
Chapter 6
On Convergence of Random Variables
and Distributions

Abstract In this chapter, several different types of convergence used in Probability
Theory are defined and relationships between them are elucidated. Section 6.1 deals
with convergence in probability and convergence with probability one (the almost
sure convergence), presenting some criteria for them and, in particular, discussing
the concept of Cauchy sequences (in probability and almost surely). Then the conti-
nuity theorem is established (convergence of functions of random variables) and the
concept of uniform integrability is introduced and discussed, together with its con-
sequences (in particular, for convergence in mean of suitable orders). Section 6.2
contains an extensive discussion of weak convergence of distributions. The chap-
ter ends with Sect. 6.3 presenting criteria for weak convergence of distributions,
including the concept of distribution determining classes of functions and that of
tightness.

6.1 Convergence of Random Variables

In previous chapters we have already encountered several assertions which dealt
with convergence, in some sense, of the distributions of random variables or of the
random variables themselves. Now we will give definitions of different types of
convergence and elucidate the relationships between them.

6.1.1 Types of Convergence

Let a sequence of random variables {ξn} and a random variable ξ be given on a prob-
ability space 〈Ω,F,P〉.

Definition 6.1.1 The sequence {ξn} converges in probability1 to ξ if, for any ε > 0,

P
(|ξn − ξ | > ε

) → 0 as n → ∞.

1In the set-theoretic terminology, convergence in probability means convergence in measure.
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One writes this as

Sn
p→ ξ as n → ∞.

In this notation, the assertion of the law of large numbers for the Bernoulli
scheme could be written as

Sn

n

p→ p,

since Sn/n can be considered as a sequence of random variables given on a common
probability space.

Definition 6.1.2 We will say that the sequence ξn converges to ξ with probability 1
(or almost surely: ξn → ξ a.s., ξn

a.s.−→ ξ ), if ξn(ω) → ξ(ω) as n → ∞ for all ω ∈ Ω

except for ω from a set N ⊂ Ω of null probability: P(N) = 0. This convergence can
also be called convergence almost everywhere (a.e.) with respect to the measure P.

Convergence ξn
a.s.−→ ξ implies convergence ξn

p→ ξ . Indeed, if we assume that
the convergence in probability does not take place then there exist ε > 0, δ > 0,
and a sequence nk such that, for the sequence of events Ak = {|ξnk

− ξ | > ε},
we have P(Ak) ≥ δ for all k. Let B consist of all elementary events belonging to
infinitely many Ak , i.e. B = ⋂∞

m=1
⋃∞

k=m Ak . Then, clearly for ω ∈ B , the con-
vergence ξn(ω) → ξ(ω) is impossible. But B = ⋂∞

m=1 Bm, where Bm = ⋃
k≥m Ak

are decreasing events (Bm+1 ⊂ Bm), P(Bm) ≥ P(Anm) ≥ δ and, by the continuity
axiom, P(Bm) → P(B) as m → ∞. Therefore P(B) ≥ δ and a.s. convergence is
impossible. The obtained contradiction proves the desired statement. �

The converse assertion, that convergence in probability implies a.s. convergence,
is, generally speaking, not true, as we will see below. However in one important
special case such a converse holds true.

Theorem 6.1.1 If ξn is monotonically increasing or decreasing then convergence

ξn
p→ ξ implies that ξn

a.s.−→ ξ .

Proof Assume, without loss of generality, that ξ ≡ 0, ξn ≥ 0, ξn ↓ and ξn
p→ ξ . If

convergence ξn
a.s.−→ ξ did not hold, there would exist an ε > 0 and a set A with

P(A) > δ > 0 such that supk≥n ξk > ε for ω ∈ A and all n. But supk≥n ξk = ξn and
hence we have

P(ξn > ε) ≥ P(A) > δ > 0

for all n, which contradicts the assumed convergence ξn
p→ 0. �

Thus convergence in probability is determined by the behaviour of the numerical
sequence P(|ξn − ξ | > ε). Is it possible to characterise convergence with probabil-
ity 1 in a similar way? Set ζn := supk≥n |ξn − ξ |.
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Corollary 6.1.1 ξn
a.s.−→ ξ if and only if ζn

p→ 0, or, which is the same, when, for
any ε > 0,

P
(

sup
k≥n

|ξk − ξ | > ε
)

→ 0 as n → ∞. (6.1.1)

Proof Clearly ξn → ξ a.s. if and only if ζn → 0 a.s. But the sequence ζn decreases
monotonically and it remains to make use of Theorem 6.1.1, which implies that

ζn
p→ 0 if and only if ζn

a.s.−→ 0. The corollary is proved. �

In the above argument, the random variables ξn and ξ could be improper, where
the random variables ξn and ξ are only defined on a set B and P(B) ∈ (0,1). (These
random variables can take infinite values on Ω \ B .) In this case, all the considera-
tions concerning convergence are carried out on the set B ⊂ Ω only.

In the introduced terminology, the assertion of the strong law of large numbers
for the Bernoulli scheme (Theorem 5.1.2) can be stated, by virtue of (6.1.1), as
convergence Sn/n → p with probability 1.

We have already noted that convergence almost surely implies convergence in
probability. Now we will give an example showing that the converse assertion is,
generally speaking, not true. Let 〈Ω,F,P〉 be the unit circle with the σ -algebra of
Borel sets and uniform distribution. Put ξ(ω) ≡ 1, ξn(ω) = 2 on the arc [r(n), r(n)+
1/n] and ξn(ω) = 1 outside the arc. Here r(n) = ∑n

k=1
1
k

. It is obvious that ξn
p→ ξ .

At the same time, r(n) → ∞ as n → ∞, and the set on which ξn converges to ξ is
empty (we can find no ω for which ξn(ω) → ξ(ω)).

However, if P(|ξn − ξ | > ε) decreases as n → ∞ sufficiently fast, then conver-
gence in probability will also become a.s. convergence. In particular, relation (6.1.1)
gives the following sufficient condition for convergence with probability 1.

Theorem 6.1.2 If the series
∑∞

k=1 P(|ξn − ξ | > ε) converges for any ε > 0, then
ξn → ξ a.s.

Proof This assertion is obvious, for

P
( ⋃

k≥n

{|ξk − ξ | > ε
}) ≤

∞∑

k=n

P
(|ξn − ξ | > ε

)
. �

It is this criterion that has actually been used in proving the strong law of large
numbers for the Bernoulli scheme.

One cannot deduce a converse assertion about the convergence rate to zero of
the probability P(|ξn − ξ | > ε) from the a.s. convergence. The reader can easily
construct an example where ξn → ξ a.s., while P(|ξn − ξ | > ε) converges to zero
arbitrarily slowly.

Theorem 6.1.2 implies the following result.

Corollary 6.1.2 If ξn
p→ ξ , then there exists a subsequence {nk} such that ξnk

→ ξ

a.s. as k → ∞.
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Proof This assertion is also obvious since it suffices to take nk such that
P(|ξnk

− ξ | > ε) ≤ 1/k2 and then make use of Theorem 6.1.2. �

There is one more important special case where convergence in probability

ξn
p→ ξ implies convergence ξn → ξ a.s. This is the case when the ξn are sums

of independent random variables. Namely, the following assertion is true. If ξn =∑n
k=1 ηk , ηk are independent, then convergence of ξn in probability implies conver-

gence with probability 1. This assertion will be proved in Sect. 11.2.
Finally we consider a third type of convergence of random variables.

Definition 6.1.3 We will say that ξn converges to ξ in the r-th order mean (in mean
if r = 1; in mean square if r = 2) if, as n → ∞,

E|ξn − ξ |r → 0.

This convergence will be denoted by ξn
(r)−→ ξ .

Clearly, by Chebyshev’s inequality ξn
(r)−→ ξ implies that ξn

p→ ξ . On the other

hand, convergence
(r)−→ does not follow from a.s. convergence (and all the more

from convergence in probability). Thus convergence in probability is the weakest of
the three types of convergence we have introduced.

Note that, under additional conditions, convergence ξn
p→ ξ can imply that

ξn
(r)−→ ξ (see Theorem 6.1.7 below). For example, it will be shown in Corol-

lary 6.1.4 that if ξn
p→ ξ and E|ξn|r+α < c for some α > 0, c < ∞ and all n, then

ξn
(r)−→ ξ .

Definition 6.1.4 A sequence ξn is said to be a Cauchy sequence in probability (a.s.,
in mean) if, for any ε > 0,

P
(|ξn − ξm| > ε

) → 0
(

P
(

sup
n≥m

|ξn − ξm| > ε
)

→ 0, E|ξn − ξm|r → 0
)

as n → ∞ and m → ∞.

Theorem 6.1.3 (Cauchy convergence test) ξn → ξ in one of the senses
p→,

a.s.−→ or
(r)−→ if and only if ξn is a Cauchy sequence in the respective sense.

Proof That ξn is a Cauchy sequence follows from convergence by virtue of the
inequalities

|ξn − ξm| ≤ |ξn − ξ | + |ξm − ξ |,
sup
n≥m

|ξn − ξm| ≤ sup
n≥m

|ξn − ξ | + |ξm − ξ | ≤ 2 sup
n≥m

|ξn − ξ |,
|ξn − ξm|r ≤ Cr

(|ξn − ξ |r + |ξm − ξ |r)

for some Cr .
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Now assume that ξn is a Cauchy sequence in probability. Choose a sequence {nk}
such that

P
(|ξn − ξm| > 2−k

)
< 2−k

for n ≥ nk , m ≥ nk . Put

ξ ′
k := ξnk

, Ak := {|ξ ′
k − ξ ′

k+1| > 2−k
}
, η =

∞∑

k=1

I (Ak).

Then P(Ak) ≤ 2−k and Eη = ∑∞
k=1 P(Ak) ≤ 1. This means, of course, that the

number of occurrences of the events Ak is a proper random variable: P(η < ∞) = 1,
and hence with probability 1 finitely many events Ak occur. This means that, for any
ω for which η(ω) < ∞, there exists a k0(ω) such that |ξ ′

k(ω) − ξ ′
k+1(ω)| ≤ 2−k

for all k ≥ k0(ω). Therefore one has the inequality |ξ ′
k(ω)− ξ ′

l (ω)| ≤ 2−k+1 for all
k ≥ k0(ω) and l ≥ k0(ω), which means that ξ ′

n(ω) is a numerical Cauchy sequence
and hence there exists a value ξ(ω) such that |ξ ′

k(ω) − ξ(ω)| → 0 as k → ∞. This
means, in turn, that ξ ′

k
a.s.−→ ξ and hence

P
(|ξn − ξ | ≥ ε

) ≤ P
(

|ξn − ξnk
| ≥ ε

2

)
+ P

(
|ξnk

− ξ | > ε

2

)
→ 0

as n → ∞ and k → ∞.
Now assume that ξn is a Cauchy sequence in mean. Then, by Chebyshev’s in-

equality, it will be a Cauchy sequence in probability and hence, by Corollary 6.1.2,
there will exist a random variable ξ and a subsequence {nk} such that ξnk

a.s.−→ ξ .
Now we will show that E|ξn − ξ |r → 0. For a given ε > 0, choose an n such that
E|ξk − ξl |r < ε for k ≥ n and l ≥ n. Then, by Fatou’s lemma (see Appendix 3),

E|ξn − ξ |r = E lim
nk→∞|ξn − ξnk

|r

= E lim inf
nk→∞ |ξn − ξnk

|r ≤ lim inf
nk→∞ E|ξn − ξnk

|r ≤ ε.

This means that E|ξn − ξ |r → 0 as n → ∞.
It remains to verify the assertion of the theorem related to a.s. convergence. We

already know that if ξn is a Cauchy sequence in probability (or a.s.) then there exist a
ξ and a subsequence ξnk

such that ξnk

a.s.−→ ξ . Therefore, if we put nk(n) := min{nk :
nk ≥ n}, then

P
(

sup
k≥n

|ξk − ξ | ≥ ε
)

≤ P
(

sup
k≥n

|ξk − ξnk(n)
| ≥ ε/2

)
+ P

(|ξnk(n)
− ξ | ≥ ε/2

) → 0

as n → ∞. The theorem is proved. �

Remark 6.1.1 If we introduce the space Lr of all random variables ξ on 〈Ω,F,P〉
for which E|ξ |r < ∞ and the norm ‖ξ‖ = (E|ξ |r )1/r on it (the triangle inequal-
ity ‖ξ1 + ξ2‖ ≤ ‖ξ1‖ + ‖ξ2‖ is then nothing else but Minkowski’s inequality, see

Theorem 4.7.2), then the assertion of Theorem 6.1.3 on convergence
(r)−→ (which



134 6 On Convergence of Random Variables and Distributions

is convergence in the norm of Lr , for we identify random variables ξ1 and ξ2 if
‖ξ1 − ξ2‖ = 0) means that Lr is complete and hence is a Banach space.

The space of all random variables on 〈Ω,F,P〉 can be metrised so that conver-
gence in the metric will be equivalent to convergence in probability. For instance,
one could put

ρ(ξ1, ξ2) := E
|ξ1 − ξ2|

1 + |ξ1 − ξ2| .
Since

|x + y|
1 + |x + y| ≤ |x|

1 + |x| + |y|
1 + |y|

always holds, ρ(ξ1, ξ2) satisfies all the axioms of a metric. It is not difficult to see

that relations ρ(ξ1, ξ2) → 0 and ξn
p→ 0 are equivalent. The assertion of Theo-

rem 6.1.3 related to convergence
p→ means that the metric space we introduced

is complete.

6.1.2 The Continuity Theorem

Now we will derive the following “continuity theorem”.

Theorem 6.1.4 Let ξn
a.s.−→ ξ (ξn

p→ ξ) and H(s) be a function continuous every-
where with respect to the distribution of the random variable ξ (i.e. H(s) is contin-
uous at each point of a set S such that P(ξ ∈ S) = 1). Then

H(ξn)
a.s.−→ H(ξ)

(
H(ξn)

p→ H(ξ)
)
.

Proof Let ξn
a.s.−→ ξ . Since the sets A = {ω : ξn(ω) → ξ(ω)} and B = {ω : ξ(ω) ∈ S}

are both of probability 1, P(AB) = P(A) + P(B) − P(A ∪ B) = 1. But one has
H(ξn) → H(ξ) on the set AB . Convergence with probability 1 is proved.

Now let ξn
p→ ξ . If we assume that convergence H(ξn)

p→ H(ξ) does not take
place then there will exist ε > 0, δ > 0 and a subsequence {n′} such that

P
(∣∣H(ξn′) − H(ξ)

∣∣ > ε
)
> δ.

But ξn′
p→ ξ and hence there exists a subsequence {n′′} such that ξn′′

a.s.−→ ξ and
H(ξn′′)

a.s.−→ H(ξ). This contradicts the assumption we made, for the latter implies
that

P
(∣∣H(ξn′′) − H(ξ)

∣∣ > ε
)
> δ.

The theorem is proved. �

6.1.3 Uniform Integrability and Its Consequences

Now we will consider this question: in what cases does convergence in probability
imply convergence in mean?
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The main condition that ensures the transition from convergence in probability
to convergence in mean is associated with the notion of uniform integrability.

Definition 6.1.5 A sequence {ξn} is said to be uniformly integrable if

sup
n

E
(|ξn|; |ξn| > N

) → 0 as N → ∞.

A sequence of independent identically distributed random variables with finite
mean is, clearly, uniformly integrable.

If {ξn} is uniformly integrable then so are {cξn} and {ξn + c}, where c = const.
Let us present some further, less evident, properties of uniform integrability.

U1. If the sequences {ξ ′
n} and {ξ ′′

n } are uniformly integrable then the sequences
defined by ζn = max(|ξ ′

n|, |ξ ′′
n |) and ζn = ξ ′

n + ξ ′′
n are also uniformly integrable.

Proof Indeed, for ζn = max(|ξ ′
n|, |ξ ′′

n |) we have

E(ζn; ζn > N) = E
(
ζn; ζn > N,

∣∣ξ ′
n

∣∣ >
∣∣ξ ′′

n

∣∣) + E
(
ζn; ζn > N,

∣∣ξ ′
n

∣∣ ≤ ∣∣ξ ′′
n

∣∣)

≤ E
(∣∣ξ ′

n

∣∣; ∣∣ξ ′
n

∣∣ > N
) + E

(∣∣ξ ′′
n

∣∣; ∣∣ξ ′′
n

∣∣ ≥ N
) → 0

as N → ∞.
Since

∣
∣ξ ′

n + ξ ′′
n

∣
∣ ≤ ∣

∣ξ ′
n

∣
∣ + ∣

∣ξ ′′
n

∣
∣ ≤ 2 max

(∣∣ξ ′
n

∣
∣,

∣
∣ξ ′′

n

∣
∣),

from the above it follows that the sequence defined by the sum ζn = ξ ′
n + ξ ′′

n is also
uniformly integrable. �

U2. If {ξn} is uniformly integrable then supn E|ξn| ≤ c < ∞.

Proof Indeed, choose N so that

sup
n

E
(|ξn|; |ξn| > N

) ≤ 1.

Then

sup
n

E|ξn| = sup
n

[
E

(|ξn|; |ξn| ≤ N
) + E

(|ξn|; |ξn| > N
)] ≤ N + 1. �

The converse assertion is not true. For example, for a sequence

ξn : P(ξn = n) = 1/n = 1 − P(ξn = 0)

one has E|ξn| = 1, but the sequence is not uniformly integrable.
If we somewhat strengthen the above statement U2, it becomes “characteristic”

for uniform integrability.

Theorem 6.1.5 For a sequence {ξn} to be uniformly integrable, it is necessary and
sufficient that there exists a function ψ(x) such that

ψ(x)

x
↑ ∞ as x ↑ ∞, sup

n
Eψ

(|ξn|
)
< c < ∞. (6.1.2)

In the necessity assertion one can choose a convex function ψ .
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Proof Without loss of generality we can assume that ξi ≥ 0.
The sufficiency is evident, since, putting v(x) := ψ(x)

x
, we get

E(ξn; ξn ≥ N) ≤ 1

v(N)
E

(
ξnv(ξn); ξn ≥ N

) ≤ c

v(N)
.

To prove the necessity, put

ε(N) := sup
n

E(ξn; ξn ≥ N).

Then, by virtue of uniform integrability, ε(N) ↓ 0 as N ↑ ∞. Choose a sequence
Nk ↑ ∞ as k ↑ ∞ such that

∞∑

k=1

√
ε(Nk) < c1 < ∞,

and put

g(x) = x
(
ε(Nk)

)−1/2 for x ∈ [Nk,Nk+1).

Since

g(Nk − 0)

Nk

= (
ε(Nk−1)

)−1/2 ≤ (
ε(Nk)

)−1/2 = g(Nk)

Nk

,

we have g(x)
x

↑ ∞ as x → ∞. Further,

Eg(ξn) =
∑

k

E
[
g(ξn); ξn ∈ [Nk,Nk+1)

]

=
∑

k

E
[
ξn

(
ε(Nk)

)−1/2; ξn ∈ [Nk,Nk+1)
]

≤
∑

k

(
ε(Nk)

)−1/2
ε(Nk) =

∑

k

√
ε(Nk) < c1,

where the right-hand side does not depend on n. Therefore, to prove the theorem it
is sufficient to construct a function ψ ≤ g which is convex and such that ψ(x)

x
↑ ∞

as x ↑ ∞.
Define the function ψ(x) as the continuous polygon with nodes (Nk, g(Nk −0)).

Since

g(Nk − 0)

Nk

= ε(Nk−1)
−1/2

monotonically increases as k grows, ψ is a lower envelope curve for the discontinu-
ous function g(x) ≥ ψ(x). The monotonicity of ψ(x)

x
follows from the fact that, on

the interval [Nk,Nk+1), this function can be represented as

ψ(x)

x
= ak,ψ − bk

x
,
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where bk > 0, because the values ψ(Nk+1 −0) and g(Nk+1 −0) coincide, while the
angular incline ak,ψ of the function ψ on the interval [Nk,Nk+1) is greater than the
“radial” incline ak,g of the function g:

ak,g = g(Nk+1 − 0) − g(Nk)

Nk+1 − Nk

<
g(Nk+1 − 0) − g(Nk − 0)

Nk+1 − Nk

= ak,ψ .

It is clear that ψ(x)
x

increases unboundedly, for

ψ(Nk)

Nk

= g(Nk − 0)

Nk

= ε(Nk−1)
−1/2 ↑ ∞

as k → ∞. The theorem is proved. �

In studying the mean values of sums of random variables, the following theorem
on uniform integrability of average values, following from Theorem 6.1.5, plays an
important role.

Theorem 6.1.6 Let ξ1, ξ2, . . . be an arbitrary uniformly integrable sequence of ran-
dom variables,

pi,n ≥ 0,

n∑

i=1

pi,n = 1, ζn =
n∑

k=1

|ξi |pi,n.

Then the sequence {ζn} is uniformly integrable as well.

Proof Let ψ(x) be the convex function from Theorem 6.1.5 satisfying proper-
ties (6.1.2). Then, by that theorem,

Eψ(ζn) = Eψ

(
n∑

i=1

pi,n|ξi |
)

≤ E
n∑

i=1

pi,nψ
(|ξi |

) ≤ c.

It remains to make use of Theorem 6.1.5 again. �

Now we will show that convergence in probability together with uniform inte-
grability imply convergence in mean.

Theorem 6.1.7 Let ξn
p→ ξ and {ξn} be uniformly integrable. Then E|ξ | exists and,

as n → ∞,

E|ξn − ξ | → 0.

If, moreover, {|ξ r
n |} is uniformly integrable then ξn

(r)−→ ξ .

Conversely, if, for an r ≥ 1, ξn
(r)−→ ξ and E|ξ |r < ∞, then {|ξn|r} is uniformly

integrable.

In the law of large numbers for the Bernoulli scheme (see Theorem 5.1.1) we
proved that the normed sum Sn/n converges to p in probability. Since 0 ≤ Sn/n ≤ 1,
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Sn/n is clearly uniformly integrable and the convergence in mean
E |Sn/n − p|r → 0 holds for any r . This fact can also be established directly.
For a more substantiative example of application of Theorems 6.1.6 and 6.1.7, see
Sect. 8.1.

Proof We show that Eξ exists. By the properties of integrals (see Lemma A3.2.3 in
Appendix 3), if E|ζ | < ∞ then E(ζ ;An) → 0 as P(An) → 0. Since Eξn < ∞, for
any N and ε one has

E min
(|ξ |,N) = lim

n→∞
[
E min

(|ξ |,N); |ξn − ξ | < ε
]

≤ lim
n→∞ E min

(|ξ | + ε,N
) ≤ c + ε.

It follows that E|ξ | ≤ c.

Further, for brevity, put ηn = |ξn − ξ |. Then ηn
p→ 0 and ηn are uniformly inte-

grable together with ξn. For any N and ε, one has

Eηn = E(ηn; ηn ≤ ε) + E(ηn; N ≥ ηn > ε) + E(ηn; ηn ≥ N)

≤ ε + NP(ηn ≥ ε) + E(ηn; ηn > N). (6.1.3)

Choose N so that supn E(ηn; ηn > N) ≤ ε. Then, for such an N ,

lim sup
n→∞

Eηn ≤ 2ε.

Since ε is arbitrary, Eηn → 0 as n → ∞.
The relation E|ξn − ξ |r → 0 can be proved in the same way as (6.1.3), since

ηr
n = |ξn − ξ |r p→ 0 and ηr

n are uniformly integrable together with |ξn|r .
Now we will prove the converse assertion. Let, for simplicity, r = 1. One has

E
(|ξn|; |ξn| > N

) ≤ E
(|ξn − ξ |; |ξn| > N

) + E
(|ξ |; |ξn| > N

)

≤ E|ξn − ξ | + E
(|ξ |; |ξn| > N

)

≤ E|ξn − ξ | + E
(|ξ |; |ξn − ξ | > 1

) + E
(|ξ |; |ξ | > N − 1

)
.

The first term on the right-hand side tends to zero by the assumption, and the second
term, by Lemma A3.2.3 from Appendix 3, which we have just mentioned, and the
fact that P(|ξn − ξ | > 1) → 0. The last term does not depend on n and can be made
arbitrarily small by choosing N . Theorem 6.1.7 is proved. �

Now we can derive yet another continuity theorem which has the following form.

Theorem 6.1.8 If ξn
p→ ξ , H(s) satisfies the conditions of Theorem 6.1.4, and

H(ξn) is uniformly integrable, then, as n → ∞,

E
∣∣H(ξn) − H(ξ)

∣
∣ → 0

and, in particular, EH(ξn) → EH(ξ).
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This assertion follows from Theorems 6.1.4 and 6.1.7, for H(ξn)
p→ H(ξ) by

Theorem 6.1.4.
Sometimes it is convenient to distinguish between left and right uniform integra-

bility. We will say that a sequence {ξn} is right (left) uniformly integrable if

sup E(ξn; ξn ≥ N) → 0
(
sup E

(|ξn|; ξn ≤ −N
) → 0

)

as N → ∞. It is evident that a sequence {ξn} is uniformly integrable if and only if
it is both right and left uniformly integrable.

Lemma 6.1.1 A sequence {ξn} is right uniform integrable if at least one of the
following conditions is met:

1. For any sequence N(n) → ∞ as n → ∞, one has

E
(
ξn; ξn > N(n)

) → 0.

(This condition is clearly also necessary for uniform integrability.)
2. ξn ≤ η, where Eη < ∞.
3. E(ξ+

n )1+α < c < ∞ for some α > 0 (here x+ = max(0, x)).

4. ξn is left uniformly integrable, ξn
p→ ξ , and Eξn → Eξ < ∞.

Proof

1. If the sequence {ξn} were not right uniformly integrable, there would exist
an ε > 0 and subsequences n′ → ∞ and N ′ = N ′(n′) → ∞ such that E(ξn′ ;
ξn′ > N ′) > ε. But this contradicts condition 1.

2. E(ξn; ξn > N) ≤ E(η; η > N) → 0 as N → ∞.
3. E(ξn; ξn > N) ≤ E(ξ1+α

n N−α; ξn > N) ≤ N−αc → 0 as N → ∞.
4. Without loss of generality, put ξ := 0. Then

E(ξn; ξn > N) = Eξn − E(ξn; ξn < −N) − E
(
ξn; |ξn| ≤ N

)
.

The first two terms on the right-hand side vanish as n → ∞ for any N =
N(n) → ∞. For the last term, for any ε > 0, one has

∣∣E
(
ξn; |ξn| ≤ N

)∣∣ ≤ ∣∣E
(
ξn; |ξn| ≤ ε

)∣∣ + ∣∣E
(
ξn; ε < |ξn| ≤ N

)∣∣

≤ ε + NP
(|ξn| > ε

)
.

For any given ε > 0, choose an n(ε) such that, for all n ≥ n(ε), we would have
P(|ξn| > ε) < ε, and put N(ε) := �1/

√
ε�. This will mean that, for all n ≥ n(ε)

and N ≤ N(ε), one has E(ξn; |ξn| ≤ N) < ε + √
ε, and therefore condition 1 of the

lemma holds for E(ξn; ξn > N). The lemma is proved. �

Now, based on the above, we can state three useful corollaries.

Corollary 6.1.3 (The dominated convergence theorem) If ξn
p→ ξ , |ξn| < η, and

Eη < ∞ then Eξ exists and Eξn → Eξ .
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Corollary 6.1.4 If ξn
p→ ξ and E|ξn|r+α < c < ∞ for some α > 0 then ξn

(r)−→ ξ .

Corollary 6.1.5 If ξn
p→ ξ and H(x) is a continuous bounded function, then

E|H(ξn) − EH(ξ)| → 0 as n → ∞.

In conclusion of the present section, we will derive one more auxiliary proposi-
tion that can be useful.

Lemma 6.1.2 (On integrals over sets of small probability) If {ξn} is a uniformly in-
tegrable sequence and {An} is an arbitrary sequence of events such that P(An) → 0,
then E(|ξn|; An) → 0 as n → ∞.

Proof Put Bn := {|ξn| ≤ N}. Then

E
(|ξn|; An

) = E
(|ξn|; AnBn

) + E
(|ξn|; AnBn

)

≤ NP(An) + E
(|ξn|; |ξn| > N

)
.

For a given ε > 0, first choose N so that the second summand on the right-hand side
does not exceed ε/2 and then an n such that the first summand does not exceed ε/2.
We obtain that, by choosing n large enough, we can make E(|ξn|; An) less than ε.
The lemma is proved. �

6.2 Convergence of Distributions

In Sect. 6.1 we introduced three types of convergence which can be used to charac-
terise the closeness of random variables given on a common probability space. But
what can one do if random variables are given on different probability spaces (or if
it is not known where they are given) which nevertheless have similar distributions?
(Recall, for instance, the Poisson or de Moivre–Laplace theorems.) In such cases
one should be able to characterise the closeness of the distributions themselves.
Having found an apt definition for such a closeness, in many problems we will be
able to approximate the required but hard to come by distributions by known and,
as a rule, simpler distributions.

Now what distributions should be considered as close? We are clearly looking
for a definition of convergence of a sequence of distribution functions Fn(x) to a
distribution function F(x). It would be natural, for instance, that the distributions
of the variables ξn = ξ + 1/n should converge to that of ξ as n → ∞. Therefore
requiring in the definition of convergence that supx |Fn(x) − F(x)| is small would
be unreasonable since this condition is not satisfied for the distributions of ξ + 1/n

and ξ if F(x) = P(ξ < x) has at least one point of discontinuity.
We will define the convergence of Fn to F as that which arises when one consid-

ers convergence in probability.
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Definition 6.2.1 We will say that distribution functions Fn converge weakly to a
distribution function F as n → ∞, and denote this by Fn ⇒ F if, for any continuous
bounded function f (x),

∫
f (x)dFn(x) →

∫
f (x)dF (x). (6.2.1)

Considering the distributions Fn(B) and F(B) (B are Borel sets) corresponding to
Fn and F , we say that Fn converges weakly to F and write Fn ⇒ F. One can clearly
re-write (6.2.1) as

∫
f (x)Fn(dx) →

∫
f (x)F(dx) or Ef (ξn) → Ef (ξ) (6.2.2)

(cf. Corollary 6.1.5), where ξn ⊂= Fn and ξ ⊂= F.

Another possible definition of weak convergence follows from the next assertion.

Theorem 6.2.1 2 Fn ⇒ F if and only if Fn(x) → F(x) at each point of continuity
x of F .

Proof Let (6.2.1) hold. Consider an ε > 0 and a continuous function fε(t) which is
equal to 1 for t < x and to 0 for t ≥ x + ε, and varies linearly on [x, x + ε]. Since

Fn(x) =
∫ x

−∞
fε(t) dFn(t) ≤

∫
fε(t) dFn(t),

by virtue of (6.2.1) one has

lim sup
n→∞

Fn(x) ≤
∫

fε(t) dF (t) ≤ F(x + ε).

If x is a point of continuity of F then

lim sup
n→∞

Fn(x) ≤ F(x)

since ε is arbitrary.
In the same way, using the function f ∗

ε (t) = fε(t + ε), we obtain the inequality

lim inf
n→∞ Fn(x) ≥ F(x).

We now prove the converse assertion. Let −M and N be points of continuity
of F such that F(−M) < ε/5 and 1 − F(N) < ε/5. Then Fn(−M) < ε/4 and
1 −Fn(N) < ε/4 for all sufficiently large n. Therefore, assuming for simplicity that
|f | ≤ 1, we obtain that

∫
f dFn and

∫
f dF (6.2.3)

2In many texts on probability theory the condition of the theorem is given as the definition of weak
convergence. However, the definition in terms of the relation (6.2.2) is apparently more appropriate
for it continues to remain valid for distributions on arbitrary topological spaces (see, e.g. [1, 25]).
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will differ from
∫ N

−M

f dFn and
∫ N

−M

f dF,

respectively, by less than ε/2. Construct on the semi-interval (−M,N ] a step func-
tion fε with jumps at the points of continuity of F which differs from f by less than
ε/2. Outside (−M,N ] we set fε := 0. We can put, for instance,

fε(x) :=
k∑

j=1

f (xj )δj (x),

where x0 = −M < x1 < · · · < xk = N are appropriately chosen points of continu-
ity of F , and δj (x) is the indicator function of the semi-interval (xj−1, xj ]. Then∫

fε dFn and
∫

fε dF will differ from the respective integrals in (6.2.3), for suffi-
ciently large n, by less than ε. At the same time,

∫
fε dFn =

k∑

j=1

f (xj )
[
Fn(xj ) − Fn(xj−1)

] →
∫

fε dF.

Since ε > 0 is arbitrary, the last relation implies (6.2.1). (Indeed, one just has to
make use of the inequality

lim sup
∫

f dFn ≤ ε + lim sup
∫

fε dFn = ε +
∫

fε dF ≤ 2ε +
∫

f dF

and a similar inequality for lim inf
∫

f dFn.) The theorem is proved. �

For remarks on different and, in a certain sense, simpler proofs of the second
assertion of Theorem 6.2.1, see the end of Sect. 6.3 and Sect. 7.4.

Remark 6.2.1 Repeating with obvious modifications the above-presented proof, we
can get a somewhat different equivalent of convergence (4): convergence of differ-
ences Fn(y) − Fn(x) → F(y) − F(x) for any points of continuity x and y of F .

Remark 6.2.2 If F(x) is continuous then convergence Fn ⇒ F is equivalent to the
uniform convergence supx |Fn(x) − F(x)| → 0.

We leave the proof of the last assertion to the reader. It follows from the fact
that convergence Fn(x) → F(x) at any x implies, by virtue of the continuity of F ,
uniform convergence on any finite interval. The uniform smallness of Fn(x)−F(x)

on the “tails” is ensured by the smallness of F(x) and 1 − F(x).

Remark 6.2.3 If distributions Fn and F are discrete and have jumps at the same
points x1, x2, . . . then Fn ⇒ F will clearly be equivalent to the convergence of the
probabilities of the values x1, x2, . . . (Fn(xk + 0) − Fn(xk) → F(xk + 0) − F(xk)).
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We introduce some notation which will be convenient for the sequel. Let ξn and
ξ be some random variables (given, generally speaking, on different probability
spaces) such that ξn ⊂= Fn and ξ ⊂= F.

Definition 6.2.2 If Fn ⇒ F we will say that ξn converges to ξ in distribution and
write ξn ⇒ ξ .

We used here the same symbol ⇒ as for the weak convergence, but this leads to
no confusion.

It is clear that ξn
p→ ξ implies ξn ⇒ ξ , but not vice versa.

At the same time the following assertion holds true.

Lemma 6.2.1 If ξn ⇒ ξ (Fn ⇒ F) then one can construct random variables ξ ′
n

and ξ ′ on a common probability space so that P(ξ ′
n < x) = P(ξn < x) = Fn(x),

P(ξ ′ < x) = P(ξ < x) = F(x), and

ξ ′
n

a.s.−→ ξ ′.

Proof Define the quantile transforms (see Definition 3.2.6) by

F−1
n (t) := sup

{
x : Fn(x) ≤ t

}
, F−1(t) := sup

{
x : F(x) ≤ t

}
.

(If F(x) is continuous and strictly increasing then F−1(t) coincides with the solu-
tion to the equation F(v) = t .) Let η ⊂= U0,1. Put

ξ ′
n := F−1

n (η) ⊂= Fn, ξ ′ := F−1(η) ⊂= F

(cf. Theorem 3.2.2), and show that ξ ′
n

a.s.−→ ξ ′. In order to do that, it suffices to prove
that F−1

n (y) → F−1(y) for almost all y ∈ [0,1].
The functions F and F−1 are monotone and hence each of them has at most

a countable set of discontinuity points. This means that, for all y ∈ [0,1] with the
possible exclusion of the points from a countable set T , the function F−1(y) will
be continuous.

So let y be a point of continuity of F (−1), and F (−1)(y) = x.
For t ≤ y, choose a continuous strictly increasing function G(−1)(t) such that

G(−1)(y) = F (−1)(y), G(−1)(t) ≤ F (−1)(t) for t ≤ y.

Denote by G(v), v ≤ x, the function inverse to G(−1)(t). Clearly, G(v) domi-
nates the function F(v) in the domain v ≤ x. By virtue of the continuity and strict
monotonicity of the functions G(−1) and G (in the domain under consideration), for
ε > 0 we have

G(x − ε) = y − δ(ε),

where δ(ε) > 0, δ(ε) → 0 as ε → 0. Choose an ε such that x − ε is a point of
continuity of F . Then, for all n large enough,

Fn(x − ε) ≤ F(x − ε) + δ(ε)

2
≤ G(x − ε) + δ(ε)

2
= y − δ(ε)

2
.
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The opposite inequality can be proved in a similar way. Since ε can be arbitrarily
small, we obtain that, for almost all y,

F−1
n (y) → F (−1)(y) as n → ∞.

Hence F
(−1)
n (η) → F (−1)(η) with probability 1 with respect to the distribution of η.

The lemma is proved. �

Lemma 6.2.1 remains true for vector-valued random variables as well.
Sometimes it is also convenient to have a simple symbol for the relation “the

distribution of ξn converges weakly to F”. We will write this relation as

ξn ⊂⇒ F, (6.2.4)

so that the symbol ⊂⇒expresses the same fact as ⇒ but relates objects of a different
nature in the same way as the symbol ⊂= in the relation ξ ⊂= P (on the left-hand
side in (6.2.4) we have random variables, while on the right hand side there is a
distribution).

In these terms, the assertion of the Poisson theorem could be written as Sn ⊂⇒�μ,
while the statement of the law of large numbers for the Bernoulli scheme takes the
form Sn/n ⊂⇒ Ip .

The coincidence of the distributions of ξ and η will be denoted by ξ
d= η.

Lemma 6.2.2 If ξn ⇒ ξ and εn
p→ 0 then ξn + εn ⇒ ξ .

If ξn ⇒ ξ and γn
p→ 1 then ξnγn ⇒ ξ .

Proof Let us prove the first assertion. For any t and δ > 0 such that t and t ± δ are
points of continuity of P(ξ < t), one has

lim sup
n→∞

P(ξn + εn < t) = lim sup
n→∞

P(ξn + εn < t, εn > −δ)

≤ lim sup
n→∞

P(ξn < t + δ) = P(ξ < t + δ).

Similarly,

lim inf
n→∞ P(ξn + εn < t) ≥ P(ξ < t − δ).

Since P(ξ < t ± δ) can be chosen arbitrary close to P(ξ < t) by taking a sufficiently
small δ, the required convergence follows.

The second assertion can be proved in the same way. The lemma is proved. �

Now we will give analogues of Theorems 6.1.4 and 6.1.7 in terms of distribu-
tions.

Theorem 6.2.2 If ξn ⇒ ξ and a function H(s) satisfies the conditions of Theo-
rem 6.1.4 then H(ξn) ⇒ H(ξ).
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Theorem 6.2.3 If ξn ⇒ ξ and the sequence {ξn} is uniformly integrable then Eξ

exists and Eξn → Eξ .

Proof There are two ways of proving these theorems. One of them consists of re-
ducing them to Theorems 6.1.4 and 6.1.7. To this end, one has to construct random
variables ξ ′

n = F
(−1)
n (η) and ξ ′ = F (−1)(η), where η ⊂= U0,1 and F

(−1)
n and F (−1)

are the quantile transforms of Fn and F , respectively, and prove that ξ ′
n

p→ ξ ′ (we
already know that F (−1)(η) ⊂= F; if F is discontinuous or not strictly increasing,
then F (−1) should be defined as in Lemma 6.2.1).

Another approach is to prove the theorems anew using the language of distri-
butions. Under inessential additional assumptions, such proofs are sometimes even
simpler. To illustrate this, assume, for instance, in Theorem 6.2.3 that the function
H is continuous. One has to prove that Eg(H(ξn)) → Eg(H(ξ)) for any continuous
bounded function g. But this is an immediate consequence of (6.2.1) and (6.2.2), for
f = g ◦ H (f is the composition of the functions g and H ).

In Theorem 6.2.3 assume that ξn ≥ 0 (this does not restrict the generality). Then,
integrating by parts, we get

Eξn = −
∫ ∞

0
x dP(ξn ≥ x) =

∫ ∞

0
P(ξn ≥ x)dx. (6.2.5)

Since by virtue of uniform integrability

sup
n

∫ ∞

N

P(ξn ≥ x)dx ≤ sup
n

E(ξn; ξn ≥ N) → 0

as N → ∞, the integral in (6.2.5) is uniformly convergent. Moreover, P(ξn ≥ x) →
P(ξ ≥ x) a.s., and therefore

lim
n→∞ Eξn = lim

n→∞

∫ ∞

0
P(ξn ≥ x)dx =

∫ ∞

0
P(ξ ≥ x)dx = Eξ. �

Conditions ensuring uniform integrability are contained in Lemma 6.1.1. Now
we will give a modification of assertion 4 of this lemma for the case of weak con-
vergence.

Lemma 6.2.3 If {ξn} is left uniformly integrable, ξn ⇒ ξ and Eξn → Eξ then {ξn}
is uniformly integrable.

We suggest to the reader to construct examples showing that all three conditions
of the lemma are essential.

Lemma 6.2.3 implies, in particular, that if ξn ≥ 0, ξn ⇒ ξ and Eξn → Eξ then
{ξn} is uniformly integrable.

As for Theorems 6.2.2 and 6.2.3, two alternative ways to prove the result are
possible here. One of them consists of using Lemma 6.1.1. We will present here a
different, somewhat simpler, proof.
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Proof of Lemma 6.2.3 For simplicity assume that ξn ≥ 0. Suppose that the lemma
is not valid. Then there exist an ε > 0 and subsequences n′ → ∞ and N(n′) → ∞
such that

E
(
ξn′ ; ξn′ > N

(
n′)) > ε.

Since

Eξn′ = E(ξn′ ; ξn′ ≤ N) + E(ξn′ ; ξn′ > N),

for any N that is a point of continuity of the distribution of ξ , one has

Eξ = lim
n→∞ ξn′ ≥ E(ξ ; ξ ≤ N) + ε.

Choose an N such that the first summand on the right-hand side exceeds Eξ − ε/2.
Then we obtain the contradiction Eξ ≥ Eξ + ε/2, which proves the lemma.

We leave it to the reader to extend the proof to the case of arbitrary left uniformly
integrable {ξn}. �

The following theorem can also be useful.

Theorem 6.2.4 Suppose that ξn ⇒ ξ , H(s) is differentiable at a point a, and
bn → 0 as n → ∞. Then

1

bn

(
H(a + bnξn) − H(a)

) ⇒ ξH ′(a).

If H ′(a) = 0 and H ′′(a) exists then

1

b2
n

(
H(a + bnξn) − H(a)

) ⇒ ξ2

2
H ′′(a).

Proof Consider the function

h(x) =
{

H(a+x)−H(a)
x

if x �= 0,

H ′(a) if x = 0,

which is continuous at the point x = 0. Since bnξn ⇒ 0, by Theorem 6.2.2 one has
h(bnξn) ⇒ h(0) = H ′(a). Using the theorem again (this time for two-dimensional
distributions), we get

H(a + bnξn) − H(a)

bn

= h(bnξn)ξn ⇒ H ′(a)ξ.

The second assertion is proved in the same way. �

A multivariate analogue of this theorem will look somewhat more complicated.
The reader could obtain it himself, following the lines of the argument proving The-
orem 6.2.4.
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6.3 Conditions for Weak Convergence

Now we will return to the concept of weak convergence. We have two criteria for this
convergence: relation (6.2.1) and Theorem 6.2.1. However, from the point of view
of their possible applications (their verification in concrete problems) both these
criteria are inconvenient. For instance, proving, say, convergence Ef (ξn) → Ef (ξ)

not for all continuous bounded functions f but just for elements f of a certain rather
narrow class of functions that has a simple and clear nature would be much easier.
It is obvious, however, that such a class cannot be very narrow.

Before stating the basic assertions, we will introduce a few concepts.
Extend the class F of all distribution functions to the class G of all functions

G satisfying conditions F1 and F2 from Sect. 3.2 and conditions G(−∞) ≥ 0,
G(∞) ≤ 1. Functions G from G could be called generalised distribution functions.
One can think of them as distribution functions of improper random variables as-
suming infinite values with positive probabilities, so that G(−∞) = P(ξ = −∞)

and 1 − G(∞) = P(ξ = ∞). We will write Gn ⇒ G for Gn ∈ G and G ∈ G if
Gn(x) → G(x) at all points of continuity of G(x).

Theorem 6.3.1 (Helly) The class G is compact with respect to convergence ⇒,
i.e. from any sequence {Gn}, Gn ∈ G, one can choose a convergent subsequence
Gnk

⇒ G ∈ G.

For the proof of Theorem 6.3.1, see Appendix 4.

Corollary 6.3.1 If each convergent subsequence {Gnk
} of {Gn} with Gn ∈ G con-

verges to G then Gn ⇒ G.

Proof If Gn �G then there exists a point of continuity x0 of G such that Gn(x0) �→
G(x0). Since Gn(x0) ∈ [0,1], there exists a convergent subsequence Gnk

such
that Gnk

(x0) → g �= G(x0). This, however, is impossible by our assumption, for
Gnk

(x0) → G(x0). �

The reason for extending the class F of all distribution functions is that it is not
compact (in the sense of Theorem 6.3.1) and convergence Fn ⇒ G, Fn ∈ F, does
not imply that G ∈ F. For example, the sequence

Fn(x) =
⎧
⎨

⎩

0 if x ≤ −n,

1/2 if − n < x ≤ n,

1 if x > n

(6.3.1)

converges everywhere to the function G(x) ≡ 1/2 /∈ F corresponding to an improper
random variable taking the values ±∞ with probabilities 1/2.

However, dealing with the class G is also not very convenient. The fact is that
convergence at points of continuity Gn ⇒ G in the class G is not equivalent to
convergence

∫
f dGn →

∫
f dG
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(see example (6.3.1) for f ≡ 1), and the integrals
∫

f dG do not specify G uniquely
(they specify the increments of G, but not the values G(−∞) and G(∞)). Now we
will introduce two concepts that will help to avoid the above-mentioned inconve-
nience.

Definition 6.3.1 A sequence of distributions {Fn} (or distribution functions {Fn})
is said to be tight if, for any ε > 0, there exists an N such that

inf
n

Fn

([−N,N ]) > 1 − ε. (6.3.2)

Definition 6.3.2 A class L of continuous bounded functions is said to be distribu-
tion determining if the equality

∫
f (x)dF (x) =

∫
f (x)dG(x), F ∈ F, G ∈ G,

for all f ∈ L implies that F = G (or, which is the same, if the relation Ef (ξ) =
Ef (η) for all f ∈ L, where one of the random variables ξ and η is proper, implies

that ξ
d= η).

The next theorem is the main result of the present section.

Theorem 6.3.2 Let L be a distribution determining class and {Fn} a sequence of
distributions. For the existence of a distribution F ∈ F such that Fn ⇒ F it is nec-
essary and sufficient that:3

(1) the sequence {Fn} is tight; and
(2) limn→∞

∫
f dFn exists for all f ∈L.

Proof The necessary part is obvious.
Sufficiency. By Theorem 6.3.1 there exists a subsequence Fnk

⇒ F ∈ G. But
by condition (1) one has F ∈ F. Indeed, if x ≥ N is a point of continuity of F

then, by Definition 6.3.1, F(x) = limFnk
(x) ≥ 1 − ε. In a similar way we establish

that for x ≤ −N one has F(x) < ε. Since ε is arbitrary, we have F(−∞) = 0 and
F(∞) = 1.

Further, take another convergent subsequence Fn′
k

⇒ G ∈ F. Then, for any
f ∈L, one has

lim
∫

f dFnk
=

∫
f dF, lim

∫
f dFn′

k
=

∫
f dG. (6.3.3)

But, by condition (2),
∫

f dF =
∫

f dG, (6.3.4)

and hence F = G. The theorem is proved by virtue of Corollary 6.3.1. �

3In this form the theorem persists for spaces of a more general nature. The role of the segments
[−N,N ] in (6.3.2) is played in that case by compact sets (cf. [1, 14, 25, 31]).
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Fig. 6.1 The plot of the
function fa,ε(x) from
Example 6.3.1

If one needs to prove convergence to a “known” distribution F ∈ F, the tightness
condition in Theorem 6.3.2 becomes redundant.

Corollary 6.3.2 Let L be a distribution determining class and
∫

f dFn →
∫

f dF, F ∈ G, (6.3.5)

for any f ∈ L. Moreover, assume that at least one of the following three conditions
is met:

(1) the sequence {Fn} is tight;
(2) F ∈ F;
(3) f ≡ 1 ∈L (i.e. (6.3.5) holds for f ≡ 1).

Then F ∈ F and Fn ⇒ F .

The proof of the corollary is almost next to obvious. Under condition (1) the as-
sertion follows immediately from Theorem 6.3.2. Condition (3) and convergence
(6.3.5) imply condition (2). If (2) holds, then F ∈ F in relations (6.3.3) and (6.3.4),
and therefore G = F . �

Since, as a rule, at least one of conditions (1)–(3) is satisfied (as we will see
below), the basic task is to verify convergence (6.3.5) for the class L.

Note also that, in the case where one proves convergence to a distribution F ∈ F

“known” in advance, the whole arrangement of the argument can be different and
simpler. One such alternative approach is presented in Sect. 7.4.

Now we will give several examples of distributions determining classes L.

Example 6.3.1 The class L0 of functions having the form

fa,ε(x) =
{

1 if x ≤ a,

0 if x ≥ a + ε.

On the segment [a, a + ε] the functions fa,ε are defined to be linear and continuous
(a plot of fa,ε(x) is given in Fig. 6.1). It is a two-parameter family of functions.

We show that L0 is a distribution determining class. Let
∫

f dF =
∫

f dG

for all f ∈L0. Then

F(a) ≤
∫

fa,ε dF =
∫

fa,ε dG ≤ G(a + ε),
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and, conversely,

G(a) ≤ F(a + ε)

for any ε > 0. Taking a to be a point of continuity of both F and G, we obtain that

F(a) = G(a).

Since this is valid for all points of continuity, we get F = G.

One can easily verify in a similar way that the class L̂0 of “trapezium-shaped”
functions f (x) = min(fa,ε,1 − fb,ε), a < b, is also distribution determining.

Example 6.3.2 The class L1 of continuous bounded functions such that, for each
f ∈ L0 (or f ∈ L̂0), there exists a sequence fn ∈ L1, supx |f (x)| < M < ∞, for
which limn→∞ fn(x) = f (x) for each x ∈ R.

Let
∫

f dF =
∫

f dG

for all f ∈L1. By the dominated convergence theorem,

lim
∫

fn dF =
∫

f dF, lim
∫

fn dG =
∫

f dG, f ∈L0.

Therefore
∫

f dF =
∫

f dG, f ∈ L0, F = G

and hence L1 is a distribution determining class.

Example 6.3.3 The class Ck of all bounded functions f (x) having bounded uni-
formly continuous k-th derivatives f (k)(x) (supx |f (k)(x)| < ∞), k ≥ 1.

It is evident that Ck is a distribution determining class for it is a special case of
an L1 class.

In the same way one can see that the subclass C0
k ⊂ Ck of functions having fi-

nite support (vanishing outside a finite interval) is also distribution determining.
This follows from the fact that C0

k is an L1-class with respect to the class L̂0 of
trapezium-shaped (and therefore having compact support) functions.

It is clear that the class Ck satisfies condition (3) from Corollary 6.3.2 (f ≡
1 ∈ Ck). Therefore, to prove convergence Fn ⇒ F ∈ F it suffices to verify conver-
gence (6.3.5) for f ∈ Ck only.

If one takes L to be the class C0
k of differentiable functions with finite sup-

port then relation (6.3.5) together with condition (2) of Corollary 6.3.2 could be
re-written as

∫
Fnf

′ dx →
∫

Ff ′ dx, F ∈ F. (6.3.6)

(One has to integrate (6.3.5) by parts and use the fact that f ′ also has a finite sup-
port.) The convergence criterion (6.3.6) is sometimes useful. It can be used to show,
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for example, that (6.3.5) follows from convergence Fn(x) → F(x) at all points of
continuity of F (i.e. almost everywhere), since that convergence and the dominated
convergence theorem imply (6.3.6) which is equivalent to (6.3.5).

Example 6.3.4 One of the most important distribution determining classes is the
one-parameter family of complex-valued functions {eitx}, t ∈ R.

The next chapter will be devoted to studying the properties of
∫

eitxdF (x).
After obvious changes, all the material in the present chapter can be extended to

the multivariate case.
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