Chapter 5
Postulates and Basic Elements of Quantum
Mechanics: Properties of Operators

In this chapter I present a somewhat more formal introduction to the theory that
underlies quantum mechanics. Although the discussion is limited mainly to single
particles, many of the results apply equally well to many-particle systems. Some
of the postulates of the theory depend on the properties of Hermitian operators,
operators that play a central role in quantum mechanics. First I state the postulates,
then discuss Hermitian operators, and finally explore some results that follow
directly from Schrodinger’s equation.
The postulates are:

1. The absolute square of the wave function |y (r,)|* that characterizes a particle
corresponds to the probability density of finding the particle at position r at
time 7.

2. To each dynamic physical observable in classical mechanics (such as posi-
tion, momentum, energy), there corresponds a Hermitian operator in quantum
mechanics.

3. The time dependence of ¥ (I, 7) is governed by the time-dependent Schrédinger
equation,

oy (r, 1)

ih
! ot

= Hy(r, 1) (5.1)

where H is the energy operator of the system.

4. The only possible outcome of a measurement on a single quantum system of
a physical observable associated with a given Hermitian operator is one of the
eigenvalues of the operator.

5. I must add one additional postulate. This postulate can take different forms.
The one I use at this juncture is that the wave functions in coordinate space,
¥ (r, 1), and in momentum space, ®(p, 7), are Fourier transforms of one another,
namely
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v () /dp¢mjnm“% (5.2)
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The function |®(p, )| is the probability density in momentum space for the
particle to have momentum p at time 7.

You cannot measure |V (T, t)|2 or |d>(p,t)|2 directly. The only way you can
build up information on the wave function is to make a series of measurements on
identically prepared quantum systems, since each measurement generally modifies
the system in some way. Quantum mechanics does not contain a prescription for
carrying out the measurements. In fact, in the model I have adopted, the measuring
apparatus is external to the quantum system. Moreover, it is often not trivial to
construct experiments that directly measure physical observables such as energy,
angular momentum, position, and momentum.

For the moment I associate quantum-mechanical operators with the coordinate,
momentum, kinetic energy and potential energy functions of classical mechanics.
For the coordinate and potential energy operators, ¥ and v, corresponding to the
classical variables r and V(r), I define their operations in coordinate space by

i (r) = rf(r) (5.4a)
VF(r) = V()£ (r) (5.4b)

for any function f(r). Similarly for the momentum and kinetic energy operators,
p and p?/2m, corresponding to the classical variables p and p?/2m, 1 define their
operations in momentum space by

pg(p) = pg(p) (5.52)
P’ P
2.80) = 5—5(p) (5.5b)

for any function g(p). It will turn out that postulate 5 will allow me to determine how
# and V act on functions of momentum, as well as how p and 132 act on functions
of position. We have already seen in Chap. 4 that p>f(r) = —A2V2f(r), but this
relationship will be rederived using the postulates.

5.1 Hermitian Operators: Eigenvalues and Eigenfunctions

The time-independent Schrodinger equation,

Hyp(r) = Ey(r), (5.6)
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represents an eigenvalue equation in which E is the eigenvalue and V¥ (r) is the
corresponding eigenfunction. It turns out that there are always solutions of equations
of this type, provided the operators are Hermitian. To define what I mean by a
Hermitian operator, I need to introduce the concept of the expectation value of an
operator.

The expectation value of an operator Afora quantum system described by wave
functions in coordinate and momentum space, ¥ (r, ) or ®(p, t), respectively, is
defined as

<> - /drw*(r,t)ﬁw(r,z)
= /dpq>*(p,t)21c1>(p,t). (5.7)

The symbols dr and dp correspond to volume elements in coordinate and momen-
tum space, respectively, and the integrals in Eq.(5.7) are over all coordinate or
momentum space. The expectation value is independent of whether the coordinate
or momentum representation for the wave function is used. The operator A is

assumed to be time-independent, but <A> is a function of ¢, in general, owing to

the time-dependence of the wave function. In writing Eq. (5.7), I assumed that the
wave functions were normalized probability distributions; that is

fdr (e = /dp (.0 = 1. (5.8)

If the distributions are not normalized, then

<A> _ [dry*(r, NAY (r, 1)

Jdr [y (.0l
dp ©*(p, NAD(p, 1
_ [dp®*(p.0) (b.0) 5.9)
Jdp |@(p.1)]
Let us work in coordinate space and use a shorthand notation in which
<A) - /drw*(r, DAY (r, 1) = (w,Aw). (5.10)

~

Suppose that we demand that < > is real for an arbitrary y (r, t). Then

<A>* - /dn//(r, f) [Al//(r, z)]* - (Ax//,w) <A> — (w,,fu//) (5.11)
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or
(Al/f,l//) - (1//,/31//). (5.12)

Equation (5.12) can be used as the definition of a Hermitian operator. I will assume
that all the operators we encounter in quantum mechanics are Hermitian operators.
This is not unreasonable, since the expectation value of any physical dynamic
variable must be real.

It turns out that the properties of Hermitian operators have been well-established
by mathematicians. One of the most important properties is that there exists a
complete set of eigenfunctions V ,(r) associated with a time-independent Hermitian
operator A for which

Ay, () = ay,(v) (5.13)

where a is the eigenvalue associated with the eigenfunction ¥ ,(r). The proof of
existence and completeness is not trivial and is not given here. For the problems we
encounter in quantum mechanics, there are certain boundary conditions that apply.
The Hermitian nature of the operators and the completeness of the eigenfunctions
depend implicitly on the appropriate boundary conditions. Examples are given as
we go along.

At this point you might be getting frustrated and confused. What relationship do
the eigenfunctions and eigenvalues have to physical systems? If we solve for these
quantities, what have we gained? It turns out that the eigenfunctions and eigenvalues
give us a complete picture of what is going on in quantum mechanics. The reason
for this is that we can associate a Hermitian operator with every dynamic physical
observable that can be measured. The outcome of a physical measurement of the
operator associated with a single quantum system must be one and only one of
the eigenvalues associated with that operator. Thus, if we measure the energy of a
particle, we get one possible eigenvalue of the energy operator for that particle. If we
measure the angular momentum of a particle, we get one eigenvalue of the angular
momentum operator. Moreover, if we find the eigenfunctions and eigenvalues of
the energy operator, we completely determine the wave function for the quantum
system, given the initial conditions. The wave function allows you to calculate all
properties of the quantum system. Many of these ideas will become clear with the
examples that are given after I establish some properties of Hermitian operators.

5.1.1 Eigenvalues Real

I start from the eigenvalue equation (5.13),

Ay, (r) = ay ,(r). (5.14)
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and take the inner product (or integral) of both sides with ¥ *(r),

(Vardva) = Woav) = a@,. v, (5.15)

where (¢, ) is a shorthand notation for

@) = [ drd @0 = W) (5.16)
Next, I take the complex conjugate of Eq. (5.13),
[Av. ] = lav, @1 (5.17)
and take the inner product (or integral) of both sides with ¥ (r),
(Avava) = @ ¥0) = @ o). (5.18)
Subtracting Eq. (5.18) from Eq. (5.15), using Eq. (5.12), I find
(Vaedva) = (Avev,) =0 = (a=a") W0 ). (5.19)

But since (Y., ¥,) > 0, it follows that a = a*. The eigenvalues of a Hermitian
operator are real.

5.1.2 Orthogonality

You are familiar with the concept of two vectors being orthogonal. The concept
of orthogonality can be extended to functions by defining two functions ¢, (r) and
¢, (r) to be orthogonal if

b1.6) = [ dr? (1) b, (1) = 0. (5.20)

I will now show that the eigenfunctions of a Hermitian operator are either
automatically orthogonal or can be chosen to be orthogonal. First, I prove a useful
lemma (for some unknown reason, I love the word “lemma”).

Lemma: If ¢, and ¢, are two arbitrary functions and if A is a Hermitian operator,
then

<¢1»A¢2) = <A¢1v¢2)~ 5.21)
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The proof is straightforward. I use the definition given in Eq.(5.12), but replace
¥ by

Y (r) = b1, (r) + by, (r) (5.22)
where b, and b, are arbitrary complex numbers. Then, for any b; and b,
(161 + b2rr, A 0161 + b293]) = (Albigy + bagol bigy +b2g)  (5:23)
or
b1 (1. A61) + b2 (9245 ) + 0762 (#1405 ) + 0163 (8. A0,

= 01 (Apr.81) + 52" (Ags. @) + 6762 (A1 92) + 0103 (At ) -
(5.24)

Since <¢<,fl¢j> = (A¢<,¢j) (j = 1,2) as a consequence of Eq. (5.12), Eq. (5.24)
reduces to

bibs (#1.46,) + 0105 (92, 40,) = biba (A, 8) +0155 (Ags ). (5.29)
The only way this can be satisfied for arbitrary complex by and by is if
(#1-49,) = (Ag1.9,):
(#249,) = (401 (5.26)

This is an alternative way to define a Hermitian operator.

5.1.2.1 Nondegenerate Eigenvalues

I first consider two eigenfunctions v, , v, whose eigenvalues are unequal or
nondegenerate. | start from

Ay, (1) = a1y, (0);
[1v.®]" = [y, 0] = [v.,o]", (5:27)

having used the fact that a; is real, take the inner product of the first equation with

¥, and the second equation with ¥, , namely
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(%’A%l) =ar (Vo V)
(Awal’ I'//“l) =@ (Waz’ Irl/al) ’ (5.28)

subtract these equations, and use Eq. (5.21) to obtain

(VarrAVa) = (AW ¥, ) = 0= (@1 = @) (V. V) (5.29)

But since a; # ay, it follows that

(Var V) = / dry’ (v) ¥, (1) =0; (5.30)

eigenfunctions of a Hermitian operator corresponding to nondegenerate eigenvalues
are automatically orthogonal. Moreover, I can normalize the eigenfunctions by
setting

(%,,, w) = s (5.31)

where 8, is the Kronecker delta function that is equal to 1 if n = »’ and zero
otherwise.

5.1.2.2 Degenerate Eigenvalues

The above proof fails if a; = ap, but it still is possible to construct orthogonal
eigenfunctions using a method called Schmidt orthogonalization. You know that
in three-dimensional space, any three non-collinear unit vectors can serve as basis
vectors. It is just convenient to choose orthogonal unit vectors. The same ideas apply
here. Suppose that there are N eigenfunctions having the same eigenvalue a,,. I label
these eigenfunctions by 1//5{1” with m going from 1 to N. It is clear that any linear
combination of these eigenfunctions also has eigenvalue a,, since

A Z by = Z buAY™ = a, Z b ™. (5.32)

m=1 m=1

The point is that it is always possible to choose N linear combinations of the
eigenfunctions

=

g9 quw(’”’ ¢g=1,2,....N (5.33)
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which have eigenvalue a, and are orthogonal to each other. Often the choice is easy
to make by inspection; for example, symmetric and anti-symmetric combinations of
two functions. In fact it is rare to actually have to use the Schmidt orthogonalization
procedure.

If you must use it, you could proceed as follows: Suppose (¢, ¢?) = c15 # 0.

an

If the Y are normalized, as is assumed, then |c;2| < 1.! Take 1/}21) =y and
> (2)
Vo, = bu¥ryy) + b2yl (5.34)

For 1/?21) and 1}2) to be orthogonal, I must require that

(1)~
(I/fi;n)» W((,n)) = by +bncip =0 (5.35)
or
by = —ciabn. (5.36)

The values of by, and by, can be determined if I normalize fﬁﬁ)

- -
(1/’((1,1), Wf,n)) = (bay ) + by D by + by )

= bnf* (~evl) + ¥Q —envl) + v )
= |bn|® <|Clz|2 — lenl’ = lenl” + 1)
= b2l (1= lel?) = 1. (5.37)
having used Eq. (5.36) and the fact that
W) i) = (W@ vi) " = o (5.38)
Thus, if

—1/2 —1/2
by = (1 - |c12|2) 5 by = —cpbyp = —cp2 (1 - |012|2) , (5.39)

then 1}21) and @L? are orthonormal wave functions.
Now suppose (1}2’) wgi)) = c¢13 # 0 and (&Z) ¥ ) = cy3 # 0. Iset

~(3) ~ (1) ~(2)
Ve =8V, +8nV, +guvl), (5.40)

2
IThe fact that |cn] < 1 follows from the Schwarz inequality, )(Wfll,)'/fﬁ)‘ <
(W“),W“)) (1//(2), ,/,a)) =1
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(the g’s differ from the b’s in Eq. (5.33) since I expand in terms of the new first two
eigenfunctions) and demand that

(1/7,(;), fﬁf,i)) =0, (5.41a)
(1/72?, 7Y ) =0, (5.41b)
(wiff wan) =1 (5.41c)

These constitute three complex equations that allow you to solve for the com-
plex numbers gs;, 232, ¢33. And so on, for the remaining of the N degenerate
eigenfunctions. In the end you have an orthonormal basis for these degenerate
eigenfunctions. Thus the eigenfunctions corresponding to degenerate eigenvalues
are not automatically orthogonal, but can be chosen to be so.

5.1.3 Completeness

Although the proof of the completeness of the eigenvalues is not trivial, a statement
of the completeness condition is not difficult to obtain. If the eigenfunctions are
complete, any function 1 (r) can be expanded as

Y (@)=Y buy,, ). (5.42)
If I take the inner product of this equation with ¢, , I find
wflu Zb Wa,, wam = me8111,n = bn~ (543)

Note that Eq.(5.43) can be used to calculate the expansion coefficients b,. Substi-
tuting Eq. (5.43) into Eq. (5.42), I obtain

VO =D (Y V) Vo (1) = /_ dr’ [Z w::m<r’)w,,,,,<r)] Y (r).(5.44)

m

For the equality to hold, the term in square brackets must equal § (r —r’),
implying that

Doy ), @) =8(r—r). (5.45)
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Equation (5.45) is a condition that must be satisfied if the eigenfunctions are
complete.

Equation (5.42) is analogous to the expansion of a vector in terms of unit
vectors, except that the unit vectors are now replaced by orthonormal functions.
The dot product of vectors is replaced by an integral of the form given in Eq. (5.16).
Moreover, Eq. (5.43) is equivalent to projecting out the component of a vector. The
analogue with vector spaces will become exact when I consider Dirac notation in
Chap. 11.

5.1.4 Continuous Eigenvalues

So far it has been assumed implicitly that the eigenvalues are discrete. As you
shall see, this is always the case if the particles are confined to a finite volume.
However unbound particles have continuous eigenvalues. For example, consider a
free particle having mass m. The time-independent Schrodinger equation for this
particle is

A P2 h?
A = 2oy ) =~ V2,0, (5.46)

Clearly the momentum of a free particle can take on any value. Moreover, for a given
positive energy, there is an infinite number of momenta corresponding to a given
energy—there is infinite degeneracy. To label each of the degenerate eigenfunctions,
I can use the momentum and take as eigenfunctions

Py (r) = e®/h, (5.47)
which are solutions of Eq. (5.46), provided

E=2 (5.48)
2m

The question arises as to how to normalize these eigenfunctions. Clearly

2 . . .
/ dr}wp(r)| = 00, so I cannot normalize as I did in the case of discrete
eigenvalues. However, from the definition of the Dirac delta function, we know that

/ dr PP = 27h) 8 (p—p') . (5.49)
By convention, I use this result and take as free-particle eigenfunctions,

1 .
"0 = o (5.50)
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or, in k space (p = #k),

1 .
Yy (r) = We"”. (5.51)

With this choice, the normalization conditions for the free particle eigenfunc-
tions are

/ de ()Y (r) =8 (p—p'); (5.52a)
/ dr Y)Y (r) = § (k—K). (5.52b)

Equations (5.52) can still be used as the normalization condition in the more general
case of unbound motion in the presence of a potential; however, the eigenfunctions
are no longer given by Egs. (5.50) and (5.51).

In going from discrete to continuous eigenvalues, the units for the wave functions
and the expansion coefficients change. For discrete eigenenergies, the eigenfunc-
tions in coordinate space have units of 1/+/volume. For continuous eigenvalues,
¥, (r) has units of (h)_3/ % while Y (r) is dimensionless. Similar differences arise
for the expansion coefficients. In the case of continuous eigenvalues, an arbitrary
function can be expanded as

v = / dp b)Y (r): (5.53a)

Y(r) = / dk b(K)yr, (r). (5.53b)

In contrast to the case of discrete eigenenergies for which the expansion coefficients

of the wave function are dimensionless, the expansion coefficients b(p) have units of

(momentum) /2, while the expansion coefficients l;(k) have units of (volume)?/2.
For continuous variables, the completeness conditions are

/ dp ¥y @)y, () =8 (r—r'); (5.54)

/dk Y@y, () =8 (r—r'). (5.55)

A formal method for going from discrete to continuous variables is given in the
Appendix.
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5.1.5 Relationship Between Operators

I have already derived an expression for the square of the momentum operator in
coordinate space in Chap. 4. I now want to rederive this result from the postulates.
To do so, I calculate the momentum operator in the coordinate representation. The
expectation value of any operator is the same in both the coordinate and momentum
representations. Let’s see how this works for the momentum operator. I start from

/ dr [y (e, D] pepr (1) = [ dp [®(p. D]* p.®(p. 1)

- / dp [®(p. ] pu®(p. 1), (5.56)

where I made use of Eq. (5.5a). I substitute the expression ®(p, ¢) given in Eq. (5.3)
into the right-hand side of this equation (being careful to use different dummy
variables for the integrals) and obtain

* 1 ’ *
/ dp [O(p. O] p®(p.1) = —— / dr / de' [y (e, 0] Y (€. 1)
(2mh)
x / dp pye® /A, (5.57)
Since
Eieil"(r—l‘/)/ﬁ =—p P e=r)/h (5.58)
i 0x * ’
I find that
1
dp[®(p, )" p.D(p,1) = — dr | dar' [y(r,0)]* v, ¢
f ) (m)3[ [ R
xzi / dp ™/ (5.59)
i ox

The integral over p yields (27%)* § (r — r’), such that, with the help of the chain
rule,

/ dp[®(p. )]* p,®(p. 1)

= —/dr/dr/ [W(r,0)]* w(r’,t)?% (r—r)

h ad
=2 [artpenr [ [0 (= v)]

+?/dr [v(r, t)]*/dr’S (r—r) %W(r’,t). (5.60)
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The second integral in the first term involves an exact differential whose integral
vanishes for a wave function having finite extent. I am left with

[ avie@.r pow) = [arlyor T Sve. G561
which, according to Eq. (5.56), implies that
D=7 (5.62)
In three dimensions the analogous equation is
p= ? V., (5.63)

which is consistent with p? = —h2V>.

The same technique can be used for any operator, except that the functions
corresponding to the operators must be Fourier transformed as well. For example,
suppose that B(p) is a function of momentum only. I associate a quantum-
mechanical operator l}(f)) with this function and assume that

B(p)@(p) = B(p)®(p) (5.64)
for any function ®(p) having a Fourier transform ¥ (r). Next I consider

1

ipr/f
a;;ﬁ/@e B(®)O(p)

1 1 . g =
= @any 2nhy / dr/ dr// AR

1 -
= W/dr/dr’S(r—r’ —"B@" )y ()
1 -
= W/dr’B(r—r’)W(r’), (5.65)

where B(f) is the Fourier transform of B(p). I interpret this result to imply that an
operator B(p) acting on a function ¥ (r) produces the infegral operation,

DA _ 1 ! Dy g /
mmwm—agﬁﬁ/wBa YY), (5.66)

Similarly, for an operator C (r) that is associated with a function C(r) that is a
function of coordinates only and for which it is assumed that
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CEHY () = COY(r), (5.67)

the action of the operator C(F) acting on a function ®(p) produces the integral
operation,

PN _ 1 I /
COOw) = o [ @ Eo—p)ow). (5.68)

where C(p) is the Fourier transform of C(r) and ®(p) is the Fourier transform of
¥ (r). We now know how operators act on the wave function in both coordinate
and momentum space. In fact, Eq. (5.68) implies that Schrodinger’s equation in
momentum space is

Ie(p.1) _ p’ °°

. 1 Y / /
ih —<I>(p,t) + W/;oo dp V(p—p)CD(p ,l), (5.69)

ot 2m

where V(p) is the Fourier transform of V(r). I will derive the time-independent
Schrddinger equation in momentum space in Chap. 11 using Dirac notation.
5.1.6 Commutator of Operators

I now look at some additional properties of operators. The commutator C of two
operators A and B is defined as

¢ = [A,ia] —AB—BA=-— [B,A] . (5.70)
For example, the operators X and p, = %% do not commute since

h d d
i v = (x5 - ) v

dx dx
Ch(dy d o
=7 (XE o (XW)) = —?W(Xl (5.71)

which can be satisfied for arbitrary v (x) only if
[x.px] = ih. (5.72)
Similarly,

[5.5y] = [2.5:] = ih. (5.73)
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As you can see, the commutator of two operators can be calculated by looking at its
action on functions. Using this method, it is easy to show that any two components
of the position operator commute and any two components of the momentum
operator commute,

[%.3] = [%.2] = (. 2] = [pv.Po] = [px. By] = [Py D] = 0. (5.74)

Moreover, different components of the position and momentum operators commute
as well,

[%.5y] = [%. 2] = . Pl = D.p] = 2.5 = [2.5y] = 0. (5.75)

Equations (5.72)—(5.75) are the fundamental commutator relations. Remember them
at all times!

Commuting operators play a central role in quantum mechanics. I first prove
that two Hermitian operators commute if and only if they possess simultaneous
eigenfunctions. There are two parts to the proof. First suppose that Hermitian
operators Aand B possess simultaneous eigenfunctions v,

AWab = awab; BWab = bwub . (576)

Then
[A,B] V= (AB BA) ¥ = (ba—ab) ¥ =0 (5.77)

and the operators commute. Conversely, suppose that v/, is an eigenfunction of A
and that [A,B] ¥, = 0. Then

[A,B] v, = (AB - BA) v, =0;
A (Ewa) —a (1§1//a) . (5.78)

Equation (5.78) is nothing but a statement of the fact that <1§1ﬁ a) is an eigenfunction

of A with eigenvalue a, having the most general form

By, = by, (5.79)

where b is some constant. Therefore, ¥, is a simultaneous eigenfunction of B
with eigenvalue b. Actually the proof is valid only if the eigenfunctions v, are
nondegenerate. If there are N degenerate eigenfunctions wg’“) associated with
eigenvalue a, Eq. (5.78) implies only that
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N
By = buy " (5.80)

m=1

However, as in the Schmidt orthogonalization procedure, it is always possible to
find linear combinations of the degenerate eigenfunctions that are simultaneous
eigenfunctions of B.

Thus if two Hermitian operators commute and one of these operators has
nondegenerate eigenvalues, then its eigenfunctions are automatically eigenfunctions
of the other operator. On the other hand, if two Hermitian operators commute and
one of these operators has degenerate eigenvalues, then a degenerate eigenfunction
of one of the operators is not automatically an eigenfunction of the other operator,
but some linear combinations of the degenerate eigenfunctions can be chosen that is
an eigenfunction of the other operator. Examples are given later in this chapter.

The central problem in quantum mechanics is to solve the time-independent
Schrodinger equation. As long as there is no energy degeneracy, for discrete energy
eigenvalues, you can always label the energy by a quantum number n with the
lowest value of n corresponding to the lowest energy, the second value to the next
highest energy, etc. For example, if V(x) = ax* + bx* + cx with a > 0, it is not
possible to find analytic expressions for the eigenenergies and eigenfunctions, but
you can still label the lowest energy state and eigenfunction by n = 0, the next by
n = 1, etc. When there is energy degeneracy, however, we need additional labels
to distinguish states having the same energy; that is we need additional quantum
numbers. Where can we get these quantum numbers? There may be a number of
ways to specify the quantum numbers, but the most systematic way is to identify
additional operators that commute with the Hamiltonian. You can then label the
states by the eigenvalues of the simultaneous eigenfunctions of the commuting
operators. It turns out, whenever there is energy degeneracy, it is usually possible
to identify an operator that commutes with the Hamiltonian that is in some way
associated with the degeneracy.

We have already seen one example of energy degeneracy and will see many more
throughout this book. For the free particle in one dimension, the eigenfunctions are
two-fold degenerate for each positive energy, ¥ (x) = eHiVImE/h Thyy is, given
the energy, you cannot uniquely label the eigenfunction. However the momentum
and energy operators commute. Moreover, the momentum state eigenfunctions,
given by e”*/% are nondegenerate (each momentum eigenfunction is associated
with a different momentum). As a consequence the momentum state eigenfunctions
must be simultaneous eigenfunctions of the energy operator. If we label the
eigenfunctions by p, alone, we completely specify the energy eigenfunctions as
well. In other words, the eigenfunctions

v, (x) = \/%e’”"/ 4 (5.81)
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are simultaneous eigenfunctions of the energy operator if E = p2/2m. Similarly in
three dimensions, where there is infinite degeneracy for each positive energy,

1 .
i (5.82)

uniquely labels the eigenfunctions, provided E = p?/2m. We shall see later that the

fact that the momentum operator commutes with the Hamiltonian is linked to the
translational symmetry of the Hamiltonian.

5.1.6.1 Commutator Algebra Relationships

It is very easy to prove the following relationships for commutators:

|
|

>

B e] —A [B, é] + [A, é] B: (5.83)

>

,Bé] - B [A, é] ¥ [A,E] ¢. (5.84)

ATE — Agb=C/2, (5.85)
Another useful identity is
P R A 1 ra Fr -
ABe A = B+ [A,B] + 5 [A, [ ,B]] T (5.86)

which is known as the Baker-Campbell-Hausdorff theorem. Moreover, if A and B are
Hermitian operators, then AB + BA and i [12\ f?] are Hermitian, but AB is Hermitian

only if [A,B] = 0 (see problems).
The basic commutation relations for coordinate and momentum space operators,
obtained in a manner similar to the one used to arrive at Eq. (5.72) are

[f-, E(f))] = ihV,B(p); (5.87a)
[ ] — _ihV,C(r); (5.87b)
[f, é(f)] -0 (5.87¢)
[b.36)]

p.B()| = o0. (5.87d)
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For commutators involving higher powers of 7 and p, such as r? and p?, one usually
uses a combination of Egs. (5.83), (5.84), and (5.87), rather than calculate the effect
of the commutator on functions as I did in deriving Eq. (5.72). For example,

[55’13;25] = [%vﬁx[}x] = ﬁx [55713)6] + [)AC»IA’X] f)x = Zihﬁw (5.88)

5.1.7 Uncertainty Principle

Many people have heard about Heisenberg’s Uncertainty Relation, even if they do
not understand it. Actually, it is possible to derive an uncertainty relation for the
product AA2AB? for any two non-commuting Hermitian operators A and B. To do
so I start from the inequality

/ dr [(A + i)tB) v (r)]* (A + i)LfB) v (r) >0, (5.89)

where A is a constant taken to be real (a somewhat more general uncertainty relation
can be derived if A is taken to be complex). Without loss of generality, I take <2\> =0

and <f9> = 0. If this were not the case, I would replace A by A— <12\> and B by B— <E>
in Eq. (5.89). Since A and B are Hermitian, Eq. (5.89) can be rewritten as

/ dr [ (r)]* (A - i)u}) (A + im) v (r)
- / dr [y (O] (A2 +iAAB — iABA + )ﬁiaz) (@) >0, (590
or
RAB + i (€)+ AA% 20, (5.91)
where
¢ = [A,B] . (5.92)

The minimum occurs for

(5.93)
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and, when this result is substituted into Eq. (5.91), I find

.12

)
AA’AB* > - (5.94)
which implies that the expectation value of the commutator of two Hermitian
operators either vanishes or is purely imaginary (this is not surprising since one
prescription for quantization is to obtain the commutator as i# times the Poisson
bracket of the classical variables associated with the operators). For A = % and

A

B = p,, C = ifh and

2

h
AP Ap? > R (5.95)

which is known as the Heisenberg Uncertainty Relation.
From Eq. (5.89), it follows that the equality in Eq. (5.94) holds only if
(A + i)u?;) ¥ (x) = 0. (5.96)

For A = % and B = Do A = R/ (2Ap§) [see Eq.(5.93)] and the minimum
uncertainty wave function ¥ ;, (x) must satisfy the differential equation

&+ iAB2) Y () = [x i (i) 31] Vo ()
i dx

2Ap7
B Ay min (%)
= —= i =0. 5.97
Ty TV @ (5.97)
The solution of this equation is
x*Ap? x?
Vmin (¥) = Nexp (— 23 ) = Nexp (—m) , (5.98)

where N is a normalization constant. The minimum uncertainty wave packet is a
Gaussian and only a Gaussian! For example, we will see that the lowest energy state
wave function for a particle confined to an infinite potential well is not a Gaussian—
consequently Ax?Ap? must be greater than #2/4 for this wave function.

The uncertainty principle is often illustrated by examples in which you show
that by measuring the position of a particle to a given precision, you necessarily
introduce an uncertainty in the momentum that satisfies the uncertainty principle.
You will note that my derivation has nothing to do with measurement, per se. In
effect, the position-momentum uncertainty relation is related directly to the fact that
the corresponding operators do not commute. Equivalently, it is linked to the fact
that matter is described by a wave theory in which the wave functions in coordinate
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and momentum space are Fourier transforms of one another. Any measurements
must be consistent with the theory, but the measurements themselves are not directly
related to the uncertainty principle.

5.1.8 Examples of Operators

In most of the examples below, I consider one-dimensional motion only, with
p standing for the x component of the momentum. Moreover, I work in the
coordinate representation only. The generalization to two and three dimensions is
often obvious. The Hamiltonian is assumed to be of the form

=219 (5.99)
2m

5.1.8.1 Position Operator x

The position operator is not often discussed in textbooks. I have assumed that, in
coordinate space,

() =Xy ). (5.100)

Clearly x is Hermitian since
[ v Byl = [ @y @we

- / dx [y T ¥ () = / dx Ry 01 ¥ () (5.101)

for real x.

The operator X does not commute with the momentum operator p, nor with the
Hamiltonian operator H.Asa consequence, it is impossible to find simultaneous
eigenfunctions of X and p and it is also impossible to find simultaneous eigenfunc-
tions of % and H. But what are the eigenfunctions of x? The eigenvalue equation in
coordinate space is

W, (x) = ay,(x), (5.102)

where the eigenvalue is designated by a to avoid confusion. From Eq. (5.100), we
know that

I, (x) = xy,(x) (5.103)
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which, together with Eq. (5.102), implies that
XY, (x) = ay,(x)
for all x. The only way this can be true is if
Y,x)=8(x—a).

This has the proper normalization for continuous eigenvalues,

/_00 dx ()Y, (x) = /_00 dx8(x—a)8(x—a/) = S(a—a').

Thus the eigenfunctions of the position operator are Dirac delta functions.

5.1.8.2 Momentum Operator p

The momentum operator in coordinate space is

. _hd
P= S
This operator is Hermitian since

| avrwive = [ avr i

p At
=7["/f(x>'2’_oo‘/_w"x ;. woo}

B dy” o0
__h / ax 0y = / dx [y (T v (0.

i Joo X _
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(5.104)

(5.105)

(5.106)

(5.107)

(5.108)

where it is assumed that the boundary conditions are such that the endpoint term,

o0

[ (x) |2‘ , vanishes. This is true for any localized wave function. It would also be
—00

true for periodic boundary conditions in which ¥ (L/2) = ¥ (—L/2). This example

shows how the Hermiticity of an operator depends on boundary conditions.

The momentum operator does not commute with the Hamiltonian, except in the
case where V(x) is a constant C, independent of x, which can be taken equal to zero
without loss of generality (all energies in the problem are simply shifted by C). Thus,
it is only for the free particle that it is possible to find simultaneous eigenfunctions

of p and H, which are

1 )
)C) — elpx/h )
Vs V2rh

(5.109)
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with E = p?/2m. In this equation, p can be positive or negative. The two
independent, degenerate energy eigenfunctions are

1 .
V) = ﬁeilﬂm&/h (5.110)
T

with E > 0.2

5.1.8.3 Parity Operator P

An important operator in quantum mechanics is the parity operator that simply
inverts the signs of coordinates. In other words

PY(x) = ¥ (—x). (5.111)

You can prove easily that P is a Hermitian operator. Therefore, it has real
eigenvalues. To find these eigenvalues, I note that

Py (x) = Py (—x) = ¥ (x), (5.112)

implying that the eigenvalue of P2 is one, which can be realized only if the (real)
eigenvalues of P are 1. That is, there are only two eigenvalues. For the eigenvalue
+1,

Py () =¥ (—x) =¥, (), (5.113)

which implies that any even function is an eigenfunction of P having eigenvalue +1.
Similarly,

Py_(x) = y_(—x) = —y_(x); (5.114)

any odd function is an eigenfunction of P having eigenvalue —1. For example,
cos (ax) has even parity and is an eigenfunction of P having eigenvalue +1, sin (ax)
has odd parity and is an eigenfunction of P having eigenvalue —1, while exp (iax)
does not have well-defined parity and is not an eigenfunction of the parity operator.
The eigenfunctions of the parity operator are infinitely degenerate; any even function
has eigenvalue +1 and any odd function has eigenvalue —1.

Since P does not commute with & and does not commute with p = 24

idx’

not possible to find simultaneous eigenfunctions of P and % nor of P and p. On

it is

Note that, in the momentum representation, the eigenfunctions of p are ®,(p) = §(p — ¢) and the
eigenfunctions of X are ®,(p) = e~ /" //25h.
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the other hand, [13, [72] = 0 and, as a consequence [ﬁ, ﬁ]] = 0 if V(x) is an even
function of x. This is an important result, that will become even more important
when generalized to problems in three dimensions. For any Hamiltonian that is
invariant under an inversion of coordinates, the eigenfunctions can be written as
simultaneous eigenfunctions of the energy and the parity operator. That is, the
eigenfunctions can be written as either even or odd functions of the coordinates. In
an introductory quantum mechanics course, students often forget this very important
result, nor do they appreciate the importance of the parity operator.

You might argue that the eigenfunctions for the free particle given in Eq. (5.109)
are not eigenfunctions of the parity operator and you would be right. Those
eigenfunctions are simultaneous eigenfunctions of the momentum and energy
operators and cannot be simultaneous eigenfunctions of the parity operator since
it is not possible to find simultaneous eigenfunctions of P and p. On the other hand,
we could have equally well taken our (unnormalized) energy eigenfunctions as

_ | cos(px/h)
v, elx) = sin (px /) (5.115)

which are simultaneous eigenfunctions of the parity operator, but no longer
eigenfunctions of the momentum operator. This is an example where there is a two-
fold energy degeneracy; for each value of the energy (other than zero), there are
two independent eigenfunctions. These eigenfunctions can be taken as simultaneous
eigenfunctions of the momentum operator or the parity operator, but not both (since
the momentum and parity operators do not commute). With either choice, however,
we have a unique way to label all the eigenfunctions. Recall that, if operators A
and B commute, and if the eigenfunctions of operator A are degenerate, they are not
automatically eigenfunctions of operator B, but that some linear combination of the
degenerate eigenfunctions of operator A can be chosen to be an eigenfunction of
operator B

5.2 Back to the Schrodinger Equation

5.2.1 How to Solve the Time-Dependent Schridinger Equation

With our knowledge of the properties of Hermitian operators, it is a simple matter
to construct a solution of the time-dependent Schrodinger equation if we know the
eigenfunctions and eigenvalues of the Hamiltonian, as well as the initial condition
for the wave function. The general solution of the time-dependent Schrédinger
equation is

Y.ty = ape "My (r). (5.116)
E
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It is important to recognize that the summation index E appearing in this equation
is a dummy index; any other letter works equally well. As a good general practice,
when you have a product of two summations such as

(Za e tEt/h (I')) (ZaEe tEI/h (I')) i

E

you should use different summation indices to avoid getting into trouble. That is,
write

(Z aEe—iEt/h (I')) (Z age 1Et/h (I‘))
E
— <Z aEe—iEl/h .WE(I-)) (Z aE/e—iE’t/h WE/ (I‘))
E E’

= agag e EE My 1)y (). (5.117)

EE
If you use the same summation index, you cannot obtain the correct form in the

double summation.
I assume that the initial condition is

Y(r,0) = ¥y(r), (5.118)

allowing me to solve for the expansion coefficients ag by taking the inner product
of Eq. (5.116) with ¥/, namely

W Vo) =D ar (Vg Vg = ) apdew = aw. (5.119)
E E

Therefore, ag = (Y, ¥) and

V) =Y Vg o) e M) (5.120)
E

For continuous variables in k-space for a particle having mass m moving in a
potential for which the eigenfunctions are denoted by v, (r) and the eigenenergies
by E}, the corresponding equation is

V0 = [ dk @ v ) (5.121)
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where
(W Vo) = a(k) = [ dr Y @PE®). (5.122)

Although I concentrate on solutions of the time-independent Schrodinger equa-
tion in the next several chapters, you should not forget Egs. (5.120) and (5.121).
They are central to an understanding of quantum dynamics. In effect, there is a
three-step program for solving any problem in quantum mechanics, given an initial
condition for the wave function. The first step, and the most difficult, is to solve the
time-independent Schrodinger equation for the eigenfunctions and eigenenergies.
The second step is to obtain the expansion coefficients, ag or a(k) in terms of the
initial wave function and the final step is to use Eq. (5.120) or (5.121) to obtain the
time-dependent wave function. Often one is content just to find the eigenenergies
and eigenfunctions.

Equation (5.116) can be written as

Y0 =) apr(Oyg(n), (5.123)
E

where
ag(t) = ape B/h (5.124)

is the probability amplitude for the particle to be in state E at time ¢. Although the
probability to be in a specific state

2
lap()” = |age™ 4" = Jag]?, (5.125)
is constant in time, the probability density
2
W@ 0l = | ape ™My ()
E
= apap e EE My (r)yy () (5.126)

E.E

is a function of time if any two state amplitudes corresponding to nondegenerate
eigenenergies are non-vanishing. Equation (5.126) contains all the dynamics.

One final point to engrave in your memory bank. Each potential energy function
gives rise to its own set of eigenfunctions and eigenenergies. Some (or even all) of
the eigenenergies may be the same for different potentials, but the eigenfunctions
will always differ. For example, for the step potential to be considered in the next
chapter, the eigenenergies take on all non-negative values, just as for a free particle,
but the eigenfunctions differ.
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5.2.2 Quantum-Mechanical Probability Current Density

The total probability is conserved for a single-particle quantum system. That is,
if I consider a finite volume, the time rate of change of the probability to find the
particle in the volume must equal the rate at which probability flows into the volume.
In other words,

2/ W(r,t)lzdr=—9§J(r,t)-nda, (5.127)
at Jy
S

where S is the surface enclosing the volume V and n is a unit vector pointing
normally outwards from the volume. The quantity J is called the probability current
density. By using the divergence theorem, I find

/ [Ep(r,t)—l-V-J(l‘,t)jI dr =0, (5.128)
v | ot
where

p(r1) =y (.0 (5.129)

is the probability density. Since Eq. (5.128) must hold for an arbitrary volume, it can
be satisfied only if

%p(r, )+ V-J(r1) =0, (5.130)

an equation known as the equation of continuity.
To get an expression for J, I use Schrodinger’s equation with

2
HY (01 = 2V () + V)Y (50

to write

e ? S
Sp() = = [y 0P = 2 [v" @0 v )

—% [1:11# (r, t)]* ¥ (r,0) + (%) V¥ (r,1) [ihp (r, ;)]
h h
= %W (r, 1) V21/,* (r,t) — mw* (r, 1) Vzl// (r,1)

= iV- [V (c.0) VY™ (r,1) — ™ (r,0) VY (r,1)]. (5.131)

2mi
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By comparing this equation with Eq. (5.130), I obtain the probability current density

ih
.0 = 2’—m [V (0.0 VY ™* (r.0) — v * (r.0) Vi (r.0)]. (5.132)

For a plane wave,

1 ip- —ip? m
v (r,f) = We’pr/he pt/@2m) (5.133)

1L in ip ip
o= (27rh)3 m [__ - _}

= Gy =W EOE =00, (5.134)

where v = p/m. The probability current has the general form of a spatial density
times a velocity, as expected. For real wave functions, the probability current density
vanishes.

In general, it is easy to show that, for an arbitrary v (r, 1),

p@) /m = fer(r, 7). (5.135)

Equation (5.135) follows from the fact that p is Hermitian,

h
(b = / dr g (5.0) VY (r.1)

h
= () =7 [arveo vy e, (5.136
since this equation implies that
“’I:)) 2”’ /dr [V (6.0 Vo™ (r.0) — ¥* (.0 VY (r.0)] = /dr.](r,t).
(5.137)
In one dimension, the equation of continuity is
0 aJ (x, t) 8 aJ, (x,1)
&P(x,f)ﬁL . |1/f( DI+ == . =0, (5.138)
where
L= [w( p WD e )a‘“’”)} (5.139)
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The probability current must be conserved in problems where there is no loss. I will
use the probability current density to get reflection and transmission coefficients in
problems involving wells or barriers.

5.2.3 Operator Dynamics

The operators I consider are time-independent, but the expectation value of an
operator for a quantum system characterized by the wave function v (r, ¢) is time-
dependent, in general. To see this I write

*{4)

ih— =ih%/drw*(r,t)/iw(r,t)
= ih/ 81// ( )Aw(r t)—}—zh/drw (r, I)A81p(r )
- / dr [ﬁw(r, t)]*Al//(l‘, 0+ / dry* (r, 1) A (r, 1)
= _/drw*(r, NHAY (v, 1) —i—/drt//*(r, 1 AHY (r,1);
ih@ _ <[AH]> (5.140)

where the fact that H is Hermitian has been used. The expectation value of any
operator that commutes with the Hamiltonian is constant in time. Another way of
saying this is that the dynamic variable associated with any Hermitian operator
that commutes with the Hamiltonian is a constant of the motion. For the free
particle, momentum is conserved, consistent with the fact that the momentum
operator commutes with the Hamiltonian. In problems with spherically symmetric
potentials, the angular momentum is conserved classically, implying that the angular
momentum operator commutes with the Hamiltonian. If you know that a classical
variable is a constant of the motion for a given potential, then the eigenvalues of
the associated quantum operator can sometimes be used to distinguish between
degenerate eigenfunctions of the Hamiltonian.

Although Eq. (5.140) appears to provide a simple prescription for obtaining the
expectation value of an operator, it is deceiving. In calculating the commutator

A A

A, H |, one normally introduces new operators. As such one is often led to a never-

ending set of coupled equations for the expectation values of different operators. It is
only for potentials such as those for the free particle and simple harmonic oscillator
that Eq. (5.140) can be used to obtain a closed set of equations for the expectation
values of the position and momentum operators.
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An alternative method for obtaining <A> is to calculate the expectation value of
any operator directly from the wave function. For example, if

Y=Y age By (r), (5.141)
E

then
<A> - / dry* (v, DAY (r, 1)

= Zagaz,e_i(E_E/)’/h / dr ¥k (DAY 4(r). (5.142)

E.E/

In general there is time dependence in <A> resulting from the exponential factors.

For operators that commute with H the time dependence must disappear since <A>

is constant in this limit.
Since H commutes with itself, the average energy is time-independent. Explicitly,

< H) = 3 apagy e EE / dr % (D) EY 4 (r)

E.E

— — 4
= ZaEaz/e WE=EVRES .
EE

= lag|’E, (5.143)
E

simply a weighted sum of the energy E with the probability to be in the state
corresponding to energy E. In fact, for any operator G(E) that correspond to a
classical dynamic variable G(E), it is not difficult to prove that

(6®) =3 larl* GeE). (5.144)
E

5.2.4 Sum of Two Independent Quantum Systems

Finally I consider two independent quantum systems characterized by Hamiltonians
H, and H,, where

1:11‘(//E] = Ele]’
By, = Exyp,, (5.145)
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and the total Hamiltonian is
H=H +H,. (5.146)

Since the Hamiltonians correspond to independent quantum systems, they must
satisfy I:I:I],I:IQ] = 0; consequently, the operators can possess simultaneous

eigenfunctions. I can guess a solution in which the eigenfunctions for the composite
system are simply the product of the eigenfunctions of the individual systems, while
the eigenenergies are the sums of the individual energies. This guess works since

I:IwEl I//lEz = (I/:Il + f{z) ")ZfEl 1lﬁEz = IA{l WElez + I:Iszl 1//E2

=EWg Vg, + WEII:IZWEZ =E\wWg Vg, + E2Yg Vg,
=(E\+ E) Vg Vg, (5.147)

Although this result is extremely simple, students often have trouble accepting or
remembering it. For two independent systems, the eigenfunctions are products of the
individual system eigenfunctions and the eigenenergies are the sum of the individual
system eigenenergies.

5.3 Measurements in Quantum Mechanics: “Collapse”
of the Wave Function

It has already been stated that a measurement on a single quantum system of a
dynamic variable yields one and only one eigenvalue of the Hermitian operator
associated with that dynamic variable. The wave function can be expanded in terms
of the eigenfunctions of any Hermitian operator, provided the appropriate boundary
conditions are met. For discrete eigenvalues, this implies that

Y, =Y b, OV, 1) (5.148)

where a, is an eigenvalue of some operator A and V,,(r) is the corresponding
eigenfunction. If this operator corresponds to a physical observable, then |b,, (t)|2
corresponds to the probability that a measurement on a single quantum system
at time ¢ of the classical variable associated with A will yield the value a,. For
continuous eigenvalues a, this equation is replaced by

Y (r, 1) = / dab(a, )y (r), (5.149)
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where |b(a, t)|2 da is the probability that a measurement with on a single quantum
system at time ¢ of the classical variable associated with A will yield a value between
a and a + da.

Often it is stated in quantum mechanics texts that the wave function collapses into
the eigenfunction associated with the eigenvalue that was measured. I have never
been a big fan of this terminology. I have already noted that any direct measurement
of a physical variable associated with a quantum system generally modifies the
system, implying that the state of the system following the measurement is no longer
the eigenfunction associated with that eigenvalue.

For example, in the two-slit experiment involving a single particle, the wave
function before detection on a screen is spread out over an interference pattern
associated with two-slit interference. One detector on the screen fires, localizing
the particle, but the state of the particle is altered by the measurement. You can say
that the measurement has collapsed the wave function, but I do not think this is a
particularly useful image. Collapse tends to imply a physical collapse of the wave
function, but quantum mechanics say nothing about the collapse process itself. As
long as you deal with the probabilistic predictions of quantum mechanics you will
not run into any problems. However if you try to associate a physical mechanism
with the collapse process, you will be led down a path that seems to lead nowhere.

Although direct measurement of a physical variable that leaves a quantum system
in an eigenfunction of the Hermitian operator associated with that variable is
not possible, indirect measurements of the variable can be made that leave the
quantum state of the system unchanged. Such measurements fall into two general
classes: quantum nondemolition measurements on a single quantum system or
measurements on a correlated or entangled state of a two-particle quantum system.

In a quantum nondemolition (QND) experiment,3 one measures one of two non-
commuting operators associated with a quantum system without introducing any
noise (modification) of the dynamics associated with this operator. All the noise
that is introduced goes into the dynamics associated with the other operator, but
that operator is assumed not to appear in the Hamiltonian. In this back-evading
noise scheme, the operator of interest can be measured with absolute accuracy,
at least in principle. Such schemes were proposed as a means for measuring the
small displacements produced on mechanical systems by gravitational waves. Note
that such a scheme does not work if we measure the position of a free particle to
arbitrary accuracy. Such a measurement would introduce an uncertainty in the
momentum that acts back on the particle to modify its subsequent position. On
the other hand, we could, in principle, measure the momentum of a free particle
to arbitrary accuracy. Although the measurement would affect the position of the
particle, the position does not appear in the Hamiltonian. To measure the momentum
we would have to couple the particle of interest to another quantum system and make
a measurement of the second quantum system that determines the momentum of the

3See, for example, M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge University Press,
Cambridge, U.K., 1997), Chapter 19.
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system of interest, using a method similar to that described in the next paragraph. To
make QND work, the probe must provide a measure of the quantum variable being
probed, without affecting its value. For example, when atoms are sent through a
microwave cavity, they can acquire a phase shift that depends on the microwave
intensity in the cavity; measuring this phase shift is an indirect way of measuring
the microwave intensity, without altering its value.*

In an entangled state measurement, one measures properties of one particle or
system and infers the properties of the other particle or system. The most famous
example of this type of measurement is related to the so-called Einstein-Podolsky-
Rosen (EPR) paradox. We shall see that a particle such as an electron has an intrinsic
angular momentum and that a measure of the z-component of this intrinsic angular
momentum can be either /2 (spin 1) or —%/2 (spin |). The electron is said to have
a spin of 1/2. If a spinless particle decays into two identical spin 1/2 particles, then
the quantum state of the combined system is

1
V2

since we don’t know which particle is in either of the spin states. This is an
entangled wave function since it cannot be written as the product of individual wave
functions for each particle. However, if we measure the spin of one of the particles
as “up” along some direction we are guaranteed that the other particle is in its spin
“down” state along the same direction. In several quantum computation schemes
one entangles the internal state of an atom with the polarization of the radiation
emitted from the atom. In this way, a measurement of the polarization of the emitted
radiation can be correlated with a given superposition of the internal states of the
atom.

Vip = [VirVa, — Y], (5.150)

5.4 Summary

In this chapter, the basic postulates of quantum mechanics were stated. A detailed
catalogue was constructed giving various properties of Hermitian operators and
their eigenfunctions and eigenvalues. The central problem in quantum mechanics is
reduced to finding the eigenfunctions and eigenvalues of the Hamiltonian operator,
from which all properties of quantum systems can be derived.

“Experiments of this type were pioneered in the group of Serge Haroche, who was awarded the
Nobel prize in recognition of these and other experiments.
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5.5 Appendix: From Discrete to Continuous Eigenvalues

One way of going over to continuous from discrete eigenvalues is to use periodic
boundary conditions. In one dimension a model to accomplish this goal involves a
mapping of the one-dimensional problem onto a circular path having length L. The
free-particle wave functions in this case are of the form

Ye(x) = 1/Le™, (5.151)

where E = h%k? /2m. The boundary condition that must be imposed is ¥ z(0) =
¥ e(L). As a consequence of this requirement, it is necessary that

JIJLE = JTJLeM

glk,,L — 1’

2nn
k, = —, 5.152
2 ( )

where n is an integer, positive, negative, or zero. The eigenfunctions are
¥, (x) = /1/Le¥ ™/t (5.153)

and they form an orthonormal basis since

L L
1 ,
/ dxyr 0y, (x) = — / dx? L — 5 (5.154)
0 L Jo '
An arbitrary wave function can be written as

Yt =Y a, ()Y, (). (5.155)

where the k,s take on discrete values. To take the limit that L — oo you must do
two things. First, the sum over n must be converted to an integral over a continuous
variable k. Second, ay, () must be replaced by a continuous amplitude a(k, f) that
has units of 1/+/k. To go over to a continuum, I set

v =Y a0y, ()

= 1/L Z a, (e

kn

1 iknx
= ,/1/LE;akn(z)e Ak, (5.156)
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where Ak, =2 [(n+ 1 —n)] /L = 2w /L = Ak. To achieve the final result I now
make the replacements

L o0
> Ak, — —/ dk (5.157)
m 27 J oo
and
ay,(t) = /2m/La(k,t). (5.158)
to arrive at

Vx, 1) = ,/i/c>o dk a(k, t)e™**. (5.159)
27 Jooo

This method can be generalized to three dimensions by adopting periodic
boundary conditions in all three directions, namely
27mV

Znnx 27mz

(k ) = L (ky')n

(k), =

(5.160)

The sum over 7 is converted to an integral over k using the prescription

L 3
Z N (E) /dk (5.161)

and Eq. (5.158) is replaced by

2

3/2
a [(kx)m (&), - (k) ;t] N (T) a(k, 1). (5.162)

5.6 Problems

Note: You can always assume that the eigenfunctions have been chosen to be
orthonormal unless specifically told otherwise.

1. Why are Hermitian operators important in quantum mechanics? What is the
possible outcome of a single measurement on a single quantum system of the
physical observable associated with a Hermitian operator? Why does the energy
operator play such an important role in quantum mechanics? If the eigenvalues of
the Hamiltonian are nondegenerate, what do you know about the eigenfunctions
of that Hamiltonian? If the eigenvalues of the Hamiltonian are degenerate, are the
eigenfunctions of that Hamiltonian necessarily orthogonal? Explain.
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2. Suppose a Hermitian operator A has eigenfunctions ¥, (r) and eigenvalues a,.
At a given time, the (normalized) state of a single quantum system is equal to

Y (@X) =) by, ().
Prove that

(A7) = 3 @bl
If

Y (@)= beyp (1),
E

where the v (r) are (normalized) eigenfunctions of the Hamiltonian, derive an
expression the variance of the energy (assume that v (r) is normalized) in terms of
the bg’s and the energy eigenvalues.

3. Consider a Hermitian operator A having eigenfunctions ¥, (r) and eigenval-
ues a,. At a given time, the state of a single quantum system is equal to

V() =Ny, @) +2y,, @)+ 3¢, ©)]

with a; = 1, ap = 3, a3 = 5 in some appropriate units.

(a) Find N such that ¥ (r) is normalized.
(b) For this state, what are the only possible values of the dynamic variable
associated with the operator A that could be obtained in a single measurement?

(¢) Find <12\> in this state.
(d) Find the variance of A in this state.

[Hint: This is an easy problem and doesn’t require any complicated expressions.
Use the results of Problem 5.2.]

4. Use the fact that
(ﬂ=[W@ﬁW@ﬁﬁ=/@@ﬁwmﬁ®

to prove that

ad

when operating on functions of momentum.



112 5 Postulates and Basic Elements of Quantum Mechanics: Properties of Operators

5.(a) Prove

and
[A.Be] = B[A.c]+[A.B]C.
(b) Prove that if A and B are Hermitian, then AB + BA and i [A, f?] are Hermitian,
but AB is Hermitian only if [A, f?] =0.

6. Evaluate [p,, V(x)], [p2.x]. and [f)x % + ]%2] If p, does not commute with

the Hamiltonian, how do you know that ¢”/% is not an eigenfunction of the
Hamiltonian?

7. Show that, to second order in the operators,

A+B A B

e = P2

where C = [A, I§]. Note that this equation is true to higher order only if both A and

B commute with C. Also prove that to second order in the operator A,

ind_paaale LTala s
dBet = B+ [AB]+ 5 [A[AB]]+--

8. (a) Prove by a counterexample that [A , B] = 0 and [f? é'] = 0 does not imply
i.c]-
(b) The projection operator P, is defined by
i)uwa’ = 8a,a’wa’

where a is an eigenvalue of the Hermitian operator A. Prove that P, is
Hermitian, that P2 P, >, P, =1, and that AP, = aP,.

9. Suppose you are given a Hamiltonian

~ p
H=> +V,
2m+

having eigenfunctions ¥ ;(x). At = 0 the wave function can be written as

Y(x,0) =) ary ().

E
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(a) Write the solution valid for any ¢ > 0.
(b) Obtain an integral expression for (p) and show that, in general, (p) is a function
of time. Why is this so?

10. How do you know that eigenfunctions of the momentum operator must be
eigenfunctions of the free particle Hamiltonian? Why is it that eigenfunctions of
the free particle Hamiltonian are not necessarily eigenfunctions of the momentum
operator even though the two operators commute? For problems in one dimension,
why is the maximum energy degeneracy equal to 2?

11. Prove that [P, p,] # 0, [P, p?] = 0, and that [P, H] = 0 only if V(x) = V(—x),
where H = % + V and P is the parity operator. Under what condition are you

guaranteed that the energy eigenfunctions are either even or odd functions of x?
12. Consider that we have two independent quantum Hamiltonians, H, and H, and
the total Hamiltonian is
H=H +H,.
The eigenfunctions and eigenenergies of H, and H, are

1:111#51,, (r1) = Envg, (r1);
By, (1) = By, (12).

Since the Hamiltonians correspond to independent quantum systems,
A i) =0

and the operators can possess simultaneous eigenfunctions. Prove that the eigen-
functions for the composite system are simply the product of the eigenfunctions
of the individual systems, while the eigenenergies are the sums of the individual
energies.

13. (a) Prove that the current density J,(x) vanishes at all points in space only if
V¥ (x) is purely real or purely imaginary.
(b) As a consequence show that (p,) = 0 if J,(x) = 0.
(c) Prove that the converse is not true. In other words, there are wave functions such
as eigenfunctions of the parity operator for which (p,) = 0, but for which J,(x)
is not necessarily equal to zero.

14-15. For a particle of mass m having an initial normalized square integrable wave
function of the form

¥(x,0) = f(x)e™,
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where f(x) is real, prove that

o0

(Xp + p3) = 2hk / dxf?(x)x = 2hk (x(0)) .

Use this result to prove that, for such an initial wave function,
Ax(1)? = Ax(0)% + (Av)* £,

where Av = Ap/m.

16. For a free particle wave packet, prove that

d (3(1))
dt

A AA

= (Xp + px) /m,

where m is the mass of the particle. Specifically, for the free particle wave packet
whose wave function is given by Eq. (3.36) with ky = 0, prove explicitly that

d [, dxyr (x, 1)*22 (x. 1) _
dt B

1 o0
L / deyr (x. 1) G + PR) ¥ (x. 1)
mJ—co

by evaluating both sides of the equation.
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