Chapter 10
Renewal Processes

Abstract This is the first chapter in the book to deal with random processes in con-
tinuous time, namely, with the so-called renewal processes. Section 10.1 establishes
the basic terminology and proves the integral renewal theorem in the case of non-
identically distributed random variables. The classical Key Renewal Theorem in the
arithmetic case is proved in Sect. 10.2, including its extension to the case where
random variables can assume negative values. The limiting behaviour of the excess
and defect of a random walk at a growing level is established in Sect. 10.3. Then
these results are extended to the non-arithmetic case in Sect. 10.4. Section 10.5 is
devoted to the Law of Large Numbers and the Central Limit Theorem for renewal
processes. It also contains the proofs of these laws for the maxima of sums of in-
dependent non-identically distributed random variables that can take values of both
signs, and a local limit theorem for the first hitting time of a growing level. The chap-
ter ends with Sect. 10.6 introducing generalised (compound) renewal processes and
establishing for them the Central Limit Theorem, in both integral and integro-local
forms.

10.1 Renewal Processes. Renewal Functions

10.1.1 Introduction

The sequence of sums of random variables {S,}, considered in previous chapters, is
often called a random walk. It can be considered as the simplest random process in
discrete time n. The further study of such processes is contained in Chaps. 11, 12
and 20.

In this chapter we consider the simplest processes in continuous time t that are
also entirely determined by a sequence of independent random variables and do
not require, for their construction, any special structures (in the general case such
constructions will be needed; see Chap. 18).

Let 7, {7 j}?iz be a sequence of independent random variables given on a prob-
ability space (£2, §, P) (here we change our conventional notations &; to t; for rea-
sons that will become clear in Sect. 10.6, where &; appear again). For the random
variables 17, 73, ... we will usually assume some homogeneity property: proximity
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of the expectations or identical distributions. The random variable t; can be arbi-
trary.

Definition 10.1.1 A renewal process is a collection of random variables 7(t) de-
pending on a parameter ¢ and defined on (£2, §, P) by the equality

n(t):=min{k >0: Ty > ¢}, t>0, (10.1.1)

where
k
Ty :=er, Ty :=0.
j=1

The variables n(¢) are not completely defined yet. We do not know what () is
for w such that the level ¢ is never reached by the sequence of sums 7. In that case
it is natural to put

n(t) =00 ifall Ty <t. (10.1.2)

Clearly, n(¢) is a stopping time (see Sect. 4.4).

Usually the random variables 12, 73, ... are assumed to be identically distributed
with a finite expectation. The distribution of the random variable 7| can be arbitrary.

We assume first that all the random variables t; are positive. Then definition
(10.1.1) allows us to consider n(¢) as a random function that can be described
as follows. If we plot the points Top = 0, T1, T, ... on the real line, then one has
n(¢t) = 0 on the semi-axis (—o0, 0), n(¢) = 1 on the semi-interval [0, T7), n(¢) =2
on the semi-interval [T}, T7) and so on.

The sequence {Tx}72,, is also often called a renewal process. Sometimes we will
call the sequence {T;} a random walk. The quantity n(¢) can also be called the first
passage time of the level 7 by the random walk {7 ]2

If, based on the sequence {7}, we construct a random walk 7 (x) in continuous
time:

Tx):=T, forxelk,k+1), k>0,
then the renewal process n(t) will be the generalised inverse of T (x):
n(t) = inf{x >0:T(x) > t}.

The term “renewal process” is related to the fact that the function 7(z) and the
sequence {7} } are often used to describe the operation of various physical devices
comprising replaceable components. If, say, t; is the failure-free operating time
of such a component, after which the latter requires either replacement or repair
(“renewal”, which is supposed to happen immediately), then 7} will denote the time
of the k-th “renewal” of the component, while n(¢) will be equal to the number of
“renewals” which have occurred by the time 7.
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Remark 10.1.1 1If the j-th renewal of the component does not happen immediately
but requires a time r;. > (, then, introducing the random variables

k
T = rj+r}, T ::Zr}‘, n* () :=min{k : T > 1},

j=1
we get an object of the same nature as before, with nearly the same physical mean-
ing. For such an object, a number of additional results can be obtained, see e.g.,
Remark 10.3.1.

Renewal processes are also quite often used in probabilistic research per se, and
also when studying other processes for which there exist so-called “regeneration
times” after which the evolution of the process starts anew. Below we will encounter
examples of such use of renewal processes.

Now we return to the general case where 7; may assume both positive and nega-
tive values.

Definition 10.1.2 The function

H():=En(), =0,

is called the renewal function for the sequence {Ty}72.
In the existing literature, another definition is used more frequently.

Definition 10.1.2A The renewal function for the sequence {Ti )32 is defined by

U):=Y P(T; <1).

j=0

The values of H (1) and T () can be infinite.
If T; > 0 then the above definitions are equivalent. Indeed, for ¢ > 0, consider
the random variable
v(t) :=max{k: T <t} =n() — 1.

Then clearly

o0

ZI(Tj <t)=1+v(),

j=0
where I(A) is the indicator of the event A, and

Uit)=14+Ev(®t)=En(kt)=H(1).
The value U (¢) = Ev(¢) + 1 is the mean time spent by the trajectory {7; }ﬁo in the
interval [0, ¢].
If Tj can take values of different signs then clearly v(¢) > n(¢) and, with a pos-

itive probability, v(z) > n(¢) (the trajectory {7}, after crossing the level ¢, can re-
turn to the region (—o0, ¢]). Therefore in that case U(¢) > H (¢). Thus for t; taking
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values of different signs we have two versions of the renewal function given in Def-
initions 10.1.2 and 10.1.2A. We will call them the first and the second versions,
respectively. In the present chapter we will consider the first version only (Defini-
tion 10.1.2). The second version is discussed in Appendix 9.

Note that, for 7; assuming values of both signs and ¢ < 0, we have H(t) =0,
U (t) > 0, so the function H (¢) has a jump of magnitude 1 at the point r = 0.

Note also that the functions H(¢) and U(¢t) we defined above are right-
continuous. In the existing literature, one often considers left-continuous versions
of renewal functions defined respectively as

o
H(t—0)=Eminfk: Sy >1) and U(t—0)=Y P(S; <1).
j=0
If all 7; are identically distributed and F * (1) is the k-fold convolution of the dis-

tribution function F(t) = P(§; < t), then the second left-continuous version of the
renewal function can also be represented in the form

> P,
k=0

where F* corresponds to the distribution degenerate at zero.

From the point of view of the exposition below, it makes no difference which
version of continuity is chosen. For several reasons, in the present chapter it will be
more convenient for us to deal with right-continuous renewal functions. Everything
below will equally apply to left-continuous renewal functions as well.

10.1.2 The Integral Renewal Theorem for Non-identically
Distributed Summands

In the case where 7;, j > 2, are not necessarily identically distributed and do not
possess other homogeneity properties, singling out the random variable t; makes
little sense.

Theorem 10.1.1 Let tj, j > 1, be uniformly integrable from the right, E|Ty| < 0o
for any fixed N and ay = Ety — a > 0 as k — o0. Then the following limit exists

lim 20 _ 1 (10.1.3)

—>0o0 t a

Proof We will need the following definition.

Definition 10.1.3 The random variable
x() = Tn(t) —t>0

is said to be the excess of the level ¢ (or overshoot over the level t) for the random
walk {T}}.
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Lemma 10.1.1 If a; € [ay, a*], ax > 0, then

t En(t 1
En()>—, limsup nw _ 1 (10.1.4)
a

t—00 t Ay

Proof By Theorem 4.4.2 (see also Example 4.4.3)
ET)o=1+Ex() <a"En().

This implies the first inequality in (10.1.4). Now introduce truncated random vari-

ables r;S) :=min(z;, s). By virtue of the uniform integrability, one can choose an s

such that, for a given ¢ € (0, a,.), we would have
ajs:= Et](s) >q, —&.
Then, by Theorem 4.4.2,
t+s=ET() = (ax —&)En®,

where

n
TS = Z rj@, 0 () := min{k : Tk(s) >t}
j=1

Since 1(t) < n®)(z), one has

t+s

H(t)=En(t) <En® () < : (10.1.5)
Ay — €
As ¢ > 0 can be chosen arbitrarily, we obtain that
H(t 1
lim sup @) < —
t—00 t Ax
The lemma is proved. g

We return to the proof of Theorem 10.1.1. For a given ¢ > 0, find an N such
that ay € [a — ¢,a + ¢] for all k > N and denote by Hy(¢) the renewal function
corresponding to the sequence {ty«};- ;. Then

t

H(@)=E(n(t); Ty > 1) +f P(Ty € du)[N + Hy(t —u)]

—0o0

=E[Hn( —Tn); Ty <t]+rw, (10.1.6)
where
rv =E(n(); Ty > 1)+ NP(Ty <1) < NP(Ty > 1)+ NP(Ty <1)=N.
Relation (10.1.5) implies that there exist constants cp, ¢z, such that, for all ¢,
Hy(t) <ci+cat.

Therefore, for fixed N and M,



282 10 Renewal Processes

Ry.m :=E[Hy(@ —Ty): |Tn| = M, Ty <1]
< (c1 +a)P(ITy| = M, Ty <1) + c2E|Ty|.
Choose an M such that coP(|Ty| > M) < e. Then

ry + R
N NM _

lim sup
—>00

To bound H(¢) in (10.1.6) it remains to consider, for the chosen N and M, the
function

(10.1.7)

Hym() :=E[Hy(t — Ty); |Ty| < M].
By Lemma 10.1.1,

H t 1
limsup Z¥M® 1
t—00 t a—E¢&
H t P(T M 1
liminf N,m(f) . (ITn| < M) . +8/Cl.
1—00 t a-+é a+te
This together with (10.1.6) and (10.1.7) yields
t 1 H(t 1—
lim sup ) <e+ , liminf @) > ( 8/62).
t—00 t a—ée t—00 t a—+é¢

Since ¢ is arbitrary, the foregoing implies (10.1.3).
The theorem is proved. d

Remark 10.1.2 One can obtain the following generalisation of Theorem 10.1.1, in
which no restrictions on t; > 0 are imposed. Let t1 be an arbitrary nonnegative
random variable, and T} = t14; satisfy the conditions of Theorem 10.1.1. Then
(10.1.3) still holds true.”
This assertion follows from the relations
t

H(t) =P(t; >t)+/ P(t; € dv)H*(t — v), (10.1.8)
0

where H*(t) corresponds to the sequence {t*} and, for each fixed N and v < N,
P q ]

H*(t—v) H*(t—v) t—v
= . _) p—
1 tr—v t a
as t — oo. Therefore

N
%/ P(e; € dv)H (1 —v) — DL=N).
0

For the remaining part of the integral in (10.1.8), we have

1 /f H*(t) P(t; > N)
—

limsup— | P(t; €dv)H*(t — v) <limsup P(t; > N) =
t— 00 t N t— 00 t

Since the probability P(r; > N) can be made arbitrarily small by the choice of N,

the assertion is proved. g
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It is not difficult to verify that the condition 71 > O can be relaxed to the condition
Emin(0, 71) > —o0. However, if Emin(0, t;) = —o0, then H(t) = oo and relation
(10.1.3) does not hold.

Obtaining an analogue of Theorem 10.1.1 for the second version U(¢) of the
renewal function in the case of uniformly integrable t; taking values of both signs is
accompanied by greater technical difficulties and additional conditions. For a fixed
& > 0, split the series U (1) = ZZO=0 P(T,, <t) into the three parts

PIEED DD DD DD IS D I
n<td=0) In—Z1<% n> 1010
By the law of large numbers (see Corollary 8.3.2),
T,

p
— —>d.
n

Therefore, for n < t(lu—_g),

P(TnSt)zP<Tns na >—>1

and hence

1 1—¢
PIEES
t 1 a
The second sum allows the trivial bound
1 2¢
PIEE
t 2 a
where the right-hand side can be made arbitrarily small by the choice of ¢.
The main difficulties are related to estimating ) 5. To illustrate the problems

arising here we confine ourselves to the case of identically distributed ; L
this case the required estimate for ) ; can only be obtained under the condition
E(r_)2 < 00, 7~ :=max(0, —7). Assume without losing generality that Et2<oo.
(If E(z1)? = 00, 71 := max(0, 7), then introducing truncated random variables

t; ) = min(s, t;), we obtain, using obvious conventions concerning notations, that

P(T, <t) <P(T, <1), U(t) <UD (1) and 35 < Y3, where E(r®))? < o0 and
the value of Et® can be made arbitrarily close to a by the choice of s.) In the
case Et? < 0o we can use Theorem 9.5.1 by virtue of which, for a regularly vary-
ing left tail W(r) =P(t < —t) =t PL(t) (L(1) is a slowly varying function) and
n>L(1+¢), wehave

P(T, <t)=P(T, —an < —(an —1)) ~nW(an —1).

By the properties of slowly varying functions (see Appendix 6), for the values
u=n/t comparableto 1, n > é(l +¢) and t — oo, we have

W(an—t)N au—1\"*
W (et) ( P ) '
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Thus for 8 > 2, as t — oo,

Zgz Z P(T,,gz)»v/ oy VW (@0 = 1) dv

V>
n> (1-{;8)1 a

00 _ -B
~t2W(st)ﬁ+ u[aue 1} di~ c(€)2W (1) = o(1).

Summarising, we have obtained that

Ul 1
lim — =

t—oo f a.

Now if E(r_)2 = oo then U(t) = oo for all ¢. In this case, instead of U () one
studies the “local” renewal function

Ut.h)y =Y P(T, € (t,t +h))

which is always finite provided that a > 0 and has all the properties of the increment
H(t + h) — H(¢) to be studied below (see e.g. [12]).

In view of the foregoing and since the function H (¢) will be of principal interest
to us, in what follows we will restrict ourselves to studying the first version of the
renewal function, as was noted above. We will mainly pay attention to the asymp-
totic behaviour of the increments H (¢t + h) — H(t) as t — oo. To this is closely
related a more general problem that often appears in applications: the problem on
the asymptotic behaviour as t — oo of integrals (see e.g. Chap. 13)

t
/0 gt —y)dH(y) (10.1.9)

for functions g(v) such that

/oog(v)dv < 00.
0

Theorems describing the asymptotic behaviour of (10.1.9) will be called the key
renewal theorems. The next sections and Appendix 9 will be devoted to these theo-
rems. Due to the technical complexity of the mentioned problems, we will confine
ourselves to considering only the case where 7, j > 2, are identically distributed.

Note that in some special cases the above problems can be solved in a very simple
way, since the renewal function H (¢) can be found there explicitly. To do this, as it
follows from Wald’s identity used above, it suffices to find Ex (¢) in explicit form.
If, for instance, t; are integer-valued, P(z; = 1) > 0 and P(z; > 2) = 0, for all
Jj =1, then x (#) = 1 and Wald’s identity yields H (t) = (¢t + 1) /a. Similar equalities
will hold if P(z; > t) = ce™"" for t > 0 and y > O (if 7; are integer-valued, then ¢
takes only integer values in this formula). In that case the distribution of x (t) will
be exponential and will not depend on ¢ (for more details, see the exposition below
and also Chap. 15).
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10.2 The Key Renewal Theorem in the Arithmetic Case

We will distinguish between two distribution types for 7;: arithmetic in an extended
sense (when the lattice span is not necessary 1; for the definition of arithmetic distri-
butions see Sect. 7.1) and all other distributions that we will call non-arithmetic. It is
clear that, say, a random variable taking values 1 and +/2 with positive probabilities
cannot be arithmetic.

In the present section, we will consider the arithmetic case. Without loss of gener-
ality, we will assume that the lattice span is 1. Then the functions P(z; < t) and H ()
will be completely determined by their values at integer points t =k, k=0,1,2....

. . .. d .
First we consider the case where the t; are positive, t; =t for j > 2. In that
case, the difference

hk):=Hk) —Hk—1)=Y P(Tj=k), k=1,
j=0

is equal to the expectation of the number of visits of the point k by the walk {7}
Put

qr =P(11 =k), pr =P(t =k).

Definition 10.2.1 A renewal process 7 (¢) will be called homogeneous and denoted
by no(2) if

100 o0
=— i, k=1,2,..., =Er, that =1]). 10.2.1
w=13n o-ps. (som Ta=1). oz

If we denote by p(z) the generating function

o
p@)=E" =) p,
k=1

then the generating function ¢(z) = Ez51 = 322 | qxz* will be equal to
j—1 0 .
IS _ign NI 1= 21— p)
Q(Z)Z— Z p=— p z = — p — .
a/; ;J a;]; agjl—z a(l—7z2)

As we will see below, the term “homogeneous” for the process 1o (?) is quite justi-
fied. One of the reasons for its use is the following exact (non-asymptotic) equality.

Theorem 10.2.1 For a homogeneous renewal process ny(t), one has

k
Ho(k) :=Enok) =1+ P

Proof Consider the generating function r(z) for the sequence ho(k) = Hp(k) —
Hy(k —1):
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r@@) = szho(k) Y > P =h

j=lk=1

T _ j q(z) __z
; q(z)Zp Q=15 aa=0"

j=0

8

This implies that ho(k) = 1/a. Since Hy(0) = 1, one has Hy(k) =1 + k/a. The
theorem is proved. O

Sometimes the process no(t) is also called stationary. As we will see below,
it would be more appropriate to call it a process with stationary increments (see
Sect. 22.1).

The asymptotic regular behaviour of the function (k) as k — oo persists in the
case of arbitrary t; as well.

Denote by d the greatest common divisor (g.c.d.) of the possible values of t:

d:=g.cd.ik: pr >0},

and let g(k), k =0, 1, ..., be an arbitrary sequence such that

o0

Z}g(k)| < 00.

k=0

Theorem 10.2.2 (The key renewal theorem) If d = 1, 71 is an arbitrary integer-

valued random variable and T 4 Tt > 0for j > 2, then, as k — 00,

1
h(k) == Hk) = Hlk=1) = —, Zh(l)g(k—zw Zg(m)

m 0

These two relations are equivalent.
The first assertion of the theorem is also called the local renewal theorem.
To prove the theorem we will need two auxiliary assertions.

Lemma 10.2.1 Let all t; be identically distributed and v > 1 be a Markov
time with respect to the collection of o-algebras {F,}, where F, is independent
of o (Th+1, Tht2, -..). Then the o-algebra generated by the random variables v,
71, ..., Ty, and the o-algebra o{t,+1, Ty42,...} are independent. The sequence
{tv+1, Tv42, ...} has the same distribution as {11, 12, .. .}.

Thus, in spite of their random numbers, the elements of the sequence 7, ; are
distributed as ;.

Proof For given Borel sets By, B>, ..., Cy,Co,...put

A:={ve N, 11€By,...,1) € B}, D, :={ty41€Cy,..., T4k € Ck},
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where N is a given set of integers and k is arbitrary. Since P(D;) = P(Dyp) and the
events D; and {v = j} are independent, the total probability formula yields

o o
P(D,) =) P(v=j Dj)=Y P(v=j)P(D;)=P(Dy).
j=1 j=1
Therefore, by Theorem 3.4.3, in order to prove the required independence of the
o -algebras, it suffices to show that P(D, A) =P(Dy)P(A).
By the total probability formula,

P(D,A) = ZP(DUA{U =j}) = ZP(DjA{v = j}).
jeN JjeN
But the event A{v = j} belongs to &, whereas D; € 0 (7)1, ..., Tj4x). Therefore
Dj and A{v = j} are independent events and

P(D;j Afv = j}) =P(D))P(A{v=j}) =P(Do)P(A{v=j}), j=>1.
From here it clearly follows that P(D, A) = P(Dg)P(A). The lemma is proved. [

Lemma 10.2.2 Let 1, ¢2, ... be independent arithmetic identically and symmet-
rically distributed random variables with zero expectation E¢; = 0. Put Z, :=
> =1 ¢;- Then, for any integer k,

vy :=min{n : Z, =k}

is a proper random variable: P(vy < 00) = 1.
The proof of the lemma is given in Sect. 13.3 (see Corollary 13.3.1).

Proof of Theorem 10.2.2 Consider two independent sequences of random vari-
ables (we assume that they are given on a common probability space): a sequence

71, 72, ..., where 71 has an arbitrary distribution, and a sequence r{ , rﬁ, ..., Where
P(t'1 =k) = gk (see (10.2.1)), and P(z'; = k) =P(r; = k) = py for j > 2 (so that
r]/. 4 7; for j > 2; the process n'(t) constructed from the sums 7} = lezl ‘L’]/- is

homogeneous (see Definition 10.2.1)).
Set v:=min{n > 1: T, = T,}. It is clearly a Markov time with respect to the
sequence {1}, tj’.}. We show that P(v < c0) = 1. Put

n
Zy = Z(rj - rj/) forn>2, Z,:=0, Zp:=1 — 1.
j=2
Then
v=min{n >1:Z, =—Zp}.
By Lemma 10.2.2 (¢; =1 — 7/ have a symmetric distribution for j > 2), for each
integer k the variable vy = min{n > 1: Z, = k} is proper. Since Z, for n > 1 and
Z i are independent, we have
P(v < 00) = ZP(ZO = —k)P(yx <o0) = 1.
k
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Now we will “glue together” (“couple™) the sequences {7,} and {7,}. Since
T, = T‘j and v is a Markov time, by Lemma 10.2.1 one can replace t,41, Ty42, - . -
with 7/ 1 T 42, -~ (and thereby replace 7,41, Ty42 with T.,.T 42, -+ +) Without
changing the distribution of the sequence {7},}.

Therefore, on the set {T,, < k} one has n(t) = n'(¢) for t > k — 1 and hence

h(k) =E(n(k) —n(k — 1))
=E[n'(k) —n'(k = 1); T, <k] +E[n(k) = ntk = 1); T, > k]

+10

1
=~ —E['(®) = n'tk=1); T, = k] + E[n(0) = n(k = ; T, = k].
Since |n(k) —n(k — 1)| <1, we have

1
h(k) = —| <=P(T, =k) > 0
a

as k — oo. The first assertion of Theorem 10.2.2 is proved.
Since h(k) < 1, we can make the value of

k—N k—1 0
D gk bl < > e Y |20
=1 I=N+1 I=N+1

arbitrarily small by choosing an appropriate N. Moreover, by virtue of the first as-
sertion, for any fixed N,

k 1 N
> h(l)g(k—l)ﬁ;Zg(l) as k — oo.

I=k—N 1=0
This implies the second assertion of the theorem. g

Remark 10.2.1 The coupling of {T,,} and {7} in the proof of Theorem 10.2.2 could
be done earlier, at the time y :=min{n > 1: T,, € T'}, where T’ is the set of points
T ={T/, TZ’,...}.

Theorem 10.2.3 The assertion of Theorem 10.2.2 remains true for arbitrary (as-
suming values of different signs) t;.

Proof We will reduce the problem to the case t; > 0. First let all 7; be identi-
cally distributed. Consider the random variable x; = x (0) that we will call the first
positive sum. We will show in Chap. 12 (see Corollary 12.2.3) that Ex; < oo if
a =Et; < 00. According to Lemma 10.2.1, the sequence 7, 0)+1, Ty0)+2, - - - Will
have the same distribution as 71, 72, . ... Therefore the “second positive sum” yx; or,
which is the same, the first positive sum of the variables t;0)+1, Ty©0)+2, ... Will
have the same distribution as x; and will be independent of it. The same will be true
for the subsequent “overshoots” over the already achieved levels xi1, x1 + x2, ...
Now consider the random walk

e¢]

k=1
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and put
n*(¢) ;== min{k : Hy > t}, x*(t) == Hyp ) — 1, H*@) :=En*(@).
Since x; > 0, Theorem 10.2.2 is applicable, and therefore by Wald’s identity
1 1
H*(k)—H*"k—1)==—(1+Ex*k) —Ex*(k— 1)) > —,
Exi ( ) Exi
Ex*(k) —Ex*(k—1)— 0.

Note now that the distributions of the random variables y () (see Definition 10.1.3)
and x*(¢) coincide. Therefore

1
Hk) = Hk = 1) = —(1+Ex () — Ex(k — 1))

1 1
=—(1+Ex*(k) —Ex*(k— 1) - —.

a a

Now let the distributions of 71 and 7;, j > 2, be different. Then the renewal
function H(t) for such a walk will be equal to

k k

Hi(k)y=1+ Y Pam=d[Hk-i)+1]=1+ Y P =i)Hk-i),
Z k i

hi(k)=Hy(k) — Hi(k—1)= Z P(ry =i)h(k —i), k=0,

where Hi(—1) =0, h(0) = H(0) and the function H(¢) corresponds to identically
distributed ;. If we had h(k) < ¢ < oo for all k, that would imply convergence
h1(k) — 1/a and thus complete the proof of the theorem.

The required inequality h(k) < ¢ actually follows from the following gen-
eral proposition which is true for arbitrary (not necessarily lattice) random vari-
ables ;. O

Lemma 10.2.3 Ifall t; are identically distributed then, for all t and u,

H(+u)—H@) <H®W) <ci+cu.

Proof The difference n (¢t + u) — n(¢) is the number of jumps of the trajectory {fk}
that started at the point # + x (f) > ¢ until the first passage of the level r 4+ u, where
the sequence {Tk} has the same distribution as {7} and is independent of it (see
Lemma 10.2.1). In other words, 1(t + u) — n(«) has the same distribution as 7 (r —
x (1)) < 7(t), where 7 corresponds to {Tk} if x(#) <uandton(+u)—n()=0
if x(t) > u. Therefore H(t + u) — H(t) < H(u). The inequality for H (u) follows
from Theorem 10.2.1. The lemma is proved. 0

Theorem 10.2.3 is proved. g
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10.3 The Excess and Defect of a Random Walk. Their Limiting
Distribution in the Arithmetic Case

Along with the excess x(t) = Tj;) — t we introduce one more random variable
closely related to y (¢).

Definition 10.3.1 The random variable
y@) =t —=Typ-1=t— Ty
is called the defect (or undershoot) of the level t in the walk {7},}.

The quantity x (f) may be thought of as the time during which the component
that was working at time ¢ will continue working after that time, while y (¢) is the
time for which the component has already been working by that time.

One should not think that the sum x (¢) + y (¢) has the same distribution as 7;—
this sum is actually equal to the value of a t with the random subscript n(t). In
particular, as we will see below, it may turn out that Ex (#) > Et; for large . The
following apparent paradox is related to this fact. A passenger coming to a bus stop
at which buses arrive with inter-arrival times 71 > 0, 72 > 0, ... (Et; = a), will wait
for the arrival of the next bus for a random time x of which the mean Ex could
prove to be greater than a.

One of the principal facts of renewal theory is the assertion that, under broad
assumptions, the joint distribution of y () and y (¢) has a limit as r — oo, so that
for large t the distribution of x(¢#) does not depend on ¢ any more and becomes
stationary. Denote this limiting distribution of x () by G and its distribution function
by G:

G(x) = lim P(x(r) <x). (10.3.1)

If we take the distribution of 77 to be G then, for such process, by its very construc-
tion the distribution of the variable x (t) will be independent of ¢. Indeed, in that
case we can think of the positive elements of {7} as the renewal times for a process
which is constructed from the sequence {7;} and of which the start is shifted to a
point —N, where N is very large. Since by virtue of (10.3.1) we can assume that
the distributions of y (N) and x (N + t) coincide with each other, the distribution of
the variable x () (which can be identified with x (N + 7)) is independent of ¢ and
coincides with that of 7;. A formal proof of this fact is omitted, since it will not be
used in what follows. However, the reader could carry it out using the explicit form
of G(x) from (10.3.1) to be derived below.

In the arithmetic case, the distribution G is just the law (10.2.1) used to construct
the homogeneous renewal process no(#). We will prove this in our next theorem.

It follows from the fact that, for the process 1 (t), the distribution of x (¢) does
not depend on ¢ and coincides with that of 71, that the distribution of no(t + u) —
no(t) coincides with that of no(x) and hence is also independent of ¢. It is this
property that establishes the stationarity of the increments of the renewal process;
we called this property homogeneity. It means that the distribution of the number of
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renewals over a time interval of length u does not depend on when we start counting,
and therefore depends on u only.

Theorems on the limiting distribution of x(¢) and y (¢) are of interest not only
from the point of view of their applications. We will need them for a variety of other
problems. Again we consider first the case when the variables t; > 0 are arithmetic.
In that case the “time” can also be assumed discrete and we will denote it, as before,

by the letters n and k. Let, as before, 7; 4 t for j > 2 and py =P(r =k).

Theorem 10.3.1 Let the random variable t > 0 be arithmetic, Et = a exist, T| be
an arbitrary integer random variable, and the g.c.d. of the possible values of T be
equal to 1. Then the following limit exists

lim P(y(k) =i, x(k)=j) =22 i>0, j>0. (103.2)
k— 00 a

It follows from Theorem 10.3.1 that
100
lim P(x (k) =i)=— i, i>0;
R WAE
S (10.3.3)
lim P(y (k) =i)=— i, j=>0.
Jim P(y (k) =) a.z pji. J=

Proof of Theorem 10.3.1 By the renewal theorem (see Theorem 10.2.2), for k > i,

o]

P(y() =i, x(k) = j) =) P(Ti=k—i, us1=i+))

N
I
-

Pi+j

M

Pl =k—DP(x =i+ j)=hlk—i)piyj—

N
I
_

as k — o0o. The theorem is proved. O

If Et2 = my < oo, then Theorem 10.3.1 allows a refinement of Theorem 10.2.2
(see Theorem 10.3.2 below).

Corollary 10.3.1 If my < oo, then the random variables y (k) are uniformly inte-
grable and

x (k) > — Z Z as k — oo. (10.3.4)
i=0 j=i

Proof The uniform integrability follows from the inequalities i (k) < 1,

(x o) =J) Zh(k —i)piy) < Zp,

This implies (10.3.4) (see Sect. 6.1). O
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Now we can state a refined version of the integral theorem that implies Theo-
rem 10.2.2.

Theorem 10.3.2 If all T; are identically distributed and Et? =mj < oo, then

my+a
2a?

Hk) = g + +o(1)

as k — oo.

The Proof immediately follows from the Wald identity

k+Eyx(k
H (k) = En(k) = +TX()

and Corollary 10.3.1. 0

Remark 10.3.1 For the process n*(#) corresponding to nonzero times t’; required
for components’ renewals (mentioned in Remark 10.1.1), the reader can easily find,
similarly to Theorem 10.3.1, not only the asymptotic value p;;/a* of the proba-
bility that at time kK — oo the current component has already worked for time i and
will still work for time j, but also the asymptotics of the probability that the com-
ponent has been “under repair” for time i and will stay in that state for time j, that
is given by plfﬂ./a*, where p| = P(t/’. =i),a*=E(tj + t.;) =Kt}

Now consider the question of under what circumstances the distribution of the
random variable 7; for the homogeneous process (i.e. the distribution of what one
could denote by x (c0)) will coincide with that of 7; for j > 2. Such a coincidence
is equivalent to the equality

100
pi:;;pj

fori =1, 2,..., or, which is the same, to

a—1 1 (fa—1)
a(pi — pi-1) =—pi-1, pi= pi—1, pi=—— .
a a—1 a

This means that the renewal process generated by the sequence of independent iden-
tically distributed random variables 71, 15, ... is homogeneous if and only if 7; (or,
more precisely, ;1) have the geometric distribution.

Denote by y and x the random variables having distribution (10.3.2). Using
(10.3.1), it is not hard to show that y and x are independent also only in the case
when 1;, j > 2, have the geometric distribution. When all 7;, j > 1, have such a

distribution, y (n) and x (n) are also independent, and x (n) 4 71. These facts can be
proved in exactly the same way as for the exponential distribution (see Sect. 10.4).

We now return to the general case and recall that if Et? < oo then (see Corol-
lary 10.3.1)

Et?2 1
Ex:T

2a 2
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This means, in particular, that if the distribution of 7 is such that Et? > 242 —a,
then, for large n, the excess mean value Ey (n) will become greater than Et = a.

10.4 The Renewal Theorem and the Limiting Behaviour
of the Excess and Defect in the Non-arithmetic Case

Recall that in this chapter by the non-arithmetic case we mean that there exists no
h > 0 such that P(| J,{t = kh}) = 1, where k runs over all integers. To state the
key renewal theorem in that case, we will need the notion of a directly integrable
function.

Definition 10.4.1 A function g(u) defined on [0, c0) is said to be directly integrable
if:

(1) the function g is Riemann integrable' over any finite interval [0, N]; and

(2) 2.k 8(k) < oo, where g = maxk<u<k+11gW)|.

It is evident that any monotonically decreasing function g(¢) | O having a finite

Lebesgue integral
o
/ gt)dt < oo
0

is directly integrable. This also holds for differences of such functions.

The notion of directly integrable functions introduced in [12] differs somewhat
from the one just defined, although it essentially coincides with it. It will be more
convenient for us to use Definition 10.4.1, since it allows us to simplify to some
extent the exposition and to avoid auxiliary arguments (see Appendix 9).

Theorem 10.4.1 (The key renewal theorem) Let t; 4 >0for j>2and g be a
directly integrable function. If the random variable T is non-arithmetic, there exists
Et =a > 0, and the distribution of t; is arbitrary, then, as t — 00,

t o0
/ gt —u)dH u) — l/ g(u)du. (10.4.1)
0 a Jo

There is a measure H on [0, co) associated with H thatis defined by H((x, y]) :=
H(y) — H(x). The integral

t
f gt —u)dH (u)
0

IThat is, the sums n~! Zkg and n~!'Y", g have the same limits as n — oo, where g
mingea, g(1), g, = MaxX,ea, g(u) Ay =[kA, (k+ 1)A), and A = N/n. The usual deﬁmtlon
of Riemann integrability over [0, co) assumes that condition (1) of Definition 10.4.1 is satisfied
and the limit of fON g(u)du as N — oo exists. This approach covers a wider class of functions
than in Definition 10.4.1, allowing, for example, the existence of a sequence #; — oo such that
g(1x) — oo.
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in (10.4.1) can also be written as

t
f g(t —u)H(du).
0
It follows from (10.4.1), in particular, that, for any fixed u,
H(t)— H(t —u) — = (10.4.2)
a

It is not hard to see that this relation, which is called the local renewal theorem, is
equivalent to (10.4.1).

The proof of Theorem 10.4.1 is technically rather difficult, so we have placed
it in Appendix 9. One can also find there refinements of Theorem 10.4.1 and its
analogue in the case where T has a density.

The other assertions of Sects. 10.2 and 10.3 can also be extended to the non-
arithmetic case without any difficulties. Let all 7; be nonnegative.

Definition 10.4.2 In the non-arithmetic case, a renewal process 7n(t) is called ho-
mogeneous (and is denoted by no(¢)) if the distribution of the first jump has the
form

1 o0
P(r; > x) = —/ P(r > t)dt.
a Jx

The ch.f. of 71 equals
, 1 [ .
@7, (A) i=Ee* = —/ e P(r > x)dx.
alo

Since here we are integrating over x > 0, the integral exists (as well as the func-
tion g(1) = ¢ (1) := Ee'*7) for all A with Im2 > 0 (for A = iar 4-v, —00 < v < 00,
o > 0, the factor ¢!** is equal to e~**e/"*; see property 6 of ch.f.s). Therefore, for

Im ) > 0,
1 * 2 -1
rM)=——|(1+ f M dP(r > x) | = &
ira 0 ila
Theorem 10.4.2 For a homogeneous renewal process,

t
Ho(t)=Eno()=1+—, 1>0.
a

Proof This theorem can be proved in the same way as Theorem 10.2.1. Consider
the Fourier—Stieltjes transform of the function Hy(#):

r(i) :=/ ™ d Hy(x).
0

Note that this transform exists for Im A > 0 and the uniqueness theorem established
for ch.f.s remains true for it, since ¢*(v) :=r(ie +v)/r(ia), —00 < v < 00 (We put
A =ia + v for a fixed @ > 0) can be considered as the ch.f. of a certain distribution
being the “Cramér transform” (see Chap. 9) of Hy(?).
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Since t; > 0, one has

Hy(x) = > P(Tj <x).

j=0
As Hy(t) has a unit jump at ¢ = 0, we obtain

0 > M) —1 1
2) = M dHy(x) =1 Vel (L) =1
r) /O ¢ d Ho(x) +,Z—(:>%()W) ey
_ 1
e
It is evident that this transform corresponds to the function Hy(¢) = 1 + ¢/a. The
theorem is proved. d

In the non-arithmetic case, one has the same connections between the homoge-
neous renewal process no(¢) and the limiting distribution of x(¢) and y (#) as we
had in the arithmetic case. In the same way as in Sect. 10.3, we can derive from the
renewal theorem the following.

Theorem 10.4.3 If t > 0 is non-arithmetic, E1 = a, and the distribution of 11 > 0
is arbitrary, then the following limit exists
o

1
lim P(y(t) >u, x(t) > v) = —/ P(t > x)dx. (10.4.3)
1—00 u+v
Proof For t > u, by the total probability formula,

P(y (1) > u, x(1) > v)

o t—u

=P(r1 >t+v)+ E / P(n(t):j—l—l,Tjedx,y(t)>u,x(t)>v)
: 0
j=1

S t—u

:P(r1>t+v)+g / P(Tjedx,tj11>t—x+0)
: 0
j=1

t—u
=P(y >t+v)—P(r>t+v)+/ dH(x)P(t >t —x +v). (10.4.4)
0

Here the first two summands on the right-hand side converge to 0 as ¢t — co. By
the renewal theorem for g(x) = P(t > x + u + v) (see (10.4.1)), the last integral
converges to

1 o0
—/ P(t>x4+u+v)dx.
alJo

The theorem is proved. g

As was the case in the previous section (see Theorem 10.3.2), in the case
Er? = my < oo Theorem 10.4.3 allows us to refine the key renewal theorem.
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Theorem 10.4.4 If all t; 4 > 0 are identically distributed and Et> = my < oo,
then, as t — 00,

Ho=2+"2 4o
T a  2a2 oL

Proof From (10.4.4) for u = 0 and Lemma 10.2.3 it follows that x (¢) are uniformly
integrable, for

t
P(x(t) > v) =/0 dHx)P(t >t —x+v) < (c] +02)ZP(‘E >k +v),

k>0
(10.4.5)
and therefore by (4.4.3)
1 oo poo my
Ex(t) —> — P(t > u)dudv=—. (10.4.6)
alo Ju 2a
It remains to make use of Wald’s identity. The theorem is proved. 0

One can add to relation (10.4.6) that, under the conditions of Theorem 10.4.4,
one has

Ex2(t) =o(t) (10.4.7)
as t — oo. Indeed, (10.4.5) and Lemma 10.2.3 imply
t
P(X(t) > v) < (c1 +cz)ZP(t >k+v) < c/ P(t > z+4+v)dz.
0
k<t

Further, integrating by parts, we obtain
oo
Ex’(t) = —/ v dP(x (1) > v)
0

o0 t o0
:2/ vP(X(t)>v)dv<2c/ / vP(t > z+v)dvdz,
0 0 JO
(10.4.8)

where the inner integral converges to zero as 7 — 00:

vP(r>z+v)dv=§ vdP(T<Z+U)<§E(‘L';‘L’>Z)—>0.
0 0

This and (10.4.8) imply (10.4.7).
Note also that if only Et exists, then, by Theorem 10.1.1, we have Ex (¢) = o(t)
and, by Theorem 10.4.1 (or 10.4.3),

o0

P(X(t) > v)—> é/ P(t >u+v)du.
0
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Now let, as before, y and x denote random variables distributed according to the
limiting distribution (10.4.3). Similarly to the above, it is not hard to establish that
if ET% < 00, k > 1, then, as t — 00,

Ex*1t) > Ex* ! < o, Ex* (1) = 0(1).

Further, it is seen from Theorem 10.4.3 that each of the random variables y and
x has density equal to a~'P(z > x). The joint distribution of y and x may have no
density. If T has density f(x) then there exists a joint density of y and x equal to
a~! f(x 4 y). It also follows from Theorem 10.4.3 that y and x are independent if
and only if

> 1
/ P(t >u)du=—e"**
. a

for some o > 0, i.e. independence takes place only for the exponential distribution
tel,.

Moreover, for homogeneous renewal processes the coincidence of P(r; > x)
and P(r > x) takes place only when v € I'y. In other words, the renewal pro-
cess generated by a sequence of identically distributed random variables 7y, 7, ...
will be homogeneous if and only if 7; & I'y. In that case no(¢) is called (see also
Sect. 19.4) a Poisson process. This is because for such a process, for each ¢, the
variable 1(t) = no(¢) has the Poisson distribution with parameter ¢ /c.

The Poisson process has some other remarkable properties as well (see also
Sect. 19.4). Clearly, one has x (1) € I’y for such a process, and moreover, the vari-
ables y(7) and x(¢) are independent. Indeed, by (10.4.4), taking into account that
H (x) has a jump of magnitude 1 at the point x = 0, we obtain for # < ¢ that

t—u

P(y (1) >u, x(1) > v) = e+ +0¢/ e =X gy
0

— e~ autv) _ P(y () > u)P(x (1) > v);
P(y() =1, x(1) > v) =P(t; > 1 +v) = %) =P(y (1) = 1)P(x (1) > v);
P(y (1) >1)=0.

These relations also imply that the random variable ;) = y(¢) + x(¢) has the
same distribution as min(¢, t1) + 2, where 7; € I'y, j = 1, 2, are independent so
that ;) & g2 as t — o00.

The fact that y(#) and x(¢) are independent of each other deserves attention
from the point of view of its interpretation. It means the following. The residual
lifetime of the component operating at a given time ¢ has the same distribution as
the lifetime of a new component (recall that 7; € I'y) and is independent of how long
this component has already been working (which at first glance is a paradox). Since
the lifetime distributions of devices consisting of large numbers of reliable elements
are close to the exponential law (see Theorem 20.3.2), the above-mentioned fact is
of significant practical interest.

If 7; can assume negative values as well, the problems related to the distributions
of y(¢) and x(¢#) become much more complicated. To some extent such problems
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can be reduced to the case of nonnegative variables, since the distribution of x (¢)
coincides with that of the variable x*(¢#) constructed from a sequence {rj’f > 0},
where 77 have the same distribution as x (0). The distribution of x (0) can be found
using the methods of Chap. 12.

In particular, for random variables t1, 13, ... taking values of both signs, Theo-
rems 10.4.1 and 10.4.3 imply the following assertion.

Corollary 10.4.1 Let 11, 12, ... be non-arithmetic independent and identically dis-
tributed and Ety = a. Then the following limit exists

. 1 o0
tlg&P(x(t)>v)=m/v P(X(O)>t)dt, v>0.

For arithmetic t;,

lim P(x(k)=i)= ! P(x (0 j i >0
kggo (X()—l)—m (X()>l)» >0

10.5 The Law of Large Numbers and the Central Limit
Theorem for Renewal Processes

In this section we return to the general case where 7; are not necessarily identically
distributed (cf. Sect. 10.1).

10.5.1 The Law of Large Numbers
First assume that 7; > 0 and put

n
a, = Etg, Ay, ::Zak.
k=1

Theorem 10.5.1 Let 1ty > 0 be independent, Tty — ay uniformly integrable, and
n_lAn —a>0asn— o0. Then,ast — 00,

n p 1
R
t a
Proof The basic relation we shall use is the equality
{n(®) >n}=(T, <1}, (10.5.1)

which implies

(n(t) 1 ) ( t )
Pl ———>¢)|=P ]’](t)>_(+8) ZP(TnSI)’
t a a
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where for simplicity we assume that n = é(l + ¢) is an integer. Further,

P, <n=p( <@
= n  1l4e¢

=P Tn_A”< a _ﬂ <P LAn<_E
n “14e¢ n )~ n - 2

for n large enough and & small enough. Applying the law of large numbers to the
right-hand side of this relation (Theorem 8.3.3), we obtain that, for any ¢ > 0, as

t — 00,
1
P(—n(t) - —> i) — 0.
t a a

The probability P(@ — % < —%) can be bounded in the same way. The theorem

is proved. O

10.5.2 The Central Limit Theorem

Put
n
2. 2 2. 2
o '=E(tx —ay)® = Var, B, = Zok.
k=1

Theorem 10.5.2 Let 1y > 0 and the random variables t; — ay satisfy the Lindeberg
condition: for any § > 0 and n — oo,

n
S E(lu - als [u —axl > 8B,) = o(B2).
k=1

Let, moreover, there exist a > 0 and o > 0 such that, as n — 00,

n
An:=) ar=an+o(/n), B2 =02n+o(n). (10.5.2)
k=1
Then
t)—t
1 Zta g, (10.5.3)
oy/t/a’

Proof From (10.5.1) we have

(10.5.4)

T, — A, t—A,
P(n(t) >n)=P(T, <1) =P( < )

B, — By
Let n vary as t — oo so that
t—A,
RN
B,
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for a fixed v. To find such an 7, solve for n the equation

t—an
=v
o/n
This is a quadratic equation in n, and its solution has the form
t  vo 1
=—-+—=+Vat|1+0|—) ). 10.5.5
o va(ieo()) 039

For such n, by (10.5.2),

{— Ay [_vo (+o(1) _
B = 7 e o | R = o

This equality means that we have to choose the minus sign in (10.5.5). Therefore,
by (10.5.4) and the central limit theorem,

n() —t/a
oy/t/a’

Changing —v to u, by the continuity theorems (see Lemma 6.2.2) we get

n) —t/a

The theorem is proved. d

P(n(t)>n)=P< >—v—|—0(1)> - dWw)=1—D(—v).

Remark 10.5.1 In Theorems 10.5.1 and 10.5.2 we considered the case where A,
grows asymptotically linearly as n — oo. Then the centring parameter ¢ /a for n(t)
changes asymptotically linearly as well. However, nothing prevents us from consid-
ering a more general case where, say, A, ~ cn®, o > 0. Then the centring parameter
for n(¢) will be the solution to the equation cn® =1, i.e. the function (¢ /c) /e (under
the conditions of Theorem 10.5.2, in this case we have to assume that B,, = 0(A;)).
The asymptotics of the renewal function will have the same form.

In order to extend the assertions of Theorems 10.5.1 and 10.5.2 to 7; assuming
values of both signs, we need some auxiliary assertions that are also of independent
interest.

10.5.3 A Theorem on the Finiteness of the Infimum of the
Cumulative Sums

In this subsection we will consider identically distributed independent random vari-
ables 71, 12, .. .. We first state the following simple assertion in the form of a lemma.

Lemma 10.5.1 One has E|t| < oo if and only if

o
ZP(|7:| > j) < 0.
j=1
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The Proof follows in an obvious way from the equality

o
E|z| =/ P(|t| >x)dx
0

and the inequalities

ip(m > j) 5/(;OOP(|1'| >x)dx§1+§:P(|r| > j). O

j=1

Let, as before,

n
Tn = Z‘[j.
j=1

Theorem 10.5.3 If 7; Lt are identically distributed and independent and Et > 0,
then the random variable Z = infy>o Ty is proper (finite with probability 1).

Proof Let n1 = n(1) be the number of the first sum 7} to exceed level 1. Consider
the sequence {t;" = 7, 14} that, by Lemma 10.2.1, has the same distribution as {zx}
and is independent of 11, 71, ..., T, . For this sequence, denote by 1 the subscript
k for which the sum 7} = Z];:I ¥ first exceeds level 1. It is clear that the random
variables 1y and 7; are identically distributed and independent. Next, construct for
the sequence {7* = 7y, y5,+«} the random variable n3 following the same rule,
and so on. As a result we will obtain a sequence of Markov times 71, 12, ... that
determine the times of “renewals” of the original sequence {7}, associated with
attaining level 1.
Now set
Z1 :=min Ty, Zy:=min T}, ...
k<mn k<ny

Clearly, the Z; are identically distributed and
Z=inf{Z1, Ty, + Z2, Ty 4, +Z3,...},

where by definition T}, > 1, T;;; 44, > 2 and so on. Hence

o0 o0
(Z < —Ny = {Zesr + Ty gopme < —Ny € J(Zi +k < =N},
k=0 k=0
o o
P(Z <—N) < ZP(Zk +k<—N)= Z P(Z <—)).
k=1 j=N+1

This expression tends to 0 as N — oo provided that E| Z1| < oo (see Lemma 10.5.1).
It remains to verify the finiteness of EZ{, which follows from the finiteness of
En; =En(l) = H(1) < ¢ (see Example 4.4.5) and the relations
Ul
E|Z||<E) |tj|=EnElr| < oo
j=1
(see Theorem 4.4.2). O
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10.5.4 Stochastic Inequalities. The Law of Large Numbers and the
Central Limit Theorem for the Maximum of Sums of
Non-identically Distributed Random Variables Taking
Values of Both Signs

In this subsection we extend the assertions of some theorems of Chap. 8 to maxima
of sums of random variables with a positive “mean drift”. To do this we will have to
introduce some additions restrictions that are always satisfied when the summands
are identically distributed. Here we will need the notion of stochastic inequalities
(or inequalities in distribution). Let £ and ¢ be given random variables.

Definition 10.5.1 We will say that { majorises (minorises) & in distributionand de-

note this by & % ¢ (& % ¢) if, for all ¢,
PE=n <Pt =1 (PE=0)=P(¢ =1).

d d
Clearly, if &€ < ¢ then —& > —¢. We show that stochastic inequalities possess
some other properties of ordinary inequalities.

Lemma 10.5.2 If {£172, and {¢}}2, are sequences of independent (in each se-

d
quence) random variables and &, < {, then, for all n,

d _

Su < Zn, Sn < Zn,

A

where

n n
So=D & Zu=) Sp=max S, Zy=maxZ.
k=1 k=1 - =

d d
Similarly, if & > i, then ming <, Sk > ming <, Zy.

Proof Let Fi(t) :=P(& < t) and G(¢) := P(¢ < t). Using quantile transforma-
tions F, k(_l) and G,(c_l) (see Definition 3.2.4) and a sequence of independent random
variables {a)k},‘:ozl , wx € Up,1, we can construct on a common probability space the
sequences &, = Fk(_l)(wk) and ¢ = G,((_l)(a)k) such that & 4 & and g;f 4 i (the
distributions of &7 and & and of ;" and ¢/ coincide). Moreover, & < ¢/, which is
a direct consequence of the inequality Fi(¢) > Gy(¢) for all #. Endowing with the
superscript * all the notations for sums and maximum of sums of random variables
with asterisks, we obviously obtain that

siLsr<z2 Lz, 5. L5 <7027,

The last assertion of the lemma follows from the previous ones. The lemma is
proved. U

Below we will need the following corollary of Theorem 10.5.3.
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d
Lemma 10.5.3 Let & be independent, & > ¢ for all k and E¢ > 0. Then, for all n,
the random variable

D, i=§n—5n20

d
is majorised in distribution by the random variable —Z: D, < —Z, where Z :=
infZy, Zy := Zl;=1 i and & are independent copies of ¢ .

Proof We have

EI’l = maX(O, Slv RN Sn) = Sn + max(ov _SVH _‘i:ﬂ - %‘n—ls sy _Sn)
= Sn - min(07 gl’lﬂ gn +$l’l—lv ey Sn)a

where, by the last assertion of Lemma 10.5.2,

d d
—D, =min(0,&,,&, +&,-1,...,Su) > I]gliIle >Z, D, <-Z.
<n

The fact that Z is a proper random variable follows from Theorem 10.5.3 on the
finiteness of the infimum of partial sums. The lemma is proved. g

If & 4 & are identically distributed and a = E£ > 0, then we can put £ = ¢. The
above reasoning shows that in this case the limit distribution of S, — S, as n — 0o
exists and coincides with the distribution of the random variable Z (the random
variables S, — S, themselves do not have a limit, and, by the way, neither do the
variables 2229 in the central limit theorem).

Jn
Lemma 10.5.3 shows that, for & % ¢ and E¢ > 0, the random variables S, and
S, differ from each other by a proper random variable only. This makes the limit
theorems for S,, and S, essentially the same.
We proceed to the law of large numbers and the central limit theorem for S,,.

Theorem 10.5.4 Letay =E& >0, A, = 22:1 ar and A, ~an asn — 0o, a > 0.

d
Let, moreover, & — ay be uniformly integrable for all k and & > ¢ with E¢ > 0.
Then, as n — o0,

Sn p
— —>d.
n

Note that the left uniform integrability of & — ai follows from the inequalities

d
&>¢.
Proof By Lemma 10.5.3,

_ d
S, =S,+D,, whereD, >0, D,<—Z. (10.5.6)
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Therefore,

where by Theorem 8.3.3, as n — o0,
Sn - An p
—

It is also clear that

The theorem is proved. g

In addition to the notation from Theorem 10.5.3, put

n
o :=E(& — ), B> ::Zakz.
k=1

Theorem 10.5.5 Let, for some a > 0 and o > 0,
A, =an+o(J/n), B,%:azn—i—o(n),
d
and let the random variables &, — ay satisfy the Lindeberg condition, & > ¢ with
E¢ > 0. Then

S, —an

o/n

s 0. (10.5.7)

Proof By virtue of (10.5.6),
S,—an S,—A, B, A, —an D,

o Jn = B, .a\/ﬁ+ on +Uﬁ’ (10.5.8)

where, by the central limit theorem,
Sn — An
B, & <I>(),1.
Moreover,
By Moo Dep
oa/n ’ o/n ’ o/n

This and (10.5.8) imply (10.5.7). The theorem is proved. O

10.5.5 Extension of Theorems 10.5.1 and 10.5.2 to Random
Variables Assuming Values of Both Signs

We return to renewal processes and limit theorems for them. In Theorems 10.5.1
and 10.5.2 we obtained the law of large numbers and the central limit theorem for
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the renewal process 7(¢) defined in (10.1.1) with jumps t; > 0. Now we drop the
last assumption and assume that 7; can take values of both signs.

Theorem 10.5.6 Let the conditions of Theorem 10.5.1 be met, the condition ty, > 0

d
being replaced with the condition Tty > ¢ with E¢ > 0. Then

0 » 1 (10.5.9)
t a

If 4 T are identically distributed and Et > 0, then we can put ¢ = t. There-
fore Theorem 10.5.6 implies the following result.

Corollary 10.5.1 If 1y are independent and identically distributed and Et = a > 0,
then (10.5.9) holds true.

Proof of Theorem 10.5.6 Here instead of (10.5.1) we should use the relation
k
[n@) > n} ={T, <1}, TFTng, Tkzzzrj. (10.5.10)
J:

Then we repeat the argument from the proof of Theorem 10.5.1, changing in it 7},
to T, and using Theorem 10.5.4, which implies that T',, and T, satisfy the law of
large numbers. The theorem is proved. 0

Theorem 10.5.7 Let the conditions of Theorem 10.5.2 be met, the condition T > 0

d
being replaced with the condition Ty, > ¢ with E¢ > 0. Then (10.5.3) holds true.

Proof Here we again have to use (10.5.10), instead of (10.5.1), and then repeat the
argument proving Theorem 10.5.2 using Theorem 10.5.5, which implies that the

distribution of Z2=% a5 well as the distribution of =42 converges to the standard
o/n o/n
normal law @ ;. The theorem is proved. 0

Remark 10.5.2 (An analogue of Remarks 8.3.3, 8.4.1 and 10.1.1) The assertions of
Theorems 10.5.6 and 10.5.7 can be generalised as follows. Let t1 be an arbitrary
random variable and random variables ‘L’,;k ‘= T14k, k > 1, satisfy the conditions
of Theorem 10.5.6 (Theorem 10.5.7). Then convergence (10.5.9) (10.5.3) still takes
place.

Consider, for example, Theorem 10.5.7. Denote by A, the event

t)—ajt
A, = {M - x}.
oyt/a’
Then the foregoing assertion follows from the relations

P(A) =E[P(A|n); |ril < N]+rw,
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where ry < P(|71| > N) can be made arbitrarily small by the choice of N, and by
Theorem 10.5.7

* 1—T1
P(A,|11) P(" - +0( ! ) <x>—><l>(x)
1) =P\ ——F/——— —
’ o/t — 1)/ Vi
as t — oo for each fixed 71, |71| < N. Here n*(¢) is the renewal process that corre-
sponds to the sequence {z;}. g

10.5.6 The Local Limit Theorem

If we again narrow our assumptions and return to identically distributed i 4q >0
then we can derive local theorems more precise than Theorem 10.5.2. In this sub-
section we will find an asymptotic representation for P(n(¢) = n) as t — co. We
know from Theorem 10.5.2 what range of values of n the bulk of the distribution
of n(t) is concentrated in. Therefore we will from the start consider not arbitrary »,
but the values of n that can be represented as

t t
ne [_+w /_3], o = Var(o), (10.5.11)
a a

for “proper” values of v ([s] in (10.5.11) is the integer part of s), so that
(t —an) < 1 )
=v+ 0| — 10.5.12
o /n Jt ( )

(see (10.5.5)). For the proof, it will be more convenient to consider the probabilities
P(n(t) =n + 1). Changing n + 1 to n amends nothing in the argument below.

Theorem 10.5.8 If t > 0 is either non-lattice or arithmetic and Var(t) = 02 < o0,
then, for the values of n defined in (10.5.11), as t — o0,

3/2

oA 2mt

where in the arithmetic case t is assumed to be integer.

P(n(t)=n+1)~ eV, (10.5.13)

Proof First let, for simplicity, T have a density and satisfy the conditions of the local
limit Theorem 8.7.2. Then

t
P(n()=n+1)= /O P(T, € du)P(t >t —u), (10.5.14)

where by Theorem 8.7.2, as n — oo,

du (u — na)?
P(T,, —naed(u —na)) = UM[GXP{_W} +0(1):|
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uniformly in u. Change the variable u =t — z. Since for the values of n we are
dealing with one has (10.5.12), the exponential

(u—na)2 1 z 2
ool -t =5 (5 ) )

remains “almost constant” and asymptotically equivalent to e~V*/2 for |z] < N,
N — 00, N = o(/n). Hence the integral in (10.5.14) is asymptotically equivalent
to

N
U o2 [T pe s ndz~ vi2,

oA/2nn 0 oA/2nn

e

Since n ~t/a as t — oo, we obtain (10.5.13).

If = has no density, but is non-lattice, then we should use the integro-local Theo-
rem 8.7.1 for small A and, in a quite similar fashion, bound the integral in (10.5.14)
(with ¢, which is a multiple of A) from above and from below by the sums

t/A—1
> P(Ty € AlkA)P(x > t — (k+ 1)4)
k=0

and

t/A-1
Z P(T, € Alk2))P(z > t — kA),
k=0

respectively. For small A both bounds will be close to the right-hand side
of (10.5.13).

If 7 has an arithmetic distribution then we have to replace integral (10.5.14) with
the corresponding sum and, for integer u and 7, make use of Theorem 8.7.3.

The theorem is proved. g

If examine the arguments in the proof concerning the behaviour of the correction
term, then, in addition to (10.5.13), we can also obtain the representation

P(y(t) =n) = a’ 2 4o L (10.5.15)
7 oA 2mt \/;

uniformly in v (or in n).

10.6 Generalised Renewal Processes

10.6.1 Definition and Some Properties

Let, instead of the sequence {7; j’i |» there be given a sequence of two-dimensional
independent vectors (z;,&;), T; > 0, having the same distribution as (7, £). Let, as
before,
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k k
Sk=Z$j, Tk=zrj, So=Tp=0,
j=1 j=1
n(t) = min{k : T, > t}, v(t) =max{k: T <t} =n() — 1.

Definition 10.6.1 The process
Swy@) =gt + Svq)

is called a generalised renewal process with linear drift q.

The process S,)(t), as well as v(2), is right-continuous. Clearly, S, (t) = gt for
t < 71. Attime ¢t = 7y the first jump in the process S, (¢) occurs, which is of size &;:

Sw(t1 —0)=gqr1y, Swy(T1) =q11 + 1.

After that, on the interval [T7, 72) the value of S,)(t) varies linearly with slope g.
At the point 7>, the second jump occurs, which is of size &>, and so on.
Generalised renewal processes are evidently a generalisation of random walks Si
(for ; = 1, g = 0) and renewal processes n(¢) = v(t) + 1 (for §; = 1, ¢ = 0). They
are widespread in applications, as mathematical models of various physical systems.
Along with the process S(,)(#), we will consider generalised renewal processes
of the form

St =qt + Sy =S + &0

that are in a certain sense more convenient to analyse since 7(f) is a Markov time
with respectto 7, = o (ty, ..., t; &1, ..., &,) and has already been well studied.

The fact that the asymptotic properties of the processes S(¢) and S(,)(f), as
t — 00, (the law of large numbers, the central limit theorem) are identical follows
from the next assertion, which shows that the difference S(¢) — S(,)(¢) has a proper
limiting distribution.

Lemma 10.6.1 If Et < 00, then the following limiting distribution exists
. E(t; £ <v)
rlggo P&, <v)= T Er
The lemma implies that &, /b() L5 0for any function b(t) — oo as t — 00.

Proof By virtue of the key renewal theorem,

S t
P&, <v) = Z/ P(Ti € du)P(t >t —u, & <v)
k=00

t o0
=/dH(t)P(r>t—u,E<v)—>if P(t>u,& <v)du
0 Et Jo

_E@é§<v)
- Er '
The lemma is proved. g
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As was already noted, () is a stopping time with respect to
Fn=0(1,.... i &1, ..., &n).
Therefore, if (7}, &;) are identically distributed, then by the Wald identity (see The-
orem 4.4.2 and Example 4.4.5)
t
ES(1) = gt + asEn(r) ~ gt + == (10.6.1)
a

as t — 0o, where ag = E£ and a = Ez. The second moments of S(¢) will be found
in Sect. 15.2. The laws of large numbers for S(#) will be established in Sect. 11.5.

10.6.2 The Central Limit Theorem

In order to simplify the exposition, we first assume that the components 7; and &; of

d . . . .
the vectors (z;, &) = (7, &) are independent. Moreover, without losing generality,
we assume that g = 0.

Theorem 10.6.1 Let there exist 0% = Vart < 00, 052 = Var(¢) < oo with o +
og > 0. If the coordinates v and & are independent then, as t — 00,

S(t) —rt
os/t

where r = ag /a and 03 =a V(o2 +r%6%) =a! Var(€ — rt). The same assertion
holds true for S, (t) as well.

S @1,

Proof 1f one of the values of o and o is zero, then the assertion of the theorem
follows from Theorems 8.2.1 and 10.5.2. Therefore we can assume that o > 0 and
oz > 0. Denote by & = o (1y, 12, .. .) the o-algebra generated by the sequence {r;}
and by A; C & the set

A ={|n@) —t/a| <t'*TE} e €(0,1/2).
Since by the central limit theorem P(A;) — 1 as t — oo, for any trajectory 7n(-)
in A; we have n(t) — 0o as t — 00, and the random variables
S(t) —agn()
o /()

are asymptotically normal with parameters (0, 1) by the independence of {£;}
and {z;}. In other words, on the sets A,

Z(t) =

E(e“z(’)|®) S e 2 a5t o0,
Since

o/t

t t
n(t)=_+ 3/2 §17 ft@‘bo,la and n(t)’”_
a a a
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on the sets A; € &, we also have on the sets A; the relation

. ago/t
iAS(@) —rt — Z}#Q) -32/2
E<6XP{ o¢ /t]a }‘QS) — ’

Since the random variables ¢; and 1(¢) are measurable with respect to &, the corre-
sponding factor can be taken outside of the conditional expectation, so that

ir(S(@t) —rt) A2 iiro
(ool o o) ool -+ e}
iA(S(t) — A2 A
Eexp{%} =0(1)+E(exp{—7 + %Q}; At>
A2 ro 2
=o(1)+exp{——[l+<—> “
2 O’g
1 s tas ®
ﬁ (f)—7 & 0,03

2 ‘75;'2 ro\’ “If.2, 22
oy=—1+|— =a [0§+r ]

0¢

Hence

This means that

where

The assertion corresponding to S(,)(¢) follows from Lemma 10.6.1. The theorem
is proved. 0

Note that Theorems 8.2.1 and 10.5.2 are special cases of Theorem 10.6.1. If
ag =0, then S(¢) is distributed identically to Sj;/) and is independent of .

Now consider the general case where 7 and £ are, generally speaking, dependent.
Since Ty () =t + x (), we have the representation

S@) —rt=Zyu) +rx(), (10.6.2)
where

AN N

NG

as t — oo (x(¢) has a proper limiting distribution as t — 00). Moreover, we will
use yet another Wald identity

n
Zn=Z§j, gj=¢&—rrj, E{i=0,

j=1

EZ?

() =d°En(t), d*=E{*, (=£-rt, (10.6.3)

that is derived below in Sect. 15.2.
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Theorem 10.6.2 Let (z;,&;) 4 (1,&) be independent identically distributed and

such that 0% = Var(t) < oo and U%_Z = Var(¢) < oo exist. Then

S(@)—rt
o5/t

where r = ag /a and US2 = a~'d?. The random variables

S 91,

S(,,)(t)—rt Z,,(r)
v and i have

the same limiting distribution.

Proof 1t is seen from (10.6.2) that it suffices to prove that

Zn()
os/t

The main contribution to Z, ;) comes from Z,, with m = [é — 2N /1], N = oo,

N = o0(y/1), where
=T e o

The remainder Z,,;y — Zy,, for each fixed

@q%),].

T €ly:=[t—3aN+t, t —aN/t], P(T, €Iy) — 1,

has the same distribution as Z,;_r,,), and its variance (see (10.6.3)) is equal to
d’En(t — Ty) ~ 2L 3N = o(?).
a

Since EZ;,;_7,,) =0, we have

ZyG—Tn) P
——" 50 10.6.4
NG ( )

as t — 00. The theorem is proved. 0

Note that, for N — oo slowly enough, relation (10.6.4) can be derived using
not (10.6.3), but the law of large numbers for generalised renewal processes that
was obtained in Sect. 11.5.

Theorem 10.6.1 could be proved in a somewhat different way—with the help
of the local Theorem 10.5.3. We will illustrate this approach by the proof of the
integro-local theorem for S(¢).

10.6.3 The Integro-Local Theorem

In this section we will obtain the integro-local theorem for S(¢) in the case of non-
lattice &. In a quite similar way we can obtain local theorems for densities (if they
exist) and for the probability P(S(7) = k) for ¢ = 0 for arithmetic &;.
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Theorem 10.6.3 Let the conditions of Theorem 10.6.1 hold and, moreover, & be
non-lattice. Then, for any fixed A > 0, as t — o0,

A X 1
P(S(1) —rt € Alx)) = p—" ¢(m) +0<$>, (10.6.5)

where the remainder term o(1/+/t) is uniform in x.

Proof Since £ is non-lattice, one has o¢ > 0. If 0 = 0 then the assertion of the
theorem follows from Theorem 8.7.1. Therefore we will assume that o > 0. By the
independence of {£;} and {z;},

o
P(S(t) —rt € Alx)) =Y P(n(t)=n)P(S, —rt € Alx)) = >+ >,

n=1 neM; n¢M;
where M, = {n: |n —t/a| < t'>N ()}, N(t) = 00, N(t) = 0(+/1) as t — 00. We
know the asymptotics of both factors of the terms in the sum from Theorems 8.7.1
and 10.5.8 (see also (10.5.15)). It remains to do the summation, which is unfortu-
nately somewhat cumbersome. At the same time, it presents no substantial difficul-
ties, so we will sketch this part of the proof. If we put an — ¢ =: u,

PL() A { (x —ru)z} Py(t) a’/? { u? }
= —=¢X —— (, o) = ex —_ 1,
! o/ 2mn P 2n052 o2mt Pl" 202
then
1
P(S, —rt € Alx)) = Pi(t) + o(ﬁ)
Furthermore,

P(n(t)=n) = P(1) + (L)
nt)=n)=~r o \/;

for n € M; and N(t) — oo slowly enough as r — oo. Clearly,

> =o()
n¢M; ﬁ
Since the sums of P;(¢) and P>(¢) are bounded in n by a constant, we have

) =o<%) + Y PP,
neM;

neM;
The exponent in the product Py () P>(t), taken with the negative sign, is equal to
1 [(x—ru)? u? a[(d*u—rxc®? x2
2n 052 o? 2t dzazaé2 ]
where d? =202 + ag. Since, for x = 0(s/1 N (1)),
a’?d { a(d®u — rxo?)? } .
— expj— "t —
V2wtoog P 2ta’2020‘§2

neA;
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as t — oo and this sum does not exceed 1 4 o(1) for all x (this is an integral sum
that corresponds to the integral of the density of the normal law), it is easy to de-
rive (10.6.5) from the foregoing. g

We will continue the study of generalised renewal processes in Sect. 11.5.
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