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Virtual work principles

9.1 Introduction

The concept of mechanical work is fundamental to the study of mechanics. The me-
chanical work done by a force is defined as the scalar product of that force by the
displacement through which it acts: work is a scalar quantity, in contrast with forces
and displacements, which are vector quantities characterized by magnitudes and di-
rections. Consequently, work quantities are simpler to manipulate than forces and
displacements, and this simplification makes work based formulations of mechanics
very attractive.

Newtonian mechanics is based on the concepts of forces and moments, which are
vector quantities. The equilibrium conditions stated by Newton’s law are expressed
in their most general form as vector equations, and vector algebra is required for
most practical applications. While it is customary to make a distinction between ex-
ternally applied loads, internal forces and reaction forces, Newton’s condition for
equilibrium states that the sum of all forces must vanish, without making any dis-
tinction between them. It follows that all forces explicitly appear in the equilibrium
equations of the problem and the solution process involves the determination of all
forces, including internal and reaction forces. Newton’s approach effectively deter-
mines forces and displacements, but it becomes increasingly difficult and tedious for
problems of increasing complexity.

Formulations based on the concept of work are a part of what is generally re-
ferred to as analytical mechanics and provide powerful tools for dealing with com-
plex problems. These methods are very attractive because they deal with quantities
that are scalar rather than vector quantities, resulting in simpler analysis processes.
Furthermore, specific types of forces, such as reaction forces, can often be eliminated
from the solution process if the work they perform vanishes. Analytical mechanics
formulations also enable the systematic development of procedures to obtain approx-
imate solutions to very complex problems. In particular, the finite element method, a
commonly used tool for structural analysis, has its roots in analytical mechanics.

If analytical mechanics is so powerful and versatile, why has it not completely
eclipsed Newton’s formulation? An important task in structural analysis is the de-
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termination of both magnitude and direction of all forces acting within a structure,
which is required to estimate failure conditions. It is logical to use Newton’s ap-
proach for this task because it is directly expressed in terms of the quantities that
must be evaluated. Furthermore, forces are easily visualized as vectors of a specific
magnitude and direction that can be directly measured in the laboratory. In contrast,
because it can only be measured in an indirect manner, mechanical work is a more
abstract concept, which is quite different from the concept of “human work,” in the
sense of “human labor.”

The Principle of Virtual Work (PVW) is the most fundamental tool of analytical
mechanics, and it will be shown to be entirely equivalent to Newton’s law. Both the
principle of virtual work and Newton’s laws are statements of equilibrium, which
must always be satisfied at any point in a structure. In this chapter, simple applica-
tions of the principle of virtual work will be presented, focusing on discrete, rather
than continuous systems. In many case, both Newtonian and analytical mechanics
approaches will be presented in parallel to highlight their respective features.

9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Newton’s first law of motion states that every object in a state of uniform motion
tends to remain in that state of motion unless an external force is applied to it. The
expression “‘state of uniform motion” means that the object moves at a constant ve-
locity; for static problems, however, is is customary to focus on objects at rest. If
several forces are applied to the object, the “external force” is, in fact, the resultant,
i.e., the vector sum, of all externally applied forces. Finally, the “object” mentioned
in the law is to be understood as a “particle.” With all these clarifications, Newton’s
law is then restated as a particle at rest tends to remain at rest unless the sum of
the externally applied force does not vanish. This also implies that if the sum of the
externally applied forces does not vanish, the particle is no longer at rest. A more
mathematical statement of Newton’s law is: a particle is at rest if and only if the sum
of the externally applied forces vanishes. The expression “if and only if” is included
in the statement because this is both a necessary and sufficient condition: a particle
is at rest if the sum of the forces vanishes, and if the sum of the forces vanishes, then
the particle is at rest.

In structural mechanics, a particle at rest is said to be in static equilibrium. New-
ton’s first law then becomes

A particle is in static equilibrium if and only if the sum of the externally
applied forces vanishes.

Newton’s first law gives the necessary and the sufficient condition for static equilib-
rium and can be stated in a mathematical form as: a particle is in static equilibrium

if and only if
> E=0, (9-1)
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where F' are the externally applied forces acting on the particle. From a vector al-
gebra standpoint, this equation can be interpreted in various manners: (/) the vector
sum of all forces acting on the particle must be zero, or (2) the vector force polygon
must be closed, or (3) the components of the vector sum resolved in any coordinate
system must vanish, i.e., if Y F = F17 + Fyiz + F3i3, where Z = (71,72, 73) is an
arbitrary orthonormal basis, Fy = F, = F5 = 0.

Newton’s third law is also of fundamental importance to statics; it states: if par-
ticle A exerts a force on particle B, particle B simultaneously exerts on particle A
a force of identical magnitude and opposite direction. It is also postulated that these
two forces share a common line of action. In a more compact manner, Newton’s third
law states that

Two interacting particles exert on each other forces of equal magnitude,
opposite directions, and sharing a common line of action.

Euler’s first law

Newton’s first and third laws only apply to par-
ticles, but they can be extended to a collection
of interacting particles. Figure 9.1 shows a sys-
tem consisting of N particles. Particle ¢ is sub-
jected to an external force, E l, andto N — 1
interaction forces, f e j = , N, j # 1.
Newton’s first law, eq 9.1), apphed to particle
1, then states that

F,+ Z iij =0. 9.2) Fig. 9.1. A system of particles.
j=1,5#i

Note that little has been said about the nature of the system of particles, or of the
interaction forces. If the system of particles is a rigid body, the interaction forces are
those that will ensure that the shape of the body remains unchanged by the externally
applied loads. If the system of particles is an elastic body, the interaction forces are
the stresses that will result from the deformation of the body. If the system of particles
is planetary system, the interaction forces are the gravitational pull that each planet
exerts on all others. Although of physically different natures, all interaction forces
are assumed to obey Newton’s third law, which implies that f i + iji =

Since eq. (9.2) applies to each of the NV particles of the system, summation of
these N equations yields

N N N
Z 1+Z Z L‘j:O'

i=1 i=1 j=1,j7i
In the double summation of the second term, interaction forces appear in pairs, L_j
and iﬂ Newton’s third law then implies the vanishing of each pair of interaction
forces, L_J_ + iﬁ = 0, leading to
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N
> > ;=0 (9.3)

i=1 j=1,j#i

Since the second term vanishes, the above equation simplifies to

N
> F,=0. (9.4)
=1

This statement is known as Euler’s first law for a system of particles; it is very similar
to Newton'’s first law, but now applies to a system of particle.

Note that eq. (9.4) is a necessary condition for the system of particles to be in
static equilibrium, but is not a sufficient condition. As implied by Newton’s first
law, the necessary and sufficient conditions for the static equilibrium of the system
are the satisfaction of eq. (9.2) for each of the N particles of the system; in all, this
represents /N vector equations that must be satisfied. Clearly, eq. (9.4) is a single
vector equation, and therefore a much less stringent condition. The main advantage
of eq. (9.4), however, is that all interaction forces are eliminated from this statement.

Euler’s second law

It is possible to extract additional conditions for the static equilibrium of a system of
particles. Let r; be the position vector of particle ¢ with respect to an arbitrary point
O, see fig. 9.1. Taking a vector product of eq. (9.2) by r;, then summing over all

particles leads to
N N N
domx i)
=1 i=17

=0.

- X
X [
=1,j#i

In the double summation of the second term, interaction forces appear in pairs, r; X
Lj andr; x iﬂ A property of the vector cross product is that r; x Lj =r, X L_j
and r; x iji =r, x iji, where r | is the vector that joins point O to the point on
the common line of action of the internal force pair that is at the shortest distance
from point O. For Newton’s third law, it then follows that r, x L,j +r; % iﬂ =
r, X (L.j +iji) = 0, which yields

N N

With this simplification, the above equation reduces to

N N
oy xFy=> M, =0, (9.6)
=1 =1

where M ; is the moment of the external forces applied to particle 7. The point about
which moments of the externally applied forces is calculated is arbitrary. This state-
ment is known as Euler’s second law for a system of particles. Euler’s first and
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second laws are both necessary conditions for the system of particles to be in static
equilibrium, but are not a sufficient conditions. Taken together, they form two vector
equations that clearly fall short of the N vector equations, eq. (9.2) for each of the
N particles, required to guarantee static equilibrium of the system.

9.2.2 Concept of mechanical work

Mechanical work is defined as follows: the work done by a force is the scalar product
of the force by the displacement of its point of application. At first, let the force and
displacement vectors be collinear: the force vector is ¥ = F'u and the displacement
vector d = du, where F is the magnitude of the force, d that of the displacement,
and w is a unit vector along the common direction of the force and displacement. The
work, W, done by the force becomes W = F'u - du = Fd. Note that if the force
and displacement are both in the same direction, the work is positive, whereas if the
force and displacement are in opposite directions, the work is negative.

Next, consider the case where force and displacement vectors are not collinear:
the force vector is ' = F'u and the displacement vector d = dv, where % and v
are unit vectors along the orientations of the force and displacement vectors, respec-
tively. The work done by the force becomes W = Fu - dv = Fdu - v = Fdcos#,
where 6 is the angle between the unit vectors @ and . If the force acts in the direction
perpendicular to the displacement, cos§ = cos /2 = 0, and the work done by the
force vanishes although both force and displacement vectors do not.

It is often the case that both force and displacement vectors change in time. To
deal with this situation, the concept of incremental work is introduced as dW =
F - dr, where dr is the infinitesimal displacement vector. If the point of application
of the force moves from r; to r;, the total work is then found by integration of the
incremental work . v

W:/ dW:/ F-dr. 9.7)
Jr,; r;

When the force and incremental displacement are three-dimensional vectors,
their scalar product is easily computed by evaluating the components of the two
vectors in a common orthonormal basis. The force and infinitesimal displacement
vectors are written as F' = Fé; + Fyeo + Fzéez and dr = drié; +dreésy +drseés, re-
spectively, where £ = (&, €, €3) forms an orthonormal basis, i.e., a set of three mu-
tually orthogonal unit vectors. The incremental work then becomes dW = F - dr =
Fidry + Fadry + Fsdrs. The force and displacement vectors must both be resolved
in a common basis for this formula to apply, although this common basis can be
chosen arbitrarily.

Only the component of the force vector acting along the differential displacement
vector does work. Let the differential displacement be written as dr = dr u, where
u is the unit vector in the direction of the differential displacement. Next, the force
vector is written as F' = FHﬂ + F'| v, where v is a unit vector perpendicular to ,
F) the component of the force acting along the differential displacement vector, and
F'| that acting in the plane perpendicular to @. The incremental work now becomes



400 9 Virtual work principles

dW = (Fju + FLv) - dru = Fjdr. The component of the force acting along the
displacement vector, FH , is the sole contributor to the work.

Work is a scalar product, and consequently, superposition holds. Let the applied
force be written as ' = F'; +F,; the incremental work now becomes dW = F-dr =
(Fy+ Fy)-dr = F,-dr+ F, - dr = diW; + dW5. This implies that the sum of
the work done by the two forces, £'; and F',, denoted dW; and dWj, respectively,
equals the work done by the resultant force, F'.

Structural analysis focuses on static problems, as opposed to structural dynamics,
which broadens the scope of the investigation to include the dynamic response of
structures to time dependent loads. The very definition of work involves a “force
that displaces its point of application,” which implies a dynamic problem. Why then
is work a quantity of interest for the static analysis of structures? The answer to
this question is found in the next section, which introduces the concept of virtual
work, i.e., the work that would be done by a force if it were to displace its point of
application by a fictitious amount.

9.3 Principle of virtual work

As discussed in the previous section, the static equilibrium condition for a particle, as
stated by Newton’s first law, is written as a vector equation that imposes the vanishing
of the externally applied forces. In the present section, an alternative formulation
will be developed, which results in the Principle of Virtual Work (PVW). Although
expressed in terms of work rather than force vectors, the principle of virtual work
will be shown to be entirely equivalent to Newton’s first law. First, the principle will
be developed for a single particle; next, it will be generalized to enable applications
to systems of particles.

The principle of virtual work introduces the fundamental concept of “arbitrary
virtual displacements” sometimes called “arbitrary test displacements,” or also “arbi-
trary fictitious displacements,” and all of these expressions will be used interchange-
ably. The word “arbitrary” is easily understood: it simply means that the displace-
ments can be chosen in an arbitrary manner without any restriction imposed on their
magnitudes or orientations. More difficult to understand are the words “virtual,”
“test,” or “fictitious.” All three imply that these are not real, actual displacements.
More importantly, these fictitious displacements do not affect the forces acting on
the particle. These important concepts will be explained in the following sections.

9.3.1 Principle of virtual work for a single particle

Consider a particle in static equilibrium under a set a externally applied loads, as
depicted in fig. 9.2. According to Newton’s first law, the sum of the externally applied
load must vanish, as expressed by eq. (9.1). Next, consider a fictitious displacement
of arbitrary magnitude and orientation, denoted s in fig. 9.2. Although the problem
appears to be two-dimensional in the figure, both forces and fictitious displacements
are three-dimensional quantities.
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The virtual work done by the externally applied forces is now evaluated by com-
puting the dot product of the externally applied loads by the fictitious displacement
to find

W= [ZE} 5=0. 9.8)

Because the particle is in static equilibrium, Newton’s first law implies the vanish-
ing of the bracketed term. It follows that the dot product vanishes for any arbitrary
fictitious displacement.

This result sheds some light on the special nature of
the fictitious, or virtual displacements. If the particle is
in static equilibrium in a given configuration, the sum of
the forces vanishes, i.e., Y . F' = 0. Assume now that one
of the externally applied forces, say F';, is the force act-
ing in an elastic spring connected to the particle. If the
particle undergoes a real, but arbitrary displacement, d,
the force in the spring will change to become F. All
displacement dependent forces applied to the particle
will change, and the sum of the externally applied loads
becomes > F”. In the new configuration resulting from the application of the real
displacement, d, static equilibrium will not be satisfied, i.e., > F’ ! # 0. Indeed, if the
particle is in static equilibrium in the configuration resulting from the application of
an arbitrary displacement, it will be in static equilibrium in any configuration, which
makes little sense.

In contrast with real displacements, virtual or fictitious displacements do not
affect the loads applied to the particle. This means that even in the presence of
displacement dependent loads such as those arising within an elastic spring, if the
particle is in static equilibrium, it remains in static equilibrium when virtual or ficti-
tious displacements are applied. This is the reason why eq. (9.8) remains true for all
arbitrary virtual displacements. The discussion thus far has thus established that if
the particle is in static equilibrium, eq. (9.8) holds for all arbitrary fictitious displace-
ments.

Next, the following question is asked: if eq. (9.8) holds, is the particle in static
equilibrium? Consider fig. 9.2, and let the components of the applied forces be F'; =
Fi1ty + Fio%a + Fi373, F'y = Fo171 + Faolp + Fo3iz, F'3 = F3171 + F3272 + F3313,
while the components of the virtual displacement are s = s121 + S272 + S323, Where
Z = (u1,%2,73) is an orthonormal basis. Equation (9.8) now states (Fy1 + Fa1 +
F31)81 + (Fu + F22 + F32)82 + (Flg + F23 + F33)83 = 0.

At first, assume that the particle is not in static equilibrium, i.e., > F # 0. It is
always possible to find a particular virtual displacement for which eq. (9.8) will be
satisfied. Indeed, for a given set of forces, select s; and s, in an arbitrary manner,
then solve eq. (9.8) for s3 to find s3 = —[(F11 + Fo1 + F31)s1 + (Fi2 + Fao +
F39)s0]/(F13 + Fas + Fs3). Consequently, the fact that eq. (9.8) is satisfied for
a particular virtual displacement does not imply that it is in static equilibrium. In
fact, even if it is satisfied for many virtual displacements, static equilibrium is still

Fig. 9.2. A particle with ap-
plied forces subjected to a
fictitious test displacement.
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not guaranteed. Indeed, for each new arbitrary choice of s; and s, it is possible to
compute an s3 for which eq. (9.8) is satisfied.

Different conclusions are reached if eq. (9.8) is satisfied for all arbitrary virtual
displacements. Indeed, if (Fll + Fo1 + F31)$1 + (F12 + Foo + F32)52 + (F13 +
Fy3 + F33)s3 = 0 for all arbitrary values of independently chosen s1, s5 and s, it
follows that F11 + F21 + F31 = 0, F12 + F22 + F32 = O, and F13 + Fgg + F33 = 0,
is the only solution of eq. (9.8). In turn, this can be written as (Fy1 + Fo1 + F31)71 +
(F12 + Faz + F39)12 + (Fi3 + Fas + Fs3)13 = 0, and finally, ZE = 0. Thus, if
eq. (9.8) is satisfied for all arbitrary virtual displacements, then > F = 0, and the
particle is in static equilibrium.

In conclusion, if a particle is in static equilibrium, the virtual work done by the
externally applied forces vanishes for all arbitrary virtual displacements. Further-
more, it is also true that if the virtual work vanishes for all arbitrary fictitious test
displacements, then the sum of the externally applied forces vanishes, and hence, the
particle is in static equilibrium. These two facts can be combined into the statement
of the principle of virtual work for a particle

Principle 3 (Principle of virtual work for a particle) A particle is in static equi-
librium if and only if the virtual work done by the externally applied forces vanishes
for all arbitrary virtual displacements.

Since the condition for static equilibrium is nothing but Newton’s first law, it follows
that the principle of virtual work, which states the condition for static equilibrium, is
entirely equivalent to Newton’s first law, and either statement provides a fundamental
definition of static equilibrium. Simple examples will now be used to illustrate the
principle of virtual work.

Example 9.1. Equilibrium of a particle

Consider the particle depicted in fig. 9.3, which is subjected to two vertical forces
F, = 1%; and F, = —37;. The following question is asked: is the particle in static
equilibrium? Rather than relying on Newton’s first law, the principle of virtual work
will used to answer the question. Consider the following arbitrary virtual displace-
ment, s = $121 + S99, and its associated virtual work

W = (171 — 371) . (5151 + 8252) = -2 - (8151 + 8252) = —2s1 # 0.

The fact that s is an arbitrary virtual displacement implies that s; and s are arbitrary
scalars, and hence, W = —2s; # 0. Because the virtual work done by the externally
applied forces does not vanish for all virtual displacements, the principle of virtual
work, principle 3, implies that the particle is not in static equilibrium.

It is important to understand the implications of the last part of the principle of
virtual work, “for all arbitrary virtual displacements.” Consider the following arbi-
trary virtual displacement, s = s»%5, and its associated virtual work

W = (]-Zl - 371) -+ S9lg = —271 - 8219 = 0.

This result is due to the fact that the sum of the externally applied loads, —277, is
orthogonal to the virtual displacement, s272, and hence, the virtual work vanishes.
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Fig. 9.3. A particle under the action of two  Fig. 9.4. A particle suspended to an elastic
forces. spring.

One might be tempted to conclude from the above result that the particle is in static
equilibrium because the virtual work vanishes. To satisfy the principle of virtual
work, however, the virtual work must vanish for all arbitrary virtual displacements.

The above result shows that the virtual work may vanish for “a particular virtual
displacement,” but this is not a sufficient condition to guarantee static equilibrium.
For the two-dimensional problem shown in fig. 9.3, an arbitrary fictitious displace-
ment must span the plane of the problem, i.e., must be of the form s = s171 + S279.
For three-dimensional problems, a three-dimensional virtual displacement must be
selected, s = s121 + S22 + s373, where s1, So, and s3 are three arbitrary scalars, and
T = (71,72, 73) a basis that spans the three-dimensional space.

Example 9.2. Equilibrium of a particle connected to an elastic spring

Consider next a particle in static equilibrium under the effect of gravity and the

restoring force of an elastic spring of stiffness constant %, as depicted in fig. 9.4.

Find the displacement of the particle in its actual static equilibrium configuration.
For this two-dimensional problem, assume that the particle is at position u. An

arbitrary fictitious displacement is selected as s = 1721 + S22, Where so and so are

two arbitrary scalars. The virtual work done by the externally applied loads becomes

W = (mgty — kuwy) - (s171 + S272) = [mg — kuls.

The principle of virtual work now implies that the particle is in static equilibrium
at position v if and only if the virtual work done by the externally applied loads
vanishes for all arbitrary virtual displacements, i.e., if and only if [mg—Fku]s; = 0 for
all values of s;. Equation [mg — ku]s; = 0 possesses two solutions, [mg — ku] = 0
or s; = 0; the second solution, however, is not valid because, as implied by the
principle of virtual work, s; is arbitrary.

In conclusion, the vanishing of the virtual work for all arbitrary virtual displace-
ments implies that mg — ku = 0, and the equilibrium configuration of the system
is found as u = mg/k. Of course, the same conclusion can be drawn more expedi-
tiously from a direct application of Newton’s first law, which requires the sum of the
externally applied forces to vanish, i.e., mgz; — kui; = 0, or (mg — ku)z; = 0, and
finally, mg — ku = 0.

This example involves the restoring force of an elastic spring, a displacement
dependent force. Indeed, the elastic force in the spring is —kwzy, and if the parti-
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cle undergoes a real downward displacement of magnitude d, the restoring force
becomes —k(u + d)71. In contrast, if the particle undergoes a virtual downward dis-
placement of magnitude si, the restoring force remains unchanged as —kua;. This
difference has profound implications on the computation of work. First, consider the
work done by the elastic force, —kuz; - du 71, under a virtual displacement, s1,

u+s7 u+s1
W = / —ku du = fku/ du = —ku [u}z+sl = —kus. 9.9)
u u
It is possible to remove the elastic force, —ku, from the integral because this force
remains unchanged by the virtual displacement, and hence, it can be treated as a
constant.
In contrast, the work done by the same elastic force under a real displacement,
d,is

u+d 1 u+d 1
W= / —kudu= [—mﬂ] = —kud — =kd>. (9.10)
" 2 ], 2
In this case, the real work includes an additional term that is quadratic in d and
represents the work done by the change in force that develops due to the stretching
of the spring. Even if the magnitude of the real displacement is equal to that of the
virtual displacement, i.e., even if d = s1, the two expressions for the work done by
the elastic restoring force are not identical.

These observations help explain the terminology used when dealing with the
principle of virtual work. The concept of virtual displacement is key to the correct use
of the principle of virtual work, which requires the virtual work done by displacement
dependent forces to be evaluated according to eq. (9.9) rather than eq. (9.10). Of
course, the real work done by the elastic force as it undergoes a real displacement is
correctly evaluated by eq. (9.10).

Clearly, it is important to keep in mind the crucial difference between “real dis-
placements” and “virtual” or “fictitious displacements.” The words “virtual” or “fic-
titious” are used to emphasize the fact the forces remain unaffected by these displace-
ments. In practice, the term “real displacement” is rarely used; real displacements are
simply called displacements. The terms “virtual,” “fictitious” or “test displacements”
all imply that the forces acting on the system remain unaffected by the application of
such displacements. The term “virtual displacement” is the most widely used.

Example 9.3. Equilibrium of a particle sliding on a track
Consider a particle of mass m that can slide on a track, as shown in fig. 9.5. The
externally applied horizontal force is resited by friction between the particle and
track. Newton’s first law expresses the condition for static equilibrium as mgi; —
Rv + P1y — F15 = 0, where —R7; is the reaction force the track exerts on the
particle, and —F"75 the friction force applies to the particle.

Note that the four forces applied to the particle are of different physical natures:
P71y is an externally applied force, mgr; the force of gravity, —R?%; a reaction force,
and — F, a friction force. Yet all forces play an equal role in Newton’s law, which
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states that the sum of all forces must vanish. The law simply states “all forces” with-
out making any distinction among them. Newton’s first law is readily solved to find
(mg — R)51 + (P — F)iz =0, and finally R = mg and F' = P, as expected.

Track mg

Fig. 9.5. A particle sliding on a track.

Next, the principle of virtual work will be used to solve the same problem. For
this two dimensional problem, an arbitrary virtual displacement will be written as
S = S$171 + S212, and the vanishing of the virtual work it performs implies

W = (mgiy— Ry +Pia— F72)- (8171 + 8272) = [mg—R]s1+[P—F]s2 = 0. (9.11)

Following a reasoning similar to that developed in the previous example, it is
easy to show that the vanishing of the virtual work for all arbitrary scalars s; and s
implies the vanishing of the two bracketed terms in the above equation: mg — R = 0
and P — F' = 0. This result is identical to that obtained from Newton’s first law, as
expected, since the principle of virtual work and Newton’s first law are identical.

This example illustrates a crucial relationship between Newton’s first law and
the principle of virtual work. The projection of Newton’s law along axes, 7; and s,
yields two scalar equilibrium equations, mg — R = 0 and P — F' = 0, respec-
tively. The same two equilibrium equations are obtained by imposing the vanishing
of the factors multiplying the arbitrary virtual displacement components, s; and s,
measured along the same axes, 71 and 79, respectively.

The principle of virtual work yields scalar equilibrium equations which are the
projections of Newton’s first law along the directions associated with the virtual dis-
placement components. Because it is based on a scalar quantity, the virtual work,
the principle of virtual work yields scalar equations of equilibrium, rather than their
vector counterparts inherent to the application of Newton’s first law.

9.3.2 Kinematically admissible virtual displacements

Example 9.3 illustrates an important feature of virtual displacements, which are se-
lected to have components in the horizontal direction, so22, and the vertical direction,
s121. This raises a basic question: how could the particle move in the vertical direc-
tion when it is constrained to remain on the track? The answer to the question lies
in the nature of the virtual displacements which are not real, but rather are virtual
or fictitious displacements. Of course, the particle cannot possibly undergo real dis-
placements in the vertical direction because it must remain on the track, but virtual
or fictitious displacements in that same direction are allowed.
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In the derivation of the principle of virtual work, it is necessary to use completely
arbitrary virtual displacements to prove that the vanishing of the virtual work implies
Newton’s first law. The completely arbitrary nature of the virtual displacements is
key to the successful use of the principle of virtual work. The expression, “arbitrary
virtual displacements” means any virtual displacements, including those that violate
the kinematic constraints of the problem.

In fig. 9.5, the particle is confined to remain on the track; it can move along the
track, but not in the direction perpendicular to it. The direction along the track is
called the kinematically admissible direction, whereas the direction normal to it is
called the kinematically inadmissible direction, or the infeasible direction.

It is sometimes convenient to introduce the concept of kinematically admissi-
ble virtual displacements. These are virtual displacements that satisfy the kinematic
constraints of the problem.

For the problem depicted in fig. 9.5, the kinematic constraint enforces the particle
to remain on the track. Arbitrary virtual displacements are written as s = 5121 + S22,
but since these include a component in the vertical direction, i.e., in a kinematically
inadmissible direction, these are not kinematically admissible virtual displacements.
On the other hand, virtual displacements of the form s = s575, are kinematically
admissible because these are oriented along the track.

At this point, the relationship between kinematic constraints and reaction forces
should be clarified. Reaction forces are those forces arising from the enforcement of
kinematic constraints. The particle depicted in fig. 9.5 is constrained to move along
the track, and this kinematic constraint gives rise to a reaction force. Note that the
reaction force acts along the kinematically inadmissible direction, i.e., the direction
normal to the track.

Consider now the virtual work done by the reaction force under arbitrary virtual
displacements,

W = (*Rfl) . (8171 + SQTQ) = —Rs; 7£ 0.

Next, consider the virtual work done by the same reaction force under arbitrary kine-
matically admissible virtual displacements,

W = (—Rfl) . (8272) =0.

Because the reaction force acts along the infeasible direction, whereas the kinemat-
ically admissible virtual displacement is along the admissible direction, these two
vectors are normal to each other, and hence, the virtual work done by the reaction
force vanishes. In contrast, the work done by the same reaction force under arbitrary
virtual displacements does not.

The vanishing of the virtual work done by reaction forces under kinematically
admissible virtual displacements has profound implications for applications of the
principle of virtual work. The principle is repeated here: “a particle is in static equi-
librium if and only if the virtual work done by the externally applied forces vanishes
for all arbitrary virtual displacements”. Because this principle calls for the use of
arbitrary virtual displacements, it is of crucial importance to treat reaction forces
as externally applied forces. For instance, in example 9.3, the virtual work done by
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the reaction force must be included in the statement of the principle, as is done in
eq. (9.11), because completely arbitrary virtual displacements are used.

Consider now a modified version of the principle of virtual work: “a particle is in
static equilibrium if and only if the virtual work done by the externally applied forces
vanishes for all arbitrary kinematically admissible virtual displacements”. Rather
than considering completely arbitrary virtual displacements, only kinematically ad-
missible virtual displacements are considered now. Because the virtual work done
by the constraint forces vanishes for kinematically admissible virtual displacements,
constraint forces are automatically eliminated from this statement of the principle
of virtual work. This often simplifies the statement of the principle because fewer
terms are involved. On the other hand, because the constraint forces are eliminated
from the formulation, this modified principle will not yield the equations required to
evaluate the reaction forces, which are often quantities of great interest.

As pointed out earlier, Newton’s first law requires the sum of all forces to van-
ish for static equilibrium to be achieved. The “sum of all forces” involves all forces
without distinction. While the principle of virtual work is shown to be identical to
Newton’s first law, this principle creates an important distinction between reaction
forces stemming from kinematic constraints, and all other forces. Indeed, reaction
forces, also called forces of constraint, can be completely eliminated from the for-
mulation by using kinematically admissible virtual displacements.

All other forces, such as those generated by springs, gravity, friction, temper-
ature, electric or magnetic fields, are of a physical origin. It is easy to recognize
such forces because their description involves physical constants that can only be
determined by experiment. For instance, the stiffness constant of a spring, the uni-
versal constant of gravitation appearing in gravity forces, or the friction coefficient
appearing in Coulomb’s friction law. All these forces are referred to as natural forces,
which can be further differentiated into internal and external forces. Internal forces
are natural forces arising from and reacted within the structural system under con-
sideration, whereas external forces are natural forces that act on the system but stem
from outside it; these forces are also called externally applied loads.

Example 9.4. Equilibrium of a particle sliding on a track
Consider once again a particle of mass m resting on a track, as shown in fig. 9.5. For
this simple problem, the kinematically admissible direction is along axis 75, while
the infeasible direction is along axis 7;. The free body diagram in the right part of
fig. 9.5 shows the forces acting on the particle. The reaction force, —R71, acts in the
infeasible direction, as expected.

In contrast with example 9.3, which uses completely arbitrary virtual displace-
ments, kinematically admissible virtual displacements will be used here so that
S = s9%2. The vanishing of the virtual work then implies

W = (mgil —Ril—‘rPfQ—ng)'ngg = [P_F]82 =0.

Because s is an arbitrary quantity, the bracketed term must vanish, leading to F' =
P.
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First, note that the reaction force, R, is eliminated from the formulation: the state-
ment of the principle of virtual work becomes simply (P — F')so = 0 for all values
of so. The reaction force does not appear in this statement. It is also possible to apply
external loads along the infeasible direction: for instance, in this problem, gravity
loads act in the infeasible direction and are also eliminated from the formulation. Of
course, if gravity acts along the kinematically admissible direction, i.e., along the
track, this force will remain in the statement of the principle. In contrast, reaction
forces always act along the infeasible direction and hence, are always eliminated
from the formulation.

Second, note that less information about the system is obtained. In example 9.3
that uses virtual displacements, two equations are obtained: F' = P and R = mg.
In contrast, the use of kinematically admissible virtual displacements yields a single
equation, F' = P. On the other hand, the solution process is simpler and involves
one single equation; however, no information about the reaction force is available.

Finally, it is shown here that the modified version of the principle of virtual work
stating ““a particle is in static equilibrium if and only if the virtual work done by
the externally applied forces vanishes for all arbitrary kinematically admissible vir-
tual displacements,” is not entirely correct. The vanishing of the virtual work for all
kinematically admissible virtual displacements is a necessary condition, but it is not
sufficient, because it does not guarantee equilibrium of the particle in the infeasible
direction. Indeed, this latter condition, R = mg, is not recovered by the modified
principle.

Example 9.5. Equilibrium of a particle on a curved track

Consider a particle of mass m constrained to move on a semi-circular track of radius
R under the combined effects of gravity, friction, and a spring force, as depicted in
fig. 9.6. Determine the equilibrium position of the particle and the forces acting on it
in the equilibrium state.

The spring of stiffness constant k is pinned at point C located at coordinates
x1 = c1 R and 9 = co R and its un-stretched length is zero. Force N is the reaction
force acting on the particle due to its contact with the track and acts in direction
n, which is normal to the track. Force F' is the force exerted by the track on the
particle and acts in the tangential direction, #; this force arises from friction between
the particle and track.

The position of the particle on the track is conveniently given by angle 6. The unit
vector tangent to the circular track is given by ¢ = — sin 6 7; + cos 6 73, whereas the
normal to the track is 7 = — cos 6 7; — sin 6 7. For this problem, the kinematically
admissible direction is £, and 7 the infeasible direction. In contrast with the previous
example, the admissible direction is not a fixed direction in space, but instead, it
depends on the position of the particle on the track, ¢ = ¢(6). The reaction force of
magnitude N acts along the infeasible direction, as expected. The friction force of
magnitude F’ acts in the admissible direction.

The force, F',, applied by the elastic spring to the particle is given by the spring
stiffness constant times the distance between the particle and point C located at
(c1R, caR) and is oriented in that same direction: F', = kR[(¢; — cos )71 + (ca —
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Fig. 9.6. Particle constrained to slide with friction on a circular track.

sin 6)75]. This can be expressed in terms of admissible and infeasible directions, ¢
and 7, respectively, as 'y, = kR[(—c1 sin§ + ca cos 0)t + (1 — ¢1 cos @ — co sin §)7)]
where use is made of the following relationships: 7; = —sinf ¢ — cosd 7 and
7g =cosf ¢ —sinf n.

An arbitrary virtual displacement of the form s = s;f + s,7 is selected, where
s¢ and s, are arbitrary numbers, and the virtual work done by the forces acting on
the particle then becomes

W ={kR[(—c1sinf + cacos0)t + (1 — ¢y cos 0 — casin)n] + Nn — Ft
+ mg(—cos 0t +sinOn)} - (sit + spn)
=[kR(—c1sinf + cacosf) — F — mgcosb] s,
+ [kR(1 — ¢ cos0 — cosinf) + N + mgsin 0] sy,.

Because the virtual work must vanish for arbitrary s; and s,,, the two bracketed terms
must vanish, leading to the two equilibrium equations of the problem,

F= EkR( —c1sinf+ cacosf) —mgcosb, (9.12a)
N = —kR(1 — ¢y cosf — casinf) — mgsin 6. (9.12b)

This forms a set of two equations for the three unknowns of the problem: the reaction
force, IV, the friction force, F', and the equilibrium position of the particle, 6.

One additional equation is required to solve the problem. Coulomb’s law of static
friction requires the friction force to be smaller than the normal contact force multi-
plied by the static friction coefficient, ps, i.e., |F'| < us|N|. Substituting the friction
and normal forces from eqs. (9.12a) and (9.12b), respectively, leads to

kR(—cy8inf + ¢ cos ) — mg cos
< +ps [kR(1 — ¢1 cos — ca8inf) — mgsin 6] .

This equation can be solved to find two solutions, 6, and 6,,: the particle is in equi-
librium for all configurations, 6, such that 6, < 6 < 6,,.

Next, kinematically admissible virtual displacements of the form s = s;¢ will be
selected, where s; is an arbitrary value. The virtual work done by the forces acting
on the particle then becomes



410 9 Virtual work principles

W ={kR[(—c1sinf + cacos0)t + (1 — ¢y cos 0 — casinf)n] + Nn — Ft
+ mg(—cos 0t +sinOn)} - sst
=[kR(—c1sinf 4 cg cos ) — F —mgcos 0] s;.

Because the virtual work must vanish for all arbitrary s;, the bracketed term must
vanish, yielding a single equilibrium equation of the problem, which is the same as
eq. (9.12a) above. As expected, the normal reaction force, IV, is eliminated from the
formulation. The problem still features three unknowns, N, F' and 6, and the addition
of the static friction law provides a second equation for the problem. Clearly, the
principle of virtual work with kinematically admissible virtual displacements does
not provide enough equations to solve this problem. This is because the static friction
law establishes a relationship between friction and normal forces. By eliminating
the normal contact force from the formulation, the use of kinematically admissible
virtual displacements yields too little information to solve the problem.

Note that if friction is neglected, the friction force will vanish, F' = 0, and the
single equation stemming from the use of kinematically admissible virtual displace-
ments yields the solution of the problem, kR(—c; sin 6 + cg cos§) — mgcos = 0,
or tanf = (ca — mg/kR)/cy.

In summary, when using kinematically admissible virtual displacements, the
principle of virtual work yields a reduced set of equilibrium equations from which the
forces of constraints are eliminated. This often greatly simplifies and streamlines the
solution process. In some cases, however, too few equations will be obtained, giving
the impression that the problem cannot be solved. Arbitrary virtual displacements,
i.e., virtual displacements that violate the kinematic constraints must then be used to
obtain the missing equations of equilibrium, which correspond to the projection of
Newton’s first law along the infeasible directions.

9.3.3 Use of infinitesimal displacements as virtual displacements

In the previous sections, three-dimensional virtual displacements are denoted s =
$121 + S221 + S3?3, where s1, so, and s3 are arbitrary numbers. In view of the fun-
damental role they play in energy and variational principles, a special notation is
commonly used to denote virtual displacements,

5 = du. 9.13)

The symbol “§” is placed in front of the displacement vector, u, to indicate that
it should be understood as a virtual displacement. Similarly, the virtual work done
by a force undergoing a virtual displacement will be denoted W to distinguish it
from the real work done by the same force undergoing real displacements. The new
notation changes nothing of the special nature of virtual displacements which are
fictitious displacements that do not alter the applied forces.

In many applications of the principle of virtual work, it will also be convenient to
use virtual displacements of infinitesimal magnitude. Because virtual displacements
are of arbitrary magnitude, virtual displacements of infinitesimal magnitude qualify
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as valid virtual displacements. The infinitesimal magnitude of virtual displacements
is a convenience that often simplifies algebraic developments, but is by no means a
requirement.

Displacement dependent forces

A key simplification arising from the use of virtual displacements of infinitesimal
magnitude is that displacement dependent forces automatically remain unaltered by
their application, as illustrated in the following example.

Example 9.6. Equilibrium of a particle connected to an elastic spring
Consider a particle connected to an elastic spring, as illustrated in fig. 9.7. This is the
same problem treated in example 9.2.

i, spring
force4
k
m ku
ku dW =ku du
: S,
s, ¥ mg du "4

Fig. 9.7. Use of a differential displacement as a virtual displacement.

The principle of virtual work requires that
OW = (mgny — kutr) - (0uzy + dviz) = [mg — ku|du = 0,

for all virtual displacements, du, where the virtual displacements must leave the
forces applied to the particle unchanged. Consider now a virtual displacement of in-
finitesimal magnitude, ju = du. The virtual work done by this virtual displacement
of infinitesimal magnitude is still given by eq (9.10) as

u+du 1 u+du 1
/ —ku du = {—Qkuﬂ = —kudu — §l<:(du)2 = —ku du,
where the last equality follows from neglecting the higher order differential quantity.
The virtual work is now equal to the real work done by an infinitesimal displacement
of magnitude du = du. The right part of fig. 9.7 illustrates the differential work,
dW, for a displacement of infinitesimal magnitude.

Rigid bodies

Next, the close relationship between infinitesimal displacements and virtual dis-
placements of infinitesimal magnitude will be explored further in the context of
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rigid bodies. Consider two arbitrary points, P and Q, of a rigid body. When the
rigid body undergoes arbitrary motions, the velocities of these two points are not
independent and must satisfy the following well-known equation from rigid body
dynamics, vp = Vo t W X rops where vp and v are the velocities of points
P and Q, respectively, w is the angular velocity of the rigid body, and r,p the
position vector of point P with respect to Q. This relationship is now written as
dup/dt = dug/dt+ (dp/dt) x 1o p, where dup and duy, are the infinitesimal dis-
placement vectors of points P and Q, respectively, and d1) is the infinitesimal rotation
vector for the rigid body. After multiplication by d¢, the infinitesimal displacements
are found to satisfy the following equation, dup = de +dyp x rop-

Because virtual displacements can be of infinitesimal magnitude, it is possible to
write

dup = dug +0Y X rop. (9.14)
where dup and du, are the virtual displacement vectors of arbitrary points P and Q,
respectively, and d1p is the virtual rotation vector for the rigid body. Equation (9.14)
describes the field of kinematically admissible virtual displacements for a rigid body.
Indeed, these virtual displacements satisfy the kinematic constraints for two points
belonging to the same rigid body.

The discussion of the previous paragraph underlines the close relationship be-
tween infinitesimal quantities, denoted with symbol “d,” and virtual quantities, de-
noted with symbol “§.” To obtain eq. (9.14) symbol “d” is replaced by “6” in the last
step of the reasoning. While this approach is correct, it must be emphasized that vir-
tual displacements remain fictitious displacements, whereas infinitesimal displace-
ments are real displacements. Furthermore, virtual displacements leave the forces un-
changed, whereas no such requirement applies for real infinitesimal displacements.
Finally, admissible virtual displacements are allowed to violate the kinematic con-
straints, whereas real displacement are not.

It is also important to note that eq. (9.14) shows that an infinitesimal rotation, J),
is a vector quantity. This is not the case for finite rotations, as discussed in dynamics
textbooks [3, 4].

Using virtual displacements of infinitesimal magnitude greatly simplifies the
treatment of many problems. In the mathematical treatment of virtual quantities, a
branch of mathematics called calculus of variations, virtual quantities are systemat-
ically assumed to be of infinitesimal magnitude [5, 6].

9.3.4 Principle of virtual work for a system of particles

Consider the system of IV particles depicted in fig. 9.8; this problem is treated in
section 9.2.1 using the classical Newtonian approach. Particle 7 is subjected to an
external force, F';, and to N — 1 interaction forces, Lj,j =1,2,...,N,j #i.For

particle ¢, the virtual work, denoted §W;, done by all applied forces when subjected
to a virtual displacement, du,, is

N
SWi=(E;+ Y f) 0u 9.15)
J=1,j#i
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According to the principle of virtual work, this virtual work must vanish for all vir-
tual displacements, du,;. The principle can be applied to each particle independently,
leading to 6W; = 0, where 0W; is given by eq. (9.15), fori = 1,2,... N.

Because the virtual work must vanish for
each particle independently, the sum of the vir-
tual work for all particles must also vanish,
leading to the following statement of the princi-
ple of virtual work for a system of N particles: a
system of particle is in static equilibrium if and
only if the virtual work,

N N
5WZZ £+ Z Lij| o ps
i=1

Fig. 9.8. A system of particles. j=1,j#i
(9.16)
vanishes for all virtual displacements, du,;, ¢ =
1,2,...,N. Because the N virtual displacements are all arbitrary and independent,

the bracketed term in eq. (9.16) must vanish for 7 = 1,2, ..., N, leading to equilib-
rium equations that are identical to those obtained from Newton’s first law, eq. (9.2).

Because each of the NV virtual displacement vectors involves three scalar com-
ponents, the principle of virtual work yields 3N scalar equations for a system of N
particles; all must be satisfied for the system to be in static equilibrium. The system
is said to present 3N degrees of freedom. For a two-dimensional, or planar system,
the number of scalar equations would reduce to 2N, i.e., 2N degrees of freedom.

The above developments have shown, once again, that the principle of virtual
work is entirely equivalent to Newton’s first law, and gives the necessary and
sufficient conditions for the static equilibrium of the system. Equilibrium is the most
fundamental requirement in structural analysis, and must always be satisfied. This
means that Newton’s first law, or the principle of virtual work since they are both
equivalent, always applies. The system of particles considered above is very general;
it could represent a rigid body, a flexible body deforming elastically or plastically, a
fluid, or a planetary system. Yet, the same equilibrium requirements apply equally
to all systems.

Internal and external virtual work

Eq. (9.16) also affords another important interpretation. The forces acting on the
system are separated into two groups, the externally applied forces, F';, and the in-
ternal forces, L . The words “internal” and “external” should be understood with
respect to the system of particles. Internal forces act and are reacted within the sys-
tem, whereas external forces act on the system but are reacted outside the system.
The virtual work done by the external and internal forces, denoted §Wg and Wy,
respectively, are defined as



414 9 Virtual work principles

N

Wg = ZE; - 0U;, (9.17a)
=1
N N

Wr=> 1 > [ o, (9.17b)

i=1 |j=1,j#i
respectively. With these definitions, eq. (9.16) is becomes
W = Wg + W =0, (9.18)

for all arbitrary virtual displacements. This leads to the principle of virtual work for
a system of particles.

Principle 4 (Principle of virtual work) A system of particles is in static equilib-
rium if and only if the sum of the virtual work done by the internal and external
forces vanishes for all arbitrary virtual displacements.

Finally, it is interesting to note that because the virtual displacements are arbi-
trary, it is possible to choose them to be the actual displacements, and eq. (9.18) then
implies

W=Wg+W;=0, (9.19)
where Wg and Wi are the actual work done by the external and internal forces, re-
spectively. Equation (9.19) states that if a system of particles is in static equilibrium,
the sum of the work done by the internal and external forces vanishes.

Euler’s laws

The 3N scalar equations implied by the vanishing of the virtual work expressed in
eq. (9.16) are often cumbersome to use because they all involve the interaction forces
between the particles of the system. To obtain equations that are more convenient to
use, a special set of virtual displacements will be selected.

Inspired by eq. (9.14), the virtual displacement of particle 7 is written as

du; = dup + 6¢ X 1y, (9.20)

where dug, is the virtual displacement of an arbitrary point O, see fig. 9.8, d¢) the
virtual rotation vector, and r; the relative position vector of particle 7 with respect
to point Q. The virtual displacements of all particles are now expressed in terms of
a virtual translation of the rigid body, du,, and its virtual rotation, v, both chosen
to be of infinitesimal magnitude. This corresponds to 6 independent virtual displace-
ment components, far fewer than the original 3/NV. The virtual work done by all forces
acting on the system under these virtual displacement is

N N
W => (¢ |E+ Z [ | - (Ouo + 00 x ;) :<ZFi>~6uO
i=1 i=1

Jj=1,j#i

N N N
+(> Z | duo + D F- (90 xry) +Z Z £, (60 xr,).
i=1j=1,j i=1

i=1 j=1,j%#1
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The last two terms of this expression can be simplified by using the triple scalar
product identity: a - (b x ¢) = b (¢ x a), which holds for any three vectors, a, b and
c. The above equation now becomes

N N N
SW = dug - (ZR) +oup- | D D 1,
i=1

i=1j=1j#i

N N N
+‘W'<Zm><Fi>+5w' > > mxt,
i=1

i=1j=1j#i

In view of egs. (9.3) and (9.5), the terms in the second and last sets of parenthesis
now vanish, reducing the expression to

N N
S OE| 40y [Zﬁ x F,
=1 =1

Because the virtual work must vanish for all virtual displacements, du,,, and virtual
rotations, d1), the two bracketed terms must also vanish. Clearly, these two equa-
tions are identical to Euler’s first and second laws obtained directly from Newtonian
arguments, see eqs. (9.4) and (9.6).

These two vector equations are necessary but not sufficient conditions to guaran-
tee static equilibrium. Indeed, static equilibrium requires a total of N vector equa-
tions to be satisfied; eqs. (9.4) and (9.6) are two linear combinations of those NV
equations. Only two vector equations are obtained from the principle of virtual work
because the virtual displacement field, eq. (9.20), selected for the rigid body involves
a single virtual displacement vector, du,, and a single virtual rotation vector, M

9.4 Principle of virtual work applied to mechanical systems

In the previous section, the principle of virtual work is discussed in a rather theo-
retical setting with applications to single particles and systems of particles. In the
present section, the power and efficiency of the same principle will be demonstrated
when applied to mechanical systems.

A rigid body is a particular case of the general system of N particles considered
in the previous section. The configuration of a rigid body is determined by six pa-
rameters: the three components of the position vector of one of its points, and the
three rotations that determine its orientation. Equivalently, a “rigid body motion,”
which is the only motion a body can undergo while remaining rigid, consists of a
three-dimensional translation and a three-dimensional rotation. For a rigid body, the
virtual displacement field given by eq. (9.20) is kinematically admissible, because it
represents the superposition of a translation and a rotation, both in three dimensions.

This kinematically admissible virtual displacement field yields two vector equa-
tions, eqs. (9.4) and (9.6), or six scalar equations, which are just enough to deter-
mine the equilibrium configuration of the body. The internal forces, Lj, in the rigid
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body are the forces of constraint that maintain its shape unchanged and are entirely
eliminated from the formulation, as expected, because a kinematically admissible
displacement field is used in the application of the principle of virtual work.

When considering two-dimensional or planar mechanisms, the kinematically ad-
missible displacement field defined by eq. (9.20) reduces to

du; = dup + 013 X 1) 9.21)

The three-dimensional virtual rotation vector, 1, now simply becomes §¢ 73, where
8¢ is a virtual rotation of infinitesimal magnitude about axis 73. The planar mecha-
nism is assumed to be entirely contained in plane (71,72), and hence, rotations are
only possible about axis 3.

Example 9.7. Equilibrium of a lever
Consider the simple lever subjected to two vertical end forces, F}, and F}, acting at
distances a and b, respectively, from the fulcrum, as shown in fig. 9.9.

First, this problem will be solved using the classical equations of statics, con-
sidering the free body diagram appearing in the right part of fig. 9.9. The equi-
librium of forces in the horizontal and vertical directions yields H = 0 and
V = F, + Fy, respectively, whereas equilibrium of moments about point A leads
to aV cos ¢ = (a + b)F, cos ¢. The Newtonian approach requires the explicit con-
sideration of the horizontal and vertical reaction forces, H and V/, respectively, at the
lever’s fulcrum. Solution of these equations leads to the familiar equilibrium condi-
tions for a lever, aF, = bF,, H =0,and V = F, + F}.

Fig. 9.9. Simple lever acted upon by two vertical end forces.

It is possible to eliminate the reaction forces from the formulation by writ-
ing a single moment equilibrium equation about the lever’s fulcrum: aF, cos ¢ =
bF}, cos ¢. Because the lines of action of the reaction forces pass through the ful-
crum, they are automatically eliminated from the moment equilibrium equation.

Next, this single degree of freedom problem will be solved using the principle
of virtual work. Because the lever is fixed at point O, a kinematically admissible
virtual displacement field simply becomes du, = d¢ts x r,. The translation term,
dup, appearing in eq. (9.21), is omitted because a translation of point O violates the
kinematic constraint at this point. The virtual displacement of point A now becomes
duy = 0¢3 X rp 4, Where 1 4 is the position vector of point A relative to point O.
Simple vector algebra then yields du 4, = a(sin ¢7; —cos ¢i2)dd. A similar reasoning
reveals that dupz = b(— sin ¢z + cos ¢a)d¢. The virtual work is now
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Wg = (=Fut) - duy + (—Fyia) - Sup = 0¢ [aFy, cos ¢ — bFy cos @] .

The reaction forces are eliminated from the formulation because the virtual dis-
placement is kinematically admissible, i.e., it vanishes at point O, resulting in the
vanishing of the virtual work done by the reaction forces at that point. Because the
virtual displacement field is also compatible with the kinematic conditions required
for the body to remain rigid (the virtual displacement field consists of a single rota-
tion), all the internal forces that enforce the rigidity of the body are also eliminated.

Because the virtual work must vanish for all arbitrary virtual rotations, ¢, the
bracketed term in the above equation must vanish, leading to (aF, — bF}) cos ¢ = 0.
The two solutions are aF, = bFy, the usual lever equilibrium equation, and cos ¢ =
0, which corresponds to the lever being in a vertical position. In this latter case, the
lever is in equilibrium for any set of applied vertical forces.

As discussed earlier, it is also possible to use a virtual displacement field that
violates the kinematic conditions, such as that given by eq. (9.21). The virtual
displacement, du, = Jdu;7;1 + dugls, is a virtual displacement of point O, the
lever’s fulcrum. The virtual displacements of points A and B now become du, =
dup + a(sin ¢z — cos i), and dup = dugy + b(— sin 1 + cos ¢z )d¢, respec-
tively. The virtual work done by the externally applied forces is now

WEg = (—Fafg) . (SQA + (—Fﬂz) . 5@3 + (Hil + Vfg) . 5@0
= our[H] 4 dua[V — F, — F}] + 0¢[aF, cos ¢ — bFy, cos ¢).

Because the virtual work done by the reaction forces at the fulcrum does not
vanish, is must be included in the formulation. Since the virtual work must vanish
for all virtual displacements, du; and dus, and rotation, d¢, the three bracketed terms
must vanish, leading to three equilibrium equations identical to those obtained using
the Newtonian approach.

This underlines, once again, the complete equivalence of the principle of virtual
work and Newton’s first law. The use of a kinematically admissible virtual displace-
ment field automatically eliminates the reactions forces when using the principle of
virtual work. Although it is sometimes possible to achieve this elimination by a judi-
cious choice of the point about which moment equilibrium equations are written in
Newton’s approach, the systematic approach stemming from the use of the principle
of virtual work is more efficient and convenient.

Example 9.8. Block and tackle system

Consider the familiar two-pulley block and tackle shown in fig. 9.10. Determine the
rope force, F', required to lift a weight, P. The system possesses a single degree of
freedom defined by the rotation angle, ¢, of the upper pulley.

Consider a virtual rotation, d¢, of the pulley. The resulting virtual motion of the
point of application of force F' is b = Rd¢, where R is the pulley’s radius. The
resulting motion of the lower block is éa = —Rd¢/2. Because the virtual rotation
is kinematically admissible, the only forces that perform work are the externally
applied forces, F' and P; the reaction forces need not be considered. The principle
of virtual work is now simply
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OW = Féb+ Péa = FRé¢ — PRO¢/2 = R[F — P/2]d¢ = 0.

Because the virtual work must vanish for all §¢, the bracketed term must vanish,
yielding the equilibrium equation of the system, F' = P/2.

Fig. 9.10. Simple two-pulley block and Fig. 9.11. Differential pulley or “chain
tackle system. hoist”.

Example 9.9. Differential pulley system

A differential pulley system is depicted in fig. 9.11 and is the basis for the com-
mon shop chain hoist. In this device, the two upper pulleys, of radii r; and r,, are
constrained to rotate together about a common axis. The inextensible chain is not
allowed to slip around the upper pulleys. The system features a single degree of
freedom, defined by the rotation angle, ¢, of the upper pulleys assembly.

A virtual rotation, §¢, of the upper pulleys causes a virtual displacement of the
point of application of force F' of 6b = r,d¢. The virtual motion of the lower pulley
isda = —(r,0¢p—71;9¢)/2. This can be explained by noting that for a virtual rotation,
d¢, of the upper pulleys, the length of chain below these pulleys is decreased by r,d¢
(the length winding on the pulley of radius r,), but at the same time, is increased by
r;0¢ (the length unwinding from the pulley of radius r;), and the lower pulley rotates
to distribute the net shortening between the two segments of chain.

The principle of virtual work now requires

0Wpg = Fob+ Péa = Fr,0¢ — P(ro —1;)0¢/2 = [Fro — P(ro —1;)/2] 0¢p = 0,

for all virtual rotations, d¢, and hence, the bracketed term must vanish, revealing the
equilibrium condition of the system F' = (1 — r;/r()P/2. The mechanical advan-
tage of the differential pulley increases as radii ; and ro approach equal values, at
which point force F' then vanishes. The load cannot be raised, however, because the
amounts of chain winding around the pulley of radius ry and unwinding from the
pulley of radius r; become equal.

A kinematically admissible virtual rotation, ¢, is used, and because the chain is
inextensible, the virtual rotation of the upper pulleys determines the motion of the
lower pulley. This is why the system presents a single degree of freedom.

It is also possible to use arbitrary virtual displacements that violate the kinematic
constraint imposed by the inextensibility of the chain. Let the virtual displacement
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of the lower pulley, da, be independent of the virtual rotation of the upper pulley,
d¢. In this case, the tension in the chain, the force of constraint that enforces its
inextensibility, will perform virtual work. Referring to the right part of fig. 9.11, the
virtual work done by the forces acting on the system is

SWg = (Frod¢ — Trodp + Trid¢) + (Pda — 2Tda)
=[Fro—Tro+Tr;]d¢+ [P —2T]da = 0.

The terms inside the two sets of parenthesis represent the virtual work done by
the forces acting on the upper and lower pulleys, respectively. Because the virtual
rotation, d¢, and virtual displacement, da, are both arbitrary and independent, the
two bracketed term must vanish, yielding the equations of equilibrium of the system,
Fr, = (ro, — r;)T, and P = 2T. Eliminating the tension in the chain leads to
F = (1 —r;/r9)P/2, as before. Additionally, the tension in the chain, T' = P/2, is
also determined.

Example 9.10. The crank-slider mechanism

Consider the crank-slider mechanism depicted in fig. 9.12. The crank of length R
is actuated by a torque, (), and the link of length L transforms the rotary motion
of the crank into a linear motion of the slider. Force F' is applied to the slider. The
crank angle is denoted ¢ and is measured positive in the counterclockwise direction.
Determine the relationship between the torque, @, and force, F.

For kinematically admissible virtual displacements, the principle of virtual work
states that {Wg = —Qd¢ — Fox = 0, where x is the distance from the crank axis
to the slider. The virtual displacement, dx, and virtual rotation, §¢, are arbitrary but
not independent; consequently, nothing can be concluded from the above statement.

o Bl |*
X | 5%

Fig. 9.12. The crank-slider mechanism.

The geometry of the problem links the two variables,  and ¢, as shown in
fig. 9.12. Projections of segments OA and AB onto the horizontal yield z =
Rcos¢ + \/L? — R%sin? ¢. Taking a differential of this equation reveals the
relationship between infinitesimal increments in variables x and ¢ as dx =
—Rsin ¢ dp— R?sin ¢ cos ¢ dp/+/ L? — R2 sin? ¢. Since virtual displacements are
of arbitrary magnitude, it is possible the select virtual displacements of infinitesimal
magnitude, i.e., dx = dx and ¢ = d¢. Kinematically admissible infinitesimal vir-
tual displacements must then satisfy the following relationship

ox = — 1+% Rsin ¢ 0¢.
L2 — R2sin” ¢
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The principle of virtual work now becomes

Rcos¢

—_ 5 = 0.
L2 — R%sin® ¢

SW = —Q6¢ — Fox = — lQ— <1+ )FRsinqS

Because the virtual rotation, d¢, is arbitrary, the bracketed term must vanish, yielding
the desired relationship between the torque and force as

@ 1+ cosé sin ¢.

FR JL2/R? —sin® ¢

This expression yields the torque developed about the crank axis at a specific angular
position, ¢, of the crank in response to a force, F', applied to the slider.

In the Newtonian formulation, all reaction forces acting on the system must be
considered. They include the horizontal and vertical components of the reaction
forces at points O, A, and B, and the vertical reaction of the ground on the slider.
The use of kinematically admissible virtual displacements with the principle of vir-
tual work automatically eliminates all these forces from the formulation. In this ex-
ample, only the torque applied to the crank and the force acting on the slider appear
in the formulation.

9.4.1 Generalized coordinates and forces

The virtual work done by a force is defined as the scalar product of the force by a
virtual displacement. When the principle of virtual work is introduced for a single
particle in section 9.3.1, the virtual work is computed according to the definition:
oW = F - 6u = F10uy + Frdus + F3dug, where the force and virtual displacement
vectors are represented by their components in a common orthonormal basis, Z =
(71,72,73), as ' = F171 + Folo + F3i3 and du = duq71 + dugls + dusis, respectively.

In many cases, however, it is not convenient to work with Cartesian coordinates.
Consider, for instance, the crank-slider mechanism shown in fig. 9.12 and treated in
example 9.10: the motion of the system is naturally expressed in terms of the crank
angle, ¢, and piston translation, x. Similarly, when dealing with pulleys in exam-
ples 9.8 and 9.9, the most natural way to describe the configuration of the system is
in terms of the rotation angles of the pulleys.

In general, the configuration of a system will be represented in terms of N
variables, called generalized coordinates and denoted q1, g2, . . . gn. These variables
could be angles, relative motions, Cartesian coordinates, or a mixture thereof, hence
the term “generalized coordinates.” The displacement vector of any point of the sys-
tem will be a function of these generalized coordinates, u = u(q1, ¢2, - . . g ). Virtual
displacements can now be evaluated using the chain rule for derivatives

O s+ Py 4 2
aq2 q2 an qn -
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The virtual work done by a force, F', undergoing this virtual displacement is found
as

0 0 0
OW = F - bu = (F “) 5qr + (F “) Sg2 + ...+ (F “) S
oq 0qs dqn
It is now convenient to define generalized forces as follows

ou
0¢; ’

Qi=F- 1=1,2,..., N, (9.22)

and the expression for the virtual work simply becomes

N
SW = Q16q1 + Q26¢s + .. + Qnogn = Y Qibgi. 9.23)
i=1

This result helps explain the term “generalized forces” used to denote the quantities
defined by eq. (9.22); the virtual work is simply the product of the generalized forces
and the corresponding generalized virtual displacements.

The above development is presented for a generic force, F, which can be an
externally applied load or an internal force. To distinguish between the two cases,
the following notation is used

N
Wi =Y Qldq, (9.24a)
i=1
N
We=>_ QFq, (9.24b)
i=1

where Q! and QF are the generalized forces associated with the internal forces and
externally applied loads, respectively.
The principle of virtual work, expressed by eq. (9.18), can now be reformulated

as
N

N N
SWi+6We =Y Qfdqi+> QFsqi = [Qf +QF]dq; =0,
i=1 i=1 i=1
for all virtual generalized displacements, d¢;. Clearly, because the virtual generalized
displacements, dg;, are arbitrary, each of the N bracketed terms under the summation
sign must vanish, leading to

Qf+QF =0, i=1,2,...,N. (9.25)

This equation represents yet another statement of the principle of virtual work.

As discussed in section 9.3.2, the principle of virtual work can be used with either
arbitrary or kinematically admissible virtual displacements. Similarly, the present
statement of the principle can be used with either arbitrary or kinematically admissi-
ble virtual generalized coordinates. When using arbitrary virtual generalized coordi-
nates, the virtual work done by the reaction forces must be included in the evaluation
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of the virtual work done by the external forces; this implies that the generalized
forces associated with the reaction forces must be included in Q¥ . If the virtual gen-
eralized coordinates are kinematically admissible, the reaction forces are eliminated
from the formulation.

To illustrate the concepts presented above, consider the pendulum with a tor-
sional spring depicted in fig. 9.13.

A rigid arm of length R connects the mass, m, to a
pinned support point where a torsional spring of stiff-
ness constant k acts between ground and the rod. The
torsional spring is un-stretched when the arm is horizon-
tal. The mass is subjected to gravity loading. The con-
figuration of the system is conveniently represented by
Fig. 9.13. Pendulum with the angular position, ¢, of the arm and is selected to be

torsional spring. the single generalized coordinate for this one degree of
freedom problem.
Consider first the virtual work done by the gravity load, dWg = —mgis - dup,

where du- is the virtual displacement at point T. Since u; = R(cos ¢ 71 +sin ¢ 72),
an infinitesimal virtual displacement of the same quantity is du; = R(—sin¢ 71 +
cos ¢ 72)0¢. It now follows that Wg = —mgR cos ¢ d¢, and by defining the gen-
eralized force as Q) = —mgR cos ¢, the virtual work becomes 6Wg = QL 6¢. The
same result can be obtained in a more expeditious manner by using eq. (9.22) to find
Qf = —mgiy - Oup/0d = —mgis - R(—sin¢ 71 + cos ¢ 1a) = —mgR cos ¢.

An even simpler interpretation is as follows. Because the virtual displacement is
a rotation, d¢, it must be multiplied by a moment to yield a virtual work; hence, the
generalized force is simply the moment of the gravity load, —mgR cos ¢.

For this problem, the virtual work done by the internal forces reduces to the vir-
tual work done by the restoring moment of the elastic spring, 6W; = —k¢ d¢p =
Qéégﬁ, where Qé = —k¢ is the generalized internal force of the system. The gener-
alized force is, in this case, a moment, and hence, the expression “generalized force”
must be interpreted carefully.

The principle of virtual work, eq. (9.25), yields the equilibrium equation for the

system as Qé + Qf = —mgRcos¢ — k¢ = 0. This is a transcendental equation,

but if the angular displacement of the pendulum remains small, cos ¢ ~ 1, and the
equilibrium configuration becomes ¢ = —mgR/k.

v Consider next the modified system shown in fig. 9.14

> where a rigid arm of length R connects mass m to a

R Kk b pinned support at ground. A linear spring of stiffness

/d) constant k& supports the mass; this spring remains verti-

oM cal because its support point is free to move horizontally

v i, mg on rollers. The spring is un-stretched when the arm is

horizontal.

Fig. 9.14. Rotating mass

5 ] ‘ As in the previous example, the virtual work done by
with vertical spring.

the gravity load is easily found as §Wg = mgty - dup,
where dup is the virtual displacement at point T. Since uy = R(cos¢ 73 +
sin ¢ 72), an infinitesimal virtual displacement of the same quantity is du; =
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R(—sin¢ 71 + cos ¢ 72)d¢. The virtual work done by the gravity load now be-
comes dWg = —mgRsin ¢ d¢, and the corresponding generalized force is Qf =
—mgRsin ¢. Next, the virtual work done by the restoring force in the spring is
OWr = —kRcos ¢1 - dup, which yields Qé = kR? cos ¢ sin ¢.

The principle of virtual work as expressed in eq. (9.25) now implies

Qé + Qf = kR?cos ¢sin ¢ — mgRsin¢ = Rsin ¢(kRcos ¢ — mg) = 0.

Two solutions are possible. First, sin ¢ = 0: this leads to ¢ = 0 or 7, i.e., the arm
is in the down or up vertical position, respectively. The second solution is cos ¢ =
mg/(kR). For mg/(kR) > 1, however, this solution no longer exists, leaving the
first solution as the only valid solution of the problem.

Example 9.11. The crank-slider mechanism

Consider the crank-slider mechanism depicted in fig. 9.15. The crank of length R is
actuated by a torque @), and the link of length L transforms the rotary motion of the
crank into a linear motion of the slider. A spring of stiffness constant k£ connects the
slider to the ground and is un-stretched when = = 0. The configuration of the system
is entirely determined by crank angle, ¢, (measured positive in the counterclockwise
direction) which is selected as the generalized coordinate for this problem.

The virtual work done by the externally applied torque, @, is SWgr = —Qd¢, and
hence, the corresponding generalized force is Qf = —(. Similarly, the virtual work
done by the internal force in the spring is 6W; = —kz 0z = —kx (0x/0¢) é¢ =
Qf;) d¢. The position of the slider, x, can be expressed in terms of the generalized
coordinate, ¢. Indeed, projecting segments OA and AB onto the horizontal yields
& = Rcos ¢+ /L2 — R?sin® ¢. The generalized force associated with the force in
the spring becomes

ox Rcos¢ .
QL =—ka—— =ka |1+ ———"—u | Rsiné.
¢ 9¢ 12— R2sin? ¢

The principle of virtual work expressed as eq. (9.25) implies Q§ + Qf = 0
leading to the following expression for the applied torque

B Rcos¢ .
Q = (1 =+ m) k‘iCRSlH¢.

Example 9.12. Elastically supported aircraft
For the purpose of dynamic testing, an aircraft is suspended from a hangar’s roof by
means of three springs of stiffness constants ky,, kg, and kr, attached to the aircraft’s
left wing at point L, right wing at point R, and tail at point T, respectively, as depicted
in fig. 9.16. The aircraft’s total mass is M and the center of mass is located at point
C. Determine the equilibrium position of the aircraft under gravity loads.

For simplicity, the aircraft is assumed to be rigid and all spring displacements
under load are assumed to remain small (i.e., the airplane remains nearly horizontal).
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Fig. 9.15. Crank-slider mechanism with a
spring.

Fig. 9.16. Plan view of the elastically sup-
ported aircraft.

The generalized coordinates of the problem will be selected as follows: w is the
displacement of point O along unit vector 73, and ¢; and ¢- are the rotations about
axes 71 and 7o, respectively. The displacements of the three suspension points, L, R,
and T are now easily expressed as 7, = u+ g2, g = u— Lpo, and xp = u+ dep1,
respectively. The displacement of the aircraft’s center of mass is z¢ = u + a¢; .

The virtual work done by the gravity load is §Wg = Mgdzc = Mg(du+adg,),
and hence, the corresponding generalized forces are QF = Mg, le = Maga,
and sz = 0. Similarly, the virtual work done by the internal forces in the three
springs is W; = —kpxp dxp — krxg dxr — kpxp dxp, and the corresponding
generalized forces become Q), = krzr — krer — krar, Q) = —dkrar, and
QéQ = *EkaL + ékRiﬂR.

The principle of virtual work, eq. (9.25), then yields the three equilibrium equa-
tions of the problem as Q;, + QY = 0,Q} +QF = 0,and Q) +QF = 0, leading
to

krxp + krxr + krxr = Mg, dkrxr = Mga, {Lkpxp —Llkrxr =0.

The solution can be completed using the displacement method (see section 4.3.2).
When the displacements of the suspension points are expressed in terms of the gen-
eralized coordinates, the three equilibrium equations can be recast as a system of
three linear equations that can easily be solved for the generalized coordinates of the
system
kr +kr +kr dkr f(kﬁL—kR) U Mg
dk d*kr 0 ¢1p =< Mga p. (9.26)
g(kakR) 0 62(kL+kR) o) 0
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9.4.2 Problems

Problem 9.1. Rotating disk with spring restraint

A mechanism consists of the rotating circular disk pinned at its center as shown in fig. 9.17.
A cable is wrapped around the outer edge and a force, P, is applied tangentially. The rotation
is resisted by a spring of stiffness constant k attached to a pin on the disk’s outer radius and
fixed horizontally to a support that can move vertically, leaving the spring horizontal at all
times. Use the principle of virtual work to determine the force, P, required to keep the disk in
equilibrium as a function of disk angular position, 6.

o

P

Fig. 9.17. Rotating disk with spring restraint. Fig. 9.18. Double-radius wheel on incline.

Problem 9.2. Double-radius wheel on incline

The double radius wheel of weight W shown in fig. 9.18 is of inner radius r and outer radius
R. A rope wrapped about the outer radius of the wheel applies a tangential force P. Determine
the inclination angle, o, required to maintain the system in static equilibrium.

Problem 9.3. Lever with sliding pivots

Determine the magnitude of force P applied at point N required to equilibrate a downward
force, F', applied at point M, as shown in fig. 9.19. Rod MN is of length a + b and is pinned
to sleeves which slide along frictionless rods AO and BO.

Fig. 9.19. Lever with sliding pivots.

Fig. 9.20. Quick-release mechanism.

Problem 9.4. Quick-release mechanism
In the “quick release mechanism” shown in fig. 9.20, frictionless rod ST is a pivoted at point S
and connected to a sliding hinge and piston at point T. At point Q, a sliding coupler connects
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rods ST and OQ. Show that the moment, M, necessary to react the applied horizontal force,
F,is M/FL = (R/a)[(R/a) + cos ¢]/[1 + (R/a) cos ¢]*. Hint: use virtual displacements
of infinitesimal magnitude.

Problem 9.5. Lever mechanism

A bar of length 3b is pinned at its lower end and supports a normal load, P, applied at its tip,
as shown in fig. 9.21. A second bar, of length b, is pinned to the first bar as shown and to a
slider that is constrained to move vertically on a frictionless rod. A weight, W, is supported
at the slider. Use the principle of virtual work to determine the force, P, required to keep the
weight, W, in equilibrium as a function of angle 6.

Problem 9.6. Spring-mass problem with nonlinear geometry

A spring of stiffness constant, k, and un-stretched length, L, is fastened to a support at point
A and is connected to a weight, W, as shown in fig. 9.22. The weight slides on a friction-
less vertical rod and the spring is un-stretched when horizontal. Determine the equilibrium
configuration of the system, i.e., position, u, of the weight.

Fig. 9.22. Mechanism with nonlinear geom-
Fig. 9.21. Lever mechanism. etry.

Problem 9.7. Spring-mass system with nonlinear spring

Consider the spring-mass system depicted in fig. 9.4. Determine the equilibrium position of
weight W = myg supported by a vertical spring having a nonlinear stiffness k = ko[l +
a(z/L)?], where ko is the initial stiffness, i.e., the stiffness for small z, and a is a “hardening
coefficient.” Solve the problem assuming that a = 0.5 and ko = W/8L.

Problem 9.8. Lever with sliding pivots and spring

Bar ABC is of length b + a and constrained to move vertically at point A and horizontally at
point B, while a horizontal force, P, is applied at point C, as shown in fig. 9.23. A vertical
spring is connected to bar ABC at point A and is un-stretched when angle # = 0. Use the
principle of virtual work to determine the equilibrium relation(s) of the system.

Problem 9.9. Differential pulley with applied moment

A solid cylinder has two radii, a and b, and its axis is pinned but free to rotate as shown in
fig. 9.24. A lever arm of length R is attached to the cylinder and a force, P, acts in the direction
normal to the arm. A cable is attached at one end to the smaller radius, a, and at the other to
the larger radius, b, and it supports a pulley which carries a vertical weight, W, as shown.
Use the principle of virtual work to compute force, P, required to support (or lift) weight, W.
Hint: this problem is different from the shop chain hoist discussed in example 9.9: here, as the
upper cylinder rotates, cable is taken up on one radius and let out on the other.
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B
o

a
IPT;XC
Fig. 9.23. Lever with sliding pivots and  Fig. 9.24. Differential pulley with an applied
spring. moment.

Problem 9.10. Linked bars with lateral springs and forces

A mechanical system consists of two articulated bars pinned together at point B and to the
ground at point C, as shown in fig. 9.25. Two springs of stiffness constants k1 and k2 support
the bars at their mid-span and two forces, P and (), are applied at points B and A, respectively.
Let ga and gg, the downward deflection of points A and B, be the two generalized coordinates
of the system. Use the principle of virtual work to determine the two equilibrium equations of
the system. Assume small displacements: |ga| < L and |gg| < L.

C |» Q
LS| 2
R

Fig. 9.25. Two articulated bars supported by  Fig. 9.26. Axially loaded articulated bars
springs. with lateral spring restraint.

Problem 9.11. Acxially loaded pinned bars with lateral spring restraint

Two rigid bars, AB and BC, are pinned together at point B, as shown in fig. 9.26. The end of
the first bar is pinned to the ground at point A, whereas the end of the other bar is constrained to
slide horizontally at point C under the action of load P. A lateral spring of stiffness constant k
is attached at point B. Angle  between bar BC and the horizontal is the generalized coordinate
used to define the system’s configuration. Use the principle of virtual work to develop an
expression for P = P(0). From your analysis, identify the buckling load of the problem.

Problem 9.12. Screw jack scissor lift

Consider the scissor lift (similar to an auto jack) shown in fig. 9.27. The configuration of
the system is represented by a single generalized coordinate, 0, the angle between the jack
legs and the horizontal. Determine the crank moment, M, required to lift a weight, W. The
moment will depend on the configuration of the jack, i.e., on angle 6. The threaded screw has
a pitch of NV threads per unit length. All bars of the jack are articulated.
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Fig. 9.27. Screw jack type of scissor lift.

9.5 Principle of virtual work applied to truss structures

In the previous section, the principle of virtual work is applied to mechanical systems
consisting of rigid bodies and concentrated springs. Attention now turns to applica-
tions of the same principle to simple truss structures.

9.5.1 Truss structures

Trusses are a class of structures consisting of slender bars connected together at
their ends by what are called pinned joints, which transmit forces but no moments.
Consequently, the slender bars carry axial forces, in tension or compression, but no
bending moments or transverse shear forces.! The simplest truss consists of only two
members connected at a single joint to which a load may be applied. The resulting
structure is isostatic; the addition of a third bar leads to a simple hyperstatic truss,
called a “three-bar truss,” which is analyzed in section 4.4.

Each bar of a truss acts like a simple rectilinear spring of stiffness constant k =
EA/L, where L is the bar’s length, A its cross-sectional area, and F the elastic
modulus of the material making up its cross-section. In addition, if all bars lie in
a plane, the truss is referred to as a planar truss; otherwise, it is called a three-
dimensional truss or a spatial truss. For both configurations, analysis methods are
identical, although the treatment of three-dimensional configurations is usually more
cumbersome. This section focuses on planar trusses, but the methods developed here
are equally applicable to spatial trusses.

Figure 9.28 illustrates a simple planar truss. A crude sketch of the truss shows the
prismatic bars pinned together at their ends. In this illustration, the member widths
have been exaggerated: in actual trusses, bars are quite slender. Actual pin joints were
commonly employed in early planar truss designs, especially in trusses for railway
bridges designed in the 19'" century. With the development of higher strength alloys
and use of thin-walled tubular sections, bar slenderness, the ratio of their length to
diameter, can approach 100. For such truss members, it is practical to design rigid
joints using welding or bolting, and although such joints introduce bending moments
into the bars, the primary stresses are still almost entirely due to the axial forces,
except in the immediate vicinity of the connections.

L If the bars are rigidly connected together at the joints so that no relative rotation is possible,
bending moments will develop in the bars and bending deflections must be considered.
Such structures are generally called frames and are more complicated to analyze.
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.....

Actual Truss Idealized Truss

Fig. 9.28. Planar truss and its idealization as an assembly of rectilinear springs.

In simple truss design, each bar is fabricated from a homogeneous material and
has a constant cross-section. Equation (4.3) then implies that each member can be
represented as a rectilinear spring of stiffness constant & = E.4/L. The complete
truss can then be viewed as an assembly of springs connected to pinned joints, as
illustrated in fig. 9.28.

The spring stiffnesses constants are quite large for a typical bars. For example,
the axial stiffness of a bar of length L. = 0.75 m, sectional area A = 75 mm? and
modulus £ = 210 GPa, is £ = 21 MN/m. When subjected to a 5 kN force, the
bar’s elongation is e = F//k = 0.24 mm. In most practical designs, the maximum
deflection of any joint of the truss is very small compared to the bar lengths. If
self-weight is a significant component of the overall loading, as is the case for
trusses used in civil engineering applications, the gravity force associated with each
bar is lumped in two equal forces applied at the bar’s two end joints.

Elongation-displacement equations

Consider the generic bar AB shown in fig. 9.29.
Point A is assumed to remain pinned, while
point B undergoes a displacement A = A7 +
Asty. The bar’s original length is L, and its
elongation e. Elementary geometry then yields
(L+€)2 = (L1 +A1)2 + (LQ +A2)2, where L4
and Lo are the projections of the original length
along axes 77 and 70, respectively.

The elongation-displacement relationship is
nonlinear, but if the relatively joint displace-
ments, A; and A,, remain small compared to the bar’s length, as is typically the
case for engineered structures, this expression can be linearized as follows.

First, a division by the square of the bar’s length yields a non-dimensional form

of the equation,
e 2 L1 Al 2 L2 AQ 2
1+-) = (2422 2422
(1+1) (L + L) \T 7T

Expanding all squares then leads to

€ 82 L% L1 Al A% L% L2 AQ A%
1424+ — =Lt 2l 21 22 52222 | 22
+L+L2 L2+ L L L2+L2+ L L L?

Fig. 9.29. Single bar of a planar truss.
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It is now assumed that e, Ay, and A, are all small compared to L, and hence,
terms e? /L2, A?/L?, and A3/L? become negligible. Finally, noting that L% /L? +
L3/L? = 1, the above equation reduces to

L L
e~ Alfl + AQTZ = Ajcosf + Aysinf. (9.27)

This equation shows that the bar’s elongation is the projection of the relative
displacement of its end joint along its direction. Equation (9.27) is an approximate,
linearized elongation-displacement relationship, which applies when joint displace-
ments remain small compared to the bar’s length.

Internal virtual work for a bar

Figure 9.30 shows a general planar truss member defined by its root and tip joints.
Let b be the unit vector along the direction of the bar, and u* and u" the displacements
of its tip and root joints, respectively. Let F' be the magnitude of the force applied
to the bar, and hence, forces F* = —Fb and F* = Fb are applied to the root and
tip of the bar, respectively. The virtual work done by these two forces is 6W =
- 6ur + F' - out = Fb- (dub — dur).

Because the internal and externally applied forces are of opposite sign, the virtual
work done by the internal force becomes

Wy =—F"-6u* — F" - 6u' = —Fb - (0u' — su") (9.28)
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Fig. 9.31. Configuration of the 5-bar truss.

Using eq. (9.27), the elongation, e, of the bar is the projection of the relative dis-
placements of its end points along its direction, and this is expressed by the following
dot product, e = b-(u'—u"). The virtual elongation then becomes de = b-(du'—du*),
and the bar’s internal virtual work, eq. (9.28), becomes

Wi = —Fde. (9.29)
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It is possible to express the virtual elongation in terms of the end nodes virtual dis-
placements as

de =(sinf 7y + cos72) - (Su 71 + duj T2 — duj 1 — duj 7)

9.30
=(6u} — dul) sin @ + (Sub — dub) cosd. S

9.5.2 Solution using Newton’s law

Consider the five-bar planar truss depicted in fig. 9.31, subjected to two vertical
loads, P4 and Pp, applied at joints A and B, respectively, and to a horizontal load,
Pc, applied at joint C. The diagonal bar, BD, is inclined at an angle 6 with respect
to the horizontal. At joint D, the two components of displacements are constrained
to be zero, whereas at joint A, the vertical component of displacement is allowed,
but the horizontal is constrained to zero. In the development that follows, the vector
notation employed in the previous examples will not be used because it is easier to
write the work directly in scalar equations for these two-dimensional problems.

Each member in a truss transmits an axial force that is either tensile or compres-
sive. By convention, tensile forces are defined as positive and compressive forces
as negative. The truss can be treated as a system of particles where each particle is
a joint of the truss to which two or more members are attached. Newton’s law ex-
presses the equilibrium condition at each of the 4 joints, A, B, C and D by eq. (9.2).
For a planar truss, this yields two scalar equilibrium equations at each joint, a total of
8 equations for the present truss. These equilibrium equations involve the bar forces
and reaction forces acting at each joint. The approach is commonly referred to as the
method of joints.

Considering the free-body diagrams of each joint shown in fig. 9.31, the follow-
ing 8 equations of equilibrium are obtained

Py—Fap=0, Hpx+Fap=0 (9.31a)

Pg — Fge — Fgpsind =0, —Fap— Fgpcosf =0, (9.31b)
Fgc =0, Pc—Fcp =0, (9.31¢)

Vo + Fap + Fpsind =0, Hp+ Fcp+ Fgpcosf =0. (9.31d)

Equations (9.31a) are the vertical and horizontal equilibrium equations at joint
A; eqgs. (9.31b) are the vertical and horizontal equilibrium equations at joint B;
egs. (9.31c) are the corresponding equations at joint C; and finally, eqs. (9.31d) are
the corresponding equations at joint D.

These 8 equilibrium equations can used to determine 8 independent forces. If the
number of forces (bar and reaction forces) is larger than the number of equations, the
problem is hyperstatic. If the number of forces equals the number of equations, the
problem is isostatic and a complete solution can be obtained from the equilibrium
equations alone. In this case, the problem is isostatic because the 8 equilibrium
equations of the problem are sufficient to compute the 5 bar plus the 3 reaction forces.
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9.5.3 Solution using kinematically admissible virtual displacements

In section 9.3.1, the principle of virtual work for a single particle is developed by
multiplying the particle’s equilibrium equation by an arbitrary virtual displacement,
to obtain eq. (9.8), which is a statement of the principle of virtual work. A similar ap-
proach is followed here to develop the principle of virtual work for the five-bar truss
depicted in fig. 9.31. Newton’s law is used to obtain the joint equilibrium equations,
eqs. (9.31); of these 8 equations, the 5 that correspond to equilibrium in an uncon-
strained direction are multiplied by virtual displacements to construct the following
statement

[PA _FAD] (5u’14 + [PB — Fge —FBDSiDH] 5u1B

(9.32)

+[~Fap — Fpp cos?] 5’UJ§ + [FBsc] 5U1C + [Pc — Fep] 5ug =0,
where ui' is a vertical virtual displacement at joint A, du? and §uZ vertical and
horizontal virtual displacements at joint B, and §u§ and u§ the corresponding
quantities at joint C. These are kinematically admissible virtual displacements be-
cause they do not violate any of the geometric boundary conditions of the problem.
A horizontal virtual displacement at joint A, or any virtual displacements at joint
D would violate the geometric boundary conditions at those joints and are not con-
sidered here. If the truss is in equilibrium, eq. (9.32) vanishes for all kinematically
admissible virtual displacements.

The various terms in eq. (9.32) are now regrouped in the following manner

PAduf + PB<5u115> + Pcéug — FAB&AQB — FAD(Su’l4

9.33
—Fpo(6uf — 6uf) — Fgp(6u® sin@ + sul cos ) — Fopous§ = 0. 039

The first 3 terms of this expression represent the virtual work done by the externally
applied forces,
Wy = Padui' + Pgouf + Poou§, (9.34)

where each loading component is multiplied by the virtual displacement in the direc-
tion of action of the load. Equation (9.33) now simplifies to
Wy — Fapoud — Fapouit — Fpo(6uP — suf)
—FBD(5ulB sinf + 5u2B CcOos 9) — FCD5u§ =0.

The last 5 terms of this equation represent the virtual work done by the internal
forces in the 5 bars. From eq. (9.30), the virtual elongation of bar AB is degp =
5uQB , and eq. (9.29) then yields the bar’s internal virtual work as —Fagdeap =
—Fup (5u2B . The virtual elongations in the other four bars are de 4p = 5u{‘, dege =

SuP — ouf, depp = ouP sin@ + dub cosh, and Secp = Su§. The virtual work
done by all internal forces now becomes

0Wr = —Fapdeap — Fapdeap — Fpcdepc — Fepdepp — Fepdecp, (9.35)

and eq. (9.33) reduces to
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W = Wg + W =0, (9.36)

for all kinematically admissible virtual displacements.

The reasoning can be reversed: if eq. (9.36) holds for all kinematically admissible
virtual displacements, eq. (9.32) then holds and the equilibrium equations of the
problem follow. The results obtained here can be combined into another statement
of the principle of virtual work.

Principle S (Principle of virtual work) A structure is in static equilibrium if and
only if the sum of the internal and external virtual work vanishes for all kinematically
admissible virtual displacements.

9.5.4 Solution using arbitrary virtual displacements

The development presented above is based on kinematically admissible virtual dis-
placements, but this is not the only possible approach. Newton’s law is used to obtain
the 8 joint equilibrium equations, egs. (9.31). Multiplying each of these equilibrium
equations by a virtual displacement leads to the following statement

[Pa — Fap]oui* 4+ [Ha + Fap]dub + [Pg — Fpc — Fpp sin 0] su?
+[=Fap — Fpp cosb] 6uf + [Fpc] dul + [Pc — Fop] duS (9.37)
+[Vp + Fap + Fppsiné)] 5uf’ +[Hp + Fep + Fpp cosb)] 5u2D =0.

If the truss is in equilibrium, eq. (9.37) vanishes for all virtual displacements.

In contrast to eqgs. (9.32), these equations include the horizontal and vertical re-
action forces acting at joint D, denoted Vp and Hp, respectively, and the horizontal
reaction force at joint A, denoted H 4. In addition, 5u§‘ is the horizontal virtual dis-
placement component at point A, and dul’ and dul’ are the vertical and horizontal
virtual displacement components at point D, respectively. These three virtual dis-
placement components violate the geometric boundary conditions of the problem,
i.e., they are not kinematically admissible.

Regrouping terms in eq. (9.37) leads to

Padu + Ppoul + Poou§ + Hadud' + Vpou? + Hpoul
—Fap(6ul — 6us) — Fap(oui' — 6uP) — Fpe(ouP — uf)
—Fpp [(6uf — dup)sind + (du’ — 6ud) cos 0] — Fop(duS — suf) = 0.
(9.38)

The first 6 terms of this expression represent the virtual work done by the externally
applied forces,

SWg = Padui' + Pgoul + Poou§ + Hadus + VpouP + Hpou?,  (9.39)

where each loading component is multiplied by the virtual displacement in the direc-
tion of action of the load. Because virtual displacements that violate the geometric
boundary conditions are used here, the virtual work done by the reaction forces does
not vanish, and the reaction forces must be treated as externally applied forces.
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Equation (9.38) now simplifies to

Wy — Fap(dul — oud') — Fap(ouft — ul) — Fpo(0uP — suf)

— FBp [((5u{3 —ouP)sin@ + (0uf — sub) cosf] — Fep(ou§ — ouf) = 0.
(9.40)

The last 5 terms of this equation represent the virtual work done by the internal forces
in the 5 bars as can be shown by the following reasoning. The virtual elongations in
the five bars are given with the help of eq. (9.30) as deap = dud — 5u§‘, deap =
Suft — 6uP, depc = 6uf —6u§, Sepp = (0uP — duP) sin 0+ (6u — sul’) cos b,
and decp = 6§ — du, which are updated to reflect the presence of virtual displace-
ments that violate the geometric constraints. Using these, the last 5 terms in eq. (9.40)
become *FAB(SGAB - FADéeAD - FBc(seBc - FBD5€BD - FCD(SeCD = 5W[
so that eq. (9.38) reduces to eq. (9.36).

The reasoning can be reversed: if eq. (9.36) holds for all virtual displacements,
eq. (9.37) then holds and the equilibrium equations of the problem follow.

These results can be combined into the following statement of the principle of
virtual work.

Principle 6 (Principle of virtual work) A structure is in static equilibrium if and
only if the sum of the internal and external virtual work vanishes for all virtual
displacements.

Although the above two principles are established for the simple truss structure
depicted in fig. 9.31, it will be shown later that they are applicable to general struc-
tures. These two principles are nearly identical. When the principle of virtual work is
used with kinematically admissible virtual displacements as principle 5, the virtual
work done by the externally applied forces does not include the reaction forces; the
virtual work they perform automatically vanishes because the corresponding virtual
displacements are zero, see eq. (9.34). For the 5 bar truss, application of this principle
yields the five equilibrium equations in egs. (9.31) that do not involve the reaction
forces.

When the principle of virtual work is used with arbitrary virtual displacements
as principle 6, the virtual work done by the reactions forces must be included in the
statement of the external virtual work, see eq. (9.39). For the 5 bar truss, application
of this principle yields all 8 of the equilibrium equations, egs. (9.31), two at each of
the four joints in the truss.

These principles are derived from Newton’s law to which they are entirely equiv-
alent. When arbitrary virtual displacements are used, all equilibrium equations of
the problem are recovered. If the virtual displacements are limited to those that are
kinematically admissible, a subset of the equilibrium equations is recovered.

Example 9.13. Three-bar truss using principle of virtual work

The three-bar planar truss depicted in fig. 9.32 is a simple hyperstatic truss with a
single free joint. It is subjected to a vertical load P at joint O, where the three bars are
pinned together. The three bars are identified by the joints at which they are pinned
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to the ground, denoted as A, B, and C. A4, Ap and A¢ are the cross-sectional
areas of bars A, B, and C, respectively, and E'4, Ep and E¢ denote their respective
Young’s moduli. The axial stiffnesses of the three bars are ky = (EA)a/La =
(EA)acos0/L, kg = (EA)p/L, and ko = (EA)c cos 8/ L, respectively.

This problem is hyperstatic of order 1, and it is solved using the displacement and
force methods in examples 4.4 on page 147 and example 4.6 on page 152. In these
two earlier examples, the stiffnesses of bars A and C are assumed to be identical to
simplify the problem. This assumption is not made in the present example.

Free body
diagrams

Fig. 9.32. Three-bar truss configuration with free-body diagram.

The virtual displacement vector for point O is du = Jui7; + dusis. Equa-
tion (9.30) then gives the bar virtual elongations as de4 = duj cos + dus sin b,
dep = duy, and dec = duq cos @ — dug sin 6, for bars A, B and C, respectively. The
principle of virtual work now states that

= Péuy — Fs(duq cos @ + dugsin @) — Fpouy — Fo(dug cos € — dus sin )
= —[Facos0+ Fp + Focos — Pl duy —sin [Fy — Fo| dug =0,

for all arbitrary virtual displacement components, Ju; and dus. Because these com-
ponents are arbitrary, the two bracketed terms must vanish, leading to the two equi-
librium equations of the problem, F)y cos@ + Fg + Focosf = P and Fy = Fg.
Because these two equilibrium equations are not sufficient to evaluate the three bar
forces, the problem is hyperstatic of order 1.

The solution of the problem can be completed using the displacement method,
see section 4.3.2. The elongation-displacement equations are obtained by express-
ing the bar elongations in terms of the end-joint displacements using eq. (9.27).
This yields e4 = wjcosf + ugsinf, eg = wuy, and ec = uy cosf — ugsiné,
where ey, ep, and ec are the elongations of bars A, B and C, respectively, and
u = u1?1 + uglsy is the displacement vector of point O. The constitutive laws are
Fy =ea(EA)acosO/L, Fgp = eg(EA)p/L, and Fo = ec(EA)c cosf/L, for
bars A, B and C, respectively. Introducing the constitutive laws into the equilibrium
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equations, and the elongation-displacement equations into the resulting relationships
yield two equations for the two displacement components. It is convenient to write
these in matrix form as

ey 1 +7(127A + ko) cosf (l:m — IE:C) sin 9} {ul} _ {ﬁL}

(ka—keo)sin® (ka4 ko)sind| | usg 0 [
where k4 = (EA)a/(EA)p and k¢ = (EA)c/(E.A)p are non-dimensional bar
stiffness ratios, and P = P/(E.A)p is the non-dimensional applied load. With sim-
ple matrix manipulations, this set of equations yields the non-dimensional displace-
ment components of point O as

27%A+l_cc 277;3,47150(‘,089
PL k' PL k sing’

(9.41)

where k = kq + ko + 4k akc cos® . With the help of the elongation-displacement
equations, the bar non-dimensional elongations are found to be

ea 2k¢ cos 0 eB _ ka+ ke ec 2k 4 cos 6
pL k' PL k' PL kO

Finally, the non-dimensional bar forces are obtained from the constitutive laws as

Fo  Fo  2cos®®kakc  Fp _ ka+ke
P P k P ko

(9.42)

Except for the fact that equilibrium equations are obtained from the principle of
virtual work rather than from Newton’s first law, the solution process presented here
is identical to that of the displacement method presented in section 4.3.2.

In this example, the principle of virtual work is used in conjunction with kinemat-
ically admissible virtual displacements. Figure 9.32 also shows free body diagrams
of the four nodes of the truss, and these involve the reaction forces at joints A, B, and
C. These reaction forces do not appear in the above developments because the vir-
tual displacements at joints A, B, and C are selected to be kinematically admissible,
i.e., all three are assumed to vanish. If arbitrary virtual displacements are selected,
the virtual work done by the reaction forces no longer vanishes. The external virtual
work is now

Wi = Vaduit + Hadug + Vpou? + Hpéul + Voou§ + HoouS + Pouf,

where 6ui' and dus are the vertical and horizontal components of the virtual dis-
placement at joint A, and similar notations are used for the corresponding virtual
displacements at joints B, C, and O.
Next, the internal virtual work is evaluated as
SWi = —Fa(cos 011 +sin0%) - [(6uf — dui')a + (6us — dui )]
—Fpiy - [(5u? —ouPYy + (6u§ — 5u§)ig]

—Fo(cos 0 —sin0n) - [(0uf — 6ul) + (Su§ — 6us)zs]
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where the expressions for the root and tip virtual displacements of the bars reflect the
virtual displacements at joints A, B, and C, which violate the geometric boundary
conditions.

Invoking the principle of virtual work, principle 6, then yields

[Va + Facos0) dul + [Ha + Fasin ) 6us + [V + Fg|ouP + [Hp] 6ub
+ Vo + Focos 0] 6u§ + [He — Fosin 0] su§
+[P — Facosf — Fg — Focos ] 6ul + [Fasin® — Fgsin 6] duS = 0.

In this expression, all virtual displacement components are arbitrary, and this implies
that all bracketed terms must vanish. The last two terms yield the vertical and hori-
zontal equilibrium equations at joint O, which are the only two equations obtained
when kinematically admissible virtual displacements are used. The first six brack-
eted terms yield the six equilibrium equations involving the reaction forces at joints
A, B, and C.

The complete solution process mirrors that used earlier. First, the displacements
of joint O can be obtained from eq. (9.41). Next, the forces in bars A, B, and C
follow from eq. (9.42). Finally, the three bar forces can be introduced into the six
equilibrium equations at joints A, B, and C to obtain the six components of the
reaction forces at the corresponding points.

9.6 Principle of complementary virtual work

The basic equations of linear elasticity are derived in chapter 1. As shown in fig. 9.33,
these equations are divided into three groups: the equilibrium equations, the strain-
displacement relationships, and the constitutive laws. Given the proper boundary
conditions, these three groups of equations are sufficient to obtain solutions of elas-
ticity problems.

In addition, the strain compatibility equations impose constraints on the body’s
strain field. Because they can be derived from the strain-displacement relationships,
the compatibility equations do not form an independent set of equations and are not
required to solve elasticity problems. Their importance, however, arises in situations
where the displacement field is to be evaluated from the strain field. Because the six
strain components are expressed in terms of three displacement components only, the
problem is over-determined. The compatibility equations ensure that the strain field
can be derived from a compatible displacement field, i.e., a displacement field that
creates no gaps or overlaps in the solid. Consequently, the compatibility equations
can become a critical element of any solution procedure.

The principle of virtual work derived in the first part of this chapter is shown to
be entirely equivalent to the equilibrium equations, which are themselves a mathe-
matical restatement of Newton’s laws. The equivalence of these three statements is
indicated in fig. 9.33 by the double headed arrows joining the corresponding boxes.

Although expressed within markedly different formalisms, the principle of vir-
tual work and Newton’s laws are two entirely equivalent statements. Because New-
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Fig. 9.33. Relationship between the equations of elasticity and virtual work principles.

ton’s laws are the foundation of mechanics and elasticity, the principle of virtual
work is an equivalent, alternative foundation of mechanics and elasticity.

As discussed in chapter 1, the solution of any elasticity problem requires the
three groups of basic equations appearing in the middle row of fig. 9.33. Conse-
quently, because it is equivalent to only the equilibrium equations, the principle of
virtual work alone does not provide enough information to solve elasticity problems.
To obtain complete solutions to elasticity problems, it must be complemented with
strain-displacement relationships and constitutive laws.

In the next part of this chapter, a second virtual work principle will be developed:
the principle of complementary virtual work. As indicated in fig. 9.33, this virtual
work principle is entirely equivalent to the compatibility equations of the problem.
The principle of complementary virtual work alone does not provide enough infor-
mation to solve elasticity problems. It must be augmented with equilibrium equations
and constitutive laws to derive complete solutions to elasticity problems.

Clearly, the strain-displacement relationships and compatibility equations are
central to the understanding of the principle of complementary virtual work. Rather
than consider the more abstract general case, these concepts will be examined in the
next section for simple truss structures and in subsequent sections for more complex
beam structures.

9.6.1 Compatibility equations for a planar truss

Before deriving the principle of complementary virtual work, the kinematics and
compatibility equations for planar trusses will be investigated.
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Compatibility conditions

Consider the two-bar planar truss depicted in fig. 9.34, consisting of two bars, de-
noted bars A and C, joined together at point O, connected to the ground at points
A and C, respectively, and of lengths L4 and L¢, respectively. Let the two bars
undergo arbitrary elongations of magnitudes e4 and ec, respectively; the loads that
create these elongations are irrelevant to the present discussion and are not shown in
the figure.

The configuration of the truss that is compatible with these elongations is eas-
ily found with the help of a purely geometric reasoning. Draw two circles of radii
L4+ e and Lo + ec, centered at points A and C, respectively; the intersection of
these two circles, denoted point Q’, is the connection point of the two bars in their de-
formed configuration. Given any two arbitrary elongations, the truss’s configuration
is easily found, assuming, of course, that the two circles intersect.

Fig. 9.34. Two-bar truss in the original and  Fig. 9.35. Three-bar truss in the original and
deformed configurations. deformed configurations.

Consider next the three-bar, planar truss shown in fig. 9.35 which is similar to the
two-bar truss considered in fig. 9.34 but with the addition of the middle bar, denoted
bar B, of length Lp. Let bars A and C undergo arbitrary elongations of magnitudes
e4 and ec, respectively. Using the geometric construction described in the previous
paragraph, the configurations of bars A and C are readily found, and point O’ is
obtained. The configuration of bar B is now uniquely defined, because it must join
points B and O’. If the deformed length of bar B is denoted L5, its elongation is then
ep = L'z — L. Clearly, the elongations of the three bars are no longer independent
because, given e 4 and e, e g can be obtained from simple geometric considerations.

Instead of using this purely a geometric reasoning, the same conclusions can be
reached by using the elongation-displacement equations of the problem. Consider
first the two-bar truss depicted in fig. 9.34. Let u = w121 + uo?2 be the displacement
vector of point Q. The elongations of bars A and C simply correspond to the projec-
tions of this displacement vector along the directions of the bars, see eq. (9.27), to
find

eq4 =uycosf +ussinf, ec = ujcost —ussinb. (9.43)

These equations relate the elongations, e4 and e¢, of the two bars to the two com-
ponents of displacement of point O, u; and u9, and can be inverted to find the dis-
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placement components as a function of the elongations: u; = (e4 + e¢)/(2cos )
and u; = (es — ec)/(2sin@). The final configuration of the system is uniquely de-
fined if the two displacement components, u; and us, are given. Alternatively, if the
two elongations are given, the two displacement components can be evaluated using
eq. (9.43), and the final system configuration is obtained.

Consider now the three-bar truss shown in fig. 9.35. The elongations of bars A,
B and C, correspond to the projections of the displacement vector of point O along
the directions of the bars, see eq. (9.27), to find

eqs =uicosf+ussind, ep=u;, ec=uicosh — ussinb. (9.44)

The present situation is quite different from that examined in the previous paragraph.
Whereas the elongations of the three bars can readily be expressed in terms of the
two displacement components, it is not possible to express the two displacement
components in terms of the three elongations. This stems from the fact that given
the three elongations, egs. (9.44) form an over-determined set three equations for the
two unknown displacement components. It is possible, however, to eliminate the two
displacement components from eqs. (9.44) to find the compatibility equation of the
problem

eqs —2egcosf+ec =0. (9.45)

With this approach to the problem, it is easy to predict the number of compatibility
equations: because the three bar elongations are expressed in terms of two displace-
ment components, a single compatibility condition exists.

This simple example underlines a fundamental difference between the two- and
three-bar trusses shown in figs. 9.34 and 9.35, respectively. For the two-bar truss,
the deformed configuration of the system can be determined through purely geomet-
ric constructions, given the elongations of each bar. For the three-bar truss, the bar
elongations are not independent of each other and must satisfy a compatibility con-
dition. If this condition is satisfied, the deformed configuration of the system can be
determined through purely geometric constructions.

Another fundamental difference between these two trusses exists: the two-bar
truss is isostatic, whereas its three-bar counterpart is hyperstatic. In fact, the number
of compatibility equations is equal to the order of redundancy of the hyperstatic
problem, as defined in section 4.3. For isostatic problems, the order of redundancy is
zero and therefore, the number of compatibility equations is zero.

To better understand the relationship between the number of compatibility equa-
tions and the order of a hyperstatic system, consider the following reasoning. The
two-bar truss involves two force components (the forces in the two bars) that are
linked by two equilibrium equations, the horizontal and vertical equilibrium equa-
tions for the forces acting at joint Q. These two forces can be determined solely from
the equilibrium equations, and hence, the system is isostatic. The same truss involves
two elongations (the elongations in the two bars) that are related to the two displace-
ment components of joint Q. The two displacements are uniquely defined by the two
elongations, leaving no compatibility conditions.
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In contrast, the three-bar truss involves three force components (the forces in the
three bars) that are linked by two equilibrium equations, the horizontal and verti-
cal equilibrium equations for the forces acting at joint Q. These three forces cannot
be determined from the two equilibrium equations, and hence, the system is hyper-
static of degree 1. The same truss involves three elongations (the elongations in the
three bars) that are related to the two displacement components of joint O. The three
elongations must satisfy one condition to be compatible with the two displacement
components.

In a general planar truss, the number of force components (one per bar) equals the
number of elongations (one per bar). Each node of the truss introduces two indepen-
dent displacement components and two independent equilibrium equations along two
orthogonal directions. Starting from an isostatic configuration, the addition of one
bar connecting existing joints results in a hyperstatic system of order 1 and creates
one compatibility equation. Each additional bar connecting existing joints increase
the order by one and creates a new compatibility equation. Therefore, the number of
compatibility equations will always equal the order of the hyperstatic problem.

9.6.2 Principle of complementary virtual work for trusses

As illustrated in fig. 9.33, the principle of complementary virtual work focuses on
a single group of equations, the strain-displacement relationships, instead of New-
ton’s law, which the principle of virtual work focuses on. The strain-displacement
equations simply provide a definition of the strains, and they are based on purely
geometric arguments, as discussed in section 1.4.

Three-bar truss under applied load

Consider the three-bar truss depicted in fig. 9.36. It is assumed to undergo compatible
deformations so that the three bar elongations satisfy the elongation-displacement
relationships, egs. (9.44). The following statement is now constructed

W' = —lea —ujcosh —uysind] 6Fa — [ep —u1] 6Fp

9.46
—[ec —u1cos +ugsinf] 6Fe = 0, ( )

where 0 F4, 6 Fp, and § F are three arbitrary quantities, called virtual forces, and
OW' is the complementary virtual work.

The bracketed terms are the three elongation-displacement relationships of
the system. Since the truss undergoes compatible deformations, the elongation-
displacement equations are satisfied, and the bracketed terms in the statement vanish.
Hence, the above statement is true for any arbitrary virtual forces, 6 Fla, 0 Fiz, and
0 F¢. Simple algebraic manipulations then lead to

(5W/ = — eA(SFA - €B5FB — 605FC

9.47
+uy (0Facos0+ 0Fg + 0Fc cosf) + ugsinf (0F4 — 0F¢) =0, ( )

for all virtual forces.
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Figure 9.36 depicts a free body diagram of joint O, and the equilibrium equations
are found as F'4 cos @ + Fg + Focosd = P and Fy — F = 0. A set of forces that
satisfies these equilibrium equations is said to be statically admissible.

Figure 9.36 also shows a set of virtual
forces acting at joint O. These virtual forces
are said to be statically admissible virtual
forces if they satisfy the following equilib-

rium equations at the joint, F,
F.w{/v F.
0F cos0 + 0Fg + 0Fccosf =0, o
4 prote (9.48) P
0Fy — 0Fc = 0.

These equations do not include the externally ~ Fig. 9.36. Three-bar truss with applied
applied loads because § P = 0 for a specified  10d-
or given value of P. The geometry of the system is given, hence 66 = 0.

Statement (9.47) is true for all arbitrary virtual forces. If the virtual forces, how-
ever, are required to be statically admissible, that is if egs. (9.48) are satisfied, a much
simpler statement results

5W/ = _eAaFA — eB(SFB — €C6FC = 0, (949)

for all statically admissible virtual forces. The internal virtual work done by a force,
F, in a bar undergoing an elongation, e, is defined by eq. (9.29) as §W; = —Fde. In
statement (9.49), the three terms represent the internal complementary virtual work
of the truss,

Ny
(;W} = *eA(SFA — 635FB - 605FO = — Z@i(SFi, (950)

i=1

where the last equality gives the general expression for internal complementary vir-
tual work in a truss consisting of IV, bars. Statement (9.49) is now recast in a compact
form as

W' =o6W; =0, (9.51)

for all statically admissible virtual forces.

The reasoning developed in the previous paragraphs can be reversed. Equa-
tion (9.51) is equivalent to statement (9.49). If this statement holds for all statically
admissible virtual forces, eq. (9.47) must also hold under the same conditions. Sim-
ple algebraic manipulations then lead to eq. (9.46) which implies the elongation-
displacement relationships of the problem, because the virtual forces are arbitrary.
Although the developments presented above apply to a three-bar truss, all the steps
of the reasoning would still hold for trusses of arbitrary configuration.

Three-bar truss under prescribed displacement

The three-bar truss depicted in fig. 9.37 is similar to the truss discussed in the previ-
ous section, except that instead of being subjected to a concentrated load at joint O,
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the downward vertical displacement of joint B is now prescribed to be of magnitude
A.

Prescribed displacements form an important class of problem parameters. Imag-
ine that a displacement-controlled actuator, such as a screw-jack or a displacement-
controlled servo-hydraulic actuator, is oriented downward at point B. The natural
length of vertical bar BO is L, and displacement A is prescribed. The actuator will
provide whatever force is required to obtain the specified displacement. The force
required to obtain the specified displacement, often called the “driving force,” D, is
as yet unknown.

A prescribed displacement of this type
fundamentally affects the statement of the A;
principle of complementary virtual work
because it directly impacts the compat-
ibility equations. Indeed, the elongation-
displacement relationship for bar B now be-
comes eg = uj — A, instead of ep = u;.

The following statement of comple-  Fig, 9.37, Three-bar truss with prescribed
mentary virtual work is constructed from  displacement.
the compatibility equations expressed in
homogeneous form

L

W' = —lea —ujcosh —uysin@) 6Fa — [eg —uy + A]6Fp

9.52
—lec — uy cos 4+ ug sin 6] 0F¢ = 0, ©-52)

where 6 F4, 0 Fp, and § F¢ are, here again, arbitrary virtual forces. This statement
should be compared to eq. (9.46), written for the same truss in the absence of a
prescribed displacement.

Because the truss undergoes compatible deformations, the elongation-
displacement equations are satisfied, and the bracketed terms in the statement vanish.
Simple algebraic manipulations then lead to

(5W/ = —eA(SFA — eB<5FB — eC5FC — A (5FB

9.53
+ w1 (cos@SF s + 0Fp + cos0Fc) + ugsinf (JF4 — 6F¢) = 0, ( )

for all arbitrary virtual forces.
Consider now a set of statically admissible virtual forces that satisfy the follow-
ing equilibrium equations,

0F cos0 +6Fg +0Fccos® =0, 0F4 —0Fc =0, dFg+d6D =0, (9.54)

where the first two equations correspond to the equilibrium conditions of joint O and
the third to that at joint B. The virtual driving force, § D, does not vanish because this
force is unknown.

Statement (9.53) is true for all arbitrary virtual forces. If the virtual forces are
required to be statically admissible, however, a simpler statement results,

5W/ =Ad0D — 6A5FA - €B5FB - €C5Fc =0. (955)
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As observed earlier, the last three terms of this expression represent the internal com-
plementary virtual work, §W7, as defined in eq. (9.50). The product of a force, D, by
the displacement of its point of application in the direction of the force, A, is defined
in section 9.2.2 as the work done by the force, W = DA. The virtual work done
by the same force is introduced in section 9.3.4 as the product of the real force by a
virtual displacement, 6W = D JA. In statement 9.55, the first term is the product
of the true displacement by a virtual force, and is called the external complementary
virtual work,

SWp = AdD. (9.56)
Statement (9.55) is now recast in a compact form as
W' =6Wp + dW; =0, (9.57)

for all statically admissible virtual forces. In the absence of prescribed displace-
ments, the external complementary virtual work vanishes and the simpler statement
of eq. (9.51) remains. As before, the reasoning can be reversed: statement 9.52 can
be recovered from statement 9.57. Consequently, the elongation-displacement are
obtained and the truss undergoes compatible deformations.

In summary, the elongation-displacement relationships of the problem are
satisfied if and only if the sum of the external and internal complementary virtual
work vanishes for all statically admissible virtual forces. This leads to the principle
of complementary virtual work.

Principle 7 (Principle of complementary virtual work) A rtruss undergoes com-
patible deformations if and only if the sum of the internal and external complemen-
tary virtual work vanishes for all statically admissible virtual forces.

In this principle, the virtual forces must be statically admissible. If the com-
plementary virtual work is required to vanish for all arbitrary virtual forces, i.e.,
for all independently chosen arbitrary 0 Fls, 0 Fp, 6 F¢, and 0D, eq. (9.55) implies
eqs = ep = ec = A = 0, which in turn, implies that the truss cannot deform. This
is clearly not correct.

Because the virtual forces are statically admissible, they must satisfy eq. (9.54),
which forms a set of three equations for the four statically admissible virtual forces.
This means that it is possible to express three of the virtual force components in
terms of the fourth: 6 Fg = —20F 4 cosf, dFc = 6F 4, and 6D = 20F 4 cos 8, for
example. The principle of complementary virtual work now becomes

W' = A(25F 4 cosf) — eadF4 — ep(—20F4 cos) — ecdF
=[2Acos0 —eyq +2epcosl —ec] dF, = 0.

Since the remaining virtual force component, 6 F4, is now entirely arbitrary, the
bracketed term must vanish, yielding the compatibility equation of the problem:
ea—2(eg + A)cosl +ec = 0.

Clearly, when the concept of statically admissible virtual forces is properly inter-
preted, the principle of complementary virtual work yields the correct compatibility
equation of the problem.
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9.6.3 Complementary virtual work

Complementary virtual work is defined as the work done by virtual forces acting
through real displacements. In this sense, it is complementary to the virtual work
done by real forces acting through virtual displacements. In both cases, the real quan-
tities are assumed to remain fixed during the application of the virtual quantities. The
meaning of the term “complementary” will be illustrated in the following discussion.
Consider a uniform bar fixed at one Force , Complementary

end and subjected to an axial load, F’, virtual work

at its tip and let the resulting tip de- SFI SW~
flection or elongation be denoted wu.

The material the bar is made of is not F L W'—]

necessarily linearly elastic, and hence, Virtual
the load-displacement curve is not a W OW! work
straight line, as illustrated in fig. 9.38. ‘ ‘

As the displacement increases from " Divol A
0 to u, the work done by the tip force is }‘a" Isplacemen
W = [ F du, see eq. (9.7). This in-
tegral corresponds to the area under the Fig. 9.38. Work and complementary work and
curve shown in fig. 9.38. If the materia] their Virtual counterparts.
is linearly elastic, say F' = ku, where k is the axial stiffness of the bar, the work
simply becomes W = [ ku du = ku?/2 = Fu/2.

The complementary work is defined as W’/ = fOF u dF', and corresponds to the
area to the left of the load-displacement curve, as indicated in fig. 9.38. Note that for
a nonlinearly elastic material, the work and complementary work are not equal. For
a linearly elastic material, however, W’ = fOF F/kdF = F?/(2k) = Fu/2 = W.
For either linearly or nonlinearly materials, W + W' = Fu, which explains why the
complementary work is called “complementary.”

The virtual work and complementary virtual work are also shown in fig. 9.38.
The virtual work is the shaded area to the right of that representing the work itself.
While computing the work done by the applied force, the force is a function of the
displacement, F' = F'(u), but when computing the virtual work, the force is held
constant. As discussed in example 9.2, the term “virtual” used to qualify the virtual
displacements indicates that the forces remain unchanged by these virtual displace-
ments.

The complementary virtual work is the shaded area above that representing the
complementary work itself. While computing the complementary work done by the
applied force, the displacement is a function of the force, v = w(F'), but when
computing the complementary virtual work, the displacement is held constant. Here
again, the term “virtual forces” emphasizes the fact that the displacements remain
unchanged by these virtual forces.
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9.6.4 Applications to trusses

By now, the similarities and differences between the principle of virtual work and
the principle of complementary virtual work are clear.

e The principle of virtual work focuses of the equilibrium equations of the sys-
tem, whereas the principle of complementary virtual work focuses on the strain-
displacement equations, see fig. 9.33.

e The principle of virtual work identifies the equilibrium state of the system from
among all kinematically compatible configurations; the principle of comple-
mentary virtual work identifies the kinematically compatible configuration from
among all statically admissible states.

e The concepts of virtual displacements and virtual forces are subjected to similar
restrictions: the former leave the real system forces unchanged, whereas the latter
leave real system displacements unchanged.

e The work and its complementary counterpart complement each other as illus-
trated in fig. 9.38.

To generalize these results, consider a planar truss consisting of a number of bars
connected at /N nodes. When using arbitrary virtual displacements, the principle of
virtual work will provide 2N equilibrium equations corresponding to 2 equilibrium
equations at each of the NV nodes. On the other hand, the principle of complementary
virtual work yields the compatibility equations of the problem: n equations will be
produced for a hyperstatic truss of order n. If the truss is isostatic, however, no com-
patibility equations exist, and the principle of complementary virtual work yields no
information about the system.

The principle of virtual work provides a statement of equilibrium. When supple-
mented with the strain-displacement relationships and constitutive laws, it enables
the systematic development of the displacement method of solution first presented
in section 4.3.2. This approach is easily implemented using computers that can solve
the resulting large sets of linear equations.

The principle of complementary virtual work, on the other hand, provides a state-
ment of compatibility. When supplemented with the constitutive laws and equilib-
rium equations, it enables the development of the force method first presented in
section 4.3.3. More often than not, the hyperstatic order is much less than the number
of nodes, n < N, and hence, the principle of complementary virtual work generates
only a few (n < ) equations, which would seem to lead to a simpler solution pro-
cess. The principle of complementary virtual work, however, suffers from a major
drawback: the virtual forces must be statically admissible, i.e., they must form a set
of self-equilibrating virtual forces. This implies that the equilibrium equations must
be derived at each joint of the truss before the principle can be applied. Thus, while
the principle of complementary virtual work generates fewer equations, it requires
much more extensive work for the generation of these equations. This problem hin-
ders the systematic application of this principle, and helps explain why the principle
of virtual work is used much more widely than its complementary counterpart.
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Example 9.14. Three-bar truss under vertical load at joint

The three-bar truss problem depicted in fig. 9.36 is treated earlier in example 9.13
using the principle of virtual work. In this example, the principle of complementary
virtual work will be used to solve the same problem, which involves the three forces,
Fa, Fp, and Fg, acting in bars A, B and C, respectively. The equations of equi-
librium of the problem are found earlier to be F)y cosf + Fp + Focosf = P and
F4 = F¢, and the statically admissible virtual forces satisfy eqgs. (9.48).

The principle of complementary virtual work now can be written as

W' = —ep0F4 —egdFg —ecdFo = 0, (9.58)

for all statically admissible virtual forces. In this example, e4, ep, and ec are the
elongations of the three bars are the true displacements components of joint O along
the directions of bars A, B and C respectively. It is easy to verify from kinematics
that e4 = wujcos@ + ussinf, eg = wuy, and ec = uq cosf — ugsin @, where
u = uj?] + u2ly is the true displacement vector of joint O. The reaction forces at
the attachment points A, B, and C do not appear in the above statements because the
true displacements at those points are zero, and therefore the complementary virtual
work they perform also vanishes.

Because the virtual forces must be statically admissible, the three virtual forces
components are linked by the two equilibrium conditions, egs. (9.48), and hence, it
is possible to express two of them in terms of the third: 0F4 = 0F¢c and 6Fp =
—2cos 80 F¢. The complementary virtual work then becomes

W' = —eadFc +2epcos05Fc — ecdFc = —[ea — 2ep cosf + ec| 6Fc = 0.

The virtual force 6 F is arbitrary, and therefore the bracketed term must vanish,
yielding the elongation compatibility equation for the problem

ea —2egcos +ec =0. (9.59)

Using the force method, this equation, when combined with the two equilibrium
equations, can be used to solve for the 3 unknown bar forces. The constitutive laws
are Fy = eqcos0(EA)4/L, Fp = eg(EA)p/L, and Fo = eccosf(EA)c/L,
for bars A, B and C, respectively. Expressing the elongations in terms of forces in
the compatibility equation, eq. (9.59), yields

F F
7—A—2F300529+7—C =0,
ka ko

where ks = (EA)4/(EA)p and ko = (EA)c/(E.A)p are non-dimensional stiff-
ness ratios.

The equilibrium equations of the problem are F)q cos + Fg + Focosf = P
and F'4 = F, and these two equilibrium equations, together with the compatibility
equation expressed in terms of forces, form a set of three equations for the three force
components, which are found to be
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FA FC 2];714];30(30829 FB EA‘F,EZC

P P k Pk
where k = k4 + ko + 4k akc cos® 6 is the non-dimensional stiffness of the truss.
This result is identical to that found with the principle of virtual work, see eq. (9.42).

Bar elongations are then evaluated with the help of the constitutive laws, and
finally, the displacement can be obtained from the elongation-displacement relation-
ships.

As expected, all results are identical to those found using the principle of virtual
work. Except for the fact that the compatibility equations are obtained from the prin-
ciple of complementary virtual work rather than geometric arguments, the solution
process presented here mirrors that of the force method developed in section 4.3.3.

Example 9.15. Three-bar truss under prescribed displacement

Next, the same three-bar truss problem will be treated again, but the structure is
now subjected to a prescribed displacement, A, at point B, as depicted in fig. 9.37.
This problem involves involves the three forces, Fl4, Fg, and F, acting in bars
A, B, and C, respectively, and the driving force, D, applied at point B to achieve
the specified displacement, A. The equilibrium equations of the problem are found
earlier as F'4 cosf + Fg + Fccosd =0, Fy — Fc =0,and Fg + D = 0, and the
statically admissible virtual forces must satisfy egs. (9.54).

The principle of complementary virtual work is

5W/ =Ad0D — 6A5FA - €B5FB - €C5FC = 0, (960)

for all statically admissible virtual forces. The elongations of the three bars, e 4, ep,
and e, are associated with the true displacements of point O along the directions of
bars A, B and C respectively.

Because the virtual forces must be statically admissible, the three virtual forces
components are linked by the two equilibrium conditions, egs. (9.54), and hence, it
is possible to express three of them in terms of the fourth: 6Fy = §F¢, 0Fp =
—2cosf 0F¢, and 6D = 2cosf@ dFc. The complementary virtual work then be-
comes

SW' =[2Acos0 — es + 2epcos — ec]| Fc = 0.

The virtual force § F- is arbitrary and therefore, the bracketed term must vanish. This
yields the elongation compatibility equation for the problem

ea—2(eg + A)cosl +ec =0. (9.61)

Using the force method, this equation, when combined with the 3 equilibrium
equations, can be used to solve for the 4 unknown bar forces. The constitutive laws
are 'y = eqcos0(EA)a/L, Fp = eg(EA)p/L, and Fo = eccosO(EA)c/L,
for bars A, B, and C, respectively. Expressing the elongations in terms of forces in
the compatibility equation, eq. (9.59), yields

N

Fa Fe
- g+ —"—— = _—"(FEA)pB,
2k 4 cos? 0 5+ 2kccos?f L (EA)5
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where ks = (EA)4/(EA)p and ko = (EA)c/(E.A)p are non-dimensional stiff-
ness ratios for bars A and C, respectively.

The equilibrium equations of the problem are F)4 cosf + Fp + Focosf = 0,
Fy — Fo = 0,and Fp + D = 0. These three equilibrium equations, together with
the above compatibility equation expressed in terms of forces, form a set of four
equations for the four force components. The non-dimensional forces in bars A and
C are found as

Fy  Fo 2k ake cos29é
(EAp  (EAB k L’
whereas the non-dimensional driving force, D, and the force in bar B are
D  Fg 1_/2A+iéc A
(EA)p  (EAp k L’

where k = k4 + k¢ + 4k akc cos® 0 is the non-dimensional stiffness of the truss.
Bar elongations are evaluated with the help of the constitutive laws, and finally,
the displacement can be obtained from the elongation-displacement relationships.

9.6.5 Problems

Problem 9.13. Three springs in series

(1) Use the principle of complementary virtual work

to determine the forces in each of the three springs k P Kk P 2k
connected in series depicted in fig. 9.39. (2) Find the A B C D
solution of the same problem using the force method
developed in section 4.3.3. (3) Compare the two so-
lution approaches. system.

Fig. 9.39. Three-spring hyperstatic

9.6.6 Unit load method for trusses

In section 9.6, the principle of complementary virtual work is shown to yield the
compatibility equations of a system. It is also the basis for a general approach, called
the unit load method, to determine deflections at specific points of structures. This
simple and elegant method provides the displacement or rotation at any point of a
structure. It will be presented here in the context of truss structures.

Consider the two-bar truss subjected to a load P, as depicted in fig. 9.40. Based
on Newton’s law or on the principle of virtual work, the equilibrium equations of the
problem can be derived, and with the help of the free body diagram shown in the
figure can be used to find the actual forces in the bars, F)4 and F5.

Next, the principle of complementary virtual work will be use to determine the
displacement of point O in the direction of the applied load. To accomplish this,
imagine that the displacement of point O is prescribed to be of magnitude A in the
vertical direction, as indicated in the right part of fig. 9.40. Because the displace-
ment at point O is prescribed to be A, the external complementary work is given by
eq. (9.56) as 0W}, = AdD, where 6D is the virtual driving force that is applied to
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Virtual forces
OF, OF,

D

Fig. 9.40. The unit load method for a two-bar truss.

achieve the desired displacement, A. The principle of complementary virtual work,
eq. (9.57), now implies 6W, + W] = 0 and can be recast as

ASD = —W7, (9.62)

for all statically admissible virtual forces.

The internal complementary virtual work is given by eq. (9.50) as W =
—epdFy — ecdFc, where e4 and ec are actual elongations of bars A and C,
respectively. The principle of complementary virtual work, eq. (9.62), becomes
ASD = ey 6F4 + ecdF¢. For a more general truss consisting of IV}, bars, this

statement can be written as
Ny

ASD = ei0F, (9.63)
i=1
for all statically admissible virtual forces.

Let 0D, dF4 and 0 F¢ be a set of statically admissible virtual forces; the free
body diagram in the right part of fig. 9.40 leads to 6 F)4 —dF¢c = 0and 6D — (6 Fa +
0F¢) cos @ = 0. Because the two equilibrium equations of the system link the three
virtual forces, d D,  F'4 and 0 Fo, it is possible to select one arbitrarily, and the other
two are then obtained from the equilibrium equations. In the unit load method, the
virtual driving force is select to be a unit load, )D = 1, from which it follows that
0Fy = 6Fc = AdD/(2cos8) =1/(2cosb).

To simplify the notation, let 6D = 1 be a unit virtual driving force and let  F)y =
F4 and 6Fc = F¢ denote the corresponding statically admissible virtual forces.
Equation (9.63) now becomes

Ny
A=) Fe. (9.64)
i=1

This equation yields the desired displacement at a point of the truss.

Two distinct sets of forces are involved in the unit load approach: F; and F;.
Forces F; are the actual forces that develop in the bars under the externally applied
loads. Because these forces are the actual forces acting in the system, they must
satisfy all equilibrium conditions, and the associated elongations must be compatible.
Forces F; and the unit driving force form a set of statically admissible forces, as
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required by the principle of complementary virtual work. Because these forces are
statically admissible, they must satisfy the equilibrium equations, but the associated
elongations are not required to be compatible.

Equation (9.64) seems to be incorrect because the left-hand side has units of dis-
placement, whereas the right-hand side has units of force times displacement. This is
because the virtual driving force is selected to be of unit magnitude. Equation (9.64)
should be written as 1 - A = ZqN:b1 ﬁ‘z e;, where the term “1” has units of force,
which reconciles the units on the two sides of the equation.

If the bars are made of a linearly elastic material, the actual, compatible elonga-
tions of the bars are obtained as e; = F;L;/(F;.A;). Equation (9.64) now becomes

S By R L
EA

A= (9.65)

i=1

The unit load method is based on the principle of complementary virtual work,
which expresses compatibility conditions. Material constitutive laws are not consid-
ered in the derivation of this principle, which therefore remains true for all constitu-
tive laws. Consequently, the unit load method for trusses as expressed by eq. (9.64)
applies for all material behavior, whereas the use of eq. (9.65) is limited to linearly
elastic materials.

The unit load method applied to truss structures can be summarized in the fol-
lowing three steps.

1. Determine the forces, F;, ¢« = 1,2,..., N, acting in the bars under the effect
of the externally applied loads. From these determine e;, ¢ = 1,2, ..., [N} using
the constitutive law for the material.

2. Determine the bar forces, F}, i = 1,2,..., Ny. These form a set of statically
admissible forces in equilibrium with a unit load applied at the point and in the
direction of the desired displacement component. This is called the unit load
system.

3. Use eq. (9.64) to evaluate the displacement component at the point and in the
direction of application of the unit load. If the truss is made of a linearly elastic
material, use eq. (9.65).

The first two steps of the procedure require the evaluation of two sets of bar forces
generated by two distinct loading conditions: first, the externally applied loads, and
second, a unit load applied at a joint. If the truss is isostatic, bar forces can be eval-
uated based on the equilibrium equations at each joint of the truss. If the truss is
hyperstatic, the unit load method is still applicable, although the evaluation of bars
forces for these two loading conditions becomes more cumbersome; such cases will
be treated in in section 9.8.1.

The unit load method can also be used to determine rotation at a point of the
structure. A slight modification of the procedure presented above is then required:
instead of applying a unit load, a unit moment is applied. For prescribed rotations,
the complementary external virtual work is W, = $IM, where @ is the prescribed
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rotation and § M the virtual driving moment. The principle of complementary virtual
work, eq. (9.57), now implies dW}, + éW; = 0, or

PSM = —5W7, (9.66)

Instead of using a unit force, dD = 1, a unit moment is used, M = 1, and the
rest of the procedure is identical to that described above. For such cases, the method
becomes the “unit moment method.” Equation (9.64) now becomes ¢ = Ziibl Fz €,
where F} are the forces acting in the bars under the action of this unit moment.

As pointed out earlier, the unit load method is not restricted to linearly elastic
materials. If a nonlinear material is employed in the truss, eq. (9.64) still applies. For
an isostatic truss, once the bar forces associated with the externally applied loads
have been determined from the joint equilibrium equations, bar extensions can be
evaluated from the nonlinear material constitutive law. In fact, it is also possible to
consider bar extensions that are not due to mechanical loads. These include manu-
facturing imperfections and thermal deformations.

In the examples presented below, a tabular presentation will be used to keep track
of the contributions of individual bars. This approach is convenient and minimizes
computational errors.

Example 9.16. Joint deflection in a simple 2-bar truss
A simple two-bar truss shown in fig. 9.41 will be used to illustrate the unit load
method. The truss member stiffnesses are k4 = (FA/L)4 and k¢ = (EA/L)c.

Actual forces Virtual forces
A

Fig. 9.41. Two-bar truss with unsymmetric properties and vertical load at joint.

Step 1 starts with the determination of the bar forces and extensions due
to the externally applied loads. The equilibrium equations for the joint O yield
Fy = Fo = P/(2cos0). The elongations associated with these bar forces are
epa = FALA/(E.A)A and ec = Fch/(EA)C, and hence,

PL 1 PL 1
CAp = —— —————— er=— .
AT (EA)42c0s20" ¢ (EA)c 2cos?0
In step 2, a unit load is applied at the point and in the direction of the desired
deflection component. Next, the bar forces arising from the application of this unit
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load are evaluated. This is illustrated in the second free body diagram in the right
part of fig. 9.41. Because the unit virtual load acts at the same point and in the same
direction as the applied load, the same equilibrium equation yields the desired forces

as
. 1 - 1

Fp=—— Fo=—.
A7 2cos0” 9T 2cost
The last step of the procedure uses eq. (9.65) to find the vertical displacement of
joint O as

Ny
3 1 PL 1 P
A=) Fe =
' ; ‘= 2cos0 2cos? O(EA)a T Y cos 620082 O(EA)c

__PL (EA)a+ (BA)C
4cos30 (EA)A(EA)c

(9.67)

Next, the horizontal deflection component of joint O, denoted A,, will be eval-
uated. The first step of the procedure is identical to that developed above. In step
2, a unit load is applied in the horizontal direction at joint O, because the desired
displacement component is in that direction. Based on equilibrium equations, the
virtual forces associated with this horizontal unit load are Fy = 1 /2 sinf and
Fo=-1 /2 sin 6. Equation (9.64) then yields the desired displacement components
as

Ny
~ 1 PL 1 P
Ay = E Fie; = — - —
? P %= 25ind 2 cos? O(EA)4 2sinf2cos?26(EA)c

_ PL (EA)a — (EA) ¢
 4sinfcos? (EA)A(EA)c

(9.68)

Example 9.17. Joint deflection in a 2-bay planar truss

A more complicated planar truss will be analyzed next. Consider the two-bay can-
tilevered truss subjected to externally applied vertical loads depicted in fig. 9.42. De-
termine the vertical deflection of joint F. The following data are provided: L = 30
in., and for all bars, £ = 30 x 10° psi and A = 0.1 in?. The load applied at joints B
and C are each 1,000 Ibs.

The truss material is linearly elastic and therefore eq. (9.65) can be used. This is
most conveniently carried out in a tabular form in table 9.1. The first column in the
table lists the bars, and the second column lists the bar flexibility factors, L; /(F;.A; ).

The first step of the unit load method calls for the determination of the bar forces
under the externally applied loads; the results of this computation are listed in the
third column of table 9.1. In the second step, a unit load is applied in the vertical
direction at joint F. The bar forces generated by the unit load are listed in the fourth
column of table 9.1. The last column of the table lists the products F.FL; /(B A;).
In view of eq. (9.65), the sum of the numbers in that column yields the vertical
displacement component at joint F, A = 0.185 in.



454 9 Virtual work principles

1,000 LI’OOO

A Y ¥
B C
L
D E ¥
L L vl

Fig. 9.42. Tip deflection of two-bay planar truss.

Table 9.1. Calculation of vertical deflection at joint F for the 2-bay planar truss.

Bar 106 X Ll/(Ez.Az) Fi Fi FzFle/(EZ.AZ)
AB 10 1,000 |1 0.01

BC 10 0 0 0

DE 10 -3,000 | -2 0.06

EF 10 -1,000 |-1 0.01

AD 10 0 0 0

BE 10 -2,000 |-1 0.02

CF 10 -1,000 | 0 0

AE 10v2 2,000v2[v2 0.056

BF 10v/2 1,000v/2|v2 0.028

Example 9.18. Rotation of a bar in a 2-bay planar truss

The unit load method also allows the determination of the rotation of an individual
bar. To illustrate the process, the rotation of bar CF will be computed for the 2-bay
planar truss depicted in fig. 9.43. The physical properties of the truss are identical to
those used in example 9.17.

1,000 1,000
A BVL CVL ,=
~
(D<~ L
D E AN
) L [ L |

Fig. 9.43. Rotation of a bar in a two-bay planar truss.

As shown in fig. 9.43, amoment M = 1- L is applied to bar CF; this is provided
by two unit load acting in opposite directions at joints C and F. Rather than a unit
virtual moment, a virtual moment of magnitude 1 - L is applied; this does not matter
because the magnitude of the virtual moment is arbitrary.

The first step of the method calls for the evaluation of the actual forces in all bars
when the truss is subjected to the externally applied loads. These results are listed
in the third column of table 9.2 and are identical to the corresponding results listed
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in the third column of table 9.1, because the same external loads are applied to the
truss. The fourth column of table 9.2 lists the bar virtual forces generated by the unit
load system applied to bar CF. Equation (9.65) now yields

Ny
L. L. ¢— Z’FFL LZFFL

The last column of the table lists the individual contributions of each bar, and sum-
ming up all contributions yields & = 0.05/L = 0.00166 rad = 0.96°.

Table 9.2. Calculation of rotation of bar CF in the 2-bay planar truss.

Bar|10° x L;/(E;A:)| F; |F|F;F;Li/(EA)
AB 10 1,000 |1 0.01
BC 10 0 1 0
DE 10 3,000 |-1 0.03
EF 10 -1,000 |-1 0.01
AD 10 0 0 0
BE 10 2,000 |0 0
CF 10 -1,000 |0 0
AE 10v/2 2,000v/2| 0 0
BF 10v2 1,000v/2| 0 0

9.6.7 Problems

Problem 9.14. Deflection of a simple square truss

Consider the square planar truss shown in fig. 9.44 and assume that all bars are of cross-
sectional area, A, and modulus, E. Joints D, E, and F are pinned to the ground. This problem
presents symmetries that may be helpful in simplifying the force calculations. (/) Find the
vertical deflection at joint A. (2) Find the increase in horizontal distance between joints B and
C.

Fig. 9.44. Simple square planar truss with  Fig. 9.45. Planar truss with nonlinear mate-
vertical load at joint A. rial properties.
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Problem 9.15. Deflection of a truss with nonlinear material properties

The truss shown in fig. 9.45 is made of a material presenting a nonlinearly elastic behavior
described by the following constitutive equation: o1 = Epe’, where Ey = 500, 000 psi and
n = 1/3. The truss dimensions are a = 40 in and b = 30 in, while the bar cross-sectional
areas are Aap = 2, Apc = 1, App = 2, Apg = 0.5, Aap = App = 1.51in?, and the
load P = 10,000 Ibs. (1) Find the vertical and horizontal deflections of joint A.

Problem 9.16. Deflection of a planar truss

All bars of the planar truss shown in fig. 9.46 are of cross-sectional area, A, and modulus, E.
Joints C and D are pinned to the vertical wall. (1) Use the unit load method to find the vertical
and the horizontal deflections of joint A, and (2) the rotation of bar AB.

Fig. 9.46. Planar truss with tip load. Fig. 9.47. Planar truss with tip load.

Problem 9.17. Deflection of a planar truss

Determine the vertical deflection of joint D in the planar truss shown in fig. 9.47. The truss is
supported at point A and B, but no bar joins these two points. All bar are of cross-sectional
area, A, and modulus, E.

9.7 Internal virtual work in beams and solids

The previous sections of this chapter focus on simple mechanical problems such
as particles, systems of particles, and trusses. In each case, expressions for work,
virtual work, and complementary virtual work are developed. A formal proof of the
principle of virtual work for three-dimensional solids will be presented in chapter 12,
but by induction, it is assumed here that the principle developed for particles, systems
of particles, and trusses, also holds for beams and three-dimensional solids. The key
to this generalization is to develop an expression for the internal virtual work that is
adapted to the structure under investigation.

Similarly, the principle of complementary virtual work is derived for trusses, but
it will be shown in chapter 12 that it remains true for three-dimensional solids. By
induction, the principle of complementary virtual work for trusses, stated as princi-
ple 7 and expressed by eq. (9.57), is generalized to state that “a structure undergoes
compatible deformations if and only if the sum of the internal and external com-
plementary virtual work vanishes for all statically admissible virtual stresses.” Here
again, the key to this generalization is to develop an expression for the complemen-
tary internal virtual work that is adapted to the structure under investigation.
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Expressions for the virtual work and complementary virtual work in beams and
three-dimensional solids will be developed in this section.

9.7.1 Beam bending

Euler-Bernoulli beam bending will be investigated first. The associated kinematic
assumptions and their implications are presented in section 5.2. For simplicity, it
is assumed that plane (71,72) is a plane of symmetry of the problem. A bending
moment, M3(x1), acts, resulting in a rotation of the section, denoted ®3(x1), and a
transverse displacement, o (7).

Consider an infinitesimal slice of a beam depicted in fig. 9.48. Under the action of
the bending moment, the two neighboring sections rotate by angles @3 and @3 +d®Ps,
at span-wise locations x; and 1 + dx1, respectively. The differential rotation of the
two cross-sections generates the curvature of the differential element, k3 = %5 = @,
see eq. (5.6).

The work done by a moment is the product of the moment by the rotation of
its point of application. The work done by the moment acting on the left-hand side
of the differential element of the beam is —M3®3, where the minus sign is due to
the fact that the moment and rotation are counted positive about opposite axes. The
work done by the moment acting on the other side of the element is M5(®5 + dP3).
Finally, the net work done by the two moments, dW, is found by summing up the
two contributions to find dW = M3d®; = M;3(d®3/dx;)dz;. The total internal
work done by the moment distribution acting in the beam of length L is then found
by integration,

L L
W[ = — Mgg dxl = — Mg,‘{?, dl‘l. (969)
0 dx 1 0
The minus sign is due to the fact that the internal work is that done by the internal
moment, which is opposite in sign to the moment applied externally to the cross-
section.

off bt
W ______________ o,
G El M,

Fig. 9.48. Bending deformation of an in-  Fig. 9.49. Torsional deformation of an in-
finitesimal segment of a beam. finitesimal segment of a beam.

The virtual internal work and its complementary counterpart are then found by
considering the virtual work done by moments undergoing virtual curvatures, dx3,
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and the virtual work done by virtual moments, d M3, undergoing actual curvatures,
respectively. The internal virtual work and its complementary counterpart for Euler-
Bernoulli beam bending can thus be written as

L
(5W[ = —/ M3(5/€3 dxl, (9703)
0

L
0

Of course, similar expressions can be derived for the internal virtual work and its
complementary counterpart for bending moments, M,, and curvatures, ko, acting in
the orthogonal plane.

9.7.2 Beam twisting

Next, the problem of torsion of a circular bar will be investigated. The associ-
ated kinematic assumptions and their implications are presented in section 7.1.1.
A torque, M (z1), is acting, resulting in a rotation of the section, denoted @4 (1 ).
Consider the infinitesimal slice of a beam depicted in fig. 9.49. Under the action
of the torque, the two neighboring sections rotate by angles ¢; and ¢; + d®, at
span-wise locations 1 and x; + dz, respectively. The differential rotation of the
two cross-sections generates the twist rate of the differential element, k1 = &, see
eq. (7.7).

The work done by the torque acting on the left-hand side of the differential ele-
ment of the beam is — M7 P4, where the minus sign is due to the fact that the torque
and rotation are counted positive about opposite axes. The work done by the torque
acting on the other side of the element is M;(®; + d&q). Finally, the net work
done by the two torques, dW, is found by summing up the two contributions to find
dW = M1d®; = M;(dPy/dxy)dz;. The total internal work done by the torque
distribution acting in the beam of length L is then found by integration,

Lo dey
W] == 7/ Mli dIl / Mllﬁil dIl (971)
0

The minus sign is due to the fact that the internal work is that done by the internal
torque, which is opposite in sign to the torque applied externally to the cross-section.

The virtual internal work and its complementary counterpart are then found by
considering the virtual work done by torques undergoing virtual twist rates, dx1,
and the virtual work done by virtual torques, d M7, undergoing actual twist rates,
respectively. The internal virtual work and its complementary counterpart for torsion
of circular cylinders now become

L
5W[ = —/ Mlélil d(El, (97221)
0

L
6WI/ = —/ Ii15M1 d.Z‘l. (972b)
0
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A similar development will reveal that identical expressions hold for the tor-
sion of bars with cross-sections of arbitrary shape. This development is based on the
kinematic assumptions of Saint-Venant’s theory of uniform torsion, as presented in
section 7.3.2.

9.7.3 Three-dimensional solid

The more general case of a three-dimensional solid will now be addressed. The
strain-displacement equations for a three-dimensional solid are presented in sec-
tion 1.4.1. At a specific point of the solid, three direct and three shear stress com-
ponents are acting. To simplify the presentation, the work done by each of these
six stress components will be computed separately, and because work is an additive
quantity, the total work will be found by summing up the contributions of each stress
component.

Axial stresses

Consider the infinitesimal differential element of a solid depicted in fig. 9.50. Under
the effect of the axial stress component, o, the displacement components of two
neighboring edges become u; and u; + dug, at locations x; and x1 + dz, respec-
tively. The differential displacement of the two edges generates the axial strain of the
differential element, e; = duq/0x1, see eq. (1.63).

u, u,+ du,

Qa
A
l Qa

u, |

u, + du,

Fig. 9.50. Deformation of a differential element of a solid.

The work done by the force, o1dxodxs, acting on the left-hand side of the dif-
ferential element is — (o dzodzs)uy where the minus sign is due to the fact that the
force and displacement are counted positive in opposite directions. The work done
by the force acting on the other side of the element is (o7dzadxs)(u; + duq). Fi-
nally, the net work done by the two forces, dW, is found by summing up the two
contributions to find AW = (o1dzodzs)duy = (01dzadas)(Ouy /Oxy)de,. The to-
tal internal work done by the axial stress distribution acting in the solid of volume V
is then found by integration,

W[ = 7/ 01% dl’ld.ngIL'g = 7/ 01€1 dy. (973)
v (9331 Y
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Again, the minus sign is due to the fact that the internal work is that done by the inter-
nal axial stresses, which are opposite in sign to the axial stresses applied to the differ-
ential element. The differential element of volume is written as dV = dxidxodxs.
Following a similar reasoning, the internal work associated with the other two axial
stress components, o2 and o3, can also be found.

Shear stresses

The work done by the three shear stress components requires further attention. Due
to the principle of reciprocity of shear stresses, eq. (1.5), shear stress components will
act on the right and left edges of the differential element but also on the top and bot-
tom edges of the same element, as illustrated in the right part of fig. 9.50. The work
done by the force, T2dz;dzs, acting on the bottom edge of the differential element
of the solid is —(712dx1dx3)uq, where the minus sign is due to the fact that the force
and displacement are counted positive in opposite directions. The work done by the
force acting on the top edge of the differential element is (712dz1dzs)(ug + duq).
Finally, the net work done by these two forces, dW, is found by summing up the two
contributions to find dW = (Tlgdzldxg)dul = (Tlgdl‘l dxg) (8u1/3x2)dx2

Next, the work done by the force, 7 2dxodas, acting on the left edge of the dif-
ferential element of the solid is —(m12dzadxs)us, where the minus sign is due to
the fact that the force and displacement are counted positive in opposite directions.
The work done by the force acting on the right edge of the differential element is
(m12dxodas)(ug + dusg). Finally, the net work done by these two forces, dW, is
found by summing up the two contributions to find dW = (72daodas)dus =
(t12dxodxs)(Ous/Ix1)dxz:. The total internal work done by the shear stress distri-
bution acting in the solid of volume V is then found by integration,

W, — / . (3“1 n 3“2> doydagdas = — / Tz AV, (9.74)
v 83?2 83:1 %

Again, the minus sign is due to the fact that the internal work is that done by the
internal shear stresses, which are opposite in sign to the shear stresses applied to the
differential element. Following a similar reasoning, the internal work associated with
the other two shear stress components, 723 and 713, can also be found.

The total work done by all six stress components is found by summing up all
contributions to find

Wp = —/ (0161 4 0262 + 03€3 + T23723 + TisY1s + T12v12) AV (9.75)
v

To simplify the notation, the strain and stress arrays defined in egs. (2.11a)
and (2.11b), respectively, will be used here. The internal work then becomes

Wi =— / oledv. (9.76)
%

The virtual internal work and its complementary counterpart are then found by
considering the virtual work done by stress components undergoing a virtual strains,
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d¢, and the virtual work done by virtual stresses, do, undergoing actual strains, re-
spectively. The internal virtual work and its complementary counterpart for three-
dimensional solids now become

SW; = — / alsedV, (9.772)
A%

Wi =— / oo dy. (9.77b)
4

9.7.4 Euler-Bernoulli beam

The Euler-Bernoulli beam will be reexamined, but rather than using the procedure
described in section 9.7.1, the beam will be viewed as a three-dimensional solid, and
the results of section 9.7.3 will be used. Equations (5.5) give the complete strain field
in Euler-Bernoulli beams: all strain components vanish, except for the axial strain,
given by eq. (5.7). Using eq. (9.75), the total work done by the sole non-vanishing
strain component becomes

L
W, = _/ o1 dV = —/ / o1(€1 + z3k2 — T2r3) dAda
\% 0 A

L
= —/ { / 0'1d./4:| €1 + / 0'11‘3d¢4:| Ko + —/ leQdA:| Kg}dl‘l.
0 A A A

The integration over the beam’s volume is separated into an integration along
the beam’s length, L, followed by an integration over its cross-section, 4. The
first bracketed term is the axial force, /N7, defined by eq. (5.8), whereas the next
two bracketed terms are the two bending moments, Ms and M3, both defined by
eqgs. (5.10). The internal work done by the axial stress component in an Euler-
Bernoulli beam now reduces to

L
Wr = —/ (N1€1 + Mok + M3/€3) dx;. (9.78)
0

Clearly, the internal work presented in equation (9.69) is a particular case of this
more general result.

The virtual internal work and its complementary counterpart are then found by
considering the virtual work done by stress resultants undergoing virtual deforma-
tions, §€1, dko, and dks, and the virtual work done by virtual stress resultants, §/Vy,
0 My, and d M3, undergoing actual deformations, respectively. The internal virtual
work and its complementary counterpart for Euler-Bernoulli beam thus become

L
5W] = 7/ (N16€1 + M25H2 + Mg(SHg) dxl, (9793)
0

SW!

L
—/ (El(SNl + Kod Mo + H3(5M3) dx;. (9.79b)
0
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9.7.5 Problems

Problem 9.18. Virtual work in circular tubes

(1) Starting from eq. (9.75) and using the kinematic assumption for the torsion of circular
bars presented in section 7.1.1, develop a general expression for the internal work in circular
bars. (2) Develop a general expression of the internal virtual work and complementary internal
virtual work in circular bars.

Problem 9.19. Virtual work in torsion of bars

(1) Starting from eq. (9.75) and using the kinematic assumption for Saint-Venant’s torsion
theory of bars presented in section 7.3.2, develop a general expression for the internal work
for the torsion of bars. (2) Develop a general expression of the internal virtual work and com-
plementary internal virtual work for the torsion of bars.

9.7.6 Unit load method for beams

In section 9.6.6, the unit load method is presented for application to truss structures.
Because the unit load method is a direct consequence of the principle of comple-
mentary virtual work, its application is easily generalized to Euler-Bernoulli beam
structures. If the displacement at a point of the beam is prescribed to be of magnitude
A, the principle of complementary virtual work, eq. (9.57), requires

ASD + 6W} =0,

for all statically admissible virtual forces, where § D is the virtual driving force. The
complementary internal virtual work in the beam, §W7, is given by eq. (9.79b), and
the above equation can be written as

L
AdD = / (El(le + ko0 My + I€35M3) dl‘1, (9.80)
0

where 0 D, 0 N1, § M5, and § M3, are statically admissible virtual forces and moments,
whereas €1, ko, and k3, are the actual deformations of the beam.

Following the procedure developed for truss structures, see section 9.6.6, the
virtual driving force is selected to be a unit force, 6D = 1, and §N; = N 1, OMy =
My and 6Ms = Ms are the resulting statically admissible axial forces and bending
moments. Equation (9.80) now becomes

L
A= / (1\71@1 T Myko + Mm) day, 9.81)
0

Next, the beam is assumed to be made of a linearly elastic material. If the origin
of the axis system is selected to be at the centroid of the cross-section, the sectional
constitutive laws are given by eq. (6.13), and these can be used to eliminate the
sectional strain and curvatures in eq. (9.81) to yield

L
a- |
0

NiNy  My(HS§3 My + HS M) Ms(HS3 My + HSy Ms)
g + + dxh

AH AH

(9.82)
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If the axes are selected to be the principal centroidal axes of bending, this result
further simplifies to

- . dzq, (9.83)
H3, Hgs

LT N .
N1 N Moy M. M3 M.
A_/[11+ oMy MM
0 S
The unit load method applied to Euler-Bernoulli beams can be summarized in
the following three steps.

1. Find the actual force and moment distributions acting in the beam under the
action of the externally applied loads.

2. Apply a unit load at the point and in the direction of the desired displacement
component. Evaluate the statically admissible force and moment distributions
acting in the beam that are in equilibrium with this unit load; this is called the
unit load system.

3. Use eq. (9.81) to evaluate the displacement component at the point and in the
direction of application of the unit load. If the truss is made of a linearly elastic
material and the origin of the axes is at the section’s centroid, use eq. (9.82). If
principal axes of bending are used, use eq. (9.83).

The first two steps of the procedure require the evaluation of two sets of force
and moment distributions generated by two distinct loading conditions: first, the ex-
ternally applied loads, and second, a unit load. If the beam is isostatic, these distribu-
tions can be evaluated based on the equilibrium equations. If the beam is hyperstatic,
the unit load method is still applicable, although the evaluation of the force and mo-
ment distributions for these two loading conditions becomes more cumbersome.

The unit load method can also be used to determine rotation at a point of the
beam. A slight modification of the procedure presented above is then required: in-
stead of applying a unit load, a unit moment is applied. For prescribed rotations, the
complementary virtual work is 6Wj, = ¢d M, where ¢ is the prescribed rotation and
0 M the virtual driving moment. Instead of using a unit force, § D = 1, a unit moment
is used, 6 M = 1. For such cases, the method becomes the “unit moment method.”

The unit load method described above also applies to torsion problems. In
this case, the relevant complementary internal virtual work expression is given by
eq. (9.72b). If the beam is subjected to both bending moments and torques, the rele-
vant complementary internal virtual work expression is the sum of those for bending
and torsion, i.e., the sum of eqs. (9.79b) and (9.72b).

Example 9.19. Deflection of a tip-loaded cantilevered beam
Consider the cantilevered beam of length L subjected to a concentrated load, P, as
depicted in fig. 9.51. In this example, the load is applied at the beam’s tip, o« =
1. Find the tip deflection of the beam. This problem is treated using the classical,
differential equation approach in example 5.8 on page 201.

The first step of the unit load method calls for the evaluation of the bending mo-
ment distribution under the externally applied loads. Simple equilibrium arguments
yield M3(xz1) = P(z1 — L). Since the tip deflection is desired, a vertical unit load
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Fig. 9.51. Cantilevered beam under tip load.

is applied at the tip of the beam, as illustrated in the right part of fig. 9.51. Here
again, equilibrium arguments yield the corresponding bending moment distribution
as M3(z1) = —1(x1 — L). The tip deflection, A, now follows from eq. (9.83) as

LM, (PP D)-(e L), _ PL?
a- | % = | o

H b 3Hg

This result is in agreement with that found using the classical differential equation
approach, see eq. (5.55). The minus sign in the present solution indicates that the tip
displacement is in the direction opposite to that of the unit load, i.e., downward, as
expected. Indeed, in the derivation of the unit load method, the external complemen-
tary virtual work is expressed as 0Wj, = AdD, where A is the desired displacement
component and d D the virtual driving force. For his expression to be correct, both
displacement and driving force must be counted as positive along the same direction.
Hence, a positive displacement A is along the direction of the unit driving force.

The unit load method yields the desired result without requiring the solution of
the governing differential equation, thereby considerably easing the solution process.
Of course, if the transverse displacement distribution at all points along the beam is
desired, the solution of the governing differential equation would be more expedi-
tious, see example 5.8.

Example 9.20. Tip deflection of a cantilever beam with concentrated load
Consider now the cantilevered beam of length L subjected to a concentrated load, P,
applied at a distance oL from the beam’s root, as depicted in fig. 9.51. Find the tip
deflection of the beam.

First, the bending moment distribution under the externally applied loads is ob-
tained from equilibrium arguments as

0, a<n<l,

where 7 = 1 /L is the non-dimensional variable along the beam’s span.

Since the tip deflection is desired, a vertical unit load is applied at the tip of the
beam, as illustrated in the right part of fig. 9.51. Here again, equilibrium arguments
yield the corresponding bending moment distribution as Ms (1) = L(1 — 7).

The tip deflection, A, now follows from eq. (9.83) as
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Here again, this result is in agreement with that found using the classical differential
approach, see eq. (5.55).

Example 9.21. Displacement field of a uniformly loaded cantilever beam

The unit load method can also be applied to situations involving distributed loading.
Consider the case of a cantilever with a uniform load, pg, as shown in fig. 9.52.
Determine the tip displacement and the entire displacement field for the cantilevered
beam.

Py
AEARAREANANARAN| >1 i%l |
F Actu;l loads ” Unit load

Fig. 9.52. Tip deflection of a uniformly loaded cantilever.

The bending moment distribution caused by the uniform loading is found from
equilibrium arguments as Mz = poL?(1 — 7)?/2, where = x1/L is the non-
dimensional variable along the beam’s span.

First, the beam’s tip deflection will be computed, and hence, a unit load is applied
at its tip; the associated bending moment distribution is Ms = L(1 — 7). The tip
deflection, A, now follows from eq. (9.83) as

[poL*(1 —n)?/2][L(1 — n)] poL? /1 3 poL?
A= / Ldn=—— [ (1—-n)*dn=_,
Hgs 2HS5 Jo 8HS,

The unit load method can also be used to compute the entire displacement field.
For this purpose, a unit load is applied at location L along the beam’s span, as
illustrated in fig. 9.52. The associated bending moment distribution is M = L(a—n)
for 0 < 1 < aand M3 = 0 for @ < n < 1. The displacement field, A(7), now
follows from eq. (9.83) as

a 201 _ .\2 a— 1 201 _ 32
A(a):/o [poL*(1 773{5/32]@( n)] Ld77+/a [poL (1H§;7) /21[0] Ln

poLl* [ 9 pol* 2
= 1— —n)dn = 6 — 4 .
b [ 0Pl = P06 -0+ o)
As « varies along the beam’s span, the entire displacement field is recovered. The
present result matches that obtained with the classical differential equation approach,
see eq. (5.54).
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Example 9.22. Tip deflection of a simply supported beam
Consider a simply supported beam of length L with an overhang of length L/2.
The first portion of the beam is subjected to a uniform loading, py. Determine the
deflection and rotation at point T, as indicated in fig. 9.53.

Q

& L éuz o=

Actual loads Unit load or moment

Py
Ly & 14
: 1

Fig. 9.53. Deflection at tip of a uniformly loaded simply-supported beam with overhang.

The bending moment distribution associated with the externally applied load
found from statics as M3 = poL?(n* —n)/2 for 0 < n < 1 and M3 = 0 for
1 < n < 3/2, where n = x1/L is the non-dimensional variable along the beam’s
span.

To determine the deflection at point T, a vertical unit load is applied at that point,
and the associated bending moment distribution is M. 3 =1Ln/2,for0 <n < 1;and
Mg = L(3/2 —n), for 1 < n < 3/2. Equation (9.83) then yields the deflection, A,
at point T, as

[poL?(n* — n)/2)[Ln/2] 2 [0)[L(3/2 — n)]
A= / i, Ldn + /1 H—§3 Ldn

poL* poL*
= c/(n3—n2)dn=— —.
4, J, A8,

The negative sign means that the tip deflection is downward, i.e., in the opposite
direction of the unit load. Because the bending moment distribution associated with
the externally applied loads vanishes in the overhang portion of the beam, the second
integral in the above equation vanishes; consequently, it is not required to compute
the bending moment distribution associated with the unit load over that portion of
the beam, a further simplification of the procedure.

To determine the rotation at point T, a unit moment is applied at that point, and
the associated bending moment distribution is Mg =, for 0 < n < 1; the rest of
the bending moment distribution need not be computed. Equation (9.83) then yields
the rotation, &, at point T, as

L2 77 —n)/2]ln _p 3 [t poL?
33 33 Jo 33

This final result is non-dimensional, as should be expected for a rotation, which is
measured in radians.

Example 9.23. Bent beam assembly under tip load
Consider the three-dimensional, bent beam assembly depicted in fig. 9.54. The
beam’s cross-section is assumed to be circular, and hence, Hy; = GIi; and
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HS, = HS; = EI1/2, where I is the section’s second area moment. The beam
consists of three segments AB, BC, and CD connected at right angles to each other.
Load P is applied at point A, along the direction of segment CD. Find the deflec-
tion, A, of point A, in the direction of the applied load. To simplify the computation,
a different coordinate system is assigned to each beam segment, as depicted in the
right part of fig. 9.54.

Fig. 9.54. Bent beam assembly under tip load.

Given the geometry of the system, segment AB is under bending in plane (71, 72),
segment BC is under torsion and bending in plane (71, 23), and finally, segment CD is
under bending in both planes (71,72) and (71, 73). The bending and twisting moment
distributions in each beam segment are readily found from equilibrium consideration
for both the externally applied load and unit load.

For this problem, eq. (9.83) becomes

A= ch 3 d.%‘l
0 33
Y ER AT
1 1
0 Hs, 0 Hyy
. . .
M5 M. M5 M.
P L N Rl
o Hj o HSs

The first line of this expression represents the contribution from the bending of seg-
ment AB, the second line provides the bending and torsion contributions for segment
BC, and the third line gives the two bending contributions for segment CD. Intro-
ducing the bending and twisting moment distributions then leads to

L/2 py2 . L/4 py2 dx1+/L/4 P(L/2)?
o His o Hi 0 Hyy

L 2 L 2
P(L/4) / P(L/2)
+ ——L _dxy + ——L dax;.
/o s, Ty THG M

A —

X1

Performing the integrals the yields the desired deflection as

_@PL3+iPL37§PL3 1L 2E _ 23PL3 H4(1+u)
64 HS, 16 Hy; 64 HS, 23G| 64 HS, 23 |’
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If the beam assembly is made of a material that obeys Hooke’s law, eq. (2.8) im-
plies E = 2G(1 + v). In the last bracketed expression, the first term represents the
contribution due to bending of the various beam segments, whereas the second term
represents that of twisting of segment BC. The twisting of the middle segment of the
assembly accounts for about 20% of the deflection at point A, assuming v = 0.3.

Example 9.24. Bending of a cantilever with a “Z” cross-section

Consider the cantilevered beam with a thin-walled “Z” shaped cross-section sub-
jected to a uniform load, pg, as shown in fig. 9.55. Find the beam’s tip deflection
along axes 2 and 23 using the unit load method. This problem is treated in exam-
ple 6.6 on page 249 using the classical differential equation approach.

Fig. 9.55. Cantilevered Z-section beam under a uniform load.

The first step of the process is to compute the bending moment distribution due
to the externally applied load, po: Ma = —poL?(1—n)?/2 and M3 = 0. To compute
the tip deflection along axis 3, the unit load must be applied at the tip along the same
axis. The resulting bending moment distribution is found as M, = —L(1 —n) and
Ms = 0. Substituting these bending moment distributions into eq. (9.82) then yields

L e 1
Ag = /0 85 N0 day = /0 [=L(1 = m)][=poL*(1 = n)*/2] Ldn

AH 7Ea3t
Lt N ey = Bl
7Bt J, & T 8 Ea

where 7 = x1/L is the non-dimensional variable along the beam’s span, and the
sectional bending stiffnesses, HS; = 2Fa3t/3 and Ay = 7(Ea3t)?/9, are evalu-
ated in example 6.6. This result is in agreement with that found in example 6.6, see
eq. (6.58).

To compute the tip deflection along axis 72, a tip unit load must be applied along
that direction. The associated bending moment distribution is M2 = 0 and Mg =
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L(1 — 7). The bending moment distribution due to the externally applied load is, of
course, unchanged, and eq. (9.82) then leads to

L rre 1
Ay = /0 H35 N1y My dary — /0 [L(1 = n)][=poL?(1 —n)*/2] Ldn

AH 7Ea3t
9poLt ! 9 poL*
= - 3 (1*77)3d77:** 3.0
14Ea3t J, 56 Eat

where the sectional bending stiffness, HS, = 8 Fat/3, is evaluated in example 6.6.
Here again, this result matches that found in example 6.6, see eq. (6.57).

Evaluation of the beam’s tip deflection is far easier when using the unit load
method as compared to the classical approach that required the solution of coupled
differential equations. If the complete displacement field of the beam is desired, unit
loads should be applied at location oL along unit vectors 72 and 3.

Example 9.25. Torsion of a thin-walled tube with a closed section

The torsion of a thin-walled tube with a closed cross-section of arbitrary shape is
investigated in section 8.5.2. The Bredt-Batho formula, M; = 2Af, relates the ap-
plied torque, M7, to the constant shear flow, f, in the thin wall, where A is the area
enclosed by curve C, which defines the shape of the cross-section, as depicted in
fig. 9.56. To find the torsional stiffness of the structure, the first law of thermody-
namics is invoked in section 8.5.2: the work done by the applied torque must equal
the strain energy stored in the structure. In this example, the torsional stiffness of
the structure is calculated using the unit load method. The structure is assumed to be
fixed at one end, and a torque, M, is applied at the other, as shown in fig. 9.56.

Aj

Fig. 9.56. Twisting of a thin walled tube of arbitrary cross-sectional shape.

The principle of complementary virtual work for a prescribed rotation, ¢, can be
stated as

L
SSM = —6W; = / 6o AV z/ /%57'5 tdsdxy.
3% 0 C
In this expression, the complementary external virtual work, $5M, is the product
of the prescribed tip rotation, @, by a virtual tip torque, 6 M. The complementary

internal virtual work is taken to be that of a general three-dimensional solid, given in
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eq. (9.77b). Finally, as discussed in section 8.5.2, the only vanishing stress compo-
nent in a thin-walled tube undergoing uniform torsion is the tangential shear strain
component, Y.

Next, the virtual driving moment is select to be of unit magnitude, 6M = 1, and
the corresponding statically admissible virtual stress field is denoted 75 = 7. The
Bredt-Batho formula then yields 7, = M, /(2At) = 1/(2At) and v, = 7,/G =
M, /(2G At). The tip twist now becomes

L L
M, 1 M, ds MiL [ ds
P = — tdsdz; = —— —lday = =,
/0 0 2GAL 24 0T 4A2/0 [/c Gt} T A J, Gt

Because this is a uniform torsion problem, the twist rate is simply x; = @/L or

M ds
MTT T ), G
The torsional stiffness, H11, is the constant of proportionality between the torque and
the twist rate, Hy; = M, /1, which leads to Hq; = 4.42/ Uc ds/(Gt)] . This result
is identical to that developed in section 8.5.2, see eq. (8.67). Here again, the principle
of complementary virtual work provides an elegant solution of the problem.

9.7.7 Problems

Problem 9.20. Cantilevered beam subjected to two concentrated loads

Consider the cantilevered beam subjected to two concentrated loads of equal magnitude and
opposite direction applied at points M and T, as shown in fig. 9.57. (/) Compute the beam’s
transverse deflection at point M. (2) Compute the beam’s transverse deflection at point T.

T T iz -
1, p _ Pl M i

IT i,
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Fig. 9.57. Cantilevered beam subjected to  Fig. 9.58. Simply supported beam subjected
two concentrated loads. to concentrated load.

Problem 9.21. Simply supported beam subjected to concentrated load

Consider the simply supported beam subjected to a mid-span concentrated load applied at
point M, as shown in fig. 9.58. (/) Compute the beam’s transverse deflection at point M. (2)
Determine the beam’s transverse displacement field, @2 (z1).

Problem 9.22. Cantilevered beam subjected to triangular loading

Consider the cantilevered beam subjected to a distributed triangular loading of magnitude pg
at the root and vanishing at the tip, as shown in fig. 9.59. (1) Compute the beam’s transverse
deflection at point T. (2) Determine the beam’s transverse displacement field, @2 (21).
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Fig. 9.59. Cantilevered beam subjected to tri-  Fig. 9.60. Cantilevered beam under uniform
angular loading. loading.

Problem 9.23. Cantilevered beam subjected to uniform loading

Consider the cantilevered beam subjected to a uniform loading of magnitude po extending
from the beam’s mid-span to its tip, as shown in fig. 9.60. (/) Compute the beam’s transverse
deflection at point M. (2) Compute the beam’s transverse deflection at point T. (2) Determine
the beam’s transverse displacement field, @2 (z1).

Problem 9.24. Pivoted beam supported by three-bar truss

A root pivoted beam carries a concentrated mid-span load, P, and is supported by a three-
bar truss, as shown in fig. 9.61. (1) Combine the unit load method for beams and trusses to
determine the midpoint deflection for the beam. (2) Determine the vertical deflection of point
A.

LoL2 .
VP B L
—P
C
L2 A A
D 24 \&
1 :
L/2 L/2 «Q
Fig. 9.61. Pivoted beam supported by three-  Fig. 9.62. Beam under combined bending
bar truss. and torsion.

Problem 9.25. Beam under combined bending and torsion

The beam shown in fig. 9.62 has a circular cross-section with bending stiffnesses, Hao =
Hss = EI11/2, and torsional stiffness, H11 = GI11. A torque, @, and a vertical force, P,
are applied at the beam’s tip as indicated in the figure. Consider both bending and torsional
deformation. (/) Determine the beam’s tip deflection along axis 73. (2) Determine the beam’s
tip twist about axis 72.

Problem 9.26. Cantilevered beam under combined loads

A cantilevered beam of length 3L is subjected to a uniformly distributed loading, po, over its
central portion and concentrated transverse loads of magnitude P acting in opposite directions
at points B and C, as depicted in fig. 9.63. (/) Find the beam’s deflection at point A. (2)
Determine it rotation at point C.
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Fig. 9.63. Cantilevered beam under com-  Fig. 9.64. Cantilevered beam under eccentric
bined loads. loading.

Problem 9.27. Cantilevered beam under eccentric loading

The cantilevered beam shown in fig. 9.64 is of length L and bending stiffness H, and carries a
tip transverse load, P. A vertical beam of length L /2 and bending stiffness 2H is connected at
its mid-span and carries an axial load, P. (1) Determine the rotation at point A. (/) Determine
the transverse deflection at point B.

9.8 Application of the unit load method to hyperstatic problems

In the previous section, the unit load method is developed for trusses, beams, and
solids. As explained in section 9.6.6, the approach calls for the determination of two
sets of statically admissible forces corresponding to two distinct loading cases: the
first associated with the externally applied loads, the second with the unit load. In
all examples treated in the previous section, the structures are isostatic, and conse-
quently, the two sets of statically admissible forces can always be determined solely
from the equilibrium equations. The unit load method applies equally to iso- and hy-
perstatic system; in the latter case, however, the evaluation of the two sets of statically
admissible forces is more arduous, because equilibrium equations are not sufficient
for this task.

In chapter 4, two approaches are presented for the analysis of hyperstatic struc-
tures: the displacement or stiffness method and the force or flexibility method, see
sections 4.3.2 and 4.3.3, respectively. The force method is particularly well-suited
for dealing with hyperstatic problems because it focuses on the determination inter-
nal forces, moments and reactions. A key step of the procedure is the development
of the compatibility equations that must complement the equilibrium equations to
enable the solution of the problem. Because the principal of complementary virtual
work is equivalent to the compatibility equations of the system, it seems logical to
combine the force method with this principle.

The force method is intuitively described as the “method of cuts.” For each cut
made to the system, the order of the hyperstatic system is decreased by one because
one internal force or moment then vanishes. For a hyperstatic system of n'* order, n
cuts are required to transform the original hyperstatic system into an isostatic system.
Statically admissible forces in this isostatic system are then obtained solely from the
equilibrium equations, and relative displacements at the cuts are evaluated. At each
cut, sets of self-equilibrated forces are added, and their magnitudes are determined
by enforcing the vanishing of the relative displacement at the cut.

The approach involves two crucial steps. First, determine the relative displace-
ments at the cuts under the externally applied loads alone, and second, evaluate the
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internal forces applied at the cuts that are required to eliminate the relative displace-
ments at the cuts. The principle of complementary virtual work is a powerful tool to
solve both problems.

d d, 0, 6,

A

| g | =
Bar R R Beam M M

Fig. 9.65. Relative displacements and rotations.

The left part of fig. 9.65 depicts a single bar of a truss. The bar is cut to release
the axial force, and a set of self-equilibrating forces of magnitude, R, is applied at
the cut. Let d; and ds be the displacements at the two sides of the cut. If the dis-
placements, d; and ds, are prescribed, the associated complementary external virtual
work is W g, = d16R — d20R = (d1 — d2)0R. The relative displacement at the cut
is A = d; — ds, measured positive when the two segments of the cut bar overlap.
The principle of complementary virtual work, eq. (9.57), stated as 6Wp, + dW; = 0,
now implies

ASR = —5W]. (9.84)

This result is very similar to eq. (9.62), but A now represents the relative displace-
ment at a cut and J R the set of self-equilibrating virtual forces applied at the cut.
The right part of fig. 9.65 depicts a cantilevered beam with a cut to release the
bending moment® and a set of self-equilibrating moments of magnitude, M, applied
at the cut. Let 67 and 65 be the rotations at the two sides of the cut. If the rotations,
0, and 6, are prescribed, the associated complementary external virtual work is
OWp = 010M—020M = (61—062)5 M. The relative rotation at the cutis $ = 01 —05.
The principle of complementary virtual work, eq. (9.57), stated as 6Wp, + W = 0,
now implies
POM = —5W7]. (9.85)

This result is very similar to eq. (9.66), but ¢ now represents the relative rotation at
a cut and 0 M the set of self-equilibrating virtual moments applied at the cut.

9.8.1 Force method for trusses

In this section, the force method will be combined with the unit load method to find
internal forces in hyperstatic trusses. The basic steps of the force method are pre-
sented in section 4.3.3, and the same procedure will be followed here. The approach
will be described using the three-bar hyperstatic truss depicted in fig. 9.66 as an
example. The truss carries a load, P, at joint O.

This hyperstatic system is of order 1, and hence, a single cut is required to trans-
form it into an isostatic system. The middle bar is cut, and fig. 9.66 shows the result-
ing isostatic truss. The actual system is viewed as the superposition of two problems.

2 The cut must release only the moment and not the shear. It can be imagined as a hinge.
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First, the isostatic system obtained by cutting one member, subjected to the exter-
nally applied load, and second, the internal force system in which an internal force
of unknown magnitude, R, is applied at the cut.

Internal
Actual system Isostatic system force system

Fig. 9.66. Force method for the three-bar truss.

For the isostatic system, the unit load method developed in section 9.6.6 is
directly applicable to compute the relative displacement, A., at the cut by using
eq. (9.84), and results in

>

Ny
iy Ly
A, = ; A, (9.86)

where F; are the bar forces in the isostatic truss subjected to the externally ap-
plied loads, and F} the statically admissible virtual forces corresponding to the self-
equilibrating unit load system applied at the cut. The bar forces corresponding to
the externally applied load are 'y = Fo = P/(2cosf) and Fg = 0. The bar
forces corresponding to a self-equilibrating unit load system applied at the cut are
Fy = Fo = —1/(2cos0) and Fg = 1. Equation (9.86) then yields the relative
displacement at the cut as

-1 P L n -1 P L
2cosf 2cosf (EA)scos®  2cosf 2cosf (EA)c cosd

A, =

_ 1 1 PL
o ((E-A)A * (E.A)c> 4dcos3 0’

The minus sign reflects the fact that the externally applied load opens the cut.

Next, the internal force system illustrated fig. 9.66 is investigated. The relative
displacement at the cut, Ay, due to a unit internal force in bar B is computed using
the unit load once again. Equation (9.84) now yields

Ny

F2L;
A= ; EA) (9.87)

In this case, the bar forces due to a self-equilibrating unit load system applied at the
cut, F;, represent both the loads due to the external loading and the unit load system.
This set of forces is the same as that computed in the previous step. For the three-bar
truss,
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A = 1 L n L n 1 L
(2cos0)? (EA)scos8 (EAp) (2cosf)? (EA)c cosf
B L ka + ko + 4k ake cos® 6
- (BA)p4cos3 0 kakc '

where k4 = (EA)a/(EA)p and ko = (EA)c/(E.A)p are the non-dimensional
stiffnesses of bars A and C, respectively,

In the last step of this process, the results of the two loading cases are superposed.
The sum of the relative displacements at the cut for the isostatic and internal force
systems must vanish, because it is artificially introduced. This implies the following
compatibility condition at the cut

A, + RA; =0, (9.88)

where R is the internal force in bar B. Equation (9.88) is solved for the unknown

force in the cut bar,
===, 8
R X (9.89)

For the three-bar truss example, this yields
A, k A+ ]EC

R=—== — — P.
Aq ka+ ke + 4k ake cos3 6

Bar forces are then found by superposition

F,+RE, i=1,2,...Np. (9.90)

Summary of the force method for hyperstatic trusses of order 1

The procedure described in the previous section, which combines the force and unit
load methods, can be summarized by the following steps.

1. Transform the original, hyperstatic truss into an isostatic truss by cutting one bar
or one support of the system. The cut must transform the original system into
an isostatic system, not a mechanism. This can be achieved in different ways,
although specific choices might be more or less cumbersome from an algebraic
standpoint.

2. Determine the bar forces, F;, in the isostatic system subjected to the externally
applied loads.

3. Determine the bar forces, F}, in the isostatic system loaded by a pair of unit
forces at the cut.

4. Determine the relative displacement at the cut, A, due to the externally applied
loads using eq. (9.86). Determine the relative displacement at the cut, A;, due
to the pair of unit forces applied at the cut using eq. (9.87).

5. Impose the compatibility condition given by eq. (9.88), and find the internal
force in the cut bar, eq. (9.89).
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6. Find the forces in all bars by superposition using eq. (9.89).

Once the procedure is completed, displacements at selected points of the truss can
be evaluated using the unit load method, and this will be illustrated in the examples
below. Because this method uses the principle of superposition, it is only valid for
structures made of linearly elastic materials undergoing small displacement.

Example 9.26. Six-bar hyperstatic truss
Consider the six-bar, hyperstatic truss shown in fig. 9.67. All bars have identical
Young’s modulus, F, and cross-sectional area, A. Determine the forces in the bars
of the truss. The combination of the force and unit load methods will be used to solve
this problem. Because the two diagonal bars of the square bay are present, the truss
is hyperstatic of order 1.

First, an isostatic truss is created by cutting one of the two diagonal members,
as indicated in fig. 9.67; this truss is subjected to the externally applied loads. The
internal force system consists of the isostatic truss loaded by unit forces at the cut.

A B, A BVLP A B
A, RA, ¥
R|
L= + R
C D C
b L Internal
Actual system Isostatic system force system

Fig. 9.67. Six-bar hyperstatic truss.

Table 9.3 presents the following information: the second column lists the bar
flexibility factors, L;/(E.A), the third lists the bar forces, F;, in the isostatic system
subjected to the externally applied loads, and the fourth lists the bar forces, F;, in
the isostatic system subjected to a set of unit loads applied at the cut. The relative
displacement at the cut, A., due to the externally applied loads is evaluated using
eq. (9.86), and the intermediate results involved in the evaluation of this relative
displacement are listed in the fifth column of the table. The relative displacement at
the cut, Ay, due to a set of unit forces applied at the cut is computed using eq. (9.87),
and intermediate results are presented in the sixth column. The set of unit forces
applied at the cut is assumed to create a tensile force in the cut bar to comply with
the customary sign convention of positive tensile bar forces.

The internal force in the cut bar is now evaluated using eq. (9.89). The two rela-
tive displacements at the cut, A, and Ay, are found by adding the entries in columns
5 and 6 of table 9.3, respectively, to find

A. . 2004+1/V2)PL/(EA) P

f="a, = 2+2V2)L/(EA) V2
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The bar forces are then found by superposition, see eq. (9.89), and are listed in the
last column of the table.

Table 9.3. Calculation of A. and A; for the six-bar hyperstatic truss.

Bar|L;/(EA)| F; | F; |FF,L;/(EA)|F?L;/(EA)|F; + RF;
AB 1 0 [-1/v2 0 1/2 P/2
BC 1 —P|-1/v2| P/V2 1/2 —P/2
cD| 1 —-P |-1/vV2| P/V2 1/2 —P/2
DA 1 0 [-1/v2 0 1/2 P/2
AC| V2 |PV2| 1 2P V2 P/\V2
BD| 2 0 1 0 V2 —P/V2

Example 9.27. Truss with redundant support

The two-bay truss depicted in fig. 9.68 is isostatic, but the presence of the tip support
makes the complete system hyperstatic. All bars are of identical Young’s modulus,
F, and cross-sectional area, A. Determine the forces in the bars of the truss.

Instead of cutting one of the bars, the tip support at point F will be removed to
render the truss isostatic. The isostatic truss subjected to the externally applied loads
is shown in fig. 9.68, and the same isostatic truss loaded by a set of internal forces of
magnitude R at the support is also depicted.

v P JV P
A B C
| L P L |P
y y
E F
N\ B C N
_ D Isostatic system =
L= +
F
E A B C

Actual system

E F

Internal Ry
D RA
force system lﬂL '

Fig. 9.68. Calculation of member forces in a 2-bay truss with a redundant support.

Table 9.4 presents the results of the analysis. The second column lists the bar
flexibility factors, L;/(E.A). The next two columns list the bar forces in the iso-
static truss subjected to two loading cases: F; for the isostatic truss subjected to
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the externally applied loads, and F} for the same truss subjected to a set of unit
loads at the cut. Columns 5 and 6 list the contributions of each bar to the rel-
ative displacements at the cut, A, and A;, according to egs. (9.86) and (9.87),
respectively. The reaction force at the support then follows from eq. (9.89) as
R = —A./A; = (10 + 63/2)P/(7 + 4+/2). The bar forces are found by super-
position and are listed in the last column of table 9.4.

Table 9.4. Calculation of A, and A; for the two-bay truss. o = 7 + 4+/2.

Bar|L;/(EA)| F; | F; |FF;L;/(EA)|F?L;/(EA)| F;,+ RF;
AB| 1 P |-1 —-P 1 —(3+4+2V2)P/a
BC| 1 0| o0 0 0 0

DE| 1 —3P| 2 —6P 4 —P/a

EF 1 —-P | 1 —-P 1 (3+2v2)P/a
AD| 1 0| o0 0 0 0

BE| 1 —2P | 1 —2P 1 —(442V2)P/a
CF| 1 -P |0 0 0 -pP

AE| V2 |2V2P|-V2| —4V2P 2v/2 (44 4v2)P/o
BF| V2 |[V2P|—V2| —-2v2P 2V2  |-(4+3V2)P/a

Example 9.28. Deflection of a hyperstatic truss

The previous examples focus on the determination of bar and reaction forces in hy-
perstatic trusses. In some cases, it is also necessary to compute displacements at
specific points of hyperstatic trusses, as is done for isostatic trusses and beams in
sections 9.6.6 and 9.7.6, respectively. Here again, the unit load method will be used
for this task. In this case, the first step of the method will be to compute the bar forces
in the hyperstatic system subjected to the externally applied loads.

Consider the two-bay truss depicted in fig. 9.69. The bar forces in this hyper-
static truss are computed in example 9.27. In this example, the vertical displacement
at joint E will be evaluated using the unit load method. This approach requires the
computation of two sets of bar forces: the bar forces, F;, associated with the exter-
nally applied loads, and the bar forces, F;, generated by a unit load applied at joint
E, as illustrated in fig. 9.69. The first set of forces, F}, are listed in the last column of
table 9.4 and repeated, for convenience, in the third column of table 9.5.

To complete the problem, it is necessary to evaluate a set of statically admissible
bar forces that are in equilibrium with a unit load applied at joint E. At first it appears
that a procedure similar to that developed in the previous example will yield the
desired bar forces. Indeed, it is possible to compute the forces in all the bars of the
hyperstatic truss when subjected to a unit load at joint E. But while this is feasible
and will lead to the desired result, it is a cumbersome approach that can be easily
bypassed using the following reasoning. The unit load method is a direct application
of the principle of complementary virtual work for which the bar forces, F;, are
required to be statically admissible, but are not necessarily those acting in the truss as
it undergoes compatible deformations. In particular, the principle of complementary
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Fig. 9.69. Deflection of a joint in a two-bay truss with a redundant support.

virtual work holds “for all statically admissible virtual forces.” Rather than selecting
those statically admissible virtual forces acting in the hyperstatic truss as it undergoes
compatible deformations, it is much simpler to select a set of statically admissible
virtual forces corresponding to an arbitrary choice of the redundant force in the truss.

For the problem at hand, a particularly simple set of statically admissible bar
forces, F}, is the set associated with a vanishing reaction at the support, point F, as
listed in the fourth column of table 9.5. While this set of statically admissible forces
is not equal to the set acting in the truss as it undergoes compatible deformations, it
nonetheless is statically admissible, and hence is a valid set of forces for application
of the unit load method.

Table 9.5. Calculation of vertical deflection at joint E. o« = 7 4 4+/2

AB —(34+2v2)P/al 0 0
BC 0 0
DE —P/a - P/a

EF 0

AD

1
1 0

1 1

1 (34 2v2)P/al 0

1 0 0 0
BE 1 —(4+2vV2)P/al 0 0
CF| 1 -P 0 0
AE| 2 (44 4v/2)P/a|v2|8(1 + v/2)P/a
BF| V2 |—(4+3v2)P/a|0 0

The last column of table 9.5 lists the partial results necessary for the application
of eq. (9.65): summing up the entries in the last column yields the vertical displace-
ment at point E as

FF,L; (9+8V2) PL

A = Z (EA); — (T+4v2) BA

It will be left to the reader to verify that an identical answer will be obtained by
using other sets of statically admissible virtual forces that are in equilibrium with
the applied unit load. Various sets of statically admissible forces are readily obtained
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by setting selected bar or reaction forces to zero and computing forces in the re-
maining bars based on equilibrium. This procedure automatically produces statically
admissible virtual forces.

By simplifying the evaluation of the statically admissible bar forces in equilib-
rium with the unit load, the overall amount of effort required to compute the dis-
placement at a point of the truss is dramatically reduced, as demonstrated in this
example.

9.8.2 Force method for beams

In this section, the combined use of the force and unit load methods will be de-
veloped for the analysis of hyperstatic beams. The procedure closely follows that
developed in section 9.8.1 for truss structures. As compared to trusses, relatively
few beam structures involve internally redundant configurations. Examples of beam
structures featuring internal redundancy include closed circular beams or rings and
beam grillage. In most cases, however, beam structures become hyperstatic due to
the presence of multiple supports.

Figure 9.70 depicts a cantilevered beam with an additional mid-span support.
Without this additional support, the structure is isostatic and it is possible to compute
the root reactions and the bending moment distribution from equilibrium consider-
ations alone. When the mid-span support is added, an additional reaction, R, arises
and equilibrium equations are no longer sufficient to determine the reaction forces
and moment.

The essence of the force method described in section 4.3.3 is to transform the
original, hyperstatic problem into an isostatic system. When the redundancy of the
beam structure is due to multiple supports, this is achieved by eliminating, or cutting,
the appropriate number of supports to render the beam isostatic. Reaction forces
and moments, as well as shear force and bending moment diagrams are then readily
obtained from statics.

For the simple example depicted in fig. 9.70, the mid-span support is eliminated,
leaving an isostatic, cantilevered beam. The unit load method will be used to compute
the deflection, A, at the location of the support that is eliminated. Equation (9.83)
will be used for this purpose and yields

-
M

AC:/ 3Ms
0 H33

day, 9.91)

where M3(x1) is the bending moment distribution in the isostatic beam subjected to
the externally applied loads, and Ms (21) the statically admissible bending moment
distribution in the isostatic beam subjected to a set of self-equilibrating unit forces
applied at the support.

Next, the unit load method is used to compute the relative deflection at the sup-
port due to a set of self-equilibrating, unit loads applied at that location, as illustrated
in fig. 9.70. Equation (9.84) then yields the desired relative displacement, denoted
Aq, as
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Fig. 9.70. Cantilever with a mid-span support. The isostatic system is obtained by eliminating
the mid-span support.

L 12
M.
A = 2 day. (9.92)
o His

where Mj (z1) is the statically admissible bending moment distribution in the iso-
static beam subjected to a set of self-equilibrating unit forces applied at the support.
This moment distribution is identical to that used in eq. (9.91).

The displacement compatibility equation at the support is now expressed as

A, +R A =0, (9.93)

where RA; is the deflection at the cut when the isostatic beam is subjected to a set of
self-equilibrating loads of magnitude R applied at the cut. Equation (9.93) provides
an additional relationship to evaluate the unknown reaction force at the support as

A

(9.94)

Once the redundant reaction force, R, is computed, the other reaction forces and
bending moments can be obtained from the principle of superposition as F4 + RE,
and My + RMa. Finally, superposition also yields the beam’s bending moment
distribution as M3 (1) + RMs(x1).

The essence of the force method is to transform the original, hyperstatic system
into an isostatic system by cutting or eliminating one support. Usually, this can be
done in several different ways, by cutting or eliminating any one of the beam’s sup-
port. The only requirement is that after the cut, the structure must be isostatic and
free of any mechanism.

For instance, fig. 9.71 depicts the cantilevered beam with a mid-span support
treated in the previous paragraphs. To transform the system into an isostatic structure,
a cut will be made at the root to allow rotation of the beam at this point. This is
equivalent to transforming the root clamp into a simple support, as illustrated in
fig. 9.71.

When dealing with trusses, this first step of the force method is adequately de-
scribed as “cutting one of the bars.” When dealing with supports, however, the ex-
pression “cutting one of the supports” is confusing. The expression “eliminating one
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support” more accurately describes the removal of the mid-span support illustrated
in fig. 9.70. The expression “releasing one constraint” is more appropriate when de-
scribing the replacement of the root clamp by a simple support.

plP
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Fig. 9.71. Cantilever with a mid-span support. The isostatic system is obtained by eliminating
the mid-span support.

After releasing the root rotation constraint, the unit load method is used to com-
pute the relative root rotation, @, in the isostatic structure using eq. (9.85). Next, a
set of self-equilibrating moments are applied at the root of the beam, as illustrated
in fig. 9.71, and the unit load method is used once again to compute the associated
root rotation, ¢;. Finally, the root rotation compatibility condition is expressed as
.+ Mad, = 0, where P, is the root rotation when the isostatic beam is subjected
to the externally applied loads, and M 49 the rotation of the isostatic beam at the
same location where a set of self-equilibrating moments of magnitude M 4 is ap-
plied at the beam’s simply supported root. The compatibility condition implies the
vanishing of the root rotation when the system is subjected to the combined loading,
and provides an additional relationship to evaluate the unknown root reaction mo-
ment as M4 = —®./P. The other reactions forces and the beam’s bending moment
distribution are then obtained by superposition.

This discussion illustrates two ways of transforming the original hyperstatic
beam problem into an isostatic system. Both approaches yield identical results. The
choice between the two is entirely a matter of convenience: the approach that will
minimize the burden of the solution process is the preferred course of action.

Example 9.29. Cantilevered beam with tip support
Consider a cantilevered beam of length L subjected to a uniform loading distribution,
Po, as illustrated in fig. 9.72. Find the bending moment distribution in the beam.

To transform this hyperstatic system into an isostatic problem, the tip support
is eliminated, i.e., the tip constraint is released. In the first step of the process, the
beam’s tip deflection is computed using the unit load method. The bending moment
distribution in the isostatic beam generated by the externally applied load is M5(n) =
—poL?(1—n)2/2, where n = z1 /L is the non-dimensional variable along the beam’s
span. The statically admissible bending moment distribution associated with a unit
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load applied at the beam’s tip is M3(n) = L(1—n). The tip deflection of the isostatic
beam is then

M3 1 M3 l‘1) dzy = _p0L4 /1(1 _,'7)3 dn _ _pOL4
HSS 2H§3 8H303 .
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Fig. 9.72. Cantilever with a redundant support.

Next, the tip deflection of the isostatic beam subjected to a set of self-
equilibrating tip unit loads is evaluated using the unit load method to find

L yr2 3 1 3

M3 (z1) L L

Al = 3 d$1 = / (1 — n)2 d77 = .
o Hi Hzz Jo 3H3;

The compatibility condition, eq. (9.93), allows determination of the reaction
force at the tip support as

AC - p0L4 3H§3 - 3p0L

R=_=¢_— =
A, 8HS, LP 8

The solution of the original, hyperstatic problem is now found by superposition.
In particular, the bending moment distribution is

(1 - =2 (30— m) 40— 9)"].

Example 9.30. Tip rotation of a cantilevered beam with tip support

Consider a cantilevered beam of length L subjected to a uniform load, pg, as illus-

trated in fig. 9.72. Determine the beam’s tip rotation, @, using the unit load method.
The unit load method is equally applicable to iso- and hyperstatic problems;

hence, the desired tip rotation is given as

poL? 3poL?
1 -
( 8

M3+RM3:— —77)2+

L Ms( M
3(71) - 3 Cﬂl) da,
Hg,
where M3 (x1) is the bending moment distribution in the hyperstatic beam subjected
to the externally applied loads, and M3(x) is any statically admissible bending mo-
ment distribution in equilibrium with a unit moment applied at the beam’s tip.



484 9 Virtual work principles

i
+ ? P,

Fig. 9.73. Tip rotation for cantilever with a redundant tip support.

The bending moment distribution in the hyperstatic beam is evaluated in exam-
ple 9.29 as M3 = poL? [3(1 —n) — 4(1 — n)?] /8. Because the unit load method
is a direct application of the principle of complementary virtual work, the bending
moment distribution, Mg (1), can be selected as any statically admissible virtual
bending moment distribution in equilibrium with the unit tip moment. Instead of try-
ing the determine the statically admissible bending moment distribution acting in the
beam undergoing compatible deformations, it is simpler to determine a statically ad-
missible distribution acting in the beam undergoing incompatible deformations. This
is acceptable because the principle of complementary virtual work calls for “any
statically admissible bending moment distribution.”

A simple, acceptable bending moment distribution is found by setting the tip
reaction force to zero and evaluating the statically admissible bending moment dis-
tribution associated with a tip unit moment to find Mg(n) = 1. By setting the tip
reaction force to zero, the beam becomes isostatic, and the statically admissible bend-
ing moment distribution associated with a tip unit moment is then easily evaluated
based on equilibrium considerations. Another suitable bending moment distribution
is found by setting the root reaction moment to zero and evaluating the statically
admissible bending moment distribution associated with a tip unit moment to find
Mg(n) = 7. In this case, an isostatic problem with simple supports is obtained by
releasing the beam’s root rotation.

With the first bending moment distribution, the tip rotation becomes

L Y 3 1
Mg(xl)Mj(.’El) p()L / 2
? = day = 31—n)—4(1-n)*1dp=
/0 H§3 o 8H§3 0 [ ( 77) ( 7]) ] 1

polL?
A8 HS,

Using the second bending moment distribution, the resulting tip rotation is

_ pol?

b —
8HS,

! P
/0 [3(1—n) —4(1—n)?]ndy= -2

As expected, the results obtained with both bending moment distributions are
identical. This surprising conclusion stems from the principle of complementary vir-
tual work, which holds for “any statically admissible bending moment distribution.”
In fact, for hyperstatic problems of order 1, an infinite number of statically admissible
bending moment distributions can be generated, each corresponding to an arbitrary
choice of any one of the reaction forces of moments. All will generate the same tip
rotation. The analyst should select the approach that simplifies computations as much
as possible.
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9.8.3 Combined truss and beam problems

The approach developed in the previous sections combines the force method with
the unit load method, which itself is a direct application of the principle of comple-
mentary virtual work. In the previous examples, truss and beam structures are treated
separately using expressions for the complementary internal virtual work given by
egs. (9.50) and (9.69), respectively. Because the complementary internal virtual work
is an additive quantity, the complementary internal virtual work of a structure com-
posed of a combination of beams and trusses is found by adding the contributions of
each of the beams and bars. The rest of the unit load method remains unchanged.

Example 9.31. Beam with hyperstatic truss bracing

Consider the simply supported beam of bending stiffness H 35 subjected to a uniform
loading, as depicted in fig. 9.74. At mid-span, a vertical strut CD of infinite stiffness
and height h = L is pinned to the beam. Cable ACB braces the beam through the
strut to provide additional support. Each of the two cable segments will be treated as
bars of axial stiffness E.A. Determine the bending moment distribution in the beam
and the forces in all bars; also find the beam’s mid-span vertical deflection.

Py
aptt TR
p“ nlmis DlA %
lllliill Isostatic Cy ¢
Ax 5 B _ system
Actual system Umt force 1IA. =
system

Fig. 9.74. Calculation of bending moment distribution in beam and forces in bars in a hyper-
static beam-truss problem.

First, the original, hyperstatic system is transformed into an isostatic system by
cutting the vertical strut CD. This is not the only way to proceed: an isostatic system
is also obtained if (/) cable AC is cut, (2) cable CB is cut, or (3) the beam’s mid-span
rotation is released by introducing a hinge at D.

For the isostatic system subjected to the externally applied loads, the beam’s
bending moment distribution is M3(n) = poL*(n — n*/2), where n = x1/L is
a non-dimensional variable along the beam’s span, and the bar forces are Fuyc =
Fpc = Fop = 0. The moment distribution is symmetric with respect to the beam’s
mid-span.

The deflection, A.., at the cut in the strut is

F,F,L;

A, = = / Mg :L‘l)Mg(xl dxl +Z
H33 )z
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The right-hand side represents the negative complementary internal virtual work in
the structure and comprises two terms: the integral is the contribution of the flexible
beam, while the sum represents the contributions from the individual bars. In view
of the symmetry of the beam’s bending moment distribution, the integral is com-
puted from O to L and the result is then doubled. Introducing the bending moment
distribution and bar forces then leads to

2 [* n?\ Ly 5 poL*
Ac = L2 —_ —_— Ld = — .
i e () 5 =gt

Note that in the isostatic system, the bar forces all vanish and hence, do not contribute
to the displacement at the cut.

Analysis of the isostatic structure subjected to a system of self-equilibrating unit
loads applied at the cut yields the following bending moment distribution in the beam
Ms(n) = Ln/2, for 0 < 1 < 1 and bar forces Fac = Fgc = —v/2/2, Fop = 1.
Here again, the moment distribution is symmetric with respect to the beam’s mid-
span. The deflection at the cut, A1, due to the unit load system is

F2L
= / M3 CL’l dl’l +Z
H33

Introducing the beam’s bending moment distribution and bar forces results in

A = H33/ L? Ldn+ -2 (—\/5> \/§+1+<—\f> V2

1

EA 2
3

~ GHg,

+(1+\/§)ELA

The compatibility condition at the cut, A, + RA; = 0, then gives the force, R,
in the strut
Ac o 5p0L 1

R=-"C—— :
Ay 4 146(1+V2)HS/(EAL?)

(9.95)

Finally, superposition yields the bar forces Fac = Fpc = —V2R/2, Fop = R,
and beam bending moment distribution as M3(n) = poL*(n — n?/2) + RLn/2.

Next, the beam’s mid-span deflection, Ap, is determined using the unit load
method as follows

2 [F FFL;
AD = — M3(.731)M3(5€1 dl‘l + Z )
0

Hy
In this expression, the bending moment distribution, M3(z1), and bar forces, F;, are
those acting in the hyperstatic structure subjected to the externally applied loads,
which are computed in the first part of this example. The virtual bending moment
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distribution, M. 3(x1), and bar forces, Fz are any statically admissible internal forces
in equilibrium with a unit load applied at point D. For this problem, it is convenient
to compute a set of statically admissible forces acting in the isostatic system obtained
by setting the strut force to zero. This leads the following statically admissible beam
bending moment distribution Ms(n)) = Ln/2 for 0 < < 1 and bar forces Fo.p =
Fac = Fpc = 0. Using these results, the mid-span deflection becomes

2 [t n? RLn] [Ln 5 poL* 1RL?
Ap = L?(n— L)+ = | =2 Ldp=—= -
v H§3/o[p0 (n 2>+ 2H2} ! 24H§3+6H§3

where R is given by eq. (9.95). Substituting for R and simplification then yields

Ap = DL {1— ! }
T HG [ 1+46(1+ Vo) HS/(EAL?)]

It is interesting to verify limiting cases for this mid-span deflection. First, if
the stiffness of the cable becomes negligible compared to that of the beam, i.e., if
EA L?/HSy — 0, Ap ~ 5poL*/(24HS,), as expected for a uniformly loaded,
simply supported beam. Second, if the stiffness of the cable becomes very large
compared to that of the beam, i.e., if A LQ/Hg3 — 00, then Ap ~ 0, as expected
because the truss essentially provides a pinned support at the beam’s mid-span. For
intermediate cable stiffness values, the bracketed term is always smaller than unity
and Ap < 5poL*/(24HS;). The cables stiffen the structure and reduce the beam’s
mid-span deflection.

9.8.4 Multiple redundancies

All hyperstatic problems treated in the previous sections are of order 1, i.e., a single
cut is sufficient to transform the hyperstatic system into an isostatic system. Many
practical hyperstatic structures are of higher order. If a hyperstatic structure is of
order N, then N cuts will be required to create an isostatic problem. The combination
of the force and unit load methods still leads to an efficient but possible tedious
solution process: N compatibility equations are generated that can be solved for the
N unknown internal forces. The process will be illustrated in the following example.

Example 9.32. Cantilevered beam with redundant supports

Consider the cantilevered beam of length L subjected to a uniform load distribution,
as depicted in fig. 9.75. The beam also features mid-span and tip supports, and this
is therefore a hyperstatic system of order 2.

In the first step of the force method, the structure is transformed into an isostatic
system by eliminating the two supports, as illustrated in fig. 9.75. The bending mo-
ment distribution in the isostatic structure subjected to the externally applied loads is
found from statics as M3(n) = —poL?(1 —n)?/2.

Next, the unit load method is used to compute the beam’s deflections at the sup-
port locations, denoted A.; and Ao, for the mid-span and tip support locations,
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Fig. 9.75. Cantilevered beam with two support.

respectively. To accomplish this task, the statically admissible bending moment dis-
tribution in equilibrium with a set of self-equilibrating unit loads applied at the loca-
tion of the mid-span support is found to be Mél} = L(1/2—n) for0 < n <1/2
and Mg[,l] = 0 for 1/2 < n < 1. The corresponding bending moment distribution
associated with a set of self-equilibrating unit loads applied at the location of the tip

support is M?EQ] = L(1 — n). The desired deflection at the mid-span support then
follows as

L i _poLt (12 17po L*
Ao = doy = =30 [ (=2 -y dn = o
o HS 2HS, 384H3,

and the deflection at the tip support is found in a similar manner as

L orl2] 4 4
Mz M. poL 2 poL

Aer = e =20 [ an = -2

o His 2H35 Jo 8H g,

Next, a set of self-equilibrating unit loads are applied at the location of the mid-
span support, and the resulting deflections at the location of the mid-span and tip

supports, denoted A[ll] and A[zl], respectively, are found

M3 L [ L?
d L1 = 7 (1/2=m1/2=n)dn= ——,
/ H33 0 24H33
Ll 13 12 5L3
A - dn = = [ a2 m = an= g
2 0 H33 HSS 48H§3

Similarly, a set of self-equilibrating unit loads are applied at the location of the tip
support, and the resulting deflections at the location of the mid-span and tip supports,
denoted A[lz] and A[22]’ respectively, are found

/ m ! 1 L3 5L3
1

1/2
c Ty = c (1_77)(1/2_77)(177: c °
H33 H33 /0 48H33
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M[Q] [2] L3 1 LB
4= / g, s / (=) dn = e
33 33 Jo 33

The two compatibility conditions impose the vanishing of the displacement at the
mid-span support, A+ R A[ll] —|—R2A[12] = 0, and at the tip support, A.o+ Ry A[Ql] +
Ry A[QQ] = 0, where Ry and R, are the unknown reaction forces at the mid-span and

tip supports, respectively. Introducing the various displacement components in these
compatibility conditions yields a set of algebraic equations for the two unknown

reaction forces
1/245/48] [Ry1 | _ I 17/384
[5/48 1/3} {Rg} —bo { 1/8 } ‘

Solution of this set of two equations in two unknowns yields Ry = 4poL/7 and
Ry = 11poL/56. The bending moment distribution in the hyperstatic beam then
follows from the principle of superposition as poL?(1 —1)2/2 + Ry M. g” + R ]\2[?[,2].

This example demonstrates the use of the force method for hyperstatic systems of
higher order. As the order increases, the solution process becomes increasingly cum-
bersome. The solution of a hyperstatic system of order /N will call for the solution
of a system of N compatibility equations written in terms of N unknown reaction
components. While this example presents the approach for a beam with multiple re-
dundant supports, it can also be used for hyperstatic trusses, beams, combined beam
and truss, or three-dimensional structures.

9.8.5 Problems

Problem 9.28. Redundant planar frame with tip load

Consider the cantilevered beam consisting of two segments of length L connected at a 90
degree angle, as shown in fig. 9.76. A simple support is located at point B, and a horizontal
load, P, is applied at point A. (/) Find the magnitude and location of the maximum bending
moment in the bent beam. (2) Find the horizontal deflection at point A.

Po L
1A

Fig. 9.76. Planar right angle frame with tip  Fig. 9.77. Planar right angle frame with dis-
load. tributed load.

Problem 9.29. Redundant planar frame with tip load

Consider the cantilevered beam consisting of two segments of length L connected at a 90
degree angle, as shown in fig. 9.76. A simple support is located at point B, and a horizontal
load, P, is applied at point A. (/) Find the magnitude and location of the maximum bending
moment in the bent beam. (2) Find the rotation at point A.
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Problem 9.30. Redundant planar frame with distributed loading

Consider the cantilevered beam consisting of two segments of length L connected at a 90
degree angle, as shown in fig. 9.77. A simple support is located at point B, and a distributed
horizontal load, po, is acting along segment BA. (/) Find the magnitude and location of the
maximum bending moment in the bent beam. (2) Find the horizontal tip deflection at point A.

Problem 9.31. Cantilevered beam with truss bracing

A cantilevered beam of length, L, and bending stiffness, H, carries a tip load, P, as shown in
fig. 9.78. At mid-span, the bean is braced by a bar, BM, of stiffness S = E.A, oriented at an
angle ¢ = 60 degrees. (/) Find the magnitude and location of the maximum bending moment
in the beam. The effect of the axial load in portion RM of the beam is negligible because the
beam’s axial stiffness of very large. (2) Find the transverse deflection at point T.

M V- S V- N (T

[TITIIT] ,
R M T aiame D

¢ q 2

B L L]
Fig. 9.78. Cantilevered beam with supporting  Fig. 9.79. Simply supported beam with sup-
truss. porting truss.

Problem 9.32. Simply supported beam with truss bracing

The structure depicted in fig. 9.79 consists of a simply supported beam, AB, supported at its
mid-point by cable ACB and a rigid vertical strut, CD, of length h = L connecting points D
and C. Cable ACB can be modeled as two bars with sectional stiffnesses, E.A, and the strut
can be modeled as a bar of infinite stiffness. Ignore the axial force developed in the beam itself
because the beam’s axial stiffness is much larger than that of the cable. (/) Find the bending
moment distribution in the beam and the forces in the cable segments and vertical strut. Hint:
It will be convenient to cut the vertical strut. (2) Find the mid-span deflection of the beam.

Problem 9.33. Curved cantilevered beam with mid-support
The cantilevered beam shown in fig. 9.80 is straight from point A to point B. From point B to
point C, the beam has the shape of a quarter circle of radius R. A horizontal load of magnitude
P is applied at point C. (/) Determine the tip displacement of the beam at point C. Assume
the the beam only undergoes bending deformations. For the beam’s curved portion, express
the bending moment as a function of § € [0, /2] and use dz; = Rd6.

Problem 9.34. Redundant truss

A vertical load, P, is applied to the six-bar hyperstatic planar truss depicted in fig. 9.81.
Bars AD, BD and CD are of equal length and joint D is at the center of the triangle. (1)
Determine all bar forces and the displacement at point C when load P; is acting alone. (2)
If loads P; and P, are applied simultaneously, find the value of the horizontal load, P, for
which the displacement at joint B vanishes. (3) Determine all corresponding bar forces. Use
the following data: S = EA = 1 x 10° psi for all bars; L = 48 inches and P; = 4,000 Ibs.



9.8 Application of the unit load method to hyperstatic problems 491

P1 c

—

Fig. 9.80. Curved cantilevered beam with tip  Fig. 9.81. Triangular truss with internal re-
load. dundancy.





