Chapter 19
Processes with Independent Increments

Abstract Section 19.1 introduces the fundamental concept of infinitely divisible
distributions and contains the key theorem on relationship of such processes to
processes with independent homogeneous increments. Section 19.2 begins with a
definition of the Wiener process based on its finite-dimensional distributions and
establishes existence of a continuous modification of the process. It also derives the
distribution of the maximum of the Wiener process on a finite interval. The Laws
of the Iterated Logarithm for the Wiener process are established in Sect. 19.3. Sec-
tion 19.4 is devoted to the Poisson processes, while Sect. 19.5 presents a character-
isation of the class of processes with independent increments (the Lévy—Khintchin
theorem).

19.1 General Properties

Definition 19.1.1 A process {£(¢), t € [a, b]} given on the interval [a, b] is said
to be a process with independent increments if, for any n and 1o <] < --- < 1,
a < ty, t, < b, the random variables &(tg), £(t1) — (%), ..., E(t,) — E(t,—1) are
independent.

A process with independent increments is called homogeneous if the distribu-
tion of &£(¢1) — &£(#p) is determined by the length of the interval #; — 79 only and is
independent of #.

In what follows, we will everywhere assume for simplicity’s sake that a = 0,
E(0O)=0andb=1o0rb=o00.

Definition 19.1.2 The distribution of a random variable & is called infinitely di-
visible (cf. Sect. 8.8) if, for any n, the variable & can be represented as a sum of
independent identically distributed random variables: £ =&, +--- + &,.,. If (1)
is the ch.f. of £, then this is equivalent to the property that ¢!/ is a ch.f. for any n.

It is clear from the above definitions that, for a homogeneous process with
independent increments, the distribution of £(¢) is infinitely divisible, because
E=& 4+ -+ &, where &, =&(kt/n) — &((k — 1)t/n) are independent and
distributed as &(¢/n).
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Theorem 19.1.1

(1) Let {£(¢), t = 0} be a stochastically continqous homogeneous process with in-
dependent increments, and let ¢;(\) = Ee*" be the ch.f. of (1), (1) :=
@1(A). Then

oW =¢' (M), (19.1.1)

@(A) #£ 0 for any A.
(2) Let ¢()\) be the ch.f. of an infinitely divisible distribution. Then there exists a
random process {£(t), t > 0} satisfying the conditions of (1) and such that

Ee'# M = ().

Note that in the theorem the power ¢’ (1) of the complex number ¢ () is under-
stood as |@(A)|7e! P where a(1) = arg (1) ((A) = |p(1)[e*P)). But (1) is a
multi-valued function, which is defined up to the term 2wk with integer k. There-
fore, for non-integer ¢, the function ¢’ (1) will be multi-valued as well. Since any
ch.f. is continuous, after crossing the level 2k by « (k) (while changing the value of
A from zero, «(0) = 0), we are to take the “nearest” branch of « (k) so as to ensure
continuity of the function ¢’ (A). For example, for the degenerate distribution I; we
have g (1) = e* (¢ (L) = A), so for small > 0, ¢ > 0 and for A = 27 + & we are to
set @ (1) = e/ @7+ rather than ¢ (1) = €' (although ¢ (1) = €'®).

Denote by £ the class of ch.f.s of all infinitely divisible distributions and by
L1 the class of the ch.f.s of the distributions of £(¢) for stochastically continuous
homogeneous processes with independent increments. Then it follows from Theo-
rem 19.1.1 that £ = L. The class £ will be characterised in Sect. 19.5.

Proof (1) Let &£(t) satisfy the conditions of part (1) of the theorem. Then £(¢) can
be represented as a sum of independent increments

n

E)=) [6t) —&WD]. t0=0,t,=t, 1;>1j 1.

=1

From this it follows, in particular, that for ¢; = j/n, t =1,

oW =[e1aM]"s @) =" ).

Raising both sides of the last equality to an integer power k, we obtain that, for any
rational r = k/n, one has

ok () =" (),
which proves (19.1.1) for ¢t = r. Now let ¢ be irrational and r,, := |¢n]/n. Since &(t)

is a stochastically continuous process, one has &(r,,) LS &(t) as n — o0, and hence
the corresponding ch.f.s converge: for any A,

@r,(A) = @1 (A).
But ¢, (L) = ¢"" (L) — ¢'(X). Therefore (19.1.1) necessarily holds true.
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Further, by stochastic continuity of £(-), we have ¢;(A) = ¢'(A) > 1 ast — 0
for any X. This implies that ¢ (1) # O for any A. This completes the proof of the first
assertion of the theorem.

(2) Observe first that if ¢ € £ then, for any ¢ > 0, ¢ is again a ch.f. Indeed,

@' (W) = lim ™/ (),
n—oo

so that ¢"()) is a limit of ch.f.s which is continuous at the point A = 0. By the
continuity theorem for ch.f.s, this is again a ch.f.

Now we will construct a random process &(¢) with independent increments by
specifying its finite-dimensional distributions. Put

O=n<t1 < - <K, Aj=E&(j) —&(tj-1), Sji=tj—tj_y,
and observe that
k k J k k
DonEEH =AY A=) A
j=1 j=1 1=l i=1  I=j

Define the ch.f. of the joint distribution of £(¢1), ..., £(fx) by the equality (postulat-
ing independence of A )

k k J k k 8
Eexp{iZAjS(tj)}::Eexp{i AA/ZAI}:Hgo(ZM) .

1 =1 I=j j=1 \i=j
Thus, we have used ¢ to define the finite-dimensional distributions of &(¢) in
(RT,%I@ with T = [0, 00) which, as one can easily see, are consistent. By
Kolmogorov’s theorem, there exists a distribution of a random process £(¢) in
(RT, %ﬁ). That process is by definition a homogeneous processes with indepen-
dent increments.

To prove stochastic continuity of £(¢), note that, as h — 0,

EeHECHNS0) = 1) — gy (h),
where

_ [T ife@) #0,
‘”0(”_{0 if p(3) = 0.

Thus the limiting function @g(A) can assume only two values: 0 and 1. But it is
bound to be a ch.f. since it is continuous at the point A =0 (¢(A) # 0 in a neigh-
bourhood of the point A = 0) and is a limit of ch.f.s. Therefore ¢y(A) is continuous,
wo(M) =1, ¢"(1) — 1, and

EG+h) —EM) 20 ash— 0.

The theorem is proved. g

Corollary 19.1.1 Let the conditions of part (1) of Theorem 19.1.1 be met. If, for
all t, E|&(t)| < oo then

E£(t) = tEE(1).
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IFE(£(1))? < oo then
Var&(t) =t Var&(1).

Proof For the sake of brevity, put a := E£(1). Then, differentiating (19.1.1) in X at
the point A = 0, we obtain

E&(1) = —ig,(0) = —itg'~'¢'(0) = at,
EE2(1) = —¢/(0) = —1(t — D' 2(0)(¢' (1)) — 19"~ (0)¢" (0)
=1t(t — Da® + tE£%(1),
Varé(t) =t (E€2(1) — a*) =t Var&(1).
The corollary is proved. O

In the next theorem we put, as before, T = [0, 1] or T = [0, 00).

Theorem 19.1.2 Homogeneous stochastically continuous processes with indepen-
dent increments {£(t), t € T} have modifications in the space D(T), i.e. the process
&(t) can be given in (D(T), %g) and hence have no discontinuities of the second

type.

Proof To simplify the argument, assume that E€%(1) exists, or, which is the same,
that the second derivative ¢” (1) exists. Then

E(5(1) — £t — )’ =] (0) = —h(h — D[¢'(0)]" — he"(0) < c|hl,
E(|6¢ +h2) — E@)|*[E@) — G — h)|?) < Phihy < Py + ha),

and the assertion follows from the second criterion of Theorem 18.2.3. The theorem
is proved. O

In the general case, the proof is more complicated: one has to make use of crite-
rion (18.2.4) and bounds for P(§(¢) — &(t — h)| > ¢).

Now we will consider the two most important processes with independent incre-
ments: the so-called Wiener and Poisson processes.

19.2 Wiener Processes. The Properties of Trajectories

Definition 19.2.1 The Wiener process is a homogeneous process with independent
increments for which the distribution of £(1) is normal.

In other words, this is a process for which

(p()\’) — eika—ozkz/Z (pt()\') — (pt()\’) — eikta—azkzt/Z
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for some « and o2 > 0. The second equality means that the increments & (¢ + u) —
£(u) are normally distributed with parameters (az, o%¢). All joint distributions of
&(t1), ..., &(t,) are clearly also normal.

The numbers « and o are called the shift and diffusion coefficients, respectively.
Introducing the process &y(¢) := (§(¢) — «t) /o which is obtained from &(¢) by an
affine transformation, we obtain that its ch.f. equals

Eei60® — efi)\at/a(pt()\/o_) _ efxzz/z_

Such a process with parameters (0, ) is often called the standard Wiener process.
We consider it in more detail.

Theorem 19.2.1 The Wiener process has a continuous modification.

This means, as we know, that the Wiener process {£§(¢), ¢ € [0, 1]} can be consid-
ered as given on the measurable space (C (0, 1), %?’“) of continuous functions.

Proof Wehave &(t +h) —&(t) € ®g, and h~ /2 (£(t +h) —£(1)) € ®¢, . Therefore
E(G+h) —£0) =2Be(1)* =312,

This means that the conditions of Theorem 18.2.1 are satisfied. O

Thus we can assume that £(-) € C(0, 1). The standard Wiener process with con-
tinuous trajectories will be denoted by {w(¢), t € T}.

Now note that the trajectories of the Wiener process w(t), being continuous, are
not differentiable with probability 1 at any given point t.

By virtue of the homogeneity of the process, it suffices to prove its nondifferen-
tiability at the point 0. If, with a positive probability, i.e. on an event set A C §2 with
P(A) > 0, there existed the derivative

w'(0) = w'(0, w) = lim w
t—0

then, on the same event, there would exist the limit

w@ Y —weh 2w w@h

lim = lim ——— — lim ————

k—o00 2—k k—soo 2—k+1 k—soo 27k
=2w'(0) — w'(0) = w’(0).

But this is impossible for the following reason. The independent differences
w2 %1y — w(27%) have the same distribution as w(27¥), and with the positive
probability p = 1 — @(1) they exceed the value V27K That is, the independent
events By = {w(2 ¥1) — w(2%) > v/27K} have the property > e P(By) = oo.
By the Borel-Cantelli criterion, this means that with probability 1 there occur in-
finitely many events By, so that

2—k+l _ 2—k
P(limsup w ) —w@) > 1) =1.
k— o0 2-k
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In the same way we find that

27k+1 _ ka
P<liminfw( ) —w@T) _ —1) =1.

k—o00 2k

This implies that, with probability 1,

o w@ Y —we o w@THh) — w2
lim sup T = 00, lim inf = = —00,
k— 00 2= k— 00 2-

and therefore the process w(¢) is nondifferentiable at any given point ¢ with proba-
bility 1.

A stronger assertion also takes place: with probability 1 there exists no point t
at which the trajectory of the process w(t) would have a derivative. In other words,
the Wiener process is nowhere differentiable with probability 1. The proof of this
fact is much more complicated and lies beyond the scope of the book.

The reader can easily verify that w(#) has, in a certain sense, a parabola property.
Namely, for any ¢ > 0, the process w*(t) = ¢~ /?w(ct) is again a Wiener process.

The properties of continuity of trajectories and independence of increments for
the Wiener process allow us to find, in an explicit form, the distributions of

w(t) = max w(u)
uef0,1]
and of the time of the first passage of a given level which is defined, for a given
x >0, by

n(x) :=inf{r: w() > x} =inf{r: w() =x}.

Theorem 19.2.2
P(w(r) >x)=2P(w(t)>x)=2(1 —@(%)) (19.2.1)
The distribution of n(1) is stable and has the density
1 i
——e 27, t>0. (19.2.2)
N2 t3/2

Distribution (19.2.1) is sometimes called the double normal tail law, while the
distribution with density (19.2.2) is called the Lévy distribution (see Sect. 8.8).

Proof Since

o]

{n(x) = v} = ﬂ{w(v —1/n) <x,w(v) =x} €35 :=a{w(u); u < v}

n=1

and w(t) — w(v) 4 w(t — v) for t > v does not depend on §,, we have
t
P(w(t) > x) :/ P(n(x) € dv)P(w(t —v) > 0)
0

t
= 1/ P(n(x) € dv) = lP(W(t) Z)c).
2 Jo 2

This implies the first assertion of the theorem.
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The same equalities imply that
X 2 2
P(n(x) <v)=P(w() > x =2<1—<p<—>>=— e 5% ds,
() <v) =B () > ) i) =G L
which yields, for the density f, of the variable n := n(1),

FO= o

In order to prove that this distribution is stable, note that

nm)=n1+---+nn,

where 7; are distributed as 1 and are independent (since the path of w(#) first attains
level 1; then level 2, starting at a point with ordinate 1; then level 3, and so on).
Using the same argument as above, we obtain that

P(n(n) < v) = P(E(v) > n) = P(E(vnﬂ) > 1) = P(n < vnfz),

so the distributions of 1 and 7 (n) coincide up to a scale transformation. This implies

the stability of the distribution of 1 (see Sect. 8.8). Since n > 0 and P( > x) ~ %
as x — 00, we obtain that it is, up to a scale transformation, the distribution Fy 3

with parameters § = 1/2, p =1 (cf. Sect. 8.8). The theorem is proved. O

19.3 The Laws of the Iterated Logarithm

Using an argument similar to that employed at the end of the previous section, one
can establish a much stronger assertion: the trajectory of w(¢) in the neighbourhood
of the point t+ = 0, graphically speaking, “completely shades” the interior of the
domain bounded by the two curves

/ 1
y==+ 2t1nln;.

The exterior of this domain remains untouched. This is the so-called law of the
iterated logarithm.

Theorem 19.3.1

<hm Sup ——

=0 1/2tlnln— )
<hm1nf 1) =1.
=0 ,/2t1n1n—
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Thus, if we consider the sequence of random variables w(¢,), #, | 0, then, for

any ¢ > 0,
/ 1
(1xe) [2t,Inln —
tn

will be upper and lower sequences, respectively, for that sequence.

For processes, we could introduce in a natural way the notions of upper and
lower functions. If, for example, a process &(t) belongs to C(0, co) or D(0, co) (or
is separable on (0, 00)), then the respective definition for the case + — oo has the
following form.

Definition 19.3.1 A function a(t) is said to be upper (lower) for the process &(¢)
if, for some sequence 7, 1 oo, the events A, = {sup,, (§(r) —a(t)) > 0} occur
finitely (infinitely) often with probability 1.

Along with Theorem 19.3.1, we will obtain here the conventional law of the
iterated logarithm. The proofs of the both assertions are essentially identical. We
will prove the latter and derive the former as a consequence.

Theorem 19.3.2 (The Law of the Iterated Logarithm)

P<1’ w®) 1) 1
imsuyp ——=1| =1,
t—>oop +2tInlnt

. w(t) )
P{liminf ————=—-1)=1.
(’”00 /2t Inint

Thus, for any ¢ > 0, the functions (1 & ¢)+/2¢ Inln? are, respectively, upper and
lower for w(t) as t — oo.

Proof of Theorem 19.3.2 First observe that, by L’Hospital’s rule,

P(w(r) >x) = ! - eI gy
B 2t Jx

1 o0 t
- 2 gy YL i (19.3.1)
N2t Jxj i 21X

as x //t — o0.
Let a > 1 and x; := v/2a* InInak. We have to show that, for any € > 0,

: w(t) )
P(limsup ——=<1+4+¢ ) =1, (19.3.2)
< t—>oop A/ 2tInlnt

i.e. that, with probability 1, for all sufficiently large ¢,

w(t) < (14+¢&)~/2tInlnt.
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Fig. 19.1 Illustration to the Y
proof of Theorem 19.3.2: __— y=(1+e)V2¢Inint
replacing the curvilinear

boundary with a step function

0 k-2 k-1 k t
a “a a

To this end it suffices to establish that, with probability 1, there occur only finitely
many events

B = { sup  w(u) > (1 +8)xk_1}.

akfl <u§ak
Consider the events

A= { sup w(u) > (1 +8)xk_1} D By

u<ak
(see Fig. 19.1). Because x; /v a*¥ — oo as k — oo, by Theorem 19.2.2 one has

P(Ay) = 2P(w(a®) > (1 + e)xx_1)
2 Wak X{_2(1+e)ak—11n1nak—1}

; (1 +&)xp—1 2ak
R 1 1
~ (1+e¢)V malnlnak=! (Ingk-1)(1+e)*/a

1
a,e) —.
Jnk — 1) + Inlna)(k — 1)(1+&)*/a
Puta := 1+ & > 1. Then clearly

:C(

c(e)

P(Ay) ~ ————
(4e) k'te/Ink

as k — oo.

In the above formulas, c(a, €) and c(¢) are some constants depending on the in-
dicated parameters. The obtained relation implies that Yy | P(Ax) < 0o and hence
Z,fil P(By) < oo (for By C Ag), so that by the Borel-Cantelli criterion (Theo-
rem 11.1.1) with probability 1 the events By occur only finitely often.

We now prove that, for an arbitrary ¢ > 0,

. w(r)
Pl{limsup———>1—¢ | =1. 19.3.3
( t%oop +/2tInlnt ) ( )

It is evident that, together with (19.3.2), this will mean that the first assertion of the
theorem is true.
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Consider for a > 1 independent increments w(ak ) — w(ak_l) and denote by By
the event

By = {w(ak) - w(ak_l) > (1—e/2)rxi}.

Since w(ak) — w(a*~") is distributed as w(a*(1 —a~1)), by virtue of (19.3.1) we
find, as before, that

P(By) ~

Jak(1 =a- 1) (1 —¢/2)*2a*Inlna=*
exXpy — X —1
V2T (1 —e/2)x; 2a¥(1 —a™")
_cifa, S)k_(l_g/z)z/(l—a*‘)'

VInk

This implies that, for a > 2/e, the series Y o P(By) diverges, and hence by the
Borel-Cantelli criterion the events By occur infinitely often, with probability 1.
Further, by the symmetry of the process w(z), it follows from relation (19.3.2)
that, for all k large enough and any 6 > 0,
w(ak) > —(1468)xy.
Together with the preceding argument this shows that the event
w(akil) + [w(ak) — w(aki])] = u)(ak) >—(14+8)xr—1 + (1 —¢&/2)xk

will occur infinitely often. But the right hand-side of the above inequality can be
made greater than (1 — &)x; by choosing an appropriate a. Indeed,

€
—(1+&)xp—1 + 7% > 0

[Inlna*-1 ¢
148, ——— < —,
(1+9) alnlngk 2

which, in turn, can easily be achieved by taking a large enough. Thus relation
(19.3.3) is proved.

The second assertion of the theorem clearly follows from the first by virtue of the
symmetry of the distribution of w(t). d

once

Now we can obtain as a consequence the local law of the iterated logarithm for
the case where t — 0.

Proof of Theorem 19.3.1 Consider the process {W(u) := uw(1/u), u > 0}, where

we put W(0) := 0. The remarkable fact is that the process {W (u), u > 0} is also the
standard Wiener process. Indeed, for t > u,

Eexp{in(W() — W)} = Eexp{’*[’“’(%) B ”wG)]}

crenloo (Yo (o (2) ()
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AZO )21 Aut (101
=expy——( — - = - ==
P 2 Y 2 \u t

22
:exp{—?(t—u)}.

The independence of increments is easiest to prove by establishing their noncor-
relatedness. Indeed,

- v () o) ()]
oo () (L)oo

To complete the proof of the theorem, it remains to observe that

5 w(r) i uwlfu) _ . W (u)
imsup ——— = limsup ——= = limsup ——.
tweo V2tInlnt w0t oyl w0 Joudninl
u u
The theorem is proved. g

We could also prove the theorem by repeating the argument from the proof of
Theorem 19.3.2 witha < 1.

In conclusion we note that Wiener processes play an important role in many
theoretical probabilistic considerations and serve as models for describing various
real-life processes. For example, they provide a good model for the movement of
a diffusing particle. In this connection, the Wiener processes are also often called
Brownian motion processes.

Wiener processes prove to be, in a certain sense, the limiting processes for ran-
dom polygons constructed on the vertices (k/n, Sg/+/n), where Sy are sums of ran-
dom variables &; with E&; =0 and Var(§;) = 1. We will discuss this in more detail
in Chap. 20. The concept of the stochastic integral and many other constructions
and results are also closely related to the Wiener process.

19.4 The Poisson Process

Definition 19.4.1 A homogeneous process & () with independent increments is said
to be the Poisson process if & (t) — &(0) has the Poisson distribution.

For simplicity’s sake put £(0) = 0. If £(1) € I1,,, then

o(n) :=Ee™ W =explu(e™ — 1)}
and, as we know,

¢ () = B0 = ¢' ) = exp{put (e — 1)},
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so that £(¢) € I1,,;,. We consider the properties of the Poisson process. First of all,
for each ¢, £(¢) takes only integer values 0, 1,2, .... Divide the interval [0, ¢) into
segments [0, 1), [t1,1), ..., [th—1,1,) of lengths A; = —¢t;_1,i =1,...,n. For
small A; the distributions of the increments & (¢;) — &£(¢;—1) will have the property
that

P(5(1) — £(ti—1) = 0) = P(§(A) = 0) = e ™4 =1 — pA; + 0(4),

P(E() = §(i—1) = 1) = pAie "4 = pA; + 0(47), (19.4.1)
P(E(t) —£(ti-1) = 2) = 0(47).
Consider “embedded” rational partitions R(n) = {r1, ..., t,} of the interval [0, ¢]

such that R(n) C R(n + 1) and | JR(n) = R is the set of all rationals in [0, ].

Note the following three properties.

(1) Let v(n) be the number of intervals in the partition R(n) on which the incre-
ments of the process & are non-zero. For each w, v(n) is non-decreasing as n — o0.
Furthermore, the number v(n) can be represented as a sum of independent random
variables which are equal to 1 if there is an increment on the i-th interval and 0
otherwise. Therefore, by (19.4.1)

P(v(n) #£(1)) =P< U {g0) — @ =2} ul{s0) -0 = 1})

t; EfR(l’l)

=0(2A§+(r—tn)),

j=1
where Z’;:l A? <tmaxA; — 0asn — o0, so that a.s.
v(n) +E@) €y

as the partitions refine.

(2) Because the maximum length of the intervals A; tends to 0 as n — oo, the
total length of the intervals containing jumps converges to 0.

Therefore, taking the unions of the remaining adjacent intervals A; (i.e. where
there are no increments of &), for each w we obtain in the limit, as n — oo, £(¢) + 1
intervals (0, T1), (T1, T2), ..., (Ty, t) on which the increments of & are null.

(3) Finally, by (19.4.1) the probability that at least one of the increments on the
intervals A; exceeds one is ) F O(Ai) =o0(1) as n — 00, so that, with probabil-
ity 1, the jumps at the points 7} are equal to 1.

Thus we have shown that, on the segment [0, 7], for each w there exists a finite
number &(¢) of points T1, ..., T¢(;) such that &(u) takes at the rational points of the
intervals (T, Ti+1) one and the same constant value equal to k. This means that one
can extend the trajectories of the process &(u), say, by continuity from the right so
that £ (u) =k for all u € [Ty, T+1).

Thus, for the original process £(¢) we have constructed a modification E(t) with
trajectories in D, (T). The equivalence of & and & follows from the very construc-
tion since, by virtue of (1),

PE®D =50) =P( Jim v =§0)) =1.
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One usually considers just such right (or left) continuous modifications of the
Poisson process. We have already dealt with processes of this kind in Chap. 10
where more general objects—renewal processes—were defined from scratch using
trajectories. That the Poisson process is a renewal process is seen from the following
considerations. It is easy to establish from relations (19.4.1) that the distributions of
the random variables T, T, — Ty, Tz — T, ... coincide and that these variables are
independent. Indeed, the difference T; — T;_1, j > 1, Ty = 0, can be approximated
by the sum (y; — y;—1) A of the lengths of identical intervals of size A; = A, where
v;j is the number of the interval in which the j-th non-zero increment of & occurred.
Since the process £(¢) is homogeneous with independent increments, we have

P((yj —vj-DA>u)= P<y1 > %) = (e—MA)Lu/AJ e

P((yj —yj-DA > u) —P(T; —Tj—1 >u)

as A — 0. Hence the variables 7; :=T; — T; 1, j =1,2,3, ..., have the exponen-
tial distribution, and the value £(¢) + 1 can be considered as the first crossing time
of the level ¢ by the sums 7;:

E(t) =max{k : Ty <t}, E@)+ 1 =minfk: Ty > t}.

Thus we obtain that the Poisson process £(¢) coincides with the renewal process 7 (¢)
(see Chap. 10) for exponentially distributed variables 71, 1, ... with P(z;>u) =
e M,

The above and the properties of the Poisson process also imply the following
remarkable property of exponentially distributed random variables. The numbers of
jump points (i.e. sums T}) which fall into disjoint time intervals §; are independent,
these numbers being distributed according to the Poisson laws with parameters 8.

Using the last fact, one can construct a more general model of a pure jump ho-
mogeneous process with independent increments. Consider an arbitrary sequence
of independent identically distributed random variables {1, &2, ... that have a ch.f.
B (A1) and are independent of the o -algebra generated by the process & (). Construct
now a new process ¢ (¢) as follows. To each @ we put into correspondence a new
trajectory obtained from the trajectory &(¢) by replacing the first unit jump with the
variable {1, the second one with the variable ¢;, and so on. It is easy to see that ¢ ()
will also be a process with independent increments. The value ¢ () will be equal to
the sum

W =¢+-+ L (19.4.2)

of the random number £(¢) of random variables ¢1, &2, ..., where £(¢) is indepen-
dent of {¢;} by construction.
Hence, by the total probability formula,

(0.¢]

Ec™® =3 "P(£(t) = k)Ee MO+
k=0
oo

k
Z (Mt) —Mf ()L))k — o MFBO) — Hut(BOY—1) (19.4.3)
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Definition 19.4.2 The process ¢(¢) defined by formula (6) or ch.f. (7) is called a
compound Poisson process. It is evidently a special case of the generalised renewal
process (see Sect. 10.6).

As we have already noted, it is again a homogeneous process with independent
increments. In formula (19.4.3), the parameter u determines the jumps’ intensity
in the process ¢ (), while the ch.f. B(X) specifies their distribution. If we add a
constant “drift” gt to the process (), then E(t) = {(t) + qt will clearly also be
a homogeneous process with independent increments having the ch.f. Ee/*¢®) =
! iAg+(B()—1))

Finally, if a Wiener process w(¢) with zero drift and diffusion coefficient o is
given on the same probability space and is independent of E(t), and to each w we
put into correspondence a trajectory of ¢ (¢) + w(z), we again obtain a process with
independent increments, with ch.f. exp{t(iAg + n(B(L) — 1) — 1252 /2)).

One should note, however, that these constructions by no means exhaust the
whole class of processes with independent increments (and therefore the class of
infinitely divisible distributions).

A description of the entire class will be given in the next section.

The Poisson processes, as well as Wiener processes, are often used as mathemat-
ical models in various applications. For example, the process of counts of cosmic
particles of certain energy registered by a sensor in a given volume, or of collisions
of elementary particles in an accelerator are described by the Poisson process. The
same is true of the process of incoming telephone calls at a switchboard and many
other processes.

Due to representation (19.4.2), the study of compound Poisson processes re-
duces, in many aspects, to the study of the properties of sums of independent random
variables.

19.5 Description of the Class of Processes with Independent
Increments

We saw in Theorem 19.1.1 that, to describe the class of distributions of stochasti-
cally continuous processes with independent increments, it suffices to describe the
class of all infinitely divisible distributions. Let, as before, £ be the class of the
ch.f.s of infinitely divisible distributions.

Lemma 19.5.1 The class L is closed with respect to the operations of multiplication
and passage to the limit (when the limit is again a ch.f.).
P _, 1/n 1/n\n 1/n 1/n .

roof (1) Let o1 € £ and ¢ € £. Then g1 = (¢, - @," )", where ¢, - @," " is
ach.f.

() Let g, € £, ¢, — ¢, and ¢ be a ch.f. Then, for any m, ¢,/™ — @!/™

as n — oo, where gz)‘/ " is continuous at zero and hence is a ch.f. The lemma is
proved. g
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Denote by £ 7 C £ the class of ch.f.s whose logarithms have the form

lntp(k):i)»q—}—ch(ei’\b" 1 , cx >0, ch<oo
k
We will call this the Poisson class. We already know that it corresponds to com-
pound Poisson processes with drift ¢ and intensities cx of jumps of size by (note
that ), cr(ek — 1) = QO c)E(e*s — 1), where ¢ assumes the values by with
probabilities cx /> jci)-

Lemma 19.5.2 A ch.f. ¢ belongs to L if and only if ¢ =1limy,_, oo @y, ¢n € L17.

Proof Sufficiency. Let

Ing, = Z(iqu'" + Ckn (ei)hbk'" — ])),
k

and ¢ = limg, be a ch.f. It is evident that (p,l,/m el Cc L and (p,ll/m — pl/m,

Therefore (pl/ " being a limit of a sequence of ch.f.s which is continuous at zero, is
a ch.f. itself, so that ¢ € L.

Necessity. Let ¢ € £. Then ¢(X) # 0 and there exists g := Ing with n(p!/" —
1) — B, and

pl/m _ 1= /(el“ —1)dFy(x).

The integral of the continuous function on the right-hand side can be viewed as a

Riemann-Stieltjes integral. This means that for F}, there exists a partition of the real

axis into intervals A, such that, for x,; € A and r,, < cn™2,

f (™ —1)dF, (x)—Z / P 1) Py (D) + 1

(P,(A4) is the probability of hitting the interval A corresponding to F},). We obtain

B =limn(p"" — 1) = lim [n Z(e"“nk - l)Pn(Ank)].

n—00
k

The lemma is proved. g

Theorem 19.5.1 (Lévy—Khintchin) A ch.f. ¢ belongs to L if and only if the function
B :=1n¢ admits a representation of the form

: irx \ 14 x?
B=PBa,¥)=irg +/ I P R ———d¥(x), (19.5.1)
1+ x2 x2
where W is a non-decreasing function of bounded variation (i.e., a distribution func-
tion up to a constant factor), the integrand being assumed equal to —\*/2 at the
point x =0 (by continuity).
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Proof Assume that 8 has the form (19.5.1). Then (1) is a continuous function,
since it is (up to a continuous additive term iAa) a uniformly convergent integral of
a continuous bounded function. Further, let x,,x # 0,k =1, ..., n, be points of refin-
ing partitions of intervals [—+/7, /7). Then B°(1) = B(X) —iAg can be represented
as B0 =lim B, with

n

BV =Y [irgin + crn (e —1)] € £11,
k=1

where, under a natural notational convention, one should put
1+ x? 1
k
Ckn = 3 nl]/([ka xk+l,n))v qkn = x lp([xknv xk+l,n))s bin = Xin,
X kn
kn

¥ being used to denote the measure ¥ (A) = f 4 d¥ (x). We obtain that ¢ is a limit
of the sequence of ch.f.s ¢, € £7. It remains to make use of Lemma 19.5.2.
Now let ¢ € £. Then

p=limn(p"/" —1) =1im/(e"M — 1)ndF,(x)

nx
= lim[iA/ ——dF,(x)

14+ x2

i irx \1+x% nx?
+/(ez *_ 1o sz) T adRW] 1952

If we put

) nx . nx?
qn ‘= man(.x), Wn(x) = man(x), (1953)
then on the right-hand side of (19.5.2) we will have lim 8,,, 8, = B(X; gn, ¥n).

Now assume for a moment that the following continuity theorem holds for func-
tions from L.

Lemma 19.5.3 If 8, = B(A; qn, W) — B and B is continuous at the point A = 0,
then B(A) has the form B(A; q,¥), qgn — q and ¥, => V.

The symbol = in the lemma means convergence at the points of continuity of
the limiting function (as in the case of distribution functions) and that ¥, (+00) —
¥ (+00).

If the lemma is true, the required assertion of the theorem will follow in an obvi-
ous way from (19.5.2) and (19.5.3). It remains to prove the lemma.

Proof of Lemma 19.5.3 Observe first that the correspondence S(A; g, ¥) < (g, ¥)
is one-to-one. Since in one direction it is obvious, we only have to verify that g
uniquely determines ¢ and ¥. To each 8 we put into correspondence the function



19.5 Description of the Class of Processes with Independent Increments 555

1 1
y () =/ [ﬂm - —(ﬁ(x +h) — B~ h))] dh

/ f( z(A+h)x _ ei(l—h)x)) 1 +x dlI/(x) dh,

where
%(ei(wrh)x — e/ ATy = oMY cos px,
1
/ ¢’ (1 —coshx)dh =¢' <1 - ﬁ)’
A X
sinx \ 1 4 x2
O<cp<|[1—— 7 <2<
X X
Therefore
y(k):/@ikxdr(x)’
where

I"(x):/x (1—Siﬂ>1+” A (1)
u u

—00
is (up to a constant multiplier) a distribution function, for which y (1) plays the role
of its ch.f. Clearly,

x 2 . -1
u/(x)=/ +2” (1 —&> AT (u),
oo U u

so that we obtained a chain of univalent correspondences 8 — y — I' — ¥ which
proves the assertion.

We return to the proof of Lemma 19.5.3. Because ePr — eP ePr is a ch.f., and
eP is continuous at the point A = 0, we see that e is a ch.f. and hence a continuous
function. This means that the convergence ¢, — ¢ is uniform on any interval,

1 1
Yn(A) =f0 |:ﬂn()\)_E(ﬂn()“+h)+.3n()¥_h))i| dh

1 1
- /O [ﬂ(k) - I(ﬂ(k +h)+ B0 — h))} dh=:y(),

and the function y (1) is continuous. By the continuity theorem for ch.f.s, this means
that y (1) is a ch.f. (of a finite measure I"), I;, = I" (where I, is the preimage of
V), ¥y = ¥, and g, — ¢q. Thus we establish that

B =1limpB, = lim[ikqn +/(e’“ 11— 1:;2) dwn(x)]

) i iAX _ )
—ilg +/<e - 1+—x2> AV (x) =Bk q. ¥).

Lemma 19.5.3 is proved. g
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Theorem 19.5.1 is proved. g

Now we will make several remarks in regard to the structure of the process &(t)
and its relationship to representation (19.5.1). The function ¥ in (19.5.1) corre-
sponds to the so-called spectral measure of the process &(t) (recall that we agreed
to use the same symbol ¥ for the measure itself: ¥ (A) = fA d¥ (x)). It can be
represented in the form @ (x), where u = ¥ (00) — ¥ (—o00) and ¥ (x) is a dis-
tribution function.

(1) The spectral measure of the Wiener process is concentrated at the point 0. If
({0} =0, then£(1) € @, 2.

(2) The spectral measure ¥ of a compound Poisson process has the property

/|x|—2dwx) < 0.

In that case

X 2
G(x):/ 1:2“ v (u)

—00
possesses the properties of a distribution function, and ¥ (X; g, ¥) may be written
in the form

g +/(e"“ - 1)dG(x),
where
qa1=q —/x—ldwoc).

(3) Consider now the general case, but under the condition that ¥ ({0}) = 0. As
we know, the function ¥ can be approximated for small A by expressions of the
form (we put Ay =[(k — 1)A, kA))

1+ (kA)?

irg + Z [—%wmkH (e™4 —1) e

X ‘I/(Ak)],

k=—o0
k#£0

which corresponds to the sum of Poisson processes with jumps of sizes kA of the
respective intensities
1+ (kA)?
(kA)?

/00 dw (x)
=00,
o x?

then for any ¢ > 0 the total intensity of these processes with jumps from the interval
(0, &) will increase to infinity as A — 0. This means that, with probability 1, on any
time interval § there will be at least one jump of size smaller than any given ¢ > 0,

W (Ap).

If, say,
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so that the trajectories of &£(¢) will be everywhere discontinuous. To “compensate”
these jumps, a drift of size ¥ (Ay)/k A is added, the “total value” of such drifts being
possibly unbounded (if fj:g x1dw (x) = 00).

(4) For stable processes (see Sect. 8.8) the functions ¥ (x) have power “branches”,
smooth on the half-axes, possessing the property c¢; ¥’ (x) = ¥'(cox) for appropriate
c1 and ¢).
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