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Variational and energy principles

Chapter 9 presents the principle of virtual work and its complementary counterpart
for particles, systems of particles, and trusses. These principles are introduced by
means of simple examples and no attempt is made to formally derive them for three-
dimensional solids.

Chapter 10 follows a similar pattern for the derivation of the principle of min-
imum total potential energy and of its complementary counterpart. Simple applica-
tions are presented focusing on mechanical systems, and trusses. Basic concepts of
the finite element method applied to truss structures are presented.

Chapter 11 is devoted entirely to the development of approximate solutions for
beam problems. The key to this approach is the ability to recast the differential equa-
tions of equilibrium into integral forms. The equivalence between the weak statement
of equilibrium and the principle of virtual work is demonstrated for simple beam
problems. Basic concepts of the finite element method applied to beam structures
are presented.

In this chapter, the problem of determining stationary values of functionals (i.e.,
functions of functions) will be addressed. The basic concepts from the calculus of
variations [5, 6] that are required for this task will be reviewed first. Next, the prin-
ciples of virtual and complementary virtual work, the principles of minimum total
potential energy and total complementary energy, the Hu-Washizu principle, and the
Hellinger-Reissner principle each will be formally presented for three-dimensional
solids. Selected structural mechanics problems will then be examined to illustrate the
use of these different principles.

12.1 Mathematical preliminaries

The basic equations of elasticity developed in chapter 1 use the formalisms of differ-
ential calculus and partial differential equations. Elements of the calculus of varia-
tions will be presented in this section.
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12.1.1 Stationary point of a function

Consider a function of n variables, F = F (u1, u2, . . . , un). The stationary points [7]
of this function are defined as those for which

∂F

∂ui
= 0, i = 1, 2, . . . , n. (12.1)

For a function of a single variable, this condition corresponds to a horizontal
tangent to the curve, as illustrated in fig. 12.1. At a stationary point, the function can
present a minimum, a maximum, or a saddle point.

Minimum Maximum Saddle point

F F F

u1 u1
u1

¶F / u  = 01¶

¶F / u  = 01¶

¶F / u  = 01¶

Fig. 12.1. Stationary points of a function.

If a function is stationary at a point, conditions (12.1) hold, and the following
statement is then true

∂F

∂u1
w1 +

∂F

∂u2
w2 + . . . +

∂F

∂un
wn = 0,

where w1, w2, . . ., wn are arbitrary quantities. It is convenient to use a special nota-
tion for these arbitrary quantities, wi = δui, where δui is called a virtual change in
ui. The above statement now becomes

∂F

∂u1
δu1 +

∂F

∂u2
δu2 + . . . +

∂F

∂un
δun = 0.

Comparison of this result with a similar expression for the differential, dF , of the
same function implies that differentials can be used as virtual changes. Consequently,
the virtual change operator, denoted “δ,” behaves in a manner similar to the differen-
tial operator, denoted “d”.

The variation in F , denoted δF , is defined as

δF =
∂F

∂u1
δu1 +

∂F

∂u2
δu2 + . . . +

∂F

∂un
δun, (12.2)

and it then follows that
δF = 0 (12.3)

at a stationary point.
The differential condition, eq. (12.1), and the variational condition, eq. (12.3)

must both hold at a stationary point. From the above developments, it is clear that
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eq. (12.1) implies eq. (12.3) and since the above reasoning can be reversed, it is
simple to prove that eq. (12.3) implies eq. (12.1). Hence, the two conditions are
entirely equivalent.

To determine whether a stationary point is a minimum, a maximum, or a saddle
point it is necessary to consider the second derivatives [7] of the functions. If

∑

i,j=1,n

∂2F

∂ui∂uj
duiduj > 0 (12.4)

at a stationary point for all increments dui and duj , the function presents a mini-
mum. If, on the other hand, the same quantity is negative for all dui and duj , the
function presents a maximum. Finally, if the same quantity can be positive or nega-
tive depending on the choice of the increments, the function presents a saddle point.

From the definition of δF , eq. (12.2), the second variation of function F is de-
fined as

δ2F =
∑

i,j=1,n

∂2F

∂ui∂uj
δuiδuj .

It is now clear that a stationary point is a minimum if

δ2F > 0, (12.5)

for all arbitrary variations δui and δuj . It is a maximum if δ2F < 0 for all variations,
and a saddle point occurs if the sign of the second variation depends on the choice of
the variations of the independent variables.

12.1.2 Lagrange multiplier method

Consider once more the problem of determining a stationary point of a function of
several variables, F = F (u1, u2, . . . , un), where the variables are not independent.
Rather, they are subjected to a constraint of the form

f(u1, u2, . . . , un) = 0. (12.6)

Conceptually the constraint can be used to express one variable, say un, in terms
of the others. Then, un can be eliminated from F to obtain a function of n − 1
independent variables, F = F (u1, u2, . . . , un−1), which is a problem identical to
that treated in the previous section. In many practical situations, however, it might
be cumbersome, or even impossible, to completely eliminate one variable of the
problem. For example, the constraint equation could be a transcendental equation
with no closed-form solution for un, or an implicit equation with no simple solution.

This elimination-of-variable process can be avoided by using an alternative ap-
proach. At a stationary point, the variation of F vanishes

δF =
∂F

∂u1
δu1 +

∂F

∂u2
δu2 + . . . +

∂F

∂un
δun = 0. (12.7)
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This statement, however, does not imply ∂F/∂ui = 0, for i = 1, 2, . . . , n, because
the variations, δui, cannot be chosen arbitrarily since they must satisfy the constraint,
eq. (12.6).

The relation among the variations can be written explicitly by taking a variation
of the constraint to find

δf =
∂f

∂u1
δu1 +

∂f

∂u2
δu2 + . . . +

∂f

∂un
δun = 0. (12.8)

A linear combination of eqs. (12.7) and (12.8) can be constructed to find

∂F

∂u1
δu1 + . . . +

∂F

∂un
δun + λ

[
∂f

∂u1
δu1 + . . . +

∂f

∂un
δun

]
= 0,

where λ is an arbitrary function of variables u1, u2, . . . , un, called the Lagrange
multiplier. Regrouping the various terms then leads to

n∑

i=1

[
∂F

∂ui
+ λ

∂f

∂ui

]
δui = 0. (12.9)

Conceptually, variation δun could now be express in term of the n − 1 other
variations, δui, leaving the n−1 remaining variations to be independent and arbitrary.
To avoid this cumbersome algebraic step, the arbitrary Lagrange multiplier is chosen
such that

∂F

∂un
+ λ

∂f

∂un
= 0.

With this choice, the last term of the sum in eq. (12.9) vanishes for all variations δun.
Hence, it is not necessary to express this variation in terms of the n−1 others, which
can now be treated as independent, arbitrary quantities. Equation (12.9) then implies

∂F

∂ui
+ λ

∂f

∂ui
= 0, i = 1, 2, . . . , n− 1. (12.10)

Combining the last two equations then leads to the condition that

δF + λδf = 0,

where all variations, δui, i = 1, 2, . . . , n, are independent.
Because of the constraint, eq. (12.6), it is clear that fδλ = 0 for any arbitrary

δλ. Hence, the stationarity condition can be written as

δF + λδf = δF + λδf + fδλ = δ(F + λf) = 0.

A modified function, F+ = F + λf is introduced and the above statement now
implies the vanishing of the variation in F+ for all arbitrary variations δui, i =
1, 2, . . . , n, and δλ.

In summary, the initial constrained problem can be replaced by an unconstrained
problem
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δF+ = 0, where F+ = F + λf. (12.11)

The modified function, F+, involves n + 1 variables, ui, i = 1, 2, . . . , n and λ. The
vanishing of the variation in F+ then implies

n∑

i=1

[
∂F

∂ui
+ λ

∂f

∂ui

]
δui + f δλ = 0.

Because δui, i = 1, 2, . . . , n, and δλ are all independent, arbitrary variations, it
follows that

∂F

∂ui
+ λ

∂f

∂ui
= 0, i = 1, 2, . . . , n; and f = 0.

These form n + 1 equations to be solved for the n + 1 unknowns. Note that the
Lagrange multiplier method results in an unconstrained problem, but increases the
number of unknowns from n to n + 1; the additional unknown is the Lagrange mul-
tiplier. On the other hand, if the constraint is used to eliminate one of the unknowns,
the resulting problem will be an unconstrained problem for n− 1 unknowns.

The Lagrange multiplier methods can be readily generalized to problems involv-
ing multiple constraints, fi = 0, i = 1, 2, . . . ,m. In the presence of m constraints,
m Lagrange multipliers, λi, i = 1, 2, . . . , m, are introduced. The modified function
then becomes

F+ = F +
m∑

i=1

λifi. (12.12)

12.1.3 Stationary point of a definite integral

Next, the determination of the stationary point of the following definite integral

I =
∫ b

a

F (y, y′, x) dx (12.13)

is considered, where the notation (·)′ is used to indicate a derivatives with respect to
x, and y(x) is an unknown function of x subject to boundary conditions, y(a) = α
and y(b) = β.

This problem seems to be of a completely different nature from those treated in
the previous sections. Indeed, I is a functional or a “function of a function”, i.e., the
value of the definite integral I depends on the choice of the unknown function y(x).
Since there are an infinite number of values of y between a and b, functional I is
equivalent to a function of an infinite number of variables.

This problem will be treated using the variational formalism introduced in sec-
tion 12.1.1. First, the concept of variation of a function, denoted δf , is introduced.
Figure 12.2 shows two functions f(x) and f̂(x) such that

δf = f̂(x)− f(x) = ψ(x),
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where ψ(x) is a continuous and differentiable, but otherwise arbitrary function such
that ψ(a) = ψ(b) = 0. In other words, δf is a virtual change that brings the function
f(x) to a new, arbitrary function f̂(x). Note that δf(a) = δf(b) = 0 which means
that δf does not violate the boundary conditions of the problem.

f(x)

f(x)

f(x)

a b
x

df

Fig. 12.2. The concept of variation of a func-
tion.

f(x)
f(x)

f(x)

a b
x

df
df

dx

Fig. 12.3. The difference between an incre-
ment df and a variation δf .

The stationarity of functional I requires

δI = δ

∫ b

a

F (y, y′, x) dx =
∫ b

a

δF (y, y′, x) dx = 0.

With the help of eq. (12.2) and treating δ as a differential, this results in

δI =
∫ b

a

[
∂F

∂y
δy +

∂F

∂y′
δy′

]
dx = 0.

Integration by parts is now applied to the second term in the square bracket
∫ b

a

∂F

∂y′
δ

(
dy

dx

)
dx =

∫ b

a

∂F

∂y′
d
dx

(δy) dx = −
∫ b

a

d
dx

(
∂F

∂y′

)
δy dx+

[
∂F

∂y′
δy

]b

a

.

The boundary term vanishes because δy(a) = δy(b) = 0, and the stationarity condi-
tion then becomes

δI =
∫ b

a

[
∂F

∂y
− d

dx

(
∂F

∂y′

)]
δy dx = 0.

The bracketed term must vanish because the integral must go to zero for all arbitrary
variations δy. This yields

∂F

∂y
− d

dx

(
∂F

∂y′

)
= 0 (12.14)

which is known as the Euler-Lagrange equation for the problem.
Here again, the above reasoning can be reversed. Starting from eq. (12.14), and

performing the integration by parts in the reversed order implies δI = 0. In summary,
the necessary and sufficient condition for the definite integral to be at a stationary
point is that eq. (12.14) be satisfied.
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The variational formalism introduced in this section will be systematically ap-
plied to elasticity problems in the rest of this chapter. It will be shown that the equa-
tions of elasticity can be viewed as the Euler-Lagrange equations associated with the
stationarity condition of definite integrals. Various forms of the equations of elas-
ticity can be easily obtained by direct manipulations of these definite integrals. It is
therefore important to understand the variational formalism and its implications.

A crucial difference exists between an increment, df , of a function f(x) and
a variation, δf , of the same function, as depicted in fig. 12.3. The differential, df ,
is an infinitesimal change in f(x) resulting from an infinitesimal change, dx, in the
independent variable, and df/dx represents the rate of change or tangent at the point.
On the other hand, δf is an arbitrary virtual change that brings f(x) to f̂(x). The
two quantities, df and δf , are clearly unrelated, the former is positive in fig. 12.3,
and the latter is negative.

Although the concepts associated with the notation df and δf are clearly dis-
tinct, manipulations of the two symbols are quite similar. For instance, the order of
application of the two operations can be interchanged, indeed,

d
dx

(δf) =
d
dx

(f̂ − f) =
df̂

dx
− df

dx
= δ

(
df

dx

)
. (12.15)

Similarly, the order of the integration and variation operations commute

δ

∫ b

a

F dx =
∫ b

a

F̂ dx−
∫ b

a

F dx =
∫ b

a

(F̂ − F ) dx =
∫ b

a

δF dx. (12.16)

12.2 Variational and energy principles

Consider a general elasticity Prescribed

tractions, S1

Prescribed

displacements, S2

t̂
n

V b

û

i1

i2

i3

Fig. 12.4. General elasticity problem.

problem consisting of an elas-
tic body of arbitrary shape sub-
jected to surface tractions and body
forces as well as geometric bound-
ary conditions such as prescribed
displacements at a point or over a
portion of its outer surface, as de-
picted in fig. 12.4.

The volume of the body is de-
noted V and its outer surface S . The outer normal to S is the unit vector n̄. S1 and
S2 denote the portions of the outer surface where prescribed tractions t̂ and pre-
scribed displacements û are applied, respectively. At a point of the outer surface,
either tractions or displacements can be prescribed, but it is impossible to prescribe
both. Consequently, S1 and S2 share no common points and S = S1 + S2. Note
that a point of the outer surface that is traction free belongs to S1 because vanishing
traction conditions, t̂ = 0, are prescribed at that point.
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Body forces b might also be applied over the entire volume of the body. Gravity
forces are a typical example of body forces, but such forces can also arise as a result
of electric or magnetic fields. In dynamic problems, inertial forces are also applied
as body forces in accordance with D’Alembert’s principle.

The basic equations of elasticity developed in chapter 1 form a set of partial
differential equations that can be solved to find the displacement, strain, and stress
fields at all points in V . These equations will be reviewed in section 12.2.1 where
several important definitions are also introduced. In the subsequent sections, a
number of variational and energy principles are presented that provide an alternative
formalism for the solution of elasticity problems.

12.2.1 Review of the equations of linear elasticity

As depicted in fig. 3.1 on page 101, the equations of elasticity can be broken into
three groups. The solution of an elasticity problem involves (1) a statically admissible
stress field, (2) a kinematically admissible displacement field and the corresponding
compatible strain field, and (3) a constitutive law satisfied at all points in volume V .
These concepts are explained below.

Equilibrium equations

The equations of equilibrium are the most fundamental equations. They are derived
in sections 1.1.2 and 1.1.3 from Newton’s law stating that the sum of all the forces
acting on a differential element of the structure should vanish.

For reference, the equilibrium equations for a differential element of the body,
eqs. (1.4), are rewritten here

∂σ1

∂x1
+

∂τ21

∂x2
+

∂τ31

∂x3
+ b1 = 0,

∂τ12

∂x1
+

∂σ2

∂x2
+

∂τ32

∂x3
+ b2 = 0,

∂τ13

∂x1
+

∂τ23

∂x2
+

∂σ3

∂x3
+ b3 = 0,

(12.17)

and must be satisfied at all points of volume V .
The traction equilibrium equations are

t1 = t̂1, t2 = t̂2, t3 = t̂3, (12.18)

where the surface tractions are defined in eq. (1.9). The surface equilibrium equations
are also called the force, or natural boundary conditions. The compact stress array,
σ, defined be eq. (2.11b), will be used simplify the notation.

Definition 12.1. A stress field, σ, is said to be statically admissible if it satisfies the
equilibrium equations, eqs. (12.17), at all points of volume V and the surface equi-
librium equations, eqs. (12.18), at all points of surface S1.
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Strain-displacement relationships

The strain-displacement equations merely define the strain components that are
used for the characterization of the deformation at a point of the body. The strain-
displacement relationships are derived in section 1.4.1 from purely geometric con-
siderations.

When the displacements are small, it is convenient to use the engineering strain
components to measure the deformation at a point. From section 1.4, axial and shear-
ing strain components are related to the displacements as

ε1 =
∂u1

∂x1
, ε2 =

∂u2

∂x2
, ε3 =

∂u3

∂x3
,

γ23 =
∂u2

∂x3
+

∂u3

∂x2
, γ13 =

∂u1

∂x3
+

∂u3

∂x1
, γ12 =

∂u1

∂x2
+

∂u2

∂x1
.

(12.19)

To compute strain components, the displacements field must be continuous and
differentiable. Furthermore, the displacements must be equal to the prescribed dis-
placements over surface S2

u1 = û1, u2 = û2, u3 = û3; (12.20)

these are called the geometric boundary conditions.The compact strain array, ε, de-
fined be eq. (2.11a), will be used simplify the notation.

Definition 12.2. A displacement field, u, is said to be kinematically admissible if it
is continuous and differentiable at all points in volume V and satisfies the geometric
boundary conditions, eqs. (12.20), at all points on surface S2.

Definition 12.3. A strain field, ε, is said to be compatible if it is derived from a
kinematically admissible displacement field through the strain-displacement rela-
tionships, eqs. (12.19).

Constitutive laws

The constitutive laws relate the stress and strain components. They consist of a math-
ematical idealization of the experimentally observed behavior of materials. The ho-
mogeneous, isotropic, linearly elastic material behavior described in section 2.1.1 is
a frequently used highly idealized constitutive law. Many materials can present one
or more of the following features: anisotropy, plasticity, visco-elasticity, or creep, to
name just a few commonly observed material behaviors.

The stress and strain fields are related by the constitutive laws at all points in
volume V . For linearly elastic materials, Hooke’s law, eq. (2.10), provides a simple
linear relationship between the two fields. The positive-definite, symmetric stiffness
matrix, C, and the positive-definite, symmetric compliance matrix,S are given by
eqs. (2.12) and (2.14), respectively.
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12.2.2 The principle of virtual work

Consider an elastic body that is in equilibrium under applied body forces and surface
tractions. This implies that the stress field is statically admissible, i.e., the equilib-
rium equations, eqs. (12.17), are satisfied at all points in V and the surface equi-
librium equations, eqs. (12.18), at all points on S1. The following statement is now
constructed

∫

V

{[
∂σ1

∂x1
+

∂τ21

∂x2
+

∂τ31

∂x3
+ b1

]
δu1 +

[
∂τ12

∂x1
+

∂σ2

∂x2
+

∂τ32

∂x3
+ b2

]
δu2

+
[
∂τ13

∂x1
+

∂τ23

∂x2
+

∂σ3

∂x3
+ b3

]
δu3

}
dV −

∫

S1

[
t− t̂

]T
δu dS = 0. (12.21)

In this statement each of the three equilibrium equations is multiplied by an ar-
bitrary, virtual change in displacement, then integrated over the range of validity of
the equation, volume V . Similarly, each of the three surface equilibrium equations is
multiplied by an arbitrary, virtual change in displacement, then integrated over the
range of validity of the equation, surface S1.

Because the stress field is statically admissible, each bracketed term vanishes,
and multiplication by an arbitrary quantity results in a vanishing product. Each of
the two integral then vanishes, as does their sum.

Next, integration by parts is performed. Using Green’s theorem [7], the first term
of the volume integral becomes

∫

V

∂σ1

∂x1
δu1 dV = −

∫

V
σ1

∂δu1

∂x1
dV +

∫

S
n1σ1 δu1 dS, (12.22)

where n1 is the component of the outward unit normal along ı̄1, see fig. 12.4. A sim-
ilar operation is performed on each stress derivative terms appearing in eq. (12.21).

Finally, the stress and strain arrays are introduced to obtain a compact result,

−
∫

V
σT δε dV +

∫

V
bT δu dV +

∫

S
tT δu dS −

∫

S1

(t− t̂)T δu dS = 0, (12.23)

where δε denotes a virtual, compatible strain field defined as

δε1 =
∂δu1

∂x1
, δε2 =

∂δu2

∂x2
, δε3 =

∂δu3

∂x3
,

δγ23 =
∂δu2

∂x3
+

∂δu3

∂x2
, δγ13 =

∂δu1

∂x3
+

∂δu3

∂x1
, δγ12 =

∂δu1

∂x2
+

∂δu2

∂x1
.

(12.24)

The virtual displacements are now chosen to be kinematically admissible, which
implies δu = 0 on S2, and expression (12.23) reduces to

−
∫

V
σT δε dV +

∫

V
bT δu dV +

∫

S1

t̂
T
δu dS = 0. (12.25)

The first term on the left hand side of this expression can be interpreted as the virtual
work done by the internal stresses, δWI , see eq. (9.77a). The remaining two terms
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correspond to the virtual work done by the externally applied body forces and surface
tractions, δWE . Equation (12.25) therefore becomes δWI + δWE = 0.

It can also be shown that if δWI + δWE = 0 holds, the stress field must be
statically admissible. Indeed, this principle implies eq. (12.23), which in turn implies
eq. (12.21) by reversing the integration by parts process. Finally, the volume and
surface equilibrium equations are recovered because eq. (12.21) must hold for all
arbitrary, kinematically admissible virtual displacements fields. These results imply
the principle of virtual work.

Principle 15 (Principle of virtual work) A body is in equilibrium if and only if the
sum of the internal and external virtual work vanishes for all arbitrary kinematically
admissible virtual displacements fields and corresponding compatible strain fields.

In summary, the equations of equilibrium, eqs. (12.17) and (12.18), and the prin-
ciple of virtual work are two entirely equivalent statements. Because the principle of
virtual work is solely a statement of equilibrium, it is always true. For the solution
of specific elasticity problems, however, it must be complemented with stress-strain
relationships and constitutive laws.

It is interesting to compare the present statement of the principle of virtual work
with that derived in chapter 11 for beams under axial and transverse loads and given
by eqs.(11.42) and (11.44), respectively. The statements are different because the
present formulation deals with general, three-dimensional stress states, whereas the
formulation in chapter 11 deals with the stress resultants associated with beam the-
ory. The physical interpretation of these statements, however, is identical in all cases.

12.2.3 The principle of complementary virtual work

Consider an elastic body undergoing kinematically admissible displacements
and compatible strains. This implies that the strain-displacement relationships,
eqs. (12.19), are satisfied at all points in volume V and the geometric boundary con-
ditions, eqs. (12.20), at all points on surface S2. The following statement is now
constructed

−
∫

V

{[
ε1 − ∂u1

∂x1

]
δσ1 +

[
ε2 − ∂u2

∂x2

]
δσ2 +

[
ε3 − ∂u3

∂x3

]
δσ3

+
[
γ23 − ∂u2

∂x3
− ∂u3

∂x2

]
δτ23 +

[
γ13 − ∂u1

∂x3
− ∂u3

∂x1

]
δτ13

+
[
γ12 − ∂u1

∂x2
− ∂u2

∂x1

]
δτ12

}
dV −

∫

S2

[u− û]T δt dS = 0. (12.26)

This statement is constructed in the following manner. Each of the six strain-
displacement relationships is multiplied by an arbitrary, virtual change in stress, then
integrated over the range of validity of the equations, volume V . Similarly, each of
the three geometric boundary conditions is multiplied by an arbitrary, virtual change
in surface traction, then integrated over the range of validity of the equation, surface
S2.
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Because the strain field is compatible and the displacement field kinematically
admissible, each bracketed term vanishes, and multiplication by an arbitrary quantity
results in a vanishing product. Each of the two integral then vanishes, as does their
sum.

Next, integration by parts is performed. Using Green’s theorem [7], the first term
of the volume integral becomes

∫

V

∂u1

∂x1
δσ1 dV = −

∫

V
u1

∂δσ1

∂x1
dV +

∫

S
u1n1δσ1 dS, (12.27)

where n1 is the component of the outward unit normal along ı̄1, see fig. 12.4. A
similar operation is performed on each displacement derivative terms appearing in
eq. (12.26) to yield

−
∫

V
εT δσ dV −

∫

V

[(
∂δσ1

∂x1
+

∂δτ21

∂x2
+

∂δτ31

∂x3

)
u1

+
(

∂δτ12

∂x1
+

∂δσ2

∂x2
+

∂δτ32

∂x3

)
u2 +

(
∂δτ13

∂x1
+

∂δτ23

∂x2
+

∂δσ3

∂x3

)
u3

]
dV

+
∫

S
uT δt dS −

∫

S2

(u− û)T δt dS = 0. (12.28)

Next, a statically admissible virtual stress field is defined as a virtual stress field
that satisfies equilibrium equations in volume V ,

∂δσ1

∂x1
+

∂δτ21

∂x2
+

∂δτ31

∂x3
=0,

∂δτ12

∂x1
+

∂δσ2

∂x2
+

∂δτ32

∂x3
=0,

∂δτ13

∂x1
+

∂δτ23

∂x2
+

∂δσ3

∂x3
=0,

(12.29)

and the surface traction equilibrium equation, δt = 0 on surface S1.
Because the virtual stresses are arbitrary, they can be chosen to be statically ad-

missible and eq. (12.28) reduces to

−
∫

V
εT δσ dV +

∫

S2

ûT δt dS = 0. (12.30)

The first term on the left hand side of this expression can be interpreted as the com-
plementary virtual work done by the internal stresses, δW ′

I , see eq. (9.77b). The re-
maining term corresponds to the complementary virtual work done by the prescribed
displacements, δW ′

E . Equation (12.30) therefore becomes δW ′
I + δW ′

E = 0.
It can also be shown that if δW ′

I + δW ′
E = 0 holds, the displacement field must

be kinematically admissible and the strain field compatible. Indeed, this principle
implies eq. (12.28), which in turn implies eq. (12.26) by reversing the integration by
parts process. Finally, the strain-displacement relationships and geometric boundary
conditions are recovered because eq. (12.26) must hold for all arbitrary stress virtual
stress fields. These results imply the principle of complementary virtual work
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Principle 16 (Principle of complementary virtual work) A body is undergoing
kinematically admissible displacements and compatible strains if and only if the sum
of the internal and external complementary virtual work vanishes for all statically
admissible virtual stress fields.

In summary, the strain-displacement relationships and the geometric boundary
conditions, eqs. (12.19) and (12.20), respectively, and the principle of complemen-
tary virtual work are two entirely equivalent statements. In addition, comparison of
eq. (12.30) with the principle of complementary virtual work, principle 7, developed
in chapter 9, shows that principle 16 above is simply a more general statement of
principle 7.

12.2.4 Strain and complementary strain energy density functions

In section 10.5, on page 519, the strain and complementary strain energy density
functions are developed for a linearly elastic, isotropic material governed by Hooke’s
law. The strain and complementary strain energy density functions are given by
eqs. (10.47) and (10.50), respectively.

If the internal forces in the solid are assumed to be conservative, they can be
derived from a potential, as discussed in section 10.1. In this case, the internal forces
are the components of stress, and the potential is the strain energy density function.
If the stresses in a solid can be derived from a strain energy density function, a(ε),

σ =
∂a(ε)
∂ε

, (12.31)

the material is said to be an elastic material. Assuming the material to be elastic
or assuming the existence of a strain energy density function are two equivalent as-
sumptions. Linearly elastic materials are elastic materials for which the stress-strain
relationship is linear.

If the material is elastic, the work done by the internal stresses when the system
is brought from one state of deformation to another depends only on the two states of
deformations, but not on the specific path that the system followed from one defor-
mation state to the other. This restricts the types of material constitutive laws that can
be expressed in terms of a strain energy density function. For instance, if a material
is deformed in the plastic range, the work of deformation will depend on the spe-
cific deformation history; hence, there exists no strain energy density function that
describes material behavior when plastic deformations are involved.

The concept of complementary strain energy is first introduced for springs in
section 10.3.1. For nonlinearly elastic materials, the complementary strain energy
density function is defined by the following identity

a(ε) + a′(σ) = εT σ, (12.32)

which explains the term “complementary strain energy.” Taking a differential of this
identity yields
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(
∂a(ε)
∂ε

− σ

)T

dε +
(

a′(σ)
∂σ

− ε

)T

dσ = 0.

The term in the first parenthesis vanishes because of eq. (12.31). Because the differ-
entials are arbitrary, the second parenthesis must vanish, leading to

ε =
a′(σ)
∂σ

. (12.33)

In view of eq. (12.32), the existence of the strain energy density function im-
plies the existence of the complementary strain energy density function. The strain
energy density function allows the definition of the stresses by eqs. (12.31), which
can be viewed as the constitutive laws for the elastic material because they define
stresses as a function of strains. Similarly, the complementary strain energy density
function allows the definition of the strains by eqs. (12.33), which can be viewed as
the constitutive laws for the elastic material because they define strains as a function
of stresses. Clearly, the strain and complementary strain energy density functions de-
fine the constitutive laws for elastic materials. The stiffness form of the constitutive
laws, eqs. (12.31), stems from the strain energy density function, whereas the com-
plementary strain energy density function yields the compliance form of the same
constitutive laws, eqs. (12.33).

12.2.5 The principle of minimum total potential energy

Consider a general elastic body that is in equilibrium under applied body forces and
surface tractions, and therefore, the principle of virtual work, eq. (12.25), must apply.
It is now assumed that the constitutive law for the material can be expressed in terms
of a strain energy density function, eq. (12.31). The virtual work done by the internal
stresses appears in the first term of eq. (12.25), and it is readily evaluated as

−
∫

V
δεT σ dV =

∫

V
δεT ∂a(ε)

∂ε
dV =

∫

V
δa(u) dV = δ

∫

V
a(u) dV = δA(u),

where the chain rule for derivatives is used at the second equality.
The strain energy density and the total strain energy of the body, A =

∫
V a dV ,

must be expressed in terms of the displacement field u using the strain displacement
relationships because the principle of virtual work requires a compatible strain field.
The principle of virtual work, eq. (12.25), now becomes

−δA(u) +
∫

V
bT δu dV +

∫

S1

t̂
T
δu dS = 0. (12.34)

Next, the body forces and surface tractions are assumed to be derivable from
potential functions

b = −∂φ

∂u
; t̂ = −∂ψ

∂u
,
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where φ is the potential of the body forces, and ψ the potential of the surface trac-
tions.

With these definitions, second and third terms (i.e., the external work terms) in
eq. (12.34) become

∫

V
bT δu dV +

∫

S1

t̂
T
δu dS = −

∫

V

∂φ

∂u

T

δu dV −
∫

S1

∂ψ

∂u

T

δu dS

= −
∫

V
δφ(u) dV −

∫

S1

δψ(u) dS = −δ

∫

V
φ(u) dV − δ

∫

S1

ψ(u) dS

= −δΦ(u),

where Φ(u) =
∫
V φ(u) dV+

∫
S1

ψ(u) dS is the total potential the externally applied
loads.

Introducing this result into the principle of virtual work expressed in eq. (12.34)
leads to

−δA(u)− δΦ(u) = 0, or δ (A(u) + Φ(u)) = 0. (12.35)

The total potential energy of the body is now defined as

Π(u) = A(u) + Φ(u), (12.36)

and it follows that
δΠ(u) = 0. (12.37)

This statement expresses the requirement that the total potential energy must
assume a stationary value with respect to compatible deformations when the body is
in equilibrium. As discussed in section 12.1.1, the sign of the second variation, δ2Π ,
will determine whether the stationary point is actually a minimum. The first variation
in Π is

δΠ(u) =
∫

V

(
∂a

∂ε

)T

δε dV −
∫

V
bT δu dV −

∫

S1

t̂
T
δu dS,

and its second variation is then

δ2Π(u) =
∫

V
δεT ∂2a

∂ε∂ε
δε dV.

Based on physical reasoning, the strain energy density function must be a
positive-definite function of the strain components, which implies δεT ∂2a/(∂ε∂ε) δε
≥ 0 for all δε. Indeed, if the strain energy function is not positive-definite, strain
states will exist that generate a negative strain energy, i.e. the elastic body will gen-
erate energy under deformation, a situation that is physically impossible. It follows
that δ2Π ≥ 0, and hence, Π presents an absolute minimum at its stationary point.
These results can be interpreted as follows.

Principle 17 (Principle of minimum total potential energy) Among all kinemati-
cally admissible displacements fields, the actual displacement field that corresponds
to the equilibrium configuration of the body makes the total potential energy an ab-
solute minimum.
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The reverse is also true: if the principle of minimum total potential energy holds,
the total potential energy must present a stationary point, implying eq. (12.35). In
turn, this equation implies the principle of virtual work in which the stresses are ex-
pressed in terms of the strains using constitutive laws of the form of eq. (12.31),
and strains are themselves expressed in terms of displacements using the strain-
displacement relationships. The principle of minimum total potential energy implies
the equations of equilibrium of the problem expressed in terms of the displacement
field. From section 12.1.3, it is clear that these equations are the Euler-Lagrange
equations arising from the stationarity condition for the total potential energy.

The principle of minimum total potential energy implies the principle of virtual
work, but the principle of virtual work only implies the principle of minimum total
potential energy under restrictive assumptions on existence of a strain energy density
function and of potentials of the body forces and surface tractions. In other words,
the principle of virtual work is a more general but possibly less useful statement.

12.2.6 The principle of minimum complementary energy

Consider an elastic body undergoing kinematically admissible displacements and
compatible strains. In this case, the principle of complementary virtual work,
eq. (12.30), must apply. It is now assumed that the constitutive law for the mate-
rial can be expressed in terms of a stress energy density function, eq.(12.33). The
virtual work done by the internal strains appears in the first term of eq. (12.30) and
is now readily evaluated as

∫

V
δσT ε dV =

∫

V
δσT ∂b(σ)

∂σ
dV =

∫

V
δb(σ) dV = δ

∫

V
b(σ) dV = δA′(σ),

where the chain rule for derivatives is used at the second equality. The quantity A′(σ)
is the total stress energy in the body.

The principle of complementary virtual work, eq. (12.30), can now be written as

−δA′(σ) +
∫

S2

ûT δt dS = 0 (12.38)

Next, the prescribed displacements are assumed to be derivable from a potential
function

û = −∂χ(t)
∂t

,

where χ(t) is the potential of the prescribed displacements. For instance, the poten-
tial of prescribed displacements is simply χ = −ûT t. It is important to note that
potential functions do not exist for all types of prescribed displacements. For ex-
ample, potential functions do not always exist for displacements that depend on the
surface tractions, although such cases are not common in practice.

The second term in eq. (12.38) now becomes
∫

S2

ûT δt dS = −
∫

S2

∂χ

∂t

T

δt dS = −
∫

S2

δχ(t) dS = −δ

∫

S2

χ(t) dS = −δΦ′.
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where Φ′(t) =
∫
S2

χ(t) dS is the total potential the prescribed displacements. Intro-
ducing this result into eq. (12.38) leads to

−δA′(σ)− δΦ′(t), or δ [A′(σ) + Φ′(t)] = 0. (12.39)

The total complementary energy of the body is now defined as

Π ′(σ) = A′(σ) + Φ′(t), (12.40)

and it follows that
δΠ ′(σ) = 0. (12.41)

This statement can be interpreted as follows

Principle 18 (Principle of minimum complementary energy) Among all stati-
cally admissible stress fields, the actual stress field that corresponds to the com-
patible deformations of the body makes the total complementary energy an absolute
minimum.

Equation (12.41) only proves that for compatible deformations, the total comple-
mentary energy presents a stationary point. As discussed in section 12.1.1, the sign
of the second variation δ2Π ′ will determine whether the stationary point actually is
a minimum. The first variation in Π ′ is

δΠ ′(σ) =
∫

V

6∑

i=1

∂a′

∂σi
δσi dV −

∫

S2

ûT δt dS, (12.42)

and its second variation is then

δ2Π ′(σ) =
∫

V

6∑

i,j=1

∂2a′

∂σi∂σj
δσi δσj dV. (12.43)

Just as for the strain energy density function, the stress energy density func-
tion must be a positive-definite function of the stress components, which implies∑6

i,j=1 ∂2a′/(∂σi∂σj) δσi δσj ≥ 0 for all δσi. Indeed, if the stress energy function
is not positive-definite, stress states will exist that generate a negative stress energy,
i.e. the elastic body will generate energy under stress, a situation that is physically
impossible. It follows that δ2Π ′ ≥ 0, and hence, Π ′ presents an absolute minimum
at its stationary point.

If the principle of minimum complementary energy holds, the complementary
energy must present a stationary point, implying eq. (12.39). In turn, this equation
implies the principle of complementary virtual work, in which the strains are ex-
pressed in terms of the stresses using constitutive laws of the form of eq. (12.33).
As a result, the principle of minimum complementary energy implies the strain-
displacement relationships of the problem expressed in terms of the stress field,
which must satisfy equilibrium equations. From section 12.1.3,it follows that these
equations are the Euler-Lagrange equations arising from the stationarity condition
for the complementary energy.
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The principle of minimum complementary energy implies the principle of com-
plementary virtual work, but the principle of complementary virtual work only im-
plies the principle of minimum complementary energy under restrictive assumptions
on existence of a stress energy density function and of a potential for the prescribed
displacements.

12.2.7 Energy theorems

In section 10.9, a number of energy theorems are presented that all are corollar-
ies of the fundamental energy principles developed above. Clapeyron’s theorem,
theorem 10.1, and Castigliano’s first theorem, theorem 10.2, are corollaries of the
principle of minimum total potential energy. The principle of least work, princi-
ple 14, Crotti-Engesser theorem, theorem 10.3, and Castigliano’s second theorem,
theorem 10.4, are corollaries of the principle of complementary total potential en-
ergy. Finally, the reciprocity theorems of Betti and Maxwell, theorems 10.5 and 10.6,
respectively, are direct consequences of these theorem. Because the principle of min-
imum total potential energy and its complementary counterpart have now been estab-
lished for general, three-dimensional structures, the theorems listed above are also
valid for the same three-dimensional structures.

12.2.8 Hu-Washizu’s principle

The principle of virtual work developed in section 9.3 is shown to be entirely
equivalent to the equations of equilibrium of a three-dimensional solid, eqs. (12.17)
and (12.18). Because this principle is solely a statement of equilibrium, it must be
complemented with stress-strain relationships and constitutive laws in order to obtain
a complete set of equations for the solution of specific elasticity problems.

On the other hand, the principle of complementary virtual work developed in
section 12.30 is equivalent to the strain-displacement relationships and the geometric
boundary conditions, eqs. (12.19) and (12.20), respectively. This principle must be
complemented with equilibrium equations and constitutive laws in order to obtain a
complete set of equations for the solution of specific elasticity problems.

In summary, the principle of virtual work is a statement of equilibrium whereas
the principle of complementary virtual work is a statement of compatibility. Clearly,
these principles are equivalent to a subset of all the equations required for the solution
of elasticity problems. Hu-Washizu’s principle remedies this shortcoming, and it is
equivalent to the complete set of equations required to solve elasticity problems.

Consider an elastic body that is in equilibrium under the applied body forces
and surface tractions, that is undergoing compatible strains whose displacement field
is kinematically admissible, and for which the stress and strain fields satisfy the
material constitutive laws. This implies that the stress field is statically admissible,
i.e., the equilibrium equations, eqs. (12.17), are satisfied at all points in V and the
surface equilibrium equations, eqs. (12.18), at all points on S1. This further implies
that the strain-displacement relationships, eqs. (12.19), are satisfied at all points in V
and the geometric boundary conditions, eqs. (12.20), at all points on S2. Finally, the
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constitutive equations, assumed to be expressed in terms of a strain energy density
function, eq. (12.31), must hold at all points in V .

The following statement is now constructed by combining eqs. (12.21), (12.26)
and (12.31) into a single integral equation
∫

V

{[
∂σ1

∂x1
+

∂τ21

∂x2
+

∂τ31

∂x3
+ b1

]
δu1 +

[
∂τ12

∂x1
+

∂σ2

∂x2
+

∂τ32

∂x3
+ b2

]
δu2

+
[
∂τ13

∂x1
+

∂τ23

∂x2
+

∂σ3

∂x3
+ b3

]
δu3

}
dV −

∫

S1

[
t− t̂

]T
δu dS

−
∫

V

{[
ε1 − ∂u1

∂x1

]
δσ1 +

[
ε2 − ∂u2

∂x2

]
δσ2 +

[
ε3 − ∂u3

∂x3

]
δσ3

+
[
γ23 − ∂u2

∂x3
− ∂u3

∂x2

]
δτ23 +

[
γ13 − ∂u1

∂x3
− ∂u3

∂x1

]
δτ13

+
[
γ12 − ∂u1

∂x2
− ∂u2

∂x1

]
δτ12

}
dV −

∫

S2

[u− û]T δt dS

+
∫

V

{[
∂a

∂ε1
− σ1

]
δε1 +

[
∂a

∂ε2
− σ2

]
δε2 +

[
∂a

∂ε3
− σ3

]
δε3

+
[

∂a

∂γ23
− τ23

]
δγ23 +

[
∂a

∂γ13
− τ13

]
δγ13 +

[
∂a

∂γ12
− τ12

]
δγ12

}
dV = 0.

(12.44)
This lengthy statement can be manipulated in several different ways. (1) The

terms appearing in the equilibrium equations could be integrated by parts (as is
done for the derivation of the principle of virtual work, section 12.2.2), (2) the
terms appearing in the strain-displacement relationships could be integrated by parts
(as is done for the derivation of the principle of complementary virtual work, sec-
tion 12.2.3), or (3) both integrations by parts could be carried out. These three ap-
proaches will give rise to three different statements of Hu-Washizu’s principle.

First statement of Hu-Washizu’s principle

In the first approach, the terms appearing in the equations of equilibrium are in-
tegrated by parts using eq. (12.22). After regrouping all terms, this yields the first
statement of Hu-Washizu’s principle

δ

∫

V

[
a(ε)−

(
ε1 − ∂u1

∂x1

)
σ1 −

(
ε2 − ∂u2

∂x2

)
σ2 −

(
ε3 − ∂u3

∂x3

)
σ3

−
(

γ23 − ∂u2

∂x3
− ∂u3

∂x2

)
τ23 −

(
γ13 − ∂u1

∂x3
− ∂u3

∂x1

)
τ13

−
(

γ12 − ∂u1

∂x2
− ∂u2

∂x1

)
τ12

]
dV

−
∫

V
bT δu dV −

∫

S1

t̂
T
δu dS −

∫

S2

(u− û)T
δt dS = 0.

(12.45)
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This principle involves three independent fields: the strain, stress, and displacement
fields. Hence, Hu-Washizu’s principle is a three field principle, whereas the principle
of minimum total potential energy and the principle of minimum complementary
energy both are single field principles, involving only the displacement and stress
fields, respectively.

This principle is closely related to the principle of minimum total potential en-
ergy, eq. (12.34). Indeed, starting from eq. (12.45), the strain field is assumed to be
compatible and the displacement field kinematically admissible. Hence, the strain
displacement relationships are satisfied and the last six terms in the left hand side
integrand vanish; furthermore, the displacement field satisfies the geometric bound-
ary conditions on S2 and the last integral on the right hand side vanishes as well.
The remaining terms then express the principle of minimum total potential energy,
eq. (12.34).

The first statement of Hu-Washizu’s principle can also be obtained by starting
from the principle of minimum total potential energy, eq. (12.34). This principle is
a statement of equilibrium, because it is derived from the principle of virtual work,
and the constitutive laws of the material are also included in the principle by means
of the strain energy density function. However, this principle provides no informa-
tion about the strain displacement relationships of the problem. Consequently, the
principle of minimum total potential energy can be viewed as a constrained mini-
mization problem that yields all the equations of elasticity: minimization of the total
potential energy yields the equations of equilibrium and the constitutive laws, while
the external constraints, the strain displacement equations, then yield the last set of
equations.

This constrained minimization problem is then transformed into an uncon-
strained minimization problem using the Lagrange multiplier technique described
in section 12.1.2. The modified function to be minimized is now in the form of
eq. 12.12, where the fi, i = 1, 2, . . . 6, are the strain displacement relationships
and the λi are six Lagrange multipliers. This is exactly the form of Hu-Washizu’s
principle, eq. (12.45), where the Lagrange multipliers are identified to be the stress
components. This leads to an interesting interpretation of the stress field: the six
stress components are the Lagrange multipliers used to enforce the corresponding
compatibility equations.

Second statement of Hu-Washizu’s principle

In the second approach, the terms appearing in the strain-displacement relationships
of eq. 12.44 are integrated by parts using eq. 12.27. After regrouping all terms, this
yields the second statement of Hu-Washizu’s principle
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δ

∫

V

[(
a(ε)− εT σ

)
+

(
∂σ1

∂x1
+

∂τ21

∂x2
+

∂τ31

∂x3
+ b1

)
u1

+
(

∂τ12

∂x1
+

∂σ2

∂x2
+

∂τ32

∂x3
+ b2

)
u2 +

(
∂τ13

∂x1
+

∂τ23

∂x2
+

∂σ3

∂x3
+ b3

)
u3

]
dV

−
∫

S1

(t− t̂)T δu dS −
∫

S2

ûT δt dS = 0.

(12.46)
This principle is closely related to the principle of minimum complementary energy,
eq. (12.38). Indeed, starting from the above statement, the stress field is assumed to
be statically admissible. Hence, the equations of equilibrium relationships are satis-
fied and the last three terms in the volume integral vanish; furthermore, equilibrium
of the surface tractions is satisfied on S1 and the corresponding surface integral van-
ishes as well. The remaining terms then express the principle of minimum comple-
mentary energy, eq. (12.38).

The second statement of Hu-Washizu’s principle can also be obtained by start-
ing from the principle of minimum complementary energy, eq. 12.38. This principle
is a statement of compatibility because it is derived from the principle of comple-
mentary virtual work, and the constitutive laws of the material are also included
in the principle by means of the stress energy density function. This principle pro-
vides no information about the equilibrium equations of the problem. Consequently,
the principle of minimum complementary energy can be viewed as a constrained
minimization problem that yields all the equations of elasticity: minimization of the
complementary energy yields the compatibility equations and the constitutive laws
while the external constraints, the equilibrium equations, then yield the last set of
equations.

This constrained minimization problem is then transformed into an uncon-
strained minimization problem using the Lagrange multiplier technique described
in section 12.1.2. The modified function to be minimized is now in the form of
eq. 12.12, where the fi, i = 1, 2, 3, are the equilibrium equations and the λi are three
Lagrange multipliers. This is exactly the form of Hu-Washizu’s principle, eq. (12.46),
where the Lagrange multipliers are identified to be the displacement components.
This leads to an interesting interpretation of the displacement field: the three dis-
placement components are the Lagrange multipliers used to enforce the correspond-
ing equilibrium equations.

Third statement of Hu-Washizu’s principle

Finally, in the last approach the terms appearing in both the equations of equilibrium
and strain-displacement relationships of eq. (12.44) are integrated by parts using
eqs. (12.22 and eq. (12.27), respectively. After regrouping all terms, this yields the
third statement of Hu-Washizu’s principle
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∫

V

{
δ
[
a(ε)− εT σ

]
+ σ1

∂δu1

∂x1
+ σ2

∂δu2

∂x2
+ σ3

∂δu3

∂x3
+ τ23

[
∂δu2

∂x3
+

∂δu3

∂x2

]

+τ13

[
∂δu1

∂x3
+

∂δu3

∂x1

]
+ τ12

[
∂δu1

∂x2
+

∂δu3

∂x2

]
− u1

[
∂δσ1

∂x1
+

∂δτ12

∂x2
+

∂δτ13

∂x3

]

− u2

[
∂δτ12

∂x1
+

∂δσ2

∂x2
+

∂δτ23

∂x3

]
− u3

[
∂δτ13

∂x1
+

∂δτ23

∂x2
+

∂δσ3

∂x3

]}
dV

−
∫

V
bT δu dV −

∫

S1

t̂
T
δu dS +

∫

S2

ûT δt dS = 0.

(12.47)
The main advantage of this third statement of Hu-Washizu’s principle is that no

derivatives of the three unknown fields are present; derivatives only show up in the
variations. In numerical applications, this observation has important implications on
the way in which the unknown fields can be approximated, because minimal conti-
nuity requirements are imposed.

12.2.9 Hellinger-Reissner’s principle

Due to the complexity of the three-field Hu-Washizu’s principle, a simpler, two-field
principle is preferred for some applications. Hellinger-Reissner’s principle is such
a principle, and it is easily derived from Hu-Washizu’s principle by eliminating the
strain field.

Starting from the first statement of Hu-Washizu’s principle, eq. (12.45),
eq. (12.32) is used to eliminate the strain field: δ[a(ε) − εT σ] = −δa′(σ). This
simple operation yields the first statement of Hellinger-Reissner’s principle

δ

∫

V

[
∂u1

∂x1
σ1 +

∂u2

∂x2
σ2 +

∂u3

∂x3
σ3 +

(
∂u2

∂x3
+

∂u3

∂x2

)
τ23

+
(

∂u1

∂x3
+

∂u3

∂x1

)
τ13 +

(
∂u1

∂x2
+

∂u2

∂x1

)
τ12 − a′(σ)

]
dV

−
∫

V
bT δu dV +

∫

S1

t̂
T
δu dS −

∫

S2

(u− û)T δt dS = 0.

(12.48)

Next, starting from the second statement of Hu-Washizu’s principle, eq. (12.46),
the strain field is eliminated in a similar manner to obtain the second statement of
Hellinger-Reissner’s principle

δ

∫

V

[(
∂σ1

∂x1
+

∂τ21

∂x2
+

∂τ31

∂x3
+ b1

)
u1 +

(
∂τ12

∂x1
+

∂σ2

∂x2
+

∂τ32

∂x3
+ b2

)
u2

+
(

∂τ13

∂x1
+

∂τ23

∂x2
+

∂σ3

∂x3
+ b3

)
u3 − a′(σ)

]
dV

−
∫

S1

(t− t̂)T δu dS −
∫

S2

ûT δt dS = 0.

(12.49)
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Finally, a similar procedure starting from the third statement of Hu-Washizu’s
principle, eq. 12.47, leads to the the third statement of Hellinger-Reissner’s principle

∫

V

[
δa′(σ) + u1

(
∂δσ1

∂x1
+

∂δτ12

∂x2
+

∂δτ13

∂x3

)
+ u2

(
∂δτ12

∂x1
+

∂δσ2

∂x2
+

∂δτ23

∂x3

)

+u3

(
∂δτ13

∂x1
+

∂δτ23

∂x2
+

∂δσ3

∂x3

)
− σ1

∂δu1

∂x1
− σ2

∂δu2

∂x2
− σ3

∂δu3

∂x3

−τ23

(
∂δu2

∂x3
+

∂δu3

∂x2

)
− τ13

(
∂δu1

∂x3
+

∂δu3

∂x1

)
− τ12

(
∂δu1

∂x2
+

∂δu3

∂x2

)]
dV

+
∫

V
bT δu dV +

∫

S1

t̂
T
δu dS −

∫

S2

ûT δt dS = 0.

(12.50)

12.3 Applications of variational and energy principles

The general formulation of the equations of linear elasticity as a series of variational
problem provides powerful capabilities to analyze more complex structural prob-
lems than those considered in the previous chapters. As illustrated in chapter 11, this
is particularly important when approximate solutions are sought because the inte-
gral forms appearing the variational equations involve lower order derivatives than
those appearing in the corresponding differential equations, thereby decreasing the
continuity requirements.

The equivalence of the differential equation and variational approaches is proven
at several points in the above developments. This equivalence can also be demon-
strated by deriving the governing differential equations from the variational formula-
tion. This approach provides the additional benefit of yielding the associated bound-
ary conditions.

The beam bending problem

Beam bending under transverse loading is

i1

i2

i3

L

p (x )2 1

P2

Fig. 12.5. Cantilevered beam with dis-
tributed transverse load.

discussed extensively in chapters 5, 6 and
8. In this section, the governing differential
equations for beam bending will be derived
from the principle of minimum total poten-
tial energy.

Consider a general beam bending prob-
lem consisting of a uniform cantilevered
beam with a symmetric cross-section subjected to a distributed transverse load,
p2(x1), and a concentrated tip load, P2, as illustrated in fig. 12.5. The total potential
energy of the system is given by eq. (10.40) as

Π =
1
2

∫ L

0

Hc
33

(
d2ū2

dx2
1

)2

dx1 −
∫ L

0

p2(x1)ū2(x1) dx1 − P2ū2(L), (12.51)
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where it is clear that Π = Π(ū2(x1)) is a functional.
The principle of minimum total potential energy, principle 17, implies that the

total potential energy must be stationary, δΠ = 0. Section 12.1.3 outlines the proce-
dure to determine the stationary point of a functional in the form given by eq. (12.13),
and the stationarity condition leads the the Euler-Lagrange equation, eq. (12.14). The
same procedure will be followed here to determine the stationary point of the total
potential energy, as required by the principle of minimum total potential energy.

Variation of of the total potential energy, eq. (12.51), can be written as

δΠ =
1
2

∫ L

0

Hc
33 2

d2ū2

dx2
1

δ

(
d2ū2

dx2
1

)
dx1 −

∫ L

0

p2 δū2 dx1 − P2δū2(L) = 0.

Using eq. (12.15), it is possible to interchange the order of the variational and partial
differential operators in the third term in the first integral to find

δΠ =
1
2

∫ L

0

Hc
33 2

d2ū2

dx2
1

d2

dx2
1

(δū2)dx1 −
∫ L

0

p2 δū2 dx1 − P2δū2(L) = 0.

To eliminate the higher differential order of the virtual displacement field appearing
in the first integral, two integration by parts are carried out, leading to

δΠ =
∫ L

0

[
d2

dx2
1

(
Hc

33

d2ū2

dx2
1

)
− p2

]
δū2dx1 +

[
Hc

33

dū2
2

dx2
1

δ

(
dū2

dx1

)]L

0

−
[

d
dx1

(
Hc

33

dū2
2

dx2
1

)
δū2

]L

0

− P2δū2(L) = 0.

(12.52)

This equation must be satisfied for all arbitrary displacements, δū2(x1) for 0 ≤
x1 ≤ L. This can only happen if the first bracketed term vanishes, leading to the
following differential equation

d2

dx2
1

(
Hc

33

dū2
2

dx2
1

)
− p2 = 0, (12.53)

which is the governing equation for the lateral deflection of a beam under load, first
developed using the classical differential equation approach, see eq. (5.40). Within
the present formalism, the governing differential equation is the Euler-Lagrange
equation associated with the stationary point of the total potential energy.

The stationarity condition of the total potential energy also yields the boundary
conditions of the problem. First, the stationary condition, eq. (12.52) is rewritten as

δΠ =
∫ L

0

[
d2

dx2
1

(
Hc

33

d2ū2

dx2
1

)
− p2

]
δū2dx1 + [M3δΦ3]

L
0

+ [V2δū2]
L
0 − P2δū2(L) = 0,

(12.54)

where the definitions of the bending moment, shear force, and sectional rotation are
used.



12.3 Applications of variational and energy principles 697

The last two terms of eq. (12.54) can be written as [V2(L) − P2]δū2(L) −
V2(0)δū2(0). The virtual displacement field must satisfy the geometric boundary
condition. Because the beam is clamped at the root, δū2(0) = 0, and the last two
terms of eq. (12.54) reduce to [V2(L) − P2]δū2(L). This term must vanish for all
arbitrary virtual displacements at the tip of the beam, and therefore the bracketed
term must vanish, leading to V2(L) = P2. This equation is the first natural boundary
condition at the tip of the beam.

The second bracketed term of eq. (12.54), written as M3(L)δΦ3(L) −
M3(0)δΦ3(0) must also vanish. Because the beam is clamped at the root, δΦ3(0) =
0, and this reduces to [M3(L)]δΦ3(L). This term must vanish for all arbitrary virtual
rotations at the tip of the beam, and therefore the bracketed term must vanish, leading
to M3(L) = 0. This equation is the second natural boundary condition at the tip of
the beam.

In summary, the classical Euler-Bernoulli governing differential equation for
beam bending problems is derived as the Euler-Lagrange equation associated with
the stationarity condition of the total potential energy. Note that both differential
equation and natural boundary conditions are recovered. Once again, the equivalence
of the various formalisms is demonstrated.

12.3.1 The shear lag problem

The axial and shear flows in thin-walled beams are computed in chapter 8 for both
bending and torsional loads. In addition, the cross-sectional warping of both open
and closed-section thin-walled beams is examined in section 8.7. In the treatment of
warping, it is tacitly assumed that the warping is free of any constraints that might
be present at the beam ends, for instance. If the beam is cantilevered at its root,
warping must vanish at the root but will develop along the beam’s span, causing a
redistribution of the stresses in the beam that can become significant under certain
conditions.

A good example of this effect is shear lag, which is present in thin-walled beams
that are fixed in a manner that constrains warping of a cross-section. The result can
be a significant redistribution of the axial and shear flows in that cross-section and
along the beam’s span.

Consider a thin-walled, rectangular box-beam

i1

i2

P0

d

t

L 2b

Fig. 12.6. Box beam subjected to
tip load.

clamped at its root and subjected to a downward
tip load, P0, as shown in fig. 12.6. According to
Euler-Bernoulli beam theory, the stress distribution
in the upper flange (top panel) of the beam con-
sists of a uniform distribution of tensile axial stress
across the width, 2b, and equal magnitude compres-
sive stresses arise in the lower flange. If concen-
trated stiffeners are present at the four corners of the
section, the top panel will be loaded by shear flows
at its edges, as illustrated in fig. 12.7.
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i1

i2

b

b

t0

t0

L

Fig. 12.7. Upper panel of a box beam sub-
jected to edge shear forces.

g( )h h( ) ( )h z  - a
2

Fig. 12.8. The distribution of axial displace-
ment.

An investigation of the shear lag phenomenon will be performed by considering
only the rectangular panel loaded by constant shear stresses, τ0, at its two edges,
as shown in lower portion of fig. 12.7. This configuration is a crude approximation
of the top flange of a thin-walled beam with four corner stiffeners. The width of
the panel is 2b, its thickness t, and its length L. At the root of the panel, the axial
displacement must vanish, the tip section of the panel is stress free.

The solution procedure begins with kinematic assumptions: the displacement
field in the panel is assumed to take the following form

u1(η, ζ) = g(η) + h(η)(ζ2 − α); u2(η, ζ) = 0, (12.55)

where η = x1/L is a non-dimensional variable along the span of the panel and
ζ = x2/b that across its width. The axial displacement distribution is illustrated in
fig. 12.8 and consists of two components. The first term corresponds to a uniform
distribution across the width of the panel and gives rise to uniform displacements,
strains, and stresses across the width, as predicted by beam theory. The second term
describes the variation of the displacement field across the width of the panel. Due to
the symmetry of the problem, a symmetric distribution across the width of the panel
is selected: a symmetric parabolic distribution defined by parameter α.

This parabolic displacement distribution will result in uneven stress and strain
distribution across the width of the panel and will characterize the importance of the
shear lag effect. Because a parabolic distribution is arbitrarily selected at the onset
of the analysis, an approximate solution is expected.

The strain field is obtained from the assumed displacement field using the strain-
displacement relations, see eqs. (1.63) and (1.71), to find

ε1(η, ζ) =
g′

L
+

h′

L
(ζ2 − α), ε2(η, ζ) = 0; γ12(η, ζ) =

h

b
2ζ, (12.56)

where the notation (·)′ indicates a derivative with respect to η.
The panel is assumed to be made of a linearly elastic material in a plane stress

state, and the material stiffness matrix is given by eq. (2.16). Furthermore, the stress
in the transverse direction is assumed to be much smaller than the axial stress, σ2 ¿
σ1, and the constitutive laws reduce to

σ1 = Eε1 = E

[
g′

L
+

h′

L
(ζ2 − α)

]
, σ2 ≈ 0, τ12 = Gγ12 = G

h

b
2ζ. (12.57)
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The strain energy in the panel can now be written in terms of the axial and shear
strains as

A =
∫ L

0

∫ +b

−b

∫ t/2

−t/2

1
2
(Eε21 +Gγ2

12) dx1dx2dx3 =
Lbt

2

∫ 1

0

∫ +1

−1

(Eε21 +Gγ2
12) dηdζ.

Introducing the strain distributions, eq. (12.56), and reordering the term leads to

A =
Lbt

2

∫ 1

0

{
Eg′2

L2

[∫ +1

−1

dζ

]
+

Eh′2

L2

[∫ +1

−1

(ζ2 − α)2 dζ

]

+2
Eg′h′

L2

[∫ +1

−1

(ζ2 − α) dζ

]
+

4Gh2

b2

[∫ +1

−1

ζ2 dζ

]}
dη.

The next step is to evaluate the integrals appearing in the brackets. To simplify
the analysis, the free parameter α will be selected to make the third bracketed term
vanish:

∫ +1

−1
(ζ2−α) dζ = 0, which leads to α = 1/3. With this choice, the third term

of the strain energy vanishes, eliminating the coupling between the two deformation
modes characterized by functions g(η) and h(η). Using α = 1/3, the strain energy
now becomes

A =
Ebt

L

∫ 1

0

[
g′2 +

4
45

h′2 +
4
3

(
L

b

)2 (
G

E

)
h2

]
dη.

The potential of the applied loads consists of the potential of the shear loads
applied along the left and right side edges of the panel,

Φ =−
∫ t/2

t/2

∫ L

0

[τ0u1(x1, x2 = −b) + τ0u1(x1, x2 = +b)] dx1dx2

=2tL
∫ 1

0

τ0(g +
2h

3
) dη,

and the total potential energy therefore becomes

Π =
Ebt

L

∫ 1

0

[
g′2 +

4
45

h′2 +
4
3

(
L

b

)2 (
G

E

)
h2 − 2τ0L

2

Eb
(g +

2h

3
)

]
dη.

The principle of minimum total potential energy requires Π to be stationary,
δΠ = 0. Taking the first variation of Π leads to

∫ 1

0

[
g′δg′ +

4
45

h′δh′ +
4
3

(
L

b

)2(
G

E

)
hδh− τ0L

2

Eb
(δg +

2
3
δh)

]
dη = 0.

Integration by parts is performed on the first two terms and regrouping yields
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∫ 1

0

{
δg

[
−g′′ − τ0L

2

Eb

]
+ δh

[
− 4

45
h′′ +

4
3

(
L

b

)2 (
G

E

)
h− 2τ0L

2

3Eb

]}
dη

+ [g′δg]10 +
[

4
45

h′δh
]1

0

= 0.

Because the expression must vanish for all arbitrary variations δg and δh, each of the
bracketed terms must vanish individually. The first bracketed term leads to the fol-
lowing differential equation for g(η): g′′ = −τ0L

2/(Eb). The boundary conditions
are g(0) = 0 at the root of the panel and g′(1) = 0 at its tip. The second bracketed
term leads to the differential equation for h(η): h′′ − µ2h = −15τ0L

2/(2Eb). The
boundary conditions are h(0) = 0 at the root of the panel and h′(1) = 0 at its tip.
The non-dimensional parameter µ is defined as

µ2 = 15
(

L

b

)2 (
G

E

)
. (12.58)

These second order differential equations can be solved to obtain the axial dis-
placement field as

u1(η, ζ) =
τ0

E

L2

b

{(
η − 1

2
η2

)
+

15
2µ2

[
1− cosh µ(1− η)

cosh µ

] (
ζ2 − 1

3

)}
.

The first term, (η−η2/2), represents the axial displacement, which is constant across
the width of the panel as if it were a beam of axial stiffness S = E2bt subjected
to a uniform axial load p0 = 2τ0t, see eq. (5.26). The second term represents the
displacement variation across the width of the panel and characterizes the shear lag
effect that is controlled by the non-dimensional parameter µ.

The stress distribution in the panel can be obtained from the constitutive relation-
ships, eq. (12.57)

σ1 = τ0
L

b

[
(1− η) +

15
2µ

sinh µ(1− η)
cosh µ

(
ζ2 − 1

3

)]
,

τ12 = τ0

[
1− cosh µ(1− η)

cosh µ

]
ζ.

(12.59)

The first term describes the constant axial stress distribution across the panel width
which is predicted by bean theory. The second term describes the axial stress redis-
tribution due to shear lag.

Consider an aluminum panel with an aspect ratio L = 8b. The parameter µ =
19.2 when E/G = 2(1 + ν) = 2.6 for a homogeneous, isotropic material with a
Poisson’s ratio ν = 0.3. On the other hand, µ = 6.41 for a panel with the same
aspect ratio but made of a medium modulus graphite fiber reinforced epoxy matrix
composite material for which E = 140 GPa, G = 6 GPa and ν = 0.3. Figure 12.9
shows the non-dimensional axial stress hσ1/(Lτ0) distribution for both materials at
two locations across the panel width: ζ = 0 (corresponding to the panel mid-line)
and ζ = 1 (corresponding to its right hand edge).
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Figure 12.10 shows the distribution of axial stress across the width at the root
of the panel for both materials. In contrast with the uniform distribution predicted
by classical beam theory, the present results show a significant over-stress occur-
ring at the root corners of the panel and significant under-stress along its mid-line.
The magnitudes of the over- and under-stresses are 5 tanh µ/µ and 5 tanh µ/(2µ),
respectively, as obtained from eqs.(12.59). For the isotropic panel this translates to
26% and 13% for the over- and under-stress, respectively, and the corresponding
numbers are 78% and 39% for the composite panel.

h

s
t

Fig. 12.9. Distribution of axial stress along
the panel span. Isotropic material: solid line;
anisotropic material: dashed line.

h

s
t

Fig. 12.10. Distribution of axial stress across
the panel width at the root of the panel.
The uniform distribution predicted by beam
theory is indicated by the square boxes.
Isotropic material: solid line; anisotropic ma-
terial: dashed line.

The uniform stress distribution results in optimum structural efficiency because
the material is equally stressed at all points across the width of the panel. The shear
lag phenomenon considerably redistributes the stresses, creating undesirable over-
stressed areas and decreasing the structural efficiency. The magnitude of the shear
lag effect is controlled by the parameter µ defined in eq. (12.58). The smaller this
parameter, the larger the shear lag effect. Clearly, shorter panel (smaller L/b values),
made of shear deformable materials (smaller G/E values) will experience the most
significant shear lag effects.

A more complicated configuration that includes both panels (sheets) and stringers
under similar loading with warping restrained at one end is treated in problem 12.12.

12.3.2 The Saint-Venant torsion problem

Torsion of a beam with an arbitrary cross-section is examined in chapter 7 in sec-
tion 7.3 using an analysis based on the Newtonian statement of equilibrium. The
same problem will formulated here as a variational problem.

For a beam with arbitrary cross-section, Saint-Venant theory assumes that under
torsion, each cross-section rotates like a rigid body, and warps out of its own plane.
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The resulting assumed displacement field is described by eqs. (7.32a) and (7.32b),
which are repeated

u1(x1, x2, x3) = Ψ(x2, x3) κ1(x1), (12.60a)
u2(x1, x2, x3) = −x3Φ1(x1), u3(x1, x2, x3) = x2Φ1(x1). (12.60b)

where Φ(x1) is the angle of twist about axis ı̄1 and Ψ(x2, x3) the warping function.
Under the assumption of uniform torsion, The strain field is then computed us-

ing the strain-displacement relations, and is given by eqs. (7.33a) to (7.33c). The
only nonzero strains are the two shear strains components, γ12 and γ13, given by
eqs. (7.33c). The only non-vanishing stress components are τ12 and τ13, given by
eqs. (7.34c).

For uniform torsion, the total potential energy can be evaluated for a slice of the
beam of unit length only. Indeed, for uniform torsion, the deformation of all slices
are identical. The strain energy per unit length of the beam is

A =
1
2

∫

A
(τ12γ12 + τ13γ13) dA.

The potential of the externally applied load is the negative of the work done by the
torque, M1, acting along the unit length segment, Φ = −M1κ1 ·1. Using eqs. (7.34c)
and (7.33c) for the stress and strains fields, respectively, the total potential energy
becomes

Π =
1
2

∫

A

[(
∂Ψ

∂x2
− x3

)2

+
(

∂Ψ

∂x3
+ x2

)2
]

Gκ2
1 dA−M1κ1.

The principle of minimum total potential energy requires the total potential en-
ergy to be stationary with respect to admissible displacement fields, leading to

δΠ = Gκ2
1

∫

A

[(
∂Ψ

∂x2
− x3

)
∂δΨ

∂x2
+

(
∂Ψ

∂x3
+ x2

)
∂δΨ

∂x3

]
dA− 0 = 0. (12.61)

To eliminate the derivatives of variation in the warping function, Green’s theo-
rem [7] will now be used, leading to

δΠ = −Gκ2
1

∫∫

A

[
∂2Ψ

∂x2
2

+
∂2Ψ

∂x2
3

]
δΨ dA

+ Gκ2
1

∮

C

[(
∂Ψ

∂x2
− x3

)
n2 +

(
∂Ψ

∂x3
+ x2

)
n3

]
δΨds = 0,

where n2 = dx3/ds and n3 = −dx2/ds are the direction cosines of the unit normal
to curve C. Because the variation in the warping function are arbitrary, the brack-
eted terms in the expression above must vanish. The first bracketed term yields the
governing partial differential equation of the problem, and the second, the boundary
conditions along curve C,
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∂2Ψ

∂x2
2

+
∂2Ψ

∂x2
3

= 0 over A (12.62a)
(

∂Ψ

∂x2
− x3

)
dx3

ds
−

(
∂Ψ

∂x3
+ x2

)
dx2

ds
= 0 along C. (12.62b)

Equations (12.62) are identical to eqs. (7.40) obtained using the classical Newto-
nian approach. The boundary condition of the problem, eq. (12.62b), corresponds to
the vanishing of the shear stress components acting in the direction normal to curve
C, τn = 0. In the variational approach, this natural boundary condition results from
the application of Green’s theorem.

12.3.3 The Saint-Venant torsion problem using the Prandtl stress function

The Saint-Venant uniform torsion problem is formulated in the previous section as
a variational problem in terms of the warping function, Ψ , which defines the de-
formation of the beam. To avoid the complicated boundary condition expressed by
eq. (12.62b), the problem is reformulated using Prandtl’s stress function as developed
in section 7.3.2. In this case, however, the principle of minimum total potential en-
ergy is no longer appropriate, and the principle of minimum complementary energy
must be employed instead.

In Prandtl’s stress function formulation, the non-vanishing shear stress compo-
nents are expressed in terms of the stress function by eqs. (7.41), τ12 = ∂φ/∂x3 and
τ13 = ∂φ/∂x2, where φ(x2, x3) is Prandtl’s stress function. The complementary
strain energy stored in a unit slice of the beam now becomes

A′ =
1
2

∫∫

A

1
G

(
τ2
12 + τ2

13

)
dA =

1
2

∫∫

A

1
G

[(
∂φ

∂x2

)2

+
(

∂φ

∂x3

)2
]

dA.

The potential of the prescribed displacements, Φ′, see section (12.2.6), requires
more careful consideration. In this case, the beam of unit length is fixed at one
end, and a rotation, Φ1, is prescribed at the other. The associated potential is
Φ′ = −M1κ1 · 1 = − ∫∫

A 2φκ1dA where use is made of eq. (7.48) for a cross-
section bounded by a single curve, C. The total complementary potential energy is
then1

Π ′ = A′ + Φ′ =
1
2

∫∫

A

1
G

[(
∂φ

∂x2

)2

+
(

∂φ

∂x3

)2
]

dA−
∫∫

A
2φκ1dA. (12.63)

The principle of stationary complementary energy, principle 18, requires the total
complementary energy to be stationary value with respect to arbitrary choices of
statically admissible stress fields, leading to

δΠ ′ =
∫∫

A

1
G

[
∂φ

∂x2

∂δφ

∂x2
+

∂φ

∂x3

∂δφ

∂x3
− 2Gκ1δφ

]
dA = 0,

1 The notation is treacherous: Φ1 is a rotation about axis ı̄1; Φ′ is the potential of prescribed
displacements; and φ is Prandtl’s stress function.
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To eliminate the derivatives of variations of the stress function, Green’s theorem is
applied to the first two terms in the integrand to find
∫∫

A

1
G

[
−∂2φ

∂x2
2

− ∂2φ

∂x2
3

− 2Gκ1

]
δφdA+

1
G

∮

C

[
∂φ

∂x2
n2 +

∂φ

∂x3
n3

]
δφ ds = 0.

Equation (7.44) implies that the stress function, φ, must remain constant along
curve C. Hence, δφ = 0 along the same curve and the second integral vanishes.
The first integral must vanish for all arbitrary variation, δφ. Consequently, the first
bracketed term must vanish, and the Euler-Lagrange equation for this variational
problem is

∂2φ

∂x2
2

+
∂2φ

∂x2
3

= −2Gκ1, (12.64)

This result is identical to that obtained with the classical approach, see eq. (7.45).
Here again, the governing differential of the problem is recovered as the Euler-
Lagrange equation of a variational problem

Example 12.1. Torsion of rectangular section - a crude solution
Consider a bar with a rectangular cross-section of width 2a and depth 2b as depicted
in fig. 12.11. Determine the stress function and the sectional torsional stiffness using
the principle of complementary strain energy.

i2

i3

2a

2b

C

A

B

Fig. 12.11. Bar with a rectangular cross-section.

The following expression will be assumed for the stress function

φ(η, ζ) = c0(η2 − 1)(ζ2 − 1), (12.65)

where c0 is an unknown constant, η = x2/a is the non-dimensional coordinate along
axis ı̄2, and ζ = x3/b is that along axis ı̄3. This choice of the stress function satisfies
the boundary conditions of the problem along C: φ(η = ±1, ζ) = 0 and φ(η, ζ =
±1) = 0.

The principle of minimum complementary energy will be used to determine the
constant, c0, that minimize the total complementary energy. The total complemen-
tary energy is given by eq. (12.63), and introducing the approximation of the stress
function given by eq. (12.65) yields
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Π ′ =
∫

A

c2
0

2G

[
4η2

a2
(ζ2 − 1)2 +

4ζ2

b2
(η2 − 1)2

]
dA

− 2c0κ1

∫

A
(η2 − 1)(ζ2 − 1) dA.

(12.66)

After integration over the cross-section, this becomes

Π ′ =
c2
0

2G

[
8
3a

16b

15
+

16a

15
8
3b

]
− 2c0κ1

4a

3
4b

3
.

The total complementary energy must assumes a stationary value with respect to
arbitrary statically admissible stress fields, which implies

δΠ ′ =
[
2c0

2G

(
8
3a

16b

15
+

16a

15
8
3b

)
− 2κ1

16ab

9

]
δc0 = 0.

This expression must vanish for arbitrary δc0, and hence, the bracketed term must
vanish. Solving the resulting equation for constant c0 yields the stress function as

φ(η, ζ) =
5
4

a2b2

a2 + b2
Gκ1 (η2 − 1)(ζ2 − 1). (12.67)

For this section bounded by a single curve, the externally applied torque is given
by eq. (7.48),

M1 = 2
∫

A
φ dA =

5
2

a2b2

a2 + b2
Gκ1

∫

A
(η2 − 1)(ζ2 − 1) dA =

40
9

a3b3

a2 + b2
Gκ1.

The sectional torsional stiffness, H11, then follows as

H11 =
40
9

a3b3

a2 + b2
G. (12.68)

The stress field is easily found from the derivatives of the stress function. This so-
lution should be compared to the development in section 7.3.3 based on solutions to
the governing partial differential equations of linear elasticity.

Example 12.2. Torsion of rectangular section, a refined solution
Consider once again a bar with a rectangular cross-section of width 2a and depth 2b
analyzed in example 12.1 and shown in fig. 12.11. Study the behavior of this section
in uniform torsion using the following approximation for the stress function,

φ(η, ζ) = (ζ2 − 1)g(η), (12.69)

where g(η) is an unknown function, η = x2/a the non-dimensional coordinate along
axis ı̄2, and ζ = x3/b that along axis ı̄3. This choice for the stress function explicitly
satisfies the boundary conditions along two edges of the section, φ(η, ζ = ±1) =
0, but to satisfy the boundary conditions along the other two edges, the following
conditions are required, g(η = ±1) = 0.
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The total complementary energy for the problem is given by eq. (12.63), and
introducing the approximation of the stress function given by eq. (12.69) yields

Π ′ =
∫

A

[
(ζ2 − 1)2

g′2

a2
+

4ζ2

b2
g2

]
dA− 2κ1

∫

A
(ζ2 − 1)g(η) dA,

where the notation (.)′ indicates a derivative with respect to η. The integration over
variable ζ can be performed to yield

Π ′ =
ab

2G

∫ +1

−1

[
16

15a2
g′2 +

8
3b2

g2

]
dη − 2κ1ab

∫ +1

−1

(
−4

3

)
g dη.

When the total complementary energy is a minimum, Π ′ assumes a stationary
value with respect to statically admissible stresses which implies

δΠ ′ =
ab

2G

∫ +1

−1

[
16

15a2
2g′δg′ +

8
3b2

2gδg + 4Gκ1
4
3
δg

]
dη = 0.

Performing an integration by parts of the first term then leads to

∫ +1

−1

[
− 16

15a2
g′′ +

8
3b2

g + Gκ1
8
3

]
δg dη +

[
16

15a2
g′δg

]+1

−1

= 0.

The variation, δg, is arbitrary, and hence, the first bracketed term must vanish. The
Euler-Lagrange equation of this stationarity problem now becomes g′′ − µ2g =
µ2b2Gκ1, where µ =

√
5/2 a/b. Since the boundary conditions of the problem

require g(η = ±1) = 0, the variations at the end points vanish, δg(η = ±1) = 0,
and the second bracketed terms vanishes.

The general solution of the differential equation is g(η) = C1 sinh µη +
C2 cosh µη − b2Gκ1, where C1 and C2 are two integration constants that must be
evaluated with the help of the boundary conditions, g(η = ±1) = 0. The stress
function then becomes

φ(η, ζ) =
(

cosh µη

cosh µ
− 1

)
(ζ2 − 1) b2Gκ1. (12.70)

For this section bounded by a single curve, the externally applied torque is given
by eq. (7.48), leading to the following expression for the torsional stiffness

H11 =
16ab3

3

(
1− tanh µ

µ

)
G. (12.71)

The stress field can be found from the derivatives of the stress function. This solution
should be compared to the development in section 7.3.3 based on solutions to the
governing partial differential equations on linear elasticity.
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12.3.4 The non-uniform torsion problem

The equations governing the non-uniform torsion problem for a beam with a thin-
walled cross-section are derived in section 8.9 using classical arguments. The deriva-
tion is complex, relying on a number of equilibrium arguments. It is possible to ob-
tain these governing equations based solely on variational and energy arguments.
The development starts with the following expression for the assumed displacement
field in a general thin-walled beam,

u1(x1, s) = Ψ(s) κ1(x1),
u2(x1, s) = −(x3 − x3k) Φ1(x1), u3(x1, s) = (x2 − x2k) Φ1(x1).

(12.72)

This displacement field is similar to that of the Saint-Venant solution described in
section 7.3.2. The axial displacement component is proportional to the twist rate and
distributed over the cross-section according to the warping function, Ψ(s), assumed
to be that found in section 8.7. The in-plane displacement components describe a
rigid body rotation of the section about the center of twist (or shear center) which is
computed using the procedure described in section 8.7.

The strain field is now computed from this assumed displacement field to find

ε1 = Ψ(s)
dκ1

dx1
, γs =

(
dΨ

ds
+ rk

)
κ1,

where rk is defined by eq. (8.11). The remaining strain components all vanish, ε2 =
ε3 = γ23 = 0, as should be expected since the in-plane displacement components
describe a rigid body rotation.

The strain energy of the beam under non-uniform torsion reduces to the following
expression

A =
1
2

∫ L

0

∫

A
(τsγs + σ1ε1) dA dx1.

Assuming the beam to be made of homogeneous, linearly elastic material, the strain
energy can be written in terms of deformation as

A =
1
2

∫ L

0

∫

A

[
G

(
dΨ

ds
+ rk

)2

κ2
1 + EΨ2

(
dκ1

dx1

)2
]

dA dx1.

Recognizing that the twist rate, κ1, and its spatial derivative are functions only of the
span-wise variable, x1, this expression can be recast as

A =
1
2

∫ L

0

{[∫

C
G

(
dΨ

ds
+ rk

)2

tds

]
κ2

1 +
[∫

C
EΨ2 tds

](
dκ1

dx1

)2
}

dx1.

For uniform torsion problems, the twist rate is a constant along the span of the
beam, and the second term in the integral vanishes. The first term then represents the
strain energy associated with this uniform torsion problem, A = 1

2

∫ L

0
H11κ

2
1 dx1,
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where H11 is the torsional stiffness of the section. For closed section, the torsional
stiffness is given by eq. (8.67), whereas for open sections, expressions are given in
section 7.5.

The second term in the integral represents the strain energy associated the axial
strain component that arises in non-uniform torsion problems. The bracketed term
is the warping stiffness that is identified in the classical approach, see eq. (8.103).
Hence, the strain energy becomes

A =
1
2

∫ L

0

[
H11

(
dΦ1

dx1

)2

+ Hw

(
d2Φ1

dx2
1

)2
]

dx1.

Consider a beam clamped at the root and subjected to a distributed torque, q1(x1),
and a concentrated torque, Q1, at the tip. The total potential energy of the system is
then

Π =
1
2

∫ L

0

[
H11

(
dΦ1

dx1

)2

+ Hw

(
d2Φ1

dx2
1

)2
]

dx1 −
∫ L

0

q1Φ1 dx1 −Q1Φ1(L).

The principle of minimum total potential energy requires this expression to be a
minimum with respect to all the possible choices of the twist distribution, Φ1(x1),
that are compatible with the geometric boundary conditions. This occurs when δΠ =
0 and can be expressed as
∫ L

0

[
H11

dΦ1

dx1

(
dδΦ1

dx1

)
+ Hw

d2Φ1

dx2
1

(
d2δΦ1

dx2
1

)
− q1δΦ1

]
dx1 −Q1δΦ1(L) = 0

where the order of the variational and differential operators are interchanged. The
first term is integrated by parts once and the second term twice to yield

∫ L

0

[
− d

dx1

(
H11

dΦ1

dx1

)
+

d2

dx2
1

(
Hw

d2Φ1

dx2
1

)
− q1

]
δΦ1 dx1+

[
H11

dΦ1

dx1
δΦ1

]L

0

+
[
Hw

d2Φ1

dx2
1

(
dδΦ1

dx1

)]L

0

−
[

d
dx1

(
Hw

d2Φ1

dx2
1

)
δΦ1

]L

0

−Q1δΦ1(L) = 0.

Because the integral must vanish for all arbitrary variations δΦ1, the first brack-
eted term must vanish, leading to the governing differential equation of the problem

d
dx1

(
H11

dΦ1

dx1

)
− d2

dx2
1

(
Hw

d2Φ1

dx2
1

)
= −q1. (12.73)

This equation is identical to eq. (8.105) obtained using the classical approach. At
the root of the beam, the geometric boundary conditions imply Φ1(0) = 0 and
dΦ1(0)/dx1 = 0, where the second condition stems from the required vanishing
of the axial displacement component, see eq. (12.72). Because the variations δΦ1(L)
and δ(dΦ1(L)/dx1) are arbitrary, the boundary conditions at the tip of the beam are
the natural conditions obtained from the boundary terms as
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[
H11

dΦ1

dx1
− d

dx1

(
Hw

d2Φ1

dx2
1

)]

x1=L

= Q1, and Hw
d2Φ1

dx2
1

∣∣∣∣
x1=L

= 0.

(12.74)
The first condition requires the torque in the beam to be equal to the externally ap-
plied tip torque, Q1. The second condition implies the vanishing of the tip axial
stresses.

Clearly, the classical and energy approaches lead to the same governing equa-
tion and boundary conditions for non-uniform torsion. It should be noted, however,
that the energy approach is much more convenient because the governing equation
and boundary conditions are both obtained from the expression of the total potential
energy by means of a purely algebraic procedure.

12.3.5 The non-uniform torsion problem (closed sections)

The variational and energy approach to the non-uniform torsion problem developed
in the previous section is based on the displacement field given by eq. (12.72). When
using an energy approach, different approximations to a problem can be easily ob-
tained by starting from different displacement fields.

In this section, the following displacement field will be investigated

u1(x1, s) = Ψ(s) α(x1),
u2(x1, s) = −(x3 − x3k) Φ1(x1), u3(x1, s) = (x2 − x2k) Φ1(x1),

(12.75)

where α(x1) is an unknown function that characterizes the amplitude of the axial
displacement, and Φ1 is the rigid body rotation of the cross-section. This contrasts
with the displacement field of the previous approach, eq. (12.72), where the ampli-
tude of the axial displacement is taken to be proportional to the twist rate. Here again,
the warping function, Ψ(s), is assumed to be that found in section 8.7, and the in-
plane displacement components describe a rigid body rotation of the section about
the shear center.

The strain field is now computed from this assumed displacement field as

ε1 = Ψ(s)
dα

dx1
, γs =

dΨ

ds
α + rk

dΦ1

dx1
, (12.76)

where rk is defined by eq. (8.11). The remaining strain components all vanish, ε2 =
ε3 = γ23 = 0, as should be expected because the in-plane displacement components
describe a rigid body rotation.

Assuming the beam has a closed, single-cell, thin-walled cross-section made of
homogeneous, linearly elastic material, the strain energy becomes

A =
1
2

∫ L

0

∫

C

[
EΨ2

(
dα

dx1

)2

+ G

(
dΨ

ds
α + rk

dΦ1

dx1

)2
]

tds dx1.

Expanding this expression leads to a number of sectional integrals. The first two are
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Hp =
∫

C
Gr2

k tds; and Hw =
∫

C
EΨ2 tds,

where the second integral defines the torsional warping of the section. Two other
integrals are encountered,

∫

C
G

dΨ

ds
rk tds =

∫

C
G

[
H11

2AGt
− rk

]
rk tds = H11 −Hp,

and
∫

C
G

(
dΨ

ds

)2

tds =
∫

C
G

[
H11

2AGt
− rk

]2

tds = H11 + Hp − 2H11 = Hp −H11.

The derivative of the warping function is expressed in terms of eq. (8.94), and the
torsional stiffness of the closed section is given by eq. (8.67). Using these, the strain
energy of the beam now becomes

A =
1
2

∫ L

0

[
Hw

(
dα

dx1

)2

+ (Hp −H11)α2 + Hp

(
dΦ1

dx1

)2

− 2 (Hp −H11)α
dΦ1

dx1

]
dx1.

Consider a cantilevered beam subjected to a distributed torque, q1(x1), and a tip
torque, Q. The total potential energy of the beam is then

Π =
1
2

∫ L

0

[
Hw

(
dα

dx1

)2

+ (Hp −H11)α2 + Hp

(
dΦ1

dx1

)2

− 2 (Hp −H11)α
dΦ1

dx1

]
dx1 −

∫ L

0

q1Φ1 dx1 −QΦ1(L).

Invoking the principle of stationary total potential energy, the total potential en-
ergy must be a stationary quantity,

δΠ =
∫ L

0

δα

[
− d

dx1

(
Hw

dα

dx1

)
+ (Hp −H11)α− (Hp −H11)

dΦ1

dx1

]
dx1

−QΦ1(L) +
[
Hw

dα

dx1
δα

]L

0

+
∫ L

0

δΦ1

[
− d

dx1

(
Hp

dΦ1

dx1

)
+

d
dx1

(Hp −H11)α− q1

]
dx1

+
[
Hp

dΦ1

dx1
δΦ1

]L

0

− [(Hp −H11)αδΦ1]
L
0 = 0.

Because this expression must vanish for all arbitrary variations, δα and δΦ1, the
bracketed terms must be zero, leading to the two differential equations of the problem
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d
dx1

(
Hw

dα

dx1

)
+ (Hp −H11)

(
dΦ1

dx1
− α

)
= 0, (12.77a)

d
dx1

[
Hp

dΦ1

dx1
− (Hp −H11)α

]
= −q1. (12.77b)

At the root of the beam, the geometric boundary conditions, Φ1 = 0, and α = 0,
must be imposed; the second condition stems from the required vanishing of the axial
displacement component, see eq. (12.75). At the tip of the beam, variations δα(L)
and δΦ1(L) are arbitrary, leading to the natural boundary conditions, Hw dα/dx1 =
0, and Hp dΦ1/dx1 − (Hp −H11)α = Q. The first condition implies the vanishing
of the axial stresses at the tip of the beam, the second the equilibrium of the moment
in the beam with the externally applied torque.

Consider next the case of a cantilevered beam under a tip torque alone, i.e., q1 =
0. Integration of the second equation of the problem, eq. (12.77b), yields

Hp
dΦ1

dx1
− (Hp −H11)α = Q, (12.78)

where the second boundary condition at the beam’s tip is used to evaluate the inte-
gration constant. This result is used to substitute for dΦ1/dx1 in terms of α in the
first governing equation to find

Hw
d2α

dx2
1

−H11

(
1− H11

Hp

)
α = −

(
1− H11

Hp

)
Q.

This second order, ordinary differential equation is readily solved to find

α =
Q

H11

[
1− cosh k̄(1− η)

cosh k̄

]
, (12.79)

where η = x1/L is a non-dimensional variable along the span of the beam, and
coefficient k̄ is defined as

k̄2 =
H11L

2

Hw

(
1− H11

Hp

)
. (12.80)

Finally, eq. (12.79) is introduced into eq. (12.78) to determine the beam’s twist,

Φ1 =
QL

H11

[
η −

(
1− H11

Hp

)
sinh k̄ − sinh k̄(1− η)

k̄ cosh k̄

]
.

Of course, the stresses in the beam can now be obtained from the strain field,
eq. (12.76), as

σ1(η, s) = E
QL

H11

Ψ(s)
L2

k̄ sinh k̄(1− η)
cosh k̄

.

for the axial stress and

τs(η, s) =
Q

2At

[
1−

(
1− 2AtG

Ip
rk

)
cosh k̄(1− η)

cosh k̄

]
,

for the shear flow.
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12.3.6 The non-uniform torsion problem (open sections)

The previous section is focused on beams with closed, single-cell, thin-walled cross-
sections made of homogeneous, linearly elastic material. If the section is an open
section, the same developments will apply except for the fact that the warping func-
tion now satisfies eq. 8.85, rather than eq. 8.94. Consequently, the strain field now
simplifies to

ε1 = Ψ(s)
dα

dx1
, γs =

(
dΦ1

dx1
− α

)
rk, (12.81)

and the strain energy in the beam becomes

A =
1
2

∫ L

0

[
Hw

(
dα

dx1

)2

+ Hp

(
dΦ1

dx1
− α

)2
]

dx1.

This approximation does not take into account the linear through-the-thickness
shear strain distribution that develops under torsion, see section 7.5. Indeed, the shear
strain defined by eq. (12.81) is uniform through-the-thickness. To account for this
effect, the strain energy expression is corrected as follows

A =
1
2

∫ L

0

[
Hw

(
dα

dx1

)2

+ Hp

(
dΦ1

dx1
− α

)2

+ H11

(
dΦ1

dx1

)2
]

dx1,

where H11 is the classical torsional stiffness for the thin-walled, open sections, see
eq. (7.64).

Consider a cantilevered beam subjected to a distributed torque q1(x1) and a tip
torque Q. The total potential energy of the beam can be written

Π =
1
2

∫ L

0

[
Hw

(
dα

dx1

)2

+ Hp

(
dΦ1

dx1
− α

)2

+ H11

(
dΦ1

dx1

)2
]

dx1

−
∫ L

0

q1Φ1 dx1 −QΦ1(L).

Invoking the principle of minimum total potential energy and following a pro-
cedure similar to that presented in the previous section yields the solution of the
problem as

α =
Q

H11

[
1− cosh k(1− η)

cosh k

]
, (12.82)

Φ1 =
QL

H11

[
η −

(
1 +

H11

Hp

)
sinh k̄ − sinh k̄(1− η)

k̄ cosh k̄

]
.

where η = x1/L is the non-dimensional variable along the beam’s span, and coeffi-
cient k̄ is defined as

k̄2 =
H11HpL

2

Hw(Hp + H11)
=

H11L
2

Hw

1
1 + H11/Hp

. (12.83)
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For open section, H11 ¿ Hp, and coefficient k̄ becomes nearly equal to its
counterpart in the classical formulation of the non-uniform torsion problem, see
eq. (8.107). Of course, the stress field can be recovered using the strain field given
by eq. (12.81).

12.3.7 Problems

Problem 12.1. Cantilevered beam with elastic foundation
A cantilevered beam of length L is subjected to a tip load P2, a tip bending moment Q3,
a transverse distributed load p2(x1), and a distributed bending moment q3(x1), as shown in
fig. 12.12. The cantilevered beam is supported by an elastic foundation of stiffness k, not
shown on the figure, for clarity. The total potential energy of the system is

Π =

∫ L

0

[
1

2
H33

(
d2u2

dx2
1

)2

+
1

2
k u2

2

]
dx1 −

∫ L

0

(
p2 u2 + q3

du2

dx1

)
dx1

− P2 u2(L)−Q3
du2

dx1

∣∣∣∣
L

.

(1) Find the governing differential equations and boundary conditions for this problem using
the principle of minimum total potential energy. (2) Derive the same equations and boundary
conditions based on simple free body diagrams for a differential element of the beam.

Problem 12.2. Comparing solutions for torsion of a rectangular section
In examples 12.1 and 12.2, two solutions are developed for the uniform torsion of the rect-
angular section depicted in fig 12.11, leading to the stress functions given by eqs. (12.67)
and (12.70), respectively. (1) On one graph, plot the non-dimensional torsional stiffnesses,
H11/(4abG), predicted by the two solutions as a function of a/b ∈ [1, 12]. (2) On one graph,
plot the non-dimensional shear stress at point B, 8ab2τB/M1, predicted by the two solutions
as a function of a/b ∈ [1, 12]. (3) On one graph, plot the non-dimensional shear stress at point
A, 8ab2τA/M1, predicted by the two solutions as a function of a/b ∈ [1, 12].

Problem 12.3. Cantilevered beam with various loading
The uniform cantilevered beam of span L depicted in fig. 12.13 has a bending stiffness H33

and is supported by an elastic foundation of stiffness k over its first half. A concentrated spring
of stiffness k1 supports the beam at its free end. A mid-span concentrated load P is applied
together with a uniform distributed load p0 that acts over the second half of the beam span.
Write the principle of minimum total potential energy for this system.
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i3

i2

p (x )2 1

q (x )3 1

P2

Q3

Fig. 12.12. Cantilevered beam with concen-
trated an distributed moments.
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i2 p0

k

k1

L/2 L/2

P

Fig. 12.13. Simply supported beam with par-
tial elastic foundation.
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Problem 12.4. Simply supported beam with concentrated load
Consider the uniform simply supported beam of span L subjected to a concentrated load acting
at a distance αL from the left support, as shown in fig. 5.23. Write the principle of minimum
total potential energy for the system. From this principle, derive the governing differential
equations of the problem and the associated boundary conditions.

Problem 12.5. Cantilevered beam with tip spring
The uniform cantilevered beam of span L shown in fig. 12.14 features a tip spring of stiffness
k and a tip concentrated load P . Write the principle of minimum total potential energy for the
system. From this principle, derive the governing differential equations of the problem and the
associated boundary conditions. Explain the physical meaning of the boundary conditions at
x1 = L using a free body diagram.

Problem 12.6. Simply supported beam with end torsional springs
Consider a simply supported, uniform beam of length L with two end point torsional springs
of stiffness k1 and a mid-span spring of stiffness k2. The beam, shown in fig. 12.15, is sub-
jected to a uniform transverse loading p2(x1) = p0. Write the principle of minimum total
potential energy for the system. From this principle, derive the governing differential equa-
tions of the problem and the associated boundary conditions. Explain the physical meaning of
the boundary conditions at x1 = L/2 using a free body diagram.

i1

i2

k
L

P

Fig. 12.14. Cantilevered beam with tip con-
centrated load and elastic spring.
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k2

L/2 L/2

p0

Fig. 12.15. Simply supported beam with
mid-span and end point springs.

Problem 12.7. Torsion of a beam with circular cross-section
Consider a uniform beam of length, L, with a circular cross-section of area, A, and modulus,
G. It is fixed at one end and loaded with both a distributed twisting moment, q1(x1), and a
concentrated moment, Q1, at the other end. (1) Use the principle of minimum total potential
energy to develop the governing differential equation. (2) Determine the possible boundary
conditions that could be applied at each end of a general beam. (3) Indicate which of these
boundary conditions apply for the present problem.

Problem 12.8. Torsion of a beam with concentrated torque applied at a mid-
point
A uniform beam of length, L, with a circular cross-section of area, A, and modulus, G, is
clamped at both ends and subjected to a concentrated torque, Q0, applied at x1 = a. (1) Use
the principle of minimum total potential energy to develop the governing differential equation.
(2) Determine the possible boundary conditions that could be applied at each end of a general
beam and at the point of application of the torque, Q0. (3) Indicate which of these boundary
conditions apply for the present problem.
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Problem 12.9. Torsion stress in a thin-walled box beam
Consider the thin-walled beam with a rectangular cross-section depicted in fig. 12.16. The
beam is clamped at the root and subjected to a tip torque Q1. (1) Solve this problem using the
following assumed displacement field u1(x1, x2, x3) = 0; u2(x1, x2, x3) = −x3 Φ1(x1);
u3(x1, x2, x3) = x2 Φ1(x1). This leads to the classical theory for torsion: the solution is
denoted ΦSV

1 . (2) Develop a beam theory for torsion based on the following assumed displace-
ment field u1(x1, x2, x3) = Ψ(s) α(x1); u2(x1, x2, x3) = −x3 Φ1(x1); u3(x1, x2, x3) =
x2 Φ1(x1), where Ψ(s) is the warping function obtained from thin-walled beam theory, and
α(x1) an unknown function. The warping function is given as

Ψ1(s) =
a− b

a + b
bs; Ψ2(s) = −a− b

a + b
as; Ψ3(s) =

a− b

a + b
bs; Ψ4(s) = −a− b

a + b
as.

This leads to a theory for torsion that takes into account the effects of nonuniform torsion:
the solution is denoted ΦNU

1 . (3) Plot the twist distributions ΦSV
1 and ΦNU

1 along the span of
the beam on the same graph. (4) Sketch the shear stress flow distribution fSV and fNU over
the cross-section of the beam at x1 = 0 and L. (5) Plot the shear flow distribution along the
span of the beam at points A and B, denoted fSV

A and fSV
B , respectively, for the classical

theory, and fNU
A , and fNU

B , respectively, for the non-uniform torsion theory. (6) Plot the axial
stress flow distribution nSV and nNU over the cross-section of the beam at x1 = 0 and L/2.
(7) Predict the failure loads QSV

fail and QNU
fail according Von Mises strength criterion. Compute

QSV
fail/QNU

fail .
Use the following parameters: a = 4b; L = 6a; E/G = 20; n = Etε11; f = Gtγ.
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2b
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B

i2

i3

Fig. 12.16. Rectangular cross-section of a
thin-walled beam.

Rigid
plate

L

Q1

i1

Fig. 12.17. Clamped beam with a rigid tip
plate.

Problem 12.10. Axial stress in a thin-walled box beam
Repeat the previous problem. However, the beam is now clamped at the root and a rigid plate
prevents any warping deformation at the tip, see fig. 12.17

Problem 12.11. Beam with bending, axial and shear deformations
NOTE: this problem requires material on shear deformation in beams from chapter 15. Con-
sider a uniform cantilevered beam of span L subjected to distributed axial and transverse loads
p1(x1) and p2(x1), respectively, to tip concentrated axial and transverse loads P1 and P2, re-
spectively, and to distributed and concentrated bending moments q3(x1) and Q3, respectively.
The beam possesses a strain energy density function a = 1/2 (Sε21 + K22γ

2
12 + H33κ

2
3),

where the axial strain ε1 = du1/dx1, the transverse shearing strain γ12 = du2/dx1 − Φ3,
and the curvature κ3 = dΦ3/dx1. respectively. The equilibrium equations of the problem are
dF1/dx1 +p1 = 0; dF2/dx1 +p2 = 0; and dM3/dx1 +F2 + q3 = 0, where F1 is the axial
force, F2 the transverse shearing force, and M3 the bending moment. (1) Derive the principle
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of virtual work for this problem. (2) Derive the principle of minimum total potential energy.
(3) Derive Hu-Washizu’s principle. (4) Derive Hellinger-Reissner’s principle.

Consider now a cantilever beam subjected to a single transverse tip load P2 = P . (5)
Solve the problem using the principle of minimum total potential energy with the following
assumed modes u2 = ηuT and Φ3 = ηΦT , where η = x1/L, and uT and ΦT are unknown
coefficients. (6) Solve the problem using Hellinger-Reissner’s principle with the following
assumed modes u2 = ηuT , Φ3 = ηΦT , F2 = F0, and M3 = MR + ηMT , where uT , ΦT ,
F0, MR, and MT are unknown coefficients. (7) On a single graph, plot the non-dimensional
displacement fields (H33u2)/(PL3) and (H33Φ3)/(PL2) versus η for the exact solution
and each approximate solution. Choose s2 = 2.0 10−3, where s2 = H33/K22l

2. (8) On
a single graph, plot the non-dimensional internal force fields M3/PL and F2/P versus η
for the exact solution and each approximate solution. (9) On a single graph, plot the non-
dimensional strain fields (H33κ3)/(PL) and (K22γ12)/(P ) versus η for the exact solution
and each approximate solution. (10) For each approximate solution check how well, or how
poorly, the equilibrium equations, the strain displacement equations, and the constitutive laws
are satisfied. (11) Plot the approximate non-dimensional tip displacements normalized by the
exact non-dimensional tip displacement versus 1/s2. Use a log scale to plot 1/s2. Comment
on your results.

Problem 12.12. Axial stress in a reinforced panel
The thin panel depicted in fig. 12.18 is reinforced by stiffeners of axial stiffness S. The panel
has a length L and the distance between two stiffeners is 2b. At one end of the panel, loads P
are applied to each stiffener, and the panel is clamped along its other end. The concentrated
loads applied to the stiffener diffuses in to the panel and the purpose of the analysis is to de-
termine how fast this diffusion process takes place. It can be assumed that at a large distance
from the point of application of the concentrated loads, the axial strain and axial stress dis-
tributions become uniform across the width of the panel, i.e., ε1(x1/L → ∞, x2) = εf and
σ1(x1/L →∞, x2) = σf .

The number of stiffeners is assumed to be large so that a typical cell can be studied. In
that typical cell, a panel of width 2b and length L/b = ∞ is attached to stiffeners of stiffness
S/2 along each edge, and the stiffeners are subjected to concentrated loads P/2. At x1 = ∞
the stress in the panel is σf and the loads in the stiffeners are Pf/2.

To analyze this problem, use an energy approach with the following assumed displacement
field: u1(η, ζ) = g(η) + h(η)(ζ2 − α), u2(η, ζ) = 0, where η = x1/L and ζ = x2/b. The
following geometric boundary conditions can be selected: g(x1 = 0) = 0, implying the
vanishing of the average axial displacement at x1 = 0, and h(x1 = ∞) = 0, implying a
uniform axial displacement at x1 = ∞.

(1) Express σf and Pf/2 as a function of the applied load P . (2) Write the total strain
energy in the structure. Calculations will greatly simplify if you select the coefficient α so
that the coupling term between g and h vanishes. Note that the strain energy of a stiffener is
1/2

∫∞
0

S (du1/dx1)
2
x2=h dx1. (3) Write the total potential of the externally applied loads.

Do not forget to include the work done by the loads applied at x1 = ∞. (4) Solve the prob-
lem for the unknown displacement functions g and h. (5) Determine the non-dimensional
axial stress distribution in the panel, σ1/σf , and the non-dimensional load in the stiffener,
Fs/(Pf/2). (6) Plot σ1/σf (η, ζ = 1) and σ1/σf (η, ζ = 0) versus η, for E/G = 2.6 and
E/G = 28, on the same graph. (7) Fs/(Pf/2) versus η, for E/G = 2.6 and E/G = 28,
on the same graph. (8) Determine the non-dimensional shear stress distribution in the panel,
hτ12/P . (9) Plot hτ12/P (η, ζ = 1) versus η, for E/G = 2.6 and E/G = 28, on the same
graph. (10) On the same graph, plot the distribution of non-dimensional axial stress across the
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width of the panel for η = 0, 2, 4 and 6, for E/G = 2.6; same question for E/G = 28. (11)
On the same graph, plot the distribution of non-dimensional shear stress across the width of
the panel for η = 0, 2, 4 and 6, for E/G = 2.6; same question for E/G = 28. (12) Find the
diffusion length d for the panel, i.e., the distance it takes for the maximum stress to decrease
to within 1% of σf . (13) Plot the diffusion length as a function of k ∈ [0, 1]. Interpret your
results.

Use the following data: The panel and stiffener are made of a homogeneous, linearly
elastic material; σ1 = E ε1, τ12 = G γ12; Fs(x1) = S ε1(x1, x2 = ±b) for the right and left
stiffeners, respectively. The stiffener axial stiffness is S = EA, whereA is its cross-sectional
area; k = A/(2bt) = 0.15 is the ratio of the stiffener area to the panel area.
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Fig. 12.18. Configuration of the stiffened panel.




