Chapter 10
Spherically Symmetric Potentials: Radial
Equation

Now that we have studied angular momentum, it is an easy matter to obtain a
solution of the Schrodinger equation for spherically symmetric potentials V(r).
I will look at bound state solutions of Schrodinger’s equation for the infinite
spherical well potential, the finite spherical well potential, the Coulomb potential
(hydrogen atom), and the isotropic, 3-D harmonic oscillator potential. Among these,
the Coulomb potential is undoubtedly the most important, since the solution of the
Coulomb problem was one of the major triumphs of quantum mechanics.

To help understand the quantum bound state radial probability distributions, it
will be helpful to compare the quantum results with the classical radial probability
distributions. For a particle having mass @ moving in a potential V(r), the effective
potential is

Verr(r) = V(r) + L2/ (2ur?) (10.1)

where L is the magnitude of the angular momentum of the particle. For the effective
potentials that I discuss (see, for example, Fig. 10.1), the bound state classical
motion is always restricted to a range ryin < r < I'max, Where the values of ry,;, and
rmax are classical radial turning points of the orbits for a given energy and angular
momentum (for L = 0, the classical orbit is a bounded straight line though the
origin, but r, = 01is still a turning point for the radial motion). In this chapter I use
the symbol p for the mass to distinguish it from the magnetic quantum number m—
it has the added advantage that in two-body problems such as hydrogen, p actually
refers to the reduced mass of the electron.

I define a time 75, as the time it takes for a classical particle having mass u to
move from 7y, t0 rax. In the case of the Coulomb and oscillator potentials, the
bound orbits are closed. The time T,; is half the orbital period in the Coulomb
problem and one-quarter the orbital period in the oscillator problem. For other
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Fig. 10.1 Effective potential for the Coulomb potential, V(r) = —K,/r in units of K,/ay as a
function of r/ag, where aq is the Bohr radius. To relate the classical and quantum problems, the
angular momentum is set equal to 4/¢(£ 4 1). The lowest curve has £ = 0 and the other curves
are in order of increasing £

potentials the motion is not periodic and the orbits, while bound, are not closed.
I assume that there is a single rpyi, and a single ryax in the effective potential for
each energy.

The classical radial probability distribution is equal to the time the particle
spends in an interval dr during its motion between ryi, and rmx, divided by 751,
namely

dt
— | dr. 10.2
dr " ( )

ldi] 1

PCldSS( )d —
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I use conservation of energy to calculate |df/dr|. The energy in the classical case
can be written as

dr L2
E = V(). 10.3
(dt) +2ur2 +V(r) (10.3)
From this equation, it follows that
dt 1

a _ , (10.4)

dr \/(E V) - o)

which implies that

Ty = / \/ . (10.5)

E— V()—zm>

Combining Egs. (10.2), (10.4), and (10.5), I find
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PIss () = !
Iﬁ¢%<E—VOO—2ﬁJ
= ! , (10.6)
2 L2 Tmax dr
¢E@“”“”—am)ﬁm'?ﬁjz:35
where ryin and 7y« are the solutions of the equation
Vet ("min.max) = V (Fmin.max) + ﬁimx =E. (10.7)

The effective potential is extremely useful in analyzing problems involving
central forces. For example, consider the attractive Coulomb problem for which
the potential energy is

vm=—%, (10.8)

where K, is a positive constant. The effective potential is drawn in Fig. 10.1 for
several angular momenta. Classically, if the particle has negative energy, E < 0, it is
always bound. For L = 0 the particle orbit passes through the center of force and the
energy can go to —oo. For any L > 0, the particle can never go through the origin
and the particle must have a minimum energy E, that can be obtained by setting
dVegt (r) /dr = 0. For L > 0 and E, < E < 0, the classical orbit is bound between
the two radii 7yin max- At such turning points in the orbit, the radial kinetic energy
vanishes.

If the angular momentum is zero, the orbit passes through the origin and all
the kinetic energy arises from its radial component. At points where the effective
potential has a minimum, the particle undergoes circular motion and all the kinetic
energy arises from the angular motion. If we fix the energy in bound state problems,
there is a maximum value of the angular momentum determined by

2
1 Lina =E—-V(ry), (10.9)

2;”3 N

where ry is the value of the radius for which the effective potential is a minimum.
On the other hand, if instead of fixing the energy we fix the angular momentum
and if L > 0, then the energy of the particle must be greater than or equal to some
minimum energy,

1 L2

Enin = V(rO) + 5 2 (1010)

2 prg

since there is a non-vanishing component of the kinetic energy resulting from the
angular motion.
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In quantum mechanics there is something analogous to the radial momentum
defined in Eq. (9.10), allowing us to reduce the quantum problem to an effective
one-dimensional problem for the radial motion. The effective potential serves as the
potential for this one-dimensional radial motion. For example, we can expect that
there may be bound state motion for £ < 0 for the Coulomb effective potential
shown in Fig. 10.1. However, for L = 0, we do not expect the minimum energy to
equal —oo and, for any L # 0, we expect that, if there are bound states for a given
L, the minimum energy will be larger than the minimum energy of the classical
problem. The particle cannot rest at the minimum of the effective potential since
this would violate the uncertainty principle. As in the classical problem, for a given
bound state energy, there will be a maximum value of the magnitude of the angular
momentum that is allowed.

10.1 Radial Momentum

The classical Hamiltonian is given by

2 2
p; L
Hyp = 22 V). 10.11
1 M + 2 + V() ( )
where
p=2T (10.12)

r

is the radial component of the momentum. On the other hand, the quantum
Hamiltonian is

NS
H=—+V=—-V24+V(). (10.13)
21 2u

Writing V? in spherical coordinates,

, 13,0 1 8'98+ 1 (10.14)
== 7r—+———smb—+ ——5-—— .
r29r dr  r?sinf 96 30 r2sin 6 >’
and using the fact that
p2— |t isinei+;8—2 (10.15)
- sinf 36 90 ' sin’0 d¢° | '

I can rewrite the quantum Hamiltonian as

. B2 (19 ,0 L2
g M (lo,0) L7 , 10.1
21 (r2 arr Br) + 2ur? +V (10.16)
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If you compare Eqgs. (10.11) and (10.16), it would seem that

pr=—h? (13#3) , (10.17)

r20r Or

but this is not guaranteed. I must obtain an expression for the quantum-mechanical
radial momentum operator corresponding to the classical variable given in
Eq. (10.12) to show whether or not this is the case. To get an Hermitian operator
that corresponds to this classical variable, I take the symmetrized form

« lygr, ,r h
pr= —(—-p+p-—) =5 (- -V+V-u). (10.18)
r r 2i
I next evaluate

h
i)rw = _. [ur : Vlﬁ +V- (llrlﬂ)]

v V. v
Z[a—‘f‘l/’ u +u,- Wil

_ v
=% [28_ +yYV- u,:| . (10.19)

To calculate V - u,, I use spherical coordinates,

1 , 2
Veou, = 5—r =-. (10.20)
2 or r
It then follows that
1
ﬁr=2(3+—) (10.21)
i\dr r
and
. 0 v Y
20 32
iv=—(5+7) (5 )
Py 200 Yy
_ _}2 -7 _
- h|:8r2+r3r r2+r2i|
02y 20y 19,0y
— _ 32 27— 10.22
h|:8r2+r8rj| h(rzar 3r)’ (1022)
or

19,9
~2 2 227
P =—h (r2 P ar)' (10.23)
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Combining Egs. (10.16) and (10.23), I find

LA (10.24)

which mirrors the classical Hamiltonian given in Eq. (10.11).

[As an aside, I might point out the situation is different for problems with cylin-
drical symmetry about the z-axis. The classical Hamiltonian for two-dimensional
motion in the xy plane is

2
7
Heass = — + 5 2 + V(,O), (10.25)
2 2pp

where p is a cylindrical coordinate and p, = p - u,. The corresponding quantum
Hamiltonian is

. h? 2 (19 9 2
H=——V>’+V(p)=—— (——p—) + —= + V(p), (10.26)
2u 2u\pdp dp)  2up?

which would suggest that
10 0
A2 2
p. = —h (——p—) (10.27)
P pdp dp
in the quantum case, but this is not true. Instead, (see problems)
19 0 2
A2 2
= B2 =p—= — 10.28
Pe (p appap) T4 (1028

and the effective potential in the quantum problem is

N h?
Vg =V i . 10.29
fif + 20?8’ ( )

There is an attractive quantum correction, —#%/8up%, to the classical effective
potential.]

10.2 General Solution of the Schrodinger Equation for
Spherically Symmetric Potentials

The time-independent Schrodinger equation that must be solved is

2
HY(r) = [—;l—uvz + V(r)] Y (r) = EYg(r) (10.30)
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or

R (10 0y, 2 _
% (r_Za_rr T) - |:E— V(r)— sz} Yp(r) =0. (10.31)

Based on the fact that &, 12, and f,z commute and that the Y}" (6, ¢) are simultaneous
eigenfunctions L* and IAJZ, I try a solution of the form

Y gom(r) = Ree(r) Yy (0, 6), (10.32)
substitute it into Eq. (10.31), and use the fact that
LY (0,9) = 2L (L + 1) Y (0,9) (10.33)

to obtain

h? (] erdRE‘f(r))+[E—V(r)—M]RE5(V):O;

2u \ P2 dr dr 2/ur?
dzREg(r) 2 dREg(r) 2[1, Il’lzg (E + 1)
- — |E-V(@#) ——|R =0. (10.34
alr) | 2dRee +h2[ 0= ]mm (1034)

Using the results of Chap.9, I have shown that it is a simple matter to reduce all
central field problems to the solution of a one-dimensional radial equation for
the radial wave function Rge(r). Note that the radial wave function has units of
volume /2,

Let’s pause for a second and appreciate the importance of Eq. (10.34). We see
that, for each value of £, there is a radial equation that must be solved for an effective
potential

20 (L + 1)

Veir(r) =V (r) + 20

(10.35)

That is, for each value of £, we can determine what bound states, if any, are
present. It is helpful to remember that each value of £, in effect, corresponds
to a separate problem for a given central force field. You see that the magnetic
quantum number m of Y}" (6,¢) does not appear in Eq.(10.34). Owing to the
spherical symmetry of the potential, the energy depends only on the magnitude
of the angular momentum and not on its direction. In the classical problem, this
leads to an infinite degeneracy since all directions of L are allowed. In quantum
mechanics, however, the degeneracy is discrete since, for each value of ¢, m can
take on (2 + 1) values [—£,—£+1,...£—1,£]. In other words, owing to spherical
symmetry, the eigenfunctions ¥/, (r) are at least (2¢ + 1)-fold degenerate for a
given value of E and .
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It is sometimes convenient to introduce a function
uge(r) = rRe(r) (10.36)
which transforms Egs. (10.34) into

dug(r) | 2p
T + ﬁ |:E -V —

B+ 1
—2(11«; )] uge(r) = 0. (10.37)

From here onwards, I usually drop the E subscript—it is implicit.

10.2.1 Boundary Conditions

As in any problem in quantum mechanics, we must examine the boundary condi-
tions. It is assumed that V (r) > E as r — 00, since the discussion is restricted to
bound states. As such, I expect the radial wave function to fall off exponentially
as some power of the radius as r — oo since r — oo corresponds to the
classically forbidden region (a region where the radial contribution to the kinetic
energy is negative). The exact form of the dependence depends on the nature of the
potential, but the centrifugal (angular momentum term) potential does not contribute
as r — oo since it falls off as 1/72.

As r — 0, I require that the radial probability density, r2 |[R¢(r)|> = |u¢(r)|*, be
finite at the origin. Let us first consider £ # 0 and assume the centrifugal potential
term is larger than V(r) as r — 0. As r — 0, the radial equation can then be
approximated as

dug(r)  L(L+1)
- 2 w=0 (10.38)

which has solutions u,(r) = r=¢, r*1, The ¢ solution must be rejected since it
leads to a radial probability density that is not finite at the origin. Thus

ug(r) ~ it (10.39)

as r — 0. This is a general result for any potential that rises or falls less quickly
than 1/r2 as r — 0. The power law dependence in Eq. (10.39) is not surprising; the
larger the angular momentum, the further away from the origin we can expect to find
the particle. The origin is a classically forbidden region if £ # 0, since a classical
particle having non-zero angular momentum cannot pass through the origin.

For £ = 0, the situation must be examined on a case to case basis, using

dup(r)  2u
d;)z + 25 [E=V(]uo(r) = 0. (10.40)
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For attractive potentials that fall off faster than —1/72 there is no solution of the
radial equation that satisfies the necessary boundary condition as r — 0 when
¢ = 0. In fact, for attractive potentials that fall off faster than —1/ r2asr — 0,
there is no normalizable solution for any value of £. For attractive potentials that
fall off more slowly than 1/7? as r — 0, it would seem that the requirement that
luo(r)|* be finite at the origin would not rule out the possibility that Ry(r) varies
as 1/r, since r2 |Ro(r)|* would then be finite; however, ¥ (r) ~1/r is not a solution
of Schrédinger’s equation since, in that limit, the V>t (r) term in the Hamiltonian
would give rise to a delta function that is not present in the potential. Therefore, as
r — 0, we must require that

uy(r) = rRo(r) ~ 0asr — 0. (10.41)

Generally speaking, for the potentials that I consider, the radial wave function u(r)
satisfies the boundary condition

w(r) = rRe(r) ~r*lasr— 0 (10.42)

for all values of £. In other words, R;(r) is finite at the origin.

To summarize, in bound state problem and for £ # 0, there is a classically
forbidden region that extends from » = 0 to ry;,, a classically allowed region
between ryi, and ryax, and another classically forbidden region for r > rp,x (recall
that 7, and ra are the turning points of the classical orbits for a given energy).
For each value of £, the lowest energy state radial wave function will have zero
nodes in the classically allowed region, the next higher states, one node, etc. We can
expect the radial wave function to have a polynomial or sinusoidal-like dependence
in the classically allowed region. In the classically forbidden regions, the radial wave
function has no nodes and Ry (r) approaches zero as r — 0 (for £ # 0) as ' and
as some exponential power of r as r — oo. Each state having angular momentum
quantum number £ is (2¢ + 1) fold degenerate, owing to the spherical symmetry.

I now analyze the infinite spherical potential well, finite spherical potential well,
Coulomb, and isotropic oscillator potentials.

10.3 Infinite Spherical Well Potential

The infinite spherical well potential is

v =19 r<e. (10.43)

(o.@] r>a

The effective potential in units of #2/2ua?, with L2 = A% (£ + 1), is shown in
Fig. 10.2 as a function of r/a. Classically, there are bound states for any value of L
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Fig. 10.2 Effective potential (in units of /2/2ua?) for an infinite spherical well as a function of
r/a. Curves corresponding to several values of angular momentum L = % +/£ (£ 4 1) are shown
(the £ = O curve is along the horizontal axis). For each value of angular momentum, there is
an infinity of discrete energies E possible classically. In the quantum problem, the energies are
discrete. In both the classical and quantum cases, there is no upper bound to the allowed energies

and, for a given value of L, bound states occur for all energies

L2
E > ,
~ 2ua?

(10.44)

where u is the mass of the particle moving in the potential. In the quantum problem,
you will see that the minimum energy for a given value of L is larger than that
predicted by Eq. (10.44). Moreover the allowed energies are quantized rather than
continuous. Classically, the particle is reflected each time it bounces off the spherical
potential wall at » = a, but moves with constant velocity between bounces. There
are no simple closed orbits, except for L = 0, when the particle moves along a
diameter.

To introduce the quantum problem, let me first consider £ = 0. The effective
potential for L = 0 looks similar to that of the one-dimensional infinite square
well potential (except, in the one-dimensional problem, the well width would be 24,
going from —a to a), but there is an important difference. In the three-dimensional
problem, even though the potential vanishes at the center of the well, » = 0, there is
a boundary condition that must be satisfied there. The boundary condition at r = 0
i U =0(r) = wro(r) ~ r, implying that u;0(0) = 0. In other words, solutions
corresponding to even parity solutions of the analogous one-dimensional problem
(which do not vanish at the center of the well) cannot occur in the three-dimensional
case. Remember, the radial coordinate is always positive.

The solution for £ = 0 is pretty simple. Equation (10.37) for the radial wave
function when r < a is

d?uyo(r)

yEans Kugo(r) = 0, (10.45)
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where

V2UE

k=
h

. (10.46)

Solutions of this equation are sines and cosines of kr, but only the sine functions
vanish at the origin, as required. Moreover, for the wave function to vanish at r = q,

ni
k—kyg=o =k =—; n=12.3..., (10.47a)
a

implying that the energy levels are quantized,

h2i2,
Epe=o = —2. (10.47b)
2p
The radial eigenfunctions are
()
Ruo(r) = 00 _ ) AT r<a (10.48)
r 0 r>a

where A is a normalization constant that is calculated below.
The radial probability distribution P, (r) is obtained by looking at the probabil-
ity to find the particle in a spherical shell between r and r 4 dr, namely

Pu(r) =1 / dQ |, (0" = r* [Ree ()] / d2|¥7@.9)| = lune(r)*.
(10.49)
[For £ # 0, I can still label the eigenfunctions by #, although the energy is no longer
given by Egs. (10.46) and (10.47a).] For £ = 0,

A%sin® (L) r<a

0 r>a

PnO(r) = |un0(r)|2 = {

2 ;w2 (nmr
= sin (—) r<a
=44 a , 10.50
{ 0 r>a ( 2)
where the value of A was obtained using the normalization condition
o a
/ drPoy(r) = A2 / drsin® (ﬂr) —1. (10.50b)
0 0 a

You can view the radial probability distribution as corresponding to the odd parity
eigenstates of the one-dimensional problem for a well of size 2a located between
x = —a and x = a, provided you restrict the solution to x > 0.
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Having considered the solution for £ = 0, I now discuss the solution when £ # 0.
For each value of £ # 0, there is an infinity of quantized energy levels with some
minimum energy. It might be surprising, but, for £ # 0, it is simpler to write the
equation for r < a in terms of Ry, (r) instead of ug(r), since the resulting equation

d*R 2dR Ll +1
() 2dRen) [ EEED]L o (10.51)
dr? r o dr r?

is recognized as a form of Bessel’s equation. The independent solutions are the so-
called spherical Bessel and Neumann functions,

Je(x) = ‘/;Juuz(x); (10.52a)
X

ne(x) = ,/;Nul/z(x), (10.52b)
X

where Jy(x) and N;(x) are ordinary Bessel and Neumann functions. The Bessel
functions J,(x) = Bessell[n,x] and N,(x) = BesselY[n,x] are built in functions
of Mathematica, as are the spherical Bessel functions j,(x) = SphericalBesselJ[n,x]
and n, (x) = SphericalBesselY[n,x]. The general solution of the radial equation for
r < ais then

Ri(r) = et (1)

= Agje(kr) + Beng(kr). (10.53)

where Ay and B, are constants (that also depend implicitly of k). The solution must
be consistent with the boundary condition that Ry, (r) be finite at the origin. As
x—0

£+1
) ~ — 10.54
e~ o (10.542)
-1 £=0
n() ~ 3 , (10.54b)
24 ) _(2f(+11)!! E#O

where
E+H=M1AB)...2L=1D 2L+ 1);

therefore, I must set By = 0 in Eq. (10.53) for all £ to satisfy the boundary at the
origin. As a consequence, the radial wave functions are

Ry (r) =

uee(r) _ [ Agje(kr)  r<a (10.55)
r

0 r>a
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The first few spherical Bessel and Neumann functions are:

sin x
Jo(x) = —; (10.56a)
X
. sinx  cosx
) =—- ; (10.56b)
X X
301
() = (—3 - —) sinx — 3507 (10.560)
X X X
no(x) = — 2 (10.56d)
X
ny(x) = ——Coix - = (10.56¢)
X X
301 i
no(x) = — (—3 - —) cosx —322, (10.56f)
X X X
and a useful asymptotic limit is
: Ir
sin (X — &+
Je(x) ~ sin (v = 7) ); (10.57)
X
121
—COS (X — 5
ne(x) ~ —eosl=F) ), (10.58)
X

valid for x > 1 and x > /.
Returning to the solution (10.55) and imposing the boundary condition that
Rie(a) = 0, Ifind

ji(ka) = 0. (10.59)

This equation can be solved numerically. For each £, there is an associated effective
potential that has an infinite number of energy levels. That is, for a given ¢, the
discrete energy levels can be labeled by

Znt = kyea, (10.60)

where z,,¢ is the nth zero of the £th spherical Bessel function (n = 1,2, 3,...). For
example, with £ = 1, the lowest energy state has z;; = (ka),; &~ 4.5, implying that

Ry TR g0 T
2L 2ua? 2ua?

(10.61)

The difference between the ground state energy for a given £ and the correspond-
ing classical minimum energy [A%€ (£ + 1) /2ua?|, measured in units of #?/2ua?
is equal to

(Eve — E{™) / (0 /2ua®) = (210)® = L (L + 1), (10.62)
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which is equal to 2, 18.2, 27.2, 36.8 for £ = 0,1,2,3. The difference grows
with increasing £ since Ar decreases with increasing £ (see Fig. 10.2), leading to
larger values of Ap,. As in the one-dimensional well, the energy levels for a given
{ increase roughly as n? for large n, where n labels the corresponding zero of the
spherical Bessel function.

The radial eigenfunctions are

An&j@(knlr) r<a

Ru(r) = 0 r>a (10.63)
and the radial probability distributions are
Pu(r) = rzAﬁ,j%(kngr), (10.64)
where the normalization coefficient is determined from
a —-1/2
- [ / dr r2j§(kner)] . (10.65)
0

For each value of £, the radial probability distribution has no node (other than
that at » = 0 and r = a) for the lowest lying energy state, one node for the next
higher energy state, etc. The dimensionless radial probability distribution aP,,;(r) is
plotted in Figs. 10.3, 10.4, and 10.5 as a function of r/a for £ = 0,5, 10and n = 1,
2, 3. As you can see, the probability distribution is pushed further away from the
origin with increasing £, as would be expected from the effective potential shown in
Fig. 10.2.

The classical radial probability distribution, obtained from Egs.(10.6)
and (10.7), is

/=0, n=1,2,3
aPn,
2.0t - o~
SN 7N
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Fig. 10.3 Dimensionless radial probability distribution aP, for the infinite well potential for £ =
0 and n = 1 (red, solid), n = 2 (blue, dashed) and n = 3 (brown, dotted)
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Fig. 10.4 Dimensionless radial probability distribution aP,; for the infinite well potential for £ =
5and n = 1 (red, solid), n = 2 (blue, dashed) and n = 3 (brown, dotted)

/=10, n=1,2,3

Fig. 10.5 Dimensionless radial probability distribution aP, for the infinite well potential for £ =
10 and n = 1 (red, solid), n = 2 (blue, dashed) and n = 3 (brown, dotted)

apfll[ass (r) = Znt . (10.66)

2 L(L+1)a? LU+
\/(an_r—za)\/<l_7)

To arrive at this result, I set

hk2,
L2=h2U+1), (10.67b)

in Egs. (10.6) and (10.7) to make a correspondence with the quantum problem and
used 7in = a/£ (£ + 1)/z,¢ and rpa = a in carrying out the integral appearing in
Eq. (10.6). In Fig. 10.6, I plot aP,;(r) as a function of r/a for { = 5 and n = 10,
along with the classical probability distribution. As you can see, the quantum radial
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/=5, n=10

Fig. 10.6 Dimensionless radial probability distribution aP,; for the infinite well potential for £ =
5 and n = 10; quantum distribution (red, solid), classical distribution (blue, dashed)

probability distribution in the classically allowed region, averaged over oscillations,
is in good agreement with the classical distribution. The classically allowed region,
obtained by solving Eq. (10.7), is defined by

VEE+ 1))z < rfa < 1. (10.68)

For £ = 5 and n = 10, I find that z;o5 = 38.9 and that the classically allowed
regionis 0.141 < r/a < 1.

Before leaving this section, I would like to return to the case of £ = 0, for which
Zsin® ()  r<a
0 r>a

P nO(r ) =
For large n, the radial probability density oscillates rapidly. When averaged over
these oscillations, the radial probability distribution reduces to P,o(r) = 1/a, the
classical probability distribution for a free particle moving along a diameter of
the well. In the classical problem, the particle moves along a specific diameter
(depending on the initial conditions), but in the quantum problem |y Efm(r)|2 =
|Ree(r)Y (6, q15)|2 = R2,(r)/4m is spherically symmetric. Remember that in the
classical limit, quantum probability distributions correspond to classical distribu-
tions, averaged over all possible initial conditions. If we average the classical result
over all possible initial conditions when L = 0, there cannot be any 6 dependence
since motion along every diameter of the sphere is equally likely.
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Fig. 10.7 Effective potential (in units of A#2/2a?) for a finite spherical well as a function of r/a
for B2 = 50. Curves corresponding to several values of angular momentum L = /2 (£ + 1) are
shown

10.4 Finite Spherical Well Potential: Bound States

Next I consider the spherical well potential,

—Vo<O r<a

Vv =
) 0 r>a

(10.69)

I consider only bound states, that is states for which £ < 0. The effective potential
in units of #%/2ua?, with L?> = #2€ (£ + 1), is shown in Fig. 10.7 as a function
of r/a for £ = 0,2,5,9. Note that the value of V{ in these units is ,32 (that is,
Vo/ (h*/2pa®) = B*). 1t is clear from the figure that, for fixed Vo, the number of
bound states decreases with increasing angular momentum. A necessary (but not
sufficient) condition for bound states to exist is

2,
LE+1) < %az s (10.70)

otherwise, the effective potential is everywhere positive and E must be positive
as well. When condition (10.70) is satisfied, the number of bound states, if any,
depends on the values of £ and .

The radial equation for r < a is

’R 2dR 1
@Ree(r) | 2dRpe() o LEADTL ) (10.71)
dr? r dr r?

where

V2u(E+V,
]{:M>O

10.72
- . (10.72)
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while, for r > a, the equation is

d’R 2 dR L +1
() | 2dRee(r) ([ o LEHDTL o, (10.73)
dr? r dr r?
where
V—2nE
‘= Tﬂ > 0. (10.74)

In both cases, the equation is a form of Bessel’s equation, but I must chose
the appropriate solutions consistent with the boundary conditions. The radial wave
function must be finite at the origin and must not blow up as r — oo. To satisfy
these boundary conditions, I take

Agji(K'r) r<a

Rgo(r) = ,
5e(r) thgl)(i/cr) r>a

(10.75)

where
" (@) = ji(z) + ing(2) (10.76)

is a spherical Hankel function of the first kind for which hfl)(ilcr) ~ e asr — oo.
The eigenenergies can then be obtained by equating the radial wave function and its
derivative at r = a, and then solving the resulting equations graphically. In other
words, I set

Agji(K'a) = BehM (ika): (10.77a)
K Agjj(Ka) = ikBeh" (ika), (10.77b)

where the primes on the Bessel or Hankel functions indicate derivatives that are a
shorthand notation for

5
jiKa) = Y9 (10.784)
dz z=kKa
dhy"
hY (ika) = dhy_(2) (10.78b)
dz )
I=lIKa
Dividing Egs. (10.77), I find
. k/ h(l) :
JgKa) by (ixa) (10.79)

K'j)(K'a) a iKh?l)/(i/ca)'
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If you use the fact that (K'a)? = B — (ka)?, where B is defined by Eq. (10.70), you
can solve Eq. (10.79) graphically for (xa) for each value of £ and . The solution
determines the energy (see problems).!

For £ = 0, I can use the fact that

sin
Jo(z) = TZ; h"(z) = —i% (10.80)

to evaluate Eq. (10.79), but it is easiest to return directly to Eq. (10.37),

dzME.o (r)

ey K*ugo(r) =0 (10.81)
for r < a and
d2
udE—}(z)(r) — kPugo(r) =0 (10.82)

for r > a. The appropriate solutions of these equations are

Ap sin(k'r) r<a

10.83
Boexp(—kr) r>a ( )

ug e=o(r) =
(only the sin solution can be taken for r < a since Ry(r) = uo(r)/r must be regular
at the origin). You can now solve as we did for a potential well in one dimension
having width 2a, although the solution corresponds only to the odd parity solutions
of that problem since ug ¢ must vanish at » = 0, and only to the region x > 0 since
r must be positive. There is a bound state for £ = 0 only if 8 > /2.

For values of £ > 1, there are correspondingly higher values of 8 needed to
support a bound state. The actual values for the eigenenergies and the number of
allowed solutions are obtained by solving Eq. (10.79). For sufficiently large £ that
violate condition (10.70), no bound states can exist in the quantum problem, even
though positive energy, classical bound states can always be found for the effective
potentials shown in Fig. 9.8 for any value of £.

10.5 Bound State Coulomb Problem (Hydrogen Atom)

The electrostatic Coulomb potential is

V(r) = —%, (10.84)

'The function hl(l) (ika) is real for even £ and purely imaginary for odd ¢, while the function

h;(l)(ika) is real for odd £ and purely imaginary for even £; as a consequence, the right-hand
side of Eq. (10.79) is always real.
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where K, = e?/4me is a constant. For hydrogen, the mass that appears in the
Hamiltonian is not the electron mass m, but the reduced mass 1 = mmy,/ (m + my)
where m,, is the proton mass. The radius r appearing in Eq.(10.84) is then the
relative electron—proton separation. The effective potential is shown in Fig. 10.1;
classical bound states are possible for a range of negative energies, independent
of the value of £. Looking at the effective potentials in Fig. 10.1, you might think
that, for large £, the wells are too shallow to support a bound state in the quantum
problem. It turns out, however, that this is not the case. The slow fall off of a 1/r
potential leads to a situation where, for any value of £, there is an infinite number of
bound states. For the classical problem, there is a continuum of bound state energies
for each L, while in the quantum problem there is a discrete infinity of bound state
energies for each £.
For the potential of Eq. (10.84), the radial equation, Eq. (10.37), reduces to

d*ug(r)  2u K, hH{+1)
— |FE+ —— —— =0. 10.85
dr? h2 |: + r 2ur? :|W(r) ( )

It is convenient to introduce dimensionless variables

o = rlag; (10.86a)
A = —E/Eg; (10.86b)
u(r) = ve(p). (10.86¢)
where
h? Aol
ap = = ——=529x10""m; (10.87a)
nK,  pcors
1K, 1
Ep = Ea_o = Eﬂczais = 13.6 eV; (10.87b)
K, 1 & 1 (10.87¢)
o = — = —_— " —. . C
B he 4meg he 137
In terms of these variables, Eq. (10.85) is transformed into
d*v 2 L(L+1
6P [y 2 EEEDT = (10.88)
dp? p?

This is a somewhat general dimensionless form of the radial equation. For
different potentials the only term that changes is the 2/p term. I can build in the
asymptotic dependence of the radial wave functions as p — 0 and as p — oo. The
boundary condition as p — 0 is

ve(p) ~ p' T (10.89)
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As p — oo, the radial equation can be approximated as

d*vy(p) _
dp?

Ave(p) = 0 (10.90)

which has solutions v;(p) = e*V22_ The ¢V** solution must be rejected since it
leads to a radial wave function that blows up as p — oo. Thus

ve(p) ~ eV (10.91)

as p — oo. This is a general result for the radial equation for any potential that goes
to zero as p — oo. The exponential dependence is not surprising since the particle
must penetrate into the classically forbidden.

Building in both asymptotic limits, I try a solution of the form

ve(p) = p 1V, (), (10.92)
calculate
" _ {—1 —ﬁp
v (p) =L+ 1) p eV " fip)
VA + 1) ple R0 fy (o) — 2V Ao T eV R0f ()
2L+ 1) pleVRof(p) + p VR ()
Lapt e VA0g, (), (10.93)
and substitute the result into Eq. (10.88) to arrive at
ol (o) +2[(€+ D)= oVA] (o) +2[1 = €+ DVA]fio) = 0. (1094)

I now make two additional changes of variable,

y =2pVA; (10.952)
fe(p) — ge(y), (10.95b)
which transforms Eq. (10.94) into
dzg(f dg 1
—_— 1—y)— — - +1 =0, 10.96
e RCRENE o P R P (1096

where

a=20+1. (10.97)
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Equation (10.96) is known as Laguerre’s differential equation. Only if @ > —1
do solutions of this equation exist that are regular as p — oo. This condition on «
is a necessary but not sufficient condition for regular solutions to exist as p — oo.
In addition it is necessary that

1
— —(+1) =g, 10.98
ﬁ(+)q ( )

where ¢ is a positive integer or zero. When both these conditions are satisfied, the
physically acceptable solutions of Eq. (10.96) are

8ar () = Ly (). (10.99)

The L7 (y) are the generalized Laguerre polynomials that satisfy the differential
equation

d*L2(y) dLy ()
y—L (o + 1 —y) ——= 4 ¢gL%(y) = 0. (10.100)
dy? dy q

Some properties of the generalized Laguerre polynomials [Mathematica symbol
LaguerreL[q, a, y]= L7 (y)] are listed in the Appendix.
For the hydrogen atom problem,

a=20+1>—1; (10.101a)
1
=—-(L+1). (10.101b)
1= 7 )
The requirement that ¢ be a non-negative integer leads us to the condition
! +L+1 (10.102)
—_— = n’ .
a e

where n is defined as (¢ + £ + 1). From Eq. (10.102) and the fact that both ¢ and £
are non-negative integers, it follows that

n>1 and £ <n-—1. (10.103)

As was to be expected from classical considerations, there is a maximum angular
momentum for a fixed energy.
The eigenenergies are given by

1 2.2
E, = —AEg = —- 22275,

s n=1,203,.... (10.104)
n
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For each value of n, £ can equal 0, 1, ..., (n — 1), and, for each value of £, m can
equal 0, &1, 2, ... & £. Thus, the energy degeneracy for a given n is

n—1
Y@+ =n (10.105)
=0

There is an “accidental degeneracy” for states having the same n, but different £.
This can be related to the fact that there is a conserved dynamic constant called
the Lenz vector that points in the direction of the semi-major axis of the classical
problem (the orbits are closed). In group theory the symmetry is related to the group
O(4), the orthogonal group in four dimensions.

The solution of Eq. (10.96) is

2
gua¥) = L ) = 241, (20V0) = 1251, (7’0) . (10.106)

To get the total radial wave function R,¢(p) ~ v¢(p)/p, I must multiply Lﬁe_‘zll (%)

by ple/" [see Eq. (10.92)]. The normalized dimensionless wave function can then
be written as

Voom (0) = Ru(p)Y" (6, 9) , (10.107)

where the dimensionless radial wave function R, (p) is
~ 2 \'? 2p
Ruto) = () a2t (%)
pn n
2 [n=€-=D! (2 ‘ —ofny2e+1 (2P
== —)— "L — 1, 10.108
n? (n+£)! ( n) ¢ =1\ n ( )

q! _
A;Hl(p) _ /me p/2p£+1/zL§£+1(p) (10.109)

is an associated Laguerre function. The &M;m (p) constitute an orthonormal set.
From the Appendix, some properties of the L2“+! and AZ+! functions are

and

L;Hl (p) is a polynomial of order ¢; (10.110a)

(g+2+ D!

= ol (10.110b)

oo
| ot o et =
0
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pALT (p) =200 (p) — V(i + L+ 1) (n = O AT ()

— V== + 0N, ()

o0
| donsony o) = 8,

1" 2wt 2P 2041 2p
(ot [ (2, (2) =

The number of nodes in the radial wave functionisg =n— £ — 1.

The first few dimensionless radial wave functions are

Rio(p) = 2¢7";
. 2—p)e
R = —
20(p) 2\/5
- e P/2
R = —;
21(0) 2@
. 2(27 — 18p + 2p%) e=P/3
R3(p) = ( ) ;
813
- 4(6—p) pe
R = —
31(p) 81«/6

2 /2 _
Ry (p) = 1V 1s —pre P

(10.110c)

(10.110d)

(10.110e)

(10.111a)

(10.111b)

(10.111c)

(10.111d)

(10.111e)

(10.111f)

Dimensionless radial wave functions are plotted in Figs. 10.8, 10.9 and 10.10 for

n=1,2,3
n=1, /=0
R1o
2.0
1.5+
1.0+
05}
1 2 3 4 5 P

Fig. 10.8 Dimensionless hydrogenic radial wavefunction for n = 1
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) n=2, /=0,1
Rz,

15 20p

Fig. 10.9 Dimensionless hydrogenic radial wave function for n = 2. £ = 0 (red, solid); £ = 1
(blue, dashed)

n=3, /=0,1,2

Fig. 10.10 Dimensionless hydrogenic radial wavefunction for n = 3. £ = 0 (red, solid); £ = 1
(blue, dashed); £ = 2 (black, dotted)

Going from an eigenfunction that is dimensionless to one that has dimensions of
1/+/volume is accomplished by taking
Y em (1) = Rue (DY (0, 9) (10.112)
where the radial wave function is

1 - r
Ru(r) = %Rng (—) (10.113)
ay ap

or

1 2\ [m=t—=1)[2r\" _ 2r
R, S Ao i r/nagp 2641 2 ) 10.114
0= () oo () it () cons



232 10 Spherically Symmetric Potentials: Radial Equation

In order to gain some physical insight into the radial dependence of the
eigenfunctions, I calculate the radial probability distribution and compare it with
the corresponding classical radial probability distribution. In dimensionless units,
the quantum radial probability distribution is

i 3 2
Py (p) = p’Ryy(p) = (;) p [Aﬁ@ll(Zp/ﬂ)]z

(1 @m—L=Dr 2\
‘(E) n+or (7)

x [Li@;ll(zp/n)]z . (10.115)

On the other hand, the classical radial probability distribution in dimensionless
units, obtained using Eq. (10.6), is given by

PSS (p) = aoP™ (aop)

- 0 , (10.116)
2K, 1 1 L(L+1)
T V nao \/(_W T )
where qq is the Bohr radius and I have set E = —Eg/n* = —K,/ (2n’ap) and

L? = h*{ (£ + 1). Equations (10.5) and (10.7) can be used to obtain

__|onK 5 pa
T21 =T —8—E§ =T7n Te. (10117)

Note that T5; is one-half the period of the classical orbit. Combining Egs. (10.116)
and (10.117), I obtain the classical probability distribution

- 1
PSS (p) = ) (10.118)
Tn —,,Lz + ,% - ’“‘;{“
There are two turning points, given by
LL+1
Prmin max(n,g) = I’l2 |:1 F4/1- #] . (10.119)
' n

These classical turning points correspond to positions in the orbit when the electron
is located along the semi-major axis of the ellipse. For fixed energy (fixed n)
Pmin(n, £) decreases and p,,,(n,£) increases with decreasing ¢, a result that is
deduced easily from graphs of the effective potential. The value { = n — 1
corresponds most closely to circular orbits; in this limit
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1
pmin.max(nvn -1 = n |:] + ;i| (10.120)

and the relative width of the distribution is

pmax(nvn — 1) — pmin(n’n — 1) _ 2n _ 2 (10.121)
[pmax(n7n_1)+pmin(n’n_1)] /2 B n? B n .

With increasing n, the classical distribution for £ = n — 1 corresponds more closely
to circular orbits. Of course, circular orbits are possible in the classical case for an
energy equal to the effective potential at its minimum; however, the values I chose
to simulate the quantum variables, E, = —K,/ (2n%ag) and L* = #?( (£ + 1), do
not correspond to circular orbits.

I now return to the quantum probability distribution, Eq. (10.115). It possesses
many of the features of the classical distribution function in the classically allowed
region. For example, for £ =n — 1

~ 1 2 2n 2
p/n 2n
Pun—1(p) = =11 =1 (—n) e p. (10.122)

This function possesses a single maximum at p, = n® or r. = n*ay and a relative
width of order of that given by Eq.(10.121). For smaller values of £, the orbits
correspond to classical elliptical orbits and the electron spends less time when it is
nearest to the proton, corresponding to the fact that the speed in the classical orbits
is larger, the closer the electron is to the nucleus. There are n — £ — 1 nodes in the
classically allowed region. Using the recursion relation (10.110c), you can show that

32— L +1)

10.123
> ( )

(o) = /0 PPt (p) =

which is also equal to (p) for the classical probability distribution given by
Eq. (10.118).

The (dimensionless) quantum radial probability distribution is plotted in
Figs. 10.11, 10.12 and 10.13 as a function of p/n? for n = 40 and £ = 39, 25,0 as
the solid red curves. For £ = n—1 = 39 (which corresponds most closely to circular
orbits), the maximum of occurs at p/n> = 1. For £ = 10, you can see the relative
maxima in the envelope of the distribution at the inner and outer turning points,
Puminmax (7 £)/n> = 0.23,1.77, with the probability largest at the outer turning
point. For £ = 0, the probability distribution extends to the center of force and the
envelope has a single maximum near the classical turning point at p/n*> = 2. The
classical radial probability distribution 13;‘1;“5 (p) is superimposed on the quantum
distribution as the dashed blue curves in Figs. 10.11, 10.12 and 10.13. It is seen that
it agrees very well with the quantum distribution, averaged over oscillations, in the
classically allowed region.
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Fig. 10.11 Quantum (solid, red) and classical (blue, dashed) radial probability distributions for
hydrogen for n = 40, { = 39

n=40, /=25

Fig. 10.12 Quantum (solid, red) and classical (blue, dashed) radial probability distributions for
hydrogen for n = 40, { = 25

n=40, /=0

|
_ ‘.mll““lyl" 2
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Fig. 10.13 Quantum (solid, red) and classical (blue, dashed) radial probability distributions for
hydrogen for n = 40, = 0
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10.6 3-D Isotropic Harmonic Oscillator

The potential energy for an isotropic oscillator is
1
V(r) = E,szrz. (10.124)

I have already solved this problem in rectangular coordinates [see Sect. 8.1.3]. The
eigenenergies are

3
E,=|n+ 3 ho, (10.125)
where n is a positive integer or zero. There is an (n + 1) (n 4 2) /2 fold degeneracy

for each value of n.
I can formulate a “Bohr theory” for circular orbits for the oscillator, in which

por = porr =@n+Dh;, n=0,12,.... (10.126)
2
F= ”TU = uo’r, (10.127)
leading to
| &
ra=+m+1) o (10.128)
w
hw
vy =+ 1),/ —, (10.129)
n
and

E,=hon+1). (10.130)

The energy spacing is correct, but the levels are displaced by —Aw /2 from the true
values.

The effective potential in units of Aw is shown in Fig. 10.14 as a function of
& = /pw/hrforf = 0,2,5,9. The effective potential for £ = 0 is the same as
that for the one-dimensional harmonic oscillator, restricted to x > 0. However, since
the wave function must be finite at the origin, only the odd parity solutions of the
one-dimensional oscillator are allowed. In other words, for £ = 0, the energies are

Eni—o = (g + 1/ ho; q=1,3,5,... (10.131a)
=m+3/Qhw; n=024,... (10.131b)

Thus, £ = 0 states appear only in states with n even. This is not a surprise. The
parity of the eigenstates, obtained from Eq. (8.18) is (—1)»T™*+" = (—1)", Since
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/=0,2,5,9
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Fig. 10.14 Effective potential for the 3-D oscillator in units of w as a function of § = /uw/hr

ford =0,2,5,9

the parity of an £ = 0 state is equal to 41, the value of n for all states having £ = 0
must be even. As you shall see, for a given n, only those £ values are allowed for

which (—=1)f = (—=1)".

In spherical coordinates, the radial equation in terms of a dimensionless coordi-

nate

)
=,/ —r
h

and a dimensionless energy

A =2E/hw
is
P L(+1
’;%2@) + [A —& - %} ue() = 0.

Assuming a solution of the form

we(€) = EHeE21(8),

I calculate

W (€) = £(C+ 1) ET e E2p,(8)

(10.132)

(10.133)

(10.134)

(10.135)

— 2+ 3) EE 2R () — 262 E 2 ()
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F2(+ D) EE21,(8) + E e E 21 (8)

FETE2p(8), (10.136)

and substitute the result into Eq. (10.134) arrive at
#© +2[C+ D -E|f® + R -3-2086) =0.  (10.137)

In contrast to Eq. (10.94) for the hydrogen atom problem, the quantity £2 appears
rather than £ in the factor multiplying f; ,(§). With the replacements

y =€, (10.138a)
d d d
— =26— =2/y—; 10.138b
&= Ey =V (10.138b)
d’ d d? d d?
— =2— + 4 H— =2— +dy—; 10.138
i T iy TRV St (10.138¢)
fu€®) = g (), (10.138d)

Eq. (10.137) is transformed into

A—-3-2¢
y8ie() + [(e - %) —y} 8he0) + [#] ge() =0, (10.139)

which is Laguerre’s equation. For physically acceptable solutions, it is necessary
that

A—3-2¢
_ = (10.140)
4
where ¢ is a positive integer or zero and
3
az(—i—z > —1. (10.141)
The condition on « is satisfied automatically, while the condition on A is
A=Aqg+20)+3=2n+3, (10.142)

or, using Eq. (10.133),

E, = (n + —) hw, (10.143)
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where
n=2q+¢, (10.144)
which implies that n = £, + 2,€ + 4, ... Alternatively, for a given n > 0, £ =
n,n—2,..., with the minimum value of £ equal to zero if n is even and one if n is
odd. Thus
{=0,2,4,...,n n even (10.145a)
{=1,3,5...,n n odd. (10.145b)

Since there are (2¢ + 1) degenerate substates for each £, you can verify easily that
the degeneracy of a state of given n is (n + 1) (n + 2) /2, as was found previously
using rectangular coordinates. There is an “accidental” degeneracy, as in hydrogen,
owing to the fact that the classical orbits are closed ellipses, but, in contrast to
hydrogen, all degenerate states have the same parity. This is connected with the
fact that the Lenz vector for the Coulomb problem does not commute with the
parity operator, but the Lenz “vector” (actually a second rank tensor consisting of
five operators) for the harmonic oscillator does commute with the parity operator.
The symmetry group for the oscillator is SU(3), the special unitary group in three
dimensions.
The physically acceptable solution of Eq. (10.139) is

gut ) = LE‘L;? ) (10.146)
or
fut (B) = Lg?) (52) . (10.147)

As a consequence, I can write the normalized (dimensionless) radial wave func-
tions as

(10.148)

P
~
o~
o F
"
—
e
[\8]
N—"

Rnf (é) = _A(n—lz
[(nT_[)!]l/z ¢ —g22, (+3) (2
= Va2 e L (g ) (10.149)
where A7 is defined by Eq. (10.169) and I' is the gamma function defined by

I(x) = / e dr, (10.150)
0
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such that I" (n + 1) = n! for integers n > 0. The first few dimensionless radial wave
functions are

Roo(&) = %6_52/2; (10.151a)
Ri€) = %\/gge—ﬁz/z; (10.151b)
Ry (§) = %\E (% — 52) et (10.151¢)
R (€) = %\/%5%—52/2. (10.151d)

The radial wave functions in coordinate space are given by

Ryt (r) = (‘;—w)wl?nz (,/%wr). (10.152)

Qualitatively, the results are similar to those for the hydrogen atom, since the
orbits are elliptical in both cases; however, the radial coordinate is a minimum on
the semi-minor axis rather than the semi-major axis of the ellipse, since the center
of force is at the origin in the case of the oscillator whereas it is at one of the foci in
the Coulomb problem. The (dimensionless) radial probability distribution is

e [ ()] oz

= 2 _
Pnf(é)_éRnZ(g) F[%‘f‘%'f‘%]

(10.153)

The maximum of 13,,,,[ (&) (which corresponds most closely to circular orbits) occurs
at &, = /(n+ 1), the prediction of Eq.(10.128) of the Bohr theory of the
oscillator. In contrast to hydrogen, &, grows much more slowly with increasing
n (as +/n + 1 rather than as n”?) owing to the fact that the binding force is much
stronger for the oscillator than for the electron in hydrogen.

For the oscillator, it follows from Egs. (10.5) and (10.7) that

T b
Ty =— = —, 10.154
21=7 =5 ( )

where T is the period of the classical orbit. As a consequence, the classical
radial probability distribution in dimensionless units, obtained from Egs. (10.6)
and (10.7), is
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- h h
P’cllzass (s) — _Pclass ( _i_-)
\ neo \ no

2
- (10.155)

n\/2n +3—§— _L’(Z;-l) 7

where the argument of the square root is restricted to positive values and I have
set E = (n + %) hw, L> = WL (L + 1). For £ = n > 1 (which corresponds most
closely to circular orbits), the distribution IBZIZ‘SS (&) is confined to a small range about
& = 4/n+ 1, as is the quantum probability distribution. For £ = 0, the classical
radial probability distribution extends to the center of force and there is a turning
point at £ = 4/2n + 3. As in the Coulomb problem, the classical radial probability
agrees very well with the quantum distribution, averaged over oscillations, in the
classically allowed region. Comparisons are left to the problems.

10.7 Summary

The Schrodinger equation for problems with spherical symmetry can be reduced to
a one-dimensional equation for the radial wave function. I have solved the radial
equation for a number of problems involving spherically symmetric potentials. It is
fortuitous that the solution of the spherical well potential, the Coulomb potential,
and the isotropic oscillator potential can be written in terms of known functions. In
most cases, it is necessary to solve the radial equation numerically. To help interpret
the results, I made comparisons of the quantum probability distributions with the
corresponding classical distributions.

10.8 Appendix: Laguerre Polynomials

Laguerre’s equation

W) + e+ 1=31f'0) +af () =0 (10.156)

admits polynomial solutions of order ¢ when ¢ is a positive integer or zero and
a > —1. The solutions of this equation with these restrictions are the generalized
Laguerre polynomials

o) =LEW). (10.157)

If these conditions are not met, the solutions of Eq. (10.156) are not convergent in the
interval (0, co) and do not enter as physically acceptable solutions in the problems
I am considering.
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Some equations related to Eq. (10.156) and their appropriate solutions are

o
2
f=ey L) (10.158b)

2
W) + b+ 1076 + (q +=-4+1-— Z—y)f(y) =0; (10.158a)

')+

(q+(a+l)/2+l—a2

1
42 —Z)f(y)=0; (10.159a)

f=e ety (10.159b)

1 ()[2

o)+ (4q +2a+2—y + 4 ;2 )f(y) = 0; (10.160a)

f= eV, (10.160b)

Some properties of the generalized Laguerre polynomials are listed below:
The orthogonality of the generalized Laguerre polynomials is expressed as

bl r 1
/ dyLE ()L (y)e ™y = wsw, (10.161)
0 q!
where
o0
)= / e ldr (10.162)
0

is the gamma function; a series expansion is

q m
Wi qg+a)(=y
Lq(y)—m§=0<q_m)—m! . (10.163)

where the binomial coefficient is defined as

a) _ 'a+1) _
(b) - e+ nHri(a—b+ 1)’ (10.164)

the generating function is

hy

oo
=y L) (10.165)
q=0

AT
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the identity

d 1

Glin 0 =L = Sl + DL~ (g + T+ Lie)] - (10.166)
and the fact that L§(y) = 1 can be used to generate all the generalized Laguerre
polynomials; the first few generalized Laguerre polynomials are

Ly = 1 (10.167a)
L50) = —y+a+ 1 (10.167b)
B0 =3[P 2@+ Dyt @+ D@+2] (101670

a useful recursion relation is
@+ DL () —Qq+a+1=)L) +(g+a) L] ,(y) =0.  (10.168)

The associated Laguerre functions defined by

q!

A2(Y) = | e /B2 10.169
10 =\ g O (10.169)
satisfy the orthogonality relations
(o)
/0 dyAg (AL (Y) = 8447; (10.170)
RN 21 (2P p2e+1 (2P
2 (n3n/3) /(; dp'OAnfffl (7) An/—l—l (7) = Sn,n’a (10.171)

and the recursion relation

V@+ D (@+a+ DAL, (0)—Q2q+a+1-y)AL0)
+Vq (g + A2 () = 0. (10.172)

10.9 Problems

1. Find the three lowest energy states in electron volts for the £ = 0 and £ = 1 states
of a particle having mass u = 107" kg moving in an infinite, spherical potential
well having radius a = 10~ m.
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2. A particle having mass ;. moves in a spherical well potential

—Vo<O r<a
V(r) = .
(r) 0 r>a
The lowest energy state has £ = 0. Find the value of V,, needed to guarantee a bound
state. How does this problem differ from a three-dimensional square well potential,
for which a bound state always exists?

3. Draw the effective potential for the potential of Problem 10.2. For a given energy,
find values of the angular momentum for which bound states can exist classically.
Classically, can bound states exist for E > 0? Explain. In the quantum problem, can
bound states exist for E > 0? Explain. Find a condition on £ in the quantum problem
that will guarantee that a bound state cannot exist.

4-5. For the potential of Problem 10.2, calculate the eigenenergies for £ = 1 and
B = 2,4,6, where B = +/2uVoa?/h%. In each case express the eigenenergies
in terms of the dimensionless quantity x = ka = +/—2uEa*/h%. You will have
to solve Eq.(10.79) graphically to obtain the solutions. Classically, what is the
minimum value of § needed to have a bound state with E < 0 for an angular
momentum L = A £ ({ + 1) and £ = 1? How does this compare with the
minimum value of 8 needed to support a bound state in the quantum problem?

6. Give a very rough uncertainty principle argument to estimate the ground state
energy of hydrogen. To do this replace (1/r) by 1/ (r) and set (pf) = h?/ (4 (r)2)

in <H>

7. Using the effective potential for hydrogen,

K., hH{U+1
Vet = —— + #
r 2ur

where K, = ¢?/4meg, show that, for fixed

E = Lo X 1<0
=M\ ) 2 ’

there is a maximum value of £ allowed and that it corresponds roughly to what is
found in the quantum theory, that is to £;,,x = n — 1.

8. Plot the dimensionless radial probability distribution, p? |1~?,,g (p) ? , for the n =
2, L=1n=2¢L=0,n=10,£ =9;n=10,¢ = 5; and n = 10, £ = O states of
the hydrogen atom. Interpret your results.
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9. Use the recursion relation

PATTL (p) = 20M2 5L () = V(i + L+ 1) (1= OAZ (p)
V(== (n+ AL, ()

to derive

o 2_ g
m=Apmw=ﬁ—%ii

where P,y (p) is the dimensionless radial probability distribution for the electron in
hydrogen.

10. Construct a “Bohr theory” for the 3-D isotropic harmonic oscillator and show
that the maximum of the quantum radial probability distribution for the oscillator
agrees with your theory for states having n = £.

11. Plot the dimensionless radial probability distribution P, (§) for the n = 60,
£ = 60, 30, 0 states of the 3-D isotropic harmonic oscillator given in Eq. (10.153),
along with the classical distribution given by Eq. (10.155). Interpret your results.

12. Prove that the wave function for the 3-D isotropic harmonic oscillator is
periodic and that (r) obeys the classical equation of motion for the oscillator. Does
the radial motion oscillate at frequency w? Explain.

13—-14. Consider the n = 2 state of the 3-D isotropic oscillator. Write the
dimensionless wave functions in both rectangular and spherical coordinates. Write
each of the rectangular wave functions in terms of the eigenfunctions in spherical
coordinates.

15-16. In cylindrical coordinates (p, ¢), the Hamiltonian for a particle having mass
4 moving in a potential V(p) is

. h?
H=——V>+V(p)
2u

B (18 a+182)+v()
B pap” 0 " P og? P

The angular momentum operator is L fl’ % so the Hamiltonian can be written as
i - B2 (19 9 L? V()
— 2u\pdp dp A2 P

B (13 a)+ L2 V)
pap’op) " 2up P
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On the other hand, the classical Hamiltonian is

2 2 2
14 L Py
Ly = Vip) = _M + Verr,

Hclass =
2p 2up

where p, = p - u,. This would suggest that

19 9
A2 —h -
Po= (p ap” 8p)

and

~

2

V. L + V(p)
eff = 2//LP2 L),

but this is not the case. To prove this show that p, defined as

. 1 A
pp=5(b-u,+u,-p)
:z(v u, +u,- V)
2i
is equal to
. _h (9 1
Pe=75 dp  2p
and that

19 0 h?
p2 = —h? —.
Po= (pap ap)+ 4p?

As a consequence show that, in the quantum problem,

12 h? V)
2up*  8up? i

Vetr =

In other words, there is an attractive “barrier” in the 2-D problem, even for
eigenfunctions corresponding to lA%) = 0. This is the reason why there is always a

bound state for a “circular” potential well in two dimensions.
17. The Hamiltonian for the previous problem is

h2(188 1 92

IA{: +__
pap’op " 02 0g?

) V().
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Assume a solution for the eigenfunctions of the form

V5 (P) = usn(p)e™ / \/p,

where m is an integer, and show that the radial equation for ug,,(p) is

2

2 11—
)+ 5 £ =V + 5 i) =0

For the potential V(p) = up?w?/2 (isotropic two-dimensional harmonic oscillator),
introduce dimensionless variables

£ = //VLh—wp; A =2E/hw,

and show that the dimensionless radial function u,,, (§) obeys the differential
equation

~11 (1—4m2) 2| ~
ity,, (§) + A+4—52_S U (§) = 0.

Compare this with Eq. (10.160) to show that the eigenenergies are

E,=n+ Dhw; n=0,1,2,....

and that the dimensionless radial eigenfunctions are
n—|m|

(-

2 )!E|me—$2/2L|mm (§2)’

(L\ml) ! =
> )!

where m varies from —n to n in integer steps of 2.

an (S) =

18-19. The classical Hamiltonian for a particle having mass p and charge ¢ moving
in a constant magnetic field B is given by

_ (p—qA)’
21

H

where

A=-rxB/2
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is the vector potential. Prove that B = V x A and show that the Hamiltonian can be
written as

2 L-B A’
poPl_dLB A
21 2un 21

where L = r x p and p is the canonical momentum, related to the velocity by
P = ur + gA.

If the initial velocity is perpendicular to B, prove that the motion is in a plane
perpendicular to B.

Now assume that the magnetic field is along the z-direction, B = Bu, and
consider the motion to be confined in the xy plane. Use cylindrical coordinates
(p,¢p). Att = 0, take

p(0) = py = xoux + youy;
v(0) = Vo = vyl + vyouy.
Use the Lorentz force equation to find v(7) and integrate the result to obtain p(z).
Prove that the orbit of the particle is a circle of radius R = vy/w, centered at
Xe = X0 + Vyo/w¢;

Ye = Yo — UxO/wc’
where

_ 4B
M

W,
is the cyclotron frequency. Prove the following relationships:

1 1
H = Elw(t)2 = constant = E,uvg;

L. = constant = |p, X po| = j (Xovoy — yovox) + wepy/2

= wpr/2;
1. 5
H:=§up0)%—%ﬁwx
where

p(1) = x(Du, + y(Huy, = p(nuy;
pe =X, + Vi
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v(t) = p(t) = v(f)u, + vy(t)uy =p ® u, + p(t)(‘b([)uzp;
ng - qL.B n qu2 ,02
2up*  2u 8

Veff(p) =

Note that the distance from the origin to the center of the orbit scales as /L..

20-21. Now consider the corresponding quantum problem with the magnetic field
in the z-direction, for which
) N2
(b-dd)

21
ﬁ quZ 2 qL.B

21 8u 21

(the fact that p; commutes with A ; is needed to arrive at this result). Show that the
Hamiltonian is the same as that for an isotropic two-dimensional harmonic oscillator
having frequency

w. 4B

2 2u’
except that there is an additional term,

hmB
_LME o,

2p

in the radial equation. As a consequence of this term, show that the equation for the
radial function ug,, of problem 10.17 acquires an additional term, 2mug,,, and then
use the results of of problem 10.17 to show that the energy levels are given by

1
E, = —|h c»
(n + 2) w

where n is an integer > 0 and m is an integer that ranges from —n to infinity.
Thus, there is an infinite degeneracy for each n, a result that can be traced to
the translational symmetry of the problem. Use the effective potential to show
why this degeneracy is possible for this problem, but not for the isotropic two-
dimensional oscillator. The equally spaced n levels for this potential are referred
to as Landau levels (after Lev Landau). Obtain the radial eigenfunctions and plot
the dimensionless radial probability distribution for » = 10 and m = 100, 400 on
the same graph. Check to see if changing the value of m results in a translation of
the probability distribution and if the radial position of the center of the distribution
scales approximately as 1/m, as predicted from classical considerations.
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