right portion, the
axial force vanishes. Along the red lines, the axial stresses remain constants.

illustrated in fig. 6.6. The neutral axis is an important concept that helps with visual-
izing the axial stress field over a cross-section subjected to axial forces and bending
moments. It also facilitates the determination of the locations of the extremal axial
stresses on the cross-section.

The neutral axis is a straight line, and its equation is readily found by imposing
the vanishing of the axial stress in eq. (6.14) to find

Ny | HgM,  HygM; — HgM, + HM;

5 e 3 e 2 =0. (6.42)

Clearly, this is the equation of a line in the plane of the cross-section for a given axial
force, N1, and bending moments, M> and Ms. The slope of this line is found as
r3  HizMy + HS5, M3

tanf = — = .
ﬂ o H§3M2 + H203M3

(6.43)

It is often convenient to work with the principal centroidal axes of bending. In that
case, the equation of the neutral axis is found by imposing the vanishing of the axial
stress in eq. (6.29) to find

NE oMy My

* + z ok T C* = 0 (644)
S ° H22 2 H33

The slope of the neutral axis is simply tan §* = x% /x5 = (H5s M3)/(HS5M).

As illustrated in fig. 6.6, when the axial force vanishes, the neutral axis passes
through the origin of the axis system, which coincides with the centroid of the sec-
tion.

Example 6.1. Relationship between the bending stiffness ellipse and the neutral
axis

Consider a cross-section of arbitrary shape subjected to a bending moment of mag-
nitude M, as depicted in fig. 6.7. Axes 7] and 73 are the principal centroidal axes
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of bending of the cross-section and the bending stiffness ellipse, as defined in sec-
tion 6.6.1, has also been drawn on the figure. The bending moment vector is oriented
at an angle v* with axis 75. Find the location of the neutral axis and of the maximum
axial stresses in the section.

Extremal i’
stress point A"

Extremal
stress point

Fig. 6.7. Cross-section subjected to a bending moment, M.

Since axes 77 and 75 are the principal centroidal axes of bending of the
cross-section, the distribution of axial stress is given by eq. (6.29) as o] /F =
xy My/HSy — x5 M3i/HSS. Clearly, My = M cosy* and M5 = M sinv*,
leading to the following distribution of axial stress, o /E = M (x% cosvy*/HS3 —
x5 sin~y*/H$3). The orientation of the neutral axis is

* .’L‘g 22 *
tan 8% = o e tany*.

This result implies that angles +* and §* are, in general, not equal. Two notable
exceptions exist: if v* = 0 or /2, 8* = 0 or 7/2, respectively. Because the selected
axes are principal centroidal axes of bending, v* = 0 or /2 implies that the bending
moment is applied about one of the principal centroidal axes of bending directions,
and its direction then coincides with that of the neutral axis. The other exception is
when HS55 = HS$3, in which case any axis system with its origin at the centroid is a
principal centroidal axis of bending system.

In summary, the direction of the neutral axis coincides with that of the applied
bending moment if and only if the applied bending moment acts about a principal
centroidal axes of bending direction.

The equation of the bending stiffness ellipse is given by eq. (6.40), and it is easy
to show that the equation of the tangent to the ellipse at one of its points, A, with
coordinates (24, T34), 1S 3224/ HSS + 5234/ HS3 = 1. Now, let points A and
B be the intersections of the normal to the moment vector with the bending stiffness
ellipse, as shown in fig. 6.7. The coordinates of point A become z24 = —AC sin v*
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and x34 = AC-cos~*, and the equation of the tangent to the ellipse at point A
becomes x5 siny*/H$3 + x5 cosv* /HS5 = 1/ AC. Clearly, the slope of this tangent
is

xy  Hgj

tan~y*.

The slope of this tangent is identical to that of the neutral axis. Hence, the neutral
axis is parallel to the tangent to the bending stiffness ellipse at point A.

The orientation of the neutral axis as the orientation of the applied bending mo-
ment vector changes is now easily visualized. First, let the direction of the applied
bending moment coincide with the principal direction 23, i.e., v* = 0. The neutral
axis is parallel to the tangent to the ellipse at points D or E, i.e., it coincides with
axis 75. Similarly, if the direction of the applied bending moment coincides with the
principal direction 73, the neutral axis coincides again with 73. If the bending stiffness
ellipse is very elongated, i.e., if HS5 > HS5, very rapid variations of the orientation
of the neutral axis must be expected because of the very rapid variation of the tangent
to the bending stiffness ellipse about points F or G.

Finally, as explained in section 6.7, the orientation of the neutral axis gives the
direction of the maximum axial stress gradient and the location of the maximum
axial stress in the cross-section, as illustrated in fig. 6.7.

Example 6.2. Maximum bending moments for rectangular section

Consider a solid rectangular section of width b and height h subjected to an axial
force, N1, and bending moments, M5 and M3, as depicted in fig. 6.8. If the material
has a yield strain ¢,, find the yield envelope for the section. In view of the symmetry
of the cross-section, the axes shown in fig. 6.8 are the principal centroidal axes of
bending.

A A A
B A M, _
el-1le
Neutral (1~ )
axis
/w - A
" y i (el-FED M,
- (&l - e
i = (e, - [E1])

C D
b

Fig. 6.8. Left figure: neutral axis for a rectangular section. Right figure: yield envelope for the
rectangular section under combined bending moment and axial force.

First, assume that no axial force is applied to the section and that the applied
bending moments give the neutral axis depicted in fig. 6.8. The extremal axial
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stresses will occur at the largest normal distance from the neutral axis, i.e., at the
corners of the section, points B and D. Note that for 0 < 5* < 7/2, points B and D
remain the locations of the extremal stresses. On the other hand, for —7/2 < 5* < 0,
the extremal axial stresses will occur at the other two corners of the section, points
A and C. Note that 5* = 0 or 8* = 7/2 are special cases: the extremal stresses
are found along edge AB and CD or BC and DA, respectively. If an axial force
is present, a uniform axial stress is added to the axial stress distribution due to the
bending moments, but this does not affect the location of the extremal axial stresses.
Clearly, yielding will initiate at one of the four corner points A, B, C, or D.

In view of eq. (6.29), the non-dimensional axial stress distribution can be written
as

op N1 My Ms;
-5 Tm, T HL
N hMsy 2x bMs3 2x _ _
:?1+2H§22 Tg_ﬁf: 1+ MaZs = Mso,

where My = hM,/(2HS,) and M3 = bM3/(2HS;) are the non-dimensional bend-
ing moment, and Ty = 225 /b and T3 = 223 /h the non-dimensional coordinates.

The yield criterion is 01/E = ¢,, which must be applied at points A, B, C, and
D, because the extremal stresses occur at those locations. These four yield conditions
are summarized as

My — Ms| = ley| — @], |Ma+ Ms| = |ey| — [1].

These conditions correspond to four line segments in the bending moment plane
(M, M3) that define the diamond-shaped zone shown in fig. 6.8. The inside of the
diamond corresponds to safe loading conditions, and the material starts to yield for
loading conditions falling on the edges of the diamond. As the axial force and hence,
axial strain increases, the size of the diamond shrinks, which indicates that smaller
bending moments can be applied. When €; = ¢,, the material yields under the axial
force alone, and no bending moments can be applied.

6.8 Evaluation of sectional stiffnesses

The determination of the orientation of the principal centroidal axes of bending re-
quires the computation of sectional stiffnesses. This section presents a number of
tools that will ease this task.

6.8.1 The parallel axis theorem

The bending stiffness of a section are sometimes to be computed with respect to two
axis systems that are parallel to each other, but have a different origin, as illustrated
in fig. 6.9. The bending stiffnesses of the section with respect to axes 72 and 75 will
be denoted Hao and HS,, respectively; HS, is called the centroidal bending stiffness.
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The parallel axis theorem relates the distinct bending stiffnesses computed with re-
spect to parallel axes, one of them centroidal. Let d3 be the distance between the
parallel axes, 72 and 75.

Bending stiffness Hoo is given by eq. (6.8) as

H22 = / F (dg + ng)Q dA,
A

where 2§ is the coordinate of a point of the section measured in the centroidal system,
(5, 75). Expanding this result then leads to

Hyp = d3 [/AEdA]+2d3 UAExgdA]+VAE(x§)2dA}

The first bracketed term is the axial stiffness of the section, S, see eq. (6.5); the
second bracketed term vanishes because axis 75 is centroidal, see eq. (6.5); finally,
the last bracketed term is the centroidal bending stiffness defined by eq. (6.8). Hence,
the result simplifies to Hoy = Sd2 + HS,. A similar process can be applied to the
bending stiffness Hs3 and cross bending stiffness Ho3 to find

Hyy = HS, + Sd3;  Hsz = HSy + Sd3; (6.45)

and
Hys = H55 + Sdads. (6.46)

Because the second term on the right hand side of eqs. (6.45), called the “trans-
port term,” is strictly positive, it follows that Hyy > HS, and Hsz > H$s, thatis, the
bending stiffness always increases when moving away from the centroid. In other
words, the minimum bending stiffness is obtained when computed with respect to
the centroid. On the other hand, the second term on the hand side of eq. (6.46) can be
positive or negative: cross bending stiffnesses can increase or decrease when moving
away from the centroid.

Fig. 6.9. Parallel axes. Fig. 6.10. Thin-walled rectangular section.
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6.8.2 Thin-walled sections

Many beam sections involved aerospace structures are thin-walled sections, and this
fact simplifies the evaluation of the bending stiffnesses. Consider the homogeneous,
thin-walled rectangular box beam shown in fig. 6.10. Due to the symmetry of the
section, the axes indicated on the figure are principal centroidal axes of bending. The
inner and outer heights are h; and h,,, respectively, whereas the inner and outer width
are b; and b,, respectively. The thickness of the flange, ¢;, and web, %,,, are written
asty = (ho — hi)/2 and t,, = (b, — b;)/2, respectively. The height, h, and width,
b, of the section, as measured from mid-wall lines are now h = (h, + h;)/2 and
b= (bo +bi)/2.

These dimensions are the average height and width of the section. The bending
stiffness of the section with respect to axis 73 can be computed by subtracting the
bending stiffness of the inner rectangular area from that of the outer rectangular area

to find b1 bas
H22:E(12 - 12)’

where F is the material Young’s modulus. This expression can be rewritten in terms
of the average dimensions and wall thicknesses by noting that b, = b + t,,, b; =
b—tw, ho =h+1ts,and h; = h —tf,to find

(6.47)

H3, = % [(b4tw)(h+1ts)* — (b—ty)(h—t5)*]. (6.48)

Expanding the cubic power and regrouping terms then yields

1o Ll i vopdt, 143 (Y 6.49)
3\ w W) @

If the wall thickness is small, i.e., t; /h < 1, this term is negligible compared to
unity, and the bending stiffness reduces to

3 2
pluh + 20ty <h) ] . (6.50)

E
Hiy = 15 {thztf

HS ~ F
22 12 2

The first term represents the bending stiffnesses of the left and right webs, computed
with the average height h, whereas the last term gives the contribution of the top and
bottom flanges using their average width b.

To better understand the meanings of these terms, consider the calculation of
HS§, directly from the individual components of the section. First, compute bending
stiffness of the left and right webs about their centroids: t,,h/12 for each web.
Next the contributions of the flanges are added: (bt?} /12 + bt £h? /4) for each flange;
the first term represents the bending stiffness of the flange with respect to its own
centroid, and the second term is the transport term according to the parallel axis
theorem, eq. (6.45). Adding up the contributions of the various components yields
the bending stiffness of the section as
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twh? bt} h\>
27 2 == +0bts | = .
2 ( o T (2)
If the wall thicknesses satisfy the thin-wall assumption, i.e., ¢ f/ h < 1, terms con-
taining higher powers of the wall thickness can be ignored, and the result is identical

to that shown in eq. (6.50) above. A similar reasoning can be used to evaluate the
bending stiffness, H3s.

HS, =F

6.8.3 Triangular area equivalence method

Consider the homogeneous triangular area depicted in fig. 6.11. It can be shown that
all area moment calculations can be performed based on lumping the area of the
triangle, A, at three points located at the midpoint of each side of the triangle. In
other words, the triangular area is replaced by three concentrated areas, each of area
A/3, located at the midpoint of each side of the triangle, as illustrated on the figure.
The area moment are evaluated based on these lumped areas to find

.A 3 A 3 .A 3
IQQ = § Zl’?gﬂ, 133 = g ZZL’%“ 123 = g Zx%w&'- (651)
i=1 i=1 i=1

Rectangular Thin-walled

A- area area
S Al6
Xp l———
XZS A/3
Xy ﬁ\/ 7 A/6 [:> 2A/3
A/3
i, A/6 .
X3 Xi Xy > >12

Fig. 6.11. Triangular area equivalent lumped  Fig. 6.12. Rectangular area equivalent
areas. lumped areas.

An important special case is the rectangular area which, as shown in fig. 6.12,
can be decomposed into two triangular areas, each with one-half of the area of the
rectangle. This yields an equivalent lumped model for the rectangle with lumped
areas at the midpoints of each of its sides and a fifth at its center. A very useful
result is obtained by letting the width of the rectangle decrease to a vanishingly small
value while retaining the height and area (in other words, the thin-wall assumption).
This case is shown on the right side of fig. 6.12. Now, the representation collapses
to a one-dimensional line with lumped areas of .A/6 at each end and 2.4/3 at the
midpoint. This is a particularly useful representation for computing the centroids,
area moments and bending stiffnesses for thin-walled sections.
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6.8.4 Useful results
Thin rectangular strip

The left portion of fig. 6.13 shows a thin rectangular strip of thickness ¢ and height
h where t < h. The centroid of this strip is located at distances dy and d3 from axes
23 and 7, respectively. The bending stiffnesses of this strip are approximated as

th?
Hyy = F (12 + htd§> , Hss = FE htd%, Hs3 = E htdyds. (6.52)

These results are obtained by first computing the bending stiffness in the principal
centroidal axes of the thin strip, then using the parallel axis theorem to translate
the bending stiffnesses to the required axis. Terms containing higher powers of the
thickness are neglected.

Rotated thin rectangular strip

Similar results can be obtained for the same rectangular strip rotated of an angle, «,
with respect to the 25 axis shown in the right portion fig. 6.13

3

th s 2 2 th?’ 2 2
H22 = E ﬁsm Oé+h,td3 s H33 :E ECOS Oé+htd2 s

th? th? 6.53)
Hos=F (12 sin o« cos o + htdgdg,) =F <24 sin 2ar + htdeg) .

A e Al t)} \a
h ZaDN
%
Z h

: d,; .
i, i

>2

Fig. 6.13. A thin rectangular strip.

Example 6.3. Bending stiffness of a trapezoidal section - Approach 1

Consider the trapezoidal section shown on the left in fig. 6.14. Because axis 23 is an
axis of symmetry of the section, the centroid of the section is located along axis, i.e.,
x3. = 0, and axis 73 is a principal centroidal axis of bending. Using egs. (6.52) and
(6.53), the centroidal bending stiffness about axis 75 becomes

2 3 2 3 3
Hs, = | 1h21) It f;) +2%sin2a+2tﬂ(w)2 . (654
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where ¢ = [b?> + (ho — h1)?]'/? is the length of the upper and lower flanges. The
first two terms represent the contribution of the two webs evaluated with the help of
eq. (6.52), whereas the last two terms give the contribution of the flanges obtained
from eq. (6.53). It is clear that sinaw = (he — hy)/{, and after simplification, the
bending stiffness becomes

2Ft

Hgy = =~ (1} + B3 + €(hT + h3 + hihs)] . (6.55)
The bending stiffness about axis 73 can be evaluated in a similar fashion. Note
that the location of the centroid, xo., must be calculated first, because this quantity

is required to evaluated H ;.

Example 6.4. Bending stiffness of a trapezoidal section - Approach 2

The problem treated in the previous examples can also be approached using the tri-
angle area equivalence method depicted in the right part of fig. 6.12. Specifically,
each straight segment of the cross-section is represented by three lumped areas lo-
cated at the ends and midpoint of each segment. Figure 6.14 shows the thin-walled
trapezoidal section and its lumped equivalent. Using the lumped areas, it follows that
a calculation of H§, will require areas A1, As, As, As, Ag, Az; areas A4 and Ag
are at a vanishing distance from axis 72 and hence, do not appear in the computation
of the bending stiffness HS,. The other areas are A; = A7 = 1/6 (2hot + (t),
Ay = Ag =2/3 0t and A3 = A5 = 1/6 (2h1t + £t), leading to

h1+ ha
2

1 2 1
HS, = 2E 6(2h1t + 0t)h? + gﬁt( 2+ g(%?t +et)n3|,

Et
= [2h3 + 2h3 + £(hT + h3) + £(hy + h2)?]

0Bt . .
= [P+ RS+ + 05 + hha)]

which is identical to eq. (6.55).

Yo

A :

A0
AT A

Fig. 6.14. Trapezoidal thin-walled section and lumped representation.
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Example 6.5. Principal centroidal axes of an “L” shaped section

Consider the thin-walled, “L” shaped cross-section of a beam made of a homoge-
neous material of Young modulus F, as shown in fig. 6.15. Letb =0.25m, h = 0.1
m, and ¢ = 2.3 mm. For convenience, a set of axes (72, 23) is defined, which is aligned
with the flanges and has its origin at their intersection, point A; clearly, this axis sys-
tem is not centroidal. The axial stiffness of the section is S = E¢(b + h) and the lo-
cation of the centroid is then computed using eqs. (6.11), to find w5, = b?/[2(b+ h)]
and z3. = h?/[2(b + h)]. A set of centroidal axes (75,175) parallel to the flanges are
shown in fig. 6.15.

I, '4 L
¢ Centroid .
h (X X5 i,
_____ _ >
------- *il : l > v
Al b

Fig. 6.15. Thin-walled, L shaped cross-section.

Next, the centroidal bending stiffnesses are computed with the help of the parallel
axis theorem, eq. (6.45), as

th? h 2 1 Ewm? 3h
—i—ht(—xgc) +btad, | = [1—4( }

Hpn=E|3 2 3 b+ h)

and

Hzz = E

th° b 2 1 EBuw? 3b
A ht 2, | = 1- .
2t <2 2 ) e 3 [ b+ h)}

Although the centroidal axes (25,75) are convenient to use because they are par-
allel to the flanges, they are not principal axes. Indeed, the cross bending stiffness,
computed based on the parallel axis theorem, eq. (6.46), is

. h b Eth*h?
H23 = Eth T2c |:— (2 - x35>:| + Etb |:— (2 - .’1725>:| T3c = —m

Using the numbers given above, the bending stiffnesses are evaluated as

HS H HS
% =0.655 x 10~ °m?, % =6.04 x 10 %m?, % = —1.12 x 10~ %m*.

The orientation of the principal centroidal axes then follows from egs. (6.36)

HS HS, — HS
sin 2a* = f = —0.3826; cos2a* = % = 0.9239. (6.56)
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where A/E = \/(HS$; — HS,)2/4 + (HS;)? = 2.917 x 10~° m*. Angle 20" is in
the fourth quadrant, and hence, a* = —11.25 deg. Finally, the principal centroidal
bending stiffness are evaluated based on eq. (6.38) to find HS; /E = 432.8 x 10~°
m* and HS; /E = 5.940 x 10~% m*. The bending stiffness is minimum with respect
to axis 75 and maximum with respect to axis 73°.

6.8.5 Problems

Problem 6.1. Various questions on three-dimensional beam theory
(1) For a particular cross-section, the centroidal bending stiffnesses have been computed as
HS,, HSs, and Hgs. Next, the bending stiffnesses are computed about a set of parallel axes
with their origin at an arbitrary point D and found to be HS,, HS;, and Hg. Is it possible to
find a point D such that HY < HS,? Why? (2) For a particular cross-section, the centroidal
bending stiffnesses have been computed as Hs,, H3s, and Hss. Next, the bending stiffnesses
are computed about a set of parallel axes with their origin at an arbitrary point D and found
to be HY, HE, and HE. Is it possible to find a point D such that HS; < HS3? Why? (3)
Consider a uniform cantilevered beam subjected to a uniform transverse loading distribution
pon, where 7 is a unit vector perpendicular to the axis of the beam, ;. Under what condition
will the transverse deflection of the beam be oriented in the direction of #? (4) For a particular
cross-section, the principal centroidal bending stiffnesses have been computed as H35 and
53, H55 < HS$3. Next, the bending stiffnesses are computed about a set of non-principal
axes, 72, 73 where axis 7 is at an arbitrary angle o with respect to 75, and found to be H3,,
HSs, and H3s. Is it possible to find an angle « such that H5, < H35. Why? (5) A uniform
cantilevered beam is subjected to a tip axial force. The beam is made of a homogeneous
material. Under what condition will the strain distribution over the cross-section be uniform?

Problem 6.2. Acxial stresses in a circular cross-section

Consider a solid circular section of radius R subjected to an axial force, /N1, and bending
moments, M> and M3. If the material has a yield strain €,, find the yield envelope for the
section.

Problem 6.3. Three-dimensional bema theory

In section 5.6, the governing equations for a beam subjected to combined axial and trans-
verse loads were developed. The origin of the axis system was located at an arbitrary point,
i.e., it was not coincident with the centroid of the cross-section. (/) Generalize the displace-
ment field given by eq. (5.73) to accommodate general, three-dimensional deformations. (2)
Find the corresponding strain field. (3) Develop the sectional constitutive laws. (4) Derive the
equilibrium equations of the problem. (5) For the problem depicted in fig. 6.1, provide the
governing equations and associated boundary conditions. (6) Clearly defined all the sectional
stiffness coefficients appearing in your developments.

Problem 6.4. Principal axes of bending of a *“Z’’ section

A beam made of a homogeneous material features the “Z” cross-section depicted in fig. 6.16.
(1) Find the location of the centroid. (2) Find the bending stiffnesses in a coordinate system
parallel to that shown on the figure, but with its origin at the centroid. (3) Find the orientation
of the principal axes of bending. (4) Find the principal centroidal bending stiffnesses, Hs5,
Hs3. Use a/t = 10.
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Fig. 6.16. “Z” shaped cross-section of a Fig. 6.17. Thin rectangular cross-section.

beam.

Problem 6.5. Neutral axis of a “Z’ section
A beam made of a homogeneous material features the “Z” cross-section depicted in fig. 6.16.
If a bending moment M5 is applied to the section, find the equation of the neutral axis.

Problem 6.6. Stresses in a thin-walled rectangular cross-section

A beam made of a homogeneous material features the thin-walled rectangular cross-section
depicted in fig. 6.17, with h/t = 12. A bending moment M is applied to the section and its
axis is oriented at an angle v with respect to axis 2. (/) Compute the axial stresses at points
A and B. (2) On one graph, plot the non-dimensional stresses at points A and B, denoted
oM () /oM (v = 0) and 0P () /0P (v = 0), respectively, for v € [0,7/2]. (3) Let
oy be the yield stress for the material. Plot the non-dimensional maximum bending moment
the section can carry, 6 Mmax/(th?c,), as a function of v € [—7/2, 7/2]. Comment on your
results.

6.9 Summary of three-dimensional beam theory

Solving a three-dimensional beam problem involves determining the three compo-
nents of displacement field of the beam, 1 (x1), u2(x1), and us(z1) and the axial
stress distribution, oy (21, x2, ©3), over the cross-section.

A solution for the displacement field can be developed by following either of two
equivalent approaches described below.

O Deflection calculation: approach 1
1. Compute the location of the centroid using eq. (6.11).
2. Select a set of axes Z = (71,72, 73), for which the 7; axis lies along the sec-
tional centroids and project all applied loads along these axes.
Compute the sectional stiffness coefficients egs. (6.5), (6.8), and (6.9).
4. Solve the axial problem (6.23a) and the two coupled bending differential
equations (6.23b) to 6.23c, subjected to the boundary conditions (6.24) and
(6.26).
O Deflection calculation: approach 2
1. Compute the location of the centroid using eq. (6.11).

w
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2. Compute the orientation of the principal centroidal axes of bending 7* =
(7,75,75), and the principal bending stiffnesses according to the procedure
described in section 6.6.

3. Project all applied load along the principal centroidal axes of bending.

4. Solve the axial problem (6.30) and two uncoupled bending problems (6.31)

and (6.32), subjected to the appropriate boundary conditions.

The two approaches will give identical results. The unknowns of the problem in
the first approach are the displacement components 1, U2, and 3 along an arbitrary
set of centroidal axes, whereas the displacement components %], @5, and 45 along
the principal centroidal axes of bending are the unknown of the second approach. The
solution of the axial and two coupled differential equations of the first approach is,
in general, quite difficult to obtain. In the second approach, additional work, namely
the computation of the principal axes of bending orientation, is initially required. The
solution phase then reduces to solving three decoupled differential equations.

Once the axial force and bending moment distributions are evaluated, the axial
stress distribution is easily obtained. It is also possible to carry out the stress cal-
culation using either the original centroidal axes or the principal centroidal axes of
bending.

O Axial stress calculation: approach 1

1. Compute the location of the centroid using eq. (6.11).

2. Select an axis system set of axes Z = (71, %2,7%3), for which the 7; axis lies
along the section centroids and project all applied loads along these axes.
Compute the sectional stiffness coefficients egs. (6.5), (6.8), and (6.9).

4. Determine the bending moments, Ms(x1) and M;3(x1), at a particular axial

location, x1, and use either eq. (6.15) or (6.14) to compute the axial stress,
o1 at any location on the cross-section.
O Axial stress calculation: approach 2

1. Compute the location of the centroid using eq. (6.11).

2. Compute the orientation of the principal centroidal axes of bending 7* =
(7,75,75), and the principal bending stiffnesses according to the procedure
described in section 6.6.

3. Project all applied load along the principal centroidal axes of bending.

4. Determine the bending moments, M5 (x1) and M3 (x1), at a particular axial
location, 1, and use eq. (6.29) to compute the axial stress, o1 at any location
on the cross-section.

w

If the geometry of the cross-section is more easily expressed in axis system Z,
approach 1will be more expeditious.

To demonstrate the use of these approaches for three-dimensional beams, a sim-
ple problem will be solved using both approaches, and the results will be shown to
be identical.

Example 6.6. Bending of a Z section - Approach 1
Consider a thin-walled cantilevered beam subjected to a uniform transverse load, pg,
as depicted in fig. 6.18. The beam is clamped at the root and is unrestrained at the
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tip. The beam is thin walled, i.e., t/a < 1, and its “Z” shaped cross-section is made
of a homogeneous material with a Young’s modulus E. In approach 1, the solution
will be developed in the axes aligned with the cross-section.

Fig. 6.18. Thin-walled cantilevered beam under a uniform transverse load.

Displacement calculations

A centroidal axis system is used with axis 73 aligned vertically as shown in fig. 6.18.
This axis system makes it easy to locate different points on the cross-section. The first
step is to compute the location of the centroid using eq. (6.11). Since the material is
homogeneous, the location of the centroid is identical to that of the center of mass of
the section and is located on the vertical web, midway between the upper and lower
flanges. Axis system Z = (71,72, 23) is located at the centroid, as shown in fig. 6.18.
The next step is to compute the various sectional stiffnesses. The axial stiffness is
computed first using eq. (6.5) to find S = E [at 4 2at + at] = 4atE. The bending
stiffnesses are computed from eq. (6.8)

t3 t(2a)3 t3 8a’tE
H§2:E[(a+ata2)+ (2a) +<a+ata2>}% a ;

12 12 12 3
ta3 a? 2a(t)3 ta? a? 2a3tE
G =B | +a ™ Lratl )|~
38 [(12+a 4)+ 12 +<12+“ 4)} 3

where the thin wall approximation, t/a < 1, is used to simplify the results. Finally,
the cross bending stiffness is obtained from eq. (6.9),
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) (a)} = a’tE.

a

HY = E [at (—g) (—a) + 2at(0)(0) + at (2

Although the selected centroidal axis system conveniently describes the geometry
of the problem, it does not coincide with the principal axes of bending, which are
characterized by a vanishing cross bending stiffness.

The fourth step of this approach is the solution of the governing equations. The
axial and two bending governing equations can be written as
d2’a1 d4ﬂ2

- = O HC _ & HC el
da? ’ 3 dat + s dxt

d4a3 ¢ d4122 c d4ﬂ3
=0, HQ?’Tx‘{ + Hézdile;

S = Po-

The boundary conditions at the root are purely geometric and are given by egs. (6.24),
which specify that the axial displacement and the transverse displacements and
slopes must all vanish.

The boundary conditions at the tip are a bit more complicated. Since no axial
force is applied, the axial boundary condition at the tip requires N; = 0 or N; =
Sdiy /dzy = 0, which implies d@; /dz; = 0 at ;1 = L. Similarly, at the tip of the
beam, the two bending moments must vanish, Ms(L) = M3(L) = 0, and hence

) dzﬂg ) d2ﬂ3 ) dQ’ELQ , d2ﬂ3
HSe—— + Hjy—— = |HSs——= + HSa—— =0.
e 22dz%]m1_L i+ et

Finally, the shear forces must also vanish at the beam’s tip, Vo(L) = V3(L) = 0,
leading to

d3ﬂ2 d3ﬂ3 d3ﬂ2 d3ﬂ3
—Hg, — Hj, = |Hg3—— + HSy—— =0.
- -] - | e

The axial equation is decoupled from the two bending equations. Its solution for
homogeneous boundary conditions is the trivial solution, %; = 0, which means that
there is no axial displacement of the beam’s centroid.

The two bending equations are coupled, but a simple algebraic manipulation
yields two uncoupled equations for this problem

d4’l7,2 _ H203p0 _ 9p0
dx} H$,HSy — HS,HS, Ta3tE’
d*a; Hgspo 6po

de{ ~ HS,HS, — HS;HSy  Ta3tE’
The boundary conditions can be decoupled in a similar manner to yield us, =
dﬂg/dl‘l = 0and uz = dﬂ3/d$1 =0, at x; = 0 and dﬂ%/dl‘% = dag’/dx‘;’ =0
and du3/dz? = du3/dz? = 0 atz; = L. Solving these two decoupled, fourth order
differential equations gives the solution of the problem

_ 3p0L4
56a3tF

s (1) = (n* —4n* +6n°) (6.57)
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dy(r1) = oo oL” (n* — 40’ +60°) (6.58)

28a3tE
where 7 = x1/L is the non-dimensional variable along the beam’s span. The dis-
placements at the tip of the beam are @y? = —9/56 poL*/(a*tE) and uy? =

6/56 poL*/(a3tE).

Bending stress calculation

The axial stress due to bending, 01, can be computed from eqs. (6.14) or (6.15), but
eq. (6.14) is preferable because the coordinates of a point on the section, (z2, z3),
explicitly appear in this equation. For this problem, the stress resultants are obtained
from equilibrium considerations as My = poL?(1 —1)?/2, N; = 0 and M3 = 0,
and hence,

E

01(1), 22, 3) = ez [~ @2 HasMa () + 23 H33 Mo ()]
22433 23°423
9E 2
:W —29(a®tE) + x3 <3a3tE>} Ms(n)
3 p0L2 2
:77a3t(73x2 + 2x3) (1—m)=.

A number of conclusions can be drawn from this result.

1. Axial stresses vary along the span of the beam because they depend on 7.
Stresses are maximum where M (7)) is a maximum, i.e., at the root of the beam.

2. For this loading case, it is possible to define the neutral axis of the section. Set-
ting o7 = 0, yields the equation for the neutral axis: —3x2 + 2z3 = 0. The
neutral axis is a line in the plane of the cross-section that makes a 56° angle with
axis 72. Axial stresses are positive on one side of this axis and negative on the
other.

3. Axial stresses vary over the cross-section of the beam, i.e., they depend on x5
and x3. At any given span-wise location, extremum axial stresses are found in
non-dimensional form at points A (z3 = a,x3 = a) or B (z2 = 0,23 = a), see
fig. 6.18:

a%A)a2t 3 agB)a% 6

Mg(xl) __?7 M2($1) 7

The maximum magnitude is found at point B.

Example 6.7. Bending of a Z section - approach 2
In this example, the same problem treated in the previous example will be solved in
the principal axes.
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Displacement calculation

The first step of this second approach is once again the computation of the location of
the centroid using eq. (6.11); it is located on the web, midway between the flanges.
The next step is computation of the orientation of the principal centroidal axes of
bending. Equation (6.36) yields

a3tk 1 " a’tE 1
——=—, C0s20 = ———Fx=——2.
a3tEV2 V2 a3tEV2 V2
Thus, the principal axis of bending 77 is oriented at an angle a* = 67.5° with respect

to axis 72, as shown in fig. 6.19. The principal centroidal bending stiffnesses are found
from eq. (6.38)

sin 2o =

3B
HS = 5“3 —a’tEV?2 = <§ - \/5) a’tE, H$; = (2 + \/§> a*tE.

P, =
p,sin 67.5°

Nar=675"
A_> Ps =

s = p,cos 67.5°

Fig. 6.19. The principal axes of bending for the thin walled section.

The applied load is now projected along the directions of the principal axes of
bending to find
Py = posin67.5°,  p5 = pgcos67.5°.

The last step consists of the solution of three independent problems. As in the first
approach, the extensional problem yields %] = 0. The two decoupled bending prob-
lems are

d4asb d*u

C* 2 : o cx 3 o
35— = Posin67.5°, —— = Ppocos67.5°.
33 de4 Po 22 dx“{‘* Po

subjected to the following boundary conditions at the root 45 = duj/dz} = 0,
a4 = duj/dzt = 0 and at the tip d?a}/dz}? = d3us/day® = 0, d?aj/dei? =
d3u3/dx3® = 0. The solution of these two decoupled equations is:

x posin67.5° L*
uy(n) = Ty (n* —4n® + 6n%) , (6.59)
33

. cos 67.5° L*
uz(n) = poHiggﬂ (774 — 4773 + 6772) . (6.60)
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The corresponding non-dimensional deflections at the tip of the beam become

U3ip@*tE sin67.5° 00375 W@ tE o8 67.5°
polt 8(5/3+v2) T polt 8(5/3-2)

To compare the results obtained with approaches 1 and 2, their respective predic-
tions must be expressed in the same axis system. Displacement components % and
ug obtained with approach 1 and given by egs. (6.57) and (6.58), respectively, are
the displacement components of along axes 72 and 73, respectively, whereas the dis-
placements components %3 and %3 obtained with approach 2 and given by eqs. (6.59)
and (6.60), respectively, are the displacement components along the principal cen-
troidal axes of bending 75 and 73, respectively. These two results describe identical
displacements of the beam. Indeed, fig. 6.19 shows that the two sets of displacement
are related through the following transformations: 45 = %y cos 67.5° + 3 sin 67.5°
and 43 = —Ugsin67.5° + @3 cos 67.5°. Using these equations to compute the non-
dimensional tip displacements yields

= 0.1895.

ok 3

Usyipa”t B 9 o, B o) _
7]?0L4 = 56 cos 67.5° + 7% sin67.5° | = 0.0375,
— % 3

U‘Stipa tE 9 . o 3 o

pOT = % sin67.5 + % cos67.5 = 018957

which agree exactly with the above results.

Bending stress calculation

The axial stress due to bending, o7, is now computed using eq. (6.29) where N{ = 0.
The bending moment components, M3 and M, about axes 75 an 75, respectively,
are related to their counterparts, M5 and M3, about axes 2o and 3, respectively,
as M5 (n) = Ma(n)cos67.5° and M3 (n) = —Ma(n)sin67.5°. The axial stress
distribution becomes

ofat?
My

cos 67.5° e sin 67.5°
T .
(5/3=v2)  “?(5/3+72)

To reconcile these results with those obtained with approach 1, it is necessary
to perform a coordinate transformation between the coordinate x5 and x3 of a point
on the cross-section expressed in the principal centroidal axes of bending, 7% =
(75,73), to the counterparts in coordinate system Z = (72,73): ¢35 = 2 cos 67.5° +
3sin67.5° and x5 = —x2sin67.5° + 3 cos 67.5°.

For instance, at point A, x2 = a,x3 = a, and the axial stress becomes

_ *

oiAa®t  [(cos67.5° + sin67.5°) sin 67.5°

Ms(n) 5/3+/2
(—sin67.5° 4 cos 67.5°) cos 67.5°
+
5/3 -2

= —0.43.
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Similarly, at point B, zo = 0, x5 = a, and the axial stress follows as
otBa’t sin? 67.5° n cos? 67.5°
M, 5/3+V2  5/3-V2

As expected, these results are identical to those obtained using approach 1.

= 0.86.

6.9.1 Discussion of the results

Although the applied load acts in the 73 direction only, the beam displaces along
both axes 13 and 5. In fact, the tip displacement component along axis 7, is larger
than that along axis 73. This is due to the fact that bending in planes (z1,%2) and
(21,3) is coupled, as expressed by the coupled governing equations (6.23a), (6.23b),
and (6.23c¢).

This behavior is more easily understood when considering the results of the sec-
ond approach expressed in the principal centroidal axes of bending. Indeed, the bend-
ing behavior of the beam along the principal axes of bending is decoupled. This
means that load p3, applied along axis 25, produces a displacement along axis 75
only. Similarly, load p3, applied along axis 73, produces a displacement along axis
73 only. The displacement along axis 73 is fairly small because the bending stiffness,

3, that characterizes bending about axis 73 is maximum. On the other hand, the
displacement along axis 73 is large because the bending stiffness, H33, that char-
acterizes bending about axis 75 is minimum. The resulting displacement, %3, when
resolved along the axes 7 and 23, has the expected upward component, together with
a leftward component. This explains the negative sign of the %5 in eq. (6.57).

6.10 Problems

Problem 6.7. Sectional bending stiffness

Consider the solid cross-section depicted in fig. 6.20. (1) Determine the location of the cen-
troidal of the section. (2) Compute the sectional centroidal bending stiffnesses. (3) Determine
the orientation of the principal centroidal axes of bending. (4) Compute the principal centroidal
bending stiffnesses.

Problem 6.8. Beam with and “L’’ shaped cross-section

The “L” shaped cross-section beam shown in fig. 6.21 is subjected to a bending moment of
magnitude My, which is acting in the direction indicated in the figure. Create and use a spread-
sheet to accomplish the following tasks. Make your spreadsheet general so that different di-
mensions can be entered into the spreadsheet along with different values for the load and its
orientation. The spreadsheet outputs should be in clearly labeled cells. (/) Determine the cen-
troid location. (2) Determine the axial and bending stiffnesses in the centroidal axis system
Z°¢ = (75,73) indicated on the figure. (3) Using this axis system, compute the orientation of
the neutral axis and compute magnitude and location of the maximum axial stress, |o1"*|. (4)
Find the orientation of the principal centroidal axes of bending, Z* = (75,75%). (5) Using
these axes, determine the magnitude and location of the maximum axial stress. Verify that this
is the same result as in step 3. Use the following data: A = 150 mm, b = 100 mm, ¢;, = 10
mm, t, = 14 mm, 8 = 30 degrees, and M; = 10 kN-m.
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Fig. 6.20. Double-rectangular section. Fig. 6.21. “L” shaped cross-section.

Problem 6.9. Beam with “C” shaped cross-section

The “C” shaped cross-section beam shown in fig. 6.22 is subjected to a bending moment
of magnitude M, which is acting in the direction indicated in the figure. Create and use a
spreadsheet to accomplish the following tasks. Make your spreadsheet general so that different
dimensions can be entered into the spreadsheet along with different values for the load and
its orientation. The spreadsheet outputs should be in clearly labeled cells. (/) Determine the
centroid location. (2) Determine the axial and bending stiffnesses in the centroidal axis system
Z°¢ = (75,73) indicated on the figure. (3) Using this axis system, compute the orientation of
the neutral axis and compute magnitude and location of the maximum axial stress, |07"**|. (4)
Find the orientation of the principal centroidal axes of bending, Z* = (75,75%). (5) Using
these axes, determine the magnitude and location of the maximum axial stress. Verify that this
is the same result as in step 3. Use the following data: t, = 15 mm, ¢, = 30 mm, b, = 30
mm, b, = 40 mm, t,, = 20 mm, and h = 100 mm, § = —45 degrees, and M; = 20 kN-m.
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Fig. 6.22. “C” shaped cross-section. Fig. 6.23. “Z” shaped cross-section.

Problem 6.10. Beam with “Z” section

The “Z” shaped cross-section beam shown in fig. 6.23 is subjected to a bending moment
of magnitude M, which is acting in the direction indicated in the figure. Create and use a
spreadsheet to accomplish the following tasks. Make your spreadsheet general so that different
dimensions can be entered into the spreadsheet along with different values for the load and
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its orientation. The spreadsheet outputs should be in clearly labeled cells. (/) Determine the
centroid location. (2) Determine the axial and bending stiffnesses in the centroidal axis system
Z°¢ = (75,7%) indicated on the figure. (3) Using this axis system, compute the orientation of
the neutral axis and compute magnitude and location of the maximum axial stress, |o1"*|. (4)
Find the orientation of the principal centroidal axes of bending, 7« = (75,75"). (5) Using
these axes, determine the magnitude and location of the maximum axial stress. Verify that this
is the same result as in step 3. Use the following data: h = 95 mm, b, = 30 mm, b, = 50
mm, t, = 20 mm, t, = 15 mm, and ¢, = 30 mm, § = —45 degrees, and M = 10 kN-m.

Problem 6.11. Thin-walled “L” section

Consider the thin-walled, “L” shaped cross-section of a beam as shown in fig. 6.15. Let b =
0.25m, h =0.1 m, and ¢t = 2.5 mm. (/) Find the location of the centroid of the section. (2)
Find the orientation of the principal centroidal axes of bending.

Problem 6.12. Beam with “T” shaped cross-section

The “T” shaped cross-section beam shown in fig. 6.24 is subjected to a bending moment
of magnitude M, which is acting in the direction indicated in the figure. Create and use a
spreadsheet to accomplish the following tasks. Make your spreadsheet general so that different
dimensions can be entered into the spreadsheet along with different values for the load and
its orientation. The spreadsheet outputs should be in clearly labeled cells. (/) Determine the
centroid location. (2) Determine the axial and bending stiffnesses in the centroidal axis system
Z°¢ = (75,7%) indicated on the figure. (3) Using this axis system, compute the orientation of
the neutral axis and compute magnitude and location of the maximum axial stress, |o01"*|. (4)
Find the orientation of the principal centroidal axes of bending, 7« = (75",75%). (5) Using
these axes, determine the magnitude and location of the maximum axial stress. Verify that this
is the same result as in step 3. Use the following data: h = 140 mm, b = 120 mm, t;, = 12
mm, t, = 10 mm, and @ = 15 mm, § = —45 degrees, and M = 10 kN-m.
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Fig. 6.25. Reversed ‘“Z” shaped -cross-
Fig. 6.24. “T” shaped cross-section. section.

Problem 6.13. Thin-walled “Z” section

A beam is made of a homogeneous material of Young’s modulus, F, and has the unsymmet-
ric, thin-walled cross-section shown in fig 6.25. (/) Compute the centroidal stiffnesses in the
coordinate system indicated on the figure. (2) Compute the orientation of the neutral axis for
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the loading case where M2 # 0, M3 = 0. (3) Using the orientation of the neutral axis, deter-
mine the points on the section where the bending stress will have the maximum positive and
negative values.

Problem 6.14. Thin-walled inverted “V” section

A thin-walled beam of length L and with cross-section shown in fig. 6.26 is simply supported
at both ends and carries a distributed loading, po, acting upwards. (/) Find the maximum
direct stress due to bending and where it acts. (2) Sketch the distribution of axial stress on the
cross-section of the beam where the maximum bending stress acts.

B tl AP ¢ A
T T
S ( —>
2t — — — —2t
C
Fig. 6.26. Inverted “V” shaped cross-section. Fig. 6.27. BoxZ shaped cross-section.

Problem 6.15. Thin-walled cantilever beam with Box-Z section

A thin-walled cantilevered beam of length L and elastic modulus F is constructed with a cross-
section shown in fig. 6.27. A vertical load P is applied at the tip of the beam. (/) Determine the
axial stress acting at the root of the cantilever at point A and B. (2) Determine the deflection
of the tip using the given centroidal axes. (3) Determine the tip deflection using the principal
axes of bending, and show that they are equivalent to the results obtained in (2). Hint: this
is a numerically tedious problem, and use of a spreadsheet or computer program can be very
effective.

Problem 6.16. Cantilevered beam with a ‘““T”’ shaped cross-section

Consider the cantilevered beam of length L with a thin-walled “T” cross-section as depicted
in fig. 6.28. A tip axial load P acts at the left edge of the top flange. A transverse tip load R
acts in the plane of the tip cross-section in the direction indicated on the figure. (/) Find the
principal centroidal axes of bending, 77, 75 and 73, of the cross-section. (2) Write the three
uncoupled equations governing this problem and the corresponding boundary conditions. (3)
Compute all the stiffness constants appearing in the equations, but do not solve the problem.

Problem 6.17. Cantilevered beam with “Z”’ shaped cross-section

Figure 6.29 depicts a cantilevered beam with a thin-walled “Z” shaped cross-section subjected
to an axial load P applied at point A located at the lower left corner of the cross-section. (1)
Determine the location of centroid of the section and locate the axis system at this point (with
axis 73 parallel to the web). (2) Determine the bending stiffnesses Hs,, H33, and H33 for
the centroidal axis system. (3) Determine the orientation of the principal axes of bending, 75
and 73, and the principal centroidal bending stiffnesses H35, Hs3. (4) Solve this problem in
the centroidal coordinate system to determine the lateral displacements of the cross-section,
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3b/2
Fig. 6.28. Cantilevered beam with “T”  Fig. 6.29. Cantilevered beam with “Z”
shaped section under tip axial loads. shaped section under tip axial load.

U2 (1) and @s3(z1). (5) Solve this problem in the coordinate system defined by the principal
axes of bending to determine the lateral displacements, @5 (x1) and 43 (x1). (6) Show that the
two above solutions are identical. (7) Find the two components of displacement at the point of
application of the load P which can be in non-dimensional terms as Ebiiz/P and Ebus/ P,
respectively. (8) Find the axial stress distribution at the root of the beam. Plot this distribution
along the web and flanges. Where does the maximum axial stress occur? Express this as a
non-dimensional stress b1 / P. Use the following data: L = 10b, h = 2b and ¢t = b/10.

Problem 6.18. Cantilevered beam with a ‘“U” shaped cross-section

Consider the cantilevered beam of length L with a thin-walled “U” shaped cross-section as
depicted in fig. 6.30. A tip axial load, P, acts at the lower right corner of the section. Two
transverse tip loads, both of magnitude R, act down in the plane of the tip cross-section. (1)
Find the principal centroidal axes of bending, 77, 75 and 73, of the cross-section. (2) Write
the three uncoupled equations governing this problem and the corresponding boundary condi-
tions. (3) Compute all the stiffness constants appearing in the equations, but do not solve the
problem.

Fig. 6.30. Cantilevered beam with “U” shaped section under tip axial loads.





