8. Testing Statistical Hypotheses

8.1 Introduction

Often the problem of a statistical analysis does not involve determining an
originally unknown parameter, but rather, one already has a preconceived
opinion about the value of the parameter, i.e., a hypothesis. In a sample taken
for quality control, for example, one might initially assume that certain critical
values are normally distributed within tolerance levels around their nominal
values. One would now like to test this hypothesis. To elucidate such test
procedures, called statistical tests, we will consider such an example and for
simplicity make the hypothesis that a sample of size 10 originates from a
standard normal distribution.

Suppose the analysis of the sample resulted in the arithmetic mean
X = 0.154. Under the assumption that our hypothesis is correct, the random
variable X is normally distributed with mean O and standard deviation \/%.
We now ask for the probability to observe a value |X| > 0.154 from such a
distribution. From (5.8.5) and Table 1.3 this is

P(IX] > 0.154) = 2{1 — ¥(0.154+/10)} = 0.62

Thus we see that even if our hypothesis is correct, there is a probability of
62% that a sample of size 10 will lead to a sample mean that differs from the
population mean by 0.154 or more.

We now find ourselves in the difficult situation of having to answer the
simple question: “Is our hypothesis true or false?”” A solution to this problem
is provided by the concept of the significance level: One specifies before the
test a (small) test probability «. Staying with our previous example, if P (|X| >
0.154) < «, then one would regard the occurrence of X = 0.154 as improbable.
That is, one would say that X differs significantly from the hypothesized value
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and the hypothesis would be rejected. The converse is, however, not true. If P
does not fall below o, we cannot say that “the hypothesis is true”, but rather “it
is not contradicted by the result of the sample”. The choice of the significance
level depends on the problem being considered. For quality control of pencils
one might be satisfied with 1%. If, however, one wishes to determine insur-
ance premiums such that the probability for the company to go bankrupt is
less than «, then one would probably still regard 0.01% as too high. In the
analysis of scientific data o values of 5, 1, or 0.1% are typically used. From
Table 1.3 we can obtain limiting values for |X| such that a deviation in excess
of these values corresponds to the given probabilities. These are

0.05 = 2{1—10(1.96)} = 2{1 —1(0.62/10)} ,

0.01 = 2{1 —(2.58)} = 2{1 — ¥(0.82/10)} ,
0.001 = 2{1 —v0(3.29)} = 2{1 — ¥o(1.04v/10)}

At these significance levels the value |X| would have to exceed the values 0.62,
0.82, 1.04 before we could reject the hypothesis.

In some cases the sign of X is important. In many production processes,
deviations in a positive and negative direction are of different importance. (If a
baker’s rolls are too heavy, this reduces profits; if they are too light they cost
the baker his license.) If one sets, e.g.,

PX>x))<a

then this is referred to as a one-sided test in contrast to the two-sided test,
which we have already considered (Fig. 8.1).

f(x) f(x)

Fig.8.1: One-sided
and two-sided tests

X1

For many tests one does not construct the sample mean but rather a certain
function of the sample called a fest statistic, which is particularly suited for
tests of certain hypotheses. As above one specifies a certain significance level
« and determines a region U in the space of possible values of the test statistic
T in which

Pu(T elU)=«a

The index H means that the probability was computed under the assumption
that the hypothesis H is valid. One then obtains a sample, which results in a
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particular value T’ for the test statistic. If 7’ is in the region U, the critical
region of the test, then the hypothesis is rejected.

In the next sections we will discuss some important tests in detail and
then turn to a more rigorous treatment of test theory.

8.2 F-Test on Equality of Variances

The problem of comparing two variances occurs frequently in the development
of measurement techniques or production procedures. Consider two popula-
tions with the same expectation value; e.g., one measures the same quantity
with two different devices without systematic error. One may then ask if they
also have the same variance.

To test this hypothesis we take samples of size N; and N, from both
populations, which we assume to be normally distributed. We construct the
sample variance (6.2.6) and consider the ratio

F=s/s5 . (8.2.1)

If the hypothesis is true, then F will be near unity. It is known from Sect. 6.6
that for every sample we can construct a quantity that follows a x 2-distribution:
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The two distributions have f; = (N; — 1) and f> = (N, — 1) degrees of
freedom.
Under the assumption that the hypothesis (012 = 022) is true, one has

_h X
fi X3

The probability density of a y2-distribution with f degrees of freedom is
[see (6.6.10)]

FOO = (D Dema 0
rr2e/

We now compute the probability*

*We use here the symbol W for a distribution function in order to avoid confusion with
the ratio F.
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Xi
W@ =rl g <0

that the ratio X f /X % is smaller than Q:

1
W(Q) = //>0 x2fimlemaxy1flem 1y dxdy |
ramramatem ]y
x/y>Q
Calculating the integral gives
r 0
W(Q) = — (2f)l / h=le 2 dr (8.2.2)
I'GGmrGf2)Jo
where
f=hn+nr
Finally if one sets
F=0h/H/ft

then the distribution function of the ratio F' can be obtained from (8.2.2),

()
S3

This is called the Fisher F-distribution.” It depends on the parameters f;
and f>. The probability density for the F-distribution is

fl)zf1 r(fi+ f2) lfl—l( N ) P . (8.2.3)

F 1+—F
1) = (fz rGmrGr)

f2

This is shown in Fig. 8.2 for fixed values of f| and f>. The distribution is
reminiscent of the x2-distribution; it is only non-vanishing for F > 0, and
has a long tail for F' — oo. Therefore it cannot be symmetric. One can easily
show that for f, > 2 the expectation value is simply

E(F)= f/(f2—2)

We can now determine a limit F, with the requirement

ST _
PlZ>F)=a . (8.2.4)

This is also often called the v2-distribution, w?-distribution, or Snedecor distribution.
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This expression means that the limit F, is equal to the quantile Fi_, of the
F-distribution (see Sect. 3.3) since

s? s2

1 ry 1 _
P(L<F)=P(L<Fo)=1-0a . (8.2.5)

s s

2 >

If this limit is exceeded, then we say that 012 > 022 with the significance level «.
The quantiles F_, for various pairs of values ( f1, f>) are given in Table 1.8.
In general one applies a two-sided test, i.e., one tests whether the ratio F is
between two limits F, and F,’, which are determined by

f, = 5 fy = 2, 4,. 20 f, =10, f, = 2, 4,., 20
/‘ T /‘ T
f(F) 0.8 1 f(F) 0.8 f 1
zr 0.6 . ZT 06 i
0.4 f 1 0.4 f 1
0.2 . 072 ,
0 . ‘ 0 . :
0 1 2 3 0 1 2 3
—> F —> F
f, =15 f, = 2, 4,.. 20 f, = 20, f, = 2, 4,.., 20
/‘ T /‘ T
f(F) 0.8 1 f(F) 0.8 1
AT 0.6 : ZT 06 ]
0.4 1 0.4 1
0.2 1 0.2 i
0 ‘ ‘ 0
0 1 2 3 0 1 2 3
—> F —> F

Fig.8.2: Probability density of the F-distribution for fixed values of f; = 2,4,...,20. For
fi =2 one has f(F) =eF. For fi > 2 the function has a maximum which increases for
increasing f7.

2 2
s 1 s 1
P|S3>F/|=za. P|l5<F/)=5a . (8.2.6)
S5 2 S5 2

Because of the definition of F as a ratio, the inequality

si/s3 < FJ'(f1. f2)
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clearly has the same meaning as

s3/s7 > F!(f2, f1)

Here the first argument gives the number of degrees of freedom in the
numerator, and the second in the denominator. The requirement (8.2.6) can
also be written:

2 1

s? 1 s? 1
P2 >F'(f.p))==a. P|l2>F(H.f1)]==a . 827
s2 o 2 s2 o 2

Table 1.8 can therefore be used for the one-sided as well as the two-sided
F-test.

A glance at Table 1.8 also shows that F;_,/» > 1 for all reasonable values
of «. Therefore one needs only to find the limit for the ratio

so/Sj > Fi_14(fe: fi) - (8.2.8)

Here the indices g and k give the larger and smaller values of the two
variances, i.e., s§ > s,f. If the inequality (8.2.8) is satisfied, then the hypothesis
of equal variances must be rejected.

Example 8.1: F-test of the hypothesis of equal variance of two series of
measurements

A standard length (100 pwm) is measured using two traveling microscopes. The
measurements and computations are summarized in Table 8.1. From Table 1.8
we find for the two-sided F-test with a significance level of 10%,

Fy1(6,9) = Fy5(6,9) = 3.37

The hypothesis of equal variances cannot be rejected. m

8.3 Student’s Test: Comparison of Means

We now consider a population that follows a standard Gaussian distribution.
Let X be the arithmetic mean of a sample of size N. According to (6.2.3) the
variance of X is related to the population variance by

o2(X)=0?(X)/N . (8.3.1)

If N is sufficiently large, then from the Central Limit Theorem, X will be
normally distributed with mean £ and variance o->(X). That is,



8.3 Student’s Test: Comparison of Means 181

y=(X-x)/0(X) (8.3.2)

will be described by a standard normal distribution. The quantity o (X) is,
however, not known. We only know the estimate for oz(x),

N
1
2 _ 2
s = mZ(x] X% . (8.3.3)
j=1
Then with (8.3.1) we can also estimate o 2(X) to be

(. _
2= mZ(xj -x)? . (8.3.4)
j=1

We now ask to what extent (8.3.2) differs from the standard Gaussian distribu-
tion if o (X) is replaced by Sg. By means of a simple translation of coordinates
we can always have x = 0. We therefore only consider the distribution of

t=X/sg=XVN/sx . (8.3.5)
Since (N — 1)s2 = f's2 follows a x2-distribution with f = N — 1 degrees of

freedom, we can write

Table8.1: F-test on the equality of variances. Data from Example 8.1.

Measurement with

Measurement Instrument 1  Instrument 2
number [wm] [wm]

1 100 97

2 101 102

3 103 103

4 98 96

5 97 100

6 98 101

7 102 100

8 101

9 99

10 101

Mean 100 99.8
Degrees of freedom 9 6

s? 34/9=3.7 39/6=6.5

F=65/37=18
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t=%vVNVf/x

The distribution function of t is given by

Fit)y=Pt<t)=P <M < t) (8.3.6)
X
After a somewhat lengthy calculation one finds
rior+t ' 2\ —2(f+D
=GV D) (1 n ’_) ar
FGHVAF I f
The corresponding probability density is
1
i 1 2\ —2(f+D
[ = M (1 + t—) (8.3.7)
r'GHVTSF f
f = 1, 2,.., 10
0.4
f(+) 0.3 r 7
T 0.2 r 7
0.1 r 7
O // | | | | ——
-5-4-3-2-10 1 2 3 4 5
4‘> t

Fig.8.3: Student’s distribution f(¢) for f =1,2,..., 10 degrees of freedom. For f =1 the
maximum is lowest and the tails are especially prominent.

Figure 8.3 shows the function f(¢) for various degrees of freedom
f = N — 1. A comparison with Fig.5.7 shows that for f — oo, the distri-
bution (8.3.7) becomes the standard normal distribution ¢g(¢), as expected.
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Like ¢o(¢), f () is symmetric about 0 and has a bell shape. Corresponding
to (5.8.3) one has

P(t|<t)=2F(t)—-1 . (8.3.8)
By requiring
t(; 1
/ f®dt ==-(1—«a) (8.3.9)
0 2
we can again determine limits £¢,, at a given significance level o, where
tt; = tl—%a

The quantiles 7, _ 1, are given in Table 1.9 for various values of o and f.

The application of Student’s test! can be described in the following way:
One has a hypothesis A for the population mean of a normal distribution. A
sample of size N yields the sample mean X and sample variance S)z(. If the
inequality
th=1,_1

1] = » (8.3.10)

X —AolvV'N
_—>
Sx
is fulfilled for a given significance level «, then the hypothesis must be
rejected.
This is clearly a two-sided test. If deviations only in one direction are
important, then the corresponding test at the significance level « is

%+ h0)v/N
r = % —t =t_q . (8.3.11)
X

We can make the test more general and apply it to the problem of com-
paring two mean values. Suppose samples of size N; and N, have been taken
from two populations X and Y. We wish to find a measure of correctness for
the hypothesis that the expectation values are equal,

=y
Because of the Central Limit Theorem, the mean values are almost normally
distributed. Their variances are
1 1
2.5 2 2= 2
0°(X) = —o“(X), o = —o0 8.3.12
(X) N (X) () A (y) ( )

and the estimates for these quantities are

The ¢-distribution was introduced by W. S. Gosset and published under the pseudonym
“Student”.
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1 M
s? = X—X)?2
X N1(N1—1)]Z=;( )
1 N2
§2 = — —y)? . 8.3.13
: ZWM—DZF y) ( )

According to the discussion in Example 5.10, the difference
A=X—-Y (8.3.14)
also has an approximate normal distribution with
2 _ 205 25
o0 (A)=0"X)+0°(y) . (8.3.15)
If the hypothesis of equal means is true, i.e., A= 0, then the ratio
Ao (A) (8.3.16)

follows the standard normal distribution. If ¢ (A) were known one could
immediately give the probability according to (5.8.2) for the hypothesis to
be fulfilled. But only S is known. The corresponding ratio

AJsa (8.3.17)

will in general be somewhat larger.

Usually the hypothesis x = y implies that X and Yy come from the same
population. Then o%(x) and o2(y) are equal, and we can use the weighted
mean of 8)2( and Sf, as the corresponding estimator. The weights are given by
(N;y—1) and (N, —1):

(N1 = )sg+ (N2 — s}

2 (8.3.18)
(Ni—D+N2—1)
From this we construct
2 2
[ [
si=—, si=— |,
Ny Y Ny
and
Ni+ N
sy=sirsi= 1t (8.3.19)

y NiN>

It can be shown (see [8]) that the ratio (8.3.17) follows the Student’s ¢-
distribution with f = Nj + N — 2 degrees of freedom. With this one can
now perform Student’s difference test:
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The quantity (8.3.17) is computed from the results of two samples. This
value is compared to a quantile of Student’s distribution with f = Ny+ N, —2
degrees of freedom with a significance level «. If
Al _ X7

1= —
SA SA

/
> 1, = 11_%0[ , (8.3.20)
then the hypothesis of equal means must be rejected. Instead one would
assume x > y or X < y, depending on whether one has X >y or X <'y.

Example 8.2: Student’s test of the hypothesis of equal means of two series
of measurements

Column x of Table 8.2 contains measured values (in arbitrary units) of the
concentration of neuraminic acid in the red blood cells of patients suffering
from a certain blood disease. Column y gives the measured values for a group
of healthy persons. From the mean values and variances of the two samples
one finds

Al = x-y|=13
1582 + 652
2 = X Y_915 |,
21
23
sy = ——s’=1.88
112

For @ = 5% and f =21 we find #;_4 /2> = 2.08. We must therefore conclude
that the experimental data is not sufficient to determine an influence of the
disease on the concentration. m

8.4 Concepts of the General Theory of Tests

The test procedures discussed so far have been obtained more or less intuitively
and without rigorous justification. In particular we have not given any specific
reasons for the choice of the critical region. We now want to deal with the
theory of statistical tests in a somewhat more critical way. A complete treat-
ment of this topic would, however, go beyond the scope of this book.

Each sample of size N can be characterized by N points in the sample
space of Sect. 2.1. For simplicity we will limit ourselves to a continuous ran-
dom variable X, so that the sample can be described by N points xD x@
xM)) on the x axis. In the case of r random variables we would have N
points in an r-dimensional space. The result of such a sample, however, could
also be specified by a single point in a space of dimension rN. A sample
of size 2 with a single variable could, for example, be depicted as a point in
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Table 8.2: Student’s difference test on the equality of means. Data from Example 8.2.

x y
21 16

24 20

18 22

19 19

25 18

17 19

18 19

22

21

23

18

13

16

23

22

24

Ni =16 No=7
X=203 y=19.0

s, =171.8/15 s;,=20/6

a two-dimensional plane, spanned by the axes X, x®. We will call such a
space the E space. Every hypothesis H consists of an assumption about the
probability density

FOAL A Ap) = F6N) (8.4.1)

The hypothesis is said to be simple if the function f is completely specified,
i.e., if the hypothesis gives the values of all of the parameters A;. It is said to be
composite if the general mathematical form of f is known, but the exact value
of at least one parameter remains undetermined. A simple hypothesis could,
for example, specify a standard Gaussian distribution. A Gaussian distribution
with a mean of zero but an undetermined variance, however, is a composite
hypothesis. The hypothesis Hy is called the null hypothesis. Sometimes we
will write explicitly

Ho(h =No) = Ho(A1 = A10, A2 =A20,...,Ap = Apo) . (8.4.2)
Other possible hypotheses are called alternative hypotheses, e.g.,

Hh=N)=H M = 1, ha=21,...,Ap =Ap1) . (3.4.3)
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Often one wants to test a null hypothesis of the type (8.4.2) against a composite
alternative hypothesis

Hy(A # Ao) = Hi(A # A10, A2 # 220, .., Ap F Apo) . (8.4.4)

Since the null hypothesis makes a statement about the probability density in
the sample space, it also predicts the probability for observing a point X =
xM x@ . xWN )) in the £ space.§ We now define a critical region S; with
the significance level o by the requirement

P(XeS|Hy) =a |, (8.4.5)

i.e., we determine S, such that the probability to observe a point X within
S. is «, under the assumption that Hy is true. If the point X from the sample
actually falls into the region S., then the hypothesis Hj is rejected. One must
note that the requirement (8.4.5) does not necessarily determine the critical
region S, uniquely.

Although using the E space is conceptually elegant, it is usually not very
convenient for carrying out tests. Instead one constructs a fest statistic

T=TX)=TxD,x? . . x™) (8.4.6)

and determines a region U of the variable 7" such that it corresponds to the
critical region S, i.e., one performs the mapping

X —T(X), S.(X)=-UX) . (8.4.7)

The null hypothesis is rejected if 7 € U.

Because of the statistical nature of the sample, it is clearly possible that
the null hypothesis could be true, even though it was rejected since X € S..
The probability for such an error, an error of the first kind, is equal to «.
There is in addition another possibility to make a wrong decision, if one does
not reject the hypothesis Hy because X was not in the critical region S, even
though the hypothesis was actually false and an alternative hypothesis was
true. This is an error of the second kind. The probability for this,

P(XES:|H)=8 |, (8.4.8)

depends of course on the particular alternative hypotheses H;. This connec-
tion provides us with a method to specify the critical region S.. A test is
clearly most reasonable if for a given significance level « the critical region
is chosen such that the probability 8 for an error of the second kind is a

§Although X and the function 7 (x) introduced below are random variables, we do not
use for them a special character type.
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minimum. The critical region and therefore the test itself naturally depend
on the alternative hypothesis under consideration.

Once the critical region has been determined, we can consider the proba-
bility for rejecting the null hypothesis as a function of the “true” hypothesis,
or rather as a function of the parameters that describe it. In analogy to (8.4.5),
this is

M(Se,\) =P(XeS|H)=P(X eS|\ . (8.4.9)
This probability is a function of S, and of the parameters \. It is called the
power function of a test. The complementary probability

L(Se,N)=1—M(S;,\) (8.4.10)

is called the acceptance probability or the operating characteristic function
of the test. It gives the probability to accept! the null hypothesis. One clearly
has

M(Sc, ho) =, M(Se, M) =1-5,

L(Sc,N0) =1—a, L(S.,, M) = (8.4.11)

The most powerful test of a simple hypothesis Hy with respect to the simple
alternative hypothesis is defined by the requirement

M(S;, M) =1—pB=max . (8.4.12)

Sometimes there exists a uniformly most powerful test, for which the require-
ment (8.4.12) holds for all possible alternative hypotheses.

A test is said to be unbiased if its power function is greater than or equal
to o for all alternative hypotheses:

M(Se, M) >a . (8.4.13)

This definition is reasonable, since the probability to reject the null hypothesis
is then a minimum if the null hypothesis is true. An unbiased most powerful
test is the most powerful of all the unbiased tests. Correspondingly one can
define a unbiased uniformly most powerful test. In the next sections we will
learn the rules which sometimes allow one to construct tests with such desir-
able properties. Before turning to this task, we will first give an example to
illustrate the definitions just introduced.

TWe use here the word “acceptance” of a hypothesis, although more precisely one should
say, “There is no evidence to reject the hypothesis.”
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Example 8.3: Test of the hypothesis that a normal distribution with given
variance o2 has the mean A = A

We wish to test the hypothesis Hy(A = Ag). As a test statistic we use the
arithmetic mean X = %(Xl + X2+ ...+ X,). (We will see in Example 8.4 that
this is the most appropriate test statistic for our purposes.) From Sect. 6.2 we
know that X is normally distributed with mean A and variance o2 /n, i.e., that
the probability density for X for the case A = )¢ is given by

Jn
NezT

This is shown in Fig. 8.4 together with four different critical regions, all of
which have the same significance level «.
These are the regions

F(F: o) = exp (—%(g _ xo)2> . (8.4.14)

1
Up:i<alandx > A" with (% f(8)di = [¥ f(®)di = La,

Us: x> Al with [ f(D)d¥ =« ,
v
Us: i <AV with [*_ f@)di=a,
VI
Us:AY <3 <AV with [ f(@)dE = [ f(%)dF = e .

In order to obtain the power functions for each of these regions, we must vary
the mean value A. The probability density of X for an arbitrary value of A is,
in analogy to (8.4.14), given by

N
Nz

The dashed curve in Fig. 8.4b represents the probability density for A = A =
Ao + 1. The power function (8.4.9) is now simply

fxa) =

exp [—%(i — A)Z] . (8.4.15)

P()_(€U|)L):/f(£;)»)di . (8.4.16)
U

The power functions obtained in this way for the critical regions Uy, U, Us,
U, are shown in Fig. 8.4c for n = 2 (solid curve) and n = 10 (dashed curve).
We can now compare the effects of the four tests corresponding to the
various critical regions. From Fig. 8.4c we immediately see that U; corre-
sponds to an unbiased test, since the requirement (8.4.13) is clearly fulfilled.
On the other hand, the test with the critical region U, is more powerful for
the alternative hypothesis H (A1 > Ag), but is not good for H;(A; < XA¢). For
the test with Uz, the situation is exactly the opposite. Finally, the region Uy
provides a test for which the rejection probability is a maximum if the null hy-
pothesis is true. Clearly this is very undesirable. The test was only constructed
for demonstration purposes. If we compare the first three tests, we see that
none of them are more powerful than the other two for all values of A;. Thus
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Fig.8.4: (a) Critical regions in E space, (b) critical region of the test function, and (¢) power
function of the test from Example 8.3.
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we have not succeeded in finding a uniformly most powerful test. In Exam-
ple 8.4, where we will continue the discussion of the present example, we will
determine that for this problem there does not exist a uniformly most powerful
test. m

8.5 The Neyman-Pearson Lemma and Applications

In the last section we introduced the E space, in which a sample is represented
by a single point X. The probability to observe a point X within the critical
region S, — providing the null hypothesis Hy is true — was defined in (8.4.5),

P(X € S:|Hy) = . (8.5.1)
We now define a conditional probability in £ space,

J(X|Ho).

One clearly has

f(X|Hy)dX =P(X € S¢c|Hy) =a . (8.5.2)
Se

The NEYMAN-PEARSON lemma states the following:

A test of the simple hypothesis Hyp with respect to the simple
alternative hypothesis H; is a most powerful test if the critical
region S, in E space is chosen such that

X|H
fX| 0){ <cforall Xe S, |, (853)

F(X|Hy) | =cforall X &S5,
Here c is a constant which depends on the significance level.

We will prove this by considering another region S along with S.. It may
partially overlap with S., as sketched in Fig. 8.5. We choose the size of the
region S such that it corresponds to the same significance level, i.e.,

fo(XIHo)dXz ; f(X|Hy)dX =«
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wn
I3

Fig.8.5: The regions S and S.

Using the notation of Fig. 8.5, we can write

/Af(XlHo)dX = f(XIHo)dX—/Cf(XIHo)dX

Se

_ /Sf(X|H0)dX—/Cf(X|H0)dX

= /f(XlHo)dX
B

Since A is contained in S, we can use (8.5.3), i.e.,

f F(XIHo)dX = c/ FXIHdX
A A

Correspondingly, since B is outside of S, one has

ff(XlHo)dXZC/ f(X[H)dX
B B

We can now express the power function (8.4.9) using these integrals:

s = f(XIHl)dX:/Af(XIHl)dX+/Cf(X|H1)dX
> 1ff(X|Ho)dx+/f(X|Hl>dX
CJA C
> /f(XlHl)dX+/f(X|H1)dX
B C

> /f(XlHl)dX=M(S,)~1)
S

or directly,
M(Se, M) = M(S, 1) . (8.5.4)

This is exactly the condition (8.4.12) for a uniformly most powerful test.
Since we have not made any assumptions about the alternative hypothesis
Hi(A = A1) or the region §, we have proven that the requirement (8.5.3)
provides a uniformly most powerful test when it is fulfilled by the alterna-
tive hypothesis.



8.5 The Neyman—Pearson Lemma and Applications 193

Example 8.4: Most powerful test for the problem of Example 8.3

We now continue with the ideas from Example 8.3, i.e., we consider tests
with a sample of size N, obtained from a normal distribution with known
variance o> and unknown mean A. The conditional probability density of a
point X = (x,x@ ... ,xM) in E space is the joint probability density of
the x/) for given values of 1, i.e.,

1 \Y AN
f(X|HO):(ma) exp —EE (XY —2p)? (8.5.5)
j=1
for the null hypothesis and
1 \V AN
f(X|Hy) = exp| —— » (XY =) (8.5.6)
2 202
TO .
j=1

for the alternative hypothesis. The ratio (8.5.3) takes on the form

N N
AU P 12207 —a)? =3 P =2
j:l j=l

" f(X|Hy) 202
- N
_ 2,2 0
= €Xp _m4 N(Ao—kl)—z(ko—kl)jg_le

The expression
exp —i(xg —)|=k=>0
202 -

is a non-negative constant. The condition (8.5.3) thus has the form

N
A)— A () <c, XeS |,
S ;X ze, X¢So .
]:

This is the same as

< S C/, X € SC ’
(Ao —A1)X { S XdS. (8.5.7)
Here ¢’ is a constant different from c¢. Equation (8.5.7) is, however, not only
a condition for S, but also specifies directly that X should be used as the
test variable. For each given Ay, i.e., for every simple alternative hypothesis
Hi(A = A1), (8.5.7) gives a clear prescription for the choice of S, or U, i.e.,

for the critical region and the test variable X.
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For the case A < Ag, the relation (8.5.7) becomes

_| <, XeS.
X i
>c’, Xeg8,

This corresponds to the situation in Fig. 8.4b3 with ¢/ = A’V Similarly, for
every alternative hypothesis with A; > Ao, the critical region of the most

powerful test is given by
"

X>c
(see Fig. 8.4b2 with ¢’ = 1""). There does not exist a uniformly most powerful
test, since the factor (Ao — A1) in Eq. (8.5.7) changes signat A = Ap. m

8.6 The Likelihood-Ratio Method

The Neyman—Pearson lemma gave the condition for a uniformly most pow-
erful test. Such a test did not exist if the alternative hypothesis included
parameter values that could be both greater and less than that of the null
hypothesis. We determined this in Example 8.4; it can be shown, however,
that it is true in general. The question thus arises as to what test should be
used when no uniformly most powerful test exists. Clearly this question is
not formulated precisely enough to allow a unique answer. We would like
in the following to give a prescription that allows us to construct tests that
have desirable properties and that have the advantage of being relatively easy
to use.

We consider from the beginning the general case with p parameters A =
(A1,A2,...,Ap). The result of a sample, i.e., the point X = (X(l) XP X(N))
in E space is to be used to test a given hypothesis. The (composite) null
hypothesis is characterized by a given region for each parameter. We can use
a p-dimensional space, with the A1,15,...,4, as coordinate axes, and con-
sider the region allowed by the null hypothesis as a region in this parameter
space, called w. We denote the region in this space representing all possible
values of the parameters by £2. The most general alternative hypothesis is
then the part of §2 that does not contain w. We denote this by £2 — w. Recall
now from Chap. 7 the maximum-likelihood estimator A for a parameter A. It
is that value of A for which the likelihood function is a maximum. In Chap. 7
we tacitly assumed that one searched for the maximum in the entire allowable
parameter space. In the following we will consider maxima in a restricted
region (e.g., in w). We write in this case 1(“). The likelihood-ratio test defines
a test statistic

0 XD x5 5@ )

= = _ (8.6.1)
DX x5 )
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Here f(x(l), x@ . xW). Al,A2,...,Ap) is the joint probability density of
the x) (j =1,2,..., N), i.e., the likelihood function (7.1.5). The procedure
of the likelihood ratio test prescribes that we reject the null hypothesis if

T>T—o . (8.6.2)

Here T7_,, is defined by

o0
P(T > Tl—alHO):/ g(T|Hy)dT , (8.6.3)
T1—o

and g(T|Hp) is the conditional probability density for the test statistic 7. The
following theorem by WILKS [9] concerns the distribution function of 7' (or
actually —2InT') in the limiting case of very large samples:

If a population is described by the probability density f(x; A1,
A2,...,Ap) that satisfies reasonable requirements of continuity,
and if p —r of the p parameters are fixed by the null hypothesis,
while r parameters remain free, then the statistic —21n7 follows
a x2-distribution with p — r degrees of freedom for very large
samples, i.e., for N — oo.

We now apply this method to the problem of Examples 8.3 and 8.4, i.e.,
we consider tests with samples from a normally distributed population with
known variance and unknown mean.

Example 8.5: Power function for the test from Example 8.3

For the simple hypothesis Hy(A = A¢), the region w of the parameter space is
reduced to the point A = Ag. We have thus

2@ =2 . (8.6.4)

If we consider the most general alternative hypothesis Hi (A = A1 # A¢), then
we obtain as the maximum-likelihood estimator of A the sample mean X.
The likelihood ratio (8.6.1) thus becomes

o SO x5 8.6.5
XD x@ L xMag) Ho

The joint probability density is given by (7.2.6),

1 \V 1L
(x<1),x(2),...,x<N>)=( ) exp| ——=Y D -2 | . (8.6.6)
U V2o P 202;

Therefore,



196 8 Testing Statistical Hypotheses

T = exp|—1-> xV-%) +Z(x<f> 20)?
— j=1

]_

=

= exp| 55> (X—h)’

N 2
= exp T(X—Ao)

We must now calculate 77—, and reject the hypothesis Hy if the inequal-
ity (8.6.2) is fulfilled. Since the logarithm of 7' is a monotonic function of
T, we can use

N _
T'=2InT = —(X—A)* (8.6.7)
o
as the test statistic and reject Hy if
T > T{_a
with

(0, 0)
/ W(T'|Hy)dT' =
T/

l—a

In order to calculate the probability density 4 (T'|Hp) of T’, we start with the
density f(x) for the sample mean with the condition A = A,

o [N N oo
f(x|Hp) = Tmg2 P —m(x— 0)

In order to carry out the transformation of variables (3.7.1), we need in addi-
dx

tion the derivative,
x| _1 o2 ip
d7T’ 2\ N ’

which can be easily obtained from (8.6.7). One then has

f(X|Hp) = m 7126712 (8.6.8)

This is indeed a x2-distribution for one degree of freedom. Thus in our
example, WILKS’ theorem holds even for finite N. We see, therefore, that
the likelihood-ratio test yields the unbiased test of Fig. 8.4b1. The test

h(T'|Ho) =

i

N _
T'= - 20> T,
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is equivalent to

N\ /2 N\ /2
(—2> X — 2ol <A, (—2) X — 2ol > 2" (8.6.9)
o o

with
—V =2 =T )P =) = K1

We can use this result to compute explicitly the power function of our test. For
a given value of the population mean A, the probability density for the sample
mean is

(N 12 N(E—21) T2
160~ (502) a5 =0 ()

Using (8.4.9) and (8.6.9) we obtain

A 00
M(S.;A) = f f()?;k)d)f+/ f(x;A)dx (8.6.10)
- o) enfor 8)
- o\ X1—a — /\/— 0| X1—« 0/\/— s

A = —Xl—aU/\/_—)»o, B=X1_aa/\/_—)»0

Here ¢y and v are the probability density and distribution function of the
standard normal distribution. The power function (8.6.10) is shown in Fig. 8.6
for @ = 0.05 and various values of N /o2. m

Example 8.6: Test of the hypothesis that a normal distribution of unknown
variance has the mean value A = A

In this case the null hypothesis Hyp(A = Ag) is composite, i.e., it makes no
statement about o2, From Example 7.8 we know the maximum-likelihood
estimator in the full parameter space,

5 _ i

b

N
1 .

~2(2) _ () _ N2 2

o =N E_l(x X)"=Ss

In the parameter space of the null hypothesis we have

2@ =,

N
1 .

~2(w) _ ) 2

o =N jE_l(x 20)



198 8 Testing Statistical Hypotheses

N/g? = 1, 2,.., 10
1

09 .
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Fig.8.6: Power function of the test from Example 8.5. The right-most curve corresponds to
Njo?=1.

The likelihood ratio (8.6.1) is then

r - (ZX%D—MV)N”wp< LONLCES R pNLUES iy

S (XD —x)? T2 =R T 2 S0 — ag)?
S — )2\
N (Z&W—ﬂz)

We transform again to a different test statistic 7’ that is a monotonic function
of T,

TN _ > (XY —hp)? X xW —X)2+ NX—Xp)?

T = = —— — — ,(8.6.11
Z(X(]) _x)2 Z(X(]) —X)2 ( )
t2
T = 1 ,
+ N-—1
where
X—A X—A X—A

t =~/N 0 __UN - 0_Z2"%0 (8.6.12)

(Z(xU)—)‘()Z) 1/2 x Sx
N—T



8.7 The y2-Test for Goodness-of-Fit 199

is Student’s test variable introduced in Sect. 8.3. From (8.6.11) we can com-
pute a value of ¢ for a given sample and reject the null hypothesis if

t] >1,_

1
iO[

The very generally formulated method of the likelihood ratio has led us to
Student’s test, which was originally constructed for tests with samples from a
normal distribution with known mean and unknown variance. m

8.7 The x2-Test for Goodness-of-Fit

8.7.1 x2-Test with Maximal Number of Degrees of Freedom

Suppose one has N measured values g;, i = 1,2,..., N, each with a known
measurement error o;. The meaning of the measurement error is the follow-
ing: g; is a measurement of the (unknown) true quantity %;. One has

g =hi+e, i=12,...,N . (8.7.1)

Here the deviation ¢; is a random variable that follows a normal distribution
with mean O and standard deviation o;.

We now want to test the hypothesis specifying the values /; on which the
measurement is based,

hi = fi, i=12,....,N . (8.7.2)

If this hypothesis is true, then all of the quantities

=8 0 N (8.7.3)

Oj

follow the standard Gaussian distribution. Therefore,

N

N — f; 2
T:E}gZXXFG’> (8.7.4)
i=1 !

i=1

follows a y 2-distribution for N degrees of freedom. If the hypothesis (8.7.2) is
false, then the individual deviations of the measured values g; from the values
predicted by the hypothesis f;, normalized by the errors o;, (8.7.3), will be
greater. For a given significance level «, the hypothesis (8.7.2) is rejected if

T>xt, - (8.7.5)

i.e., if the quantity (8.7.4) is greater than the quantile X12—a of the x2-
distribution for N degrees of freedom.
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8.7.2 x2-Test with Reduced Number of Degrees of Freedom

The number of degrees of freedom is reduced when the hypothesis to be tested
is less explicit than (8.7.2). For this case we consider the following exam-
ple. Suppose a quantity g can be measured as a function of an independent
controlled variable ¢, which itself can be set without error,

g=2g()

The individual measurements g; correspond to given fixed values #; of the
independent variable. The corresponding true quantities /; are given by some
function

hi = h(t;)

A particularly simple hypothesis for this function is the linear equation
f@)=ht)=at+b . (8.7.6)

The hypothesis can in fact include specifying the numerical values for
the parameters a and b. In this case, all values f; in (8.7.2) are exactly known,
and the quantity (8.7.4) follows — if the hypothesis is true — a x 2-distribution
for N degrees of freedom.

The hypothesis may, however, only state: There exists a linear relation-
ship (8.7.6) between the controlled variable ¢ and the variable 4. The numer-
ical values of the parameters a and b are, however, unknown. In this case
one constructs estimators a, b for the parameters, which are functions of the
measurements g; and the errors o;. The hypothesis (8.7.2) is then

hi =h(t;) = f; =at; +b

Since, however, a and b are functions of the measurements gi, the normalized
deviations u; in (8.7.3) are no longer all independent. Therefore the number
of degrees of freedom of the x2-distribution for the sum of squares (8.7.4)
is reduced by 2 to N — 2, since the determination of the two quantities a, b
introduces two equations of constraint between the quantities u;.

8.7.3 x2-Test and Empirical Frequency Distribution

Suppose we have a distribution function F'(x) and its probability density
f(x). The full region of the random variable X can be divided into r inter-
vals

§1,62,....&,.... &

as shown in Fig.8.7. By integrating f(x) over the individual intervals we
obtain the probability to observe X in &;,
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p=rxes)= [ fods Y=t 677
i i=1

We now take a sample of size n and denote by n; the number of elements of the
sample that fall into the interval &;. An appropriate graphical representation
of the sample is a histogram, as described in Sect. 6.3.

b £(x)

o . Fig.8.7: Dividing the range of the
S & & variable x into the intervals &.

One clearly has

ini =n . (8.7.8)
i=1

From the (hypothetical) probability density for the population we would have
expected the value

n pi
for n;. For large values of n;, the variance of n; is equal to n; (Sect. 6.8), and
the distribution of the quantity u; with
u? = (i —npi)? (8.7.9)

nj

becomes approximately — if the hypothesis is true — a standard Gaussian
distribution. This holds also if one uses the expected variances n p; instead
of the observed quantities n; in the denominator of (8.7.9),

. )2
W2 TP (8.7.10)
n pi
If we now construct the sum of squares of the u; for all intervals,
r
X*=>"ul . (8.7.11)
i=1

then we expect (for large n) that this follows a y 2-distribution if the hypoth-
esis is true. The number of degrees of freedom is r — 1, since the u; are not
independent because of (8.7.8). The number of degrees of freedom is reduced
tor —1— pif, in addition, p parameters are determined from the observations.
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Example 8.7: x2-test for the fit of a Poisson distribution to an empirical
frequency distribution

In an experiment investigating photon-proton interactions, a beam of high
energy photons (y-quanta) impinge on a hydrogen bubble chamber. The
processes by which a photon materializes in the chamber, electron-positron
pair conversion, are counted in order to obtain a measure of the intensity
of the photon beam. The frequency of cases in which 0,1,2,... pairs are ob-
served simultaneously, i.e., in the same bubble-chamber photograph, follows a
Poisson distribution (see Example 5.3). Deviations from the Poisson distribu-
tion provide information about measurement losses, which are important for
uncovering systematic errors. The results of observing n = 355 photographs
are given in column 2 of Table 8.3 and in Fig. 8.8. From Example 7.4, we
know that the maximum-likelihood estimator of the parameter of the Poisson
distribution is given by A = Y, kng/ >, ny. We find X = 2.33. The values py
of the Poisson distribution with this parameter multiplied by n are given in
column 3. By summing the squared terms in column 4 one obtains the value
X? =10.44. The problem has six degrees of freedom, since r =8, p = 1. We
chose @ = 1% and find X§.99 = 16.81 from Table 1.7. We therefore have no
reason to reject the hypothesis of a Poisson distribution. m

Table8.3: Data for the y>-test from Example 8.7.

glelcr:?rlz)erf ggirs gl?é?ggrragfls with gﬁ%ﬁ;%?l (i —n pi)?

per photograph & electron pairs distribution n Pk
k ng n px
0 47 34.4 4.61
1 69 80.2 1.56
2 84 93.7 1.00
3 76 72.8 0.14
4 49 42.6 0.96
5 16 19.9 0.76
6 11 7.8 1.31
7 3 2.5 0.10
8 — 0.7)

n=> n;=355 X2 =10.44
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Nk, NPk

Fig.8.8: Comparison of the experimental distri-
bution ny, (histogram with solid line) from Exam-

K ple 8.7 with the Poisson distribution npy (dashed
line).

8.8 Contingency Tables

Suppose n experiments have been carried out whose results are characterized
by the values of two random variables X and y. We consider the two variables
as discrete, being able to take on the values xi, x2, ..., Xk Y1, Y2, ... Ve-
Continuous variables can be approximated by discrete ones by dividing their
range into intervals, as shown in Fig. 8.7. Let the number of times the result
X =x; and Yy = y; is observed be n;;. One can arrange the numbers 7;; in a
matrix, called a contingency table (Table 8.4).

Table 8.4: Contingency table.

R
X1 nip ni2 ... N
X2 nay nzp ... Ny
Xk || nek1 nk2 ... Rk

We denote by p; the probability for X = x; to occur, and by ¢g; the prob-
ability for y = y;. If the variables are independent, then the probability to
simultaneously observe X = x; and y = y; is equal to the product p; g;. The
maximume-likelihood estimators for p and g are

£

o1 I
Pi=;Zni]’, ‘Ij:;;”ij

j=1
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Since

one has k + ¢ — 2 independent estimators p;, g;. We can now organize the
elements of the contingency table into a single line,

ni,n2,...,N1¢,N21, 122, ..., 020, ..., Nk,

and carry out a x >-test. For this we must compute the quantity

k¢ (I’l"-l’lN'N')z
x2="y R P (8.8.1)
i o npiqj
and compare it to the quantile X12_ o Of the x 2-distribution corresponding to a
given significance level «. The number of degrees of freedom is still obtained
from the number of intervals minus the number of estimated parameters mi-
nus one,

f=kt—1—(k+L-2)=(k—1)£—1)
If the variables are not independent, then n;; will not, in general, be near
np;iqj,i.e., one will find
X? >yt (8.8.2)

and the hypothesis will be rejected.

8.9 2 x 2 Table Test

The simplest nontrivial contingency table has only two rows and two columns,
and is called a 2 x 2 table, as shown in Table 8.5. It is often used in medical
studies. (The variables x| and x; could represent, for example, two differ-
ent treatment methods, and y; and y; could represent success and failure of
the treatment. One wishes to determine whether success is independent of
the treatment.)

Table8.5: 2 x 2 table.

L[ 2|
Xi||n1=a nip=>b

X2 || na1=c np=d
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One computes the quantity X2 either according to (8.8.1) or from the
formula
- n(ad — bc)?
~ (a+b)c+d)(a+c)(b+d)

which is obtained by rearranging (8.8.1). If the variables x and y are inde-
pendent, then X2 follows a x >-distribution with one degree of freedom. One
rejects the hypothesis of independence at the significance level « if

’

X% Xlz_a

In order for the quantity X? to actually follow a x2-distribution is again
necessary that the individual n;; are sufficiently large, (and the hypothesis of
independence must be true).

8.10 Example Programs

Example Program 8.1: The class E1Test generates samples and tests
the equality of their variances

The program performs a total of 7., simulated experiments. Each experiment consists
of the simulation of two samples of sizes N; and N, from normal distributions with
standard deviations o and o,. The variance of each of the samples is computed using
the class Sample. The sample variances are called S ?nd S 0 that

2 2
s; > S;

From the corresponding sample sizes the numbers of degrees of freedom f, = N, — 1
and f; = N, — 1 are computed. Finally, the ratio Sz, /St is compared with the quantile
Fi_a2(fe, fr) at a given confidence level B = 1 — «. If the ratio is larger than the
quantile, then the hypothesis of equal variances has to be rejected. The program asks
for the quantities nexp, N1, N, 01, 02, and B. For each simulated experiment one line
of output is displayed.

Suggestions: Choose 7., = 20 and B = 0.9. (a) For 01 = 0, you would expect
the hypothesis to be rejected in 2 out of 20 cases because of an error of the first kind.
Note the large statistical fluctuations, which obviously depend on N; and N,, and
choose different pairs of values N, N, for o1 = 0,. (b) Check the power of the test
for different variances o; # 0.

Example Program 8.2: The class E2Test generates samples and tests the
equality of their means with a given value using Student’s Test

This short program performs 7., simulation experiments. In each experiment a sam-
ple of size N is drawn from a normal distribution with mean xy and width o. Using
the class Sample the sample mean X and the sample variance S are determined.
If X is the population mean specified by the hypothesis, then the quantity
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X — holv/N
s

X

|t =

can be used to test the hypothesis. At a given confidence level 8 = 1 — « the hypoth-
esis is rejected if

[t] > t1_ap2

Here t,_,/» is the quantile of Student’s distribution with f = N — 1 degrees of
freedom. The program asks for the quantities ne,, N, X, 0, Ag, and B. For each
simulated experiment one line of output is displayed.

Suggestion: Modify the suggestions at the end of Sect.8.1 to apply to Stu-
dent’s test.

Example Program 8.3: The class E3Test generates samples
and computes the test statistic x> for the hypothesis that the samples
are taken from a normal distribution with known parameters
For samples of size N the hypothesis Hj that they stem from a normal distribution
with mean q( and standard deviation oy is tested. A total of ne, samples are drawn
in simulated experiments from a normally distributed population with mean a and
standard deviation o . For each sample the quantity

) N X; — o 2
xzz - (8.10.1)

i=1

is computed. Here X; are the elements of the sample. If a = ay and o = oy, then the
quantity X? follows a x2-distribution for N degrees of freedom. This quantity can
therefore be used to perform a x2-test on the hypothesis Hy. The program does not,
however, perform the x-test, but rather it displays a histogram of the quantity X to-
gether with the x2-distribution. One observes that for a = ag and o = o)) the histogram
and x2-distribution indeed coincide within statistical fluctuations. If, however, a # aj
and/or o # oy, then deviations appear. These deviations become particularly clear if
instead of X? the quantity

PX*)=1-F(X*N) (8.10.2)

is displayed. Here F (X2, N) is the distribution function (C.5.2) of the y2-distribution
for N degrees of freedom. F (X2, N) is equal to the probability that a random variable
drawn from a y2-distribution is smaller than X?. Thus, P is the probability that it is
greater than or equal to X2, If the hypothesis Hj is true, then F and therefore also
P follow uniform distributions between 0 and 1. If, however, Hy is false, then the
distribution of the X? is not a x-distribution, and the distribution of the P is not a
uniform distribution. The test statistic X* often (not completely correctly) is simply
called “x2” and the quantity P is then called the ““x2-probability”. Large values of X?
obviously signify that the terms in the sum (8.10.1) are on the average large compared
to unity, i.e., that the X; are significantly different from ay. For large values of X2,
however, P becomes small, cf. (8.10.2). Large values of ““x2” therefore correspond to
small values of the “x~-probability”. The hypothesis Hj is rejected at the confidence
level B=1—aif X> > xi  (N). Thatis equivalent to F(X*, N) > Bor P <a.
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The program allows for interactive input of the quantities nep, N, a, aog, o, 0y
and displays the distributions of both X? and P (X?) in the form of histograms.

Suggestions: (a) Choose 7.y, = 1000; a =ag =0, 0 =o0p =1 and for N = 1,
N =2, and N = 10 display both X? and P(X?). (b) Repeat (a), keeping a = 0 and
choosing ag = 1 and ay = 5. Explain the shift of the histogram for P (X?). (c) Repeat
(a), keeping o = 1 fixed and choosing oy = 0.5 and oy = 2. Discuss the results. (d)
Modify the program so that instead of @y and o, the sample mean X sample variance
s? are used for the computation of X?. The quantity X* can be used for a y>-test
of the hypothesis that the samples were drawn from a normal distribution. Display
histograms of X? and P (X?) and show that X? follows a x>-distribution with N —2
degrees of freedom.





