
Chapter 20
Functional Limit Theorems

Abstract The chapter begins with Sect. 20.1 presenting the classical Functional
Central Limit Theorem in the triangular array scheme. It establishes not only con-
vergence of the distributions of the scaled trajectories of random walks to that of
the Wiener process, but also convergence rates for Lipshchitz sets and distribution
functions of Lipshchitz functionals in the case of finite third moments when the
Lyapunov condition is met. Section 20.2 uses the Law of the Iterated Logarithm for
the Wiener process to establish such a low for the trajectory of a random walk with
independent non-identically distributed jumps. Section 20.3 is devoted to proving
convergence to the Poisson process of the processes of cumulative sums of indepen-
dent random indicators with low success probabilities and also that of the so-called
thinning renewal processes.

20.1 Convergence to the Wiener Process

We have already pointed out in Sect. 19.2 that the Wiener processes are, in a certain
sense, limiting to random polygons with vertices at the points (k/n,Sk/

√
n), where

Sk = ξ1 + · · · + ξk are partial sums of independent identically distributed random
variables ξ1, ξ2, . . . with zero means and finite variances. Now we will give a more
precise and general meaning to this statement.

Let

ξ1,n, . . . , ξn,n (20.1.1)

be independent random variables in the triangular array scheme (see Sects. 8.3, 8.4),

ζk,n :=
k∑

j=1

ξj,n, Eξk,n = 0, Eξ2
k,n = σ 2

k,n,

that have finite third moments E|ξk,n|3 = μk,n < ∞.
We will assume without loss of generality (see Sect. 8.4) that

Var(ζn,n) =
n∑

j=1

σ 2
j,n = 1.
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Fig. 20.1 The random
polygon sn(t) constructed
from the random walk
ζ0, ζ1, ζ2, . . .

Put

tk,n :=
k∑

j=1

σ 2
j,n,

so that t0,n = 0, tn,n = 1, and consider a random polygon with vertices at the points
(tk, ζk), where we suppress the second subscript n for brevity’s sake: tk = tk,n,
ζk = ζk,n.

We obtain a random process on [0,1] with continuous trajectories, which will
be denoted by sn = sn(t) (see Fig. 20.1). The functional limit theorem (or invari-
ance principle; the motivation behind this second name will be commented on be-
low) states that for any functional f given on the space C(0,1) and continuous in
the uniform metric, the distribution of f (sn) converges weakly to that of f (w) as
n → ∞:

f (sn) �⇒ f (w), (20.1.2)

where w = w(t) is the standard Wiener process. The conventional central limit the-
orem is a special case of this statement (one should take f (x) to be x(1)).

The above assertion is equivalent to each of the following two statements:
1. For any bounded continuous functional f ,

Ef (sn) → Ef (w), n → ∞. (20.1.3)

2. For any set G from the σ -algebra BC(0,1) of Borel sets in the space
C(0,1) (BC(0,1) is generated by open balls in the metric space C(0,1) endowed
with the uniform distance ρ; as we already noted, BC(0,1) = B

[0,1]
C ) such that

P(w ∈ ∂G) = 0, where ∂G is the boundary of the set G, one has

P(sn ∈ G) → P(w ∈ G), n → ∞. (20.1.4)

Relations (20.1.3) and (20.1.4) are equivalent definitions of weak convergence of
the distributions Pn of the processes sn to the distribution W of the Wiener process
w in the space 〈C(0,1),BC(0,1)〉. More details can be found in Appendix 3 and in
[1] and [14].

The main results of the present section are the following theorems.
As before, put L3 := ∑n

k=1 μk,n.

Theorem 20.1.1 Let L3 → 0 as n → ∞ (the Lyapunov condition). Then the con-
vergence relations (20.1.2)–(20.1.4) hold true.
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Remark 20.1.1 The condition L3 → 0 can be relaxed here to the Lindeberg condi-
tion. In this version the above convergence theorem is known under the name of the
Donsker–Prokhorov invariance principle.

Along with Theorem 20.1.1 we will obtain a more precise assertion.

Definition 20.1.1 A set G is said to be Lipschitz if W(G(ε))−W(G) ≤ cε for some
c < ∞, where G(ε) is the ε-neighbourhood of G and W is the measure correspond-
ing to the Wiener process.

In the sequel we will denote by the letter c (with or without subscripts) absolute
constants, possibly having different values.

Theorem 20.1.2 If G is a Lipschitz set, then
∣∣P(sn ∈ G) − P(w ∈ G)

∣∣ < cL
1/4
3 . (20.1.5)

In the case when ξk,n = ξk/
√

n, where the ξk do not depend on n and are iden-
tically distributed with Eξk = 0 and Var(ξk) = 1, the right-hand side of (20.1.5)
becomes cn−1/8.

A similar bound can be obtained for functionals. A functional on C(0,1) is said
to be Lipschitz if the following two conditions are met:

(1) |f (x) − f (y)| < cρ(x, y);
(2) the distribution of f (w) has a bounded density.

Corollary 20.1.1 If f is a Lipschitz functional, then Gv := {f (x) < v} is a Lips-
chitz set (with one and the same constant for all v), so that by Theorem 20.1.2

sup
v

∣∣P
(
f (w) < v

) − P
(
f (sn) < v

)∣∣ ≤ cL
1/4
3 .

The above theorems are consequences of Theorem 20.1.3 to be stated below.
Let

η1,n, . . . , ηn,n (20.1.6)

be any other sequence of independent identically distributed random variables in the
triangular array scheme with the same two first moments Eηk,n = 0, Eη2

k,n = σ 4
k.n,

and finite third moments. Denote by Fk,n and Φk,n the distribution functions of ξk,n

and ηk,n, respectively, and put

νk,n := E|ηk,n|3 < ∞, N3 :=
n∑

k=1

νk,n,

μ0
k,n :=

∫
|x|3∣∣d(

Fk,n(x) − Φk,n(x)
)∣∣ ≤ μk,n + νk,n,

L0
3 :=

n∑

k=1

μ0
k,n ≤ L3 + N3.
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Denote by s′
n(t) the random process constructed in the same way as sn(t) but using

the sequence {ηk,n}.

Theorem 20.1.3 For any A ∈ BC(0,1) and any ε > 0,

P(sn ∈ A) ≤ P
(
s′
n ∈ A(2ε)

) + cL0
3

ε3
.

In order to prove Theorem 20.1.3, we will first obtain its finite-dimensional
analogue. Denote by ζ and η the vectors ζ = (ζ1, . . . , ζn) and η = (η1, . . . , η2)

respectively, where ζk := ∑k
j=1 ζj,n and ηk := ∑k

j=1 ηj,n, and by B(ε) the ε-
neighbourhood of a set B ∈ R

n:

B(ε) :=
⋃

x∈B|v|≤ε

(x + v),

where x = (x1, . . . , xn), v = (v1, . . . , vn), and |v| = maxk |vk|.

Lemma 20.1.1 Let B be an arbitrary Borel subset of Rn. Then, for any ε > 0,

P(ζ ∈ B) ≤ P
(
η ∈ B(2ε)

) + cL0
3

ε3
.

Proof1 Introduce a collection of nested neighbourhoods

B(ε)(k) :=
⋃

x∈B|v|≤ε

(x1, . . . , xk, xk+1 + vk+1, . . . , xn + vn), k = 0, . . . , n,

B := B(ε)(n) ⊂ B(ε)(n − 1) ⊂ · · · ⊂ B(ε)(1) ⊂ B(ε)(0) = B(ε)

and denote by ek the vector (0, . . . ,0,1,0, . . . ,0), where 1 stands in the k-th posi-
tion. It is obvious that if x ∈ B(ε)(k), then

x + ekvk ∈ B(ε)(k − 1) if |vk| ≤ ε. (20.1.7)

Further, together with arrays (20.1.1) and (20.1.6), consider the collection of
“transitional” arrays

ξ1,n, . . . , ξk,n, ηk+1,n, . . . , ηn,n, k = 0, . . . , n. (20.1.8)

Denote by ζ(k) = (ζ1(k), . . . , ζn(k)) the vectors formed by the cumulative sums of
random variables from the k-th row (20.1.8), so that

ζj (k) =
{

ζj for j ≤ k,

ζk + ηk+1,n + · · · + ηj,n for j > k.

To continue the proof of Lemma 20.1.1 we need the following.

1The extension of the approach to proving the central limit theorem used in Sect. 8.5, which is
used in this demonstration, was suggested by A.V. Sakhanenko.
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Lemma 20.1.2 For any random variable δ such that P(|δ| ≤ ε) = 1, one has

P(ζ ∈ B) ≤ P
(
η ∈ B(2ε)

) +
n∑

k=1

Δk, (20.1.9)

where

Δk = P
(
ζ(k) + δe(k − 1) ∈ B(ε)(k − 1)

) − P
(
ζ(k − 1) + δe(k − 1) ∈ B(ε)(k − 1)

)
,

e(r) =
n∑

j=r+1

ej = (0, . . . ,0,1, . . . ,1).

Proof Indeed, by virtue of (20.1.7),

P(ζ ∈ B) = P
(
ζ(n) ∈ B(ε)(n)

) ≤ P
(
ζ(n) + e(n − 1)δ ∈ B(ε)(n − 1)

)

≡ P
(
ζ(n − 1) + e(n − 1)δ ∈ B(ε)(n − 1)

) + Δn.

Reapplying the same calculations to the right-hand side, we obtain that

P
(
ζ(n − 1) + e(n − 1)δ ∈ B(ε)(n − 1)

)

≤ P
(
ζ(n − 1) + e(n − 1)δ + en−1δ ∈ B(ε)(n − 2)

)

= P
(
ζ(n − 1) + e(n − 2)δ ∈ B(ε)(n − 2)

)

≡ P
(
ζ(n − 2) + e(n − 2)δ ∈ B(ε)(n − 2)

) + Δn−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

P
(
ζ(1) + e(1)δ ∈ B(ε)(1)

) ≤ P
(
ζ(1) + e(1)δ + e1δ ∈ B(ε)(0)

)

= P
(
ζ(1) + e(0)δ ∈ B(ε)(0)

) ≡ P
(
ζ(0) + e(0)δ ∈ B(ε)(0)

) + Δ1.

Since ζ(0) = η and P(η + e(0)δ ∈ B(ε)) ≤ P(η ∈ B(2ε)), inequality (20.1.9) is
proved. Lemma 20.1.2 is proved. �

To obtain Lemma 20.1.1, we now have to estimate Δk . It will be convenient to
consider, along with (20.1.8), the sequences

ξ1,n, . . . , ξk−1,n, y, ηk+1,n, . . . , ηn,n

and denote by ζ(k, y) = (ζ1(k, y), . . . , ζn(k, y)) the respective vectors of cumulative
sums, so that

ζ(k, ξk,n) = ζ(k) = ζ(k,0) + ξk,ne(k−1),

ζ(k, ηk,n) = ζ(k − 1) = ζ(k,0) + ηk,ne(k−1).

Then Δk can be written in the form

Δk = P
(
ζ(k,0) + (δ + ξk,n)e(k − 1) ∈ B(ε)(k − 1)

)

− P
(
ζ(k,0) + (δ + ηk,n)e(k − 1) ∈ B(ε)(k − 1)

)
. (20.1.10)
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Take δ to be a random variable independent of ζ and η. Then it will be convenient
to use conditional expectation to estimate the probabilities participating in (20.1.10),
because, for instance, in the equality

P
(
ζ(k,0) + (δ + ξk,n)e(k − 1) ∈ B(ε)(k − 1)

)

= EP
(
(δ + ξk,n)e(k − 1) ∈ B(ε)(k − 1) − ζ(k,0)

∣∣ ζ(k,0)
)

(20.1.11)

the set C = B(ε)(k − 1) − ζ(k,0) may be assumed fixed (see the properties of con-
ditional expectations; here δ and ξk,n are independent of ζ(k,0)). Denote by D the
set of all ys for which y e(k − 1) ∈ C. We have to bound the difference

P(δ + ξk,n ∈ D) − P(δ + ηk,n ∈ D). (20.1.12)

We make use of Lemma 8.5.1. To transform (20.1.12) to a form convenient for
applying the lemma, take δ to be a random variable having a thrice continuously
differentiable density g(t) and put for brevity ξk,n = ξ and ηk,n = η. Then δ + ξ

will have a density equal to
∫

dFξ (t)g(y − t) = Eg(y − ξ),

so that

P(δ + ξ ∈ D) =
∫

D

Eg(y − ξ) dy = E
∫

D

g(y − ξ) dy.

Now putting

h(x) :=
∫

D

g(y − x)dy,

we have

P(δ + ξ ∈ D) = Eh(ξ),

where h is a thrice continuously differentiable function,
∣∣h′′′(x)

∣∣ ≤
∫ ∣∣g′′′(y)

∣∣dy =: h3.

Applying now Lemma 8.5.1 we obtain that

∣∣P(δ + ξ ∈ D) − P(δ + η ∈ D)
∣∣ = ∣∣E

(
h(ξ) − h(η)

)∣∣ ≤ h3

6
μ0

k,n,

μ0
k,n =

∫ ∣∣x3
∣∣∣∣d

(
Fk,n(x) − Φk,n(x)

)∣∣.

Because the right-hand side here does not depend on ξ(k,0) and D in any way, we
get, returning to (20.1.10) and (20.1.11), the estimate

|Δk| ≤ h3

6
μ0

n,k. (20.1.13)

Now let g1(x) be a smooth density concentrated on [−1,1]. Then, putting

g(x) := g1

(
x

ε

)
1

ε
,
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we obtain that

h3 =
∫

1

ε4

∣∣∣∣g
′′′
1

(
y

ε

)∣∣∣∣dy = 1

ε3

∫ ∣∣g′′′
1 (y)

∣∣dy = c1

ε3
, c1 = const. (20.1.14)

The assertion of Lemma 20.1.1 now follows from (20.1.9), (20.1.13) and
(20.1.14). �

Proof of Theorem 20.1.3 This theorem is a consequence of Lemma 20.1.1. Indeed,
let B ∈ R

n be such that the events {sn ∈ A} and {ζ ∈ B} are equivalent (sn is com-
pletely determined by ζ ). Then clearly {sn ∈ A(ε)} = {ζ ∈ B(ε)} and the assertion of
Theorem 20.1.3 repeats that of Lemma 20.1.1. Theorem 20.1.3 is proved. �

Proof of Theorem 20.1.1 Let w(t) be the standard Wiener process. Put ηk,n :=
w(tk,n) − w(tk−1,n). Then the sequence η1,n, . . . , ηn,n satisfies all the required con-
ditions, for

Eηk,n = 0, Eη2
k,n = σ 2

k,n, νk,n = E|ξk,n|3 = c3σ
3
k,n < ∞.

Note also that

σ 3
k,n = (

E|ξk,n|2
)3/2 ≤ E|ξk,n|3 = μk,n,

so that

N3 =
n∑

k=1

νk,n = c3

n∑

k=1

σ 3
k,n ≤ c3L3 → 0.

We will need the following

Lemma 20.1.3 P(ρ(w, s′
n) > ε) ≤ cN3/ε

3.

Proof The event {ρ(w, s′
n) > ε} is equal to

⋃
k Ak , where

Ak :=
{

sup
t∈Ik

∣∣w(t) − s′(t)
∣∣ > ε

}
⊂

{
sup
t∈Ik

∣∣w(t)
∣∣ >

ε

2

}
, Ik := [tk−1, tk].

Therefore, recalling that tk − tk−1 = σ 2
k,n and w(t)

d= σw(t/σ 2), we have

P(Ak) ≤ P
(

sup
t∈[0,1)

∣∣w(t)
∣∣ >

ε

2σk,n

)
≤ 2

(
1 − Φ

(
ε

2σk,n

))
.

The function (1 − Φ(t)) vanishes as t → ∞ much faster than t−3. Hence

2

(
1 − Φ

(
ε

2σk,n

))
≤ c

σ 3
k,n

ε3
, P

(⋃

k

Ak

)
≤ cN3

ε3
.

Lemma 20.1.3 is proved. �

We see from the proof that the bound stated by Lemma 20.1.3 is rather crude.
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We return to the proof of Theorem 20.1.1. Because

P
(
s′
n ∈ G

) = P
(
s′
n ∈ G,ρ

(
w, s′

n

) ≤ ε
) + P

(
s′
n ∈ G,ρ

(
w, s′

n

)
> ε

)
,

we have

P
(
s′
n ∈ G

) ≤ P
(
w ∈ G(ε)

) + cN3

ε3
(20.1.15)

and, by Theorem 20.1.3,

P(sn ∈ G) ≤ P
(
w ∈ G(3ε)

) + c(L0
3 + N3)

ε3
.

Now we prove the converse inequality. Introduce the set G(−ε) := G − (∂G)(ε).
Then [G(−ε)](ε) =: G0 ⊂ G. Swapping sn and s′

n in Theorem 20.1.3 and applying
the latter to the set G(2ε), we obtain

P
(
sn ∈ G0) ≥ P

(
s′
n ∈ G(−2ε)

) − c(L0
3 + N3)

ε3
. (20.1.16)

Swapping w and s′
n in (20.1.15) and applying that relation to G(−3ε), we find that

P
(
s′
n ∈ G(−2ε)

) ≥ P
(
w ∈ G(−3ε)

) − cN3

ε3
.

This and (20.1.16) imply that

P(sn ∈ G) ≥ P
(
sn ∈ G0) ≥ P

(
w ∈ G(−3ε)

) − c(L0
3 + N3)

ε3
.

Setting

P
(
w ∈ G(ε)

) − P(w ∈ G) = W
(
G(ε)

) − W(G) =: WG(ε)

and taking into account that N3 ≤ cL3 and L0
3 ≤ L3 + N3, we will obtain that

−WG(−3ε) + cL3

ε3
≤ P(sn ∈ G) − W(G) ≤ WG(3ε) + cL3

ε3
. (20.1.17)

If W(∂G) = 0 then clearly

W
(
G(3ε)

) − W
(
G(−3ε)

) → 0

as ε → 0, and WG(±3ε) → 0. From this and (20.1.17) it is easy to derive that

P(sn ∈ G) → P(w ∈ G), n → ∞.

Convergence f (sn) �⇒ f (w) for continuous functionals follows from (20.1.4),
since if v is a point of continuity of the distribution of f (w) then the set Gv = {x ∈
C(0,1) : f (x) < v} has the property

W(∂Gv) = P
(
f (w) = v

) = 0

and therefore

P
(
f (sn) < v

) → P
(
f (w) ∈ v

)
.

Theorem 20.1.1 is proved. �
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Proof of Theorem 20.1.2 If G is a Lipschitz set, then
∣∣ΔWG(±3ε)

∣∣ < cε,

and by (20.1.17)

∣∣P(sn ∈ G) − W(G)
∣∣ < c

(
ε + L3

ε3

)
.

Putting ε := L
1/4
3 we obtain the required assertion. Theorem 20.1.2 is proved. �

The reason for the name “invariance principle” used to refer to the main asser-
tions of this section is best illustrated by Theorem 20.1.3. By virtue of the theorem,
one can approximate the value of P(sn ∈ A) by P(s′

n ∈ A) for any other sequence
(20.1.6) having the same first two moments as (20.1.1). In that sense, the asymp-
totics of P(sn ∈ A) are invariant with respect to particular distributions of the un-
derlying sequences with fixed first two moments. For example, the calculation of
P(sn ∈ G) or P(w(t) ∈ G) can be replaced with that of P(s′

n ∈ G) for a Bernoulli
sequence, which is convenient for various numerical methods. On the other hand, the
probabilities P(w ∈ G) for a whole class of regions G were found in explicit form
(see e.g. [32]). We know, for example, that P(supt∈[0,1] w(t) > y) = 2(1 − Φ(y)).
(This implies, in particular, that G = {x ∈ C(0,1) supt∈[0,1] x(t) > y} is a Lips-
chitz set.) Hence for the distribution of the maximum Sn = maxk≤n Sk of the sums
Sk = ∑k

j=1 ξj , when Eξk = 0 and Var ξk = σ 2, we have

P(Sn > xσ
√

n ) → 2
(
1 − Φ(x)

)
, n → ∞,

and one can use this relation for the approximate calculation of the distribution of
Sn which is, as we saw in Chap. 12, of substantial interest in applications.

In the same way we can approximate the joint distribution of Sn, Sn, and Sn :=
mink≤n Sk (i.e. the probabilities of the form P(Sn < x

√
n, Sn > y

√
n, Sn ∈ B))

using the respective formulas for the Wiener process given in Skorokhod (1991).

Remark 20.1.2 In conclusion of this section note that all the above assertions will
remain true if, instead of sn(t), we consider in them the step function s∗

n(t) = ζk,n

for t ∈ [tk, tk+1). One can verify this by repeating anew all the arguments for s∗.
Another way to obtain, say, Theorems 20.1.1 and 20.1.2 for s∗

n is to make use of the
already obtained results and bound the distance ρ(sn, s

∗
n). Because

{
ρ
(
sn, s

∗
n

)
> ε

} ⊂
n⋃

k=1

{|ξk,n| > ε
}
,

one has

P
(
ρ
(
sn, s

∗
n

)
> ε

) ≤
n∑

k=1

P
(|ξk,n| > ε

) ≤
n∑

k=1

μk,n

ε3
= L3

ε3
.

Recall that a similar bound was obtained for ρ(s′
n,w), and this allowed us to

replace, where it was needed, the process s′
n with w. Therefore, using the same
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argument, one can replace sn with s∗
n . In that case, we can consider convergence

of the distributions of functionals f (s∗
n) defined on D(0,1) (and continuous in the

uniform metric ρ). Sometimes the use of s∗
n is more convenient than that of sn. This

is the case, for example, when one has to find the limiting distribution of

n∑

k=1

g(ζk,n) = n

∫
g
(
s∗
n(t)

)
dt

(ξk,n are identically distributed). It follows from the above representation that

1

n

n∑

k=1

g(ζk,n) �⇒
∫

g
(
w(t)

)
dt, n → ∞.

20.2 The Law of the Iterated Logarithm

Let ξ1, ξ2, . . . be a sequence of independent random variables,

Eξk = 0, Eξ2
k = σ 2

k , E|ξk|3 = μk,

Sn =
n∑

k=1

ξk, B2
n =

n∑

k=1

σ 2
k , Mn =

n∑

k=1

μk.

In this notation, the Lyapunov ratio is equal to

L3 = L3,n = Mn

B3
n

.

In the present section, we will show that the law of the iterated logarithm for the
Wiener process and Theorem 20.1.2 imply the following.

Theorem 20.2.1 (The law of the iterated logarithm for sums of random variables)
If Bn → ∞ as n → ∞ and L3,n < c/ lnBn for some c < ∞, then

P
(

lim
n→∞

Sn

Bn

√
2 ln lnBn

= 1

)
= 1, (20.2.1)

P
(

lim
n→∞

Sn

Bn

√
2 ln lnBn

= −1

)
= 1. (20.2.2)

Thus all the sequences which lie above

(1 + ε)Bn

√
2 ln lnBn

will be upper for the sequence of sums Sn, while all the sequences below

(1 − ε)Bn

√
2 ln lnBn

will be lower.
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The conditions of the theorem will clearly be satisfied for identically distributed
ξk , for in that case B2

n = σ 2
1 n, L3,n = μ1/(σ

3
1
√

n ).

Proof We turn to the proof of the law of the iterated logarithm in Theorem 19.3.2
and apply it to the sequence Sn. We will not need to introduce any essential changes.
One just has to consider Snk

instead of w(ak), where nk = min{n : B2
n ≥ ak}, and

replace ak with B2
nk

where it is needed. By the Lyapunov condition, maxk≤n σ 2
k =

o(B2
n), so that B2

nk−1 ∼ B2
nk

∼ ak as k → ∞.
The key point in the proof of Theorem 19.3.2 is the proof of convergence (for

any ε > 0) of the series
∑

k

P
(

sup
u≤ak

w(u) > (1 + ε)xk−1

)
(20.2.3)

and divergence of the series

∑

k

P
(

w
(
ak

) − w
(
ak−1) >

(
1 − ε

2

)
xk

)
, (20.2.4)

where

xk =
√

2ak ln lnak, w
(
ak

) − w
(
ak−1) p= w

(
ak

(
1 − a−1)).

In our case, if one follows the same argument, one has to prove the convergence of
the series

∑

k

P
(
Snk

> (1 + ε) yk−1
)

(20.2.5)

and divergence of the series

∑

k

P
(

Snk
− Snk−1 >

(
1 − ε

2

)
yk

)
, (20.2.6)

where yk =
√

2B2
nk

ln lnB2
nk

∼ xk . But the asymptotic behaviour of the probabilities

of the events in (20.2.3), (20.2.5) and (20.2.4), (20.2.6) under the conditions L3,n <

c/ lnBn will essentially be the same. To establish this, we will make use of the
inequality

∣∣∣∣P
(

sn

Bn

∈ G

)
− P

(
w ∈ G(±δ)

)∣∣∣∣ <
cL3,n

δ3
, (20.2.7)

which follows from the proof of Theorem 20.1.3. By this inequality,

P
(

Sn

Bn

> (1 + 3ε)x

)
≤ P

(
sup
u≤1

w(u) > (1 + 2ε) x
)

+ cL3,n

(εx)3

= P
(

sup
u≤B2

n

w(u) > (1 + 2ε)xBn

)
+ cL3,n

(εx)3
.
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Therefore (see (20.2.5)), putting n := nk and x := yk−1/Bn, we obtain

P
(
Snk

> (1 + 3ε)yk−1
) ≤ P

(
sup

u≤B2
nk

w(u) > (1 + 2ε) yk−1

)
+ cL3,nk

ε3(ln lnB2
nk

)3/2
.

Here

yk−1 ∼ xk−1, B2
nk

≥ ak, ln lnB2
nk

∼ ln lnak ∼ lnk,

L3,nk
≤ c

lnBnk

∼ c

lnak
∼ c1

k
.

Consequently, for all sufficiently large k (recall that the letter c denotes different
constants),

P
(
Snk

> (1 + 3ε)yk−1
) ≤ P

(
sup
u≤ak

w(u) > (1 + ε)xk−1

)
+ c

ε3k(ln k)3/2
.

Since
∞∑

k=1

1

k(ln k)3/2
< ∞, (20.2.8)

the above inequality means that the convergence of series (20.2.3) implies that of se-
ries (20.2.5). The first part of the theorem is proved.

The second part is proved in a similar way. Consider series (20.2.6). By (20.2.7),

P
(
Snk

− Snk−1 > (1 − 3ε)yk

)

= P
(

snk
(1) − snk

(rk) > (1 − 3ε)
yk

Bnk

)

≥ P
(

w(1) − w(rk) > (1 − 2ε)
yk

Bnk

)
− cL3,nk

ε3

(
ln lnB2

nk

)−3/2
, (20.2.9)

where rk = B2
nk−1

B−2
nk

→ a−1 due to the fact that

B2
nk

= ak + θkσ
2
nk

, 0 ≤ θk ≤ 1, σ 2
nk

= o
(
B2

nk

)
.

The first term on the right-hand side of (20.2.9) is equal to

P
(

w(1 − rk) > (1 − 2ε)
yk

Bnk

)
≥ P

(
w

(
ak(1 − rk)

)
> (1 − ε)xk

)

= P
(

w
(
ak

(
1 − a−1)) > (1 − ε)xk

√
1 − a−1

1 − rk

)

≥ P
(

w
(
ak

) − w
(
ak−1) >

(
1 − ε

2

)
xk

)
.

As before, the series consisting of the second terms on the right-hand side of (20.2.9)
converges by virtue of (20.2.8). Therefore the established inequalities mean that
the divergence of series (20.2.4) implies that of series (20.2.6). The theorem is
proved. �
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Now we will present an example that we need to complete the proof in Re-
mark 4.4.1.

Example 20.2.1 Let ζk be independent and identically distributed, Eζk = 0,
Eζ 2

k = 1, E|ζk|3 = μ < ∞ and ξk = √
2k ζk . Here we have B2

n = n2(1 + 1/n).
In Remark 4.4.1 we used the assertion that (in a somewhat different notation)

P

( ∞⋃

n=1

{Sn < −n}
)

= 1

or, which is the same (as the sign of Sn is inessential),

P

( ∞⋃

n=1

{Sn > n}
)

= P

( ∞⋃

n=1

{
Sn > Bn

(
1 + O

(
1

n

))})
= 1. (20.2.10)

To verify it, we will show that any sequence of the form B ′
n = Bn(1+O(1/n)) is

lower for {Sk}. In our case,

Mn =
n∑

k=1

(2k)3/2μ ∼ cn5/2, L3.n = Mn

B3
n

∼ cn−1/2 � 1

lnBn

.

This means that the conditions of Theorem 20.2.1 are met, and hence any sequence
which lies lower than (1−ε)n

√
2 ln lnn (in particular, the sequence B ′

n = n) is lower
for {Sk}. This proves (20.2.10). �

Let us return to Theorem 20.2.1. As we saw in Sect. 19.3, the proof of the law
of the iterated logarithm is based on the asymptotics (the rate of decrease) of the
function 1 − Φ(x) as x → ∞. Therefore, the conditions for the law of the iterated
logarithm for the sums Sn are related to the width of the range of x values for which
the probabilities

Pn±(x) := P
(

± Sn

Bn

> x

)

are approximated by the normal law (i.e. by the function 1 − Φ(x)). Here we en-
counter the problem of large deviations (see Chap. 9). If

Pn±(x)

1 − Φ(x)
→ 1 (20.2.11)

as n → ∞ for all

x ≤ √
2 ln lnBn(1 − ε) (20.2.12)

and some ε > 0 then the proof of the law of the iterated logarithm for the Wiener
process given in Sect. 19.3 can easily be extended to the sums Sn/Bn (to estimate
P(Sn/Bn > x) one has to use the Kolmogorov inequality; see Corollary 11.2.1).

One way to establish (20.2.11) and (20.2.12) is to use estimates for the rate
of convergence in the central limit theorem. This approach was employed in the
proof of Theorem 20.2.1, where we used Theorem 20.1.3. However, to ensure that
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(20.2.11) and (20.2.12) hold one can use weaker assertions than Theorem 20.1.3. To
some extent, this fact is illustrated by the following assertion (see [32]):

Theorem 20.2.2 If Bn → ∞ and Bn+1/Bn → 1 as n → ∞, and

sup
x

∣∣∣∣P
(

Sn

Bn

< x

)
− Φ(x)

∣∣∣∣ ≤ c(lnBn)
−1−δ

for some δ > 0 and c < ∞, then the law of the iterated logarithm holds.

If ξk
d= ξ are identically distributed then Theorem 20.2.1 implies that the law of

the iterated logarithm is valid whenever E|ξ |3 exists. In fact, however, for identically
distributed ξk , the law of the iterated logarithm always holds in the case of a finite
second moment, without any additional conditions.

Theorem 20.2.3 (Hartman–Wintner, [32]) If the ξk are identically distributed,
Eξk = 0, and Eξ2

k = 1, then (20.2.1) and (20.2.2) hold with B2
n replaced with n.

Every point from the segment [−1,1] is a limiting one for the sequence

Sn√
2n ln lnn

, n ≥ 1.

The last assertion of the theorem means that, for each t ∈ [−1,1] and any ε > 0,
the interval (t − ε, t + ε) contains, with probability 1, infinitely many elements of
the sequence

Sn√
2n ln lnn

.

20.3 Convergence to the Poisson Process

20.3.1 Convergence of the Processes of Cumulative Sums

The theorems of Sects. 20.1 and 20.2 show that the Wiener process describes rather
well the evolution of the cumulative sums when summing “conventional” random
variables ξk,n satisfying the Lyapunov condition. It turns out that the Poisson process
describes in a similar way the evolution of the cumulative sums when the random
variables ξk,n correspond to the occurrence of rare events.

As in Sect. 5.4, first we will not consider the triangular array scheme, but obtain
precise inequalities describing the proximity of the processes under study. Consider
independent random variables ξ1, . . . , ξn with Bernoulli distributions:

P(ξk = 1) = pk, P(ξk = 0) = 1 − pk,

n∑

k=1

pk = μ.
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We will assume that p := maxk≤n pk is small and the number μ is “comparable
with 1”. Put

q0 := 0, qk := pk

μ
, Qk :=

k∑

j=0

qj , k ≥ 0,

and form a random function sn(t) on [0,1] in the following way. Put sn(0) := 0,

sn(t) := Sk =
k∑

j=1

ξj for t ∈ (Qk−1,Qk], k = 1, . . . , n.

Here it is more convenient to use a step function rather than a continuous trajectory
sn(t) (cf. Remark 20.1.2). The assertions to be obtained in this section are similar to
the invariance principle and state that the process sn(t) converges in a certain sense
to the Poisson process ξ(t) with intensity μ on [0,1]. This convergence could of
course be treated as weak convergence of distributions in the metric space D(0,1).
But in the framework of the present book, it is apparently inexpedient for at least
two reasons:

1. To do that, we would have to introduce a metric in D(0,1) and study its prop-
erties, which is somewhat complicated by itself.

2. The trajectories of the processes sn(t) and ξ(t) are of a simple form, and
characterising their closeness can be done in a simpler and more precise way without
using more general concepts. Indeed, as we saw, the trajectory of ξ(t) on [0,1] is
completely determined by the collection of random variables (π(1); T1, . . . , Tπ(1)),
where Tk is the epoch of the k-th jump of the process, Tk+1 − Tk ⊂= �μ. A similar
characterisation is valid for the trajectories of sn(t): they are determined by the
vector (sn(1), θ1, . . . , θsn(1)), where θk = Qγk

, γ1, γ2, . . . are the values j for which
ξj = 1. We will say that the distributions of sn(t) and π(t) are close to each other if
the distributions of the above vectors are close. This convention will correspond to
convergence of the processes in a rather strong and natural sense.

It is not hard to see from what we said before about the Poisson processes (see
Sect. 19.4) that the introduced convergence of the distributions of the jump points of
the process sn(t) is equivalent to convergence of the finite-dimensional distributions
of sn(t) to those of π(t) (we know that the trajectories of sn(t) are step functions).

Theorem 20.3.1 The processes sn(t) and π(t) can be constructed on a common
probability space so that

P
(
sn(1) = π(1); θk − qγk

≤ Tk < θk, k = 1, . . . , π(1)
) ≥ 1 −

n∑

j=1

p2
j .

(20.3.1)

Since
∑n

j=1 p2
j ≤ μp, the smallness of p means that, with probability close to 1,

the values of sn(1) and π(1) coincide (cf. Theorem 5.4.2) and the positions of the
respective points of jumps of the processes sn(t) and π(t) do not differ much.
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Put q = p/μ and, for a fixed k ≥ 1, denote by B(ε) the ε-neighbourhood of the
orthant set B := {(x1, . . . , xk) : xj < vj , j ≤ k} for some vj > 0. Theorem 20.3.1
implies the following.

Corollary 20.3.1 For any k = 1, . . . , n,

P
(
sn(1) = k, (θ1, . . . , θk) ∈ B

) ≤ P
(
π(1) = k, (T1, . . . , Tk) ∈ B

) +
n∑

j=1

p2
j ;

P
(
π(1) = k, (T1, . . . , Tk) ∈ B

) ≤ P
(
sn(1) = k, (θ1, . . . , θk) ∈ B(q)

) +
n∑

j=1

p2
j .

Proof Let An denote the event appearing on the left-hand side of (20.3.1),

Dn := {
sn(1) = k, (θ1, . . . , θk) ∈ B

}
,

Cn := {
π(1) = k, (T1, . . . , Tk) ∈ B

}
.

Then, by virtue of (20.3.1),

P(Dn) ≤ P(DnAn) +
n∑

j=1

p2
j

≤ P
(
Dn,π(1) = k, (T1, . . . , Tk) ∈ B

) +
n∑

j=1

p2
j

≤ P
(
π(1) = k, (T1, . . . , Tk) ∈ B

) +
n∑

j=1

p2
j .

The converse inequality is established similarly. The corollary is proved. �

Proof of Theorem 20.3.1 Let ηk := π(Qk) − π(Qk−1), k = 1, . . . , n. The theorem
will be proved if we construct {ξk} and {ηk} on a common probability space so that

P

(
n⋃

k=1

{ξk �= ηk}
)

≤
n∑

j=1

p2
j . (20.3.2)

A construction leading to (20.3.2) has essentially already been used in Theo-
rem 5.4.2. The required construction will be obtained if we consider independent
random variables ω1, . . . ,ωn; ωk ⊂= U0,1, and put

ξk :=
{

0 if ωk < 1 − pk,

1 if ωk ≥ 1 − pk,
ηk :=

{
0 if ωk < e−pk =: π0,k,

j ≥ 1 if ωk ∈ [πj−1,k, πj,k),

where πj,k = �pk
([0, j)), j = 0,1, . . . . Then ηk ⊂= �pk

,
∑n

k=1 ηk ⊂= �μ,

{ξk �= ηk} = {
ωk ∈ [1 − pk, e

−pk ) ∪ [
e−pk + pke

−pk ,1
]}

.
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Therefore,

P(ξk �= ηk) ≤ p2
k

and we get (20.3.2). The theorem is proved. �

If we now consider the triangular array scheme ξ1,n, . . . , ξn,n, for which

P(ξk,n = 1) = pk,n, P(ξk,n = 0) = 1 − pk,n,
n∑

k=1

pk,n =: μn → μ, pn = max
k≤n

pk,n → 0

as n → ∞, then Theorem 20.3.1 easily implies convergence of the finite-dimensional
distributions of the processes sn(t) to π(t), where sn(t) is constructed as before
and π(t) is the Poisson process with parameter μ. Consider, for example, the two-
dimensional distributions P(sn(t) ≥ j, sn(1) = k) for t ∈ (0,1), j ≤ k. In the no-
tation of Theorem 20.3.1 (to be precise, we have to add the subscript n where
appropriate; e.g., the Poisson processes with parameters μn and μ will be denoted
by πn(t) and π(t), respectively), we obtain

P
(
sn(t) ≥ j, sn(1) = k

) = P
(
sn(1) = k, θj < t

)
.

By Corollary 20.3.1 the right-hand side does not exceed

P
(
πn(1) = k, Tj < t

) +
n∑

l=1

p2
l,n,

where, as is easy to see,

P
(
πn(1) = k, Tj < t

) = P
(
πn(1) = k, πn(t) ≥ j

)

=
k∑

l=j

P
(
πn(t) = l

)
P
(
πn(1 − t) = k − l

)

→ P
(
π(1) = k, π(t) ≥ j

)

as n → ∞, so that

P
(
sn(t) ≥ j, sn(1) = k

) ≤ P
(
π(t) ≥ j, π(1) = k

) + o(1).

The converse inequality is established in a similar way (by using the convergence
qn → 0 as n → ∞). The required convergence of the finite-dimensional distribu-
tions is proved. �

20.3.2 Convergence of Sums of Thinning Renewal Processes

The Poisson process can appear as a limiting one in a somewhat different set-up—as
a limit for the sum of a large number of homogeneous “slow” renewal processes.
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We formulate the setting of the problem more precisely. Let ηi(t), i = 1,2, . . . , n,
be mutually independent arbitrary homogeneous renewal processes in the “triangu-
lar array scheme” (i.e. they depend on n) generated by sequences {τ (i)

k }∞k=1 for which

(see Chap. 10; τ
(i)
k

d= τ (i) for k ≥ 2)

Eηi(t) = t

ai

, ai := ai,n = Eτ (i) → ∞,

n∑

i=1

1

ai

→ μ

for a fixed μ, and

Fi(t) := P
(
τ (i) < t

) ≤ rt,n → 0

and for any fixed t as n → ∞, where rt,n does not depend on i.

Theorem 20.3.2 Under the above conditions, the finite-dimensional distributions
of the process

ζn(t) :=
n∑

i=1

ηi(t)

converge as n → ∞ to those of the Poisson process π(t) with the parameter μ: for
any l ≥ 1, 0 ≤ k1 ≤ k2 ≤ · · · ≤ kl ,

P
(
ζn(t1) = k1, . . . , ζn(tl) = kl

) → P
(
π(t1) = k1, . . . , π(tl) = kl

)
.

(On convergence to the Poisson process, see the remark preceding Theo-
rem 20.3.1.)

Proof First we will prove convergence of the distributions of the increments

ζn(t + u) − ζn(u)

to the Poisson distribution with parameter μt . Put Δi := ηi(t + u) − ηi(u),
pi := t/ai . We have (χi(u) is the excess for the process ηi ; see Sects. 10.2, 10.4)

EΔi = pi,

P(Δi ≥ l) ≤ P
(
χi(u) < t

)[
P
(
ξ

(1)
2

)
< t

]l−1

≤ 1

ai

∫ t

0
P
(
ξ

(1)
2 > z

)
dz · Fi(t)

l−1 ≤ t

ai

(rt,n)
l−1 = pir

l−1
t,n .

This implies that

EΔi = pi =
∞∑

1

lP(Δi = l) = P(δi = 1) + o(pi),

P(Δi = 1) = pi + o(pi), P(Δi = 0) = 1 − pi + o(pi).

(20.3.3)

Therefore the conditions of Corollary 5.4.2 are met, which implies that

ζn(t + u) − ζn(u) =
n∑

i=1

Δi ⊂⇒ �μt . (20.3.4)
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It remains to prove the asymptotic independence of the increments. For simplic-
ity’s sake, consider only two increments, on the intervals (u,0) and (u,u + t), and
assume that ζn(u) = k. Moreover, suppose that the following event A occurred: the
renewals occurred in the processes with numbers i1, . . . , ik . It suffices to verify that,
given this condition, (20.3.4) will still remain true. Let B be the event that there
again were renewals on the interval (u,u + t) in the processes with the numbers
i1, . . . , ik . Evidently,

P(B | A) ≤
k∑

l=1

P
(
τ (il ) < t + u

) ≤ krt+u,n → 0.

Thus the contribution of the processes ηil , l = 1, . . . , k, to the sum (20.3.4) given
condition A is negligibly small. Consider the remaining n − k processes. For them,

P(Δi ≥ 1 |A) = P(χi(0) ∈ (u,u + t))

P(χi(0) > u)

= 1

ai

∫ u+t

u

(
1 − Fi(z)

)
da

[
1 − 1

ai

∫ u

0

(
1 − Fi(z)

)
dz

]−1

= pi + o(pi). (20.3.5)

Since relation (20.3.3) remains true for conditional distributions of Δi (given A

and for i �= il , l = 1, . . . , k), we obtain, similarly to the above argument (using now
instead of the equality

∑∞
i=1 lP(Δi = l) = pi the relation

∑∞
i=1 lP(Δi = l |A) =

pi + o(pi) which follows from (20.3.5)) that

P(Δi = 1 |A) = pi + o(pi), P(Δi = 0 |A) = 1 − pi + o(pi).

It remains to once again make use of Corollary 5.4.2. �
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