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1.1 Introduction 

This book is a study of differential equations and their applications. A dif­
ferential equation is a relationship between a function of time and its de­
rivatives. The equations 

dy 
dt =3y2 sin(t+y) (i) 

and 

(ii) 

are both examples of differential equations. The order of a differential 
equation is the order of the highest derivative of the function y that ap­
pears in the equation. Thus (i) is a first-order differential equation and (ii) 
is a third-order differential equation. By a solution of a differential equa­
tion we will mean a continuous function y(t) which together with its de­
rivatives satisfies the relationship. For example, the function 

y ( t) = 2 sin t - ~ cos 2 t 

is a solution of the second-order differential equation 

d2y 
- +y=cos2t 
dt 2 

smce 

d: (2sint- ~ cos2t) + (2sint- ~ cos2t) 
dt 

= ( - 2 sin t + ~ cos 2 t) + 2 sin t - ~ cos 2 t = cos 2t. 



1 First-order differential equations 

Differential equations appear naturally in many areas of science and the 
humanities. In this book, we will present serious discussions of the applica­
tions of differential equations to such diverse and fascinating problems as 
the detection of art forgeries, the diagnosis of diabetes, the increase in the 
percentage of sharks present in the Mediterranean Sea during World War 
I, and the spread of gonorrhea. Our purpose is to show how researchers 
have used differential equations to solve, or try to solve, rea/life problems. 
And while we will discuss some of the great success stories of differential 
equations, we will also point out their limitations and document some of 
their failures. 

1.2 First-order linear differential equations 

Webegin by studying first-order differential equations and we will assume 
that our equation is, or can be put, in the form 

dy 
dt = f(t,y). (1) 

The problern before us is this: Given f(t,y) find all functions y(t) which 
satisfy the differential equation (1). We approach this problern in the 
following manner. A fundamental principle of mathematics is that the way 
to solve a new problern is to reduce it, in some manner, to a problern that 
we have already solved. In practice this usually entails successively sim­
plifying the problern until it resembles one we have already solved. Since 
we are presently in the business of solving differential equations, it is advis­
able for us to take inventory and list all the differential equations we can 
solve. If we assume that our mathematical background consists of just ele­
mentary calculus then the very sad fact is that the only first-order differen­
tial equation we can solve at present is 

dy 
-=g(t) 
dt 

(2) 

where g is any integrable function of time. To solve Equation (2) simply 
integrate both sides with respect to t, which yields 

y(t) = J g(t)dt+ c. 

Here c is an arbitrary constant of integration, and by J g(t)dt we mean an 

anti-derivative of g, that is, a function whose derivative is g. Thus, to solve 
any other differential equation we must somehow reduce it to the form (2). 
As we will see in Section 1.9, this is impossible to do in most cases. Hence, 
we will not be able, without the aid of a computer, to solve most differen­
tial equations. It stands to reason, therefore, that to find those differential 
equations that we can solve, we should start with very simple equations 
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1.2 First-order linear differential equations 

and not ones like 

dy = e•in(t-37YJYI) 
dt 

(which incidentally, cannot be solved exactly). Experience has taught us 
that the "simplest" equations are those which are linear in the dependent 
variable y. 

Definition. The general first-order linear differential equation is 

dy 
dt +a(t)y=b(t). (3) 

Unless otherwise stated, the functions a(t) and b(t) are assumed to be 
continuous functions of time. We singleout this equation and call it lin­
ear because the dependent variable y appears by itself, that is, no terms 
such as e-Y, y 3 or siny etc. appear in the equation. For example dy I dt 
= y 2 + sin t and dy I dt = cosy + t are both nonlinear equations because of 
the y 2 and cosy terms respectively. 

Now it is not immediately apparent how to solve Equation (3). Thus, we 
simplify it even further by setting b( t) = 0. 

Definition. The equation 

dy 
- +a(t)y=O 
dt 

(4) 

is called the homogeneous first-order linear differential equation, and 
Equation (3) is called the nonhomogeneous first-order linear differential 
equation for b(t) not identically zero. 

Fortunately, the homogeneous equation (4) can be solved quite easily. 
First, divide both sides of the equation by y and rewrite it in the form 

Second, observe that 

dy 

dt 
- = -a(t). 

y 

dy 

dt =!Llnly(t)l 
y dt 

where by lnly{t)l we mean the naturallogarithm of ly(t)l. Hence Equation 
(4) can be written in the form 

d 
dt lnly(t)l =- a(t). (5) 
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1 First-order differential equations 

But this is Equation (2) "essentially" since we can integrate both sides of 
(5) to obtain that 

lnly(t)l =- J a(t)dt+ c1 

where c1 is an arbitrary constant of integration. Taking exponentials of 
both sides yields 

ly(t)l=exp( -Ja(t)dt+c1)=cexp(- Ja(t)dt) 

or 

k(t)exp(J a(t)dt)i = c. (6) 

Now, y(t) exp(J a( t) dt) is a continuous function of time and Equation (6) 

states that its absolute value is constant. But if the absolute value of a con­
tinuous function g( t) is constant then g itself must be constant. To prove 
this observe that if g is not constant, then there exist two different times t 1 

and t2 for which g(t 1)=c and g(t2)= -c. By the intermediate value theo­
rem of calculus g must achieve all values between - c and + c which is im-

possible if lg(t)l=c. Hence, we obtain theequationy(t)exp(ja(t)dt)=c 
or 

y(t)=cexp(- J a(t)dt). (7) 

Equation (7) is said to be the general solution of the homogeneaus equa­
tion since every solution of (4) must be of this form. Observe that an arbi­
trary constant c appears in (7). This should not be too surprising. Indeed, 
we will always expect an arbitrary constant to appear in the general solu­
tion of any first-order differential equation. To wit, if we are given dy I dt 
and we want to recover y(t), then we must perform an integration, and 
this, of necessity, yields an arbitrary constant. Observe also that Equation 
( 4) has infinitely many solutions; for each value of c we obtain a distinct 
solution y ( t). 

Example 1. Find the general solution of the equation (dy I dt) + 2ty = 0. 

Solution. Here a(t)=2t so thaty(t)=cexp(- J2tdt)=ce- 12 • 

Example 2. Determine the behavior, as t-HtJ, of all solutions of the equa­
tion (dy I dt) + ay = 0, a constant. 

Solution. The general solution is y ( t) = c exp(- Ja dt) = c e- 01 • Hence if 

a < 0, all solutions, with the exception of y = 0, approach infinity, and if a 
> 0, all solutions approach zero as t ~ oo. 
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1.2 First-order linear differential equations 

In applications, we are usually not interested in all solutions of (4). 
Rather, we are looking for the specific solution y(t) which at some initial 
time t0 has the value y 0• Thus, we want to determine a function y(t) such 
that 

dy 
dt +a(t)y=O, (8) 

Equation (8) is referred to as an initial-value problern for the obvious rea­
son that of the totality of all solutions of the differential equation, we are 
looking for the one solution which initially (at time t0) has the value y 0. To 
find this solution we integrate both sides of (5) between t0 and t. Thus 

f l d fl 
-d lnly(s)lds=- a(s)ds 

lo S to 

and, therefore 

I 
y(t) I I, lnly(t)l-lnly(t0)l=ln -( -) =- a(s)ds. 
Y to to 

Taking exponentials of both sides of this equation we obtain that 

or 

The function inside the absolute value sign is a continuous function of 
time. Thus, by the argument given previously, it is either identically + 1 or 
identically - 1. To determine which one it is, evaluate it at the point t0 ; 

since 

y(to) (Jt0 ) -( -) exp a(s)ds = 1 
Y to to 

we see that 

y(t) (fl ) -( -) exp a(s)ds = 1. 
y to to 

Hence 
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1 First-order differential equations 

Example 3. Find the solution of the initial-value problern 

dy (. ) 
dt + smt y=O, y(O)=f. 

Solution. Here a(t)=sint so that 

y(t)=fexp(- fo1sinsds)=fe(cost)-l. 

Example 4. Find the solution of the initial-value problern 

: +e 1y=O, y(l)=2. 

Solution. Here a(t) = e 12 so that 

y(t)=2exp(- {es2 ds). 

Now, at first glance this problern would seem to present a very serious dif­
ficulty in that we cannot integrate the function es2 directly. However, this 
solution is equally as valid and equally as useful as the solution to Example 
3. The reason for this is twofold. First, there are very simple numerical 
schemes to evaluate the above integral to any degree of accuracy with the 
aid of a computer. Second, even though the solution to Example 3 is given 
explicitly, we still cannot evaluate it at any time t without the aid of a table 
of trigonometric functions and some sort of calculating aid, such as a slide 
rule, electronic calculator or digital computer. 

We return now to the nonhomogeneaus equation 

dy 
dt +a(t)y=b(t). 

It should be clear from our analysis of the homogeneaus equation that the 
way to solve the nonhomogeneaus equation is to express it in the form 

~ ("something") = b ( t) 

and then to integrate both sides to solve for "something". However, the ex­
pression (dy / dt) + a(t)y does not appear to be the derivative of some sim­
ple expression. The next logical step in our analysis therefore should be the 
following: Can we make the left hand side of the equation to be d/ dt of 
"something"? More precisely, we can multiply both sides of (3) by any 
continuous function J.L(l) to obtain the equivalent equation 

dy 
J.L(t) dt + a(t) J.L(t)y = J.L(t)b(t). (9) 
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1.2 First-order linear differential equations 

(By equivalent equations we mean that every solution of (9) is a solution of 
(3) and vice-versa.) Thus, can we choose 11-(t) so that 11-(t)(dy I dt) + 
a(t) 11-(t)y is the derivative of some simple expression? The answer to this 
question is yes, and is obtained by observing that 

d dy d/L 
dt /L(t)y = /L(t) dt + dt y. 

Hence, 11-(t)(dy I dt) + a(t) /L( t)y will be equal to the derivative of 11-(t)y if 
and only if d11-(t)l dt = a(t) 11-(t). But this is a first-order linear homoge­
neous equation for 11-(t), i.e. (d!LI dt)- a(t) 11- = 0 which we already know 
how to solve, and since we only need one such function 11-(t) we set the 
constant c in (7) equal to one and take 

11-(t)=exp(J a(t)dt). 

For this 11-(t), Equation (9) can be written as 

d 
dt !L(t)y = !L(t)b(t). (10) 

To obtain the general solution of the nonhomogeneous equation (3), that 
is, to find all solutions of the nonhomogeneous equation, we take the indef­
inite integral (anti-derivative) of both sides of (10) which yields 

11-( t)y = J 11-( t)b(t)dt + c 

or 

y= 11-~t)(J !L(t)b(t)dt+c)=exp(- Ja(t)dt)(J !L(t)b(t)dt+c). (11) 

Alternately, if we are interested in the specific solution of (3) satisfying 
the initial condition y(t0) = y 0, that is, if we want to solve the initial-value 
problern 

dy 
dt +a(t)y=b(t), 

then we can take the definite integral of both sides of (10) between t0 and t 
to obtain that 

or 

y = 11-~t) ( 11-(t0)y0 + J: 11-(s)b(s)ds )· (12) 

Remark 1. Notice how we used our knowledge of the solution of the ho­
mogeneous equation to find the function 11-(t) which enables us to solve the 
nonhomogeneous equation. This is an excellent illustration of how we use 
our knowledge of the solution of a simpler problern to solve a barder prob­
lern. 
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l First-order differential equations 

Remark 2. The function p.(t)=exp(J a(t)dt) is called an integratingjactor 

for the nonhornogeneous equation since after rnultiplying both sides by 
p.(t) we can imrnediately integrate the equation to find all solutions. 

Remark 3. The reader should not memorize formulae (11) and (12). 
Rather, we will solve all nonhornogeneous equations by first rnultiplying 
both sides by p.(t), by writing the new left-hand side as the derivative of 
p.(t)y(t), and then by integrating both sides of the equation. 

Remark 4. An alternative way of solving the initial-value problern (dy I dt) 
+a(t)y=b(t),y(t0)=y0 is to find the general solution (II) of (3) and then 
use the initial condition y(t0) = y 0 to evaluate the constant c. If the function 
p.(t)b(t) cannot be integrated directly, though, then we rnust take the defi­
nite integral of (10) to obtain (12), and this equation is then approxirnated 
nurnerically. 

Example 5. Find the general solution of the equation ( dy I dt)- 2ty = t. 
Solution. Here a(t) = - 2t so that 

Multiplying both sides of the equation by p.(t) we obtain the equivalent 
equation 

_,2(dy ) _,2 
e dt - 2ty = te or 

Hence, 

and 

Example 6. Find the solution of the initial-value problern 

: +2ty=t, y(l}=2. 

Solution. Here a(t) = 2t so that 

p.( t) = exp(J a( t)dt) = exp(J 2tdt) =er. 

Multiplying both sides of the equation by p.(t) we obtain that 

12(dy ) 2 d(2) 2 e -+2ty =te 1 or - e'y =te 1 • 
dt dt 
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1.2 First-order linear differential equations 

Hence, 

f l d 2 fl 2 
-e5 y(s)ds= se 5 ds 

I ds I 

so that 

Consequently, 

and 

Example 7. Find the solution of the initial-value problern 

dy I 
dt +y= l+t2' y(2)=3. 

Solution. Here a(t)= 1, so that 

t-t ( t) = exp( Ja ( t) dt) = exp( J I dt) = e 1• 

Multiplying both sides of the equation by t-t(t) we obtain that 

or 
d 1 e 1 

-ey=--. 
dt 1 + t2 

Hence 

11 d 11 es -d ey(s) ds = --2 ds, 
2 s 2 l+s 

so that 

and 

EXERCISES 

In each of Problems 1-7 find the general solution of the given differential 
equation. 

dy 
1. dt + y cos t = 0 

dy ,r 
2. dt + y v t sin t = 0 
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I First-order differential equations 

dy 2t I 
J. dt + 1 + t 2 y = I + 12 

dy 
4. dt + y = te' 

dy 
5. dt + t2y =I 

dy I t3 

7' dt + I+t2y=I- I+t 4 y 

In each of Problems 8-14, find the solution of the given initial-value prob­
lern. 

dy --
8. dt +Y1+t2 y=O, y(O)=V5 

dy ,/-
9. dl + v I + 12 e _,y = 0, y(O)= I 

10. ~ +YI+t2 e-y=O. y(O)=O 
dy 

11. --2ty=t, 
dl 

12. 
dy 

y(D=O -+ty=1+t dt . 
dy I 

13. dt + y = I+ 12, 

14. 
dy 

y(O) = 1 - -2ty= I 
dt ' 

15. Find the general solution of the equation 

(I+P)~ +ty=(I+12)5/2. 

(Hinl: Divide both sides of the equation by I+ 12.) 

16. Find the solution of the initiai-value problern 

(1+1 2)~ +41y=l, y(I)=~. 

17. Find a continuous solution of the initial-value problern 

where 

y'+y=g(t), 

g(t)= { 2, 
0, 

y(O)=O 

0.;; I.;; 1 
1 >I . 

y(O)= I 

y(1)=2 

18. Show that every solution of the equation (dy/dl)+ay=be-c' where a and c 
are positive constants and b is any real number approaches zero as 1 ap­
proaches infinity. 

19. Given the differential equation (dy / dl) + a(t)y = j(l) with a(l) and f(l) con­
tinuous for - oo <I< oo, a(l) ~ c > 0, and limHoo f(t) = 0, show that every 
solution tends to zero as 1 approaches infinity. 

When we derived the solution of the nonhomogeneaus equation we tacitly 
assumed that the functions a(t) and b(t) were continuous so that we could 
perform the necessary integrations. If either of these functions was discon­
tinuous at a point t1, then we would expect that our solutions might be dis­
continuous at t = t 1• Problems 20-23 illustrate the variety of things that 
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1.3 The V an Meergeren art forgeries 

may happen. In Problems 20-22 determine the behavior of all solutions of 
the given differential equation as t~O, and in Problem 23 determine the 
behavior of all solutions as t~'Tf /2. 

dy 1 1 
20. dt + (Y= t2 

dy 1 sint 
22. dt + ty=cost+ - 1-

21. dyd + _1_y = e VI /2 
!Vf 

23. : +ytant=sintcost. 

1.3 The V an Meegeren art forgeries 

After the Iiberation of Belgium in World War II, the Dutch Field Security 
began its hunt for Nazi collaborators. They discovered, in the records of a 
firm which had sold numerous works of art to the Germans, the name of a 
banker who had acted as an intermediary in the sale to Goering of the 
painting "W oman Taken in Adultery" by the famed 17th century Dutch 
painter Jan Vermeer. The banker in turn revealed that he was acting on 
behalf of a third rate Dutch painter H. A. V an Meegeren, and on May 29, 
1945 V an Meegeren was arrested on the charge of collaborating with the 
enemy. On July 12, 1945 Van Meegeren startled the world by announcing 
from his prison cell that he had never sold "Woman Taken in Adultery" to 
Goering. Moreover, he stated that this painting and the very famous and 
beautiful "Disciples at Emmaus", as well as four other presumed Vermeers 
and two de Hooghs (a 17th century Dutch painter) were his own work. 
Many people, however, thought that Van Meegeren was only lying to save 
hirnself from the charge of treason. To prove his point, Van Meegeren be­
gan, while in prison, to forge the Vermeer painting "Jesus Amongst the 
Doctors" to demonstrate to the skeptics just how good a forger of Vermeer 
he was. The work was nearly completed when V an Meegeren learned that 
a charge of forgery had been substituted for that of collaboration. He, 
therefore, refused to finish and age the painting so that hopefully investiga­
tors would not uncover his secret of aging his forgeries. To settle the ques­
tion an international panel of distinguished chemists, physicists and art 
historians was appointed to investigate the matter. The panel took x-rays 
of the paintings to determine whether other paintings were underneath 
them. In addition, they analyzed the pigments (coloring materials) used in 
the paint, and examined the paintings for certain signs of old age. 

Now, Van Meegeren was well aware of these methods. To avoid detec­
tion, he scraped the paint from old paintings that were not worth much, 
just to get the canvas, and he tried to use pigments that Vermeer would 
have used. Van Meegeren also knew that old paint was extremely hard, 
and impossible to dissolve. Therefore, he very cleverly mixed a chemical, 
phenoformaldehyde, into the paint, and this hardened into bakelite when 
the finished painting was heated in an oven. 
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1 First-order differential equations 

However, V an Meegeren was careless with several of his forgeries, and 
the panel of experts found traces of the modern pigment cobalt blue. In 
addition, they also detected the phenoformaldehyde, which was not dis­
covered until the turn of the 19th century, in several of the paintings. On 
the basis of this evidence Van Meegeren was convicted, of forgery, on Oc­
tober 12, 1947 and sentenced to one year in prison. While in prison he 
suffered a heart attack and died on December 30, 1947. 

However, even following the evidence gathered by the panel of experts, 
many people still refused to believe that the famed "Disciples at Emmaus" 
was forged by Van Meegeren. Their contention was based on the fact that 
the other alleged forgeries and Van Meegeren's nearly completed "Jesus 
Amongst the Doctors" were of a very inferior quality. Surely, they said, the 
creator of the beautiful "Disciples at Emmaus" could not produce such in­
ferior pictures. Indeed, the "Disciples at Emmaus" was certified as an 
authentic Vermeer by the noted art historian A. Bredius and was bought 
by the Rembrandt Society for $170,000. The answer of the panel to these 
skeptics was that because Van Meegeren was keenly disappointed by his 
Iack of status in the art world, he worked on the "Disciples at Emmaus" 
with the fierce determination of proving that he was better than a third 
rate painter. After producing such a masterpiece his determination was 
gone. Moreover, after seeing how easy it was to dispose of the "Disciples at 
Emmaus" he devoted less effort to his subsequent forgeries. This explana­
tion failed to satisfy the skeptics. They demanded a thoroughly scientific 
and conclusive proof that the "Disciples at Emmaus" was indeed a forgery. 
This was done recently in 1967 by scientists at Carnegie Mellon University, 
and we would now like to describe their work. 

The key to the dating of paintings and other materials such as rocks and 
fossils lies in the phenomenon of radioactivity discovered at the turn of the 
century. The physicist Rutherford and his colleagues showed that the 
atoms of certain "radioactive" elements are unstable and that within a 
given time period a fixed proportion of the atoms spontaneously disin­
tegrates to form atoms of a new element. Because radioactivity is a prop­
erty of the atom, Rutherford showed that the radioactivity of a substance 
is directly proportional to the number of atoms of the substance present. 
Thus, if N (t) denotes the number of atoms present at time t, then dN / dt, 
the number of atoms that disintegrate per unit time is proportional to N, 
that is, 

dN dt = -A.N. (1) 

The constant )\ which is positive, is known as the decay constant of the 
substance. The larger )\ is, of course, the faster the substance decays. One 
measure of the rate of disintegration of a substance is its ha/f-/ife which is 
defined as the time required for half of a given quantity of radioactive 
atoms to decay. To compute the half-life of a substance in terms of A., 
assume that at time t0, N ( t0) = N 0• Then, the solution of the initial-value 
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1.3 The Van Meergerenart forgeries 

problern dN I dt= -A.N, N(t0)= N 0 is 

N(t)=N0 exp( -A. J:ds)=N0e-Mt-to) 

or NI N 0 = exp(- A.( t- t0 ) ). Taking logarithms of both sides we obtain that 

N 
- A.( t- t0 ) =In N . (2) 

0 

Now, if NIN0=i then -A.(t-t0)=Ini so that 

(t-to)= 1~2 = 0.6~31. (3) 

Thus, the half-life of a substance is ln2 divided by the decay constant A.. 
The dimension of A., which we suppress for simplicity of writing, is recipro­
cal time. If t is measured in years then A. has the dimension of reciprocal 
years, and if t is measured in minutes, then A. has the dimension of recipro­
cal minutes. The half-lives of many substances have been determined and 
recorded. For example, the half-life of carbon-14 is 5568 years and the 
half-life of uranium-238 is 4.5 billion years. 

Now the basis of "radioactive dating" is essentially the following. From 
Equation (2) we can solve for t- t0 = 1 lA. In( N ol N ). If t0 is the time the 
substance was initially formed or manufactured, then the age of the sub­
stance is liA.ln(N01 N). The decay constant A. is known or can be com­
puted, in most instances. Moreover, we can usually evaluate N quite easily. 
Thus, if we knew N 0 we could determine the age of the substance. But this 
is the real difficulty of course, since we usually do not know N 0. In some 
instances though, we can either determine N 0 indirectly, or eise determine 
certain suitable ranges for N0 , and such is the case for the forgeries of Van 
Meegeren. 

We begin with the following well-known facts of elementary chemistry. 
Almost all rocks in the earth's crust contain a small quantity of uranium. 
The uranium in the rock decays to another radioactive element, and that 
one decays to another and another, and so forth (see Figure 1) in a series 
of elements that results in lead, which is not radioactive. The uranium 
(whose half-life is over four billion years) keeps feeding the elements 
following it in the series, so that as fast as they decay, they are replaced by 
the elements before them. 

Now, all paintings contain a small amount of the radioactive element 
lead-210 e10Pb), and an even smaller amount of radium-226 e26Ra), since 
these elements are contained in white lead (lead oxide), which is a pigment 
that artists have used for over 2000 years. For the analysis which follows, it 
is important to note that white lead is made from lead metal, which, in 
turn, is extracted from a rock called lead ore, in a process called smelting. 
In this process, the lead-210 in the ore goes along with the lead metal. 
However, 90-95% of the radium and its descendants are removed with 
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1.3 The V an Meergeren art forgeries 

other waste products in a material called slag. Thus, most of the supply of 
lead-210 is cut off and it begins to decay very rapidly, with a half-life of 22 
years. This process continues until the lead-210 in the white lead is once 
more in radioactive equilibrium with the small amount of radium present, 
i.e. the disintegration of the lead-210 is exactly balanced by the disintegra­
tion of the radium. 

Let us now use this information to compute the amount of lead-210 pre­
sent in a sample in terms of the amount originally present at the time of 
manufacture. Let y(t) be the amount of lead-210 per gram of white lead 
at time t, y0 the amount of lead-210 per gram of white lead present at 
the time of manufacture t0 , and r(t) the number of disintegrations of 
radium-226 per minute pergram of white Iead, at time t. If "Ais the decay 
constant for lead-210, then 

dy 
dt = -l\y + r(t), (4) 

Since we are only interested in a time period of at most 300 years we may 
assume that the radium-226, whose half-life is 1600 years, remains con­
stant, so that r(t) is a constant r. Multiplying both sides of the differential 
equation by the integrating factor p.( t) = eM we obtain that 

Hence 

or 

.!}_ eA.y = reA.1 

dt 

{5) 

Now y(t) and r can be easily measured. Thus, if we knew y 0 we could 
use Equation (5) to compute ( t- t0) and consequently, we could determine 
the age of the painting. As we pointed out, though, we cannot measure y0 

directly. One possible way out of this difficulty is to use the fact that the 
original quantity of lead-210 was in radioactive equilibrium with the larger 
amount of radium-226 in the ore from which the metal was extracted. Let 
us, therefore, take samples of different ores and count the number of disin­
tegrations of the radium-226 in the ores. This was done for a variety of 
ores and the results are given in Table 1 below. These numbers vary from 
0.18 to 140. Consequently, the number of disintegrations of the lead-210 
per minute per gram of white Iead at the time of manufacture will vary 
from 0.18 to 140. This implies thaty0 will also vary over a very large inter­
val, since the number of disintegrations of lead-210 is proportional to the 
amount present. Thus, we cannot use Equation (5) to obtain an accurate, 
or even a crude estimate, of the age of a painting. 
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Table l. Ore and ore concentrate samples. All disintegration rates 
are per gram of white lead. 

Description and Source 

Ore concentrate 
Crushed raw ore 
Ore concentrate 
Ore concentrate 
Ore concentrate 
Ore concentrate 
Ore concentrate 
Ore concentrate 
Ore concentrate 
Ore concentrate 

(Oklahoma-Kansas) 
(S.E. Missouri) 
(S.E. Missouri) 
(ldaho) 
(ldaho) 
(Washington) 
(British Columbia) 
(British Columbia) 
(Bolivia) 
(Australia) 

Disintegrations per minute of 226Ra 

4.5 
2.4 
0.7 
2.2 
0.18 

140.0 
1.9 
0.4 
1.6 
1.1 

However, we can still use Equation (5) to distinguish between a 17th 
century painting and a modern forgery. The basis for this statement is the 
simple observation that if the paint is very old compared to the 22 year 
half-life of Iead, then the amount of radioactivity from the lead-210 in the 
paint will be nearly equal to the amount of radioactivity from the radium 
in the paint. On the other band, if the painting is modern (approximately 
20 years old, or so) then the amount of radioactivity from the lead-210 will 
be much greater than the amount of radioactivity from the radium. 

We make this argument precise in the following manner. Let us assume 
that the painting in question is- either very new or about 300 years old. Set 
t- t0 = 300 years in (5). Then, after some simple algebra, we see that 

\y0 = ;\y ( t)e300"- r( e300"- 1 ). (6) 

If the painting is indeed a modern forgery, then ;\y0 will be absurdly 
!arge. Todetermine what is an absurdly high disintegrationrate we observe 
(see Exercise 1) that if the lead-210 decayed originally (at the time of 
manufacture) at the rate of 100 disintegrations per minute per gram of 
white Iead, then the ore from which it was extracted had a uranium con­
tent of approximately 0.014 per cent. This is a fairly high concentration of 
uranium since the average amount of uranium in rocks of the earth's crust 
is about 2.7 parts per million. On the other hand, there are some very rare 
ores in the Western Hemisphere whose uranium content is 2-3 per cent. To 
be on the safe side, we will say that a disintegration rate of lead-210 is cer­
tainly absurd if it exceeds 30,000 disintegrations per minute per gram of 
white Iead. 

To eva1uate ;\y0 , we must eva1uate the present disintegration rate, ;\y(t), 
of the lead-210, the disintegrationrate r of the radium-226, and e300". Since 
the disintegrationrate of polonium-210 e10Po) equals that of lead-210 after 
several years, and since it is easier to measure the disintegration rate of 
polonium-210, we substitute these values for those of lead-210. To compute 

16 



1.3 The V an Meergeren art forgeries 

e300\ we observe from (3) that A =(In 2 /22). Hence 

e300A = e<300/22)1n2 = 2(150/11>. 

The disintegration rates of polonium-210 and radium-226 were measured 
for the "Disciples at Emmaus" and various other alleged forgeries and are 
given in Table 2 below. 

Table 2. Paintings of questioned authorship. All disintegration 
rates are per minute, pergram of white Iead. 

Description 

"Disciples at Emmaus" 
"Washing of Feet" 
"Woman Reading Music" 
"Woman Playing Mandolin" 
"Lace Maker" 
"Laughing Girl" 

210Po disintegration 

8.5 
12.6 
10.3 
8.2 
1.5 
5.2 

226Ra disintegration 

0.8 
0.26 
0.3 
0.17 
1.4 
6.0 

If we now evaluate Xy0 from (6) for the white Iead in the painting "Disci­
ples at Emmaus" we obtain that 

Xyo=( 8.5)21so;11 _ 0_8(2 1so;11 -I) 

=98,050 

which is unacceptably !arge. Thus, this painting must be a modern forgery. 
By a similar analysis, (see Exercises 2-4) the paintings "Washing of Feet", 
"Woman Reading Music" and "Woman Playing Mandolin" were indisput­
ably shown tobe faked Vermeers. On the other band, the paintings "Lace 
Maker" and "Laughing Girl" cannot be recently forged Vermeers, as 
claimed by some experts, since for these two paintings, the polonium-210 is 
very nearly in radioactive equilibrium with the radium-226, and no such 
equilibrium has been observed in any samples from 19th or 20th century 
paintings. 
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EXERCISES 

1. In this exercise we show how to compute the concentration of uranium in an 
ore from the dpmj(g of Pb) of the lead-210 in the ore. 
(a) The half-life of uranium-238 is 4.51 x 109 years. Since this half-life is so 

large, we may assume that the amount of uranium in the ore is constant 
over a period of two to three hundred years. Let N (t) denote the number of 
atoms of 238U per gram of ordinary lead in the ore at time t. Since the 
lead-21 0 is in radioactive equilibrium with the uranium-238 in the ore, we 
know that dN j dt= -"AN= -100 dpm/g of Pb at time t0. Show that there 
are 3.42 X 1017 atoms of uranium-238 per gram of ordinary lead in the ore 
at time t0. (Hint: 1 year=525,600 minutes.) 

(b) Using the fact that one mole of uranium-238 weighs 238 grams, and that 
there are 6.02 X 1023 atoms in a mole, show that the concentration of 
uranium in the ore is approximately 0.014 percent. 

For each of the paintings 2, 3, and 4 use the data in Table 2 to compute 
the disintegrations per minute of the original amount of lead-210 pergram 
of white Iead, and conclude that each of these paintings is a forged 
Vermeer. 

2. "W ashing of Feet" 

3. "Woman Reading Music" 

4. "Woman Playing Mandolin" 

5. The following problern describes a very accurate derivation of the age of 
uranium. 
(a) Let N 238(t) and N 235(t) denote the number of atoms of 238U and 235 U at 

time t in a given sample of uranium, and let t = 0 be the time this sample 
was created. By the radioactive decay 1aw, 

d N (t)- -ln2 N (t) 
dt 238 - ( 4.5) 109 238 ' 

d -ln2 
-d N235 (t)= 9 N235 (t). 

t 0.707(10) 

Solve these equations for N 238(t) and N 235(t) in terms of their original num­
bers N 238(0) and N 235(0). 

(b) In 1946 the ratio of 238Uj235U in any sample was 137.8. Assuming that 
equal amounts of 238U and 235U appeared in any sample at the time of its 
creation, show that the age of uranium is 5.96 X 109 years. This figure is 
universally accepted as the age of uranium. 

6. In a samarskite sample discovered recently, there was 3 grams of Thorium 
( 232TH). Thorium decays to lead-208 e08Pb) through the reaction 232Th~208Pb 
+6(4 4He). It was determined that 0.0376 of a gram of lead-208 was produced 
by the disintegration of the original Thorium in the sample. Given that the 
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half-life of Thorium is 13.9 billion years, derive the age of this samarskite sam­
ple. (Hint: 0.0376 grams of 208Pb is the product of the decay of (232/208) X 

0.0376 grams of Thorium.) 
One of the most accurate ways of dating archaeological finds is the method 

of carbon-14 ct4C) dating discovered byWillard Libby around 1949. The basis 
of this method is delightfully simple: The atmosphere of the earth is continu­
ously bombarded by cosmic rays. These cosmic rays produce neutrons in the 
earth's atmosphere, and these neutrons combine with nitrogen to produce 14C, 
which is usually called radiocarbon, since it decays radioactively. Now, this ra­
diocarbon is incorporated in carbon dioxide and thus moves through the atmo­
sphere to be absorbed by plants. Animals, in turn, build radiocarbon into their 
tissues by eating the plants. In living tissue, the rate of ingestion of 14C exactly 
balances the rate of disintegration of 14C. When an organism dies, though. it 
ceases to ingest carbon-14 and thus its 14C concentration begins to decrease 
through disintegration of the 14C present. Now, it is a fundamental assumption 
of physics that the rate of bombardment of the earth's atmosphere by cosmic 
rays has always been constant. This implies that the original rate of disintegra­
tion of the 14C in a sample such as charcoal is the same as the rate measured 
today.* This assumption enables us to determine the age of a sample of char­
coal. Let N ( t) denote the amount of carbon-14 present in a sample at time t, 

and N 0 the amount present at time t = 0 when the sample was formed. If A de­
notes the decay constant of 14C (the half-life of carbon-14 is 5568 years) then 
dN (t)/ dt =-AN (t), N (0)= N 0 . Consequently, N (t)= N 0e-Jo.'. Now the present 
rate R ( t) of disintegration of the 14C in the sample is given by R (t) =AN ( t) = 
AN0e-Jo.t and the original rate of disintegration is R(O)=AN0. Thus, R(t)/ R(O) 
=e-Jo.t so that t=(l/A)ln[R(O)/ R(t)). Hence if we measure R(t), the present 
rate of disintegration of the 14C in the charcoal, and observe that R (0) must 
equal the rate of disintegration of the 14C in a comparable amount of living 
wood, then we can compute the age t of the charcoal. The following two prob­
lems are reallife illustrations of this method. 

7. Charcoal from the occupation Ievel of the famous Lascaux Cave in France 
gave an average count in 1950 of 0.97 disintegrations per minute per gram. 
Living wood gave 6.68 disintegrations. Estimate the date of occupation and 
hence the probable date of the remarkable paintings in the Lascaux Cave. 

8. In the 1950 excavation at Nippur, a city of Babylonia. charcoal from a roof 
beam gave a count of 4.09 disintegrations per minute per gram. Living wood 
gave 6.68 disintegrations. Assuming that this charcoal was formed during the 
time of Hammurabi's reign, find an estimate for the likely time of Hamurabi's 
succession. 

*Since the mid 1950's the testing of nuclear weapons has significantly increased the amount of 
radioactive carbon in our atmosphere. Ironically this unfortunate state of affairs provides us 
with yet another extremely powerful method of detecting art forgeries. To wit, many artists' 
materials, such as linseed oil and canvas paper, come from plants and animals, and so will 
contain the same concentration of carbon-14 as the atmosphere at the time the plant or 
animal dies. Thus linseed oil (which is derived from the flax plant) that was produced during 
the last few years will contain a much greater concentration of carbon-14 than linseed oil pro­
duced before 1950. 
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I First-order differential equations 

1.4 Separable equations 

We solved the first-order linear homogeneaus equation 

dy 
dt + a(t)y =0 (1) 

by dividing both sides of the equation by y(t) to obtain the equivalent 
equation 

1 dy ( t) 
y(t) --;Jt =- a(t) 

and observing that Equation (2) can be written in the form 

d 
dtlnly(t)l= -a(t). 

(2) 

(3) 

We then found lnly(t)l, and consequently y(t), by integrating both sides of 
(3). In an exactly analogous manner, we can solve the more general dif­
ferential equation 

(4) 

where fand g are continuous functions of y and t. This equation, and any 
other equation which can be put into this form, is said to be separable. To 
solve (4), we first multiply both sides by f(y) to obtain the equivalent 
equation 

dy 
J(y) dt =g(t). 

Then, we observe that (5) can be written in the form 

d 
dt F ( y ( t)) = g ( t) 

(5) 

(6) 

where F(y) is any anti-derivative of f(y); i.e., F(y) = J f(y)dy. Conse­
quently, 

F(y(t))= J g(t)dt+c (7) 

where c is an arbitrary constant of integration, and we solve for y = y(t) 
from (7) to find the general solution of (4). 

Example 1. Find the general solution of the equation dy I dt = t2 1 y 2. 
Solution. Multiplying both sides of this equation by y 2 gives 

dy d y3(t) 
y2-=t2 or ---=t2. 

dt ' dt 3 

Hence,y3(t)=t3 +c where c is an arbitrary constant, andy(t)=(t3 +c)113• 
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Example 2. Find the general solution of the equation 

eYdr -t-t3 =0. 

Solution. This equation can be written in the form 

.!}__ eY(I) = t + t3 
dt 

and thus eY(t) =t212+t414+c. Taking logarithms of both sides of this 
equation gives y ( t) = ln( t2 12 + t 4 I 4 + c ). 

In addition to the differential equation (4), we will often impose an ini­
tial condition on y ( t) of the form y ( t0) = y 0. The differential equation ( 4) 
together with the initial conditiony(t0)=y0 is called an initial-value prob­
lern. We can solve an initial-value problern two different ways. Either we 
use the initial condition y ( t0) = y 0 to solve for the constant c in (7), or else 
we integrate both sides or (6) between t0 and t to obtain that 

F(y(t))- F(y 0 )= J1 g(s)ds. 
to 

(8) 

If we now observe that 

F(y)- F(y0 )= JY j(r)dr, 
Yo 

(9) 

then we can rewrite (8) in the simpler form 

fy J(r)dr= r g(s)ds. 
Yo to 

(10) 

Example 3. Find the solution y(t) of the initial-value problern 

dy 
eY- - ( t + t 3) = 0 dt , y(1)= 1. 

Solution. Method (i). From Example 2, we know that the generat solution 
of this equation isy=ln(t212+t414+c). Setting t=l andy=1 gives 1= 
ln(3l4+c), or c=e-314. Hence,y(t)=1n(e-314+t 212+t414). 
Method (ii). From (10), 

Consequently, 

/2 t4 1 1 
eY- e= 2 + 4-2-4, and y(t)=ln(e-314+ t212+ t4l4). 

Example 4. Solve the initial-value problern dy 1 dt = 1 + y 2, y(O) = 0. 
Solution. Divide both sides of the differential equation by 1 + y 2 to obtain 
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the equivalent equation 1 I (I + y 2)dy I dt = I. Then, from (I 0) 

l y ~= (ds 
0 I+ r 2 Jo · 

Consequently, arctany = t, and y = tant. 
The solution y = tan t of the above problern has the disturbing property 

that it goes to ± oo at t = ± '7T 12. And what's even more disturbing is the 
fact that there is nothing at all in this initial-value problern which even 
hints to us that there is any trouble at t = ± '7T 12. The sad fact of life is that 
solutions of perfectly nice differential equations can go to infinity in finite 
time. Thus, solutions will usually exist only on a finite open interval a < t < 
b, rather than for all time. Moreover, as the following example shows, dif­
ferent solutions of the same differential equation usually go to infinity at 
different times. 

Example 5. Solve the initial-value problern dy I dt = I+ y 2, y(O) = 1. 
Solution. From (10) 

--= ds f y dr 11 

1 I+ r 2 o · 

Consequently, arc tany- arc tan I= t, and y = tan(t + '7T 14). This solution 
exists on the open interval - 3'7T I 4 < t < '7T I 4. 

Example 6. Find the solution y(t) of the initial-va1ue problern 

dy . 
y dt +(l+y2)smt=O, y(O)=l. 

Solution. Dividing both sides of the differential equation by 1 + y 2 gives 

Consequently, 

so that 

y dy . 
---=-smt. 
1 + y 2 dt 

-- = - sinsds, f y rdr 11 

1 1 + r2 o 

iln(l + y 2)- iln2= cost -1. 

Solving this equation for y(t) gives 

y ( t) = ± (2e -4sin2t/2- 1) 1/2. 

To determine whether we take the plus or minus branch of the square root, 
we note that y (0) is positive. Hence, 

y(t)=(2e-4sin2t/2_1)1/2 
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This solution is only defined when 

2e -4sin2 t/2;;;. 1 

or 

(li) 

Since the logarithm function is monotonic increasing, we may take loga­
rithms of both sides of (II) and still preserve the inequality. Thus, 4sin2 tl2 
< In2, which implies that 

I I I< arcsin YI~2 
Therefore, y(t) only exists on the open interval (- a,a) where 

a =2arcsin[ vTn2 12]. 

Now, this appears to be a new difficulty associated with nonlinear equa­
tions, since y ( t) just "disappears" at t = ± a, without going to infinity. 
However, this apparent difficulty can be explained quite easily, and more­
over, can even be anticipated, if we rewrite the differential equation above 
in the standard form 

dy (I+ y 2)sint 
dt =- y 

Notice that this differential equation is not defined when y = 0. Therefore, 
if a solution y ( t) achieves the value zero at some time t = t*, then we 
cannot expect it to be defined for t > t*. This is exactly what happens here, 
since y( ± a) = 0. 

Example 7. Solve the initial-value problern dy I dt =(I+ y)t, y(O) =-I. 
Solution. In this case, we cannot divide both sides of the differential equa­
tion by I+ y, since y(O)= -1. However, it is easily seen that y(t)= -1 is 
one solution of this initial-value problern, and in Section 1.10 we show that 
it is the only solution. More generally, consider the initial-value problern 
dyldt=f(y)g(t), y(t0)=y0, where f(y 0)=0. Certainly, y(t)=y0 is one 
solution of this initial-value problern, and in Section 1.10 we show that it is 
the only Solution if of I oy exists and is continuous. 

Example 8. Solve the initial-value problern 

( 1 + eY )dy / dt = cos t, 

Solution. Frorn (10), 

y(I'TI2)=3. 

l Y (I+ e')dr= [ cossds 
3 '11/2 

so thaty + eY = 2 + e3 + sint. This equation cannot be solved explicitly for y 
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as a function of t. Indeed, most separable equations cannot be solved ex­
plicitly for y as a function of t. Thus, when we say that 

y + eY = 2 + e3 + sin t 

is the solution of this initial-value problem, we really mean that it is an im­
plicit, rather than an explicit solution. This does not present us with any 
difficulties in applications, since we can always find y(t) numerically with 
the aid of a digital computer (see Section 1.11 ). 

Example 9. Find all solutions of the differential equation dy I dt = - t I y. 
Solution. Multiplying both sides of the differential equation by y gives 
ydyldt= -t. Hence 

(12) 

Now, the curves (12) are closed, and we cannot solve for y as a single-val­
ued function of t. The reason for this difficulty, of course, is that the dif­
ferential equation is not defined wheny = 0. Nevertheless, the circles t 2 + y 2 

= c2 are perfectly weil defined, even when y = 0. Thus, we will call the 
circles t 2 + y 2 = c2 so/ution curves of the differential equation 

dy I dt = - t 1 y. 

More generally, we will say that any curve defined by (7) is a solution 
curve of (4). 

EXERCISES 

In each of Problems 1-5, find the general solution of the given differential 
equation. 

2 dy _ 2 . • _ tanx+tany 
1. (l+t )-d -l+y. Hmt. tan(x+y)- 1 t t . t - anx any 

dy 
2. dt =(l+t)(l+y) 

dy 2 2 
3. dt = I - t + y - ty 

dy 
4. dt = e'+y+3 5 0 dy 0 

. cosysmt dt =smycost 

In each of Problems 6-12, solve the given initial-value problem, and de­
termine the interval of existence of each solution. 

dy 
6. t2(1+y 2)+2y dt =0, y(O)=l 

7 dy = _2_t- y(2)=3 
• dt y + yt2' 
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S. (l+t2)I/2: =ty3(l+t2)-112, y(O)=l 

9 dy = 3t2+4t+2 
' dt 2(y-l) ' y(O)= -l 

dy - tsiny 
10. cosy dt = 1+ 12 , y(l) = '1T 12 

dy 
11. dt =k(a-y)(b-y), y(O)=O, a,b>O 

dy 
12. 3t dt = ycost, y(l)=O 

13. Any differential equation of the form dy I dt = f(y) is separable. Thus, we can 
solve all those first-order differential equations in which time does not appear 
explicitly. Now, suppose we have a differential equation of the form dy I dt = 
f(y I t), such as, for example, the equation dy I dt = sin(y I t). Differential equa­
tions of this form are called homogeneaus equations. Since the right-hand side 
only depends on the single variable y I t, it suggests itself to make the Substitu­
tion y I t = v or y = tv. 
(a) Show that this substitution replaces the equation dy I dt = f(y I t) by the 

equivalent equation t dv I dt + v = f( v), which is separable. 
(b) Find the general solution of the equation dy I dt = 2(y I t) + (y I tf, 

14. Determine whether each of the following functions of t and y can be expressed 
as a function of the single variable y I t. 

y2+2ty y3+ /3 
(a) (b) 

y2 yt2+ y3 

(e) 
et+y 

. t+y 
(g) sm­

t-y 

t+y 
(d) lnx-lnt+ --. {- y 

(f) ln\lt+Y -lnVt-y 

15. Solve the initial-value problern t(dy I dt)= y + w+-? . y(l)=O. 

Find the general solution of the following differential equations. 

dy 
16. 2ty dt = 3y 2 - t 2 

dy t+y 
18. dt =­t-y 

dy 
19. etiY(y-t)-+y(I+etiY)=Q 

dt 

[ Hint: J _to-l dv=ln(l+toe 11")] 
t:e 1/c + v2 
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20. Consider the differential equation 

dy t+y+I 
dt = t- y + 3. (*) 

We could solve this equation if the constants and 3 were not present. To 
eliminate these constants, we make the Substitution t = T + h, y = Y + k. 
(a) Determine h and k so that (*) can be written in the form dY I dT = 

(T + Y)j(T- Y). 
(b) Find the general solution of (*). (See Exercise 18). 

21. (a) Prove that the differential equation 

dy at+by+ m 
dt = ct+dy+ n 

where a, b, c, d, m, and n are constants, can always be reduced to dy I dt = 

( at + by) / ( ct + dy) if ad- bc =!= 0. 
(b) Solve the above equation in the special case that ad= bc. 

Find the general solution of the following equations. 

22. (l+t-2y)+(4t-3y-6)dyldt=O 

23. (t+2y+3)+(2t+4y-i)dyldt=O 

1.5 Population models 

In this section we will study first-order differential equations which govern 
the growth of various species. At first glance it would seem impossible to 
model the growth of a species by a differential equation since the popula­
tion of any species always changes by integer amounts. Hence the popula­
tion of any species can never be a differentiable function of time. How­
ever, if a given population is very !arge and it is suddenly increased by one, 
then the change is very small compared to the given population. Thus, we 
make the approximation that !arge populations change continuously and 
even differentiably with time. 

Letp(t) denote the population of a given species at timet and Iet r(t,p) 
denote the difference between its birth rate and its death rate. If this 
population is isolated, that is, there is no net immigration or emigration, 
then dp / dt, the rate of change of the population, equals rp(t). In the most 
simplistic model we assume that r is constant, that is, it does not change 
with either time or population. Then, we can write down the following dif­
ferential equation governing population growth: 

dp(t) 
----;Jt = ap ( t), a = constant. 
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This is a linear equation and is known as the Malthusian law of population 
growth. If the population of the given species is p 0 at time t0, then p(t) 
satisfies the initial-value problern dp(t)/ dt = ap(t), p(t0) = p 0• The solution 
of this initial-value problern is p(t) = p 0ea(t-tol. Hence any species satisfying 
the Malthusian law of population growth grows exponentially with time. 

Now, we have just formulated a very simple model for population 
growth; so simple, in fact, that we have been able to solve it completely in a 
few lines. lt is important, therefore, to see if this model, with its simplicity, 
has any relationship at all with reality. Let p(t) denote the human popula­
tion of the earth at time t. lt was estimated that the earth's human 
population was increasing at an average rate of 2% per year during the 
period 1960-1970. Let us start in the middle of this decade on January 1, 
1965, at which time the U.S. Department of Commerce estimated the earth's 
population to be 3.34 billion people. Then, t 0 = 1965, p0 = 3.34X 109 and 
a = .02, so that 

p(t) = (3.34)l09e.02(t-I965). 

One way of checking the accuracy of this formula is to compute the time 
required for the population of the earth to double, and then compare it to 
the observed value of 35 years. Our formula predicts that the population of 
the earth will double every T years, where 

e.o2r = 2. 

Taking logarithms of both sides of this equation gives .02T= ln2, so that 

T= 501n2 ~ 34.6 years. 

This is in excellent agreement with the observed value. On the other hand, 
though, Iet us Iook into the distant future. Our equation predicts that the 
earth's populationwill be 200,000 billion in the year 2515, 1,800,000 billion 
in the year 2625, and 3,600,000 billion in the year 2660. These are astro­
nomical numbers whose significance is difficult to gauge. The total surface 
ofthisplanet is approximately 1,860,000 billion square feet. Eighty percent 
of this surface is covered by water. Assuming that we are willing to live on 
boats as well as land, it is easy to see that by the year 2515 there will be only 
9.3 square feet per person; by 2625 each person will have only one square 
foot on which to stand; and by 2660 we will be standing two deep on each 
other's shoulders. 

lt would seem therefore, that this model is unreasonable and should be 
thrown out. However, we cannot ignore the fact that it offers exceptional 
agreement in the past. Moreover, wehaveadditional evidence that popula­
tions do grow exponentially. Consider the Microtus Arvallis Pali, a small 
rodent which reproduces very rapidly. We take the unit of time to be a 
month, and assume that the population is increasing at the rate of 40% per 

27 



1 First-order differential equations 

month. If there are two rodents present initially at time t=O, thenp(t), the 
number of rodents at time t, satisfies the initial-value problern 

dp(t)/ dt=0.4p, p(0)=2. 

Consequently, 

p ( t) = 2e0.4t. (1) 

Table 1 compares the observed population with the population calculated 
from Equation (1). 

Table 1. The growth of Microtus Arvallis Pall. 
Months 0 2 6 10 

p Observed 2 5 20 109 
p Calculated 2 4.5 22 109.1 

As one can see, there is excellent agreement. 

Remark. In the case of the Microtus Arvallis Pall, p observed is very ac­
curate since the pregnancy period is three weeks and the time required for 
the census taking is considerably less. If the pregnancy period were very 
short then p observed could not be accurate since many of the pregnant ro­
dents would have given birth before the census was completed. 

The way out of our dilemma is to observe that linear models for popula­
tion growth are satisfactory as long as the population is not too large. 
When the population gets extremely large though, these models cannot be 
very accurate, since they do not reflect the fact that individual members 
are now competing with each other for the limited living space, natural re­
sources and food available. Thus, we must add a competition term to our 
linear differential equation. A suitable choice of a competition term is 
- bp 2, where b is a constant, since the statistical average of the number of 
encounters of two members per unit time is proportional to p 2• We con­
sider, therefore, the modified equation 

dp 2 
dt =ap-bp. 

This equation is known as the logistic law of population growth and the 
numbers a, b are called the vital coefficients of the population. It was first 
introduced in 1837 by the Dutch mathematical-biologist Verhulst. Now, 
the constant b, in general, will be very small compared to a, so that if p is 
not too large then the term - bp 2 will be negligible compared to ap and the 
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1.5 Population models 

population will grow exponentially. However, when p is very large, the 
term - bp2 is no Ionger negligible, and thus serves to slow down the rapid 
rate of increase of the population. Needless to say, the more industrialized 
a nation is, the more living space it has, and the more food it has, the 
smaller the coefficient b is. 

Let us now use the logistic equation to predict the future growth of an 
isolated popula tion. If p 0 is the population at time t0, then p (t), the popula­
tion at time t, satisfies the initial-value problern 

dp 2 
dt = ap- bp , p (to) =Po· 

This is a separable differential equation, and from Equation (10), Section 
1.4, 

f P dr 2 = J'ds=t-to. 
Po ar- br t0 

To integrate the function ll(ar- br2) we resort to partial fractions. Let 

1 1 =A +-B-
ar-br2 r(a-br) r a-br' 

To find A and B, observe that 

A B A(a-br)+Br Aa+(B-bA)r 
-+--= =------
r a-br r(a-br) r(a-br) · 

Therefore, Aa + (B- bA)r= 1. Since this equation is true for all values of r, 
we see that Aa = 1 and B- bA = 0. Consequently, A = 1 I a, B = b I a, and 

f P dr 1 fP( 1 b ) 
r(a-br) =-;; ~+ a-br dr 

Po Po 

=- ln-+ln -- =-ln- ---. 1 [ p I a- bpo I] 1 p I a - bpo I 
a Po a-bp a Po a-bp 

Thus, 

p I a- bp0 I a(t- t0)=1n- --b- . 
Po a- 'P 

Now, it isasimple matter to show (see Exercise I) that 

is always positive. Hence, 

a-bp0 

a- bp(t) 

p a- bp 
a( t - t0 ) = ln- b 0 . 

Po a- 'P 

(2) 
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I First-order differential equations 

Taking exponentials of both sides of this equation gives 

P a-bp 
ea(t-to)=- ___ 0 

Po a- bp ' 
or 

p0 (a- bp)ea(t-to)= (a- bp0 )p. 

Bringing all terms involving p to the left-hand side of this equation, we see 
that 

Consequently, 

(3) 

Let us now examine Equation (3) to see what kind of population it pre­
dicts. Observe that as t-'>oo, 

apo a 
p(t)-'>- =- 0 

bp0 b 

Thus, regardless of its initial value, the population always approaches the 
limiting value al b. Next, observe that p(t) is a monotonically increasing 
function of time if 0 <p0 < a I b. Moreover, since 

d 2p dp dp 
- =a- -2bp- =(a-2bp)p(a-bp) 
dt 2 dt dt , 

we see that dp I dt is increasing if p(t) < al2b, and that dp I dt is decreasing 
if p(t)>al2b. Hence, if p0 <al2b, the graph of p(t) must have the form 
given in Figure l. Such a curve is called a logistic, or S-shaped curve. 
From its shape we conclude that the time period before the population 
reaches half its limiting value is a period of accelerated growth. After this 
point, the rate of growth decreases and in time reaches zero. This is a 
period of diminishing growth. 

These predictions are borne out by an experiment on the protozoa 
Paramecium caudatum performed by the mathematical biologist G. F. 
Gause. Five individuals of Paramecium were placed in a small test tube 
containing 0.5 cm3 of a nutritive medium, and for six days the number of 
individuals in every tube was counted daily. The Paramecium were found 
to increase at a rate of 230.9% per day when their numbers were low. The 
number of individuals increased rapidly at first, and then more slowly, un­
til towards the fourth day it attained a .maximum Ievel of 375, saturating 
the test tube. From this data we conclude that if the Paramecium cauda­
tum grow according to the logistic law dp / dt = ap- bp2, then a = 2.309 and 
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Figure I. Graph of p(t) 

b = 2.309/375. Consequently, the logistic law predicts that 

p ( t) = (2.309)5 ( (2.309)5 ) -2.3091 
375 + 2·309 - 375 e 

(2.309)5 

375 
(4) 1 +74e-2.309t. 

(We have taken the initial time t0 to be 0.) Figure 2 compares the graph of 
p(t) predicted by Equation (4) with the actual measurements, which are de­
noted by o. As can be seen, the agreement is remarkably good. 

In order to apply our results to predict the future human population of 
the earth, we must estimate the vital coefficients a and b in the logistic 
equation governing its growth. Some ecologists have estimated that the na­
tural value of a is 0.029. We also know that the humanpopulationwas in­
creasing at the rate of 2% per year when the population was (3.34) 109• 

Since (ljp)(dpjdt)=a-bp, we see that 

0.02 =a-b (3.34)109. 

Consequently, b = 2.695 X 10- 12 • Thus, according to the logistic law of 
population growth, the human population of the earth will tend to the 
limiting value of 

a 
b 

0·029 
12 = 10.76 billion people 

2.695 x w-
Note that according to this prediction, we were still on the accelerated 
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400 

2 

Figure 2. The growth of paramecium 

growth portion of the logistic curve in 1965, since we had not yet attained 
half the limiting population predicted for us. 

Remark. A student of mine once suggested that we use Equation (3) to find 
the time t at which p( t) = 2, and then we can deduce how 1ong ago mankind 
appeared on earth. On the surface this seems 1ike a fantastic idea. However, 
we cannot trave1 that far backwards into the past, since our model is no 
Ionger accurate when the population is small. 

As another verification of the validity of the logistic law of population 
growth, we consider the equation 

197,273,000 
p(t)= 1 + e-o.o3134(t-I9I3.25) (5) 

which was introduced by Pearl and Reed as a model of the population 
growth of the United States. First, using the census figures for the years 
1790, 1850, and 1910, Pearl and Reed found from (3) (see Exercise 2a) that 
a=0.03J34 and b=(l.5887)10- 10. Then (see Exercise 2b), Pearl and Reed 
calculated that the population of the United States reached half its limiting 
population of ajb= 197,273,000 in April 1913. Consequently (see Exercise 
2c), we can rewrite (3) in the simpler form (5). 

Table 2 below compares Pearl and Reed's predictions with the observed 
values of the population of the United States. These results are remarkable, 
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1.5 Population models 

Table 2. Population of the U.S. from 1790-1950. (The last 4 entries 
were added by the Dartmouth College Writing Group.) 

Actual Predicted Error % 

1790 3,929,000 3,929,000 0 0.0 

1800 5,308,000 5,336,000 28,000 0.5 

1810 7,240,000 7,228,000 -12,000 -0.2 

1820 9,638,000 9,757,000 119,000 1.2 

1830 12,866,000 13,109,000 243,000 1.9 

1840 17,069,000 17,506,000 437,000 2.6 

1850 23,192,000 23,192,000 0 0.0 

1860 31,443,000 30,412,000 -1,031,000 -3.3 

1870 38,558,000 39,372,000 814,000 2.1 

1880 50,156,000 50,177,000 21,000 0.0 

1890 62,948,000 62,769,000 -179,000 -0.3 

1900 75,995,000 76,870,000 875,000 1.2 

1910 91,972,000 91,972,000 0 0.0 

1920 105,711,000 107,559,000 1,848,000 1.7 

1930 122,775,000 123,124,000 349,000 0.3 

1940 131,669,000 136,653,000 4,984,000 3.8 

1950 150,697,000 149,053,000 -1,644,000 -1.1 

especially since we have not taken into account the large waves of im­
migration into the United States, and the fact that the United States was 
involved in five wars during this period. 

In 1845 Verhulst prophesied a maximum population for Belgium of 
6,600,000, and a maximum population for France of 40,000,000. Now, the 
population of Belgium in 1930 was already 8,092,000. This large dis­
crepancy would seem to indicate that the logistic law of population growth 
is very inaccurate, at least as far as the population of Belgium is con­
cerned. However, this discrepancy can be explained by the astanishing rise 
of industry in Belgium, and by the acquisition of the Congo which secured 
for the country sufficient additional wealth to support the extra popula­
tion. Thus, after the acquisition of the Congo, and the astanishing rise of 
industry in Belgium, Verhulst should have lowered the vital coefficient b. 

On the other hand, the population of France in 1930 was in remarkable 
agreement with Verhulst's forecast. Indeed, we can now answer the follow­
ing tantalizing paradox: Why was the population of France increasing 
extremely slowly in 1930 while the French population of Canada was in­
creasing very rapidly? After all, they are the same people! The answer to 
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I First-order differential equations 

this paradox, of course, is that the population of France in 1930 was very 
near its limiting value and thus was far into the period of diminishing 
growth, while the population of Canada in 1930 was still in the period of 
accelerated growth. 

Remark 1. lt is clear that technological developments, pollution considera­
tions and sociological trends have significant influence on the vital coef­
ficients a and b. Therefore, they must be re-evaluated every few years. 

Remark 2. To derive more accurate models of population growth, we 
should not consider the population as made up of one homogeneous group 
of individuals. Rather, we should subdivide it into different age groups. We 
should also subdivide the population into males and females, since the re­
production rate in a population usually depends more on the number of 
females than on the number of males. 

Remark 3. Perhaps the severest criticism leveled at the logistic law of 
population growth is that some populations have been observed to 
fluctuate periodically between two values, and any type of fluctuation is 
ruled out in a logistic curve. However, some of these fluctuations can be 
explained by the fact that when certain populations reach a sufficiently 
high density, they become susceptible to epidemics. The epidemic brings 
the population down to a lower value where it again begins to increase, 
until when it is large enough, the epidemic strikes again. In Exercise 10 we 
derive a mode1 to describe this phenomenon, and we apply this model in 
Exercise 11 to explain the sudden appearance and disappearance of hordes 
of small rodents. 

Epilog. The following article appeared in the N ew Y ork Times on March 
26, 1978, and was authored by Nick Eberstadt. 

The gist of the following article is that it is very difficult, using statistical 
methods alone, to make accurate population projections even 30 years into 
the future. In 1970, demographers at the United Nations projected the 
population of the earth to be 6.5 billion people by the year 2000. Only six 
years later, this forecastwas revised downward to 5.9 billion people. 

Let us now use Equation (3) to predict the population of the earth in the 
year 2000. Setting a =.029, b = 2.695 X 10- 12, p0 = 3.34X 109, t 0 = 1965, and 
t = 2,000 gives 

P(2000) = (.029)(3.34)109 

.009 + ( .02)e-<·029)35 

29(3.34) 109 
9+20e-'-015 

= 5.96 billion people! 

This is another spectacular application of the logistic equation. 

34 



W
or

ld
 P

op
ul

at
io

n 
F

ig
ur

es
 A

re
 M

is
le

ad
in

g 
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

 _ 
T

he
 r

at
e 

of
 w

or
ld

 p
op

ul
at

io
n 

gr
ow

th
 h

as
 

ri
se

n 
fa

ir
ly

 s
te

ad
ily

 f
or

 m
os

t 
of

 m
an

's
 h

is
­

to
ry

, b
ut

 w
ith

in
 th

e 
la

st
 d

ec
ad

e 
it

 h
as

 p
ea

ke
d,

 
an

d 
no

w
 a

pp
ea

rs
 t

o 
be

 d
ec

lin
in

g.
 H

ow
 h

as
 

th
is

 h
ap

pe
ne

d,
 a

nd
 w

hy
? 

T
he

 "
ho

w
" 

is
 f

ai
rl

y 
ea

sy
. 
It

 is
 n

ot
 b

ec
au

se
 

fa
rn

in
es

 
an

d 
ec

ol
og

ic
al

 
ca

ta
st

ro
ph

es
 

ha
ve

 
el

ev
at

ed
 t

he
 d

ea
th

 r
at

es
. 

R
at

he
r,

 a
 l

ar
ge

 a
nd

 
ge

ne
ra

lly
 u

ne
xp

ec
te

d 
de

cr
ea

se
 i

n 
fe

rt
ili

ty
 i

n 
th

e 
le

ss
 d

ev
el

op
ed

 c
ou

nt
fi

es
 h

as
 t

ak
en

 p
la

ce
. 

F
ro

m
 1

97
0 

to
 

19
77

 b
ir

th
 r

at
es

 i
n 

th
e 

le
ss

 
de

ve
lo

pe
d 

w
or

ld
 (

ex
cl

ud
in

g 
C

hi
na

) 
fe

ll 
fr

om
 

ab
ou

t 
42

 t
o 

ne
ar

ly
 3

6 
pe

r 
th

ou
sa

nd
. 

T
hi

s 
is

 
st

ill
 h

ig
he

r 
th

an
 t

he
 1

7 
pe

r 
th

ou
sa

nd
 i

n 
de

ve
l­

op
ed

 c
ou

nt
ri

es
, 

bu
t 

th
e 

ra
te

 o
f 

fe
rt

ili
ty

 d
e­

cl
in

e 
ap

pe
ar

s 
to

b
e 

ac
ce

le
ra

tin
g:

 t
he

 s
ix

-p
oi

nt
 

dr
op

 o
f 

th
e 

pa
st

 s
ev

en
 y

ea
rs

 c
om

pa
re

s 
w

ith
 a

 
tw

o-
po

in
t 

de
cl

in
e 

fo
r 

th
e 

pr
ev

io
us

 t
w

en
ty

. 
T

hi
s 

fe
rt

ili
ty

 d
ec

lin
e 

ha
s 

be
en

 a
 v

er
y 

un
­

ev
en

 p
ro

ce
ss

. 
T

he
 a

ve
ra

ge
 b

ir
th

-r
at

e 
dr

op
 o

f 
ab

ou
t 

13
 p

er
ce

nt
 s

in
ce

 1
97

0 
in

 p
oo

r 
w

or
ld

 
bi

rt
h 

ra
te

s 
re

fl
ec

ts
 a

 v
er

y 
ra

pi
d 

de
cl

in
e 

in
 

ce
rt

ai
n 

co
un

tr
ie

s,
 w

hi
le

 a
 g

re
at

 m
an

y 
ot

he
rs

 
ha

ve
 r

em
ai

ne
d 

al
m

os
t 

to
ta

lly
 u

na
ff

ec
te

d.
 

W
hy

 f
er

til
ity

 h
as

 d
ro

pp
ed

 s
o 

ra
pi

dl
y 

in
 

th
e 

pa
st

 d
ec

ad
e-

an
d

 w
hy

 i
t 

ha
s 

dr
op

pe
d 

so
 

dr
am

at
ic

al
ly

 
in

 
so

m
e 

pl
ac

es
, 

bu
t 

no
t 

in
 

o
th

er
s-

is
 f

ar
 m

or
e 

di
ff

ic
ul

t 
to

 e
xp

la
in

. 
D

e­
m

og
ra

ph
er

s 
an

d 
so

ci
ol

og
is

ts
 o

ff
er

 e
xp

la
na

­
tio

ns
 h

av
in

g 
to

 d
o 

w
ith

 s
oc

ia
l 

ch
an

ge
 i

n 
th

e 
po

or
 w

or
ld

. 
U

nf
or

tu
na

te
ly

, 
th

es
e 

pa
rt

ia
l 

ex
­

pl
an

at
io

ns
 a

re
 m

or
e 

of
te

n 
th

eo
ry

 t
ha

n 
te

st
ed

 

fa
ct

, 
an

d 
th

er
e 

se
em

s 
to

 b
e 

an
 e

xc
ep

tio
n 

fo
r 

al
m

os
t 

ev
er

y 
ru

le
. 

T
he

 d
eb

at
e 

ov
er

 f
ar

ni
ly

 p
la

nn
in

g 
is

 c
ha

r­
ac

te
ri

st
ic

. 
Su

rv
ey

s 
sh

ow
 t

ha
t 

in
 s

om
e 

na
ti

on
s 

as
 m

an
y 

as
 a

 f
if

th
 o

f 
th

e 
ch

il
dr

en
 w

er
e 

"m
is

­
ta

ke
s"

 w
ho

 p
re

su
m

ab
ly

 w
ou

ld
 n

ot
 h

av
e 

be
en

 
b

o
m

 i
f 

pa
re

nt
s 

ha
d 

ha
d 

be
tt

er
 c

on
tr

ac
ep

­
tiv

es
. 

F
ar

ni
ly

 p
la

nn
in

g 
ex

pe
rt

s 
su

ch
 a

s 
P

ar
ke

r 
M

au
ld

in
 

of
 

th
e 

P
op

ul
at

io
n 

C
ou

nc
il

 
ha

ve
 

po
in

te
d 

ou
t 

th
at

 n
o 

po
or

 n
at

io
n 

w
it

ho
ut

 a
n 

ac
tiv

e 
fa

rn
ily

 p
la

nn
in

g 
pr

og
ra

m
 h

as
 s

ig
ni

fi
­

ca
nt

ly
 lo

w
er

ed
 it

s 
fe

rt
ili

ty
. 

O
n 

th
e 

ot
he

r 
ha

nd
, 

su
ch

 s
oc

io
lo

gi
st

s 
as

 W
ill

ia
m

 P
et

er
se

n 
of

 O
hi

o 
St

at
e 

U
ni

ve
rs

it
y 

at
tr

ib
ut

e 
th

e 
po

pu
la

ti
on

 d
e­

cl
in

e 
in

 t
he

se
 n

at
io

ns
 t

o 
so

ci
al

 a
nd

 e
co

no
m

ic
 

de
ve

lo
pm

en
t 

ra
th

er
 

th
an

 
in

cr
ea

se
d 

co
n­

tr
ac

ep
ti

ve
 

us
e,

 
ar

gu
in

g 
th

at
 

in
te

rn
at

io
na

l 
"p

op
ul

at
io

n 
co

nt
ro

l"
 p

ro
gr

am
s 

ha
ve

 u
su

al
ly

 
be

en
 c

lu
m

sy
 a

nd
 i

ns
en

si
tiv

e 
(o

r 
w

or
se

), 
an

d 
th

at
 in

 a
ny

 e
ve

nt
 e

ve
n 

a 
w

el
l-

re
ce

iv
ed

 c
ha

ng
e 

in
 c

on
tr

ac
ep

ti
ve

 "
te

ch
no

lo
gy

" 
do

es
 n

ot
 n

ec
­

es
sa

ri
ly

 
in

fl
ue

nc
e 

pa
re

nt
s 

to
 

w
an

t 
fe

w
er

 
ch

ild
re

n.
 

T
he

 e
ff

ec
ts

 o
f 

in
co

m
e 

di
st

ri
bu

ti
on

 a
re

 l
es

s 
vo

ci
fe

ro
us

ly
 d

eb
at

ed
, 

bu
t 

ar
e 

al
m

os
t 

as
 m

ys
­

te
ri

ou
s.

 J
am

es
 K

oc
he

r 
an

d 
R

ob
er

t 
R

ep
et

to
, 

bo
th

 
of

 
H

ar
va

rd
, 

ha
ve

 
ar

gu
ed

 
th

at
 

m
or

e 
eq

ui
ta

bl
e 

in
co

m
e 

di
st

ri
bu

ti
on

 i
n 

le
ss

 d
ev

el
­

op
ed

 
co

un
tf

ie
s 

co
nt

ri
bu

te
s 

to
 

fe
rt

ili
ty

 
de

­
cl

in
e.

 T
he

y 
ha

ve
 p

oi
nt

ed
 o

ut
 t

ha
t 

su
ch

 c
ou

n­
tf

ie
s 

as
 S

ri
 L

an
ka

, 
S

ou
th

 K
or

ea
, 

C
ub

a 
an

d 
C

hi
na

 h
av

e 
se

en
 t

he
ir

 f
er

til
ity

 r
at

es
 f

al
l 

as
 

th
ei

r 
in

co
m

e 
di

st
ri

bu
ti

on
 b

ec
am

e 
m

or
e 

ne
ar

ly
 

eq
ua

l. 
Im

pr
ov

in
g 

a 
na

ti
on

's
 i

nc
om

e 
di

st
ri

bu
­

ti
on

, 
ho

w
ev

er
, 

ap
pe

ar
s 

to
b

e 
ne

it
he

r 
a 

ne
ce

s­
sa

ry
 n

or
 a

 s
uf

fi
ci

en
t 

co
nd

it
io

n 
fo

r 
in

du
ci

ng
 a

 
fe

rt
ili

ty
 d

ro
p.

 I
nc

om
e 

di
st

ri
bu

ti
on

 i
n 

B
ur

m
a,

 
fo

r 
ex

am
pl

e,
 h

as
 p

re
su

m
ab

ly
 e

qu
al

iz
ed

 s
om

e­
w

ha
t 

un
de

r 
30

 y
ea

rs
 o

f 
ho

m
em

ad
e 

so
ci

al
is

m
, 

bu
t b

ir
th

 r
at

es
 h

av
e 

ha
rd

ly
 f

al
le

n 
at

 a
ll,

 w
hi

le
 

M
ex

ic
o 

an
d 

C
ol

om
bi

a,
 w

ith
 h

ig
hl

y 
un

eq
ua

l 
in

co
m

e 
di

st
ri

bu
ti

on
s,

 h
av

e 
fo

un
d 

th
ei

r 
bi

rt
h 

ra
te

s 
pl

um
m

et
in

g 
in

 r
ec

en
t 

ye
ar

s.
 

O
ne

 k
ey

 t
o 

ch
an

ge
s 

in
 f

er
til

ity
 l

ev
el

s 
m

ay
 

be
 

th
e 

ec
on

om
ic

 
co

st
s 

an
d 

be
ne

fi
ts

 
fr

om
 

ch
ild

re
n.

 I
n 

pe
as

an
t 

so
ci

et
ie

s,
 w

he
re

 c
hi

ld
re

n 
ar

e 
af

fo
rd

ed
 f

ew
 

am
en

iti
es

 a
nd

 s
ta

rt
 w

or
k 

yo
un

g,
 

th
ey

 
m

ay
 

be
co

m
e 

ec
on

om
ic

 
as

se
ts

 
ea

rl
y:

 A
re

ce
nt

 s
tu

dy
 i

n 
B

an
gl

ad
es

h 
by

 M
ea

d 
C

ai
n 

of
 t

he
 P

op
ul

at
io

n 
C

ou
nc

il 
pu

t 
th

e 
ag

e 
fo

r 
bo

ys
 

at
 

12
. 

F
ur

th
er

m
or

e,
 

ch
il

dr
en

 (
or

 
m

or
e 

pr
ec

is
el

y,
 s

on
s)

 m
ay

 a
ls

o 
se

rv
e 

as
 s

oc
ia

l 
se

cu
ri

ty
 a

nd
 u

ne
m

pl
oy

m
en

t 
in

su
ra

nc
e 

w
he

n 
pa

re
nt

s 
be

co
m

e 
to

o 
ol

d 
an

d 
w

ea
k 

to
 w

or
k,

 o
r 

w
he

n 
w

or
k 

is
 u

na
va

ila
bl

e.
 W

he
re

 b
ir

th
 r

at
es

 
in

 p
oo

r 
co

un
tf

ie
s 

ar
e 

dr
op

pi
ng

, 
so

ci
al

 a
nd

 
ec

on
om

ic
 

de
ve

lo
pm

en
t 

m
ay

 
be

 
m

ak
in

g 
ch

il
dr

en
 l

es
s 

ne
ce

ss
ar

y 
as

 s
ou

rc
es

 o
f 

in
co

m
e 

an
d 

se
cu

ri
ty

, b
ut

 s
o 

li
tt

le
 w

or
k 

ha
s 

be
en

 d
on

e 
in

 t
hi

s 
ar

ea
 t

ha
t 

th
is

 i
s 

st
ill

 j
us

t 
a 

re
as

on
ab

le
 

sp
ec

ul
at

io
n.

 
So

m
e 

of
 t

he
 

m
an

y 
ot

he
r 

fa
ct

or
s 

w
ho

se
 

ef
fe

ct
s 

on
 

fe
rt

ili
ty

 
ha

ve
 

be
en

 
st

ud
ie

d 
ar

e 
ur

ba
ni

za
ti

on
, 

ed
uc

at
io

n,
 o

cc
up

at
io

na
l 

st
ru

c-



tu
re

, 
pu

bl
ic

 h
ea

lt
h 

an
d 

th
e 

st
at

us
 o

f 
w

om
en

. 
O

ne
 a

re
a 

w
hi

ch
 p

op
ul

at
io

n 
ex

pe
rt

s 
se

em
 t

o 
ha

ve
 s

hi
ed

 a
w

ay
 f

ro
m

, 
ho

w
ev

er
, 

is
 t

he
 n

on
­

qu
an

ti
fi

ab
le

 r
ea

lm
 o

f 
at

ti
tu

de
s,

 b
el

ie
fs

 a
nd

 
va

lu
es

 w
hi

ch
 m

ay
 h

av
e 

ha
d 

m
uc

h 
to

 d
o 

w
ith

 
th

e 
re

ce
nt

 
ch

an
ge

s 
in

 
th

e 
de

ci
si

on
s 

of
 

hu
nd

re
ds

 o
f 

m
ill

io
ns

 o
f 

co
up

le
s.

 C
ul

tu
ra

l 
di

f­
fe

re
nc

es
, 

et
hn

ic
 c

on
fl

ic
ts

, p
sy

ch
ol

og
ic

al
, i

de
o­

lo
gi

ca
l 

an
d 

ev
en

 
po

lit
ic

al
 

ch
an

ge
s 

co
ul

d 
cl

ea
rl

y 
ha

ve
 

ef
fe

ct
s 

on
 

fe
rt

ili
ty

. 
A

s 
M

ar
is

 
V

on
ov

sk
is

 o
f 

th
e 

H
ou

se
 S

el
ec

t C
om

m
itt

ee
 o

n 
P

op
ul

at
io

n 
ha

s 
sa

id
, 

ju
st

 b
ec

au
se

 y
ou

 c
an

't 
m

ea
su

re
 s

om
et

hi
ng

 d
oe

sn
't 

m
ea

n 
it

 i
sn

't 
im

­
po

rt
an

t. 
W

ha
t 

do
es

 t
he

 d
ec

lin
e 

in
 f

er
til

ity
 m

ea
n 

ab
ou

t 
fu

tu
re

 l
ev

el
s 

of
 p

op
ul

at
io

n?
 O

bv
io

us
ly

, 
if

 th
e 

dr
op

 c
on

tin
ue

s,
 p

op
ul

at
io

n 
gr

ow
th

 w
ill

 
be

 s
lo

w
er

 
th

an
 p

re
vi

ou
sl

y 
an

ti
ci

pa
te

d,
 

an
d 

w
or

ld
 p

op
ul

at
io

n 
w

ill
 e

ve
nt

ua
lly

 s
ta

bi
liz

e 
at

 
a 

lo
w

er
 I

ev
el

. 
O

nl
y 

fiv
e 

ye
ar

s 
ag

o 
th

e 
U

ni
te

d 
N

at
io

ns
 

"m
ed

iu
m

 
va

ri
an

t"
 

pr
oj

ec
ti

on
 

fo
r 

w
or

ld
 p

op
ul

at
io

n 
in

 t
he

 y
ea

r 
20

00
 w

as
 6

.5
 

bi
lli

on
; 

la
st

 
ye

ar
 

th
is

 
w

as
 

dr
op

pe
d 

m
or

e 
th

an
 2

00
 m

ill
io

n,
 a

nd
 r

ec
en

t 
w

or
k 

by
 G

ar
y 

L
it

tm
an

 a
nd

 N
at

ha
n 

K
ey

fi
tz

 a
t 

th
e 

H
ar

va
rd

 
C

en
te

r 
fo

r 
P

op
ul

at
io

n 
St

ud
ie

s 
sh

ow
s 

th
at

 i
n 

th
e 

lig
ht

 o
f 

re
ce

nt
 c

ha
ng

es
, 

on
e 

m
ig

ht
 e

as
ily

 
dr

op
 i

t 
40

0 
m

ill
io

n 
m

or
e.

 
P

op
ul

at
io

n 
pr

oj
ec

tio
ns

, 
ho

w
ev

er
, 

ar
e 

a 
ve

ry
 t

ri
ck

y 
bu

si
ne

ss
. 

T
o 

be
gi

n 
w

ith
, 

th
e 

fig
­

ur
es

 
fo

r 
to

da
y'

s 
po

pu
la

ti
on

, 
up

on
 

w
hi

ch
 

to
m

or
ro

w
's

 p
ro

je
ct

io
ns

 m
us

t 
be

 b
as

ed
, 

co
n­

ta
in

 !
ar

ge
 

m
ar

gi
ns

 
of

 
er

ro
r.

 
F

or
 e

xa
m

pl
e,

 
es

tim
at

es
 f

or
 C

hi
na

's
 p

op
ul

at
io

n 
ru

n 
fr

om
 

75
0 

m
ill

io
n 

to
 

ov
er

 
95

0 
m

ill
io

n.
 

B
y 

th
e 

ac
co

un
t 

of
 J

oh
n 

D
ur

an
d 

of
 t

he
 U

ni
ve

rs
it

y 
of

 
Pe

nn
sy

lv
an

ia
, 

th
e 

m
ar

gi
ns

 o
f 

er
ro

r 
fo

r 
w

or
ld

 
po

pu
la

ti
on

 
ad

d 
up

 
to

 
ov

er
 

20
0 

m
ill

io
n;

 
hi

st
or

ia
n 

F
em

an
d 

B
ra

ud
ei

 p
ut

s 
th

e 
m

ar
gi

n 
of

 
er

ro
r 

at
 

10
 

pe
rc

en
t, 

w
hi

ch
, 

gi
ve

n 
th

e 
w

or
ld

's
 

ap
pr

ox
im

at
e 

pr
es

en
t 

po
pu

la
ti

on
, 

m
ea

ns
 a

bo
ut

 4
00

 m
ill

io
n 

pe
op

le
. 

P
op

ul
at

io
n 

pr
oj

ec
ti

on
s 

in
sp

ir
e 

ev
en

 
le

ss
 

co
nf

id
en

ce
 

th
an

 
po

pu
la

ti
on

 
es

tim
at

es
, 

fo
r 

th
ey

 
hi

ng
e 

on
 

pr
ed

ic
ti

ng
 

bi
rt

h 
an

d 
de

at
h 

ra
te

s 
fo

r 
th

e 
fu

tu
re

. 
T

he
se

 c
an

 c
ha

ng
e 

ra
pi

dl
y 

an
d 

un
ex

pe
ct

ed
ly

: 
tw

o 
ex

tr
em

e 
ex

am
pl

es
 a

re
 

Sr
i 

L
an

ka
's

 3
4 

pe
rc

en
t 

dr
op

 i
n 

th
e 

de
at

h 
ra

te
 

in
 j

us
t 

tw
o 

ye
ar

s,
 

an
d 

Ja
pa

n'
s 

50
 

pe
rc

en
t 

dr
op

 
in

 
th

e 
bi

rt
h 

ra
te

 
in

 
10

. 
"M

ed
iu

m
 

va
ri

an
t"

 U
.N

. 
pr

oj
ec

ti
on

s 
co

m
pu

te
d 

ju
st

 1
7 

ye
ar

s 
be

fo
re

 
19

75
 

ov
er

es
tim

at
e 

R
us

si
a'

s 
po

pu
la

ti
on

 b
y 

10
 t

o 
20

 m
ill

io
n,

 a
nd

 u
nd

er
­

es
ti

m
at

e 
In

di
a'

s 
by

 5
0 

m
ill

io
n.

 E
ve

n 
pr

oj
ec

­
tio

ns
 

fo
r 

th
e 

U
ni

te
d 

St
at

es
 

do
ne

 
in

 
19

66
 

ov
er

es
tim

at
e 

its
 p

op
ul

at
io

n 
on

ly
 n

in
e 

ye
ar

s 
la

te
r 

by
 o

ve
r 

10
 m

ill
io

n.
 E

no
rm

ou
s 

as
 t

ha
t 

ga
p 

m
ay

 s
ou

nd
, 

it
 s

ee
m

s 
qu

ite
 s

m
al

l 
ne

xt
 t

o 
th

os
e 

of
 t

he
 1

93
0'

s 
es

tim
at

es
 w

hi
ch

 e
xt

ra
po

­
la

te
d 

lo
w

 D
ep

re
ss

io
n 

er
a 

bi
rt

h 
ra

te
s 

in
to

 a
n 

A
m

er
ic

an
 p

op
ul

at
io

n 
pe

ak
in

g 
at

 1
70

 m
ill

io
n 

in
 t

he
 l

at
e 

19
70

's 
(t

he
 p

op
ul

at
io

n 
no

w
 i

so
ve

r 

N
ic

k 
E

be
rs

ta
dt

 i
s 

an
 a

ff
il

ia
te

 o
f t

he
 H

ar
va

rd
 C

en
te

r 
fo

r 
P

op
ul

at
io

n 
St

ud
ie

s.
 

22
0 

m
ill

io
n)

, 
an

d 
th

en
 d

ec
lin

in
g!

 
C

ou
ld

 b
ir

th
 r

at
es

 i
n

 t
he

 l
es

s 
de

ve
lo

pe
d 

w
or

ld
, 

w
hi

ch
 n

ow
 a

pp
ea

r 
to

 b
e 

de
cl

in
in

g 
at

 
an

 a
cc

el
er

at
in

g 
pa

ce
, 

su
dd

en
ly

 s
ta

bi
liz

e,
 o

r 
ev

en
 r

is
e 

ag
ai

n?
 T

hi
s 

co
ul

d 
th

eo
re

tic
al

ly
 h

ap
­

pe
n.

 H
er

e 
ar

e 
fo

ur
 o

f 
th

e 
m

an
y 

re
as

on
s:

 
I)

 
T

he
 m

an
y 

co
un

tr
ie

s 
w

he
re

 f
er

til
ity

 h
as

 a
s 

ye
t 

be
en

 u
na

ff
ec

te
d 

by
 t

he
 d

ec
lin

e 
m

ig
ht

 s
im

pl
y 

co
nt

in
ue

 t
o 

be
 u

na
ff

ec
te

d 
fa

r 
in

to
 t

he
 f

ut
ur

e.
 

2)
 S

in
ce

 s
te

ri
lit

y 
an

d 
in

fe
rt

il
it

y 
ar

e 
w

id
es

pr
ea

d 
in

 m
an

y 
of

 t
he

 p
oo

re
st

 a
nd

 m
os

t 
di

se
as

e-
ri

d­
de

n 
ar

ea
s 

of
 

th
e 

w
or

ld
, 

im
pr

ov
em

en
ts

 
in

 
he

al
th

 a
nd

 n
ut

ri
ti

on
 t

he
re

 c
ou

ld
 r

ai
se

 b
ir

th
 

ra
te

s.
 

3)
 T

he
 G

an
dh

i 
re

gi
m

e'
s 

co
ld

-h
ea

rt
ed

 
an

d 
ar

bi
tr

ar
y 

m
as

s 
st

er
ili

za
tio

n 
re

gi
m

en
 m

ay
 

ha
ve

 h
ar

de
ne

d 
th

at
 s

ix
th

 o
f 

th
e 

w
or

ld
 a

ga
in

st
 

fu
tu

re
 f

am
ily

 I
im

it
at

io
n 

m
es

sa
ge

s.
 4

) 
If

 J
oh

n 
A

ir
d 

of
 t

he
 D

ep
ar

tm
en

t 
of

 C
om

m
er

ce
 a

nd
 

ot
he

rs
 a

re
 c

or
re

ct
 t

ha
t 

C
hi

na
's

 t
ec

hn
iq

ue
s 

of
 

po
li

ti
ca

l 
m

ob
ili

za
tio

n 
an

d 
so

ci
al

 p
er

su
as

io
n 

ha
ve

 i
nd

uc
ed

 
m

an
y 

pa
re

nt
s 

to
 

ha
ve

 
fe

w
er

 
ch

il
dr

en
 t

ha
n 

th
ey

 a
ct

ua
lly

 w
an

t, 
a 

re
la

xa
ti

on
 

of
 

th
es

e 
ru

le
s 

fo
r 

w
ha

te
ve

r 
re

as
on

s 
m

ig
ht

 
m

ak
e 

th
e 

bi
rt

h 
ra

te
 

of
 C

hi
na

's
 

en
or

m
ou

s 
po

pu
la

ti
on

 r
is

e.
 

O
ne

 o
f 

th
e 

on
ly

 l
on

g-
te

rm
 

ru
le

s 
ab

ou
t 

po
pu

la
ti

on
 p

ro
je

ct
io

ns
 w

hi
ch

 h
as

 
he

ld
 u

p 
is

 t
ha

t 
w

ith
in

 t
he

ir
 l

im
its

 o
f 

ac
cu

ra
cy

 
(a

bo
ut

 f
iv

e 
ye

ar
s 

in
 t

he
 f

ut
ur

e)
 t

he
y 

ca
n 

te
ll 

no
th

in
g 

in
te

re
st

in
g,

 a
nd

 w
he

n 
th

ey
 s

ta
rt

 g
iv

­
in

g 
in

te
re

st
in

g 
re

su
lts

, 
th

ey
 

ar
e 

no
 

Io
ng

er
 

ac
cu

ra
te

. 



1.5 Population models 

References 
1. Gause, G. F., The Struggle for Existence, Dover Publications, New York, 1964. 
2. Pearl and Reed, Proceedings of the National Academy of Sciences, 1920, p. 275. 

EXERCISES 

1. Prove that (a- bp0)j(a- bp(t)) is positive for t0 < t < oo. Hint: Use Equation (2) 
to show thatp(t) can never equal ajb ifp0 =!=a/b. 

2. (a) Choose 3 times t0, t 1, and t2, with t 1 - t0 = t2 - t 1• Show that (3) determines a 
and b uniquely in terms of t0,p(t0), t1,p(t1), t2, andp(t2). 

(b) Show that the period of accelerated growth for the United States ended in 
April, 1913. 

(c) Let a populationp(t) grow according to the logistic law (3), and let t be the 
time at which half the limiting population is achieved. Show that 

a/b p ( t) = _ _____:___ __ 
I+ e-a(r-1) 

3. In 1879 and 1881 a number of yearling hass were seined in New Jersey, taken 
across the continent in tanks by train, and planted in San Francisco Bay. A total 
of only 435 Striped Bass survived the rigors of these two trips. Yet, in 1899, the 
commercial net catch alone was 1,234,000 pounds. Since the growth of this 
population was so fast, it is reasonable to assume that it obeyed the Malthusian 
law dp / dt = ap. Assuming that the average weight of a hass fish is three pounds, 
and that in 1899 every tenth hass fish was caught, find a lower bound for a. 

4. Suppose that a population doubles its original size in 100 years, and triples it in 
200 years. Show that this population cannot satisfy the Malthusian law of 
population growth. 

5. Assurne that p ( t) satisfies the Malthusian law of population growth. Show that 
the increases in p in successive time intervals of equal duration form the terms of 
a geometric progression. This is the source of Thomas Malthus' famous dieturn 
"Population wh.en unchecked increases in a geometrical ratio. Subsistence 
increases only in an arithmetic ratio. A slight acquaintance with numbers will 
show the immensity of the firstpower in comparison of the second." 

6. A population grows according to the 1ogistic 1aw, with a 1imiting population of 
5 X 108 individuals. When the population is low it doubles every 40 minutes. 
What will the population be after two hours if initially it is (a) 108, (b) 109? 

7. A family of salmon fish living off the Alaskan Coast obeys the Malthusian law 
of population growth dp(t)/ dt = 0.003p(t), where t is measured in minutes. At 
time t = 0 a group of sharks establishes residence in these waters and begins 
attacking the salmon. The rate at which salmon are killed by the sharks is 
0.001p 2(t), where p(t) is the population of salmon at timet. Moreover, since an 
undesirable element has moved into their neighborhood, 0.002 salmon per 
minute leave the Alaskan waters. 
(a) Modify the Malthusian law of population growth to take these two factors 

into account. 
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First-order differential equations 

(b) Assurne that at time t=O there are one million salmon. Find the popu1ation 
p(t). What happens as t~oo? 

(c) Show that the above mode1 is rea11y absurd. Hint: Show, according to this 
model, that the salmon population decreases from one rnillion to about one 
thousand in one rninute. 

8. The population of New York City wou1d satisfy the logistic law 

dp 1 1 2 

dt = 25 p- (25)1<f p' 

where t is measured in years, if we neglected the high emigration and homicide 
rates. 
(a) Modify this equation to take into account the fact that 9,000 people per year 

move from the city, and 1,000 people per year are murdered. 
(b) Assurne that the popu1ation of New York City was 8,000,000 in 1970. Find 

the popu1ation for all future time. What happens as t~oo? 

9. An initial population of 50,000 inhabits a rnicrocosm with a carrying capacity of 
100,000. After five years, the popu1ation has increased to 60,000. Show that the 
natural growth rate a for this popu1ation is (l/5)1n3j2. 

10. W e can mode1 a population which becomes susceptible to epidemics in the 
following manner. Assurne that our popu1ation is originally governed by the lo­
gistic law 

38 

dp 2 
-=ap-bp 
dt 

(i) 

and that an epidemic strikes as soon as p reaches a certain value Q, with Q less 
than the limiting population a I b. At this stage the vital coefficients become 
A < a, B < b, and Equation (i) is replaced by 

dp 2 
dt =Ap-Bp. (ii) 

Suppose that Q >AI B. The population then starts decreasing. A point is 
reached when the population falls below a certain value q > A / B. At this mo­
ment the epidemic ceases and the popu1ation again begins to grow following 

Equation (i), unti1 the incidence of a fresh epidemic. In this way there are peri­
odic fluctuations of p between q and Q. We now indicate how to calculate the 
period T of these fluctuations. 
(a) Show that the time; T1 taken by the first part of the cycle, when p increases 

from q to Q is given by 

1 Q(a-bq) 
T1= -1n ( Q). a q a-b 

(b) Show that the time T2 taken by the second part of the cycle, when p de­
creases from Q to q is given by 

1 q(QB-A) 
T2 = -A 1n ( ) . Q qB-A 

Thus, the time for the entire cycle is T1 + T2• 
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11. lt has been observed that plagues appear in mice populations whenever the 
population becomes too !arge. Further, a local increase of density attracts preda­
tors in !arge numbcrs. These two factors will succeed in destroying 97-98% of a 
population of small rodents in two or three weeks, and the density then falls to a 
Ievel at which the disease cannot spread. The population, reduced to 2% of its 
maximum, finds its refuges from the predators sufficient, and its food abundant. 
The population therefore begins to grow agairr until it reaches a Ievel favorable 
to another wave of disease and predation. Now, the speed of reproduction in 
mice is so great that we may set b = 0 in Equation (i) of Exercise 7. In the second 
part of the cycle, on the contrary, A is very small in comparison with B, and it 
may be neglected therefore in Equation (ii). 
(a) Under these assumptions, show that 

l Q Q-q 
T1=-ln- and T2=--. 

a q qQB 

(b) Assuming that T1 is approximately four years, and Q/ q is approximately 
fifty, show that a is approximately one. This value of a, incidentally, corre­
sponds very well with the rate of multiplication of mice in natural circums­
tances. 

12. There are many important classes of organisms whose birth rate is not propor­
tional to the population size. Suppose, for example, that each member of the 
population requires a partner for reproduction, and that each member relies on 
chance encounters for meeting a mate. If the expected number of encounters is 
proportional to the product of the numbers of males and females, and if these 
are equally distributed in the population, then the number of encounters, and 
hence the birthrate too, is proportional to p 2• The death rate is still proportional 
top. Consequently, the population size p(t) satisfies the differential equation 

dp- 2 
dt - bp - ap, a,b >0. 

Show that p(t) approaches 0 as t-HX:J if Po< a / b. Thus, once the population size 
drops below the critical size aj b, the population tends to extinction. Thus, a 
species is classified endaugered if its current size is perilously close to its critical 
size. 

1.6 The spread of technological innovations 

Economists and sociologists have long been concerned with how a techno­
logical change, or innovation, spreads in an industry. Once an innovation 
is introduced by one firm, how soon do others in the industry come to 
adopt it, and what factors determine how rapidly they follow? In this sec­
tion we construct a model of the spread of innovations among farmers, 
and then show that this same model also describes the spread of innova­
tions in such diverse industries as bituminous coal, iron and steel, brewing, 
and railroads. 

Assurne that a new innovation is introduced into a fixed community of 
N farmers at time t=O. Letp(t) denote the number of farmers who have 
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I First-order differential equations 

adopted at time t. As in the previous section, we make the approximation 
thatp(t) is a continuous function of time, even though it obviously changes 
by integer amounts. The simplest realistic assumption that we can make 
concerning the spread of this innovation is that a farmer adopts the in­
novation only after he has been told of it by a farmer who has already 
adopted. Then, the number of farmers l::ip who adopt the innovation in a 
small time interval l::it is directly proportional to the number of farmers p 
who have already adopted, and the number of farmers N-p who are as 
yet unaware. Hence, l::ip = cp(N- p)l::it or l::ip / l::it = cp(N- p) for some posi­
tive constant c. Letting l::it~O, we obtain the differential equation 

dp 
dt = cp(N- p). (1) 

This is the logistic equation of the previous section if we set a = cN, b = c. 
Assuming that p (0) = 1; i.e., one farmer has adopted the innovation at time 
t = 0, we see that p ( t) satisfies the initial-value problern 

dp 
dt =cp(N-p), p(O)=l. (2) 

The solution of (2) is 

NecNt 
p{t)= N 1 cNt (3) - +e 

which is a logistic function (see Section 1.5). Hence, our model predicts 
that the adoption process accelerates up to that point at which half the 
community is aware of the innovation. After this point, the adoption pro­
cess begins to decelerate until it eventually reaches zero. 

Let us compare the predictions of our model with data on the spread of 
two innovations through American farming communities in the middle 
1950's. Figure 1 represents the cumulative number of farmers in Iowa 
during 1944-1955 who adopted 2,4-D weed spray, and Figure 2 represents 
the cumulative percentage of corn acreage in hybrid corn in three Ameri­
can states during the years 1934-1958. The circles in these figures are the 
actual measurements, and the graphs were obtained by connecting these 
measurements with straight lines. As can be seen, these curves have all the 
properties of logistic curves, and on the whole, offer very good agreement 
with our model. However, there are two discrepancies. First, the actual 
point at which the adoption process ceases to aceeierate is not always when 
fifty per cent of the population has adopted the innovation. As can be seen 
from Figure 2, the adoption process for hybrid corn began to decelerate in 
Alabama only after nearly sixty per cent of the farmers had adopted the 
innovation. Second, the agreement with our model is much better in the 
later stages of the adoption process than in the earlier stages. 

The source of the second discrepancy is our assumption that a farmer 
only learns of an innovation through contact with another farmer. This is 
not entirely true. Studies have shown that mass communication media such 
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1 First-order differential equations 

as radio, television, newspapers and farmers' magazines play a !arge role in 
the early stages of the adoption process. Therefore, we must add a term to 
the differential equation (1) to take this into account. To compute this 
term, we assume that the number of farmers !lp who learn of the innova­
tion through the mass communication media in a short period of time !lt is 
proportional to the number of farmers who do not yet know; i.e., 

!lp = c'(N-p )!lt 

for some positive constant c'. Letting !lt~O, we see that c'(N-p) farmers, 
per unit time, learn of the innovation through the mass communication 
media. Thus, if p(O)=O, thenp(t) satisfies the initial-value problern 

dp 
dt =cp(N-p)+c'(N-p), p(O)=O. (4) 

The solution of ( 4) is 
Ne'[ e(c'+cN)t_l] 

p(t)= cN+c'e(c'+cN)t, (5) 

and in Exercises 2 and 3 we indicate how to determine the shape of the 
curve (5). 

The corrected curve (5) now gives remarkably good agreement with Fig­
ures 1 and 2, for suitable choices of c and c'. However, (see Exercise 3c) it 
still doesn't explain why the adoption of hybrid corn in Alabama only be­
gan to decelerate after sixty per cent of the farmers had adopted the in­
novation. This indicates, of course, that other factors, such as the time in­
terval that elapses between when a farmer first learns of an innovation and 
when he actually adopts it, may play an important role in the adoption 
process, and must be taken into account in any model. 

We would now like to show that the differential equation 

dp / dt = cp (N-p) 

also governs the rate at which firms in such diverse industries as bi­
tuminous coal, iron and steel, brewing, and railroads adopted several 
major innovations in the first part of this century. This is rather surprising, 
since we would expect that the number of firms adopting an innovation in 
one of these industries certainly depends on the profitability of the innova­
tion and the investment required to implement it, and we haven't men­
tioned these factors in deriving Equation (1). However, as we shall see 
shortly, these two factors are incorporated in the constant c. 

Let n be the total number of firms in a particular industry who have 
adopted an innovation at time t. lt is clear that the number of firms !lp 
who adopt the innovation in a short time interval !lt is proportional to the 
number of firms n-p who have not yet adopted; i.e., !lp ='A.(n-p)!lt. Let­
ting !lt ~o. we see that 

dp 
dt ='A.(n-p). 

42 



1.6 The spread of technological innovations 

The proportionality factor A. depends on the profitability '1T of installing this 
innovation relative to that of alternative investments, the investment s re­
quired to instaU this innovation as a percentage of the total assets of the 
firm, and the percentage of firms who have already adopted. Thus, 

A.=j(?T,s,pjn). 

Expanding f in a Taylor series, and dropping terms of degree more than 
two, gives 

\ p 2 2 l\=a 1+a2?T+a3s+a4 -+a5?T +a6s +a1?Ts 
n 

+as'IT( :)+a9s( :)+aw( :t 
In the late 1950's, Edwin Mansfield of Carnegie Mellon University in­
vestigated the spread of twelve innovations in four major industries. From 
his exhaustive studies, Mansfield concluded that a 10 = 0 and 

a 1 + a2'1T + a3s + a5?T 2 + a6s2 + a1?Ts = 0. 

Thus, setting 
(6) 

we see that 
dp p 
-=k-(n-p). 
dt n 

(This is the equation obtained previously for the spread of innovations 
among farmers, if we set kjn=c.) We assume that the innovation is first 
adopted by one firm in the year t0• Then, p ( t) satisfies the initial-value 
problern 

dp k 
- =- p(n-p), 
dt n 

p(t0 )=I (7) 

and this implies that 

p(t)= n 
1 +(n-l)e-k(r-ro). 

Mansfield studied how rapidly the use of twelve innovations spread 
from enterprise to enterprise in four major industries-bituminous coal, 
iron and steel, brewing, and railroads. The innovations are the shuttle car, 
trackless mobile loader, and continuous mining machine (in bituminous 
coal); the by-product coke oven, continuous wide strip mill, and continu­
ous annealing line for tin plate (in iron and steel); the pallet-loading 
machine, tin container, and high speed bottle fillcr (in brewing); and the 
diesei locomotive, centralized traffic control, and car retarders (in rail­
roads). His results are described graphically in Figure 3. For all but the 
by-product coke oven and tin container, the percentages given are for ev­
ery two years from the year of initial introduction. The length of the inter­
val for the by-product coke oven is about six years, and for the tin con­
tainer, it is six months. Notice how all these curves have the general ap­
pearance of a logistic curve. 
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Figure 3. Growth in the percentage of major firms that introduced twelve in­
novations; bituminous coal, iron and steel, brewing, and railroad industries, 
1890--1958; (a) By-product coke oven (CO), diesei locomotive (DL), tin container 
(TC), and shuttle car (SC); (b) Car retarder (CR), trackless mobile loader (ML), 
continuous mining machine (CM), and pallet-loading machine (PL); (c) Continu­
ous wide-strip mill (SM), centralized traffic control (CTC), continuous annealing 
(CA), and highspeed bottle filler (BF). 



1.6 The spread of techno1ogical innovations 

Table 1. 

Innovation n to a4 Gg a9 'TT s 

Diese11ocomotive 25 1925 -0.59 0.530 -0.027 1.59 0.015 
Centra1ized traffic 

contro1 24 1926 -0.59 0.530 -0.027 1.48 0.024 
Car retarders 25 1924 -0.59 0.530 -0.027 1.25 0.785 

Continuous wide 
strip mill 12 1924 -0.52 0.530 -0.027 1.87 4.908 

By-product coke 
oven 12 1894 -0.52 0.530 -0.027 1.47 2.083 

Continuous annealing 9 1936 -0.52 0.530 -0.027 1.25 0.554 

Shuttle car 15 1937 -0.57 0.530 -0.027 1.74 0.013 
Trackless mobile 

loader 15 1934 -0.57 0.530 --'0.027 1.65 0.019 
Continuous mining 

machine 17 1947 -0.57 0.530 -0.027 2.00 0.301 

Tin container 22 1935 -0.29 0.530 -0.027 5.07 0.267 
High speed bottle 

filler 16 1951 -0.29 0.530 -0.027 1.20 0.575 
Pallet-loading 

machirre 19 1948 -0.29 0.530 -0.027 1.67 0.115 

Foramore detailed comparison of the predictions of our model (7) with 
these observed results, we must evaluate the constants n, k, and t0 for each 
of the twelve innovations. Table 1 gives the value of n, t0, a4, a5, a9, w, and 
s for each of the twelve innovations; the constant k can then be computed 
from Equation (6). As the answers to Exercises 5 and 6 will indicate, our 
model (7) predicts with reasonable accuracy the rate of adoption of these 
twelve innovations. 

Reference 
Mansfield, E., "Technical change and the rate of imitation," Econometrica, Vol. 29, 

No. 4, Oct. 1961. 

EXERCISES 

1. Solve the initial-value problern (2). 

2. Let c=O in (5). Show thatp(t) increases monotonically from 0 to N, and has no 
points of inflection. 

3. Here is a heuristic argument to determine the behavior of the curve (5). If c' = 0, 
then we have a logistic curve, and if c = 0, then we have the behavior described 
in Exercise 2. Thus, if c is !arge relative to c', then we have a logistic curve, and 
if c is small relative to c' then we have the behavior illustrated in Exercise 2. 
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I First-order differential equations 

(a) Letp(t) satisfy (4). Show that 

d2p 
dt2 =(N-p)(cp+c')(cN-2cp-c'). 

(b) Show that p ( t) has a point of inflection, at which dp I dt achieves a maxi­
mum, if, and only if, c' I c < N. 

(c) Assurne that p(t) has a point of inflection at t= t*. Show that p(t*),;;;; N 12. 

4. Solve the initial-value problern (7). 

5. lt seems reasonable to take the time span between the date when 20% of the 
firms had introduced the innovation and the date when 80% of the firms had in­
troduced the innovation, as the rate of imitation. 
(a) Show from our model that this time span is 4(ln2)1 k. 
(b) Foreach of the twelve innovations, compute this time span from the data in 

Table 1, and compare with the observed value in Figure 3. 

6. (a) Show from our modelthat (llk)ln(n-1) years elapse before 50% of the 
firms introduce an innovation. 

(b) Compute this time span for each of the 12 innovations and compare with the 
observed values in Figure 3. 

1. 7 An atomic waste disposal problern 

For several years the Atomic Energy Commission (now known as the 
Nuclear Regulatory Commission) had disposed of concentrated radioac­
tive waste material by placing it in tightly sealed drums which were then 
dumped at sea in fifty fathoms (300 feet) of water. When concerned ecolo­
gists and scientists questioned this practice, they were assured by the 
A.E.C. that the drums would never develop leaks. Exhaustive tests on the 
drums proved the A.E.C. right. However, several engineers then raised the 
question of whether the drums could crack from the impact of hitting the 
ocean floor. "Never," said the A.E.C. "We'll see about that," said the en­
gineers. After performing numerous experiments, the engineers found that 
the drums could crack on impact if their velocity exceeded forty feet per 
second. The problern before us, therefore, is to compute the velocity of the 
drums upon impact with the ocean floor. Tothis end, we digress briefly to 
study elementary Newtonian mechanics. 

Newtonian mechanics is the study of Newton's famous laws of motion 
and their consequences. Newton's first law of motion states that an object 
will remain at rest, or move with constant velocity, if no force is acting on 
it. A force should be thought of as a push or pull. This push or pull can be 
exerted directly by something in contact with the object, or it can be ex­
erted indirectly, as the earth's pull of gravity is. 

Newton's second law of motion is concerned with describing the motion 
of an object which is acted upon by several forces. Let y(t) denote the 
position of the center of gravity of the object. (We assume that the object 
moves in only one direction.) Those forces acting on the object, which tend 
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to increase y, are considered positive, while those forces tending to de­
crease y are considered negative. The resultant force F acting on an object 
is defined to be the sum of all positive forces minus the sum of all negative 
forces. Newton's second law of motion states that the acceleration d 2y / dt2 

of an object is proportional to the resultant force F acting on it; i.e., 

d 2y I 
-=-F 
dt2 m . (I) 

The constant m is the mass of the object. It is related to the weight W of 
the object by the relation W = mg, where g is the acceleration of gravity. 
Unless otherwise stated, we assume that the weight of an object and the ac­
celeration of gravity are constant. We will also adopt the English system of 
units, so that t is measured in seconds, y is measured in feet, and F is 
measured in pounds. The units of m are then slugs, and the gravitational 
acceleration g equals 32.2 ftjs2. 

Remark. We would prefer to use the mks system of units, where y is 
measured in meters and F is measured in newtons. The units of m are then 
kilograms, and the gravitational acceleration equals 9.8 mjs 2• In the third 
edition of this text, we have changed from the English system of units to the 
mks system in Section 2.6. However, changing to the mks system in this 
section would have caused undue confusion to the users of the first and 
second editions. This is because of the truncation error involved in convert­
ing from feet · to meters and pounds to newtons. 

We return now to our atomic waste disposal problem. As a drum de­
scends through the water, it is acted upon by three forces W, B, and D. 
The force W is the weight of the drum pulling it down, and in magnitude, 
W = 527.436 lb. The force B is the buoyancy force of the water acting on 
the drum. This force pushes the drum up, and its magnitude is the weight 
of the water displaced by the drum. Now, the Atomic Energy Commission 
used 55 gallon drums, whose volume is 7.35 ft 3. The weight of one cubic 
foot of salt water is 63.99 lb. Hence B = (63.99)(7.35) = 470.327 lb. 

The force D is the drag force of the water acting on the drum; it resists 
the motion of the drum through the water. Experiments have shown that 
any medium such as water, oil, and air resists the motion of an object 
through it. This resisting force acts in the direction opposite the motion, 
and is usually directly proportional to the velocity V of the object. Thus, 
D = c V, for some positive constant c. Notice that the drag force increases 
as V increases, and decreases as V decreases. To calculate D, the engineers 
conducted numerous towing experiments. They concluded that the orienta­
tion of the drum had little effect on the drag force, and that 

D =0.08 V (lb;t(s). 
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Now, sety=O at sea Ievel, and Iet the direction of increasingy be down­
wards. Then, W is a positive force, and B and D are negative forces. Con­
sequently, from (1), 

d 2y l g 
- = -(W-B-cV)= -(W-B-cV). 
dt2 m W 

We can rewrite this equation as a first-order linear differential equation for 
V= dy / dt; i.e., 

(2) 

Initially, when the drum is released in the ocean, its velocity is zero. Thus, 
V ( t), the velocity of the drum, satisfies the initial-value problern 

dV + cg V= _!_(W-B) V(O)=O, (3) 
dt w w ' 

and this implies that 

V(t)= W-B[l-e(-cg/W)t]. 
c 

(4) 

Equation (4) expresses the velocity of the drum as a function of time. 
In order to determine the impact velocity of the drum, we must compute 
the time t at which the drum hits the ocean floor. Unfortunately, though, it 
is impossible to find t as an explicit function of y (see Exercise 2). There­
fore, we cannot use Equation (4) to find the velocity of the drum when it 
hits the ocean floor. However, the A.E.C. can use this equation to try and 
prove that the drums do not crack on impact. To wit, observe from (4) that 
V ( t) is a monotonic increasing function of time which approaches the 
limiting value 

W-B 
V=--r c 

as t approaches infinity. The quantity Vr is called the terminal velocity of 
the drum. Clearly, V(t) < Vr, so that the velocity of the drum when it hits 
the ocean floor is certainly less than (W-B)jc. Now, if this terminal 
velocity is less than 40 ft/s, then the drums could not possibly break on 
impact. However, 

W; B = 527.43~~:70.327 = 713 _86 ft/s, 

and this is way too large. 
1t should be clear now that the only way we can resolve the dispute be­

tween the A.E.C. and the engineers is to find v(y), the velocity of the drum 
as a function of position. The function v(y) is very different from the func­
tion V(t), which is the velocity of the drum as a function of time. How­
ever, these two functions are related through the equation 

V(t)=v(y(t)) 
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if we express y as a function of t. By the chain rule of differentiation, 
dV I dt = (dv I dy)(dy I dt). Hence 

W dv dy 
--- = W-B- e V. 
g dy dt 

But dy I dt = V(t) = v(y(t)). Thus, suppressing the dependence of y on t, we 
see that v (y) satisfies the first-order differential equation 

Wdv v dv g -v-=W-B-ev, or -=-. 
g dy W-B-ev dy W 

Moreover, 
v(O)=v(y(O))= V(O)=O. 

Hence, 
(v rdr = (Y _!!_ds= gy 

) 0 W-B-er }0 W W · 
Now, 

iv rdr lvr-(W-B)Ie W-B iv dr --::------ = dr+ --
W-B-er W-B-er e W-B-er 

0 0 0 

= - _!_ ( v dr + W- B ( v dr 
eJo e ) 0 W-B-er 

v (W-B) JW-B-evJ 
= - -;; - e2 In W- B . 

We know already that v<(W-B)Ie. Consequently, W-B-ev is always 
positive, and 

gy v (W-B) W-B-cv 
W =--;;- c2 In W-B . (5) 

At this point, we are ready to scream in despair since we cannot find v 
as an explicit function of y from (5). This is not an insurmountable diffi­
culty, though. As we show in Section l.ll, it is quite simple, with the aid of 
a digital computer, to find v(300) from (5). We need only supply the com­
puter with a good approximation of v(300) and this is obtained in the 
following manner. The velocity v(y) of the drum satisfies the initial-value 
problern 

W dv -v-= W-B-cv 
g dy ' 

v(O)=O. (6) 

Let us, for the moment, set e = 0 in (6) to obtain the new initial-value prob­
lern 

W du -u-=W-B 
g dy ' 

u(O)=O. (6') 

(We have replaced v by u to avoid confusion later.) We can integrate (6') 
immediately to obtain that 

[ 
2 ]1/2 

or u ( y) = : ( W- B ) y . 
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In particular, 

- [ 2g - ]112 - [ 2(32.2)(57.109)(300) ] 112 

u(300)- W ( W B )300 - 527.436 

:;;,:V2092 :;:,:45.7 ft/s. 

We claim, now, that u(300) is a very good approximation of v(300). The 
proof of this is as follows. First, observe that the velocity of the drum is 
always greater if there is no drag force opposing the motion. Hence, 

v(300) < u(300). 

Second, the velocity v increases as y increases, so that v(y) < v(300) for y < 
300. Consequently, the drag force D of the water acting on the drum is al­
ways less than 0.08 X u(300):;;;,: 3.7 lb. Now, the resultant force W-B pull­
ing the drum down is approximately 57 .I lb, which is very !arge compared 
to D. It stands to reason, therefore, that u(y) should be a very good ap­
proximation of v(y). And indeed, this is the case, since we find numeri­
cally (see Section 1.11) that v(300)=45.1 ft/s. Thus, the drums can break 
upon impact, and the engineers were right. 

Epilog. The rules of the Atomic Energy Commission now expressly for­
bid the dumping of low Ievel atomic waste at sea. This author is uncertain 
though, as to whether Western Europe has also forbidden this practice. 

Remark. The methods introduced in this section can also be used to find 
the velocity of any object which is moving through a medium that resists 
the motion. We just disregard the buoyancy force if the medium is not 
water. For example, Iet V(t) denote the velocity of a parachutist falling to 
earth under the influence of gravity. Then, 

where W is the weight of the man and the parachute, and D is the drag 
force exerted by the atmosphere on the falling parachutist. The drag force 
on a bluff object in air, or in any fluid of small viscosity is usually very 
nearly proportional to V 2• Proportionality to V is the exceptional case, and 
occurs only at very low speeds. The criterion as to whether the square or 
the linear law applies is the "Reynolds number" 

R=pVLjp.. 

L is a representative length dimension of the object, and p and p. are the 
density and viscosity of the fluid. If R < 10, then D- V, and if R > 103, 

D- V 2• For 10< R < 103, neither law is accurate. 
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ExERCISES 

1. Solve the initial-value problern (3). 

2. Solve for y = y(t) from (4), and then show that the equation y = y(t) cannot be 
solved explicitly for t = t(y ). 

3. Show that the drums of atomic waste will not crack upon impact if they are 
dropped into L feet of water with (2g(W-B)L/W) 112 <40. 

4. Fat Richie, an enormous underworld hoodlum weighing 400 lb, was pushed out 
of a penthouse window 2800 feet above the ground in New York City. Neglect­
ing air resistance find (a) the velocity with which Fat Richie hit the ground; (b) 
the time elapsed before Fat Richie hit the ground. 

5. An object weighing 300 lb is dropped into a river 150 feet deep. The volume of 
the object is 2 ft3, and the drag force exerted by the water on it is 0.05 times its 
velocity. The drag force may be considered negligible if it does not exceed 5% 
of the resultant force pulling the drum down. Prove that the drag force is negli­
gible in this case. (Here B=2(62.4)= 124.8.) 

6. A 400 lb sphere of volume 4'77 /3 and a 300 lb cylinder of volume '7T are simulta­
neously released from rest into a river. The drag force exerted by the water on 
the falling sphere and cylinder is .\Vs and .\Vc, respectively, where Vs and Vc 
are the velocities of the sphere and cylinder, and ,\ is a positive constant. De­
termine which object reaches the bottom of the river first. 

7. A parachutist falls from rest toward earth. The combined weight of man and 
parachute is 161 lb. Before the parachute opens, the air resistance equals V /2. 
The parachute opens 5 seconds after the fall begins; and the air resistance is 
then V 2 /2. Find the Velocity V(t) of the parachutist after the parachute opens. 

8. A man wearing a parachute jumps from a great height. The combined weight 
of man and parachute is 161 lb. Let V (t) denote his speed at time t seconds 
after the fall begins. During the first 10 seconds, the air resistance is V /2. 
Thereafter, while the parachute is open, the air resistance is 10 V. Find an ex­
plicit formula for V(t) at any timet greater than 10 seconds. 

9. An object of mass m is projected vertically downward with initial velocity V0 in 
a medium offering resistance proportional to the square root of the magnitude 
of the velocity. 
(a) Find a relation between the velocity V and the time t if the drag force 

equals cYV. 
(b) Find the terminal velocity of the object. Hint: You can find the terminal 

velocity even though you cannot solve for V ( t). 

10. A body of mass m falls from rest in a medium offering resistance proportional 
to the square of the velocity; that is, D = c V 2• Find V (t) and compute the 
terminal velocity Vr-

11. A body of mass m is projected upward from the earth's surface with an initial 
velocity V0. Take the y-axis to be positive upward, with the origin on the 
surface of the earth. Assuming there is no air resistance, but taking into 
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account the variation of the earth's gravitational field with altitude, we obtain 
that 

dV mgR2 
m- = - ------=-

dt (y + R )2 

where R is the radius of the earth. 
(a) Let V(t)=v(y(t)). Find a differential equation satisfied by v(y). 
(b) Find the smallest initial velocity V0 for which the body will not return to 

earth. This is the so-called escape velocity. Hint: The escape velocity is 
found by requiring that v(y) remain strictly positive. 

12. lt is not really necessary to find v(y) explicitly in order to prove that v(300) 
exceeds 40 ftjs. Hereis an alternate proof. Observe first that v(y) increases as 
y increases. This implies that y is a monotonic increasing function of v. There­
fore, if y is less than 300ft when v is 40 ftjs, then v must be greater than 40 
ftjs wheny is 300ft. Substitute v=40 ft/s in Equation (5), and show thaty is 
less than 300 ft. Conclude, therefore, that the drums can break upon impact. 

1.8 The dynamics of tumor growth, mixing problems 
and orthogonal trajectories 

In this section we present three very simple but extremely useful applica­
tions of first-order equations. The first application concerns the growth of 
solid tumors; the second application is concerned with "mixing problems" 
or "compartment analysis"; and the third application shows how to find a 
family of curves which is orthogonal to a given family of curves. 

(a) The dynamics of tumor growth 

It has been observed experimentally, that "frec living" dividing cells, such 
as bacteria cells, grow at a rate proportional to the volume of dividing cells 
at that moment. Let V(t) denote the volume of dividing cells at time t. 
Then, 

dV =AV 
dt 

for some positive constant A. The solution of (1) is 

V(t)= V0eA<t-to) 

(1) 

(2) 

where V0 is the volume of dividing cells at the initial time t0• Thus, free 
living dividing cells grow exponential!y with time. One important con­
sequence of (2) is that the volume of cells keeps doubling (see Exercise 1) 
every time interval of length ln2/A. 

On the other hand, solid tumors do not grow exponentially with time. 
As the tumor becomes !arger, the doubling time of the total tumor volume 
continuously increases. Various researchers have shown that the data for 
many solid tumors is fitted remarkably well, over almost a 1000 fold in-
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crease in tumor volume, by the equation 

V(t) = V0 exp( ~(I -exp(- at))) (3) 

where exp(x) = eX, and A. and a are positive constants. 
Equation (3) is usually referred to as a Gompertzian relation. lt says 

that the tumor grows more and more slowly with the passage of time, and 
that it ultimately approaches the limiting volume V0e"~". Medical re­
searchers have long been concerned with explaining this deviation from 
simple exponential growth. A great deal of insight into this problern can be 
gained by finding a differential equation satisfied by V ( t). Differentiating 
(3) gives 

~ = V0 A.exp(- at) exp( ~(1-exp(- a(t)))) 

(4) 

Two conflicting theories have been advanced for the dynamics of tumor 
growth. They correspond to the two arrangements 

dV = (A.e - at ) V 
dt 

dV =A.(e-atV) 
dt 

(4a) 

(4b) 

of the differential equation (4). According to the first theory, the retarding 
effect of tumor growth is due to an increase in the mean generation time of 
the cells, without a change in the proportion of reproducing cells. As time 
goes on, the reproducing cells mature, or age, and thus divide more slowly. 
This theory corresponds to the bracketing (a). 

The bracketing (b) suggests that the mean generation time of the divid­
ing cells remains constant, and the retardation of growth is due to a loss in 
reproductive cells in the tumor. One possible explanation for this is that a 
necrotic region develops in the center of the tumor. This necrosis appears at 
a critical size for a particular type of tumor, and thereafter the necrotic 
"core" increases rapidly as the total tumor mass increases. According to 
this theory, a necrotic core develops because in many tumors the supply of 
blood, and thus of oxygen and nutrients, is almost completely confined to 
the surface of the tumor and a short distance beneath it. As the tumor 
grows, the supply of oxygen to the central core by diffusion becomes more 
and more difficult resulting in the formation of a necrotic core. 

(b) Mixing problems 

Many important problems in biology and engineering can be put into the 
following framework. A solution containing a fixed concentration of sub­
stance x f!ows into a tank, or compartment, containing the substance x 
and possibly other substances, at a specified rate. The mixture is stirred 
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together very rapidly, and then leaves the tank, again at a specified rate. 
Find the concentration of substance x in the tank at any time t. 

Problems of this type fall under the general heading of "mixing prob­
lems," or compartment analysis. The following example illustrates how to 
solve these problems. 

Example 1. A tank contains S0 lb of salt dissolved in 200 gallons of water. 
Starting at time t = 0, water containing t lb of salt per gallon enters the 
tank at the rate of 4 gal/min, and the well stirred solution leaves the tank 
at the same rate. Find the concentration of salt in the tank at any time t > 
0. 
Solution. Let S (t) denote the amount of salt in the tank at time t. Then, 
S'(t), which is the rate of change of salt in the tank at time t, must equal 
the rate at which salt enters the tank minus the rate at which it leaves the 
tank. Obviously, the rate at which salt enters the tank is 

t lbjgal times 4 gal/min=2lb/min. 

After a moment's reflection, it is also obvious that the rate at which salt 
leaves the tank is 

Thus 

and this implies that 

. . S(t) 
4 galjmm ttmes 200 . 

s (t) 
S'(t)=2- SO, S(O)= S0, 

S (t) = Soe-0.021 + 100( 1- e-0.021). 

Hence, the concentration c(t) of salt in the tank is given by 

S(t) S0 
c(t)= 200 = 200e-0.021+i(l-e-o.021). 

(5) 

(6) 

Remark. The first term on the right-hand side of (5) represents the por­
tion of the original amount of salt remaining in the tank at time t. This 
term becomes smaller and smaller with the passage of time as the original 
solution is drained from the tank. The second term on the right-hand side 
of (5) represents the amount of salt in the tank at time t due to the action 
of the flow process. Clearly, the amount of salt in the tank must ultimately 
approach the limiting value of 100 lb, and this is easily verified by letting t 
approach oo in (5). 

(c) Orthogonal trajectories 

In many physical applications, it is often necessary to find the orthogonal 
trajectories of a given family of curves. (A curve which intersects each 
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member of a family of curves at right angles is called an orthogonal trajec­
tory of the given family.) For example, a charged particle moving under 
the influence of a magnetic field always travels on a curve which is per­
pendicular to each of the magnetic field lines. The problern of computing 
orthogonal trajectories of a family of curves can be solved in the following 
manner. Let the given family of curves be described by the relation 

F(x,y,c)=O. 

Differentiating this equation yields 

Fx 
or y'=- y· 

y 

(7) 

(8) 

Next, we solve for c= c(x,y) from (7) and replace every c in (8) by this 
value c(x,y). Finally, since the slopes of curves which intersect orthogo­
nally are negative reciprocals of each other, we see that the orthogonal 
trajectories of (7) are the solution curves of the equation 

FY 
y'=--p· 

X 

Example 2. Find the orthogonal trajectories of the family of parabolas 

x= cy 2• 

(9) 

Solution. Differentiating the equation x = cy 2 gives I= 2cyy'. Since c = 
x / y 2, we see that y' = y j2x. Thus, the orthogonal trajectories of the family 

y 

Figure I. The parabolas x = cy 2 and their orthogonal trajectories 
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of parabolas x = cy 2 are the solution curves of the equation 

, 2x 
y =--. 

y 

This equation is separable, and its solution is 

y2+2x2=k2. 

(10) 

(11) 

Thus, the family of ellipses (11) (see Figure 1) are the orthogonal trajecto­
ries of the family of parabolas x = cy 2• 

Reference 
Burton, Alan C., Rate of growth of solid tumors as a problern of diffusion, Growth, 

1966, vol. 30, pp. 157-176. 

EXERCISES 

1. A given substance satisfies the exponential growth law (!).Show that the graph 
of In V versus t is a straight line. 

2. A substance x multiplies exponentially, and a given quantity of the substance 
doubles every 20 years. lf we have 3 lb of substance x at the present time, how 
many lb will we have 7 years from now? 

3. A substance x decays exponentially, and only half of the given quantity of x 
remains after 2 years. How long does it take for 5 lb of x to decay to l lb? 

4. The equation p' = ap a, cx > l, is proposed as a model of the population growth 
of a certain species. Show that p(t)-H>O in finite time. Conclude, therefore, that 
this model is not accurate over a reasonable length of time. 

5. A cancerous tumor satisfies the Gompertzian relation (3). Originally, when it 
contained 104 cells, the tumor was increasing at the rate of 20% per unit time. 
The numerical value of the retarding constant cx is 0.02. What is the limiting 
number of cells in this tumor? 

6. A tracer dose of radioactive iodine 1311 is injected into the blood stream at time 
t = 0. Assurne that the original amount Q0 of iodine is distributed evenly in the 
entire blood stream before any loss occurs. Let Q (t) derrote the amount of 
iodine in the blood at time t > 0. Part of the iodirre leaves the blood and enters 
the urine at the rate k 1 Q. Another part of the iodine enters the thyroid gland at 
the rate k 2 Q. Find Q(t). 

7. Irrdustrial waste is pumped into a tank containing 1000 gallons of waterat the 
rate of 1 galjrnin, and the well-stirred mixture leaves the tank at the same rate. 
(a) Find the concentration of waste in the tank at time t. (b) How long does it 
take for the concentration to reach 20%? 

8. A tank contains 300 gallons of water and 100 gallons of pollutants. Fresh water 
is pumped into the tank at the rate of 2 gal/rnin, and the well-stirred mixture 
leaves at the same rate. How long does it take for the concentration of pollu­
tants in the tank to decrease to 1/10 of its original value? 
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9. Consider a tank containing, at time t = 0, Q0 lb of salt dissolved in 150 gallons 
of water. Assurne that water containing t lb of salt per gallon is entering the 
tank at a rate of 3 galjmin, and that the well-stirred solution is leaving the tank 
at the same rate. Find an expression for the concentration of salt in the tank at 
timet. 

10. A room containing 1000 cubic feet of air is originally free of carbon monoxide. 
Beginning at time t = 0, cigarette smoke containing 4 percent carbon monoxide 
is blown into the room at the rate of 0.1 ft3 /min, and the well-circulated mix­
ture leaves the room at the same rate. Find the time when the concentration of 
carbon monoxide in the room reaches 0.012 percent. (Extended exposure to 
this concentration of carbon monoxide is dangerous.) 

11. A 500 gallon tank originally contains 100 gallons of fresh water. Beginning at 
time t = 0, water containing 50 percent pollutants flows into the tank at the rate 
of 2 galjmin, and the well-stirred mixture leaves at the rate of 1 galjmin. Find 
the concentration of pollutants in the tank at the moment it overflows. 

In Exercises 12-17, find the orthogonal trajectories of the given family of 
curves. 

12. y=cx2 

14. y=csinx 

16. y=cex 

13. y 2 -x2 =c 

15. x 2 + y 2 = cx (see Exercise 13 of Sec­
tion 1.4) 

17. y=ecx 

18. The presence of toxins in a certain medium destroys a strain of bacteria at a 
rate jointly proportional to the nurober of bacteria present and to the amount 
of toxin. Call the constant of proportionality a. If there were no toxins present, 
the bacteria would grow at a rate proportional to the amount present. Call this 
constant of proportionality b. Assurne that the amount T of toxin is increasing 
at a constant rate c, that is, dT / dt = c, and that the production of toxins begins 
at time t = 0. Let y ( t) denote the number of living bacteria present at time t. 
(a) Find a first-order differential equation satisfied by y(t). 
(b) Solve this differential equation to obtainy(t). What happens toy(t) as t ap­

proaches oo? 

19. Many savings banks now advertise continuous compounding of interest. This 
means that the amount of money P(1) on deposit at time 1, satisfies the dif­
ferential equation dP (1)/ dt = rP (1) where r is the annual interest rate and t is 
measured in years. Let P0 denote the original principal. 
(a) Show that P(1)=P0e'. 
(b) Let r=0.0575, 0.065, 0.0675, and 0.075. Show that e'= 1.05919, 1.06716, 

1.06983, and 1.07788, respectively. Thus, the effective annual yield on inter­
es! rates of 5~, 6t, 6~, and 7t% should be 5.919, 6.716, 6.983, and 7.788%, 
respectively. Most banks, however, advertise effective annual yields of 6, 
6.81, 7 .08, and 7 .9%, respectively. The reason for this discrepancy is that 
banks calculate a daily rate of interest based on 360 days, and they pay in­
terest for each day money is on deposit. For a year, one gets five extra 
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days. Thus, we must multiply the annual yields of 5.919, 6.716, 6.983, and 
7.788% by 365/360, and then we obtain the advertised values. 

(c) lt is interesting to note that the Old Colony Cooperative Bank in Rhode Is­
land advertises an effective annual yield of 6.72% on an annual interest rate 
of 6~% (the lower value), and an effective annual yield of 7.9% on an ann­
ual interest rate of 7~%. Thus they are inconsistent. 

1.9 Exact equations, and why we cannot solve 
very many differential equations 

When we began our study of differential equations, the only equation we 
could solve was dy I dt = g(t). We then enlarged our inventory to include 
all linear and separable equations. More generally, we can solve all dif­
ferential equations which are, or can be put, in the form 

d 
dt cf>( t ,y) = 0 ( l) 

for some function cf>(t,y). To wit, we can integrate both sides of (l) to ob­
tain that 

cf>( t ,y) = constant 

and then solve for y as a function of t from (2). 

(2) 

Example 1. The equation l+cos(t+y)+cos(t+y)(tÖJidt)=O can be writ­
ten in the form (dldt)(t+sin(t+y)]=O. Hence, 

cf>(t,y)= t+sin(t+ y)= c, and y =- t+arcsin(c- t). 

Example 2. The equation cos(t+ y)+[l +cos(t+ y)]dy I dt=O can be writ­
ten in the form (dldt)(y+sin(t+y)]=O. Hence, 

cf>( t ,y) = y + sin( t + y) = c. 

We must leave the solution in this form though, since we cannot solve for y 
explicitly as a function of time. 

Equation (1) is clearly the most general first-order differential equation 
that we can solve. Thus, it is important for us to be able to recognize when 
a differential equation can be put in this form. This is not as simple as one 
might expect. For example, it is certainly not obvious that the differential 
equation 

2t+y-sint+(3y2 +cosy+t) ~ =0 

can be written in the form ( d I dt)(y 3 + t2 + ty + siny + cos t) = 0. To find all 
those differential equations which can be written in the form (1), observe, 
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from the chain rule of partial differentiation, that 

d acp acp dy 
dtct>(t,y(t))= Tt + ay dt · 

Hence, the differential equation M(t,y)+N(t,y)(dyjdt)=O can be written 
in the form ( d / dt)cj>( t ,y) = 0 if and only if there exists a function cj>( t ,y) 
suchthat M(t,y)= acpjat and N(t,y)= acpjay. 

This now leads us to the following question. Given two functions 
M ( t ,y) and N ( t ,y ), does there exist a function cj>( t ,y) such that M ( t ,y) 
= acpjat and N(t,y)= acpjay? Unfortunately, the answer to this question 
is almost always no as the following theorem shows. 

Theorem 1. Let M ( t ,y) and N ( t ,y) be continuous and have continuous par­
tial derivatives with respect to t and y in the reetangle R consisting of those 
points (t,y) with a < t < b and c <y < d. There exists a function cj>(t,y) 
suchthat M(t,y)= acpjat and N(t,y)= acpjay if, and only if, 

aMjay=aN;at 

in R. 

PROOF. Observe that M(t,y)= acpjat for some function cp(t,y) if, and only 
if, 

cp(t,y)= f M(t,y)dt+h(y) (3) 

where h(y) is an arbitrary function of y. Taking partial derivatives of both 
sides of (3) with respect to y, we obtain that 

acp J aM(t,y) 
ay = ay dt+h'(y). 

Hence, acpjay will be equal to N(t,y) if, and only if, 

f aM (t,y) 
N(t,y)= ay dt+h'(y) 

or 

f aM(t,y) 
h'(y)=N(t,y)- ay dt. (4) 

Now h'(y) is a function of y alone, while the right-hand side of (4) appears 
to be a function of both t and y. But a function of y alone cannot be equal 
to a function of both t and y. Thus Equation (4) makes sense only if the 
right-hand side is a function of y alone, and this is the case if, and only if, 

a [ J aM(t,y) ] aN aM 
31 N(t,y)- ay dt = at- ay =O. 
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Hence, if aN I at =!= aM I ay, then there is no function cp(t,y) such that M 
= acp I at, N = acp I ay. On the other hand, if aN I at = aM I ay then we can 
solve for 

f[ f aM (t,y) ] 
h(y)= N(t,y)- ay dt dy. 

Consequently, M= acplat, and N= acplay with 

f [ aM(t,y) ] 
cp( t ,y) = M ( t ,y) dt + f N (t ,y) - f ay dt dy. D (5) 

Definition. The differential equation 

dy 
M ( t ,y) + N ( t ,y) dt = 0 (6) 

is said to be exact if aM I ay = aN I at. 

The reason for this definition, of course, is that the left-hand side of (6) 
is the exact derivative of a known function of t and y if aM I ay = aN I at. 

Remark 1. lt is not essential, in the Statement of Theorem 1, that aM I ay 
= aN I ar in a rectangle. lt is sufficient if aM I ay = aN I ar in any region R 
which contains no "holes". That is to say, if Cis any closed curve lying en­
tirely in R, then its interior also lies entirely in R. 

Remark 2. The differential equation dyldt=f(t,y) can always be written 
in the form M(t,y)+N(t,y)(dyldt)=O by setting M(t,y)=- f(t,y) and 
N(t,y)= l. 

Remark 3. lt is customary to say that the solution of an exact differential 
equation is given by cp( t ,y) = constant. What we really mean is that the 
equation cp(t,y)= c is to be solved for y as a function of t and c. Unfor­
tunately, most exact differential equations cannot be solved explicitly for y 
as a function oft. While this may appear tobe very disappointing, we wish 
to point out that it is quite simple, with the aid of a computer, to compute 
y(t) to any desired accuracy (see Section 1.11). 

In practice, we do not recommend memorizing Equation (5). Rather, we 
will follow one of three different methods to obtain cp(t,y). 
First Method: The equation M(t,y)= acplat determines cp(t,y) up to an ar­
bitrary function of y alone, that is, 

cp(t,y)= f M(t,y)dt+h(y). 
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The function h (y) is then determined from the equation 

3M(t,y) 
h'(y)=N(t,y)- J ay dt. 

Second Method: If N (t,y) = 3cpl 3y, then, of necessity, 

cp(t,y)= jN(t,y)dy+k(t) 

where k( t) is an arbitrary function of t alone. Since 

acp J aN (t,y) 
M(t,y)=at= at dy+k'(t) 

we see that k(t) is determined from the equation 

aN (t,y) 
k'(t)=M(t,y)- J 31 dy. 

Note that the right-hand side of this equation (see Exercise 2) is a function 
oft alone if 3MI3y=3NI3t. 
Third M ethod: The equations 3cp I at = M ( t ,y) and 3cp I ay = N ( t ,y) imply 
that 

cp( t,y) = J M ( t,y) dt + h(y) and cp( t,y) = J N ( t,y)dy + k(t). 

Usually, we can determine h(y) and k(t) just by inspection. 

Example 3. Find the general solution of the differential equation 

dy 
3y+e'+(3t+cosy) dt =0. 

Solution. Here M(t,y)=3y+e 1 and N(t,y)=3t+cosy. This equation is 
exact since 3M I ay = 3 and aN I at = 3. Hence, there exists a function cp( t ,y) 
suchthat 

a~ acp 
(i) 3y+e 1=-ft and (ii) 3t+cosy= ay· 

We will find cp(t,y) by each of the three methods outlined above. 

First Method: From (i), cp(t,y)=e 1 +3ty+h(y). Differentiating this equa­
tion with respect to y and using (ii) we obtain that 

h'(y) + 3t =3t+ cosy. 

Thus, h(y) = siny and cp(t,y) = e 1 + 3ty + siny. (Strictly speaking, h(y) = 
siny + constant. However, we already incorporate this constant of integra­
tion into the solution when we write cp(t,y)=c.) The general solution of the 
differential equation must be left in the form e 1 + 3 ty + siny = c since we 
cannot find y explicitly as a function of t from this equation. 
Second Method: From (ii), cp(t,y) = 3ty + siny + k(t). Differentiating this 
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expression with respect to t, and using (i) we obtain that 

3y+k'(t)=3y+e 1• 

Thus, k(t)=e 1 and <P(t,y)=3ty+siny+e 1• 

Third Method: Frorn (i) and (ii) 

<P( t,y) = e 1 + 3ty + h(y) and <P(t,y) = 3ty + siny + k( t). 

Cornparing these two expressions for the same function <P(t,y) it is obvious 
that h(y) = siny and k(t) = e1• Hence 

<P(t,y) = e 1 + 3ty + siny. 

Example 4. Find the solution of the initial-value problern 

dy 
3t2y + 8ty 2 + (t 3 + 8t2y + l2y 2) dt =0, y(2)= 1. 

Solution. Here M(t,y)=3t 2y+8ty 2 and N(t,y)=t 3 +8t2y+l2y2 . This 
equation is exact since 

aM =3t2 + 16ty and aN =3t2 + 16ty. 
ay at 

Hence, there exists a function </>(t,y) such that 

aq, aq, 
(i) 3t2y+8ty2=- and (ii) t 3 +8t2y+l2y 2=-. 

at ay 

Again, we will find <l>(t,y) by each of three rnethods. 

First Method: Frorn (i), <l>(t,y) = t 3y + 4t2y 2 + h(y). Differentiating this 
equation with respect to y and using (ii) we obtain that 

t 3 + 8t2y + h'(y)·= t3 + 8t2y + 12y2• 

Hence, h(y)=4y 3 and the generat solution of the differential equation is 
</>( t ,y) = ty + 4t2y 2 + 4y 3 = c. Setting t = 2 and y = 1 in this equation, we see 
that c = 28. Thus, the solution of our initial-value problern is defined irn­
plicitly by the equation ty + 4t2y 2 + 4y 3 = 28. 
Second Method: Frorn (ii), <P(t,y)=t3y+4t2y 2 +4y3 +k(t). Differentiating 
this expression with respect to t and using (i) we obtain that 

3t2y + 8ty2 + k'( t) = 3t2y + 8ty 2• 

Thus k(t)=O and q,(t,y)= t3y +4t2y 2 +4y3 • 

Third Method: Frorn (i) and (ii) 

<P(t,y) = ty +4t2y 2 + h(y) and <P(t,y)= ty+4t2y 2 +4y 3 + k(t). 

Cornparing these two expressions for the sarne function <P(t,y) we see that 
h(y)=4y 3 and k(t)=O. Hence, <P(t,y)= t 3y +4t2y 2 +4y3• 

In rnost instances, as Exarnples 3 and 4 illustrate, the third rnethod is 
the sirnplest to use. However, if it is rnuch easier to integrate N with re-
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spect to y than it is to integrate M with respect tot, we should use the sec­
ond method, and vice-versa. 

Example 5. Find the solution of the initial-value problern 

4t3e 1+y + t4e 1+y + 2t + (t4e 1+y + 2y) dt =0, y (0) = 1. 

Solution. This equation is exact since 

j_ (4t3e1+y + tV+y + 2t) = ( t4 +4t3)e 1+y = l_( t4e 1+y + 2y ). 
ay ar 

Hence, there exists a function cp(t,y) such that 

and 

. acp 
(1) 4t3e'+Y+t4e'+Y+2t=­

at 

(1.1.) 4 t+y 2 acp 
t e + y= ay. 

Since it is much simpler to integrate t4e 1+Y+2y with respect toy than it is 
to integrate 4t 3e 1+y + t4e 1+y + 2t with respect to t, we use the second 
method. From (ii), cp( t ,y) = t 4e t+ Y + y 2 + k( t). Differentiating this expres­
sion with respect to t and using (i) we obtain 

( t4 + 4t3 )e 1+y + k'( t) = 4t3e t+y + t4e 1+ Y + 2t. 

Thus, k(t) = t 2 and the general solution of the differential equation is 
cp( t ,y) = t4e 1 + Y + y 2 + t2 = c. Setting t = 0 and y = 1 in this equation yields c 
= 1. Thus, the solution of our initial-value problern is defined implicitly by 
the equation t4e 1+y + t 2 + y 2 = 1. 

Suppose now that we are given a differential equation 
dy 

M ( t ,y) + N ( t ,y) dt = 0 (7) 

which is not exact. Can we make it exact? More precisely, can we find a 
function JL(t,y) such that the equivalent differential equation 

dy 
JL( t,y)M ( t,y) + JL(t,y)N (t,y) dt = 0 (8) 

is exact? This question is simple, in principle, to answer. The condition that 
(8) be exact is that 

a a 
ay ( JL( t,y)M ( t,y )) = at( JL(t,y )N (t,y )) 

or 

(9) 

(For simplicity of writing, we have suppressed the dependence of JL,M and 
Non t and y in (9).) Thus, Equation (8) is exact if and only if JL(t,y) satis­
fies Equation (9). 
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1 First-order differential equations 

Definition. A function JL(t,y) satisfying Equation (9) is called an integrat­
ing factor for the differential equation (7). 

The teason for this definition, of course, is that if JL satisfies (9) then we 
can write (8) in the form (d/dt)cp(t,y)=O and this equation can be in­
tegrated immediately to yield the solution cp(t,y) = c. Unfortunately, 
though, there are only two special cases where we can find an explicit solu­
tion of (9). These occur when the differential equation (7) has an integrat­
ing factor which is either a function of t alone, or a function of y alone. 
Observe that if JL is a function of t alone, then Equation (9) reduces to 

dJL 
( aM _aN) 

ay at 
-= 
dt N JL· 

But this equation is meaningless unless the expression 

aM aN ---
ay at 

N 

is a function of t alone, that is, 

aM aN ---
ay at 

N 
= R (t). 

If this is the case then JL(t)=exp(J R(t)dt) is an integrating factor for the 
differential equation (7). 

Remark. lt should be noted that the expression 

aM aN ---
ay at 

N 

is almost always a function of both t and y. Only for very special pairs of 
functions M(t,y) and N(t,y) is it a function oft alone. A similar situation 
occurs if JL is a function of y alone (see Exercise 17). It is for this reason 
that we cannot solve very many differential equations. 

Example 6. Find the general solution of the differential equation 

y2 dy 
T+2yet+(y+er) dt =0. 

Solution. Here M (t,y)=(y 2 /2)+ 2ye 1 and N(t,y)= y + e1• This equation is 
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1.9 Exact equations, and why we cannot solve very many differential equations 

not exact since oMjoy=y+2e1 and oNjot=e 1. However, 

_!_( aM _aN)= y+e 1 = 1. 
N oy ot y+el 

Hence, this equation has p.(t) = exp(j 1 dt) = e 1 as an integrating factor. 

This means, of course, that the equivalent differential equation 

y2 ~ 
-e~ +2ye21 +(yel + e21)- =0 
2 dt 

is exact. Therefore, there exists a function </>( t ,y) such that 

y2 0</> 
(i) -e1+2ye21=-

2 at 

and 

From Equations (i) and (ii), 

y2 
</>(t,y) =Tel+ ye21 + h(y) 

and 

y2 
</>(t,y) = Te 1 + ye21 + k(t). 

Thus, h(y)=O, k(t)=O and the general solution of the differential equation 
is 

Solving this equation for y as a function of t we see that 

2 - 1/2 
y(t)=-e1±[e 1+2ce 1 ] • 

Example 7. Use the methods of this section to find the general solution of 
the linear equation (~/dt)+a(t)y=b(t). 
Solution. We write this equation in the form M ( t ,y) + N ( t ,y )( ~ / dt) = 0 
with M (t,y) = a(t)y- b(t) and N (t,y) = 1. This equation is not exact since 
oMjoy=a(t) and oNjot=O. However, ((oMjoy)-(oNjot))/N=a(t). 

Hence, p.(t) = exp(j a( t) dt) is an integrating factor for the first-order lin­

ear equation. Therefore, there exists a function <f>(t,y) such that 

(i) p.(t)[a(t)y-b(t)]= ~~ 
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1 First-order differential equations 

and 

(ii) p.(t)= ~;. 
Now, observe from (ii) that cp(t,y)= p.(t)y + k(t). Differentiating this equa­
tion with respect to t and using (i) we see that 

p.'( t)y + k'( t) = p.( t)a( t)y- p.( t)b( t). 

But, p.'(t)=a(t)p.(t). Consequently, k'(t)= -p.(t)b(t) and 

cp(t,y)=p.(t)y- f p.(t)b(t)dt. 

Hence, the general solution of the first-order linear equation is 

p.(t)y- f p.(t)b(t) dt = c, 

and this is the result we obtained in Section 1.2. 

ExERCISES 

1. Use the theorem of equality of mixed partial derivatives to show that aM I ay 
=aN I at if the equation M (t,y)+ N (t,y)(dy I dt)=O is exact. 

2. Show that the expression M ( t ,y)- f (aN ( t ,y) I at) dy is a function of t alone if 

aM 1ay =aN 1at. 

In each of Problems 3-6 find the general solution of the given differential 
equation. 

3. 2tsiny+y3e1+(t2 cosy+3y 2e1): =0 

4. 1+(1+ty)ety+(1+t2ety)dr =0 

5. y sec2 t + sect tant + (2y + tant) dr = 0 

y2 dy 
6. T - 2ye 1 + (y - e 1) dt = 0 

In each of Problems 7-ll, solve the given initial-value problem. 

7. 2ty 3 +3t2y 2 d: =0, y(l)= 1 

8. 2tcosy+3t2y+(t3 -t2 siny-y) dr =0, y(0)=2 

9. 3t2 +4ty+(2y+2t2)dr =0, y(0)=1 

10. y(cos2t)ety- 2(sin2t)ety + 2t +(t(cos2t)ety- 3) ~ =0, y(O) =0 
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1.10 The existence-uniqueness theorem; Picard iteration 

11. 3ty+y2+(t2+ty)dt =0, y(2)=l 

In each of Problems 12-14, determine the constant a so that the equation 
is exact, and then solve the resulting equation. 

12. t + ye2ty + ate2ty : = 0 

13. _!_ + _!__ + (at+ I) dy =0 
t2 y2 y3 dt 

14. eat+y+3t2y 2 +(2yt3+eat+y): =0 

15. Show that every separable equation of the form M(t)+ N(y)dy I dt=O is exact. 

16. Findall functions f(t) suoh that the differential equation 

y 2sint+yf(t)(dy I dt)=O 

is exact. Solve the differential equation for these f(t). 

17. Show that if ((aN I at)- (aM I ay))l M = Q (y), then the differential equation 

M (t,y)+ N(t,y)dy I dt=O has an integrating factor p.(y)=exp(J Q (y)dy )· 

18. The differential equation f(t)(dy I dt)+ t2+ y =0 is known to have an integrat­
ing factor p.(t)=t. Findall possible functionsf(t). 

19. The differential equation e1secy-tany+(dyldt)=O has an integrating factor 
of the forme -at cosy for some constant a. Find a, and then solve the differen­
tial equation. 

20. The Bernoulli differential equation is (dyldt)+a(t)y=b(t)yn. Multiplying 

through by p.(t)=exp(J a(t)dt), we can rewrite this equation in the form 

dldt(p.(t)y)=b(t)p.(t)yn. Find the general solution of this equation by find­
ing an appropriate integrating factor. Hint: Divide both sides of the equation 
by an appropriate function of y. 

1.10 The existence-uniqueness theorem; Picard iteration 
Consider the initial-value problern 

dy 
dt = f(t,y), (1) 

where f is a given function of t and y. Chances are, as the rernarks in Sec­
tion 1.9 indicate, that we will be unable to solve (I) explicitly. This Ieads us 
to ask the following questions. 

I. How are we to know that the initial-value problern (1) actually has a 
solution if we can't exhibit it? 
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1 First-order differential equations 

2. How do we know that there is only one solution y(t) of (I)? Perhaps 
there are two, three, or even infinitely many solutions. 

3. Why bother asking the first two questions? After all, what's the use of 
determining whether (I) has a unique solution if we won't be able to ex­
plicitly exhibit it? 

The answer to the third question lies in the observation that it is never 
necessary, in applications, to find the solution y(t) of (1) to more than a 
finite number of decimal places. Usually, it is more than sufficient to find 
y(t) to four decimal places. As weshall see in Sections 1.13-I?, this can be 
done quite easily with the aid of a digital computer. In fact, we will be able 
to compute y(t) to eight, and even sixteen, decimal places. Thus, the 
knowledge that (I) has a unique solutiony(t) is our hunting license to go 
looking for it. 

To resolve the first question, we must establish the existence of a func­
tion y(t) whose value at t = t0 is y 0, and whose derivative at any time t 
equalsj(t,y(t)). In order to accomplish this, we must find a theorem which 
enables us to establish the existence of a function having certain proper­
ties, without our having to exhibit this function explicitly. If we search 
through the Calculus, we find that we encounter such a situation exactly 
once, and this is in connection with the theory of Iimits. As we show in Ap­
pendix B, it is often possible to prove that a sequence of functions y n (t) has 
a limity(t), without our having to exhibity(t). For example, we can prove 
that the sequence of functions 

(t)= sinwt + sin2wt + + sinnwt 
Yn 12 22 ... n2 

has a limity(t) even though we cannot exhibity(t) explicitly. This suggests 
the following algorithm for proving the existence of a solution y ( t) of (I). 

(a) Construct a sequence of functions Yn(t) which come closer and closer 
to solving (I). 

(b) Show that the sequence of functionsyn(t) has a limity(t) on a suitable 
interval t0 ...; t...; t0 + a. 

(c) Prove thaty(t) is a solution of (I) on this interval. 

We now show how to implement this algorithm. 

(a) Construction of the approximating sequence Yn(t) 

The problern of finding a sequence of functions that come closer and 
closer to satisfying a certain equation is one that arises quite often in 
mathematics. Experience has shown that it is often easiest to resolve this 
problern when our equation can be written in the special form 

y(t)=L(t,y(t)), (2) 

where L may depend explicitly on y, and on integrals of functions of y. 
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1.10 The existence-uniqueness theorem; Picard iteration 

For example, we may wish to find a function y(t) satisfying 

y ( t) = 1 + sin [ t + y ( t) J , 
or 

y(t)=l+y2 (t)+ fo 1y 3 (s)ds. 

In these two cases, L(t,y(t)) is an abbreviation for 

1 + sin [ t + y ( t) J 
and 

respectively. 
The key to understanding what is special about Equation (2) is to view 

L(t,y(t)) as a "machine" that takes in one function and gives back another 
one. For example, Iet 

L(t,y(t))= l+y 2 (t)+ {y3 (s)ds. 

If we plug the function y(l)= 1 into this machine, (that is, if we compute 

1 + t 2 + ,i 1s 3 ds) then the machine returns to us the function 1 + 12 + 14 /4. If 

we plug ~he functiony(l)=cosl into this machine, then it returns to us the 
function 

( 1 sin3 t 
1 + cos2 t + Jo cos3 sds= 1 + cos2 1+sinl- - 3-. 

According to this viewpoint, we can characterize all solutions y ( t) of (2) as 
those functions y(t) which the machine L leaves unchanged. In other 
words, if we plug a function y ( t) into the machine L, and the machine re­
turns to us this same function, then y ( 1) is a solution of (2). 

We can put the initial-value problern (1) into the specialform (2) by in­
tegrating both sides of the differential equationy' = f(t,y) with respect tot. 
Specifically, if y(t) satisfies (1), then 

(' dy(s) Jt 
),_ ~ds= 1/(s,y(s))ds 

to 

so that 

(3) 

Conversely, if y(t) is continuous and satisfies (3), then dy / dt = j(t,y(t)). 
Moreover, y(t0) is obviously y 0• Therefore, y(t) is a solution of (1) if, and 
only if, it is a continuous solution of (3). 
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1 First-order differential equations 

Equation (3) is called an integral equation, and it is in the special form 
(2) if we set 

L(t,y( t)) = y 0 + Jr f(s,y (s))ds. 
to 

This suggests the following scheme for constructing a sequence of "ap­
proximate solutions" Yn(t) of (3). Let us start by guessing a solutiony0(t) of 
(3). The simplest possible guess is y 0(t)= y 0• To check whether y0(t) is a 
solution of (3), we compute 

If y 1(t) = y 0, then y(t) = y 0 is indeed a solution of (3). If not, then we try 
y 1(t) as our next guess. To check whether y 1(t) is a solution of (3), we com­
pute 

h(t)=y0 + j 1f(s,y 1(s))ds, 
to 

and so on. In this manner, we define a sequence of functions y 1(t), 
Y 2( t), ... , where 

(4) 

These functions Yn(t) are called successive approximations, or Picard 
iterates, after the French mathematician Picard who first discovered them. 
Remarkably, these Picard iterates always converge, on a suitable interval, 
to a solution y(t) of (3). 

Example 1. Compute the Picard iterates for the initial-value problern 

y'=y, y(O) =I, 

and show that they converge to the solution y ( t) = e 1• 

Solution. The integral equation corresponding to this initial-value problern 
is 

y(t)=l+ fo 1y(s)ds. 

Hence, y 0( t) = 1 

y 1(t)=l+ fo 1lds=l+t 
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1.10 The existence-uniqueness theorem; Picard iteration 

and, in general, 

y"(t) -1 + f.'y"_' (s)ds~ I+['[ I +s+ ... + (:~-:)! l ds 

12 1n 

= 1 + t + -2, + ... +I. . n. 
Since e 1 = 1 + t + t2 /2! + ... , we see that the Picard iterates Yn(t) converge 
to the solution y(t) of this initial-value problem. 

Example 2. Compute the Picard iterates y 1(t),y2(t) for the initial-value 
problern y' = 1 + y 3, y(l) = 1. 
Solution. The integral equation corresponding to this initial-value problern 
is 

Hence, y 0(t) = 1 

y 1(t)=l+ ~ 1(l+l)ds=I+2(t-I) 

and 

h(t)=l+ ~1{l+[I+2(s-I)f}ds 

= I + 2( t- I)+ 3( t- 1 )2 + 4( t- I )3 + 2( t- I t 
Notice that it is already quite cumbersome to compute yit). 

(b) Convergence of the Picard iterates 

As was mentioned in Section 1.4, the solutions of nonlinear differential 
equations may not exist for all time t. Therefore, we cannot expect the 
Picard iterates Yn(t) of (3) to converge for all t. To provide us with a clue, 
or estimate, of where the Picard iterates converge, we try to find an inter­
val in which all the Yn(t) are uniformly bounded (that is, IYn(t)l < K for 
some fixed constant K). Equivalently, we seek a reetangle R which con­
tains the graphs of all the Picard iterates Yn(t). Lemma 1 shows us how to 
find such a rectangle. 

Lemma 1. Choose any two positive numbers a and b, and Iet R be the rectan­
g/e: t0 < t < t0 + a, IY-Yol < b. Compute 

Then, 

M= max lf(t,y)l, andset a=min(a, Mb ). 
(t,y) m R 

(5) 
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Lemma 1 states that the graph of Yn(t) is sandwiched between the lines 
y=y0 +M(t-t0) andy=y0 -M(t-t0), for t0 ..;;t..;;t0 +a. These lines 
leave the reetangle R at t = t0 + a if a ..:; b IM, and at t = t0 + b IM if b IM 
< a (see Figures la and lb). In either case, therefore, the graph of Yn(t) is 
contained in R for t0 ..:; t..:; t0 + a. 

(a) (b) 

Figure l. (a) a=a; (b) a= b/ M 

PROOF OF LEMMA 1. We establish (5) by induction on n. Observe first that 
(5) is obviously true for n=O, sincey0(t)= y 0. Next, we must show that (5) 
is true for n = j + 1 if it is true for n = j. But this follows immediately, for if 
IY/t)-Yol..:; M(t- t0), then 

iYj+ 1 (t)- Yol =I { f(s,yj(s))ds' 

..;;J1if(s,yj(s))ids..;; M(t-t0) 
to 

for t0 ..:; t..:; t0 + a. Consequently, (5) is true for all n, by induction. 0 

We now show that the Picard iterates Yn(t) of (3) converge for each t in 
the interval to..:; t..:; to + a, if oj I oy exists and is continuous. Our first step is 
to reduce the problern of showing that the sequence of functions y n (t) con­
verges to the much simpler problern of proving that an infinite series con­
verges. This is accomplished by writing y n (t) in the form 

Yn ( t) = Yo( t) + ( Yt ( t)-Yo( t)) + .. · + ( Yn(t) ~ Yn-1 ( t)). 

Clearly, the sequence Yn(t) converges if, and only if, theinfinite series 

[YI(t)-yo(t)]+[Yz(t)-yi(t)]+ ... +[yn(t)-yn-I(t)]+ ... (6) 

converges. To prove that the infinite series (6) converges, it suffices to 
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show that 
00 

~ 1Yn(t)-Yn-1(t)j<oo. 
n=! 

This is accomplished in the following manner. Observe that 

IYn( t)-Yn-1 ( t)l =I!: [ f(s,yn-1 (s))- f(s,yn-2(s))] dsl 

..;; {if(s,yn-1 (s))-f( S,Yn-2 (s))l ds 
lo rl aj(s,g(s)) I 

= ),_ ay iYn-t(s)-Yn-2(s)jds, 
to 

(7) 

where g(s) lies between Yn- 1(s) and Yn-is). (Recall that f(x 1)- f(x2)= 
j'(g)(x1- x2), where g is some number between x 1 and x2.) lt follows im­
mediately from Lemma 1 that the points (s,g(s)) alllie in the reetangle R 
for s < t0 + a. Consequently, 

where 

L= max . I af(t,y) I 
(t,y)inR ay 

Equation (9) defines the constant L. Setting n = 2 in (8) gives 

IY2(t)-y1(t)l..;; L [iYt(s)-Yoids..;; L rM(s-to)ds 
lo to 

This, in turn, implies that 

Proceeding inductively, we see that 

(9) 

M Ln- 1 ( t- lo) n 
1Yn(t)-Yn-1(t)j..;; 1 , fort0 ..;;t..;;t0 +a. (10) 

n. 
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Therefore, for t0 < t < t0 + a, 

[y 1 (t)- Yo(t)[ + ih(t)-Y 1 (t)[ + ... 
ML(t-t0 ) 2 ML 2(t-t0 ) 3 

<M(t-to)+ 2! + 3! + ... 

MLa 2 ML 2a 3 

<Ma+-2-!-+ 3! + ... 

~ ~ [ aL+ (a~)' + (a3~)' + ···] 

= 1 (e"L-1). 

This quantity, obviously, is less than infinity. Consequently, the Pieard 
iteratesyn(t) eonverge for eaeh t in the interval t0 <t<t0 +a. (A similar 
argument shows that Yn(t) eonverges for eaeh t in the interval t0 - ß < t < 
t0 , where ß=min(a,b/N), and N is the maximum value of [f(t,y)[ for 
(t,y) in the reetangle t0 - a < t < t0, [y-y0[ < b.) We will denote the Iimit of 
the sequeneeyn(t) by y(t). 0 

(c) Proofthat y(t) sarisfies the initial-value problern (I) 

We will show that y ( t) satisfies the integral equation 

y(t)=y0 + j 1f(s,y(s))ds 
to 

(11) 

and that y ( t) is eontinuous. To this end, reeall that the Pieard iterates y n ( t) 
are defined reeursively through the equation 

Taking Iimits of both sides of (12) gives 

y(t)=y0 + lim j 1f(s,yn(s))ds. 
n-+oo to 

To show that the right-hand side of (13) equals 

Yo+ j 1f(s,y(s))ds, 
to 

(12) 

(13) 

(that is, to justify passing the limit through the integral sign) we must show 
that 

IJ:f(s,y(s))ds- { f(s,yn(s))dsl 

approaehes zero as n approaehes infinity. This is aeeomplished in the 
following manner. Observe first that the graph of y(t) lies in the reetangle 
R for t < t0 + a, sinee it is the Iimit of funetions y n ( t) whose graphs lie in R. 
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Hence 

l
{f(s,y(s))ds- J'!(s,y11 (s))dsl 

to to 

< J'IJ(s,y(s))- f(s,yn(s))l ds < L J'iy(s)-Yn(s)l ds 
~ ~ 

where L is defined by Equation (9). Next, observe that 

since 

and 

CO 

y(s)-y11 (s)= ~ [y/s)-Yj-l(s)] 
j=n+l 

CO 

y(s)=y0 + ~ [Yj(s)-Yj-t(s)] 
j-1 

II 

Yn(s)=yo+ ~ "[yis)-Yj-t(s)]. 
j=l 

Consequently, from (10), 

and 

co . (s- to)j 
ly(s)-Yn(s)I<M ~ v-t .1 J. j=n+l 

~ Lj-taj M ~ (aLi 
<;M ~ -.-,-=-L ~ -.,-, 

1· J. j=n+l j=n+l 

IJ.:j(s,y(s))d>- J.: f(s,y.(s))d>l < M }. 
1 
(a~)J J.: d> 

co (aL)j 
<;Ma ~ -.1-. 

j=n+l ]. 

(14) 

This summation approaches zero as n approaches infinity, since it is the 
tail end of the convergent Taylor series expansion of eaL. Hence, 

lim J' f(s,yn(s)) ds = J' f(s,y(s )) ds, 
n-+co to to 

and y(t) satisfies (11). 
To show that y(t) is continuous, we must show that for every e >0 we 

can find 8 > 0 such that 

IY(t+h)-y(t)l<e iflhl<8. 

Now, we cannot compare y(t+ h) withy(t) directly, since we do not know 
y(t) explicitly. To overcome this difficulty, we choose a large integer N and 
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observe that 

y(t+ h)- y(t)= [y(t+ h)-YN(t+ h)] 

+ [YN(t+h)-yN(t)] + [YN(t)-y(t)]. 

Specifically, we choose N so large that 

M ~ (aL)1 <~ 
L ~ ., 3' 

j=N+ I J. 

Then, from (14), 

ly(t+h)-yN(t+h)l<f and IYN(t)-y(t)l<f, 

for t < t0 + a, and h sufficiently small (so that t + h < t0 + a.) Next, observe 
that YN(t) is continuous, since it is obtained from N repeated integrations 
of continuous functions. Therefore, we can choose 8 > 0 so small that 

IYN(t+h)-yN(t)l<f for lhl<8. 

Consequently, 

ly(t + h)- y(t)l< ly(t+ h)-YN(t + h)l + IYN(t + h)-YN(t)l 

I ( ) ( )I E E E 
+ YN t - y t < 3 + 3 + 3 = E 

for lhl < 8. Therefore, y(t) is a continuous solution of the integral equation 
(11), and this completes our proof thaty(t) satisfies (1). D 

In summary, we have proven the following theorem. 

Theorem 2. Letfand aj I ay be continuous in the reetangle R : to.;;; t.;;; to + a, 
IY-Yol< b. Compute 

M= max lf(t,y)l, and set a=min(a, Mb ). 
(t,y) m R 

Then, the initial-value problern y' = f(t,y), y(t0) = y 0 has at least one solu­
tion y ( t) on the interval t0 < t < t0 + a. A similar result is true for t < t0• 

Remark. The number a in Theorem 2 depends specifically on our choice 
of a and b. Different choices of a and b Iead to different values of a. 
Moreover, a doesn't necessarily increase when a and b increase, since an 
increase in a or b will generally result in an increase in M. 

Finally, we turn our attention to the problern of uniqueness of solutions 
of (1 ). Consider the initial-value problern 

dy . 
- = (sm2tly 113 
dt I ' 

y(O)=O. (15) 

One solution of (15) isy(t)=O. Additional solutions can be obtained if we 
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ignore the fact that y(O) = 0 and rewrite the differential equation in the 
form 

1 dy . 2 
yi/3 dt =sm t, 

or 
d 3y2/3 . 
dt - 2 - =sm2t. 

Then, 

3y213 1 - cos 2t . 2 
- 2- = 2 = sm t 

and y = ± V8j27 sin3 t are two additional solutions of (15). 
N ow, initial-value problems that have more than one solution are 

clearly unacceptable in applications. Therefore, it is important for us to 
find out exactly what is "wrong" with the initial-value problern (15) that it 
has more than one solution. If we Iook carefully at the right-hand side of 
this differential equation, we see that it does not have a partial derivative 
with respect to y at y = 0. This is indeed the prob lern, as the following theo­
rem shows. 

Theorem 2'. Letfand aj I ay be continuous in the reetangle R : to.;;; t .;;; to + a, 
IY- Yol < b. Compute 

M= max if(t,y)j, andset a=min(a,_!:_). 
(0)mR M 

Then, the initial-value problern 

y'=j(t,y), ( 16) 

has a unique solution y( t) on the interval t0 .;;; t.;;; t0 + a. In other words, if 
y(t) and z(t) are two solutions of (16), then y(t) must equal z(t) for t0 < t 
< t0 + a. 

PROOF. Theorem 2 guarantees the existence of at least one solution y(t) of 
(16). Suppose that z(t) is a second solution of (16). Then, 

y(t) = y 0 + j 1f(s,y(s))ds and z(t) = y 0 + J1i(s,z(s))ds. 
to to 

Subtracting these two equations gives 

IY(t)- z(t)l = v:[f(s,y(s))- f(s,z(s))] dsl 

<. J1if(s,y(s))-f(s,z(s))l ds 
lo 

<. L J1iy(s) -z(s)ids 
to 
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where L is the maximum value of iofjoyi for (t,y) in R. As Lemma 2 be­
low shows, this inequality implies that y ( t) = z ( t). Hence, the initial-value 
problern (16) has a unique solutiony(t). 0 

Lemma 2. Let w(t) be a nonnegative function, with 

w(t) ~ L J1w(s)ds. 
to 

Then, w(t) is identically zero. 

FAKE PROOF. Differentiating both sides of (17) gives 

dw dw dt ~ Lw(t), or dt- Lw(t) ~0. 

(17) 

Multiplying both sides of this inequality by the integrating factor e-L(t-to) 
gives 

~ e-L(t-to)w(t) ~ 0, so that e-L(t-to)w(t) ~ w(t0) 

for t ';;!> t0• But w(t0) must be zero if w(t) is nonnegative and satisfies (17). 
Consequently, e-L(t-to>w(t) ~ 0, and this implies that w(t) is identically 
zero. 

The error in this proof, of course, is that we cannot differentiate both 
sides of an inequality, and still expect to preserve the inequality. For exam­
ple, the function j 1 ( t) = 2t- 2 is less than fit)= t on the interval [0, 1], but 
f{(t) is greater than f2(t) on this interval. We make this proof "kosher" by 
the clever trick of setting 

U(t) = {w(s)ds. 
to 

Then, 

dU f' -d = w(t) ~ L w(s)ds= LU(t). 
t to 

Consequently, e-L(t-to)U(t)~ U(t0)=0, for t';;l> t0, and thus U(t)=O. This, 
in turn, implies that w( t) = 0 since 

0~ w(t) ~ L {w(s)ds= LU(t)=O. 
to 

Example 3. Show that the solution y ( t) of the initial-value problern 

dy = t2+ e_Y2 

dt ' y(O)=O 

exists for 0 ~ t ~ i, and in this interval, I y ( t)l ~ 1. 
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Solution. Let R be the reetangle 0 ~ t ~ t, IYI ~ 1. Computing 

we see that y(t) exists for 

0 ·(I I) I ~t~mm 2' 5/4 =2, 

and in this interval, ly(t)l < I. 

Example 4. Show that the solution y(t) of the initial-value problern 

: =e-r>+y3, y(O)=I 

exists for 0 < t < I /9, and in this interval, 0 ~ y ~ 2. 
Solution. Let R be the reetangle 0 ~ t ~ !-, 0 < y ~ 2. Computing 

M= max e- 12 +y 3 =1+23 =9, 
(t,y) in R 

we see that y(t) exists for 

0 < t ~ min( t, t) 
and in this interval, 0 < y ~ 2. 

Example 5. What is the largest interval of existenee that Theorem 2 pre­
diets for the solution y ( t) of the initial-value problern y' = I + y 2, y (0) = 0? 
Solution. Let R be the reetangle 0 ~ t ~ a, IYI < b. Computing 

M= max l+y2 =l+b2, 
(t,y) in R 

we see that y(t) exists for 

0< t< a=min(a,~)· 
l+b 

Clearly, the largest a that we ean aehieve is the maximum value of the 
funetion b/(1 +b2). This maximum value ist. Henee, Theorem 2 prediets 

that y ( t) exists for 0 ~ t ~ t. The faet that y ( t) = tan t exists for 0 < t ~ 7T /2 
points out the Iimitation of Theorem 2. 

Example 6. Suppose that lf(t,y)l <Kin the strip t0 ~ t < oo,- oo <y < oo. 
Show that the solution y(t) of the initial-value problern y' = f(t,y), y(t0) = 
y 0 exists for all t;;;. t0. 

Solution. Let R be the reetangle t0 ~ t ~ t0 + a, IY-Yol ~ b. The quantity 

M= max lf(t,y)l 
(t,y) m R 
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1 First-order differential equations 

is at most K. Hence, y(t) exists for 

t0 < t < t0 +min(a,bj K). 

Now, we can make the quantity min(a,bj K) as large as desired by choos­
ing a and b sufficiently large. Therefore y(t) exists for t ~ t0 . 

EXERCISES 

1. Construct the Picard iterates for the initial-value problern y' =2t(y + 1), y(O) = 
0 and show that they converge to the solution y (t) = e 12 - 1. 

2. Cornpute the first two Picard iterates for the initial-value problern y' = t 2 + y 2, 

y(O)= 1. 

3. Cornpute the first three Picard iterates for the initial-value problerny' = e 1 + y 2, 

y(O)=O. 

In each of Problems 4--15, show that the solutiony(t) of the given initial­
value problern exists on the specified interval. 

4.y'=y2 +cost2, y(O)=O; O.;;t.;;~ 

5.y'=l+y+y2 cost, y(O)=O; O.;;t.;;} 

6. y'= t + y 2,y(O) = 0; 0.;;: t.;;: (D213 

7.y'=e- 12 +y2, y(O)=O; O.;;t.;;! 

8. y' = e- 12 + y 2, y(l) = 0; 1 .;;: t .;;: 1 + Ve /2 

9.y'=e- 12 +y2, y(O)=l; O.;;t.;; V2 
1+(1 +Yl )2 

10.y'=y+e-Y+e- 1, y(O)=O; O.;;t.;;l 

ll.y'=y 3 +e- 51, y(0)=0.4; O.;;t.;;-fo 

12.y'=e<y- 1Jl, y(O)=l; O.;;t.;; v'32- 1e-«1+YJ)/2P 

13. y' =(4y + e- 12)e2Y, y(O)=O; 0.;;: t.;;: _l_ 
8Ve 

14.y'=e- 1+ln(!+y2), y(O)=O; O.;;t<oo 

15.y'=W+cos4t)y- 8~(1-cos4t)y2, y(O)=lOO; O.;;t.;;l 

16. Consider the initial-value problern 
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and Iet R be the reetangle 0.;;: t.;;: a, - b.;;: y.;;: b. 
(a) Show that the solutiony(t) of (*) exists for 

O.;; t.;;: min(a, --/!--z). 
a +b 
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(b) Show that the maximum value of b/(a2 +b2), for a fixed, is l/2a. 
(c) Show that a=min(a,ta) is largest when a=l/v'2. 

( d) Conclude that the solution y ( t) of (*) exists for 0 < t < l / v'2 . 

17. Prove that y(t)= -1 is the only solution of the initial-value problern 

y'=t(l+y), y(O)=-l. 

18. Find a nontrivial solution of the initial-value problern y' = (Y a, y (0) = 0, a > l. 
Does this violate Theorem 2'? Explain. 

19. Find a solution of the initial-value problern y' = t VT=7 , y(O) =I, other than 
y ( t) = l. Does this violate Theorem 2'? Explain. 

20. Here is an alternate proof of Lemma 2. Let w(t) be a nonnegative function 
with 

w(t).;; L {w(s)ds 
lo 

(*) 

on the interval t0 .;; t.;; t0 + a. Since w(t) is continuous, we can find a constant 
A such that 0.;; w( t).;; A for t0 < t .;; t0 + a. 
(a) Show that w(t) <LA (t- t0). 

(b) Use this estimate of w(t) in(*) to obtain 

AL2 (t- t 0 ) 2 

w(t).;; 2 

(c) Proceeding inductively, show that w(t)<;;ALn(t-t0)n/n!, for every integer 
n. 

( d) Conclude that w(t) = 0 for t0 < t < t0 + a. 

1.11 Finding roots of equations by iteration 

Suppose that we are interested in finding the roots of an equation having 
the special form 

x=f(x). 

For example, we might want to find the roots of the equation 

x=sinx+ ~· 

(1) 

The methods introduced in the previous section suggest the following algo­
rithm for solving this problem. 

1. Try an initial guess x0, and use this number to construct a sequence of 
guesses x 1,x2,x3, ••• , where x 1=f(x0), x2 =j(x1), x3 =f(x2), and so on. 

2. Show that this sequence of iterates xn has a Iimit 11 as n approaches in­
finity. 

3. Show that 11 is a root of (1); i.e., 11 = f( 11). 

The following theorem teils us when this algorithm will work. 

Theorem 3. Let f(x) and f'(x) be continuous in the interval a < x.;;; b, with 
if'(x)l < A < 1 in this interval. Suppose, moreover, that the iterates xn, de-
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1 First-order differential equations 

fined recursively by the equation 

Xn+l = f(xn) (2) 

a/1 /ie in the interval [a,b]. Then, the iterates xn converge to a unique num­
ber 11 satisfying (1). 

PROOF. We convert the problern of proving that the sequence xn converges 
to the simpler problern of proving that an infinite series converges by writ­
ing xn in the form 

Xn = x0 +(x1- x0) + (x2- x1) + ... + (xn- xn_ 1). 

Clearly, the sequence xn converges if, and only if, the infinite series 
00 

(x1-x0)+(x2-x1)+ ... +(xn-xn_ 1)+ ... = ~ (xn-xn_ 1) 
n=l 

converges. To prove that this infinite series converges, it suffices to show 
that 

00 

lxl-xol+lx2-xll+ ... = ~ lxn-xn-ll<oo. 
n-1 

This is accomplished in the following manner. By definition, xn = f(xn_ 1) 

and xn-l =J(xn_ 2). Subtracting these two equations gives 

where ~ is some number between xn _1 and xn _ 2• In particular, ~ is in the 
interval [a,b]. Therefore, lf'(~)lt;;; X, and 

lxn- Xn-11..;; XIxn-I- Xn-21· 

Iterating this inequality n- 1 times gives 

Consequently, 

lxn- Xn-11..;; XIxn-I- .(n-21 

t;;;X 21Xn-2-xn-31 

00 00 

~ lxn-xn_J!t;;; ~ xn-llxl-xol 
n=l n=l 

(3) 

This quantity, obviously, is less than infinity. Therefore, the sequence of 
iterates xn has a Iimit 11 as n approaches infinity. Taking Iimits of both 
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sides of (2) gives 

Hence, 11 is a root of (1). 
Finally, suppose that 11 is not unique; that is, there exist two solutions 71 1 

and 712 of ( 1) in the interval [ a, b ]. Then, 

where g is some number between 71 1 and 712• This implies that 71 1 = 712 or j'(g) 
= 1. Butf'(g) cannot be one, since g is in the interval [a,b]. Therefore, 71 1 = 
~ D 

Example 1. Show that the sequence of iterates 

converge to a unique number 11 satisfying 

for every initial guess x0• 

Solution. Letf(x)=1+tarctanx. Computingf'(x)=ti/(l+x2), we see 
that lf'(x)l is always less than or equal to t. Hence, by Theorem 3, the 
sequence of iterates x0, x 1, x2, • • • converges to the unique root 11 of the 
equation x = 1 + tarc tanx, for every choice of x0 • 

There are many instances where we know, a priori, that the equation 
x=j(x) has a unique solution T/ in a given interva1 [a,b]. In these in­
stances, we can use Theorem 3 to obtain a very good approximation of Tl· 
Indeed, life is especially simple in these instances, since we don't have to 
check that the iterates xn all lie in a specified interval. If x0 is sufficiently 
close to 71, then the iterates xn will a1ways converge to 71, as we now show. 

Theorem 4. Assurne that f( Tl)= f/, and that lf'(x)l ~ A < 1 in the interval 
lx- 111 ~ a. Choose a number x0 in this interval. Then, the sequence of 
iterates xn, defined recursively by the equation xn+ 1 = f(xn), will always 
converge to '11· 

PROOF. Denote the interval lx- Tl I~ a by /. By Theorem 3, it suffices to 
show that all the iterates xn lie in /. To this end, observe that 

xi+ 1- T/ = f(xi)- f(Tt) = j'(g)(x1 - Tl) 

where g is some number between x1 and Tl· In particular, g is in I if x1 is in 
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I. Thus, 

(4) 

if JC_j is in I. This implies that x1+ 1 is in I whenever x1 is in I. By induction, 
therefore, all the iterates xn lie in I. D 

Equation (4) also shows that xn+ 1 is closer to 11 than xn. Specific~lly, the 
error we make in approximating 11 by xn decreases by at least a factor of A 
each time we increase n. Thus, if A is very small, then the convergence of xn 
to 11 is very rapid, while if A is close to one, then the convergence is very 
slow. 

Example 2. 
(a) Show that the equation 

. I 
x=smx+ 4 

has a unique root 1J in the interval [ 1r I 4, 1r 12]. 
(b) Show that the sequence of numbers 

· I · I x 1 =smx0 + 4 , x2 =smx 1 + 4 , ... 

will converge to 1J if 7T I 4 < x 0 < 1r 12. 

(5) 

(c) Write a computerprogram to evaluate the first N iterates x 1,x2, ... ,xN. 
Solution. 
(a) Let g(x) = x- sin x- i, and observe that g( 1r I 4) is negative while 
g(1r 12) is positive. Moreover, g(x) is a monotonic increasing function of x 
for 1r I 4 < x < 7T 12, since its derivative is strictly positive in this interval. 
Therefore, Equation (5) has a unique root x = 1J in the interval 1r I 4 < x < 
7T 12. 
(b) Let I denote the interval 11- 1r I 4 < x < 1J + 1r I 4. The left endpoint of 
this interval is greater than zero, while the right endpoint is less than 37r I 4. 
Hence, there exists a number A, with O<X< 1, suchthat 

jcosxl =I~ (sinx + nl.;;;; A 

for x in I. Clearly, the interval [ 1r I 4, 1r 121 is contained in I. Therefore, by 
Theorem 4, the sequence of numbers 

will converge to 1J for every x 0 in the interval [ 1r I 4, 1r 12]. 
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(c) 

Pascal Program 

Program lterate (input, output); 
var 

X: array[O .. 199] of real; 
k, N: integer; 

begin 
readln(X[O], N); 
page; 
writeln('N':4, 'X[N]':14); 
for k := 0 to N do 

end. 

begin 
writel n (K:4, · ':4, X [k]: 17:9); 
X[k+ 1] :=0.25+sin(X[k]); 

end; 

c 

c 

10 

20 

30 
40 

Fortran Program 

DIMENSION X(200) 
READ (5, 1 0) XO, N 
FORMAT (F15.8, 15) 
COMPUTE X(1) FIRST 
X(1) = 0.25 + SIN(XO) 
KA=O 
KB=1 
WRITE (6, 20) KA, XO, KB, X(1) 
FORMAT (1 H1, 4X, 'N', 1 OX, 'X'/ (1 H, 3X, 13, 4X, F15.9)) 
COMPUTE X(2) THRU X(N) 
DO 40 K=2,N 
X(K) = 0.25 + SIN(X(K -1 )) 
WRITE (6, 30) K, X(K) 
FORMAT (1 H, 3X, 13, 4X, F15.9) 
CONTINUE 
CALL EXIT 
END 

See also C Program 1 in Appendix C for a sample C program. 
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Table 1 

n Xn n Xn 

0 l 8 1.17110411 
1 1.09147099 9 1.17122962 
2 1.13730626 lO 1.17122964 
3 1.15750531 ll 1.17122965 
4 1.16580403 12 1.17122965 
5 1.16910543 13 1.17122965 
6 1.17040121 14 1.17122965 
7 1.17090706 15. 1.17122965 

In many instances, we want to compute a root of the equation x = f(x) 
to within a certain accuracy. The easiest, and most efficient way of accom­
plishing this is to instruct the computer to terminate the program at k = j if 
xj+ 1 agrees with xj within the prescribed accuracy. 

EXERCISES 

1. Let 'II be the unique root of Equation (5). 
(a) Let x0= TT /4. Show that 20 iterations are required to find 'IJ to 8 significant 

decimal places. 
(b) Let x0 = TT /2. Show that 20 iterations are required to find 'II to 8 decimal 

places. 
(c) Let x0 =3TTj8. Show that 16 iterations are required to find 'II to 8 decima1 

p1aces. 

2. (a) Determine suitab1e va1ues of x0 so that the iterates xn, defined by the equa­
tion 

will converge to V2 . 
(b) Choose x0 = 1.4. Show that 14 iterations are required to find V2 to 8 signifi­

cant decima1 p1aces. (V2 = 1.41421356 to 8 significant decima1 p1aces.) 

3. (a) Determine suitab1e values of x0 so that the iterates xn, defined by the equa­
tion 

will converge to V2 . 
(b) Choose x0 = 1.4. Show that 30 iterations are required to find V2 to 6 signifi­

cant decimal p1aces. 

4. (a) Determine a suitab1e va1ue of a so that the iterates xn, defined by the equa­
tion 
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will converge to V3 . 
(b) Find V3 to 6 significant decimal p1aces. 
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5. Let TJ be the unique root of the equation x = 1 + t arc tanx. Find TJ to 5 signifi­
cant decimal places. 

6. (a) Show that the equation 2-x=(lnx)/4 has a unique root x=TJ in the inter­
val 0< x< oo. 

(b) Let 

n =0, 1,2, ... 

Show that I .;;; Xn .;;; 2 if 1 .;;; x0 .;;; 2. 
(c) Prove that Xn~TJ as n~oo if I .;;; x0 .;;; 2. 
(d) Compute TJ to 5 significant decimal places. 

7. (a) Show that the equation x = cosx has a unique root x = TJ in the interval 0.;;; x 
.;;I. 

(b) Let Xn+ 1=cosxm n=0,1,2, ... , with 0<x0 <l. Show that O<xn<l. Con­
clude, therefore, that xn~TJ as n~oo. 

(c) Find TJ to 5 significant decimal places. 

1.11.1 Newton's method 

The method of iteration which we used to solve the equation x = f(x) can 
also be used to solve the equation g(x) = 0. To wit, any solution x = 71 of 
the equation g(x)=O is also a solution of the equation 

x=f(x)=x-g(x), (!) 

and vice-versa. Better yet, any solution x = 71 of the equation g(x) = 0 is 
also a solution of the equation 

g(x) 
x=f(x)=x- -­

h(x) 
(2) 

for any function h(x). Of course, h(x) must be unequal to zero for x near 
Tl· 

Equation (2) has an arbitrary function h(x) in it. Let us try and choose 
h(x) so that (i) the assumptions of Theorem 4, Section 1.11 are satisfied, 
and (ii) the iterates 

g(xo) g(xl) 
X I= Xo- h ( Xo) ' X2 =X I - h (X I) ' ... 

converge as "rapidly as possible" to the desired root Tl· To this end, we 
compute 

, _ d [ g(x) l g'(x) h'(x)g(x) 
j (x)- dx x- h(x) = l- h(x) + h2 (x) 

and observe that 

j '( ) = 1 - g' (Tl) 
Tl h(71) . 
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This suggests that we set h(x)=g'(x), since then f'(TJ)=O. Consequently, 
the iterates xn, defined recursively by the equation 

g(xn) 
Xn +I = Xn - ---;--( ) ' g Xn 

n=O, 1,2, ... (3) 

will converge to TJ if the initial guess x0 is sufficiently close to TJ. (If f'( TJ) = 
0, then \f'(x)\ <X< 1 for ix- TJ\ sufficient1y small.) Indeed, the choice of 
h(x)= f'(x) is an optimal choice of h(x), since the convergence of xn to TJ 
will be extremely rapid. This follows immediately from the fact that the 
number X in Equation 4, Section 1.11 can be taken arbitrarily small, as xn 
approaches TJ· 

The iteration scheme (3) is known as Newton's method for solving the 
equation g(x)=O. lt can be shown that if g(TJ)=O, and x0 is sufficiently 
close to TJ, then 

ixn+ 1- TJ\ < c\xn- TJ\ 2, 

for some positive constant c. In other words, the error we make in ap­
proximating TJ by xn + 1 is proportional to the square of the error we make 
in approximating TJ by xn. This type of convergence is called quadratic con­
vergence, and it implies that the iterates xn converge extremely rapidly to 
TJ· In many instances, only five or six iterations are required to find TJ to 
eight or more significant decimal places. 

Example 1. Use Newton's method to compute VI. 
Solution. The square root of two is a solution of the equation 

g(x)=x 2 -2=0. 

Hence, Newton's scheme for this problern is 

(x/-2) 

n=O, 1,2, .... (4) 

Sampie Pascal and Fortran programs to compute the first N iterates of an 
initial guess x0 are given below. 

Pascal Program 

Program Newton (input, output); 
var 

X: array[O .. 199] of real; 
k, N: integer; 

begin 
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writeln('N':4, 'X[N]':14); 
for k :=Oto N do 

end. 

begin 
writeln{K:4,' ':4, X[k]:17:9); 
X[k+ 1] :=X[k]/2+ 1/X[k]; 

end; 

Table 1 
n Xn 

0 1.4 
I 1.41428571 
2 1.41421356 

n 

3 
4 
5 

Fortran Program 

Xn 

1.41421356 
1.41421356 
1.41421356 

We need only replace the instructions for computing X(1) and X(K) in the 
F ortran program of Section 1.11 by 

X(1)=(XOI2)+ 1 IXO 

and 

X(K)=(X(K -1)12)+1 IX(K -1) 

We ran these programs for x0 = 1.4 and N = 5, and the results are given in 
Table 1. Notice that Newton's method requires only 2 iterations to find 
v'2 to eight significant decimal places. 

See also C Program 2 in Appendix C for a sample C program. 

Example 2. Use Newton's method to find the impact velocity of the drums 
in Section 1. 7. 
Solution. The impact velocity of the drums satisfies the equation 

300 cg W- B l [ W- B - cv ] g(v)=v+ -- + -- n =0 
W c W-B 

(5) 

where 

c=0.08, g=32.2, W=527.436, and B=470.327. 

Setting a = ( W- B) I c and d = 300cg I W puts ( 5) in the simpler form 

g(v)=v+d+aln(l-vla)=O. (6) 

Newton's iteration scheme for this problern is 
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n=O, 1,2, .... 

Sample Pascal and Fortran programs to compute the first N iterates of v0 

are given below. 

Pascal Program 

Program Newton (input, output); 

const 
c =0.08; 
g =32.2; 
W=527.436; 
B =470.327; 

var 
V: array[O .. 199] of real; 
a, d: real; 
k, N: integer; 

begin 
readln(V[O], N); 
a := (W- B)/c; 
d :=300 * c • g/W; 
page; 
writeln('N':4, 'V[N)':14); 
for k :=0 to N do 

begin 
writeln(K:4,' ':4, V[k]:17:9); 
V[k + 1] := V[k] + ((a- V[k] )IV[k]) 

end; 
end. 

• (V[k] + d + a • ln(1- (V[k]/a))); 

Fortran Program 

Change every X to V, and replace the instructions for X(1) and X(K) in the 
Fortranprogram of Section 1.11 by 

V{1)=VO+((A-VO)/VO)*(VO+D+A*A LOG(1----: (VO I A))) 

and 
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1.12 Difference equations 

V(K)=V(K -1 )+((A-V(K -1 JliV(K -1 ))* (V(K -1)+ D 

+A*A LOG (1-(V(K -1) I A))) 

(Before running these programs, of course, we must instruct the computer 
to evaluate the constants a = (W-B) I c and d = 300 cg I W.) 

As was shown in Section 1.7, v0 =45.7 is a very good approximation of 
v. We set v0 =45.7 in the above programs, and the iterates vn converged 
very rapidly to v = 45.1 ftl s. Thus, the drums can indeed break upon im­
pact. 

In general, it is not possible to determine, a priori, how many iterations 
will be required to achieve a certain accuracy. In practice, we usually take 
N very !arge, and instruct the computer to terminate the program if one of 
the iterates agrees with its predecessor to the desired accuracy. 

See also C Program 3 in Appendix C for a sample C program. 

EXERCISES 

1. Show that the iterates Xn defined by (4) will converge to V2 if 

V273 <x0 <V2 +(V2- V273 ). 

2. Use Newton's method to find the following numbers to 8 significant decimal 
places. (a) v'3, (b) V5, (c) V7. 

3. The number '1T is a root of the equation 
X X tan 4 -cot4 =0. 

Use Newton's method to find '1T to 8 significant decimal places. 

Show that each of the following equations has a unique solution in the 
given interval, and use N ewton's method to find it to 5 significant decimal 
places. 

4. 2x-tanx=O; 'TT""x""3'1TI2 

6. Inx+(x+ 1)3 =0; O<x< l ,C 'TTX 
7. 2vx =cos 2 ; O""x"" l 

9. x-e-x2 =1; O""x""2. 

1.12 Difference equations, and how to compute 
the interest due on your student loans 

In Sections 1.13-1.16 we will construct various approximations of the solu­
tion of the initial-value problern dyldt=f(t,y), y(t0),=y0• In determining 
how good these approximations are, we will be confronted with the follow-
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1 First-order differential equations 

ing problem: How large can the numbers E 1, ... ,EN be if 

n = 0, 1, ... , N- 1 (1) 

for some positive constants A and B, and E0 = 0? This is a very difficult 
problern since it deals with inequalities, rather than equalities. Fortunately, 
though, we can convert the problern of solving the inequalities (1) into the 
simpler problern of solving a system of equalities. This is the content of the 
following Iemma. 

Lemma 1. Let E1, ••• , EN satisjj; the inequa/ities 

En+l <AEn+B, E0 =0 

for some positive constants A and B. Then, En is less than or equal to Yn' 
where 

Yn+I=Ayn+B, Yo=O. (2) 

PROOF. We prove Lemma 1 by induction on n. To this end, observe that 
Lemma 1 is obviously true for n = 0. Next, we assume that Lemma 1 is true 
for n=j. We must show that Lemma I is also true for n=j+ I. That is to 
say, we must prove that ~ < y1 implies ~+I< YJ+I· But this follows im­
mediately, for if ~ < y1 then 

~+I <AE1+B<Ay1 +B=yJ+I· 

By induction, therefore, En < Yn' n=O, l, ... ,N. D 
Our next task is to solve Equation (2), which is often referred to as a dif­

ference equation. We will accomplish this in two steps. First we will solve 
the "simple" difference equation 

Yo= Yo· (3) 

Then we will reduce the difference equation (2) to the difference equation 
(3) by a clever change of variables. 

Equation (3) is trivial to solve. Observe that 

Y1-Yo =Bo 
Y2-Y1 =BI 

Yn-1- Yn-2 = Bn-2 
Yn- Yn-I=Bn-1· 

Adding these equations gives 

(Yn- Yn-1) +(Yn-1-Yn-z)+ ··· +(yi-Yo)= Bo+ BI+···+ Bn-1· 

Hence, 
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1.12 Difference equations 

Next, we reduce the difference equation (2) to the simpler equation (3) 
in the following clever manner. Let 

n=O, l, ... ,N. 

Then, zn+i=Yn+I/An+l. Butyn+I=Ayn+B. Consequently, 

Therefore, 

and 

Yn B B 
z =-+--=z +--n+l An An+l n An+i' 

B 
Yn=Anzn=Anyo+ A-1 (An-1). 

Finally, returning to the inequalities (l), we see that 

n=l,2, ... ,N. 

(4) 

(5) 

While collecting material for this book, this author was approached by a 
colleague with the following problem. He had just received a bill from the 
bank for the first payment on his wife's student loan. This loan was to be 
repaid in 10 years in 120 equal monthly installments. According to his 
rough estimate, the bank was overcharging him by at least 20%. Before 
confronting the bank's officers, though, he wanted to compute exactly the 
monthly payments due on this loan. 

This problern can be put in the following more generat framework. 
Suppose that P dollars are borrowed from a bank at an annual interest rate 
of R %. This loan is to be repaid in n years in equal monthly installments of 
x dollars. Find x. 

Our first step in solving this problern is to compute the interest due on 
the loan. To this end observe that the interest I 1 owed when the first pay­
ment is due is I 1 =(r/12)P, where r=R/100. The principal outstanding 
during the second month of the loan is (x- I 1) less than the principal out­
standing during the first month. Hence, the interest I 2 owed during the sec­
ond month of the loan is 

r 
I2=I,-Ti(x-Id. 

Similarly, the interest ~+ 1 owed during the (j + l)st month is 
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1 First-order differential equations 

~ + 1 = ~- (2 (X - ~) = (I + (2 )~ - (2 X, 

where ~ is the interest owed during the jth month. 
Equation (6) is a difference equation for the numbers 

lts solution (see Exercise 4) is 

r { r )J-1 [ { r )J-1] ~= 12P I+ 12 +x I- I+ 12 

Hence, the total amount of interest paid on the loan is 
12n 

Now, 

I= I 1 + I 2 + ... + I 12n = ~ ~ 
}=I 

12n 12n 
= (2 p ~ (I+ (2 r-1 + I2nx- x ~ (I+ (2 r-t 

j=l }=I 

~{ r)J-1 I2[{ r)l2n] ~ I+12 =-;: I+12 -I. 
J=l 

Therefore, 

[( r )12n ] I2x [{ r )12n ] I=P I+ 12 -1 +12nx--r- 1+12 -1 

= 12nx- p + p {I + (2 ) 12n- 1;x [ { 1 + ;2 ) 12n- I]. 

(6) 

But, 12nx- P must equal I, since 12nx is the amount of money paid the 
bank and P was the principalloaned. Consequently, 

P(1+ (2)u"_l;x[{I+ (2f2"-I]=o 

and this equation implies that 

r { r )12n 12p 1+12 
x= (7) 

{I+ (2 (n -1 

Epilog. Using Equation (7), this author computed x for his wife's and 
his colleague's wife's student loans. In both cases the bank was right-to 
the penny. 
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EXERCISES 

1. Solve the difference equation Yn+ 1 = -7yn + 2,y0 = I. 

2. Findy37 if Yn+ 1 = 3yn +I, y 0 =0, n =0, I, ... ,36. 

3. Estimate the numbers E0,E1, ••• ,EN if E0 =0 and 
(a) En+lc;;;;3En+I,n=O,l, ... ,N-I; 
(b) En +I ..;; 2En + 2, n = 0, l' ... 'N- I. 

4. (a) Show that the transformation y1 = ~+ 1 transforms the difference equation 

~+t={I+ (2 )~- [2 x, It= [2 P 

into the difference equation 

YJ+l =(I+ [2 )Yr [2 X, 

(b) Use Equation (4) to find y1_ 1 = ~-

5. Soive the difference equation Yn+ 1 = anYn + bn, y 1 = a. Hint: Set z1 = y 1 and 
Zn= Yn/ a 1 •• • an-! for n;;. 2. Observe that 

Yn+ I OnYn bn 
Zn+l=---=---+--­

al•••an al···an al···an 

bn 
=zn+---

al···an 

Hence, conciude that Zn =z1 + ~j: lb1/ a1 ••• a1. 

6. Solve the difference equationyn+ 1-nyn= I-n,y 1 =2. 

7. FindY25 if y 1 =I and (n + I)Yn+ 1- nyn =2n, n= I, ... ,24. 

8. A student borrows P dollars at an annual interest rate of R%. This loan is tobe 
repayed in n years in equal monthly installments of x dollars. Find x if 
(a) P=4250, R=3, and n=5; 
(b) P=5000, R=7, and n= 10. 

9. A home buyer takes out a $30,000 mortgage at an annual interest rafe of 9%. 
This loan is to be repaid over 20 years in 240 equal monthly installments of x 
dollars. 
(a) Compute x. 
(b) Find x if the annual interest rate is 10%. 

10. The quantity supplied of some commodity in a given week is obviously an in­
creasing function of its price the previous week, while the quantity demanded 
in a given week is a function of its current price. Let ~ and D1 denote, respec­
tively, the quantities supplied and demanded in the jth week, and Iet I) denote 
the price of the commodity in thejth week. We assume that there exist positive 
constants a, b, and c such that 

~=aP1_ 1 and D1=b-clj. 

(a) Show that P1 =bj(a+c)+(-ajc)i(P0 -bj(a+c)), if supply always 
equals demand. 

95 



1 First-order differential equations 

(b) Show that IJ approaches b I ( a + c) as j approaches infinity if a I c < 1. 
(c) Show that P = b l(a + c) represents an equilibrium situation. That is to say, 

if supply always equals demand, and if the price ever reaches the Ievel 
bl(a+c), then it will always remain at that Ievel. 

1.13 Numerical approximations; Euler's method 

In Section 1.9 we showed that it is not possible, in general, to solve the ini­
tial-value problern 

dy 
dt = f(t,y), (1) 

Therefore, in order that differential equations have any practical value for 
us, we must devise ways of obtaining accurate approximations of the solu­
tion y ( t) of ( 1 ). In Sections 1.13-1.16 we will derive algorithms, which can 
be implemented on a digital computer, for obtaining accurate approxima­
tions of y ( t). 

Now, a computer obviously cannot approximate a function on an entire 
interval t0 < t < t0 + a since this would require an infinite amount of infor­
mation. At best it can compute approximate values y 1, ... ,yN of y(t) at a 
finite number of points t1, t2, ... , tN. However, this is sufficient for our pur­
pose since we can use the numbers y 1, ••• ,yN to obtain an accurate ap­
proximation of y(t) on the entire interval t0 ..;; t < t0 + a. To wit, let y(t) be 
the function whose graph on each interval [0, 0+ tl is the straight line con­
necting the points (0,Y) and (0+ 1,y1+ 1) (see Figure 1). We can express y(t) 
analytically by the equation 

Figure 1. Comparison of j(t) and y(t) 
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If y(t) is close to y(t) at t= 0; that is, if y1 is close to y(0), and if 0+ 1 is 
close to 0• theny(t) is close toy(t) on the entire interval0<. t<. 0+I· This 
follows immediately from the continuity of both y(t) and y(t). Thus, we 
need only devise schemes for obtaining accurate approximations of y(t) at 
a discrete number of points t1, ... ,tN in the interval t0 <. t<. t0 +a. For sim­
plicity, we will require that the points t 1, ... , tN be equally spaced. This is 
achieved by cheosing a large integer N and setting tk=t0 +k(aiN), k= 
l, ... , N. Alternately, we may write tk + 1 = tk + h where h = a IN. 

Now, the only thing we know about y( t) is that it satisfies a certain dif­
ferential equation, and that its value at t= t0 is y 0• We will use this infor­
mation to compute an approximate value y 1 of y at t = t 1 = t0 + h. Then, we 
will use this approximate value y 1 to compute an approximate value Y2 of y 
at t = t2 = t 1 + h, and so on. In order to accomplish this we must find a the­
orem which enables us to compute the value of y at t = tk + h from the 
knowledge of y at t = tk. This theorem, of course, is Taylor's Theorem, 
which states that 

dy ( tk) h2 d 2y( tk) 
y(tk+h)=y(tk)+h-d- + -2, 2 + .... (2) 

t . dt 

Thus, if we know the value of y and its derivatives at t = tk, then we can 
compute the value of y at t = tk + h. Now, y(t) satisfies the initial-value 
problern (1). Hence, its derivative, when evaluated at t = tk, must equal 
f(tk,y(tk)). Moreover, by repeated use of the chain rule of partial dif­
ferentiation (see Appendix A), we can evaluate 

d 2y(tk) [ af af] 
dt2 = at + f ay (tk,y(tk)) 

and all other higher-order derivatives of y ( t) at t = tk. Hence, we can re­
write (2) in the form 

Y ( tk+ I)= Y ( tk) + hf( tk,y ( tk)) 

h2 [ af af] +.2! -at+fay (tk,y(tk))+ .... (3) 

The simplest approximation of y ( tk + 1) is obtained by truncating the 
Taylor series (3) after the second term. This gives rise to the numerical 
scheme 

and, in general, 

Yo= y(to). (4) 

Notice how we use the initial-value y 0 and the fact that y(t) satisfies the 
differential equation dy I dt = f(t,y) to compute an approximate value y 1 of 
y(t) at t= t1• Then, we use this approximate value y 1 to compute an ap­
proximate value Y2 of y ( t) at t = t2> and so on. 
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1 First-order differential equations 

Equation ( 4) is known as Eu/er' s scheme. It is the simplest numerical 
scheme for obtaining approximate values y 1,. •• ,yN of the solution y(t) at 
times t1, ••• ,tN. Of course, it is also the least accurate scheme, since we have 
only retained two terms in the Taylor series expansion for y(t). As weshall 
see shortly, Euler's scheme is not accurate enough to use in many prob­
lems. However, it is an excellent introduction to the more complicated 
schemes that will follow. 

Example 1. Let y(t) be the solution of the initial-value problern 

~I dt= 1 +(y- t)2, y(O)= ~· 

Use Euler's scheme to compute approximate values y 1, ••• ,yN of y(t) at the 
points t1 = 11 N,t2 =21 N, ... ,tN= 1. 
Solution. Euler's scheme for this problern is 

Yk+t=yk+h[1+(yk-tk)2 ], k=O,l, ... ,N-1, h=liN 

with y0 = t. Sampie Pascal and Fortranprograms to compute y 1 , ••. , YN are 
given below. These programs, as well as all subsequent programs, have 
variable values for t0 , y 0, a, and N, so that they may also be used to solve 
the more general initial-value problern ~I dt = 1 + (y- ti, y(t0) = y0 on 
any desired interval. Moreover, these same programs work even if we 
change the differential equation; if we change the functionj(t,y) then we 
need only change line 12 in the Pascal program (and line 11 in the C program) 
and the expressions for Y(1) and Y(K) in Section B ofthe Fortran program. 

Pascal Program 

Program Euler (input, output); 

var 
T, Y: array[O .. 999] of real; 
a, h: real; 
k, N: integer; 

begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k:=O to N-1 do 

begin 
T[k+1] :=T[k]+h; 
Y[k + 1] := Y[k] + h * (1 + (Y[k]- T[k]) • (Y[k]- T[k])); 

end; 
writeln('T':4, 'Y':16); 
for k := 0 to N do 

writeln(T[k]:10:7,' ':2, Y[k]:16:9); 
end. 
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Section A 
Read in data 

Section 8 
Do computations 

Section C 
Print out 
results 

20 

Fortran Program 

DIMENSION T(1 000), Y(1 000) 
READ (5, 1 0) TO, YO, A, N 
FORMAT (3F20.8, 15) 
H=A/N 

T(1)=TO+ H 
Y(1) = YO + H * (1 + (YO- TO) * * 2) 
DO 20 K=2,N 
T(K)=T(K-1)+ H 
Y(K)=Y(K-1)+H•(1 +(Y(K-1) 

1 -T(K-1))• •2) 
CONTINUE 

WRITE (6, 30) TO, YO, (T(J), Y(J), J = 1, N) 
FORMAT (1H1,3X, 1HT,4X, 1HY,/(1H, 1X, 
F1 0. 7, 2X, F20.9 /)) 
CALL EXIT 
END 

See also C Program 4 in Appendix C for a sample C program. 
Table 1 below gives the results of these computations for a= 1, N= 10, t0= 
0, and y0 = k. All of these computations, and all subsequent computations, 
were carried out on an IBM 360 computer using 16 decimal places ac­
curacy. The results have been rounded to 8 significant decimal places. 

Table 1 

t y t y 

0 0.5 0.6 1.29810115 
0.1 0.625 0.7 1.44683567 
0.2 0.7525625 0.8 1.60261202 
0.3 0.88309503 0.9 1.76703063 
0.4 1.01709501 1 1.94220484 
0.5 1.15517564 

The exact solution of this initial-value problern (see Exercise 7) is 

y(t)=t+l/(2-t). 

Thus, the error we make in approximating the value of the solution at t = I 
by y 10 is approximately 0.06, since y (I)= 2. If we run this program for N = 
20 and N = 40, we obtain that Y2o = 1.96852339 and y 40 = 1.9835109. Hence, 
the error we make in approximating y(l) by y 40 is already Jess than 0.02. 
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EXERCISES 

Using Euler's method with step size h = 0.1, determine an approximate 
value of the solution at t =I for eaeh of the initial-value problems 1-5. Re­
peat these eomputations with h = 0.025 and eompare the results with the 
given value of the solution. 

1. : =l+t-y, y(O)=O; (y(t)=t) 

2. : =2ty, y(0)=2; (y(t)=2e 1) 

3. : =l+y2 -t2, y(O)=O; (y(t)=t) 

4. dyd =te-Y+-1-2 , y(O)=O; (y(t)=ln(l+t2)) 
t I+ t 

S. dyd =-1+2t+ y 2 
, y(O)=l; (y(t)=l+t2) 

t (l+t2)2 

6. U sing Euler's method with h = 'TT I 40, determine an approximate value of the 
solution of the initial-value problern 

: =2sec2 t-(l+y2), y(O)=O 

at t ="'I 4. Repeat these computations with h = 'TT I 160 and compare the results 
with the nurober one which is the value of the solutiony(t)=tant at t=TTI4. 

7. (a) Show that the substitution y = t + z reduces the initial-value problern y' = 1 + 
(y- t)2, y(O) = 0.5 to the simpler initial-value problern z' = z2, z(O)=O.S. 

(b) Show that z(t)= 11(2- t). Hence,y(t)= t+ 11(2- t). 

1.13.1 Error analysis jor Euler's method 

One of the niee features of Euler's method is that it is relatively simple to 
estimate the error we make in approximating y(tk) by Yk· Unfortunately, 
though, we must make the severe restriction that t1, ... ,tN do not exceed t0 
+ a, where a is the number defined in the existenee-uniqueness theorem of 
Seetion I. 10. More preeisely, Iet a and b be two positive numbers and 
assume that the funetions j, aj I at, and aj I ay are defined and continuous 
in the reetangle t0 ..;; t.,;; t0 + a, y0- b.,;; y.,;; y0 + b. We will denote this reet­
angle by R. Let M be the maximum value of \f(t,y)\ for (t,y) in R, and set 
a=min(a,bl M). We will determine the error committed in approximating 
y(tk) by yk, for tk..;; t0+ a. 

To this end observe that the numbers y0,y1, ... ,yN satisfy the difference 
equation 

k = 0, I, ... , N- I 

while the numbers y ( t0),y ( t 1), ••• ,y ( t N) satisfy the difference equation 
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(2) 

where ~k is some number between tk and tk + 1• Equation (2) follows from 
the identity 

and the fact that 
dy(t) hl d 2y(T) 

y(t+h)=y(t)+h-d-+-2 2 
t dt 

for some number T between t and t + h. Subtracting Equation (I) from 
Equation (2) gives 

y(tk+l)-Yk+ 1 = y(tk)-Yk + h[ f(tk,y(tk))- f(tk,yk)] 

hl [ of of] + 2 Tt + f ay (~k·Y(~k )). 

Next, observe that 
of(tk,1Jd 

f(tk,y(tk))- f(tk•Yk)= oy [y(tk)-yk] 

where 1Jk is some number betweeny(tk) andyk. Consequently, 

I of( tk, 11k) I 
IY(tk+l)-yk+ll.;;;ly(tk)-ykl+h oy IY(tk)-ykl 

+ h221 [ ~ + f ~~ ](~k,y(~k ))I. 
In order to proceed further, we must obtain estimates of the quantities 

(of(tk,1Jk))loy and [(oflot)+ f(ofloy)](~k,y(~k)). Tothis end observe that 
the points (~k•Y(~k)) and (tk,yk) alllie in the reetangle R. (It was shown in 
Section 1.10 that the points (~k,y(~k)) lie in R. In addition, a simple induc­
tion argument (see Exercise 9) shows that the points (tk,yk) all lie in R.) 
Consequently, the points (tk, Tlk) must also lie in R. Let L and D be two 
positive numbers such that 

max - .;;;L I of I 
(t,y) in R oy 

and 

max I aj +Jaji.;;;D. 
(t,y) in R ot oy 

Such numbers always exist if J, aj I at, and of I oy are continuous in R. 
Then, 

Dh2 
IY(tk+ 1)-Yk+ d.;;; IY(tk)- Ykl + hL!y(tk) -ykl + -2-. (3) 
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1 First-order differential equations 

Now, set Ek=iy(tk)-ykl, k=0,1, ... ,N. The number Ek is the error we 
make at the kth step in approximating y(tk) by Yk· From (3) 

Dh2 
Ek+ 1 ..;(1+hL)Ek+-2-, k=0,1, ... ,N-l. (4) 

Moreover, E0 =0 since y(t0)= y 0• Thus, the numbers E0, E 1, ••• ,EN satisfy 
the set of inequa1ities 

Ek+l ..;AEk+B, E0 =0 

with A = 1 + hL and B = Dh2 j2. Consequently, (see Section 1.12) 

B k Dh [ k J Ek..;A_ 1 (A -1)= 2L (1+hL) -1. (5) 

We can also obtain an estimate for Ek that is independent of k. Observe 
that 1 + hL.;;;; ehL. This follows from the fact that 

(hL)2 (hL) 3 

ehL = 1 + hL + ll + ~ + ... 

= ( 1 + hL) + "something positive". 

Therefore, 

Ek,;;;; f2 [ (ehL)k -1] = f2 [ ekhL_1 ]. 

Finally, since kh .;;;; a, we see that 

Ek,;;;; f2 [ eaL -1 ], k=1, ... ,N. (6) 

Equation (6) says that the error we make in approximating the solution 
y(t) at timet= tk by Yk is at most a fixed constant times h. This suggests, as 
a rule of thumb, that our error shou1d decrease by approximately t if we 
decrease h by t· We can verify this directly in Example 1 of the previous 
section where our error at t = 1 for h = 0.1, 0.05, and 0.025 is 0.058, 0.032, 
and 0.017 respective1y. 

Example 1. Let y ( t) be the solution of the initial-value problern 

y(O) =0. 

(a) Show thaty(t) exists at least for 0..; t.;;;; 1, and that in this interval, -1 
..; y(t)..; I. 
(b) Let N be a large positive integer. Set up Euler's scheme to find ap­
proximate values of y at the points tk = k/ N, k =0, 1, ... ,N. 
(c) Determine a step size h = 1 j N so that the error we make in approxi­
matingy(tk) by Yk does not exceed 0.0001. 
Solution. (a) Let R be the reetangle 0..; t..; 1, -1..; y..; 1. The maximum 
value that (t2 +y2)/2 achieves for (t,y) in R is 1. Hence, by the exist-
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ence-uniqueness theorem of Section 1.10, y(t) exists at least for 

0~ t~ a=min(I,+)= I, 

and in this interval, - I ~ y ~ 1. 

withy0 =0. The integer k runs from 0 to N -1. 
(c) Letf(t,y)=(t2+ y 2)/2, and compute 

'df 'df 'df y 2 2 
'dy = y and at + f 'dy = t+ 2(t + Y ). 

From (6), jy(tk)-Ykl ~ (Dh/2L)(eL -1) where L and D are two positive 
numbers such that 

and 

max IYI~L 
(t,y) in R 

m~x lt+ y2 (t2+y2)1 ~ D. 
(t,y) m R 

Now, the maximum values of the functions IYI and lt+(y/2)(t2+y2)1 for 
(t,y) in R are clearly I and 2 respectively. Hence, 

2h 
jy(tk)-ykj ~ T(e-1)=h(e-1). 

This implies that the step s-ize h should be smaller than 0.0001/(e-1). 
Equivalently, N shou1d be 1arger than ( e- 1) 104 = 17,183. Thus, we must 
iterate the equation 

Yk+ 1 = Yk + 2(17\83) [ ( 17,~83 f + y~] 
17,183 times tobe sure thaty(l) is correct to four decimal places. 

Example 2. Let y(t) be the solution of the initial-value problern 

y(O)= 1. 

(a) Show that y(t) exists at least for 0 ~ t ~ 1, and that in this interval, - 1 
~y~3. 

(b) Let N be a large positive integer. Set up Euler's scheme to find ap­
proximate values of y(t) at the points tk = kj N, k =0, 1, . .. ,N. 
(c) Determine a step size h so that the error we make in approximating 
y(tk) by Yk does not exceed 0.0001. 
Solution. 
(a) Let R be the reetangle 0 ~ t ~ 1, jy -11 ~ 2. The maximum value that t 2 

+ e-y2 achieves for (t,y) in R is 2. Hence, y(t) exists at least for 0 ~ t ~ 
min(l,2/2)= 1, andin this interval, -1 ~ y ~ 3. 
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l First-order differential equations 

(b) Yk+i = Yk + h(t/+ e-YkJ= Yk +(1/ N)[(k/ Nl+ e-Yk2
) with y0= 1. The 

integer k runs from 0 to N- 1. 
(c) Letf(t,y)= t2+ e-y2 and compute 

af 2 of af 2 2 2 -=-2ye-Y and -+J-=2t-2y(t +e-Y)e-Y. 
ay ' at ay 

From (6), iy(tk)-Yki.;;;; (Dh/2L)(eL-1) where L and D are two positive 
numbers suchthat 

and 

max l-2ye-y21.;;;; L 
(t,y) in R 

max i2t-2y(t2 +e-Y2 )e-y2 io;;;; D. 
(t,y) in R 

Now, it is easily seen that the maximum va1ue of l2ye-Y21 for -1.;;;; y.;;;; 3 is 
Vi; e . Thus, we take L= V2j;. Unfortunate1y, though, it is extremely 
difficult to compute the maximum value of the function 

l2t-2y(t2 + e-Y2 )e-y2i 

for (t,y) in R. However, we can still find an acceptable value D by observ­
ing that for (t,y) in R, 

maxl2t-2v(t2 + e-Y2 )e-y2i.;;;; maxl2tl +maxl2y(t2 + e-Y2 )e-y2i 

.;;;; maxl2tl +maxl2ye-y21 Xmax(t2 + e-yl) 

=2+2-vVe =2(1 + VVe ). 
Hence, we may choose D = 2(1 + V2j; ). Consequently, 

2(1 + V2j; )h[ ev'Ve -I] 
iy(tk)-Yki.;;;; ... ~ · 

2 v2/e 

This implies that the step size h must be smaller than 

VVe X 0.0001 . 
1 + V2j; e·h;e -1 

Examples 1 and 2 show that Euler's method is not very accurate since 
approximately 20,000 iterations are required to achieve an accuracy of four 
decima1 places. One obvious disadvantage of a scheme which requires so 
many iterations is the cost. The going rate for computer usage at present is 
about $1200.00 per hour. A second, and much more serious disadvantage, 
is that Yk may be very far away from y(tk) if N is exceptionally }arge. To 
wit, a digital computer can never perform a computation exactly since it 
only retains a finite number of decimal p1aces. Consequently, every time 
we perform an arithmetic operation on the computer, we must introduce a 
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"round off" error. This error, of course, is small. However, if we perform 
too many operations then the accumulated round off error may become so 
large as to make our results meaningless. Exercise 8 gives an illustration of 
this for Euler's method. 

EXERCISES 

1. Determine an upper bound on the error we make in using Euler's rnethod with 
step size h to find an approxirnate value of the solution of the initial-value prob­
lern 

y(O) = 1 

at any point t in the interval [0, H Hint: Let R be the reetangle 0.;;; t.;;; 1, 0.;;; y.;;; 
2. 

2. Determine an upper bound on the error we rnake in using Euler's rnethod with 
step size h to find an approxirnate value of the solution of the initial-value prob­
lern 

dy 4 
dt =t-y' y(O)=O 

at any point t in the interval [0, 1]. Hint: Let R be the reetangle 0.;;; t.;;; 1, -1 .;;; y 
.;;;1. 

3. Determine an upper bound on the error we rnake in using Euler's rnethod with 
step size h to find an approxirnate value of the solution of the initial-value prob­
lern 

dy 
-=t+eY 
dt ' 

y(O)=O 

at any point t in the interval [0, 1/(e+ 1)]. Hint: Let R be the reetangle 0.;;; t.;;; 1, 
-l.;;;y.;;;l. 

4. Determine a suitable value of h so that the error we rnake in using Euler's 
rnethod with step size h to find an approxirnate value of the solution of the ini­
tial-value problern 

dt =e 1-y2, y(O)=O 

at any point t in the interval [0, I/ e] is at rnost 0.0001. Hint: Let R be the reet­
angle 0.;;; t.;;; 1, -1.;;; y.;;; 1. 

S. Determine a suitable value of h so that the error we rnake in using Euler's 
rnethod with step size h to find an approxirnate value of the solution of the ini­
tial-value problern 

y(O)=O 

at any point t in the interval [0, tl is at rnost 0.00001. Hint: Let R be the reetan­
gleO<t<±. -vj4.;;;y.;;;vj~ 
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1 First-order differential equations 

6. Determine a suitable value of h so that the error we make in using Euler's 
method with step size h to find an approximate value of the solution of the ini­
tial-value problern 

dy = y(O)=O 
dt 1 + 12+ y2' 

at any point t in the interval [0, 1] is at most 0.0001. Hint: Let R be the reetangle 
0.;;; t.;;; 1, -1.;;; y.;;; 1. 

7. Let y(t) be the solution of the initial-value problern 

dy 
dt =J(t,y), y(O)=O. 

Suppose that if(t,y)j.;;; 1, jaf/ayj.;;; 1, and j(ajjat)+j(ajjay)j.;;;2 in the reetan­
gle 0.;;; t.;;; 1, - 1 .;;; y .;;; 1. When the Euler scheme 

1 
Yk+l=yk+hj(tk,Yk), h= N 

is used with N=IO, the value of y 5 is -0.15[(-l-!i)5 -1], and the value of y 6 is 
0.12[(-l-!i)6 -1]. Prove thaty(t) is zero at least once in the interval (t, D· 

8. Let y(t) be the solution of the initial-value problern 

y' = f(t,y), y(to) = Yo· 

Euler's method for finding approximate values of y(t) is Yk+ 1 = Yk + hf(tk,Yk)· 
However, the quantity Yk + hf(tk>Yk) is never computed exactly: we always in­
troduce an error ek with Iek! < e. That is to say, the computer computes numbers 
j ~oh .... , such that 

withj0 =y0• Suppose that jajjayj.;;; Land j(ajjat)+ j(ajjay)j.;;; D for all t and 
y. 
(a) Show that 

Ek+l:=jy(tk+l)-h+II.;;;(I +hL)Ek+ ~ h2 +e 

(b) Conclude from (a) that 

Ek .;;; [ Dh + !:_ ] e"L- 1 
2 h L 

for kh.;;; a. 
(c) Choose h so that the error Ek is minimized. Notice that the error Ek may be 

very large if h is very small. 

9. Let y 1,Y2, ... satisfy the recursion relation 

Yk+ I= Yk + hf(tk,yk). 

Let R be the reetangle t0 .;;; t.;;; t0 + a,y0 - b.;;; y.;;; y0 + b, and assume that if(t,y)i 
.;;; M for (t,y) in R. Finally, Iet a = min(a,b / M). 
(a) Prove that IYJ- .Y01.;; jhM, as long asjh.;; a. Hint: Use induction. 
(b) Conclude from ( a) that the points ( ~.yj) all lie in R as long as j .;;; a / h. 
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1.14 The three term Taylor series method 

1.14 The three term Taylor series method 

Euler's method was derived by truncating the Taylor series 

(l) 

after the second term. The most obvious way of obtaining better numerical 
schemes is to retain more terms in Equation (1 ). If we truncate this Taylor 
series after three terms then we obtain the numerical scheme 

h2 [ of of J 
Yk+l=yk+hf(tk,Yk)+2 a~+f 3Y (tk.Yk), k=O, ... ,N-1 (2) 

with y 0 = y(t0). 

Equation (2) is called the three term Taylor series method. lt is obviously 
more accurate than Euler's method. Hence, for fixed h, we would expect 
that the numbers Yk generated by Equation (2) are better approximations 
of y(tk) than the numbers Yk generated by Euler's scheme. This is indeed 
the case, for it can be shown that iy(tk)-yki is proportional to h2 whereas 
the error we make using Euler's method is only proportional to h. The 
quantity h2 is much less than h if h is very small. Thus, the three term 
Taylor series method is a significant improvement over Euler's method. 

Example 1. Let y ( t) be the solution of the initial-value problern 

dy 2 1 
dt = 1 + (y - t) ' y (0) = 2 . 

Use the three term Taylor series method to compute approximate values of 
y(t) at the points tk=k/N, k=1, ... ,N. 

Solution. Let f ( t ,y) = 1 + (y - ti. Then, 

of of [ 2] 3 3t + J oy = - 2(y- t) + 2(y- t) 1 + (Y- t) = 2(y- t) . 

Hence, the three term Taylor series scheme is 

with h = 1/N and y0 = !. The integer k runs from 0 to N- 1. Sampie Pascal 
and Fortran programs to compute y 1, ... ,yN are given below. Again, these 
programs have variable values for t0, y 0, a, and N. 
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1 First-order differential equations 

Pascal Program 

Program Taylor (input, output); 

var 
T, Y: array(O .. 999] of real; 
a, h, Temp: real; 
k, N: integer; 

begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k := 0 to N -1 do 

begin 
Temp := Y[k]- T[k]; 
T[k+1]:=T(k]+h; 
Y[k + 1] := Y[k] + h * (1 + Temp * Temp) 

+h * h •Temp•Temp * Temp; 
end; 

writeln('T':4, 'Y':16); 
for k := 0 to N do 

writeln(T[k]:10:7, · ':2, Y[k]:16:9); 
end. 

Fortran Program 

Replace Section B of the Fortran program in Section 1.13 by the follow­
ing: 

T(1)=TO+H 
D2Y = H * (YO- TO) * * 3 
Y(1)=YO+ H •(D2Y + 1 +(YO- TO)• * 2) 
0020 K=2,N 
T(K)=T(K -1)+ H 
D2Y=H•(Y(K-1)-T(K-1))* •3 
Y(K)= Y(K -1)+ H •(D2Y + 1 +(Y(K -1)- T(K -1))* •2) 

20 CONTINUE 

See also C Program 5 in Appendix C for a sample C program. 
Table 1 below shows the results of these computations for a = 1, N = 10, 

t0 =0, andy0 =0.5. 

Now Euler's method with N= 10 predicted a value of 1.9422 for y(1). No­
tice how much closer the number 1.9957 is to the correct value 2. lf we run 
this program for N = 20 and N = 40, we obtain that y 20 = 1.99884247 and 
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Table I 

t y t y 
0 0.5 0.6 1.31331931 

0.1 0.62625 0.7 1.4678313 
0.2 0.7554013 0.8 1.63131465 
0.3 0.88796161 0.9 1.80616814 
0.4 1.02456407 1 1.99572313 
0.5 1.1660084 

y 40 = 1.99969915. Thesenumbersare also much more accurate than the val­
ues 1.96852339 and 1.9835109 predicted by Euler's method. 

ExERCISES 

Using the three term Taylor series method with h=0.1, determine an ap­
proximate value of the solution at t = 1 for each of the initial-value prob­
lems 1-5. Repeat these computations with h = 0.025 and compare the re­
sults with the given value of the solution. 

1. dyldt=l+t-y, y(O)=O; (y(t)=t) 

2. dyldt=2ty, y(0)=2; (y(t)=2e 1) 

3. dyldt=l+y2-t2, y(O)=O; (y(t)=t) 

4. dy I dt= te-y + tl(l + t 2), y(O)=O; (y{t)=ln(l + t 2)) 

s. dy I dt= -1 +2t+ y 2 1(1 + t2) 2, y(O)= 1; (y(t)= 1+ t2) 

6. U sing the three term Taylor series method with h = '1T I 40, determine an ap­
proximate value of the solution of the initial-value problern 

~ =2sec2 t-(l+y2), y(O)=O 

at t = '1T I 4. Repeat these computations with h = '1T I 160 and compare the results 
with the number one which is the value of the solutiony(t)=tant at t='ITI4. 

1.15 An improved Euler method 

The three term Taylor series method is a significant improvement over 
Euler's method. However, it has the serious disadvantage of requiring us to 
compute partial derivatives of f(t,y), and this can be quite difficult if the 
function f(t,y) is fairly complicated. For this reason we would like to de­
rive numerical schemes which do not require us to compute partial deriva­
tives of f(t,y). One approach to this problern is to integrate both sides of 
the differential equation y' = f(t,y) between tk and tk + h to obtain that 

f tk+h ( ) y(tk+l)=y(tk)+ f t,y(t) dt. 
tk 

(1) 

109 



1 First-order differential equations 

This reduces the problern of finding an approximate value of y ( tk + 1) to the 
much simpler problern of approximating the area under the curve f(t,y(t)) 
between tk and tk + h. A crude approximation of this area is hf(tk,y(tk)), 
which is the area of the reetangle R in Figure 1a. This gives rise to the 
numerical scheme 

Yk+ I= Yk + hf( tk,yk) 
which, of course, is Euler's method. 

A much better approximation of this area is 

~ [f(tk,y(tk))+ J(tk+l•y(tk+l))] 

which is the area of the trapezoid T in Figure 1 b. This gives rise to the 
numerical scheme 

h 
Yk+ I= Yk + 2 [ f(tk,yk) + f(tk+ I•Yk+ I)]. (2) 

However, we cannot use this scheme to determine Yk+ 1 from Yk since Yk+l 
also appears on the right-hand side of (2). A very clever way of overcoming 
this difficulty is to replace Yk+ 1 in the right-hand side of (2) by the value 
Yk + hf(tk,yk) predicted for it by Euler's method. This gives rise to the 
numerical scheme 

Yk+ 1 = Yk + ~ [ f(tk,Yk) + f(tk + h,Yk + hf(tk•Yk)) ], Yo= y(to). (3) 

Equation (3) is known as the improved Eu/er method. lt can be shown 
that ly(tk)-Ykl is at most a fixed constant times h2• Hence, the improved 
Euler method gives us the same accuracy as the three term Taylor series 
method without requiring us to compute partial derivatives. 

~ ,--- ----j 
I I T 
I R I I 
I I I 

(a) 

t I t 
tk 

(b) 
tk+h 

I 

Figure 1 

Example 1. Let y(t) be the solution of the initial-value problern 

dy 2 1 
dt =1+(y-t), y(0)=2. 
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Use the improved Euler method to compute approximate values of y(t) at 
the points tk = k/ N, k= l, .. . ,N. 
Solution. The improved Euler scheme for this problern is 

Yk + 1 = Yk + ~ { 1 + (yk- tk)2 + 1 + [ Yk + h ( 1 + (yk- tk/)- tk + 1 r} 
with h = 1/N and y0 = 0.5. The integer k runs from 0 to N- 1. Sample Pascal 
and Fortran programs to compute y 1, ... ,yN are given below. Again, these 
programs have variable values for t0, y 0, a, and N. 

Pascal Program 

Program lmproved (input, output); 

var 
T, Y: array[O .. 999] of real; 
a, h, R: real; 
k, N: integer; 

begin 
readln (T[O], Y(O], a, N); 
h :=a/N; 
page; 
for k:=O to N-1 do 

begin 
R := 1 + (Y[k]- T[k]) • (Y[k]- T[k]); 
T[k+1]:=T[k]+h; 
Y[k+ 1] := Y[k] + (h/2) • (R+ 1 

+(Y[k] +h • R- T[k+ 1]) • (Y[k] +h • R- T[k+1])); 
end; 

writeln('T':4, 'Y':16); 
for k := 0 to N do 

writeln(T[k]:10:7,' ':2, Y[k]:16:9); 
end. 

Fortran Program 

Replace Section B of the Fortranprogram in Example 1 of Section 1.13 by 
the following: 

T(1)=TO+ H 
R = 1 + (YO- TO) * * 2 
Y(1) = YO + (H/2) * (R + 1 + (YO+ (H * R)- T(1 )) * * 2) 
0020 K=2,N 
T(K)=T(K -1)+ H 
R = 1 + (Y(K -1)- T(K- 1 )) * * 2 
Y(K)= Y(K-1)+(H/2)•(R + 1 + (Y(K -1)+(H * R)- T(K))• * 2) 

20 CONTINUE 
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1 First-order differential equations 

See also C Program 6 in Appendix C for a sample C program. 
Table 1 below shows the results of these computations for a = 1, N = 10, 

t0 =0, andy0 =0.5. If we run this program for N=20 and N=40 we obtain 
that Y2o = 1.99939944 and y 40 = 1.99984675. Hence the values y 10, J20, and 
y 40 computed by the improved Euler method are even closer to the correct 
va1ue 2 than the corresponding values 1.99572313, 1.99884246, and 
1.99969915 computed by the three term Tay1or series method. 

Table 1 
t y t y 
0 0.5 0.6 1.31377361 

0.1 0.62628125 0.7 1.46848715 
0.2 0.75547445 0.8 1.63225727 
0.3 0.88809117 0.9 1.80752701 
0.4 1.02477002 1 1.99770114 
0.5 1.16631867 

EXERCISES 

Using the improved Euler method with h=0.1, determine an approximate 
value of the solution at t = 1 for each of the initia1-va1ue problems 1-5. Re­
peat these computations with h = 0.025 and compare the results with the 
given value of the solution. 

1. dyldt=l+t-y, y(O)=O; (y(t)=t) 

2. dyldt=2ty, y(0)=2; (y(t)=2e 1) 

3. dy I dt= I+ y 2 - t 2, y(O)=O; (y(t)= t) 

4. dyldt=te-Y+tl(l+t2), y(O)=O; (y(t)=In(I+t2)) 

5. dy I dt= -l+2t+ y 2 I(I + t2)2, y(O)= I; (y(t)= I+ t 2) 

6. Using the improved Euier method with h = w I 40, determine an approximate 
value of the solution of the initiai-value problern 

y(O)=O 

at t = w I 4. Repeat these computations with h = w I I60 and compare the results 
with the number one which is the value of the solution y(t) = tan t at t = w I 4. 

1.16 The Runge-Kutta method 

We now present, without proof, a very powerful scheme which was devel­
oped around 1900 by the mathematicians Runge and Kutta. Because of its 
simplicity and great accuracy, the Runge-Kutta method is still one of the 
most widely used numerical schemes for solving differential equations. It is 
defined by the equation 
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h 
Yk+ 1 = Yk + 6 [ Lk,l +2Lk,2+2Lk,3+ Lk,4], k = 0, 1, ... , N- 1 

where y 0 = y(t0) and 

This formula involves a weighted average of values of f(t,y) taken at diffe­
rent points. Hence the sum i[Lk, 1 + 2Lk, 2 + 2Lk, 3 + Lk,4] can be interpreted 
as an average slope It can be shown that the error iy(tk)-Yki is at most a 
fixed constant times h4• Thus, the Runge-Kutta method is much more ac­
curate than Euler's method, the three term Taylor series method and the 
improved Euler method. 

Example 1. Let y(t) be the solution of the initial-value problern 

dy 2 
dt = 1 + (y- t) ' y(O)= i· 

Use the Runge-Kutta method to find approximate values y 1, ... ,yN of y at 
the points tk = k/ N, k = 1, .. . ,N. 
Solution. Sampie Pascal and Fortranprograms to compute y1, ... ,yN by the 
Runge-Kutta method are given below. These programs differ from our 
previous programs in that they do not compute y 1 separately. Rather, they 
compute y 1 in the same "loop" as they compute Y2· ... ,yN. This is accom­
plished by relabeling the numbers t0 andy0 as 11 andy 1 respectively. 

Pascal Program 

Program Runge_Kutta (input, output); 

var 
T, Y: array[0 .. 999] of real; 
a, h, LK1, LK2, LK3, LK4: real; 
k, N: integer; 

begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k:=O to N-1 do 

begin 
T[k+1]:=T[k]+h; 
LK1 := 1 + (Y[k]- T[k]) • (Y[k]- T[k]); 
LK2 := 1 + ((Y[k] + (h/2) • LK1)- (T[k] + h/2)) 

• ((Y[k] +(h/2) • LK1)-(T[k] +h/2)); 
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1 First-order differential equations 

LK3 := 1 + ((Y[k] + (h/2) • LK2)- (T[k] + h/2)) 
• ((Y[k] + (h/2) • LK2)- (T[k] + h/2)); 

LK4 := 1 + ((Y[k] + h • LK3)- (T[k] + h)) 
• ((Y[k] + h • LK3)- (T[k] + h)); 

Y[k + 1] := Y[k] + (h/6) • (LK1 + LK4+2 • (LK2 + LK3)); 
end; 

writeln('T':4, 'Y':16); 
for k :=0 to N do 

writeln(T[k]:10:7,' ':2, Y[k]:16:9); 
end. 

Fortran Program 

DIMENSION T(1 000), Y(1 000) 
READ (5, 1 0) T(1 ), Y(1 ), A, N 

1 0 FORMAT (3F20.8, 15) 
H=A/N 
0020 K=1,N 
T(K+1)=T(K)+H 
REAL LK1, LK2, LK3, LK4 
LK1 = 1 +(Y(K)- T(K))* *2 
LK2 = 1 + ((Y(K) + (H/2) * LK1)- (T(K) + H/2)) * * 2 
LK3=1 +((Y(K)+(H/2)*LK2)-(T(K)+H/2))* *2 
LK4 = 1 + ((Y(K) + H * LK3)- (T(K) + H)) * * 2 
Y(K + 1 )=Y(K)+(H/6)*(LK1 + LK4+ 2 *(LK2+ LK3)) 

20 CONTINUE 
NA=N+1 
WAlTE (6, 30) (T(J), Y(J), J = 1, NA) 

30 FORMAT (1 H1 ,3X, 1 HT,4X, 1 HY,/(1 H, 1 X, F1 0.7,2X, F20.9/)) 
CALL EXIT 
END 

See also C Program 7 in Appendix C for a sample C program. 
Table I beiow shows the results of these computations for a = I, N = 10, 

t0 =0, andy0 =0.5. 

Table 1 

t y t y 

0 0.5 0.6 1.31428555 
0.1 0.62631578 0.7 1.4692305 
0.2 0.75555536 0.8 1.6333329 
0.3 0.88823526 0.9 1.8090902 
0.4 1.02499993 I 1.9999988 
0.5 1.16666656 
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Notice how much closer the number y 10 = 1.9999988 computed by the 
Runge-Kutta method is to the correct value 2 than the numbers y 10 = 
1.94220484, y 10 = 1.99572312, and y 10 = 1.99770114 computed by the Euler, 
three term Taylor series and improved Euler methods, respectively. lf we 
run this program for N = 20 and N = 40, we obtain that Yzo = 1.99999992 
andy40 = 2. Thus, our approximation of y(l) is already correct to eight dec­
imal places when h = 0.025. Equivalently, we need only choose N > 40 to 
achieve eight decimal places accuracy. 

To put the accuracy of the various schemes into proper perspective, Iet 
us say that we have three different schemes for numerically solving the ini­
tial-value problern dy / dt = f( t ,y ), y (0) = 0 on the interval 0 < t < I, and that 
the error we make in using these schemes is 3h, llh2, and 42h4, respec­
tively. If our problern is such that we require eight decimal places ac­
curacy, then the step sizes h1, h2, and h3 of these three schemes must satisfy 
the inequalities 3h 1 < 10- 8, llhi < 10- 8, and 42hj < 10- 8• Hence, the num­
ber of iterations N 1, N 2, and N 3 of these three schemes must satisfy the in­
equalities 

and 
N 3 >(42) 114 x 102~260. 

This is a striking example of the difference between the Runge-Kutta 
method and the Euler, improved Euler and three term Taylor series 
methods. 

Remark. It should be noted that we perform four functional evaluations at 
each step in the Runge-Kutta method, whereas we only perform one func­
tional evaluation at each step in Euler's method. N evertheless, the 
Runge-Kutta method still beats the heck out of Euler's method, the three 
term Taylor series method, and the improved Euler method. 

EXERCISES 

U sing the Runge-Kutta method with h = 0.1, determine an approximate 
value of the solution at t= 1 for each of the initial-value problems 1-5. Re­
peat these computations with h = 0.025 and compare the results with the 
given value of the solution. 

1. dyjdi=I+I-y, y(O)=O; (y(l)=l) 

2. dyjdl=2ty, y(0)=2; (y(1)=2e 1) 

3. dyjdi=I+y2 -12, y(O)=O; (y(l)=l) 

4. dy / dl= le-Y +I /(I+ 12), y(O) =0; (y(l) =In( I+ 12)) 

5. dy I dl= -1 +21+ y 2 /((1 + 12i). y(O)= 1; (y(l)= 1 + 12) 
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l First-order differential equations 

6. Using the Runge-Kutta method with h ="'I 40, determine an approximate value 
of the solution of the initial-value problern 

y(O)=O 

at t ="'I 4. Repeat these computations with h ="'I 160 and compare the results 
with the number one which is the value of the solutiony(t)=tant at t='TTI4. 

1.17 What to do in practice 

In this section we discuss some of the practical problems which arise when 
we attempt to solve differential equations on the computer. First, and fore­
most, is the problern of estimating the error that we make. lt is not too dif­
ficult to show that the error we make using Euler's method, the three term 
Taylor series method, the improved Euler method and the Runge-Kutta 
method with step size h is at most c1h, c2h2, c3h2, and c4h4, respectively. 
With one exception, though, it is practically impossible to find the con­
stants c1, c2, c3, and c4• The one exception is Euler's method where we can 
explicitly estimate (see Section l.l3.1) the error we make in approximating 
y(tk) by Yk· However, this estimate is not very useful, since it is only valid 
for tk sufficiently close to t0, and we are usually interested in the values of 
y at times t much larger than t0• Thus, we usually do not know, a priori, 
how small to choose the step size h so as to achieve a desired accuracy. We 
only know that the approximate values Yk that we compute get closer and 
closer to y(tk) as h gets smaller and smaller. 

One way of resolving this difficulty is as follows. Using one of the 
schemes presented in the previous section, we choose a step size h and 
compute numbers y 1, ... ,yN. We then repeat the computations with a step 
size h /2 and compare the results. If the changes are greater than we are 
willing to accept, then it is necessary to use a smaller step size. We keep 
repeating this process until we achieve a desired accuracy. For example, 
suppose that we require the solution of the initial-value problemy' = f(t,y), 
y(O)=y0 at t= I to four decimal places accuracy. We choose a step size h 
= l/100, say, and computeyi' ... ,y 100• We then repeat these computations 
with h= l/200 and obtain new approximations z1, ... ,z200• If y 100 and z200 

agree in their first four decimal places then we take z200 as our approxima­
tion of y(l)." If y 100 and z200 do not agree in their first four decimal places, 
then we repeat our computations with step size h = 1/400. 

Example 1. Find the solution of the initial-value problern 

*This does not guarantee that z200 agrees with y(l) to four decimal places. As an added pre­
caution, we might halve the step size again. If the first four decimal places still remain un­
changed, then we can be reasonably certain that z200 agrees withy(l) to four decimal places. 
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y(O)=O 

at t = I to four decimal places accuracy. 
Solution. We illustrate how to try and solve this problern using Euler's 
method, the three term Taylor series method, the improved Euler method, 
and the Runge-Kutta method. 

(i) Euter' s method: 
Pascal Program 

Program Euler (input, output); 

var 
T, Y: array[O .. 999] of real; 
a, h: real; 
k, N: integer; 

begin 
readln{T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k := 0 to N -1 do 

begin 
T[k+1]:=T[k]+h; 
Y[k + 1] := Y[k] + h * (Y[k] * (1 + exp(- Y[k])) + exp(T[k])); 

end; 
writeln{'N':4, 'h':10, 'Y[N]':20); 
writeln{N:4,' ':2, h:10:7,' ':2, Y[N]:18:10); 

end. 

Section A 
Read in data {10 

Fortran Program 

DIMENSION T(1 000), Y(1 000) 
READ (5, 1 0) T(1 ), Y(1 ), A, N, 
FORMAT (3F20.8, 15) 
H=A/N 

D020 K= 1, N 
T(K + 1)=T(K)+ H Section B { 

Do computations Y(K + 1) = Y(K) + H * (Y(K) * (1 + EXP(- Y(K))) 

Section C 
Print out 
results 

20 
+ EXP(T(K))) 

CONTINUE 

WAlTE (6, 30) N, H, Y(N + 1) 
FORMAT (1 H, 1 X, 15, 2X, F1 0. 7, 4X, F20.9) 
CALL EXIT 
END 
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1 First-order differential equations 

See also C Program 8 in Appendix C for a sample C program. 
We set A= 1, T[O] =0, Y[O] =O(T(l)= Y(l)=Oin the Fortran program) and 
ran these programs for N = 10, 20, 40, 80, 160, 320, and 640. The results of 
these computations are given in Table I. Notice that even with a step size h 

Table 1 

N h YN 

10 0.1 2.76183168 
20 0.05 2.93832741 
40 0.025 3.03202759 
80 0.0125 3.08034440 

160 0.00625 3.10488352 
320 0.003125 3.11725009 
640 0.0015625 3.12345786 

as small as I/ 640, we can only guarantee an accuracy of one decimal 
place. This points out the Iimitation of Euler's method. Since N is so large 
already, it is wiser to use a more accurate scheme than to keep choosing 
smaller and smaller step sizes h for Euler's method. 

(ii) The three term Taylor series method 

Pascal Program 

Program Taylor (input, output); 

var 
T, Y: array[O .. 999] of real; 
a, h, DY1, DY2: real; 
k, N: integer; 

begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k:=O to N-1 do 

begin 
T[k+1] :=T[k]+h; 
DY1 := 1 + (1- Y[k]) * exp(- Y[k]); 
DY2 := Y[k] * (1 + exp(- Y[k])) + exp(T[k]); 
Y[k + 1] := Y[k] + h • DY2+ (h * h/2) • (exp(T[k]) + DY1 * DY2); 

end; 
writeln('N':4, 'h':10, 'Y[N]':20); 
writeln(N:4,' ':2, h:10:7,' ':2, Y[N]:18:10); 

end. 

118 



l.l7 What to do in practice 

Fortran Program 

Replace Section B of the previous F ortran program by 

0020 K= 1, N 
T(K+1)=T(K)+H 
DY1 = 1 + (1 - Y(K)) * EXP(- Y(K)) 
DY2 = Y(K) * (1 + EXP(- Y(K))) + EXP(T(K)) 
Y(K + 1)= Y(K)+ H * DY2 +(H * H/2)*(EXP(T(K))+ DY1 * DY2) 

20 CONTINUE 

See also C Program 9 in Appendix C for a sample C program. 
We set A=l, T[O]=O, and Y[O]=O (T(l)=O, and Y(l)=O in the Fortran 
program) and ran these programs for N = 10, 20, 40, 60, 80, 160, and 320. 
The results of these computations are given in Table 2. Observe that y 160 

Table 2 
N h YN 

10 0.1 3.11727674 
20 0.05 3.12645293 
40 0.025 3.12885845 
80 0.0125 3.12947408 

160 0.00625 3.12962979 
320 0.003125 3.12966689 

and y 320 agree in their first four decimal places. Hence the approximation 
y(l) = 3.12966689 is correct to four decimal places. 

(iii) The improved Eu/er method 

Pascal Program 

Program lmproved (input, output); 

var 
T, Y: array[0 .. 999] of real; 
a, h, R1, R2: real; 
k, N: integer; 

begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k:=O to N-1 do 

begin 
T[k+1]:=T[k]+h; 
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R1 := Y[k] * (1 + exp(- Y[k])) + exp(T[k]); 
R2 := (Y[k] + h • R1) * (1 + exp(- (Y[k] + h * R1))) + exp(T[k + 1]); 
Y[k + 1] := Y[k] + (h/2) • (R1 + R2); 

end; 
writeln{'N':4, 'h':10, 'Y[N]':20); 
writeln(N:4,' ':2, h:10:7,' ':2, Y[N]:18:10); 

end. 

Fortran Program 

Replace Section B of the first Fortran program in this section by 

0020 K= 1, N 
T(K + 1)=T(K)+ H 
R1 = Y(K) * (1 + EXP(- Y(K))) + EXP(T(K)) 
R2 =(Y(K)+ H * R1)• (1 + EXP(- (Y(K)+ H * R1)))+ EXP(T(K + 1)) 
Y(K + 1) = Y(K) + (H/2) * (R1 + R2) 

20 CONTINUE 

See also C Program 10 in Appendix C for a sample C program. 
WesetA = 1, T[O] =0 and Y[O] =0 (T(1)=0 and Y(1)=0 in the Fortran pro­
gram) and ran these programs for N = 10, 20, 40, 80, 160, and 320. The re­
sults of these computations are given in Table 3. Observe that y 160 and 1320 

Table 3 
N h YN 
10 0.1 3.11450908 
20 0.05 3.12560685 
40 0.025 3.1286243 
80 0.0125 3.12941247 

160 0.00625 3.12961399 
320 0.003125 3.12964943 

agree in their first four decimal places. Hence the approximation y(1)= 
3.12964943 is correct to four decimal places. 

(iv) The method oj Runge-Kutta 

Pascal Program 

Program Runge_Kutta (input, output); 

var 
T, Y: array[O .. 999] of real; 
a, h, LK1, LK2, LK3, LK4: real; 
k, N: integer; 
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begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
tor k:=O to N-1 do 

begin 
T[k + 1] := T[k]+ h; 
LK1 := (Y[k] * (1 + exp(- Y[k])) + exp(T[k]); 
LK2 := (Y[k] + (h/2) * LK1) * (1 + exp(- (Y[k] + (h/2) * LK1))) 

+ exp(T[k] + (h/2)); 
LK3 := (Y(k] + (h/2) * LK2) * (1 + exp(- (Y[k] + (h/2) * LK2))) 

+ exp(T[k] + (h/2)); 
LK4 := (Y(k] + h * LK3) * (1 + exp(- (Y[k] + h * LK3))) 

+exp(T[k+ 1]); 
Y[k + 1] := Y[k] + (h/6) * (LK1 +2 * LK2+ 2 * LK3 + LK4); 

end; 
writeln('N':4, 'h':10, 'Y[N]':20); 
writeln(N:4,' ':2, h:10:7,' ':2, Y[N]:18:10); 

0 0 1 10 

Fortran Program 

Replace Section B of the first Fortran program in this section by 

0020 K=1, N 
T(K + 1)= T(K)+ H 
LK1 = Y(K) * (1 + EXP(- Y(K)) + EXP(T(K)) 
LK2 = (Y(K) + (H/2) * LK1) * (1 + EXP(- (Y(K) + (H/2) * LK1 ))) 

1 + EXP(T(K) + (H/2)) 
LK3 = (Y(K) + (H/2) * LK2) * (1 + EXP(- (Y(K) + (H/2) * LK2))) 
+ EXP(T(K) + (H/2)) 
LK4 = (Y(K) + H * LK3) * (1 + EXP(- (Y(K) + H * LK3))) 
+ EXP(T(K + 1 )) 

20 Y(K + 1)= Y(K)+(H/6) *(LK1 + 2 * LK2 +2 * LK3+ LK4) 
CONTINUE 

See also C Program 11 in Appendix C for a sample C program. 
We set A= 1, T[O] =0 and Y[O] =0(T(1)=0 and Y(1)=0in the Fortran pro­
gram) and ran these programs for N = 10, 20, 40, 80, 160, and 320. The re­
sults of these computations are given in Table 4. Notice that our approxi­
mation of y(l) is already correct to four decimal places with h =0.1, and 
that it is already correct to eight decimal places with h=0.00625(N= 160). 
This example again illustrates the power of the Runge-Kutta method. 

We conclude this section with two examples which pointout some addi­
tional difficulties which may arise when we solve initial-value problems on 
a digital computer. 
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Table 4 
N h YN 
10 0.1 3.1296517 
20 0.05 3.12967998 
40 0.025 3.1296819 
80 0.0125 3.12968203 

160 0.00625 3.12968204 
320 0.003125 3.12968204 

Example 2. Use the Runge-Kutta method to find approximate values of 
the solution of the initial-value problern 

~ =t2+y2, y(O)= 1 

at the points tk=kjN, k=1, ... ,N. 
Solution. 

Pascal Program 

Program Runge_Kutta (input, output); 

var 
T, Y: array[0 .. 999] of real; 
a, h, LK1, LK2, LK3, LK4: real; 
k, N: integer; 

begin 
readln(T[O], Y[O], a, N); 
h :=a/N; 
page; 
for k:=O to N-1 do 

begin 
T[k+1]:=T[k]+h; 
LK1 :=T[k] • T[k] + Y[k]• Y[k]; 
LK2 := (T[k] + h/2) • (T[k] + h/2) 

+ (Y[k] + (h/2) • LK1) • (Y[k] + (h/2) • LK1 ); 
LK3 := (T[k] + h/2) • (T[k] + h/2) 

+ (Y[k] + (h/2) • LK2) • (Y[k] + (h/2) • LK2); 
LK4 := (T[k] + h) • (T[k] + h) 

+ (Y[k] + h • LK3) • (Y[k] + h • LK3); 
Y[k+ 1] :=Y[k] + (h/6) • (LK1 +2 • LK2+2• LK3+LK4); 

end; 
writeln('T':4, 'Y':15); 
for k := 0 to N do 

writeln(T[k]:10:7,' ':2, Y[k]:16:9); 
end. 
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Fortran Program 

Replace Sections B and C of the first Fortran program in this section by 

0020 K=1,N 

Section B 
Do computa­

tions 

Section C 
Print out 
results 

20 

T(K + 1) =T(K)+ H 
LK1 =T(K)* *2+Y(K)* *2 
LK2=(T(K)+(HI2))* *2+(Y(K)+(HI2)*LK1)* *2 
LK3=(T(K)+(HI2))* *2+(Y(K)+(HI2)*LK2)* *2 
LK4=(T(K)+ H) * *2 + (Y(K)+ H * LK3)* * 2 
Y(K + 1) =Y(K)+(HI6)* (LK1 +2 * LK2 +2 * LK3 +LK4) 
CONTINUE 

NA=N+1 
WRITE (6, 30) (T(J), Y(J), J = 1, NA) 

30 FORMAT (1 H1 ,3X, 1 HT,4X, 1 HY 1(1 H, 1X, F9.7, 
1 2X, F20.9l)) 

CALL EXIT 
END 

See also C Program 12 in Appendix C for a sample C program. 
We attempted to run these programs with A = 1, T[O] =0, Y[O] = 1 (T(1) = 0, 
and Y (1) = 1 in the Fortran program) and N = 10, but we received an error 
message that the numbers being computed exceeded the domain of the 
computer. That is to say, they were !arger than 1038 . This indicates that the 
solutiony(t) goes to infinity somewhere in the interval [0, 1). We can prove 
this analytically, and even obtain an estimate of wherey(t) goes to infinity, 
by the following clever argument. Observe that for 0 < t < 1, y(t) is never 
less than the solution </>i(t)= 11(1- t) of the initial-value problern 

: = y2, y (0) = 1. 

In addition, y ( t) never exceeds the solution </>z{ t) = tan( t + 7T I 4) of the ini­
tial-value problern dy I dt = 1 + y 2, y(O) = 1. Hence, for 0 < t < 1, 

-1
1- < y(t) < tan(t + 7T 14). 
-t 

This situation is described graphically in Figure 1. Since <t> 1(t) and <Pz{t) be­
come infinite at t = 1 and t = 7T I 4 respectively, we conclude that y ( t) be­
comes infinite somewhere between 7T I 4 and 1. 

The solutions of most initial-value problems which arise in physical and 
biological applications exist for all future time. Thus, we need not be 
overly concerned with the problern of solutions going to infinity in finite 
time or the problern of solutions becoming exceedingly large. On the other 
hand, though, there are several instances in economics where this problern 
is of paramount importance. In these instances, we are often interested in 
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y 

~(t )=tan(t+ ~) y(t) 

~------------~~--------~~t 
t=l t=l 
Figure 1 

deterrnining whether certain differential equations can accurately rnodel a 
given econornic phenornenon. lt is often possible to elirninate several of 
these equations by showing that they allow solutions which are unrealisti­
cally large. 

Example 3. Use Euler's rnethod to deterrnine approxirnate values of the 
solution of the initial-value problern 

~ =y[y[- 314 +tsin~, y(O)=O (I) 

at the points l / N, 2/ N, ... , 2. 
Solution. The prograrnrning for this problern is sirnplified irnrnensely by 
observing that 

y[y[- 314 =(sgny)[y[ 114, where sgny= 0, y=O { 
I, y >0 

Pascal Program 

Program Euler (input, output); 

const 
PI = 3.141592654; 

var 
T, Y: array[O .. 999] of real; 
h: real; 
k, N: integer; 
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begin 
readln(N); 
page; 
h :=2/N; 
T[1]:=h; 
Y[1] :=0; 
for k:=1 to N-1 do 

begin 
T[k+1]:=T[k]+h; 
if Y[k]=O then Y[k+1] :=h •T[k] •sin(PI/T[k]) else 
Y[k+ 1] := Y[k] + h * (Y[k] * exp(( -3/4) * ln(abs(Y[k]))) 

+ T[k] * sin(PI/T[k])); 
end; 

writeln('T':4, 'Y':15); 
for k := 1 to N do 

writeln(T[k]:10:7,' ':2, Y[k]:16:9); 
end. 

Fortran Program 

DIMENSION T(1 000), Y(1 000) 
READ (5, 1 0) N 

1 0 FORMAT (15) 
H=2/N 
T(1)=H 
Y(1)=0 
D020 K=2,N 
T(K)=T(K -1)+ H 
Y(K) =Y(K-1) +H * (SIGN(Y(K-1)) * ABS(Y(K-1)) * •0.25 

1 + T(K -1) * SIN(3.141592654/T(K-1))) 
20 CONTINUE 

WRITE(6,30) 0, 0, (T(J), Y(J), J = 1, N) 
30 FORMAT (1 H1,3X, 1 HT,4X, 1 HY /(1 H, 1 X, F10.7,2X, F20.9/)) 

CALL EXIT 
END 

See also C Program 13 in Appendix C for a sample C program. 
When we set N =25 we obtained the value 2.4844172 for y(2), but when we 
set N = 27, we obtained the va1ue - 0.50244575 for y (2). Moreover, all the 
Yk were positive for N = 25 and negative for N = 27. We repeated these 
computations with N = 89 and N = 91 and obtained the va1ues 2.64286349 
and -0.6318074 respective1y. In addition, all theYk were again positive for 
N = 89 and negative for N = 91. Indeed, it is possib1e, but rather difficult, 
to prove that all the Yk will be positive if N = 1, 5, 9, 13, 17, ... and negative 
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if N = 3, 7, 11, 15, .... This suggests that the so1ution of the initial-value 
problern (1) is not unique. We cannot prove this analytically, since we 
cannot solve the differential equation explicitly. lt should be noted though, 
that the existence-uniqueness theorem of Section 1.10 does not apply here, 
since the partial derivative with respect to y of the function IYI- 3/')> + 
t sin 7r / t does not exist at y = 0. 

Most of the initial-value problems that arise in applications have unique 
solutions. Thus, we need not be overly concerned with the problern of non­
uniqueness of solutions. However, we should always bear in mind that ini­
tial-value problems which do not obey the hypotheses of the existence­
uniqueness theorem of Section 1.10 might possess more than one solution, 
for the consequences of picking the wrong solution in these rare instances 
can often be catastrophic. 

EXERCISES 

In each of Problems 1-5, find the solution of the given initial-value prob­
lern at t = 1 to four decimal places accuracy. 

1. ~ =y+e-Y+2t, y(O)=O 2. ~ =1-t+y2, y(O)=O 

dy t2+ y2 
3. dt = 2, y(O)=O 

l+t+y 

dy 3 
5. dt = ty - y' y (0) = 1 
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