
Second -order linear 
differential equations 

2.1 Algebraic properties of solutions 
A second-order differential equation is an equation of the form 

d2y ( dy) 
dt2 = f t ,y' dt . 

For example, the equation 

d 2y =sint+3y+(dy)2 

dt2 dt 

2 

(1) 

is a second-order differential equation. A function y = y( t) is a solution of 
(1) if y(t) satisfies the differential equation; that is 

d 2y(t) ( dy(t)) 
~=! t,y(t),----;Jt. 

Thus, the function y(t)=cost is a solution of the second-order equation 
d 2yjdt2= -y since d 2(cost)/dt2 = -cost. 

Second-order differential equations arise quite often in applications. 
The most famous second-order differential equation is Newton's second 
law of motion (see Section 1.7) 

d2y ( dy) 
m dt2 = F t ,y, dt 

which governs the motion of a particle of mass m moving under the in­
fluence of a force F. In this equation, m is the mass of the particle, y = y ( t) 
is its position at time t, dy / dt is its velocity, and Fis the total force acting 
on the particle. As the notation suggests, the force F may depend on the 
position and velocity of the particle, as well as on time. 
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2 Second-order linear differential equations 

In addition to the differential equation (I), we will often impose initial 
conditions on y(t) of the form 

y(to)=yo, y'(to)=y~. (1') 

The differential equation (I) together with the initial conditions (1') is re­
ferred to as an initial-value problem. For example, Iet y(t)* denote the 
position at timet of a particle moving under the influence of gravity. Then, 
y(t) satisfies the initial-value problern 

d2y 
dt2 = -g; y(to)=yo, y'(to)=y~, 

where y 0 is the initial position of the particle and y0 is the initial velocity of 
the particle. 

Second-order differential equations are extremely difficult to solve. This 
should not come as a great surprise to us after our experience with first­
order equations. We will only succeed in solving the special differential 
equation 

d2y dy 
-2 +p(t)-d +q(t)y=g(t). 
dt t 

(2) 

Fortunately, though, many of the second-order equations that arise in ap­
plications are of this form. 

The differential equation (2) is called a second-order linear differential 
equation. We singleout this equation and call it linear because bothy and 
dy I dt appear by themselves. For example, the differential equations 

d2y dy 
- 2 +3t-d +(sint)y=e 1 

dt t 
and 

d2y dy 
-+e'-+2y=l 
dt2 dt 

are linear, while the differential equations 

d2y dy 
- +3- +siny=t3 
dt2 dt 

and 

d2y + ( dy )2 = I 
dt 2 dt 

are both nonlinear, due to the presence of the siny and (dy I dti terms, re­
spectively. 

We consider first the second-order linear homogeneous equation 
d2y dy 
- 2 +p(t)-d +q(t)y=O (3) 
dt t 

*The positive direction of y is taken upwards. 
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2.1 Algebraic properties of solutions 

which is obtained from (2) by setting g(t) = 0. lt is certainly not obvious at 
this point how to find all the solutions of (3), or how to solve the initial­
value problern 

d2y dy 
dP +p(t) dt +q(t)y=O; y(to)=yo, y'(to)=yb. (4) 

Therefore, before trying to develop any elaborate procedures for solving 
( 4), we should first determine whether it actually has a solution. This infor­
mation is contained in the following theorem, whose proof will be indi­
cated in Chapter 4. 

Theorem 1. (Existence-uniqueness Theorem). Let the functions p ( t) and 
q( t) be continuous in the open interval a < t < ß. Then, there exists one, 
and only one function y ( t) satisfying the differential equation (3) on the en­
tire interval a < t < ß, and the prescribed initial conditions y(t0) = y 0, y'(t0) 

= Yb· In particular, any solution y = y(t) oj (3) which satisfies y(t0) = 0 and 
y'(t0) = 0 at some time t = t0 must be identically zero. 

Theorem 1 is an extremely important theorem for us. On the one hand, 
it is our hunting license to find the unique solutiony(t) of (4). And, on the 
other hand, we will actually use Theorem 1 to help us find all the solutions 
of (3). 

We begin our analysis of Equation (3) with the important observation 
that the left-hand side 

y" + p(t)y' + q(t)y 

of the differential equation can be viewed as defining a "function of a 
function": with each function y having two derivatives, we associate 
another function, which we'll call L [y ], by the relation 

L[y ](t)= y"(t) + p(t)y'(t)+ q(t)y(t). 

In mathematical terminology, L is an operator which operates on func­
tions; that is, there is a prescribed recipe for associating with each function 
y a new function L[y ]. 

Example 1. Letp(t)=O and q(t)= t. Then, 

L[y ](t)= y"(t) + ty(t). 

If y(t)=cost, then 

L [ y J ( t) = ( cos t )" + t cos t = ( t - 1 )cos t, 

and if y (t) = t3, then 

L[y ](t)=(t3)" + t(t3)= t4 +6t. 
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2 Second-order linear differential equations 

Thus, the operator L assigns the function ( t- 1 )cos t to the function cos t, 
and the function 6t + t 4 to the function t 3• 

The concept of an operator acting on functions, or a "function of a 
function" is analogaus to that of a function of a single variable t. Recall 
the definition of a functionj on an interval /: with each number t in I we 
associate a new number called f(t). In an exactly analogaus manner, we 
associate with each function y having two derivatives a new function called 
L[y]. This is an extremely sophisticated mathematical concept, because in 
a certain sense, we are treating a function exactly as we do a point. 
Admittedly, this is quite difficult to grasp. It's not surprising, therefore, 
that the concept of a '~function of a function" was not developed till the 
beginning of this century, and that many of the "high powered" theorems 
of mathematical analysis were proved only after this concept was 
mastered. 

We now derive several important properties of the operator L, which we 
will use to great advantage shortly. 

Property 1. L[cy)=cL[y),jor any constant c. 

PROOF. L[ cy )( t) = ( cy )"(t) + p( t)( cy )'( t) + q( t)( cy )( t) 

= cy"(t)+ cp(t)y'(t) + cq(t)y(t) 

= c[y"(t) + p(t)y'(t) + q(t)y(t) J 
=cL[y](t). 0 

The meaning of Property 1 is that the operator L assigns to the function 
(cy) c times the function it assigns toy. For example, Iet 

L[ y ](t) = y"(t) + 6y'(t)- 2y(t). 

This operator L assigns the function 

( t 2)" + 6( t 2)'- 2( t2 ) = 2 + 12t- 2t2 

to the function t2• Hence, L must assign the function 5(2 + 12t- 2t2) to the 
function 5t2• 

Property 2. L[y 1 + Y2l = L[ytJ + L[J2). 

PROOF. 

L[ Yt + Y2]( t) = (Yt + Y2)"( t) + p( t)(Yt + J2)'(t) + q( t)( Yt + h)( t) 

= y;' (t) + y; (t) + p(t)y; (t) + p(t)y2(t) + q(t)y1 (t) + q(t)h(l) 

= [ y ;' ( t) + p ( t) y; ( t) + q ( t) y 1 ( t) J + [ y; ( t) + p ( t) Y2 ( t) + q ( t) Y2 ( t) J 
=L[yt](t)+L[h](t). 0 

The meaning of Property 2 is that the operator L assigns to the function 
y 1 + Y2 the sum of the functions it assigns to y 1 and h· For example, Iet 

L[y ](t) = y"(t) +2y'(t)- y(t). 
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2.1 Algebraic properties of solutions 

This operator L assigns the function 

(cost)" + 2(cost)'- cost =-2cost- 2sint 

to the function cos t, and the function 

(sin t)" + 2(sin t)'- sin t = 2 cos t- 2 sin t 

to the function sin t. Hence, L assigns the function 

( - 2 cos t - 2 sin t) + 2 cos t - 2 sin t = - 4 sin t 

to the function sin t + cos t. 

Definition. An operator L which assigns functions to functions and which 
satisfies Properties l and 2 is called a linear operator. All other opera­
tors are nonlinear. An example of a nonlinear operator is 

L[y](t)=y"(t)-2t[y(t)f, 

This operator assigns the function 

(l)" -2t(l)4 = 1_ _1_ =0 
I I 13 13 

to the function l I t, and the function 

(E._)" -21(E._)4= 2c- 2c4 = 2c(l-c3) 
I t 13 13 13 

to the function c I I. Hence, for C7'~'o, I, and y(t) =I I I, we see that L[cy] 
~cL[y]. 

The usefulness of Properties I and 2 lies in the observation that the 
solutions y ( t) of the differential equation (3) are exactly those functions y 
for which 

L[ y ](1) = y"( 1) + p(1)y'(1) + q(l)y(t) = 0. 

In other words, the solutions y(t) of (3) are exactly those functions y to 
which the operator L assigns the zero function."' Hence, if y(l) is a solution 
of (3) then so is cy(t), since 

L[ cy ](1) = cL[y ](t) =0. 

If y 1(t) and yit) are solutions of (3), then y 1(t) + yit) is also a solution of 
(3), since 

L[y1 + h](t)= L[yi](t) + L[h](t)=O+O=O. 

Combining Properties l and 2, we see that alllinear combinations 

CIYI (t) + C2h(t) 

of solutions of (3) are again solutions of (3). 

"The zero function is the function whose value at any timet is zero. 
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2 Second-order linear differential equations 

The preceding argument shows that we can use our knowledge of two 
solutions y 1(t) and J2(t) of (3) to generate infinitely many other solutions. 
This statement has some very interesting implications. Consider, for exam­
ple, the differential equation 

d2y 
-+y=O. 
dt2 

Two solutions of (5) arey 1(t)=cost andyz{t)=sint. Hence, 

y(t) = c1 cost + c2 sint 

(5) 

(6) 

is also a solution of (5), for every choice of constants c1 and c2• Now, 
Equation (6) contains two arbitrary constants. It is natural to suspect, 
therefore, that this expression represents the general solution of (5); that is, 
every solution y(t) of (5) must be of the form (6). This is indeed the case, 
as we now show. Let y ( t) be any solution of (5). By the existence-unique­
ness theorem, y(t) exists for all t. Let y(O) = y 0, y'(O) = yb, and consider the 
function 

</>( t) = y 0 cos t + ybsin t. 

This function is a solution of (5) since it is a linear combination of solu­
tions of (5). Moreover, cj>(O)=y0 and cj>'(O)=yb. Thus,y(t) and cj>(t) satisfy 
the same second-order linear homogeneaus equation and the same initial 
conditions. Therefore, by the uniqueness part of Theorem 1, y(t) must be 
identically equal to <j>{t), so that 

Y( t) = y0 cos t + ybsint. 

Thus, Equation (6) is indeed the general solution of (5). 
Let us return now to the generallinear equation (3). Suppose, in some 

manner, that we manage to find two solutions y 1(t) and yz(t) of (3). Then, 
every function 

(7) 

is again a solution of (3). Does the expression (7) represent the general 
solution of (3)? That is to say, does every solutiony(t) of (3) have the form 
(7)? The following theorem answers this question. 

Theorem 2. Let y 1(t) and Y2(t) be two solutions of (3) on the interval a < t < 
ß, with 

Y1 (t)y2(t)- y; (t)Y2(t) 

unequal to zero in this interval. Then, 

y(t)= c1y 1 (t)+ CzJ2(t) 

is the generat solution of (3). 

PROOF. Let y(t) be any solution of (3). We must find constants c1 and c2 

such thaty(t)=c1y 1(t)+c2yz{t). Tothis end, pick a time t0 in the interval 
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2.1 Algebraic properties of solutions 

(a,ß) and lety0 andy0 denote the values of y andy' at t = t0• The constants 
c1 and c2, if they exist, must satisfy the two equations 

ciyi (to) + C2Y2(to) = Yo 

Cl Y~ ( to) + C2Yl ( to) = Yo· 

Multiplying the first equation by y2(t0), the second equation by Y2(t0) and 
subtracting gives 

cl [ Y 1 (to) Y2 (to)-Y~ (to) Y2 (to)] = YoY2 (to)-Yoh (to)· 
Similarly, multiplying the first equation by y;(to), the second equation by 
y 1(t0) and subtracting gives 

c2[Y~ (to)h(to)- Y1 (to)Y2(to)] = YoY; (to)-YoY1 (to)· 
Hence, 

and 

YoY1 ( to)-YoY; ( to) 

c2 = Y1 (to)Y2(to)- Y~ (to)Y2(to) 

if Yi(t0)y2(t0)-y;(t0)Y2(t0)*0. Now, let 

cf>(t)= C1Y1 (t)+ C2Y2(t) 

for this choice of constants cpc2• We know that cp(t) satisfies (3), since it is 
a linear combination of solutions of (3). Moreover, by construction, cf>(t0) = 
y 0 and cf>'(t0) = y0. Thus, y(t) and cf>(t) satisfy the same second-order linear 
homogeneaus equation and the same initial conditions. Therefore, by the 
uniqueness part of Theorem 1, y(t) must be identically equal to cf>{t); that 
is, 

a<t<ß. D 
Theorem 2 is an extremely useful theorem since it reduces the problern 

of finding all solutions of (3), of which there are infinitely many, to the 
much simpler problern of finding just two solutions y 1(t),yit). The only 
condition imposed on the solutions y 1(t) and yit) is that the quantity 
y 1(t)y2(t)-y~(t)yit) be unequal to zero for a < t < ß. When this is the 
case, we say that y 1(t) and Y2(t) are a fundamental set of solutions of (3), 
since all other solutions of (3) can be obtained by taking linear combina­
tions of y 1(t) and Y2(t). 

Definition. The quantity y 1(t)y2(t)-y((t)yit) is called the Wronskian of 
y 1 andh, and is denoted by W(t)= W[y 1,y2](t). 

Theorem 2 requires that W[y 1,Y2](t) be unequal to zero at all points in 
the interval ( a, ß). In actual fact, the Wronskian of any two solutions 
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2 Second-order linear differential equations 

y 1(t),yit) of (3) is either identically zero, or is never zero, as we now 
show. 

Theorem 3. Let p(t) and q(t) be continuous in the interval a < t < ß, and Iet 
y 1(t) and Yit) be two solutions of (3). Then, W[y 1,Y2](t) is either identi­
ca/ly zero, or is never zero, on the interval a < t < ß. 

We prove Theorem 3 with the aid of the following Iemma. 

Lemma 1. Let y 1(t) and y 2(t) be two solutions of the linear differential equa­
tiony"+p(t)y'+q(t)y=O. Then, their Wronskian 

satisfies the first-order differential equation 

W'+p(t)W=O. 

PROOF. Observe that 

W'(t) = ~ (YIY;- Yih) 

= Y1Y; + y;y;- y;y;- y;'Y2 

= Y1Y;- Y~h· 

Since y 1 and Y2 are solutions of y" + p(t)y' + q(t)y = 0, we know that 

and 

Hence, 

y~= -p(t)yi-q(t)y1. 

W'(t) = Y1 [-p(t)y;- q(t)h]-h[-p(t)y;- q(t)y 1] 

= -p(t)[y1y;-y;Y2] 

= -p(t)W(t). 0 

We can now give a very simple proof of Theorem 3. 

PRooF OF THEOREM 3. Pick any t0 in the interval (a,ß). From Lemma 1, 

W[yi,h](t)= W[y 1,Y2](t0)exp(- f>(s)ds). 

Now, exp(- !,
0

1 p(s)ds) is unequal to zero for a < t < ß. Therefore, 

W[y 1,Y2](t) is either identically zero, or is never zero. 0 
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2.1 Algebraic properties of solutions 

The simplest situation where the Wronskian of two functions y 1(t),yit) 
vanishes identically is when one of the functions is identically zero. More 
generally, the Wronskian of two functions y 1(t),yit) vanishes identically if 
one of the functions is a constant multiple of the other. If Y2 = cyp say, 
then 

W[ y 1,Y2]( t) = y 1 ( cy 1)'-y~ ( cy 1) = 0. 

Conversely, suppose that the Wronskian of two solutions y 1(t),yit) of (3) 
vanishes identically. Then, one of these solutions must be a constant multi­
ple of the other, as we now show. 

Theorem 4. Let y 1(t) and Y2(1) be two solutions of (3) on the interval a < t < 
ß, and suppose that W[y 1,Y2](t0) = 0 for some t0 in this interval. Then, one 
of these solutions is a constant multiple of the other. 

PROOF # 1. Suppose that W[y 1,Y2](t0)=0. Then, the equations 

clyl Uo) + C2Y2Uo) = 0 

cly~ Uo) + c2y;(to) = 0 

have a nontrivial solution c1,c2; that is, a solution c1,c2 with ic11 + jc21 *0. 
Lety(t)= c1y 1(t)+ c2Y2(t), for this choice of constants c1,c2. We know that 
y(t) is a solution of (3), since it is a linear combination of y 1(t) and Y2(t). 
Moreover, by construction,y(t0)=0 andy'(t0)=0. Therefore, by Theorem 
1, y (t) is identically zero, so that 

a< t<ß, 

If c 1 * 0, then y 1(t) = - (c 2 / c 1)Y2(t), and if c2 * 0, then y 2(t) = 
-(c1/c2)y 1(t). In either case, one of these solutions is a constant multiple 
of the other. 0 

PROOF # 2. Suppose that W [Yph](t0) = 0. Then, by Theorem 3, 
W[y 10 y2](t) is identically zero. Assurne that y 1(t)yit)*O for a < t < ß. 
Then, dividing both sides of the equation 

Y1 (t)y;(t)- y~ (t)y2(t) =0 

y;(t) y~(t) 
-----=0 
Y2(t) Y1 (t) . 

This equation implies that y 1(t)= cyit) for some constant c. 
Next, suppose that y 1(t)yit) is zero at some point t = t* in the interval 

a < t < ß. Without loss of generality, we may assume that y 1(t*)=O, since 
otherwise we can relabely 1 andh. In this case it is simple to show (see Ex­
ercise 19) that either y 1(t)=:O, or yit)=[y;(t*)/yi(t*)]y 1(t). This com­
pletes the proof of Theorem 4. 0 
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2 Second-order linear differential equations 

Definition. The functions y 1(t) and yit) are said to be linearly dependent 
on an interval I if one of these functions is a constant multiple of the 
other on I. The functions y 1(t) and Yit) are said to be linearly indepen­
dent on an interval I if they are not linearly dependent on I. 

Corollary to Theorem 4. Two solutions y 1(t) and Yz(l) of (3) are linearly in­
dependent on the interval o: < t < ß if, and only if, their Wronskian is un­
equal to zero on this interval. Thus, two solutions y 1(t) and Yz(t) form a 
fundamental set of solutions of (3) on the interval o: < t < ß if, and only ij, 
they are linearly independent on this interval. 

EXERCISES 

1. Let L[y](t)=y"(t)-3ty'(t)+3y(t). Compute 
(a} L[e 1], (b) L[cosv'3 t], (c) L[2e 1+4cosv'3 t], 
(d) L[t2], (e) L[5t2], (f) L[t], (g) L[t2 +3t]. 

2. Let L[y](t)=y"(t)-6y'(t)+5y(t). Compute 
(a) L[e 1], (b) L{e21 ], (c) L[e31 ], 

(e) L[t], (f) L[t2], (g) L[t2 +2t]. 

3. Show that the operator L defined by 

L(y](t)= {s2y(s)ds 

is linear; that is, L[cy]=cL[y] and L[y1+Y2]=L[yd+L[Y21· 

4. Let L[y](t) = y"(t) + p(t)y'(t) + q(t)y(t), and suppose that L[t2] = t + l and 
L(t] = 2t + 2. Show that y(t) = t- 2t2 is a solution of y" + p(t)y' + q(t)y =0. 

5. (a) Show that y 1(t) = Yt and Y2(1)= 1/ t are solutions of the differential equa­
tion 
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2t2y"+3ty'-y=O (*) 

on the interval 0 < t < oo. 
(b) Compute W[y1,y2](t). What happens as t approaches zero? 
(c) Show thaty1(t) andy2(t) form a fundamental set of solutions of (*) on the 

interval 0 < t < oo. 
(d) Solve the initial-value problern 2t2y" + 3ty'-y =0; y(l) =2, y'(l)= I. 

y"+ty'+y=O 

on the interval - oo < t < oo. 
(b) Compute W[y 1,y2](t). 

(*) 

(c) Show thaty1 andy2 form a fundamental set of solutions of (*) on the inter­
val - oo < t < oo. 

(d) Solve the initial-value problern y" + ty' + y = 0; y(O) =0, y'(O) =I. 



2.1 Algebraic properties of solutions 

7. Compute the Wronskian of the following pairs of functions. 
(a) sinat,cosbt (b) sin2 t, 1-cos2t 
(c) eat,ebt (d) ea',teat 
(e) t,t!nt (f) ea1 sinbt,ea1 cosbt 

8. Let y 1(t) and Y2(t) be solutions of (3) on the interval - oo < t < oo with y 1(0) = 
3, Y!(O) = 1, Y2(0) = 1, andy2(0) = t. Show thaty 1(t) andyit) are 1inearly depen­
dent on the interval - oo < t < oo. 

9. (a) Lety 1(t) andY2(t) be solutions of (3) on the interval a < t < ß, withy 1(t0)= 
I, y!(t0) = 0, Y2Uo) = 0, and y2(t0) =I. Show that y 1(t) and yit) form a 
fundamental set of solutions of (3) on the interva1 a < t < ß. 

(b) Show thaty(t)=y0 y 1(t)+YoY2U) is the solution of (3) satisfyingy(t0)=Yo 
and y' ( t0) = y0. 

10. Show that y(t)= t2 can never be a solution of (3) if the functions p(t) and q(t) 
are continuous at t = 0. 

11. Lety 1(t)= t2 andyit)= tltl. 
(a) Show that y 1 and y 2 are linearly dependent on the interval 0.;; t.;; I. 
(b) Show that y 1 and y 2 are linearly independent on the interva1 - 1 .;; t .;; I. 
(c) Show that W[y 1,Y2](t) is identically zero. 
(d) Show thaty1 andY2 can never be two so1utions of (3) on the interval - l < t 

< I if both p and q are continuous in this interval. 

12. Suppose thaty1 andY2 are linearly independent on an interval /. Prove that z 1 

= y 1 + Y2 and z2 = y 1 - Y2 arealso linearly independent on I. 

13. Let y 1 and y 2 be solutions of Bessel's equation 

t2y" + ty' + (t 2 - n2 )y =0 

on the interval 0 < t < oo, with y 1(l)= l, y!(l)=O, yil)=O, and y2(l)= I. Com­
pute W[y 1,y2](t). 

14. Suppose that the Wronskian of any two solutions of (3) is constant in time. 
Prove that p ( t) = 0. 

In Problems 15-18, assume thatp and q are continuous, and that the func­
tions y 1 and h are solutions of the differential equation 

y" + p(t)y' + q(t)y =0 

on the interval a < t < ß. 
15. Prove that if y 1 and Y2 vanish at the same point in the interval a < t < ß, then 

they cannot form a fundamental set of solutions on this interval. 

16. Prove that if y 1 and Y2 achieve a maximum or minimum at the same point in 
the interval a < t < ß, then they cannot form a fundamental set of solutions on 
this interval. 

17. Prove that if y 1 and y 2 are a fundamental set of solutions, then they cannot 
have a common point of inflection in a < t < ß un1ess p and q vanish simulta­
neously there. 
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2 Second-order linear differential equations 

18. Suppose that y 1 and y 2 are a fundamental set of solutions on the interval - oo 
< t < oo. Show that there is one and only one zero of y 1 between consecutive 
zeros of y 2• Hint: Differentiate the quantity y2fy 1 and use Rolle's Theorem. 

19. Suppose that W[y 1,y2](t*) = 0, and, in addition, y 1(t*) = 0. Prove that either 
y 1(t):=O or yz(t)=[y2(t*)/y!(t*)]y 1(t). Hint: If W[y 1,Yz](t*)=O andy 1(t*)=O, 
then Yz(t*)y!(t*) =0. 

2.2 Linear equations with constant coefficients 

W e consider now the homogeneous linear second-order equation with con­
stant coefficients 

d2y dy 
L[y] =a- +b- +cy=O 

dt2 dt 
(I) 

where a, b, and c are constants, with a * 0. Theorem 2 of Section 2.1 teils 
us that we need only find two independent solutions y 1 and Yz of (I); all 
other solutions of (I) are then obtained by taking linear combinations of y 1 

and Yz· U nfortunately, Theorem 2 doesn't teil us how to find two solutions 
of (1). Therefore, we will try an educated guess. Tothis end, observe that a 
function y(t) is a solution of (I) if a constant times its second derivative, 
plus another constant times its first derivative, plus a third constant times 
itself is identicaily zero. In other words, the three terms ay", by', and cy 
must cancel each other. In general, this can only occur if the three func­
tions y(t), y'(t), and y"(t) are of the "same type". For example, the func­
tion y(t)= t5 can never be a solution of (1) since the three terms 20at3, 

5bt4, and ct 5 are polynomials in t of different degree, and therefore cannot 
cancel each other. On the other hand, the function y(t) = ert, r constant, 
has the property that both y'(t) and y"(t) are multiples of y(t). This sug­
gests that we try y(t) = e'1 as a solution of (1). Computing 

L [ e rt J = a ( e'1 )" + b ( e rt )' + c( e ' 1 ) 

= ( ar2 + br + c)e'1, 

we see thaty(t)=e'1 is a solution of (I) if, and only if 

ar2 + br + c = 0. (2) 

Equation (2) is cailed the characteristic equation of (1). It has two roots 
rpr2 given by the quadratic formula 

- b+ Yb 2 -4ac 
rl = 2a 2a 

If b2 -4ac is positive, then r1 and r2 arereal and distinct. In this case,y 1(t) 
= e'•1 and Yz(t)= e''1 are two distinct solutions of (1). These solutions are 
clearly linearly independent (on any interval /), since e''1 is obviously not 
a constant multiple of e''1 for r2*r1• (If the reader is unconvinced of this 
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2.2 Linear equations with constant coefficients 

he can compute 

W[ e''l,er21] =(r2-rl)e<r,+r2)t, 

and observe that W is never zero. Hence, e'11 and e'21 are linearly indep:m­
dent on any interval /.) 

Example 1. Find the generat solution of the equation 

d2y dy 
-+5-+4y=O. 
dt2 dt 

(3) 

Solution. The characteristic equation r2+5r+4=(r+4)(r+ 1)=0 has two 
distinct roots r1 = -4 and r2 = - l. Thus, y 1(t) = e - 41 and Yz(t) = e -I form a 
fundamental set of solutions of (3), and every solution y(t) of (3) is of the 
form 

y(t) = c1e- 41 + c2e- 1 

for some choice of constants cp c2. 

Example 2. Find the solution y(t) of the initial-value problern 

d2y dy 
-+4--2y=O· 
dt2 dt ' 

y(O)= 1, y'(0)=2. 

Solution. The characteristic equation r2 + 4r- 2 = 0 has 2 roots 

-4+ v'T6+8 = -2+ v'6 
2 

and 

r2= -4- ~16+8 = -2- v'6. 

Hence, y 1(t) = e''1 and Yz(t) = e'21 are a fundamental set of solutions of 
y" +4y'- 2y =0, so that 

y( t) = c1e< -2+ V6)t + c2e< - 2 - V6)t 

for some choice of constants c1,c2 • The constants c1 and c2 are determined 
from the initial conditions 

c1 +c2 =1 and (-2+v'6)c1 +(-2-v'6)c2 =2. 

From the first equation, c2 = 1 - c 1• Substituting this value of c2 into the 
second equation gives 

(-2+Y6)c1-(2+Y6)(1-c1)=2, or 2v'6 c1 =4+v'6. 

Therefore, c1 =2/v'6 + ~, c2 = 1- c1 = ~- 2/v'6, and 

Y ( t) = ( _!_ + 2_ )e< -2+ V6)t + ( _!_ __ 2_ )e -(2+ v6 )1• 

2 V6 2 v'6 
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EXERCISES 

Find the general solution of each of the following equations. 

d 2y d 2y dy 
1 --y=O 2. 6--7-+y=O 
. dt2 dt2 dt 

d 2y dy d 2y dy 
3. dt2 - 3 dt + y = 0 4. 3 dt2 + 6 dt + 2y = 0 

Solve each of the following initial-value problems. 

d 2y dy 
5. dt2 -3 dt -4y=O; y(0)=1, y'(O)=O 

d 2y dy 
6 2-+- -!Oy=O· y(1)=5, y'(1)=2 

. dt2 dt ' 

d2y dy 
7. 5-2 +5-d -y=O; y(O)=O, y'(O)= I 

dt t 

d2y dy 
8. dt2 -6 dt + y =0; y(2)= 1, y'(2)= 1 

Remark. In doing Problems 6 and 8, observe that e'<r-ro) is also a solution 
of the differential equation ay" + by' + cy = 0 if ar2 + br + c = 0. Thus, to 
find the solutiony(t) of the initial-value problern ay" + by' + cy =0; y(t0)= 
y 0,y'(t0)= y0, we would write y(t)= c1e'•<r-ro>+ c2e'2(r-ro) and solve for c1 

and c2 from the initial conditions. 

9. Lety(t) be the solution of the initial-value problern 

d 2y dy 
-+5-+6y=O· 
dt2 dt ' 

y(O)=l, y'(O)=V. 

For what values of V does y(t) remain nonnegative for all t;;. 0? 

10. The differential equation 

L[y]= t 2y" +aty' + ßy=O (*) 

is known as Euler's equation. Observe that t 2 y ", ty', and y are all multiples of 
t' if y = t'. This suggests that we try y = t' as a solution of (*).Show thaty = t' 
is a solution of ('1') if r2+(a -l)r+ ß = 0. 

11. Find the general solution of the equation 

t 2y" +5ty' -5y =0, t >0 

12. Solve the initial-value problern 

t 2y"- ty'- 2y =0; y(l)=O, y'(l)= 1 

on the interval 0 < t < oo. 
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2.2.1 Complex roots 

If b2 - 4ac is negative, tben tbe cbaracteristic equation ar2 + br + c = 0 bas 
complex roots 

- b+ rV 4ac- b2 
rt= 

- b- iV 4ac- b2 
and r2 = 2a . 

2a 

We would like to say tbat e''1 and e'21 are solutions of tbe differential 
equation 

(I) 

However, tbis presents us witb two serious difficulties. On tbe one band, 
tbe function e'1 is not defined, as yet, for r complex. And on tbe otber 
band, even if we succeed in defining e''1 and e'21 as complex-valued solu­
tions of (1), we are still faced witb tbe problern of finding two real-valued 
solutions of (1). 

We begin by resolving tbe second difficulty, since otberwise tbere's no 
sense tackling tbe first problem. Assurne tbaty(t)=u(t)+iv(t) is a com­
plex-valued solution of (1). Tbis means, of course, tbat 

a[ u"(t) + iv"(t) J + b[ u'(t) + iv'(t) J + c[ u(t) + iv(t) J =0. (2) 

Tbis complex-valued solution of (I) gives rise to two real-valued solutions, 
as we now sbow. 

Lemma 1. Let y(t) = u(t) + iv(t) be a complex-valued solution of (1), with a, 
b, and c real. Then,y 1(t)=u(t) andYl(t)=v(t) are two real-valued solu­
tions of (1). In other words, both the real and imaginary parts of a com­
plex-valued solution of (1) are solutions of (1). (The imaginary part of the 
complex number a + iß is ß. Similarly, the imaginary part of the function 
u(t)+ iv(t) is v(t).) 

PROOF. From Equation (2), 

[ au"(t) + bu'(t) + cu( t) J + i[ av"(t) + bv'(t) + cv(t) J =0. (3) 

Now, if a complex nurober is zero, then bothitsreal and imaginary parts 
must be zero. Consequently, 

au"(t)+bu'(t)+cu(t)=O and av"(t)+bv'(t)+cv(t)=O, 

and tbis proves Lemma 1. 0 

Tbe problern of defining e'1 for r complex can also be resolved quite 
easily. Let r = a + iß. By tbe law of exponents, 

(4) 

Tbus, we need only define the quantity eißt, for ß real. To tbis end, recall 
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2 Second-order linear differential equations 

that 

x2 x3 
ex= 1+x+ 2! + 3! + .... (5) 

Equation (5) makes sense, formally, even for x complex. This suggests that 

we set 

. (ißt)2 (ißt)3 
e•ßt = 1 +ißt+~+ 3! + .... 

Next, observe that 

. (ißt)2 . ß2t2 iß3t3 ß4t4 ißsts 
I+ zßt + ~ + ... = 1 + zßt- 2! - 3! + 4! + ----s! + ·. · 

[ 
ß2t2 ß4t4 ] ·[ ß3t3 ßsts ] 

= 1- 2! + 4! + . . . + l ßt- 3! + 5! + ... 

=cosßt+ isinßt. 

Hence, 

e<a+iß)t = eateißt = eat (cosßt + i sinßt). 

Returning to the differential equation (1), we see that 

y ( t) = e[- b+ ;\/ 4ac- b2 ]t/2a 

= e-bt/la[ cos V 4ac- b2 t j2a + i sin V 4ac- b2 t j2a] 

(6) 

is a complex-valued solution of (1) if b2 - 4ac is negative. Therefore, by 
Lemma 1, 

ß= V4ac-b 2 

2a 

are two real-valued solutions of (1). These two functions are linearly inde­
pendent on any interval /, since their Wronskian (see Exercise 10) is never 
zero. Consequently, the genera1 solution of (1) for b2 - 4ac < 0 is 

ß= V4ac-b 2 

2a 

Remark 1. Strictly speaking, we must verify that the formula 

.!i.e'1 = re'1 

dt 

is true even for r complex, before we can assert that e'•1 and e'21 are com­
p1ex-valued solutions of (1). To this end, we compute 

.!i.e<a+ iß)t = .!i.ea1[ cosßt + i sinßt] 
dt dt 

= ea•[ (a cosßt- ßsinßt) + i(a sinßt + ßcosßt)] 
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and this equals (a + iß)e<a+iß>1, since 

( a + iß )e<a+iß)l = ( a + iß )ea1[ cosßt + isinßt] 

= ea1[ ( a cosßt- ßsinßt) + i( a sinßt + ßcosßt) ]. 

Thus, (d/ dt)e'1 = re'1, even for r complex. 

Remark 2. At first glance, one might think that e'21 would give rise to two 
additional solutions of (1 ). This is not the case, though, since 

e'21=e-(b/2a)le-ißl, ß=Y4ac-b2 /2a 

= e-bi/Za[ cos(- ßt)+ isin(- ßt) J = e-bi/Za[ cosßt- isinßt]. 

Hence, 

and 
Im{ e'21 } =- e-hi/Zasinßt=-Y2(t). 

Example 1. Find two linearly independent real-valued solutions of the dif­
ferential equation 

d2y dy 
4- +4- +5y=O. 

dt2 dt 
(7) 

Solution. The characteristic equation 4r2 + 4r + 5 = 0 has complex roots r1 

=- i + i and r2=- i- i. Consequently, 

e'11 = e<-I/Z+i)l = e- 112 cost + ie -l/2sint 

is a complex-valued solution of (7). Therefore, by Lemma 1, 

Re{ e''1 } = e-112cost and Im{ e''1 } = e-112sint 

are two linearly independent real-valued solutions of (7). 

Example 2. Find the solution y(t) of the initial-value problern 

d2y dy 
dtz +2 dt +4y=O; y(O)=I, y'(O)=I. 

Solution. The characteristic equation r2 + 2r + 4 = 0 has complex roots r 1 = 
- 1 + V3 i and r2 = - 1- V3 i. Hence, 

e''1 = e< -I+ V3 i)l = e-1 cos V3 t + ie- 1 sin V3 t 
is a complex-valued solution of y" + 2y' + 4y = 0. Therefore, by Lemma 1, 
both 

Re{ e''1 } = e- 1 cos V3 t and Im{ e'11 } = e- 1 sin V3 t 

are real-valued solutions. Consequently, 

y(t)=e- 1[c 1cosV3 t+c2 sinV3 t] 
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2 Second-order linear differential equations 

for some choice of constants c1,c2• The constants c1 and c2 are determined 
from the initial conditions 

l=y(O)=c1 

and 

1 = y'(O) = - c1 + v'3 c2. 

This implies that 

c1=l,c2 = ...)J and y(t)=e-'[cosv'3t+ ...)J sinv'3tl 

ExERCISEs 

Find the general solution of each of the following equations. 

d2y dy d2y dy 
1. dt2 + dt +y=O 2. 2 dt2 +3 dt +4y=O 

d2y dy 
4. 4---+y=O 

dt2 dt 

Solve each of the following initial-value problems. 

d2y dy 
5. dt2 + dt +2y=O; y(O)=l, y'(O)= -2 

d2y dy 
6. - +2- +5y=O· y(O)=O, y'(0)=2 

dt2 dt ' 

7. Assurne that b2 - 4ac < 0. Show that 

Yt (t) = e<- b/2a)(t-to) cos ß (t- to) 

and 

Y2 (t) = e<- bf2a)(t-to) sinß ( t- lo), 

are solutions of (1), for any number t0• 

ß= Y4ac-b2 

2a 

Solve each of the following initial-value problems. 

d2y dy 
8. 2 dt2 - dt +3y=O; y(l)=l, y'(l)=l 

d2y dy 
9. 3 dt2 -2 dt +4y=O; y(2)=1, y'(2)= -1 

10. Verify that W[ea'cosßt, ea'sinßt]=ße2a1• 

11. Show that e;.,, is a complex-valued solution of the differential equation y" + 
w2y = 0. Find two real-valued solutions. 

12. Show that (cost+isint)'=cosrt+isinrt. Use this result to obtain the double 
angle formulas sin2t=2sintcost and cos2t=cos2 t-sin2 t. 
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13. Show that 

( cos t 1 + i sin t 1 )( cos t2 + i sin t2) = cos( t 1 + t2) + i sin( t 1 + t2). 

Use this result to obtain the trigonometric identities 

cos(t1 + t2 ) = cost1 cost2 - sint1 sint2, 

sin(t1 + t2 ) = sin t1 cost2 +cost 1 sint2• 

14. Show that any complex nurober a + ib can be written in the form Ae;9, where 

A = V a2 + b2 and tan (} = b / a. 

15. Defining the two possible square roots of a complex nurober Ae;9 as 
::!:: VA ei9f 2, compute the square roots of i, I+ i, - i, VI. 

16. Use Problem 14 to find the three cube roots of i. 

17. (a) Let r 1 =A. + ip. be a complex root of r2+(a -l)r+ ß=O. Show that 

t>-+ip. = t>-t;~' = t>-e(ln r)ip. = t>-[cos p. In t + i sin p. In t] 

is a complex-valued solution of Euler's equation 

d2y dy 
t2- +at- +ßy=O. 

dt2 dt 

(b) Show that t>-cosp.lnt and t>-sinp.Int are real-valued solutions of (*). 

Find the general solution of each of the following equations. 

d2y dy 
18. P-2 +t-d +y=O, t>O 

dt t 

d2y dy 
19. t2- 2 +2t-d +2y=O, t>O 

dt t 

2.2.2 Equal roots; reduction of order 

(*) 

If b2 = 4ac, then the characteristic equation ar2 + br + c = 0 has real equal 
roots r 1 = r2 = - b j2a. In this case, we obtain only one solution 

y,(t)=e-bt/Za 

of the differential equation 

dzy dy 
a- +b- +cy=O. 

dt2 dt 
(!) 

Our problern is to find a second solution which is independent of y 1• One 
approach to this problern is to try sorne additional guesses. A second, and 
rnuch rnore clever approach is to try and use our knowledge of y 1{t) to help 
us find a second independent solution. More generally, suppose that we 
know one solution y = y 1{t) of the second-order linear equation 

d2y dy 
L[y]= dtz +p(t) dt +q(t)y=O. (2) 

Can we use this solution to help us find a second independent solution? 
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2 Second-order linear differential equations 

The answer to this question is yes. Once we find one solution y = y 1(1) of 
(2), we can reduce the problern of finding all solutions of (2) to that of 
solving a first-order linear homogeneaus equation. This is accomplished by 
defining a new dependent variable v through the substitution 

y (I) = y 1 (I )v (I). 

Then 

and 

since y 1(t) is a solution of L[y]=O. Hence, y(t)= y 1(t)v(t) is a solution of 
(2) if v satisfies the differential equation 

d 2v [ dyl ] dv 
YI dt2 + 2dt +p(t)yl dt =0. (3) 

Now, observe that Equation (3) is really a first-order linear equation for 
dv / dt. Its solution is 

: ~cexp[- J[ 2 ~:i:~ +p(t) H 
= c exp ( - J p ( t) dt) exp [ - 2 J ~: ~ ~ ~ dt ] 

cexp(- J p(t)dt) 

yi(t) 

(4) 

Since we only need one solution v(l) of (3), we set c =I in (4). Integrating 
this equation with respect tot, and setting the constant of integration equal 
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to zero, we obtain that v(t)= J u(t)dt, where 

Hence, 

exp(- J p(t)dt) 
u(t)=----­

Yi(t) 

Y2(t)=v(t)y 1(t)=y 1(t) J u(t)dt 

(5) 

(6) 

is a second solution of (2). This solution is independent of y" for if J2(1) 
were a constant multiple of y 1(t) then v(t) would be constant, and conse­
quently, its derivative would vanish identically. However, from (4) 

dv exp(- J p(t)dt) 

dt = Yi(t) 

and this quantity is never zero. 

Remark 1. In writing v(t)= J u(t)dt, we set the constant of integration 

equal to zero. Choosing a nonzero constant of integration would only add 
a constant multiple of y 1(t) to y 2(t). Similarly, the effect of choosing a con­
stant c other than one in Equation (4) would be to multiply yit) by c. 

Remark 2. The method we have just presented for solving Equation (2) is 
known as the method of reduction of order, since the Substitution y(t) = 
y 1(t)v(t) reduces the problern of solving the second-order equation (2) to 
that of solving a first-order equation. 

Application to the case of equal roots: In the case of equal roots, we found 
y 1(t)=e-bt/Za as one solution of the equation 

d2y dy 
a- +b- +cy=O. (7) 

dt2 dt 

We can find a second solution from Equations (5) and (6). lt is important 
to realize though, that Equations (5) and (6) were derived under the 
assumption that our differential equation was written in the form 

d2y dy 
dt2 + p(t) dt + q(t)y =0; 

that is, the coefficient of y" was one. In our equation, the coefficient of y" 
is a. Hence, we must divide Equation (7) by a to obtain the equivalent 
equation 

d2y b dy c 
-+--+-y=O. 
dt2 a dt a 
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Now, we can insertp(t)=b/a into (5) to obtain that 

exp(- J ~ dt) e-bt/a 
u(t)= =--=I. 

[ e -bt/2a t e -bt/a 

Hence, 

J2(1) = y 1 (t) f dt = ty 1 (t) 

is a second solution of (7). The functionsy 1(t) andyit) are clearly linearly 
independent on the interval - oo < t < oo. Therefore, the general solution 
of (7) in the case of equal roots is 

y ( t) = c,e -bt/2a + c2te -bt/2a = [ c, + c2t Je -bt/2a 

Example 1. Find the solution y(t) of the initial-value problern 

d2y dy 
dt2 +4 dt +4y=O; y(O)= 1, y'(0)=3. 

Solution. The characteristic equation r2 + 4r + 4 = (r + 2? = 0 has two equal 
roots r1 = r2 =- 2. Hence, 

y(t) = c,e- 21 + c2te- 21 

for sorne choice of constants c1, c2. The constants c1 and c2 are deterrnined 
frorn the initial conditions 

1 = y(O)= c1 

and 
3 = y'(O) = - 2c 1 + c2• 

This irnplies that c1 = 1 and c2 = 5, so that y(t) = (1 + 5t)e- 21• 

Example 2. Find the solution y(t) of the initial-value problern 

d2y dy 
(1-t2)-+2t--2y=O· y(0)=3, y'(0)=-4 

dt2 dt ' 

on the interval - I < t < I. 
Solution. Clearly, y 1(t) = t is one solution of the differential equation 

d2y dy 
(I-t2)-+2t--2y=O. (8) 

dt2 dt 

We will use the rnethod of reduction of order to find a second solution 
Yit) of (8). To this end, divide both sides of (8) by 1- t2 to obtain the 
equivalent equation 
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Then, from (5) 

and 

exp(- J 1 :tt2 dt) 
u(t)= -----­

yf(t) 

y2(t)=tf 1 ~/2 dt=-t(++t)=-(l+t2) 

js a second solution of (8). Therefore, 

y(t)= c1t- c2(1 + t 2) 

for some choice of constants c1, c2• (Notice that all solutions of (9) are con­
tinuous at t = ± 1 even though the differential equation is not defined at 
these points. Thus, it does not necessarily follow that the so1utions of a dif­
ferential equation are discontinuous at a point where the differential equa­
tion is not defined-but this is often the case.) The constants c1 and c2 are 
determined from the initial conditions 

3=y(O)= -c2 and -4=y'(O)=c1• 

Hence, y(t) = - 4t + 3(1 + t 2). 

EXERCISES 

Find the general solution of each of the following equations 

d2y dy d2y dy 
1. dt2 -6 dt +9y=O 2. 4 dt2 -I2 dt +9y=O 

Solve each of the following initial-value problems. 

d2y dy 
3. 9-2 +6-d +y=O; y(O)=I, y'(O)=O 

dt t 

d2y dy 
4. 4 dt2 -4 dt +y=O; y(O)=O, y'(0)=3 

5. Suppose b2 =4ac. Show that 

Yl (t) = e-b(t-to)/2a and Y2(t) = (t- to)e-b(t-to)/2a 

are soiutions of (I) for every choice of t0. 

So1ve the following initia1-va1ue prob1ems. 

d2y dy 
6. - 2 +2-d +y=O; y(2)= I, y'(2)= -I 

dt t 

d2y dy 
7. 9 dP -I2 dt +4y=O; y(w)=O, y'(w)=2 

8. Let a, b and c be positive numbers. Prove that every solution of the differential 
equation ay" + by' + cy =0 approaches zero as t approaches infinity. 
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9. Here is an alternate and very elegant way of finding a second solution Y2( t) of 
(I). 
(a) Assurne that b2 =4ac. Show that 

L[ e''] = a( e'' )" + b( e'1 )' + ce'1 = a(r- r1) 2ert 

for r1 = - b l2a. 
(b) Show that 

(a I ar)L[ e'1 ] = L[ ( a I ar)e''] = L[te'1 ] = 2a(r- r,)ert + at(r- r,)2ert. 

(c) Conclude from (a) and (b) that L[te'11]=0. Hence,yit)=te' 11 is a second 
solution of (1). 

Use the method of reduction of order to find the general solution of the 
following differential equations. 

2(t+ I) dy 2 
----"-----+ y=O (y1(1)=1+1) 
(12 +21-1) dl (12 +21-1) 

d2y dy 
11. --41- +(412 -2)y=O (y 1(1)=e 12) 

dl2 dl 

d2y dy 
12. (1- 12) dl2 -21 dl + 2y =0 (y,(l) =I) 

d2y dy 
13. (1+12)--21-+2y=O (y1(t)=l) 

dl2 dl 

d2y dy 
14. (1- 12)-2 -21-d +6y=O (y 1(1)=312 -l) 

dl I 

d2 dy 
15. (21+1)~2 -4(t+I)-d +4y=O (y1(1)=1+l) 

dl t 

d2 dy ( ) 16. 12 dt; +I dl +(12-i~=O y,(t)= ~~ 

17. Given that the equation 

d2y dy 
t dt2 -(1+31) dl +3y=O 

has a solution of the form ect, for some constant c, find the generat solution. 

18. (a) Show that t' is a solution of Euler's equation 

Py"+ary'+ßy=O, t>O 

if r 2+(a-l)r+ ß=O. 
(b) Suppose that (a-li=4ß. Using the method of reduction of order, show 

that (In 1)1(1- a)/2 is a second solution of Euler's equation. 

Find the general solution of each of the following equations. 

d2y dy d2y dy 
19. t 2 - 2 +3t-d +y=O 20. 12--1- +y=O 

dt t dl2 dl 

150 
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2.3 The nonhomogeneous equation 

W e turn our attention now to the nonhomogeneaus equation 

d2y dy 
L[y]= dtz +p(t) dt +q(t)y=g(t) (I) 

where the functions p(t), q(t) and g(t) are continuous on an open interval 
a < t < ß. An important clue as to the nature of all solutions of (I) is pro­
vided by the first-order linear equation 

dy 
dt -2ty= -t. (2) 

The general solution of this equation is 

y ( t) = ce t2 + t . 
Now, observe that this solution is the sum of two terms: the first term, ce 12, 

is the general solution of the homogeneaus equation 

: -2ty=O (3) 

while the second term, t, is a solution of the nonhomogeneaus equation 
(2). In other words, every solution y ( t) of (2) is the sum of a particular 
solution, 1/;(t) = t, with a solution ce 12 of the homogeneaus equation. A sim­
ilar situation prevails in the case of second-order equations, as we now 
show. 

Theorem 5. Let y 1(t) and Y2(t) be two linearly independent solutions of the 
homogeneaus equation 

d2y dy 
L[y] = - 2 +p(t)-d +q(t)y=O 

dt t 
(4) 

and Iet IJ;(t) be any particular solution of the nonhomogeneaus equation (1). 
Then, every so/ution y(t) of (I) must be of the form 

y(t) = C1y 1 (t) + CzYz(t) + 1/J(t) 

for some choice of constants c1, c2• 

The proof of Theorem 5 relies heavily on the following Iemma. 

Lemma 1. The difference of any two so/utions of the nonhomogeneaus equa­
tion (1) is a solution of the homogeneaus equation (4). 

PROOF. Let l/;1(t) and 1/;2(1) be two solutions of (1). By the linearity of L, 

L[ 1/11 - 1/12 ]( t) = L[ 1/11 J ( t)- L[ 1/12 ] ( t) = g( t)- g( t) = 0. 

Hence, 1/;1 ( t)- IJ;z( t) is a solution of the homogeneaus equation ( 4). 0 
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2 Second-order linear differential equations 

We can now give a very simple proof of Theorem 5. 

PROOF OF THEOREM 5. Let y(t) be any solution of (1). By Lemma l, the 
function <j>(t)=y(t)-l[;(t) is a solution of the homogeneous equation (4). 
But every solution <j>(t) of the homogeneous equation (4) is of the form 
<t>(t) = c1y 1(t) + c2yit), for some choice of constants c1, c2• Therefore, 

y( t) =<t>( t) + 1/;(t) = c1 y 1 ( t) + c2y 2 ( t) + 1/;( t). 0 

Remark. Theorem 5 is an extremely useful theorem since it reduces the 
problern of finding all solutions of (1) to the much simpler problern of find­
ing just two solutions of the homogeneous equation (4), and one solution 
of the nonhomogeneous equation (1). 

Example 1. Find the general solution of the equation 

d2y 
-+y=t. 
dt2 

(5) 

Solution. The functionsy 1(t)=cost andYz(t)=sint are two linearly inde­
pendent solutions of the homogeneous equation y" + y = 0. Moreover, 1/;(t) 
= t is obviously a particular solution of (5). Therefore, by Theorem 5, 
every solution y(t) of (5) must be of the form 

y ( t) = c1 cos t + c2 sin t + t. 

Example 2. Three solutions of a certain second-order nonhomogeneous 
linear equation are 

t/;2 ( t) = t + e 1, and 1[;3 ( t) = 1 + t + e 1• 

Find the general solution of this equation. 
Solution. By Lemma I, the functions 

t/;2(t)-tf;1(t)=e 1 and t/;3(t)-t/;2(t)= 1 

are solutions of the corresponding homogeneous equation. Moreover, these 
functions are obviously linearly independent. Therefore, by Theorem 5. 
every solution y(t) of this equation must be of the form 

y(t) = c1e 1 + c2 + t. 

ExERCISES 

1. Three solutions of a certain second-order nonhomogeneaus linear equation an: 

1/;, (t) = t2, t/;2 (t) = t2 + e2t 

and 

tf;3 (t)= I+ t2+2e21 • 

Find the general solution of this equalic:1. 
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2. Three solutions of a certain second-order linear nonhomogeneaus equation are 

1); 1 (t) = l + e 12, 1);2(t) = l + te 12 

and 

1);3 ( t) = ( t + I)e 12 + l 
Find the general solution of this equaHon. 

3. Three solutions of a second-order linear equation L[y] = g(t) are 

1); 1 (t) = 3e1 + e 12, 1);2(t) =7e1 + e 12 

and 

1);3(t) =Se,+ e-t' + et2. 

Find the solution of the initial-value problern 

L[y]=g; y(O)= l, y'(0)=2. 

4. Let a, b and c be positive constants. Show that the difference of any two solu­
tions of the equation 

ay" + by' + cy = g(t) 

approaches zero as t approaches infinity. 

5. Let l);(t) be a solution of the nonhomogeneaus equation (!), and Iet q,(t) be a 
solution of the homogeneaus equation (4). Show that l);(t)+</>(t) is again a solu­
tion of (!). 

2.4 The method of variation of parameters 

In this section we describe a very general method for finding a particular 
solution 1/;(t) of the nonhomogeneaus equation 

d 2y dy 
L[y]= dt1 +p(t) dt +q(t)y=g(t), (I) 

once the solutions of the homogeneaus equation 

d1y dy 
L[y] =- +p(t)-d +q(t)y=O 

dt 2 t 
(2) 

are known. The basic principle of this method is to use our knowledge of 
the solutions of the homogeneaus equation to help us find a solution of the 
nonhomogeneaus equation. 

Lety1(t) andyit) be two linearly independent solutions of the homoge­
neaus equation (2). We will try to find a particular solution lf;(t) of the 
nonhomogeneaus equation (I) of the form 

1/;(t) = u1(t)y 1(t) + u2(t)yit); (3) 

that is, we will try to find functions u1(t) and uit) so that the linear combi­
nation u1(t)y 1(t) + uit)yit) is a solution of (1). At first glance, this 
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would appear to be a dumb thing to do, since we are replacing the problern 
of finding one unknown function 1/;(t) by the seemingly barder problern of 
finding two unknown functions u1(t) and u2(t). However, by playing our 
cards right, we will be able to find u1(t) and uit) as the solutions of two 
very simple first-order equations. We accomplish this in the following 
manner. Observe that the differential equation (1) imposes only one condi­
tion on the two unknown functions u1(t) and uit). Therefore, we have a 
certain "freedom" in choosing u1(t) and u2(t). Our goal is to impose an 
additional condition on u1(t) and uit) which will make the expression 
L[u1y 1 + u2h] as simple as possible. Computing 

d d 
dt!J;(t)= dt [utYt+u2h] 

= [ UtYi + U2Y2] + [ u;yl + u2h] 
we see that d21/; j dt2, and consequently L[ 1/;], will contain no second-order 
derivatives of u 1 and u2 if 

Y1 (t)u; (t)+ h(t)u2(t) =0. (4) 

This suggests that we impose the condition (4) on the functions u1(t) and 
ui t). In this case, then, 

L[ 1/1] = [ UtYi + u2y2J' + p(t)[ UtYi + u2y2] + q( t)[ UtYt + U2Y2J 

= u;y; + u2y2 + u1 [ y;' + p(t)y; + q(t)y 1 ] + u2 [ y{ + p(t)y2+ q(t)h] 
= u;y; + u2y2 

since both y 1(t) and yit) are solutions of the homogeneous equation L[y] 
=0. Consequently, 1/;(t)= u1y 1 + u2 y 2 is a solution of the nonhomogeneous 
equation (1) if u1(t) and u2(t) satisfy the two equations 

Y1 (t)u; (t) + Y2 ( t)u2 ( t) = 0 

y; (t)u; (t) + Y2(t)u2(t) = g(t). 

Multiplying the first equation by y2(t), the second equation by h(t), and 
subtracting gives 

[y1 (t)y2(t)- y; (t)y2(t) ]u; (t)=- g(t)y2(t), 

while multiplying the first equation by y;(t), the second equation by y 1(t), 
and subtracting gives 

Hence, 

[ Y1 ( t)y2( t)-Yi (t)h( t) ]u2 (t) = g( t)y 1 ( t). 

g(t)y2(t) 
u;(t)=----­

W[yt,h](t) 
d '() g(t)yl(t) 

an u2 t = -=-----
W[Yt·h](t) 

(5) 

Finally, we obtain u1(t) and uit) by integrating the right-hand sides of (5). 

154 



2.4 The method of variation of parameters 

Remark. The general solution of the homogeneous equation (2) is 

y(t)= c1y 1 (t)+ c2Y2(t). 

By letting c1 and c2 vary with time, we obtain a solution of the nonhomo­
geneous equation. Hence, this method is known as the method of variation 
of parameters. 

Example 1. 
(a) Find a particular solution 1/;( t) of the equation 

d2y 
-+y=tant 
dt2 

{6) 

on the interval - 1r /2 < t < 1r /2. 
(b) Find the solutiony(t) of (6) which satisfies the initial conditionsy(O)= 
l,y'(O)=l. 
Solution. 
(a) The functions y 1(t) = cos t and yit) = sin t are two linearly independent 
solutions of the homogeneous equation y" + y = 0 with 

W[ YPY2] ( t) = y 1A- y; h = ( cost)cos t- (- sin t)sint = l. 

Thus, from (5), 

u; ( t) = - tan t sin t and u; ( t) = tan t cos t. 

Integrating the first equation of (7) gives 

f . J sin2 t u1(t)=- tantsmtdt=- --dt 
cost 

= J cos2 1- 1 dt = sint -lnlsect + tantl. 
cost 

=sint -ln(sect+tant), -I< t <I 
while integrating the second equation of (7) gives 

u2 (t)= Jtantcostdt= Jsintdt= -cost. 

Consequently, 

1/; ( t) = cos t [ sin t - ln (sec t + tan t) J + sin t ( - cos t) 

= -costln(sect+tant) 

is a particular solution of (6) on the interval - 1r /2 < t < 1r /2. 
(b) By Theorem 5 of Section 2.3, 

y ( t) = c 1 cos t + c 2 sin t- cos t ln( sec t + tan t) 

(7) 

for some choice of constants c1, c2 • The constants c1 and c2 are determined 
from the initial conditions 

l=y(O)=c1 and l=y'(O)=c2 -l. 
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Hence, c1 = 1, c2 =2 and 

y(t) = cos t + 2sint- cost ln(sect + tant). 

Remark. Equation (5) determines u1(t) and u2(t) up to two constants of in­
tegration. We usually take these constants to be zero, since the effect of 
choosing nonzero constants is to add a solution of the homogeneaus equa­
tion to 1/;(t). 

EXERCISES 

Find the general solution of each of the following equations. 

d2y 
1. -+y=sect -"!...<t<"!... 

dt2 ' 2 2 

d2y dy 21 
2. - - 4- + 4y = te 

dt2 dt 

d 2y dy 
3. 2-2 -3-d +y=(t2+1)e 1 

dt t 

d2y dy 3t 
4. - - 3- + 2y = te + 1 

dt2 dt 

Salve each of the following initial-value problems. 

5. 3y"+4y'+y=(sint)e- 1; y(O)=l, y'(O)=O 

6. y"+4y'+4y=t512e- 21 ; y(O)=y'(O)=O 

7. y" -3y' +2y = v'f+T; y(O)= y'(O)=O 

8. y"-y=j(t); y(O)=y'(O)=O 

Warning. lt must be remembered, while doing Problems 3 and 5, that 
Equation (5) was derived under the assumption that the coefficient of y" 
was one. 

9. Find two linearly independent solutions of t2y"- 2y = 0 of the form y(t) = t'. 
Using these solutions, find the general solution of t2y"- 2y = t2• 

10. One solution of the equation 

y" + p(t)y' + q(t)y =0 

is (1 + t)2, and the Wronskian of any two solutions of (*) is constant. Find the 
general solution of 

y" +p(t)y' + q(t)y = 1+ t. 

11. Find the general solution ofy"+(lj4t2)y=fcost, t>O, given thaty 1(t)=Yt 
is a solution of the homogeneous equation. 

156 



2.5 The method of judicious guessing 

12. Find the general solution of the equation 

d 2y 21 dy 2 2 -----+--y=l+l. 
d12 I + 12 dl I + 12 

13. Show that sec I+ tanl is positive for - 'lT /2 <I< 'lT /2. 

2.5 The method of judicious guessing 

A serious disadvantage of the method of variation of parametersisthat the 
integrations required are often quite difficult. In certain cases, it is usually 
much simpler to guess a particular solution. In this section we will establish 
a systematic method for guessing solutions of the equation 

d2y dy 
a...::- +b- +cy=g(t) 

dt2 dt 
(I) 

where a, b and c are constants, and g( t) has one of several special forms. 
Consider first the differential equation 

d2y dy n 
L[y] =a dt2 +b dt +cy=a0 +a1t+ ... +ant . (2) 

We seek a function l[;(t) suchthat the three functions al[;", bl[;' and cl[; add 
up to a given polynomial of degree n. The obvious choice for l[;(t) is a 
polynomial of degree n. Thus, we set 

and compute 

L[ l[; ]( t) = al[;"( t) + bl[;'( t) + cl[;( t) 

= a[2A2 + ... + n(n-l)Antn-2] + b[ A 1 + ... + nAntn-l] 

+c[A0 +A 1t+ ... +Antn] 

= cAntn + ( cAn-1 + nbAn)tn-l + ... + ( cAo + bA I+ 2aA2). 

Equating coefficients of like powers of t in the equation 

L [ l[;] ( t) = a0 + a 1 t + ... + an t n 

gives 

(3) 

cAn =an, cAn-l + nbAn =an- I" .. ,cA 0 + bA 1 + 2aA 2 = a0 . (4) 

The first equation determines An= an/ c, for c=FO, and the remaining equa­
tions then determine An-I> ... ,A0 successively. Thus, Equation (I) has a 
particular solution l[;( t) of the form (3), for c =F 0. 

We run into trouble when c = 0, since then the first equation of ( 4) has 
no solution An. This difficulty is to be expected though, for if c = 0, then 
L[ l[;] = al[;" + bl[;' is a polynomial of degree n- I, while the right hand side 
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of (2) is a polynomial of degree n. To guarantee that alf;" + blf;' is a poly­
nomial of degree n, we must take 1/; as a polynomial of degree n + 1. Thus, 
we set 

(5) 

Wehave omitted the constant term in (5) since y = constant is a solution of 
the homogeneous equation ay n + by' = 0, and thus can be subtracted from 
1/;( t). The coefficients A 0, A 1, ... ,An are determined uniquely (see Exercise 
19) from the equation 

if b=FO. 
Finally, the case b = c = 0 is trivial to handle since the differential equa­

tion (2) can then be integrated immediately to yield a particular solution 
1/;( t) of the form 

1 [ a 12 a 13 a 1 n + 2 l 
1/1( 1)= a 1~2 + 21·3 + ... + (n+ ;)(n+2) . 

Summary. The differential equation (2) has a solution 1/;(t) of the form 

{

Ao+A 1t+ ... +Antn, 

1/;(t)= t(A 0 +A 1t+ ... +Antn), 

12 (A 0 +A 1t+ ... +Antn), 

c=FO 

c=O, b=FO. 

c=b=O 

Example 1. Find a particular solution lf;(t) of the equation 

d2 y dy 2 

L [ y J = dt 2 + dt + y = t . 

Solution. We set lf;(t)=A 0 +A 1t+A 2t2 and compute 

L[ lf; ](t)=lf;"(t)+lf;'(t)+lf;(t) 

=2A 2 + (A 1 + 2A 2t) + A 0 + A 1t + A 2t2 

= (A 0 + A 1 + 2A 2 ) + (A 1 + 2A 2 )t + A 2t2 . 

(6) 

Equating coefficients of like powers of t in the equation L[ lf; ]( t) = t2 gives 

A 2 = 1, A 1 +2A 2 =0 

and 

A 0 + A 1 +2A 2 =0. 

The first equation tells us that A 2 = I, the second equation then tells us that 
A 1 = -2, and the third equation then tells us that A 0 = 0. Hence, 

lf;(t)=-2t+t 2 

is a particular solution of (6). 
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Let us now re-do this problern using the rnethod of variation of pararne­
ters. lt is easily verified that 

y 1(t)=e- 112 cosV3 t/2 and Y2(t)=e- 112 sinV3 t/2 

are two solutions of the hornogeneous equation L[y] = 0. Hence, 

1[;( t) = u1 ( t)e -t12cos V3 t /2 + u2 ( t)e -t/2 sin V3 t /2 

is a particular solution of (6), where 

- t2e- 112 sin V3 t/2 -2 
u1 (t) = J dt= -- Jt 2e 112 sin V3 t/2dt 

W[y 1,h](t) V3 

and 

These integrations are extrernely difficult to perforrn. Thus, the rnethod of 
guessing is certainly preferrable, in this problern at least, to the rnethod of 
variation of pararneters. 

Consider now the differential equation 

L[ ] d 2y b dy ( n) at Y =a-2 + -d +cy= a0 +a1t+ ... +ant e . 
dt t 

(7) 

We would like to rernove the factor ea1 frorn the right-hand side of (7), so 
as to reduce this equation to Equation (2). This is accornplished by setting 
y(t)= ea1v(t). Then, 

y'= eat (v' + av) and y" = eat (v" +2av' + a2v) 

so that 

L[y J = eaT av" + (2aa + b)v' +(aa 2 + ba+ c)v]. 

Consequently, y(t) = ea1v(t) is a solution of (7) if, and only if, 

d 2v dv 2 
a dt2 +(2aa+b) dt +(aa +ba+c)v=a0 +a1t+ ... +antn. (8) 

In finding a particular solution v(t) of (8), we rnust distinguish as to 
whether (i) aa2 +ba+c*O; (ii) aa 2 +ba+c=O, but 2aa+b*O; and (iii) 
both aa 2 + ba + c and 2aa + b = 0. The first case rneans that a is not a root 
of the characteristic equation 

ar2 + br + c = 0. (9) 

In other words, ea1 is not a solution of the hornogeneous equation L[y] = 0. 
The second condition rneans that a is a single root of the characteristic 
equation (9). This irnplies that ea1 is a solution of the hornogeneous equa­
tion, but teat is not. Finally, the third condition rneans that a is a double 

159 



2 Second-order linear differential equations 

root of the characteristic equation (9), so that both ea1 and 1ea1 are solu­
tions of the homogeneous equation. Hence, Equation (7) has a particular 
solution 1/;(t) of the form (i) l/;(t)=(A0+ ... +Anln)ea1, if ea1 is not a solu­
tion of the homogeneous equation; (ii) I/;(1)=1(A 0 + ... +Anln)ea1, if ea1 is 
a solution of the homogeneous equation but le at is not; and (iii) 1/;( t) = 
12(A 0 + ... +Anln)ea1 if both ea1 and lea1 are solutions of the homogeneous 
equation. 

Remark. There are two ways of computing a particular solution 1/;(t) of (7). 
Either we make the substitutiony = ea'v and find v(l) from (8), or we guess 
a solution 1/;(t) of the form ea' times a suitable polynomial in 1. If a is a 
double root of the characteristic equation (9), or if n > 2, then it is advis­
able to set y = ea1v and then find v(l) from (8). Otherwise, we guess 1/;(t) 

directly. 

Example 2. Find the general solution of the equation 

d2 dy 
; -4-d +4y=(l+t+ ... +t27)e21. 

dt t 
(10) 

Solution. The characteristic equation r2 -4r+4=0 has equal roots r1=r2 
= 2. Hence, y 1 ( t) = e21 and Y2( I)= te21 are solutions of the homogeneous 
equationy" -4y' +4y =0. To find a particular solution 1/;(1) of (10), we set 
y = e21v. Then, of necessity, 

d2~ = 1 + t + 12 + ... + (27. 
dl 

Integrating this equation twice, and setting the constants of integration 
equa1 to zero gives 

12 (3 129 
v(t)= 1·2 + 2·3 + ... + 28·29 · 

Hence, the general solution of (10) is 

21 21 21[ 12 129 ] y(t)=c 1e +c2te +e N+ ... + 28 .29 

[ 
t2 129 ] 

= e2' Ct + c2t + N + ... + 28.29 . 

lt would be sheer madness (and a terrible waste of paper) to plug the ex-
pression 

l/;(t)=t2(Ao+Att+ ... +A27t27)e2' 

into (10) and then solve for the coefficients A0, A 1, ... ,A21• 

Example 3. Find a particular solution 1/;(t) of the equation 

d2y dy 
L[y]= dt2 -3 dt +2y=(l+t)e3'. 
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Solution. In this case, e31 is not a solution of the homogeneous equation 
y"- 3y' + 2y =0. Thus, we set tJ;(t)=(A 0 + A 1t)e 31• Computing 

L[t/J](t)=tJ;"-31/;'+21/; 

= e3'[ (9A 0 +6A 1 +9A 1t)- 3(3A 0 + A 1 +3A 1t) + 2(A 0 + A 1t) J 
= e3'[ (2A 0 +3Ad + 2A 1t] 

and cancelling off the factor e31 from both sides of the equation 

L[ tJ; ](t)= (I+ t)e 31 , 

gives 

2A 1t + (2A 0 + 3A 1) = 1 + t. 
This implies that 2A 1 =1 and 2A 0 +3A 1=1. Hence, A 1=i, A 0 =-~ and 
1/;(t)=(- i + t/2)e 31 • 

Finally, we consider the differential equation 

[ ] _ d 2y bdy -( n) { coswt L y -a-2 + -d +cy- a0 +a1t+ ... +an! X . . 
~ t ~~ 

(I I) 

We can reduce the problern of finding a particular solution 1/;(t) of (11) to 
the simpler problern of finding a particular solution of (7) with the aid of 
the following simple but extremely useful Iemma. 

Lemma 1. Let y(t)=u(t)+iv(t) be a complex-valued solution of the equa­
tion 

d2y dy 
L[y]=a dt2 +b dt +cy=g(t)=g1(t)+ig2 (t) (12) 

where a, band c are real. This means, of course, that 

a[ u"(t) + iv"(t) J + b[ u'(t) + iv'(t) J + c[ u(t) + iv(t) J = g1 (t) + ig2(t). 

(13) 

Then, L[u](t)=g1(t) and L[v](t)=git). 

PRooF. Equating real and imaginary parts in (13) gives 

au"(t) + bu'(t) + cu(t) = g1 (t) 

and 

av"(t) + bv'(t) + cv(t) = g2 (t). 

Now, Iet cp(t)=u(t)+iv(t) be a particular solution of the equation 

d2 dy 
a~ +b-d +cy=(ao+ ... +antn)eiwt. 

dt t 

D 

(14) 

The real part of the right-hand side of (14) is (a0 + ... + antn)coswt, while 
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the imaginary part is (a0 + ... +antn)sinwt. Hence, by Lemma I 

u(t)=Re{cj>(t)} 

is a solution of 

while 

v(t)=lm{cj>(t)} 

is a solution of 

Example 4. Find a particular solution l{;(t) of the equation 

d2y 
L[y] = - 2 +4y=sin2t. 

dt 
(15) 

Solution. We will find l{;(t) as the imaginary part of a complex-valued solu­
tion cj>( t) of the equation 

d2y 
L [ y J = - + 4y = e2u. ( 16) 

dt2 

Tothis end, observe that the characteristic equation r 2 +4=0 has complex 
roots r= ±2i. Therefore, Equation (16) has a particular solution cj>(t) of the 
form cj>(t) = A 0te2u. Computing 

cj>'(t)=A 0 (1+2it)e2;1 and cj>"(t)=A 0 (4i-4t)e2;1 

we see that 

L[ cj> J(t) = cj>"( t) + 4cj>( t) =4iA 0e2;1• 

Hence, A0 = 1/4i= -i/4 and 

cj>(t) =- *e2;1 =- *(cos2t + isin2t) = ± sin2t- i± cos2t. 

Therefore, I{;( t) =Im { cj>( t)} = - (t / 4) cos 2t is a particular solution of ( 15). 

Example 5. Find a particular solution l{;(t) of the equation 

d2y 
- +4y=cos2t. 
dt2 

(17) 

Solution. From Example 4, cj>(t)=(t/4)sin2t-i(t/4)cos2t is a complex­
valued solution of (16). Therefore, 

l{;(t) =Re{ cj>(t)} = ± sin2t 

is a particular solution of (17). 
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Example 6. Find a particular solution "'(t) of the equation 

d 2y dy 
L[y] =-+2- +y=te 1cost. 

dt2 dt 
(18) 

Solution. Observe that te 1 cost is the real part of te<l+i)t. Therefore, we can 
find l[;(t) as the real part of a complex-valued solution cp(t) of the equation 

d2y dy 
L[y]=-+2-+y=te<l+i)t. (19) 

dt2 dt 

To this end, observe that 1 + i is not a root of the characteristic equation 
r2 + 2r + 1 = 0. Therefore, Equation (19) has a particular solution cp(t) of the 
form cp(t)=(A0 +A 1t)e(l+i)t. Computing L[cp]=cp"+2cp'+cp, and using the 
identity 

( 1 + i)2 + 2( 1 + i) + 1 = [ ( 1 + i) + 1 t = (2 + i)2 

we see that 

[ (2+ i)2 A 1t + (2+ i)2 A 0 + 2(2+ i)A 1 J = t. 

Equating coefficients of 1ike powers of t in this equation gives 

and 

(2 + i)A0 + 2A 1 =0. 

This imp1ies that A 1 = 1 /(2 + i)2 and A 0=- 2/(2 + i)3, so that 

cp(t)= [ -2 + t ]eo+nt. 
(2+i)3 (2+i)2 

After a 1itt1e a1gebra, we find that 

et J cp(t)= 125 {[(15t-4)cost+(20t-22)sint 

+ i[ (22- 20t)cost + (15t- 4)sint J}. 

Hence, 

et 
"'(t)=Re{ cp(t)} = 125 [ (15t-4)cost+ (20t-22)sint]. 

Remark. The method of judicious guessing also applies to the equation 

d2y dy n 

L[y]=adt2 +b dt +cy= ~ Pj(t)eaJt 
j=l 

(20) 

where the Pit),j= I, ... ,n are po1ynomia1s in t. Let tf;/t) be a particu1ar 
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solution of the equation 

j= l, ... ,n. 

Then, ~{t) = ~J= 1~/t) is a solution of (20) since 

L[ ~ J = L[ 1~1 ~J l = 1~1 L[ ~1 ] = 1~1 PJ(t)eaJr. 

Thus, to find a particular solution of the equation 

y" + y' + y = e 1 + t sin t 

we find particular solutions ~ 1 (t) and ~it) of the equations 

y"+y'+y=e 1 and y"+y'+y=tsint 

respectively, and then add these two solutions together. 

EXERCISES 

Find a particular solution of each of the following equations. 

1. y"+3y=t3-l 2. y"+4y'+4y=tea1 

5. y"+2y'+y=e- 1 

7. y"+4y=tsin2t 

4. y" + y' + y = 1 + t + t2 

6. y"+5y'+4y=t2e71 

8. y"- 6y' + 9y = (3t 7 - 5t4)e31 

10. y"-2y'+5y=2(cos 2t)e 1 9. y"-2y'+5y=2cos2 t 

11. y"+y'-6y=sint+te21 

13. y"-3y'+2y=e 1+e21 

12. y" + y' +4y = t 2 +(2t+ 3)(1 +cost) 

14. y"+2y'=1+t2+e- 21 

15. y" + y = cos t cos2t 16. y" + y = cos t cos2t cos3t. 

17. (a) Show that cos3wt = iRe{ e3iwr + 3e;"'1}. 

Hint: coswt=(e;"'1+e-;"'1)j2. 
(b) Find a particular solution of the equation 

10y" +0.2y' + 1000y =5 + 20cos3 10t 

18. (a) Let L[y]=y"-2r1y'+r12y. Show that 

L[ e' 11v(t)] = e' 11v"(t). 

(b) Find the general solution of the equation 

y" _ 6y' + 9y = t3f2e3r. 

19. Let 1/;(t) = t(A 0 + ... + Antn), and assume that b o;60. Show that the equation 
al/;" + blf;' = a0 + ... + antn determines A 0, ••• ,An uniquely. 
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2.6 Mechanical vibrations 

Consider the case where a small object of mass m is attached to an elastic 
spring of length /, which is suspended from a rigid horizontal support (see 
Figure 1). (An elastic spring has the property that if it is stretched or com­
pressed a distance M which is small compared to its naturallength /, then 
it will exert a restering force of magnitude kM. The constant k is called 
the spring-constant, and is a measure of the stiffness of the spring.) In 
addition, the mass and spring may be immersed in a medium, such as oil, 
which impedes the motion of an object through it. Engineers usually refer 
to such systems as spring-mass-dashpot systems, or as seismic instruments, 
since they are similar, in principle, to a seismograph which is used to detect 
motions of the earth's surface. 

Figure I 

Spring-mass-dashpot systems have many diverse applications. For ex­
ample, the shock absorbers in our automobiles are simple spring-mass­
dashpot systems. Also, most heavy gun emplacements are attached to such 
systems so as to minimize the "recoil" effect of the gun. The usefulness of 
these devices will become apparent after we set up and solve the differen­
tial equation of motion of the mass m. 

In calculating the motion of the mass m, it will be convenient for us to 
measure distances from the equilibrium position of the mass, rather than 
the horizontal support. The equilibrium position of the mass is that point 
where the mass will hang at rest if no external forces act upon it. In 
equilibrium, the weight mg of the mass is exactly balanced by the restoring 
force of the spring. Thus, in its equilibrium position, the spring has been 
stretched a distance !:l/, where kM= mg. We let y = 0 denote this equi­
librium position, and we take the downward direction as positive. Let y(t) 
denote the position of the mass at time t. To find y(t), we must compute 
the total force acting on the mass m. This force is the sum of four separate 
forces W, R, D and F. 
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2 Second-order linear differential equations 

(i) The force W = mg is the weight of the mass pulling it down ward. 
This force is positive, since the downward direction is the positive y direc­
tion. 

(ii) The force R is the restoring force of the spring, and it is proportional 
to the elongation, or compression, t::.l + y of the spring. lt always acts to re­
store the spring to its natural length. If t::./ + y > 0, then R is negative, so 
that R = - k(t::./ + y), and if t::./ + y < 0, then R is positive, so that R = 
- k(t::.l+ y). In either case, 

R= -k(t::.l+y). 

(iii) The force D is the damping, or drag force, which the medium exerts 
on the mass m. (Most media, such as oil and air, tend to resist the motion 
of an object through it.) This force always acts in the direction opposite the 
direction of motion, and is usually directly proportional to the magnitude 
of the velocity dy I dt. If the velocity is positive; that is, the mass is moving 
in the downward direction, then D =- cdy I dt, and if the velocity is nega­
tive, then D =- cdy I dt. In either case, 

D= -cdyldt. 

(iv) The force F is the external force applied to the mass. This force is 
directed upward or downward, depending as to whether F is positive or 
negative. In general, this external force will depend explicitly on time. 

From Newton's second law of motion (see Section 1.7) 

d2y 
m dt2 = W+R+D+F 

=mg-k(t::.l+y)-c~ +F(t) 

dy 
= -ky-c dt +F(t), 

since mg= k t::.l. Hence, the position y(t) of the mass satisfies the second­
order linear differential equation 

d2y dy 
m- +c- +ky=F(t) 

dt2 dt 
(1) 

where m, c and karenonnegative constants. We adopt here the mks system 
of units so that F is measured in newtons, y is measured in meters, and t is 
measured in seconds. In this case, the units of k are N jm, the units of c are 
N · sjm, and the units of m are kilograms (N · s2jm) 

(a) Free vibrations: 

We consider first the simplest case of free undamped motion. In this case, 
Equation (1) reduces to 
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where w~ = k Im. The general solution of (2) is 

y(t) = a cosw0t + b sinw0t. (3) 

In order to analyze the solution (3), it is convenient to rewrite it as a single 
cosine function. This is accomplished by means of the following Iemma. 

Lemma 1. Any function y(t) of the form (3) can be written in the simpler 
form 

y(t) = R cos(w0t- 8) 

where R = Ya2 + b2 and 8=tan- 1 bl a. 

(4) 

PROOF. We will verify that the two expressions (3) and (4) are equal. To 
this end, compute 

R cos(w0t- 8) = R cosw0t cos8 + R sinw0t sin8 

and observe from Figure 2 that R cos8 = a and R sin8 = b. Hence, 

R cos(w0t- 8) = a cos w0t + b sin w0t. 0 

0 
Figure 2 

b 

In Figure 3 we have graphed the functiony = R cos(w0t- 8). Notice that 
y(t) always lies between - R and + R, and that the motion of the mass is 
periodic-it repeats itself over every time interval of length 27T I w0• This 
type of motion is called simple harmonic motion; R is called the amplitude 
of the motion, 8 the phase angle of the motion, T0 = 27T I w0 the natural 
period of the motion, and w0 = ~ the natural frequency of the sys­
tem. 

(b) Damped free vibrations: 

If we now include the effect of damping, then the differential equation 
governing the motion of the mass is 

d2y dy 
m- +c- +ky=O. 

dP dt 
(5) 

The roots of the characteristic equation mr2 + er+ k = 0 are 
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Figure 3. Graph ofy(t)=Rcos(w0t-<'l) 

Thus, there are three cases to consider, depending as to whether c2 - 4km 
is positive, negative or zero. 

(i) c2 - 4km > 0. In this case both r1 and r2 are negative, and every solu­
tion y(t) of (5) has the form 

y (t) = ae'11 + be'21 • 

(ii) c2 - 4km = 0. In this case, every solution y (t) of (5) is of the form 

y ( t) = ( a + bt )e- cl 12m. 

(iii) c2 - 4km < 0. In this case, every solution y(t) of (5) is of the form 

Y4km-c2 
p.= y ( t) = e- cl 12m [ a cos p.t + b sin p.t J, 

2m 

The first two cases are referred to as overdainped and critically damped, 
respectively. They represent motions in which the originally displaced mass 
creeps back to its equilibrium position. Depending on the initial condi­
tions, it may be possible to overshoot the equilibrium position once, but no 
more than once (see Exercises 2-3). The third case, which is referred to as 
an underdamped motion, occurs quite often in mechanical systems and 
represents a damped vibration. To see this, we use Lemma 1 to rewrite the 
function 

y ( t) = e -ct/2m[ a cosp.t + b sinp.t J 

in the form 

y(t)= Re-c112mcos( p.t- 8). 

The displacement y oscillates between the curves y =±Re-et/2m, and thus 
represents a cosine curve with decreasing amplitude, as shown in Figure 4. 

Now, observe that the motion of the mass always dies out eventually if 
there is damping in the system. In other words, any initial disturbance of 
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y 

Figure 4. Graph of Re- ct /Zm cos( Jl.l- 8) 

the system is dissipated by the damping present in the system. This is one 
reason why spring-mass-dashpot systems are so useful in mechanical sys­
tems: they can be used to damp out any undesirable disturbances. For ex­
ample, the shock transmitted to an automobile by a bump in the road is 
dissipated by the shock absorbers in the car, and the momentum from the 
recoil of a gun barre! is dissipated by a spring-mass-dashpot system 
attached to the gun. 

(c) Damped forced vibrations: 

If we now introduce an external force F ( t) = F0 cos wt, then the differential 
equation governing the motion of the mass is 

d2y dy 
m-2 +c-d +ky=F0 coswt. 

dt t 
(6) 

Using the method of judicious guessing, we can find a particular solution 
l[;(t) of (6) of the form 

F 0 cos( wt - ß ) 
(7) 

where tanß=cw/(k-mw2). Hence, every solutiony(t) of (6) must be of 
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the form 

y(t) =<j>(t) + lf;(t) =<J>(t) + [ 2 ]1/2 
(k-mw1) +c2w2 

F0 cos(wt- 8) 
(8) 

where <j>(t) is a solution of the homogeneous equation 

d1y dy 
m- +c- +ky=O. 

dt1 dt 
(9) 

Wehave already seen though, that every solutiony =<j>(t) of (9) approaches 
zero as t approaches infinity. Thus, for large t, the equation y(t) = 1/;(t) de­
scribes very accurately the position of the mass m, regardless of its initial 
position and velocity. Forthis reason, 1/;(t) is called the steady state part of 
the solution (8), while <j>(t) is called the transient part of the solution. 

(d) Forced free vibrations: 

W e now remove the damping from our system and consider the case of 
forced free vibrations where the forcing term is periodic and has the form 
F(t)= F0 coswt. In this case, the differential equation governing the motion 
of the mass m is 

d1y Fo 
- 2 +w5y=- coswt, 
dt m 

w5=kjm. (10) 

The case w~w0 is uninteresting; every solution y(t) of (10) has the form 

. Fo 
y(t)=c1cosw0t+c1smw0t+ ( 2 2) coswt, 

m w0 -w 

and thus is the sum of two periodic functions of different periods. The in­
teresting case is when w = w0 ; that is, when the frequency w of the external 
force equals the natural frequency of the system. This case is called the res­
onance case, and the differential equation of motion for the mass m is 

d1y 2 Fo 
- 2 +w0 y =- COSw0t. 
dt m 

( ll) 

We will find a particular solution 1/;(t) of (11) as the real part of a 
complex-valued solution <j>(t) of the equation 

d 1y Fo . 
- +w2y= -e'wot. 
dt2 o m 

{12) 

Since eiwot is a solution of the homogeneaus equation y" + w5y = 0, we 
know that (12) has a particular solution <j>(t)=Ateiwot, for some constant A. 
Computing 
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we sec that 

Hence, 

1 Fa - iFo 
A=--=--

2iw0 m 2mw0 · 

-iF t 
cj>(t) = -2 ° (cosw0t + isinw0t) 

mw0 

F0 t . . F0 t 
= -2-- Stn w0t- t-2-- COS w0 t 

mw0 mw0 

is a particular solution of (12), and 

F0t 
~ ( t) = Re { cj>( t)} = -2 - sin w0t 

mw0 

is a particular solution of (11). Consequently, every solution y(t) of (11) is 
of the form 

(13) 

for some choice of constants c1,c2• 

Now, the sum of the first two terms in (13) is a periodic function of 
time. The third term, though, represents an oscillation with increasing am­
plitude, as shown in Figure 5. Thus, the forcing term F0 coswt, if it is in res­
onance with the natural frequency of the system, will always cause un­
bounded oscillations. Such a phenomenon was responsible for the collapse 
of the Tacoma Bridge, (see Section 2.6.1) and many other mechanical 
catastrophes. 

y 

Figure 5. Graph of f(t)=Atsinw0t 
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ExERCISES 

l. lt is found experimentally that a l kg mass stretches a spring 49/320 m. If the 
mass is pulled down an additional 1/4 m and released, find the amplitude, 
period and frequency of the resulting motion, neglecting air resistance (use 
g = 9.8 mjs2 ). 

2. Let y(t)=Ae'11 + Be'21 , with lA I+ IBI ""'0. 
(a) Show thaty(t) is zero at most once. 
(b) Show that y'(t) is zero at most once. 

3. Let y(t) = (A + Bt)e'', with lA I+ IB I ""'0. 
(a) Show that y(t) is zero at most once. 
(b) Show thaty'(t) is zero at most once. 

4. A small object of mass l kg is attached to aspring with spring constant 2Njm. 
This spring-mass system is immersed in a viscous medium with damping 
constant 3 N·sjm. At time t=O, the mass is lowered l/2 m below its 
equilibrium position, and released. Show that the mass will creep back to its 
equilibrium position as t approaches infinity. 

5. A small object of mass l kg is attached to aspring with spring-constant l Njm 
and is immersed in a viscous medium with damping constant 2 N · sjm. At time 
t = 0, the mass is lowered 1/4 m and given an initial velocity of 1 mjs in the 
upward direction. Show that the mass will overshoot its equilibrium position 
once, and then creep back to equilibrium. 

6. A small object of mass 4 kg is attached to an elastic spring with spring-constant 
64 Njm, and is acted upon by an extemal force F(t) = A cos3wt. Findall values 
of w at which resonance occurs. 

7. The gun of a U.S. M60 tank is attached to a spring-mass-dashpot system with 
spring-constant 100a2 and damping constant 200a, in their appropriate units. 
The mass of the gun is 100 kg. Assurne that the displacement y(t) of the gun 
from its rest position after being fired at time t = 0 satisfies the initial-value 
problern 

lOOy" +100ay' + 100a2y = 0; y(O) = 0, y'(O) = 100 mjs. 

lt is desired that one second later, the quantity y 2 +(y') 2 be less than .01. How 
large must a be to guarantee that this is so? (The spring-mass-dashpot 
mechanism in the M60 tanks supplied by the U.S. to Israel are critically 
damped, for this situation is preferable in desert warfare where one has to fire 
again as quickly as possible). 

8. A spring-mass-dashpot system has the property that the spring constant k is 9 
times its mass m, and the damping constant c is 6 times its mass. At time t = 0, 
the mass, which is banging at rest, is acted upon by an extemal force F(t) = 
(3 sin3t) N. The spring will break if it is stretched an additional 5 m from its 
equilibrium position. Show that the spring will not break if m ;;.} /5 kg. 

9. A spring-mass-dashpot system with m = 1, k = 2 and c = 2 (in their respective 
units) hangs in equilibrium. At timet= 0, an extemal force F(t) = 7T- t N acts 
foratime interval 7T. Find the position of the mass at anytime t > 7T. 
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10. A 1 kg mass is attached to aspring with spring constant k = 64 Njm. With the 
mass on the spring at rest in the equilibrium position at time t = 0, an external 
force F(t) = (!t) N is applied unti1 time t1 = 1-IT/16 seconds, at which time it is 
removed. Assurning no damping, find the frequency and amplitude of the 
resulting oscillation. 

11. A 1 kg mass is attached to aspring with spring constant k = 4 Njm, and hangs 
in equilibrium. An external force F(t) = (1 + t +sin2t) N is applied to the mass 
beginning at time t = 0. lf the spring is stretched a length ( 1/2 + 'IT / 4) m or 
more from its equilibrium position, then it will break. Assurning no damping 
present, find the time at which the spring breaks. 

12. A small object of mass I kg is attached to a spring with spring constant k =I 
Njm. This spring-mass system is then immersed in a viscous medium with 
damping constant c. An external force F(t) = (3 -cos t) N is applied to the 
system. Determine the minimum positive value of c so that the magnitude of the 
steady state solution does not exceed 5 m. 

13. Determine a particular solution 1/J(t) of my" + cy' + ky = F0 coswt, of the form 
1/J(t)=A cos(wt-q,). Show that the amplitude A is a maximum when w2 =wJ 
- t( c Im )2• This value of w is called the resonant jrequency of the system. What 
happens when wJ < t( c Im )2? 

2.6.1 The Tacoma Bridgedisaster 

On July I, 1940, the Tacoma Narrows Bridge at Puget Sound in the state 
of Washington was completed and opened to traffic. From the day of its 
opening the bridge began undergoing vertical oscillations, and it soon was 
nicknamed "Galloping Gertie." Strange as it may seem, traffic on the 
bridge increased tremendously as a result of its novel behavior. People 
came from hundreds of miles in their cars to enjoy the curious thrill of 
riding over a galloping, rolling bridge. For four months, the bridge did a 
thriving business. As each day passed, the authorities in charge became 
more and more confident of the safety of the bridge-so much so, in fact, 
that they were planning to cancel the insurance policy on the bridge. 

Starting at about 7:00 on the morning of November 7, 1940, the bridge 
began undulating persistently for three hours. Segments of the span were 
heaving periodically up and down as much as three feet. At about 10:00 
a.m., something seemed to snap and the bridge began oscillating wildly. At 
one moment, one edge of the roadway was twenty-eight feet higher than 
the other; the next moment it was twenty-eight feet lower than the other 
edge. At 10:30 a.m. the bridge began cracking, and finally, at 11:10 a.m. 
the entire bridge came crashing down. Fortunately, only one car was on 
the bridge at the time of its failure. lt belonged to a newspaper reporter 
who had to abandon the car and its sole remaining occupant, a pet dog, 
when the bridge began its violent twisting motion. The reporter reached 
safety, torn and bleeding, by crawling on hands and knees, desperately 
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clutching the curb of the bridge. His dog went down with the car and the 
span-the only life lost in the disaster. 

There were many humorous and ironic incidents associated with the col­
lapse of the Tacoma Bridge. When the bridge began heaving violently, the 
authorities notified Professor F. B. Farquharson of the University of 
Washington. Professor Farquharson had conducted numerous tests on a 
simulated model of the bridge and had assured everyone of its stability. 
The professor was the last man on the bridge. Even when the span was tilt­
ing more than twenty-eight feet up and down, he was making scientific Ob­
servations with little or no anticipation of the imminent collapse of the 
bridge. When the motion increased in violence, he made his way to safety 
by scientifically following the yellow line in the middle of the roadway. 
The professor was one of the most surprised men when the span crashed 
into the water. 

One of the insurance policies covering the bridge had been written by a 
local travel agent who had pocketed the premium and had neglected to re­
port the policy, in the amount of $800,000, to his company. When he later 
received his prison sentence, he ironically pointed out that his embezzle­
ment would never have been discovered if the bridge had only remairred 
up for another week, at which time the bridge officials had planned to 
cancel all of the policies. 

A large sign near the bridge approach advertised a local bank with the 
slogan "as safe as the Tacoma Bridge." Immediately following the collapse 
of the bridge, several representatives of the bank rushed out to remove the 
billboard. 

After the collapse of the Tacoma Bridge, the governor of the state of 
Washington made an emotional speech, in which he declared "We are 
going to build the exact same bridge, exactly as before." Upon hearing 
this, the noted engineer Von Karman sent a telegram to the governor stat­
ing "lf you build the exact same bridge exactly as before, it will fall into 
the exact same river exactly as before." 

The collapse of the Tacoma Bridge was due to an aerodynamical phe­
nomenon known as stall jlutter. This can be explained very briefly in the 
following manner. lf there is an obstacle in a stream of air, or liquid, then 
a "vortex street" is formed behind the obstacle, with the vortices flowing 
off at adefinite periodicity, which depends on the shape and dimension of 
the structure as well as on the velocity of the stream (see Figure 1). As a 
result of the vortices separating alternately from either side of the obstacle, 
it is acted upon by a periodic force perpendicular to the direction of the 
stream, and of magnitude F0 coswt. The coefficient F0 depends on the 
shape of the structure. The poorer the streamlining of the structure; the 
larger the coefficient F0, and hence the amplitude of the force. For exam­
ple, flow around an airplane wing at small angles of attack is very smooth, 
so that the vortex street is not weil defined and the coefficient F0 is very 
small. The poorly streamlined structure of a suspension bridge is another 
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Figure I 

matter, and it is natural to expect that a force of large amplitudewill be set 
up. Thus, a structure suspended in an air stream experiences the effect of 
this force and hence goes into a state of forced vibrations. The amount of 
danger from this type of motion depends on how close the natural 
frequency of the structure (remember that bridges are made of steel, a 
highly elastic material) is to the frequency of the driving force. If the two 
frequencies are the same, resonance occurs, and the oscillations will be de­
structive if the system does not have a sufficient amount of damping. It has 
now been established that oscillations of this type were responsible for the 
collapse of the Tacoma Bridge. In addition, resonances produced by the 
separation of vortices have been observed in steel factory chimneys, and in 
the periscopes of submarines. 

The phenomenon of resonance was also responsible for the collapse of 
the Broughton suspension bridge near Manchester, England in 1831. This 
occurred when a column of soldiers marched in cadence over the bridge, 
thereby setting up a periodic force of rather large amplitude. The 
frequency of this force was equal to the natural frequency of the bridge. 
Thus, very large oscillations were induced, and the bridge collapsed. lt is 
for this reason that soldiers are ordered to break cadence when crossing a 
bridge. 

Epilog. The father of one of my students is an engineer who worked on the 
construction of the Bronx Whitestone Bridge in New York City. He 
informed me that the original plans for this bridge were very similar to those 
of the Tacoma Bridge. These plans were hastily redrawn following the 
collapse of the Tacoma Bridge. 

2.6.2 Electrical networks 

We now briefly study a simple series circuit, as shown in Figure I below. 
The symbol E represents a source of electromotive force. This may be a 
battery or a generator which produces a potential difference (or voltage), 
that causes a current I to flow through the circuit when the switch S is 
closed. The symbol R represents a resistance to the flow of current such as 
that produced by a lightbulb or toaster. When current flows through a coil 
of wire L, a magnetic field is produced which opposes any change in the 
current through the coil. The change in valtage produced by the coil is pro­
portional to the rate of change of the current, and the constant of propor-
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R 

L 
+ 

+ 

c 
Figure I. A simple series circuit 

tionality is called the inductance L of the coil. A capacitor, or condenser, 
indicated by C, usually consists of two metal plates separated by a material 
through which very little current can flow. A capacitor has the effect of re­
versing the flow of current as one plate or the other becomes charged. 

Let Q (t) be the charge on the capacitor at time t. To derive a differen­
tial equation which is satisfied by Q (t) we use the following. 

Kirchoffs second law: In a closed circuit, the impressed voltage equals the 
sum of the valtage drops in the rest of the circuit. 

Now, 

(i) The valtage drop across a resistance of R ohms equals RI (Ohm's 
law). 

(ii) The valtage drop across an inductance of L henrys equals L( dl / dt). 
(iii) The valtage drop across a capacitance of C farads equals Q/ C. 

Hence, 

E (t) = L dl + RI + Q 
dt c' 

and since I (t) = dQ (t)/ dt, we see that 

d 2Q dQ Q 
L dt2 +Rdt + C =E(t). (1) 

Notice the resemblance of Equation (1) to the equation of a vibrating 
mass. Among the similarities with mechanical vibrations, electrical circuits 
also have the property of resonance. Unlike mechanical systems, though, 
resonance is put to good use in electrical systems. For example, the tuning 
knob of a radio is used to vary the capacitance in the tuning circuit. In this 
manner, the resonant frequency (see Exercise 13, Section 2.6) is changed 
until it agrees with the frequency of one of the incoming radio signals. The 
amplitude of the current produced by this signal will be much greater than 
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that of all other signals. In this way, the tuning circuit picksout the desired 
station. 

EXERCISES 

1. Suppose that a simple series circuit has no resistance and no impressed voltage. 
Show that the charge Q on the capacitor is periodic in time, with frequency 
w0 = V I I LC . The quantity V I I LC is called the natural frequency of the 
circuit. 

2. Suppose that a simple series circuit consisting of an inductor, a resistor and a 
capacitor is open, and that there is an initial charge Q0 = w-s coulombs on the 
capacitor. Find the charge on the capacitor and the current flowing in the circuit 
after the switch is closed for each of the following cases. 
(a) L=0.5 henrys, C= w-s farads, R= !000 ohms 
(b) L= I henry, C= w- 4 farads, R=200 ohms 
(c) L=2 henrys, C= w- 6 farads, R=2000 ohms 

3. A simple series circuit has an inductor of I henry, a capacitor of w- 6 farads, 
and a resistor of 1000 ohms. The initial charge on the capacitor is zero. If a 12 
volt battery is connected to the circuit, and the circuit is closed at t = 0, find the 
charge on the capacitor I second later, and the steady state charge. 

4. A capacitor of w- 3 farads is in series with an electromotive force of 12 volts 
and an inductor of I henry. At t = 0, both Q and I are zero. 
(a) Find the natural frequency and period of the electrical oscillations. 
(b) Find the maximum charge on the capacitor, and the maximum current flow­

ing in the circui t. 

5. Show that if there is no resistance in a circuit, and the impressed voltage is of 
the form E0 sinwt, then the charge on the capacitor will become unbounded as 

t-> oo if w = V I I LC . This is the phenomenon of resonance. 

6. Consider the differential equation 
.. . Q 

LQ + RQ + C = E0 coswt. (i) 

We find a particular solution !f;(t) of (i) as the real part of a particular solution 
</>( t) of 

(ii) 

(a) Show that 
Eo . 

iw<j>(t) = 1 e'"'1• 

R + i(wL- wC) 

(b) The quantity Z = R + i(wL -I I wC) is known as the complex impedance of 
the circuit. The reciprocal of Z is called the admittance, and the real and im­
aginary parts of I I Z are called the conductance and susceptance. De­
termine the admittance, conductance and susceptance. 

7. Consider a simple series circuit with given values of L, R and C, and an im­
pressed voltage E0 sinwt. For which value of w will the steady state current be a 
maximum? 
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2.7 A model for the detection of diabetes 

Diabetes mellitus is a disease of metabolism which is characterized by too 
much sugar in the blood and urine. In diabetes, the body is unable to burn 
off all its sugars, starches, and carbohydrates because of an insufficient 
supply of insulin. Diabetes is usually diagnosed by means of a glucose 
tolerance test (GTT). In this test the patient comes to the hospital after an 
overnight fast and is given a large dose of glucose (sugar in the form in 
which it usually appears in the bloodstream). During the next three to five 
hours several measurements are made of the concentration of glucose in 
the patient's blood, and these measurements are used in the diagnosis of 
diabetes. A very serious difficulty associated with this method of diagnosis 
is that there is no universally accepted criterion for interpreting the results 
of a glucose tolerance test. Three physicians interpreting the results of a 
GTT may come up with three different diagnoses. In one case recently, in 
Rhode Island, one physician, after reviewing the results of a GTT, came 
up with a diagnosis of diabetes. A second physician declared the patient to 
be normal. To settle the question, the results of the GTT were sent to a 
specialist in Boston. After examining these results, the specialist concluded 
that the patient was suffering from a pituitary tumor. 

In the mid 1960's Drs. Rosevear and Molnar of the Mayo Clinic and 
Ackerman and Gatewood of the University of Minnesota discovered a 
fairly reliable criterion for interpreting the results of a glucose tolerance 
test. Their discovery arose from a very simple model they developed for 
the blood glucose regulatory system. Their model is based on the following 
simple and fairly well known facts of elementary biology. 

1. Glucose plays an important role in the metabolism of any vertebrate 
since it is a source of energy for all tissues and organs. Foreach individual 
there is an optimal blood glucose concentration, and any excessive devia­
tion from this optimal concentration leads to severe pathological condi­
tions and potentially death. 

2. While blood glucose levels tend to be autoregulatory, they are also in­
fluenced and controlled by a wide variety of hormones and other metabo­
lites. Among these are the following. 

(i) Insulin, a hormone secreted by the ß cells of the pancreas. After we 
eat any carbohydrates, our G.l. tract sends a signal to the pancreas to 
secrete more insulin. In addition, the glucose in our blood directly stimu­
lates the ß cells of the pancreas to secrete insulin. lt is generally believed 
that insulin facilitates tissue uptake of glucose by attaching itself to the im­
permeable membrane walls, thus allowing glucose to pass through the 
membranes to the center of the cells, where most of the biological and 
chemical activity takes place. Without sufficient insulin, the body cannot 
avail itself of all the energy it needs. 
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(ii) Glucagon, a hormone secreted by the a cells of the pancreas. Any ex­
cess glucose is stored in the liver in the form of glycogen. In times of need 
this glycogen is converted back into glucose. The hormone glucagon in­
creases the rate of breakdown of glycogen into glucose. Evidence collected 
thus far clearly indicates that hypoglycemia (low blood sugar) and fasting 
promote the secretion of glucagon while increased blood glucose Ievels 
suppress its secretion. 

(iii) Epinephrine (adrenalin), a hormone secreted by the adrenal medulla. 
Epinephrine is part of an emergency mechanism to quickly increase the 
concentration of glucose in the blood in times of extreme hypoglycemia. 
Like glucagon, epinephrine increases the rate of breakdown of glycogen 
into glucose. In addition, it directly inhibits glucose uptake by muscle 
tissue; it acts directly on the pancreas to inhibit insulin secretion; and it 
aids in the conversion of Iactate to glucose in the liver. 

(iv) G/ucocorticoids, hormones such as cortisol which are secreted by the 
adrenal cortex. Glucocorticoids play an important role in the metabolism 
of carbohydrates. 

(v) Thyroxin, a hormone secreted by the thyroid gland. This hormone 
aids the liver in forming glucose from non-carbohydrate sources such as 
glycerol, Iactate and amino acids. 

(vi) Growth hormone (somatotropin), a hormone secreted by the anterior 
pituitary gland. Not only does growth hormone affect glucose Ievels in a 
direct manner, but it also tends to "block" insulin. lt is believed that 
growth hormone decreases the sensitivity of muscle and adipose membrane 
to insulin, thereby reducing the effectiveness of insulin in promoting 
glucose uptake. 

The aim of Ackerman et al was to construct a model which would ac­
curately describe the blood glucose regulatory system during a glucose 
tolerance test, and in which one or two parameters would yield criteria for 
distinguishing normal individuals from mild diabetics and pre-diabetics. 
Their model is a very simplified one, requiring only a limited number of 
blood samples during a GTT. lt centers attention on two concentrations, 
that of glucose in the blood, Iabelied G, and that of the net hormonal con­
centration, Iabelied H. The latter is interpreted to represent the cumulative 
effect of all the pertinent hormones. Those hormones such as insulin which 
decrease blood glucose concentrations are considered to increase H, while 
those hormones such as cortisol which increase blood glucose concentra­
tions are considered to decrease f/. Now there are two reasons why such a 
simplified model can still provide an accurate description of the blood 
glucose regulatory system. First, studies have shown that under normal, or 
close to normal conditions, the interaction of one hormone, namely in­
sulin, with blood glucose so predominates that a simple "lumped parame­
ter model" is quite adequate. Second, evidence indicates that normogly­
cemia does not depend, necessarily, on the normalcy of each kinetic 
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mechanism of the blood glucose regulatory system. Rather, it depends on 
the overall performance of the blood glucose regulatory system, and this 
system is dominated by insulin-glucose interactions. 

The basic model is described analytically by the equations 

dG 
dt=F1 (G,H)+J(t) (1) 

(2) 

The dependence of F 1 and F2 on G and H signify that changes in G and H 
are determined by the values of both G and H. The function J (t) is the ex­
ternal rate at which the blood glucose concentration is being increased. 
Now, we assume that G and H have achieved optimal values G0 and H0 by 
the time the fasting patient has arrived at the hospital. This implies that 
F1( G0, H0) = 0 and F2( G0, H0) = 0. Since we are interested here in the devia­
tions of G and H from their optimal values, we make the substitution 

g= G- G0, h= H-H0• 

Then, 

dg 
dt =F1 (G0 +g,H0 +h)+J(t), 

dh 
dt =F2(Go+g,Ho+h). 

Now, observe that 

3F1 (G0,H0 ) 3F1 (G0,H0 ) 

F1 (G0 +g,H0 +h)=F1(G0,H0 )+ aG g+ aH h+e1 

and 

3F2 (G0,H0 ) 3F2 (G0,H0 ) 

F2(G0 +g,H0 +h)=F2(G0,H0 )+ aG g+ aH h+e2 

where e1 and e2 are very small compared to g and h. Hence, assuming that 
G and H deviate only slightly from G0 and H0, and therefore neglecting 
the terms e1 and e2, we see that 

dg 3F1 (G0,H0 ) aF, (G0,H0 ) 

dt = aG g+ aH h+J(t) (3) 

dh 3F2 (G0,H0 ) 3F2 (G0,H0 ) 

dt = aG g+ aH h. (4) 

Now, there are no means, a priori, of determining the numbers 

3F1 (G0,H0 ) 3F1 (G0,H0 ) 3F2 (G0,H0 ) 

aG aH aG 
and 

However, we can determine their signs. Referring to Figure 1, we see that 
dg / dt is negative for g > 0 and h = 0, since the blood glucose concentration 
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Figure 1. Simplified model of the blood glucose regulatory system 

will be decreasing through tissue uptake of glucose and the storing 
of excess glucose in the liver in the form of glycogen. Consequently 
aF1(G0 ,H0)jaG must be negative. Similarly, aF1(G0,H0)jaH is negative 
since a positive value of h tends to decrease blood glucose levels by facili­
tating tissue uptake of glucose and by increasing the rate at which glucose 
is converted to glycogen. The number aFi G0, H0)/ aG must be positive 
since a positive value of g causes the endocrine glands to secrete those 
hormones which tend to increase H. Finally, aFl Go, Ho) I aH must be 
negative, since the concentration of hormones in the blood decreases 
through hormone metabolism. 

Thus, we can write Equations (3) and (4) in the form 

dg 
dt = -m1g-m2h+J(t) (5) 

dh -=-mh+m g dt 3 4 
(6) 

where mp m2, m3, and m4 are positive constants. Equations (5) and (6) are 
two first-order equations for g and h. However, since we only measure the 
concentration of glucose in the blood, we would like to remove the vari­
able h. This can be accomplished as follows: Differentiating (5) with re­
spect to t gives 

d2g dg dh dJ 
dt2 = - m1 dt - mz dt + dt · 

Substituting for dhj dt from (6) we obtain that 

d 2g dg dJ 
dtz = -mi dt +mzm3h-mzm4g+ Tt· (7) 

Next, observe from (5) that m2h =(- dgj dt)- m 1 g+J(t). Consequently, 
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g(t) satisfies the second-order linear differential equation 

d 2g dg dJ 
-2 +(ml+m3)-d +(mlm3+m2m4)g=m3J+-d . 
dt t t 

We rewrite this equation in the form 

d2g dg 2 
- +2a-d +w0 g=S(t) 
dt2 t 

(8) 

where a=(m 1 + m3)j2, w6= m 1m3+ m2m4, and S(t)= m3J + dJ / dt. 
Notice that the right-hand side of (8) is identically zero except for the 

very short time interval in which the glucose Ioad is being ingested. We will 
learn to deal with such functions in Section 2.12. For our purposes here, Iet 
t = 0 be the time at which the glucose Ioad has been completely ingested. 
Then, for t > 0, g(t) satisfies the second-order linear homogeneaus equa­
tion 

(9) 

This equation has positive coefficients. Hence, by the analysis in Section 
2.6, (see also Exercise 8, Section 2.2.2) g(t) approaches zero as t ap­
proaches infinity. Thus our model certainly conforms to reality in pre­
dicting that the blood glucose concentration tends to return eventually to 
its optimal concentration. 

The solutions g(t) of (9) are of three different types, depending as to 
whether a 2 - w5 is positive, negative, or zero. These three types, of course, 
correspond to the overdamped, critically damped and underdamped cases 
discussed in Section 2.6. We will assume that a 2 - w6 is negative; the other 
two cases are treated in a similar manner. If a 2 - w6 < 0, then the character­
istic equation of Equation (9) has complex roots. lt is easily verified in this 
case (see Exercise 1) that every solution g(t) of (9) is of the form 

g(t)=Ae-a1 cos(wt-8), w2=w6-a2. (10) 

Consequently, 

G ( t) = G0 + Ae -at cos( wt- 8 ). (11) 

Now there are five unknowns G0, A, a, w0, and 8 in (11). One way of de­
termining them is as follows. The patient's blood glucose concentration be­
fore the glucose Ioad is ingested is G0. Hence, we can determine G0 by 
measuring the patient's blood glucose concentration immediately upon his 
arrival at the hospital. Next, if we take four additional measurements G1, 

G2, G3, and G4 of the patient's blood glucose concentration at times t1, t2, 

t3, and t4, then we can determine A, a, w0, and 8 from the four equations 

G1 = G0 +Ae-a~cos(w1- 8 ), j= 1,2,3,4. 

A second, and better method of determining G0, A, a, w0, and 8 is to take n 
measurements G1, G2, ••• , Gn of the patient's blood glucose concentration at 
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times t1,t2, ... ,tn. Typically n is 6 or 7. We then find optimal values for GO'> 
A, a, w0, and 8 such that the least square error 

n 

E= ~ [ G1 - G0 - Ae-a~cos(wt1 - 8) t 
)=! 

is minimized. The problern of minimizing E can be solved on a digital 
computer, and Ackerman et al (see reference at end of section) provide a 
complete Fortranprogram for determining optimal values for G0, A, a, w0, 

and 8. This method is preferrable to the first method since Equation (ll) is 
only an approximate formula for G (t). Consequently, it is possible to find 
values G0, A, a, w0, and 8 so that Equation (ll) is satisfied exactly at four 
points t 1, t2, t3, and t4 but yields a poor fit to the data at other times. The 
second method usually offers a better fit to the data on the entire time in­
terval since it involves more measurements. 

In numerous experiments, Ackerman et al observed that a slight error in 
measuring G could produce a very large error in the value of a. Hence, any 
criterion for diagnosing diabetes that involves the parameter a is unreli­
able. However, the parameter w0, the natural frequency of the system, was 
relatively irrsensitive to experimental errors in measuring G. Thus, we may 
regard a value of w0 as the basic descriptor of the response to a glucose 
tolerance test. For discussion purposes, it is more convenient to use the 
corresponding natural period T0 = 27T / w0• The remarkable fact is that data 
from a variety of sources indicated that a value oJ /ess than Jour hours Jor 
T0 indicated normalcy, while appreciably more than Jour hours implied mild 
diabetes. 

Remark 1. The usual period between meals in our culture is about 4 hours. 
This suggests the interesting possibility that sociological factors may also 
play a role in the blood glucose regulatory system. 

Remark 2. W e wish to emphasize that the model described above can only 
be used to diagnose mild diabetes or pre-diabetes, since we have assumed 
throughout that the deviation g of G from its optimal value G0 is small. 
Very large deviations of G from G0 usually indicate severe diabetes or di­
abetes insipidus, which is a disorder of the posterior lobe of the pituitary 
gland. 

A serious shortcoming of this simplified model is that it sometimes 
yields a poor fit to the data in the time period three to five hours after in­
gestion of the glucose Ioad. This indicates, of course, that variables such as 
epinephrine and glucagon play an important role in this time period. Thus 
these variables should be included as separate variables in our model, 
rather than being lumped together with insulin. In fact, evidence indicates 
that Ievels of epinephrine may rise dramatically during the recovery phase 
of the GTT response, when glucose Ievels have been lowered below fasting 
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g(t) 

Figure 2. Graph of g(t) if a2 -w5>0 

levels. This can also be seen directly from Equation (9). If a2 - w5 > 0, then 
g(t) may have the form described in Figure 2. Note that g(t) drops very 
rapidly from a fairly high value to a negative one. It is quite conceivable, 
therefore, that the body will interpret this as an extreme emergency and 
thereby secrete a large amount of epinephrine. 

Medical researchers have long recognized the need of including epi­
nephrine as a separate variable in any model of the blood glucose regula­
tory system. However, they were stymied by the fact that there wa& no reli­
able method of measuring the concentration of epinephrine in the blood. 
Thus, they bad to assume, for all practical purposes, the the level of epi­
nephrine remained constant during the course of a glucose tolerance test. 
This author has just been informed that researchers at Rhode Island 
Hospital have devised an accurate method of measuring the concentration 
of epinephrine in the blood. Thus we will be able to develop and test more 
accurate models of the blood glucose regulatory system. Hopefully, this 
will lead to more reliable criteria for the diagnosis of diabetes. 

Rejerence 
E. Ackerman, L. Gatewood, J. Rosevear, and G. Molnar, Blood glucose regulation 

and diabetes, Chapter 4 in Concepts and Models of Biomathematics, F. Heinmets, 
ed., Marcel Dekker, 1969, 131-156. 

EXERCISES 

1. Derive Equation (10). 

2. A patient arrives at the hospital after an overnight fast with a blood g1ucose con­
centration of 70 mg glucose/100 ml b1ood (mg glucose/100 ml blood= 
milligrams of glucose per 100 milliliters of blood). His blood glucose concentra­
tion 1 hour, 2 hours, and 3 hours after fully absorbing a large amount of glucose 
is 95, 65, and 75 mg glucose/100 ml blood, respectively. Show that this patient is 
normal. Hint: In the underdamped case, the time interval between two succes­
sive zeros of G- G0 exceeds one half the natural period. 
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According to a famous diabetologist, the blood glucose concentration of a 
nondiabetic who has just absorbed a large amount of glucose will be at or 
below the fasting Ievel in 2 hours or less. Exercises 3 and 4 compare the 
diagnoses of this diabetologist with those of Ackerman et al. 

3. The deviation g(t) of a patient's blood glucose concentration from its optimal 
concentration satisfies the differential equation (d 2gjdt2)+2a(dg/dt)+a2g=O 
immediately after he fully absorbs a !arge amount of glucose. The time t is 
measured in minutes, so that the units of a are reciprocal minutes. Show that 
this patient is normal according to Ackerman et al, if a > 'TT /120 (min), and that 
this patient is normal according to the famous diabetologist if 

g'(O) < - ( 1 ~0 + a) g(O). 

4. A patient's blood glucose concentration G ( t) satisfies the initial-value problern 

d 2G + I dG + I G 
dt2 20 (min) dt 2500 (min)2 

1 
2 75 mg glucose/100 ml blood; 

2500 (min) 

G (0) = 150 mg glucose/ 100 ml blood, 

G'(O)=- aG(O)/(min); 
I 1-4e1815 

a;;;. 200 1-eiS/5 

immediately after he fully absorbs a !arge amount of glucose. This patient's opti­
mal blood glucose concentration is 75 mg glucose/100 ml blood. Show that this 
patient is a diabetic according to Ackerman et al, but is normal according to the 
famous diabetologist. 

2.8 Series solutions 

We return now to the general homogeneaus linear second-order equation 

d2y dy 
L[y]=P(t)-2 +Q(t)-d +R(t)y=O 

dt t 
(I) 

with P (t) unequal to zero in the interval a < t < ß. lt was shown in Section 
2.1 that every solutiony(t) of (1) can be written in the formy(t)=c 1y 1(t) 
+ c2 Y2( t), where y 1 ( t) and Y2( t) are any two linearly independent solutions 
of (1). Thus, the problern of finding all solutions of (1) is reduced to the 
simpler problern of finding just two solutions. In Section 2.2 we handled 
the special case where P, Q, and R are constants. The next simplest case is 
when P ( t), Q ( t), and R ( t) are polynomials in t. In this case, the form of 
the differential equation suggests that we guess a polynomial solution y(t) 
of (1). If y(t) is a polynomial in t, then the three functions P(t)y"(t), 
Q (t)y'(t), and R (t)y(t) are again polynomials in t. Thus, in principle, we 
can determine a polynomial solution y ( t) of (1) by setting the sums of the 
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coefficients of like powersoft in the expression L[y](t) equal to zero. We 
illustrate this method with the following example. 

Example 1. Find two linearly independent solutions of the equation 

d2y dy 
L[y]= dt2 -2td1 -2y=O. (2) 

Solution. We will try to find 2 polynomial solutions of (2). Now, it is not 
obvious, a priori, what the degree of any polynomial solution of (2) should 
be. Nor is it evident that we will be able to get away with a polynomial of 
finite degree. Therefore, we set 

Computing 

and 

00 

y(t)=a0 +a1t+a2t2 + ... = L antn. 
n=O 

d2y 00 

- 2 =2a2 +6a3t+ ... = L n(n-I)antn- 2, 

dt n=O 

we see that y(t) is a solution of (2) if 
00 00 00 

L[y](t)= L n(n-l)antn- 2 -2t L nantn-!_2 L antn 
n=O n=O n=O 

00 00 00 

= L n(n-l)antn- 2 -2 L nantn-2 L antn=O. (3) 
n=O n=O n=O 

Our next step is to rewrite the first summation in (3) so that the expo­
nent of the general term is n, instead of n- 2. This is accomplished by in­
creasing every n underneath the summation sign by 2, and decreasing the 
lower Iimit by 2, that is, 

00 00 

L n(n-l)antn- 2= L (n+2)(n+l)an+ 2tn. 
n=O n= -2 

(If you don't believe this, you can verify it by writing out the first few 
terms in both summations. If you still don't believe this and want a formal 
proof, set m = n- 2. When n is zero, m is -2 and when n is infinity, m is 
infinity. Therefore 

00 00 

L n(n -l)antn- 2= L (m +2)(m+ l)am+ 2tm, 
n=U m=-2 

and since m is a dummy variable, we may replace it by n.) Moreover, ob­
serve that the contribution to this sum from n = -2 and n = - 1 is zero 
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since the factor (n + 2)(n + 1) vanishes in both these instanceso Hence, 

00 00 

L n(n-1)antn- 2 = L (n+2)(n+ 1)an+ 2tn 
n=O n=O 

and we can rewrite (3) in the form 
00 00 00 

L (n+2)(n+1)an+Ztn-2 L nantn-2 L antn=Oo (4) 
n=O n=O n=O 

Setting the sum of the coefficients of 1ike powers of t in (4) equal to zero 
gives 

so that 
2( n + l )an 2an 

an+z= (n+2)(n+ l) = n+2 ° 
(5) 

Equation (5) is a recurrence formula for the coefficients a0,a1,a2,a3, o 0 o o 
The coefficient an determines the coefficient an+ 2 0 Thus, a0 determines a2 

through the relation a2 = 2a0/2 = a0 ; a2, in turn, determines a4 through the 
relation a4 = 2a2/(2 + 2) = a0 j2; and so ono Similarly, a 1 determines a3 

through the relation a3 = 2a1/(2 + 1) = 2a 1j3; a3, in turn, determines a5 

through the relation a5 =2a3/(3+2)=4a 1j3o5; and so ono Consequently, 
all the coefficients are determined uniquely once a0 and a 1 are prescribedo 
The values of a0 and a 1 are completely arbitraryo This is to be expected, 
though, for if 

y(t)=a0 +a1t+a2t 2 + 000 

then the values of y and y' at t = 0 are a0 and a 1 respectivelyo Thus, the 
coefficients a0 and a 1 must be arbitrary until specific initial conditions are 
imposed on y 0 

To find two solutions of (2), we choose two different sets of values of a0 

and a 1o The simplest possible choices are (i) a0 = 1,a1 =0; (ii) a0 =0, a 1 = 1. 

(i) a0 =1, a 1 =0o 

In this case, all the odd coefficients apa3,a5,ooo are zero since a3 =2a 1/3= 
0, a5 = 2a3 j 5 = 0, and so ono The even coefficients are determined from the 
relations 

and so ono Proceeding inductively, we find that 

1 1 
az = =-n 2o3ooon n! 0 

Hence, 
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is one solution of (2). 
(ii) a0 =0, a1=1. 

In this case, all the even coefficients are zero, and the odd coefficients are 
determined from the relations 

2al 2 
a3=3=3, 

and so on. Proceeding inductively, we find that 
2n 

a2n+l= 3 . ·5· .. (2n + 1) 
Thus, 

00 
2!3 22!5 ~ 2nt2n+ I 

y 2(t)=t+3+ 3·5 + ... = ~3·5 .. ·(2n+l) 

is a second solution of (2). 

Now, observe that y 1(t) and y 2(t) are polynomials of infinite degree, 
even though the coefficients P(t)= 1, Q(t)= -2t, and R(t)= -2 are poly­
nomials of finite degree. Such polynomials are called power series. Before 
proceeding further, we will briefly review some of the important properties 
of power series. 

1. An infinite series 

(6) 

is called apower series about t = t0 • 

2. All power series have an interval of convergence. This means that there 
exists a nonnegative number p such that the infinite series (6) converges 
for I t- t0 I < p, and diverges for I t- t0 I > p. The number p is called the 
radius of convergence of the power series. 

3. The power series (6) can be differentiated and integrated term by term, 
and the resultant series have the same interval of convergence. 

4. The simplest method (if it works) for determining the interval of conver­
gence of the power series (6) is the Cauchy ratio test. Suppose that the 
absolute value of an+ 1/ an approaches a Iimit X as n approaches infinity. 
Then, the power series (6) converges for lt- t0l < 1/'A, and diverges for 
lt- t01 > 1/X. 

5. The product of two power series ~ :_0an(t- t0)n and ~ :_0bn(t- t0Y 
is again a power series of the form ~ :_0cn(t- t0Y, with cn = a0bn + 
a1bn-l + ... + anb0• The quotient 

a0 + a1t + a2t2+ .. . 

b0 +b1t+b2t2+ .. . 

of two power series is again apower series, provided that b0 =1=0. 
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6. Many of the functions j ( t) that arise in applications can be expanded in 
power series; that is, we can find coefficients a0, a ~> a2, ••• so that 

00 

f(t)=ao+al(t-to)+az(t-to) 2 + ... = ~ an(t-to( (7) 
n=O 

Such functions are said to be analytic at t = t0, and the series (7) is called 
the Taylor series of f about t = t0 • It can easily be shown that if j admits 
such an expansion, then, of necessity, an= j<nl(t0)/ n!, where j<nl(t) = 
d"j(t)j dtn. 

7. The interval of convergence of the Tayior series of a functionj(t), about 
t 0 , can be determined directly through the Cauchy ratio test and other 
simiiar methods, or indirectly, through the following theorem of complex 
analysis. 

Theorem 6. Let the variable t assume complex values, and Iet z0 be the point 
closest to t0 at which f or one of its derivatives fails to exist. Compute the 
distance p, in the complex plane, between t0 and z0 . Then, the Taylor series 
of f about t0 converges for I t- t0 I < p, and diverges for I t- t0 I > p. 

As an illustration of Theorem 6, consider the function j( t) =I j(I + t 2 ). 

The Taylor series of f about t = 0 is 

1 - 2 4 6 
--2 -I-t +t -t + ... , 
I+ t 

and this series has radius of convergence one. Although the function 
(I+ t 2 )- 1 is perfectly weil behaved fort real, it goes to infinity when t = ± i, 
and the distance of each of these points from the origin is one. 

A second application of Theorem 6 is that the radius of convergence of 
the Taylor series about t = 0 of the quotient of two poiynomiais a( t) and 
b( t ), is the magnitude of the smallest zero of b( t ). 

At this point we make the important observation that it really wasn't 
necessary to assume that the functions P ( t), Q ( t), and R ( t) in (I) are poly­
nomials. The method used to solve Example I should also be applicable to 
the more general differential equation 

d2y dy 
L[y]=P(t) dt 2 +Q(t) dt +R(t)y=O 

where P(t), Q(t), and R(t) arepower series about t0 • (Of course, we would 
expect the aigebra tobe much more cumbersome in this case.) If 

P ( t) =Po+ P 1 ( t- to) + · · · , 
R(t)=r0 +r1(t-t0)+ ... 

andy(t) = a0 + a1(t- t0 )+ ... , then L[y](t) will be the sum of three power 
series about t = t0 • Consequently, we should be able to find a recurrence 
formula for the coefficients an by setting the sum of the coefficients of Iike 
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powers of t in the expression L[y](t) equal to zero. This is the content of 
the following theorem, which we quote without proof. 

Theorem 7. Let the functions Q(t)IP(t) and R(t)IP(t) have convergent 
Taylor series expansions about t = t0, for I t- t0l < p. Then, every solution 
y(t) of the differential equation 

d2y dy 
P(t) dt2 +Q(t) dt +R(t)y=O (8) 

is analytic at t = t0, and the radius of convergence of its Taylor series ex­
pansion about t = t0 is at least p. The coefficients a2, a3, ••• , in the Taylor 
series expansion 

(9) 

are determined by plugging the series (9) into the differential equation (8) 
and setting the sum of the coefficients of like powers of t in this expression 
equal to zero. 

Remark. The interval of convergence of the Taylor series expansion of any 
solutiony(t) of (8) is determined, usually, by the interval of convergence of 
the power series Q (t) I P ( t) and R ( t) I P ( t), rather than by the interval of 
convergence of the power series P ( t), Q ( t), and R ( t). This is because the 
differential equation (8) must be put in the standard form 

d2y dy 
- 2 +p(t)-d +q(t)y=O 
dt t 

whenever we examine questions of existence and uniqueness. 

Example 2. 
(a) Find two linearly independent solutions of 

d 2Y 3t dy I 
L [ y J = dt2 + I + t2 dt + I + t2 y = O. (10) 

(b) Find the solution y(t) of (10) which satisfies the initial conditions y(O) 
= 2, y'(O) = 3. 
Solution. 
(a) The wrong way to do this problern is to expand the functions 3tl(l + t2) 

and 1/(l+ t2) in power series about t=O. The right way to do this problern 
is to multiply both sides of (10) by 1 + t2 to obtain the equivalent equation 

d2y dy 
L[y] =(1+t2)-+3t- +y=O. 

dt2 dt 

We do the problern this way because the algebra is much less cumbersome 
when the coefficients of the differential equation (8) are polynomials than 
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when they arepower serieso Setting y(t)= ~ :=oantn, we compute 

00 00 00 

L[y](t)=(I+t2) ~ n(n-1)antn- 2 +3t ~ nantn-l+ ~ antn 
n=O n=O n=O 

00 00 

= ~ n ( n - 1) an t n- 2 + ~ [ n ( n - 1) + 3 n + 1 ] an t n 
n=O n=O 

00 00 

= ~ (n+2)(n+ 1)an+ 2t"+ ~ (n+ I)2antno 
n=O n=O 

Setting the sum of the coefficients of Iike powers of t equal to zero gives 
(n+2)(n+ I)an+ 2 +(n+ 1ian=Oo Hence, 

(n + 1)2an (n + I)an 
an+ 2 =- (n+2)(n+ I)=- n+2 

(11) 

Equation (11) is a recurrence formula for the coefficients a2, a3, 0 0 0 in terms 
of a0 and a 10 To find two linearly independent solutions of (10), we choose 
the two simplest cases (i) a0 = l, a 1 =0; and (ii) a0 =0, a 1 = l. 

(i) a0 = l, a 1 =00 

In this case, all the odd coefficients are zero since a3 = - 2a1/3 = 0, a5 = 
- 4a3/ 5 = 0, and so ono The even coefficients are determined from the rela­
tions 

ao I 5a4 Io3 ° 5 
a =--=--

2 2 2' 
a =--=---

6 6 2°4°6 

and so ono Proceeding inductively, we find that 

n I 0 3 0 0 0 (2n- I) n 1 0 3 0 0 0 (2n- l) 
a2n = ( - I) 2 4 2 = (- I) 2n ' 0 0 0 0 o n no 

Thus, 

I 0 4 _ n 2n 2 I 3 Loo I 0 3 0 0 0 (2n- I) 
y 1(t)=I-2+ 204 1 +000- (-I) 2nn! t (12) 

n=O 

is one solution of (IO)o The ratio of the (n + I)st term to the nth term of 
y 1(t) is 

Io3ooo(2n-I)(2n+1)t2n+ 2 2nn! 
-------------------x---~~-----

2n+'(n+I)! Io3ooo(2n-I)t 2n 

-(2n+ l)t2 

2(n +I) 

and the absolute value of this quantity approaches t 2 as n approaches in­
finityo Hence, by the Cauchy ratio test, theinfinite series (12) converges for 
Jtl < l, and diverges for ltl >I. 

(ii) a0 =0, a 1 = l. 
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2 Second-order linear differential equations 

In this case, all the even coefficients are zero, and the odd coefficients are 
determined from the relations 

2al 2 4a3 2·4 6a5 2·4·6 
a3 = - -3- = - 3' a5 = - -5- = 3 · 5 ' a1 = - 7 = - 3 · 5 · 7 ' 

and so on. Proceeding inductively, we find that 

Thus, 

n 2·4· · · 2n 
a2n + I = ( - } ) -3 -=. 5:_· ....:...., ·--,-( 2__;n::..:.+;__l_) 3 · 5 .. · (2n + 1) · 

· _ 2 3 2·4 5 _ 2:00 
( - 1Y2nn! 2n+l 

Y2(t)-t--3 t +-3 5 t + ... - ( )t 
· 3 · 5 .. · 2n + 1 n-0 

(13) 

is a second solution of (10), and it is easily verified that this solution, too, 
converges for ltl < 1, and diverges for ltl > 1. This, of course, is not very 
surprising, since the Taylor series expansions about t = 0 of the functions 
3 t I (1 + t2) and 1 I (1 + t2) only converge for I tl < 1. 
(b) The solutiony 1(t) satisfies the initial conditionsy(O)= l,y'(O)=O, while 
Yit) satisfies the initial conditions y(O) = 0, y'(O) = 1. Hence y(t) = 2y 1(t) + 
3ylt). 

Example 3. Solve the initial-value problern 

d2y dy 
L[y]=-+t2 -+2ry=O· y(O)=l, y'(O)=O. 

dt2 dt ' 

Solution. Settingy(t)= L :.oantn, we compute 
00 00 00 

L[y](t)= L n(n-l)antn- 2+t2 ~ nantn- 1+2t ~ antn 
n-0 n•O n-0 

00 00 00 

= ~ n(n -l)antn- 2 + L nantn+ I+ 2 ~ antn+ I 
n•O n=O n-0 

00 00 

= L n(n-l)antn- 2 + L (n+2)antn+l. 
n-o n=O 

Our next step is to rewrite the first summation so that the exponent of the 
general term is n + 1 instead of n - 2. This is accomplished by increasing 
every n underneath the summation sign by 3, and decreasing the lower 
Iimit by 3; that is, 

00 00 

L n(n-l)antn- 2 = ~ (n+3)(n+2)an+ 3tn+l 
n•O n• -3 

00 

= L (n+3)(n+2)an+ 3tn+l. 
n• -I 
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Therefore, 
00 00 

L[y](l)= ~ (n+3)(n+2)an+Jin+l+ ~ (n+2)anln+l 
n=-1 n=O 

00 00 

=2a2+ ~ (n+3)(n+2)an+Jin+l+ ~ (n+2)anln+l. 
n=O n=O 

Setting the sums of the coefficients of like powers of I equal to zero gives 

2a2=0, and (n+3)(n+2)an+ 3 +(n+2)an=O; n=O, 1,2, ... 

Consequently, 

a2 =0, and n;) 0. (14) 

The recurrence formula (14) determines a3 in terms of a0, a4 in terms of 
a1, a5 in terms of a2, and so on. Since a2 = 0, we see that a5,a8,a11 , ••• are all 
zero, regardless of the values of a0 and a1• To satify the initial conditions, 
we set a0 = 1 and a1 =0. Then, from (14), a4,a1,a10, ••• are all zero, while 

0 o 1 °3 1 °6 1 
03 = - 3 = - 3' 06 = - 6 = 3 · 6 ' 09 = - 9 = - 3 · 6 · 9 

and so on. Proceeding inductively, we find that 

(-lf (-l)n (-1( 
03n= 3·6···3n = 3nl·2···n = 3nn! · 

Hence, 
00 ( l)n 3n 13 16 19 ~ - I 

Y ( t) = l - 3 + 3 · 6 - 3 · 6 · 9 + · · · = ~ 3nn! 
n=O 

By Theorem 7, this series converges for all t, since the power series t2 and 
2t obviously converge for all t. (We could also verify this directly using the 
Cauchy ratio test.) 

Example 4. Solve the initial-value problern 

d2y dy 
L[y] =(12-2t)- +5(1-l)- +3y=O· 

dl2 dl ' 
y(l)=7, y'(1)=3. (15) 

Solution. Since the initial conditions are given at t = 1, we will express the 
coefficients of the differential equation (15) as polynomials in ( t- l ), and 
then we will find y(t) as a power series centered about t = 1. To this end, 
observe that 

t2-2t= t(l-2)= [(t-1)+ 1 ][(t-1)-1] =(t-1)2 -l. 

Hence, the differential equation (15) can be written in the form 

d2y dy 
L[yJ=[(t-1i-t] dl2 +5(t-1) dt +3y=O. 
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2 Second-order linear differential equations 

00 

L[y](t)=[{t-1)2 -1] L n(n-1)an{t-1r- 2 

n=O 

00 00 

+ 5( t - 1) L nan ( t - 1 r- I + 3 L an (t - 1 f 
n=O n=O 

00 

=- L n(n-1)an{t-1r- 2 

n=O 
00 00 

+ L n(n -1)an(t -1f + L (Sn+ 3)an(t -1)n 
n=O n=O 

00 00 

=- L (n+2)(n+ 1)an+2 (t-1)n + L (n 2+4n+3)an(t-1( 
n=O n=O 

Setting the sums of the coefficients of like powers of t equal to zero gives 
- (n + 2)(n + l)an+ 2 + (n 2 + 4n + 3)an = 0, so that 

n2+4n+3 n+3 
an+2= (n+2)(n+l)an= n+2an, n ~0. (16) 

To satisfy the initia1 conditions, we set a0 =7 and a 1 =3. Then, from (16), 

and so on. Proceeding inductive1y, we find that 

3·5· · · (2n+ I) 
a2 = ·7 and 

n 2·4 .. · (2n) 

4·6· · · (2n+2) 
a2n+l = ·3 

3·5· · · (2n+ I) 
(for n ~I). 

Hence, 
3 ( 2 4 3 y(t)=7+3(t-1)+ 2'7 t-1) + 3·3(t-1) + ... 

_ ~00 3·5 .. ·(2n+l)(t-1)2n _ ~00 2n(n+l)!(t-1)2n+l 
-7+7 2n 1 +3(1 1)+3 ( ) 

n. 3·5· · · 2n+ 1 
n-1 n=l 

Examp1e 5. Solve the initial-va1ue problern 

d2y dy 
L[y]=(I-t) dt2 + dt +(I-t)y=O; y(0)=1, y'(O)=I. 

Solution. Settingy(t)= L :=oantn, we compute 
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00 

L ( y ] ( t) = ( 1 - t) ~ n ( n - 1) an t n- 2 

n=O 
00 00 

+ ~ nan t n- 1 + ( 1 - t) ~ an t n 
n=O n=O 

00 00 

= ~ n(n-I)antn- 2- ~ n(n-I)antn-l 
n=O n=O 

00 00 00 

+ ~ nan t n- I + ~ an t n- ~ an t n + I 
n=O n=O n=O 

00 00 

= ~ (n+2)(n+I)a"+ 2tn- ~ n(n-2)a"tn-l 
n=O n=O 

00 00 

+ ~ an t n- ~ an t n + I 
n=O n=O 

00 00 

= ~ (n+2)(n+ I)an+ 2tn- ~ (n+ I)(n-I)an+ltn 
n=O n=O 

00 00 

+ ~ an t n- ~ an- I t n 
n=O n=l 

=2a2+a1+a0 

00 

+ ~ { (n +2)(n + I)an+ 2-(n + I)(n -l)an+l +an- an- I }tn. 
n=l 

Setting the coefficients of each power of t equal to zero gives 

a1+a0 (n+I)(n-l)an+l-an+an-l 
a2=- -2- and an+2= (n+2)(n+ I) ' n ~ 1. 

(17) 

To satisfy the initial conditions, we set a0 = I and a1 = 1. Then, from (17), 

I 
60' 

I5a5 -a4 +a3 1 
a6 = 30 = 360 

6' 

and so on. Unfortunately, though, we cannot discern a general pattern for 
the coefficients an as we did in the previous examples. (This is because the 
coefficient an+ 2 depends on the values of an+ 1, a", and a"_ 1, while in our 
previous examples, the coefficient an+ 2 depended on only one of its prede­
cessors.) This is not a serious problem, though, for we can find the 
coefficients an quite easily with the aid of a digital computer. Sampie Pascal 
and Fortranprograms to compute the coefficients a2, ... ,an in terms of a0 

and a1, and to evaluate the "approximate" solution 

Y ( f) ~ ao + a I t + ... + an t n 
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at any point t are given below. These programs have variable values for a0 

and ap so they can also be used to solve the more general initial-value 
problern 

d2y dy 
(1-t)-+-+(1-t)y=O· y(O)=a0, y'(O)=a1• 

dt2 dt ' 

Pascal Program 

Program Series (input, output); 

var 
A: array[O .. 199] of real; 
T, sum: real; 
k, N: integer; 

begin 
readln(A[O], A[1], T, N); 
page; 
A[2] := -0.5 • (A[1] + A[O]); 
sum :=A[O]+A[1] • T +A[2] • T • T; 
for k : = 1 to N -2 do 

begin 
A[k+2] := ((k + 1) • (k-1) • A[k + 1] -A[k] + A[k-1]) 

/((k+ 1). (k+2)); 
sum :=sum+A[k+2] • exp((k+2) •ln(T)); 

end; 
writeln ('For N =' , N:3, ' and T =' , T:6:4); 
writeln ('the sum is: ', sum:11 :9); 

end. 

10 

20 

30 

Fortran Program 

DIMENSION A(200) 
READ (5, 1 0) AO, A(1 ), T, N 
FORMAT (3F15.8, 15) 
A(2) = - 0.5 * (A(1) + AO) 
A(3) = (AO- A(1))/2. * 3. 
SUM =AO+ A(1)• T + A(2)• T * •2 + A(3)• T * * 3 
NA=N-2 
D020 K=2,NA 
A(K + 2) = (A(K -1)- A(K) + (K + 1 .) * (K -1 .) * 
A(K + 1}}/(K + 1.)* (K +2.) 
SUM=SUM +A(K+2)•T• •(K+2) 
CONTINUE 
WRITE (6, 30) N, T, SUM 
FORMAT (1 H1, 'FOR N = ', 13, ', AND T= ', F10.4/1 H, 'THE 
SUM IS', F20.9) 
CALL EXIT 
END 
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See also C Program 14 in Appendix C for a sample C program. 
Setting A[O]=l, A[l]=l, (A(l)=l for the Fortran program), T=0.5, and 
N = 20 in these programs gives 

This result is correct to eight significant decimal places, since any larger 
value of N yields the same result. 

EXERCISES 

Find the general solution of each of the following equations. 

1. y"+ty'+y=O 

3. (2+t 2)y"-ty'-3y=O 

2.y"-ty=O 

4. y"-t3y=O 

Solve each of the following initial-value problems. 

5. t(2-t)y"-6(t-I)y'-4y=O; y(l)=l, y'(l)=O 

6.y"+t2y=O; y(0)=2,y'(O)=-I 

7. y"- t3y=O; y(O)=O, y'(O)= -2 

8. y" +(t2 +2t+ I)y'-(4+4t)y =0; y( -1)=0, y'( -1)= I 

9. The equation y" - 2ty' + ~ = 0, ,\ constant, is known as the Hermite differential 
equation, and it appears in many areas of mathematics and physics. 
(a) Find 2 linearly independent solutions of the Hermite equation. 
(b) Show that the Hermite equation has a polynomial solution of degree n if 

,\ = 2n. This polynomial, when properly normalized; that is, when multi­
plied by a suitable constant, is known as the Hermite polynomial Hn(t). 

10. The equation (1- t 2)y"- 2ty' + a(a + l)y = 0, a constant, is known as the 
Legendre differential equation, and it appears in many areas of mathematics 
and physics. 
(a) Find 2 linearly independent solutions of the Legendre equation. 
(b) Show that the Legendre differential equation has a polynomial solution of 

degree n if a = n. 
(c) The Legendre polynomial Pn(t) is defined as the polynomial solution of the 

Legendre equation with a = n which satisfies the condition Pn(l) = 1. Find 
P0(t), P 1(t), Pz(t), and P3(t). 

11. The equation (I- t 2)y"- ty' + a2y =0, a constant, is known as the Tchebycheff 
differential equation, and it appears in many areas of mathematics and physics. 
(a) Find 2 linearly independent solutions of the Tchebycheff equation. 
(b) Show that the Tchebycheff equation has a polynomial solution of degree n 

if a = n. These polynomials, when properly normalized, are called the 
Tchebycheff polynomials. 
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12. (a) Find 2 linearly independent solutions of 

y" + t 3y' +3Py =0. 

(b) Find the first 5 terms in the Taylor series expansion about t = 0 of the solu­
tion y(t) of the initial-value problern 

y(O)=O, y'(O)=O. 

In each of Problems 13-17, (a) Find the first 5 terms in the Taylor series 
expansion ~ :=oantn of the solution y(t) of the given initial-value prob­
lern. (b) Write a computer program to find the first N + 1 coefficients 
a0,a1, ... ,aN, and to evaluate the polynornial a0+a1t+ ... +aNtN. Then, 
obtain an approximation of y(i) by evaluating ~ ~~oanC~r. 
13. (I-t)y"+ty'+y=O; y(0)=1, y'(O)=O 

14. y"+y'+ty=O; y(O)= -1, y'(0)=2 

15.y"+ty'+e1y=O; y(0)=1,y'(0)=0 

16. y"+y'+e 1y=O; y(O)=O, y'(O)= -1 

17. y"+y'+e- 1y=O; y(0)=3, y'(0)=5 

2.8.1 Singular points, Eu/er equations 

The differential equation 

d 2 d 
L[y) = P(t)----f + Q(t) dy + R(t)y = 0 

dt t 
(1) 

is said to be singular at t = t0 if P(t0 ) = 0. Solutions of (I) frequently 
become very large, or oscillate very rapidly, in a neighborhood of the 
singular point t 0 • Thus, solutions of (1) may not even be continuous, Iet 
along analytic at t0 , and the method of power series solution will fail to 
work, in general. 

Our goal is to find a dass of singular equations which we can solve for t 
near t 0 • To this end we will first study a very simple equation, known as 
Euler's equation, which is singular, but easily solvable. We will then use the 
Euler equation to motivate a more general dass of singular equations which 
are also solvable in the vicinity of the singular point. 

Definition. The differential equation 

d 2 d 
L[y] = t 2 ____1_ + at1 + ßy = 0. 

dt2 dt 
(2) 

where a and ß are constants is known as Euler's equation. 
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We will assume at first, for simplicity, that t > 0. Observe that t 2y" and 
ty' are both multiples of tr if y = tr. This suggests that we try y = tr as a 
solution of (2). Computing 

we see that 

where 

d 
- f r = rt r- I and 
dt 

L[tr] = r(r -l)tr + artr + ßtr 

= [r(r -1)+ ar + ß]tr 

= F(r )tr 

F( r) = r ( r - 1) + ar + ß 

=r 2 +(a-l)r+ß. 

(3) 

(4) 

Hence, y = t r is a solution of (2) if, and only if, r is a solution of the 
quadratic equation 

r 2 +(a-l)r+ß=O. (5) 

The solutions r 1, r2 of (5) are 

r 1 = - -! [ ( a - 1) + V ( a - 1) 2 - 4ß ] 

r2 = --! [ ( a- 1)- V ( a- 1 )2 - 4ß). 
Just as in the case of constant coefficients, we must examine separately the 
cases where (a.-1) 2 -4ß is positive, negative, and zero. 

Case 1. ( a- I )2 - 4ß > 0. In this case Equation (5) has two real, unequal 
roots, and thus (2) has two solutions of the form y 1(t) = tr'. y2(t) = tr'. 
Clearly, tr' and tr' are independent if r 1 =I= r2 . Thus the general solution of 
(2) is (for t > 0) 

Example 1. Find the general solution of 

L[y]=t 2 d 2y +4tdy +2y=O 
dt 2 dt ' 

Solution. Substituting y = tr in (6) gives 

L[tr] = r(r -J)tr +4rtr +2tr 

=[r(r-1)+4r+2]tr 

= (r 2 +3r +2)tr 

=(r+l)(r+2)tr 

t >0. (6) 
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Hence r1 = -1, r2 = -2 and 
c c 

y(t) = c1t- 1 + c2 t- 2 = ___!_ + _2 
t !2 

is the genera1 solution of (6). 

Case 2. (a-1)2 -4ß=O. In this case 

1-a 
rl=rz=-2-

and we have only one solution y = t'• of (2). A second solution (see Exercise 
11) can be found by the method of reduction of order. However, we would 
like to present here an altemate method of obtainingy2 which will generalize 
very nicely in Section 2.8.3. Observe that F(r) = (r- r1) 2 in the case of 
equal roots. Hence 

(7) 

Taking partial derivatives of both sides of (7) with respect to r gives 

_!L[t'] = L[i_t'] = _! [(r- r )2 t']. ar ar ar I 

Since a(t')jar = t'ln t, we see that 

L[t'lnt] = (r- r1) 2 t'lnt +2(r- r1)t'. (8) 

The right hand side of (8) vanishes when r = r1• Hence, 

L[t'•lnt] =0 

which implies that y2(t) = t'•ln t is a second solution of (2). Since t'' and 
t'•ln t are obviously linearly independent, the general solution of (2) in the 
case of equal roots is 

Example 2. Find the general solution of 

L[y] =t2 d 2y -5tdy +9y=O 
dt 2 dt ' 

Solution. Substituting y = t' in (9) gives 

200 

L[t']=r(r-1)t'-5rt'+9t' 

= [r(r -1)-Sr +9]t' 

= (r2 -6r +9)t' 

=(r-3)2 t'. 

t>O. (9) 
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The equation (r- 3)2 = 0 has r = 3 as a double root. Hence, 

y 1 ( t ) = t 3 , y2 ( t ) = t 31n t 

and the general solution of (9) is 

y(t}=(c1 +c2lnt}t3 , t>O. 

Case 3. ( a - I )2 - 4ß < 0. In this case. 

r1 = A + iJ.t and r2 = A - iJ.t 

with 

are complex roots. Hence, 

cJ>( t) = tA+ip. = t)\tip. 

= ti\[ cos(J.tln t} + i sin(J.tln t }] 

is a complex-valued solution of (2). But then (see Section 2.2.1) 

and 

(10} 

are two real-valued independent solutions of (2). Hence, the general solution 
of (2), in the case of complex roots, is 

y( t} = ti\[ c1cos(J.tln t} + c2 sin(J.tln t}] 

with A and J.l. given by (10). 

Example 3. Find the general solution of the equation 

L[y] =t2y"-5ty'+25y=O, t>O. 

Solution. Substituting y = t' in (II) gives 

L[t'] = r(r -I}t' -5rt' +25t' 

= [r(r -l}-5r +25] t' 

= [r 2 -6r +25]t' 

The roots of the equation r 2 -6r +25 = 0 are 

6±V36-wo 
---=---- = 3 ±4i 

2 

(11) 
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2 Second-order linear differential equations 

so that 

<!>( t) = t3+4i = t3t4i 

= t3e(lnt)4i = t3ei(41nt) 

= t 3 [cos(4ln t) + isin(41n t )] 

is a complex-valued solution of (11 ). Consequently, 

y 1(t)=Re{<t>(t)}=t 3cos(41nt) 

and 

Y2( t) =Im { <t>( t)} = t 3sin( 4ln t) 

are two independent solutions of (11), and the general solution is 

y( t) = t 3[ c1cos(4ln t) + c2sin(4ln t )], t > 0. 

Let us now return to the case t < 0. One difficulty is that tr may not be 
defined if t is negative. For example, ( -1YI2 equals i, which is imaginary. A 
second difficulty isthat 1n t is not defined for negative t. We overcome both 
of these difficulties with the following clever change of variable. Set 

t=-x, x>O, 

and 1et y = u( x ), x > 0. Observe, from the chain ru1e, that 

dy_dudx_ du 
dt dx dt dx 

and 

Thus, we can rewrite (2) in the form 

( z d 2 u ( du) -x) -+a(-x) -- +ßu=O 
dx 2 dx 

or 

2 d 2 u du _ 
x --2 +ax-d +ßu-0, 

dx x 
x>O (12) 

But Equation (12) is exactly the same as (2) with t rep1aced by x and y 
replaced by u. Hence, Equation (12) has so1utions of the form 
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depending on whether ( a- 1 )2 - 4ß is positive, zero, or negative. Observe 
now that 

x=-t=ltl 

for negative t. Thus, for negative t, the solutions of (2) have one of the forms 

{
cdti''+czltl'2 

[c 1+c2 lnltl]ltl'' 

[ c1cos(p.ln I tl) + c2sin(p.ln lt I)] lt I~ 

Remark. The equation 

(14) 

is also an Euler equation, with a singularity at t = t0 instead oft= 0. In this 
case we look for solutions of the form (t- t 0 )'. Alternately, we can reduce 
(14) to (2) by the change of variable x = t- t 0 • 

EXERCISES 

In Problems 1-8, find the general solution of the given equation. 

1. t 2y"+5ty'-5y=O 

3. ( t - 1) 2 y"- 2( f - 1) y I+ 2 y = 0 

5. t 2y"-ty'+y=O 

7. t 2y" + ty' + y = 0 

9. Solve the initial-value problern 

2. 2t 2y" + 3ty'- y = 0 

4. t 2y"+3ty'+ y=O 

6. (t-2) 2y"+5(t-2)y'+4y=O 

8. t 2y"+3ty'+2y=O 

t 2y"-ty'-2y=O; y(l)=O, y'(l)=l 

on the interval 0 < t < oo. 

10. Solve the initial-value problern 

t 2y"-3ty'+4y=O; y(l)=l, y'(l)=O 

on the interval 0 < t < oo. 

11. Use the rnethod of reduction of order to show that y2(t) = t''ln t in the case of 
equal roots. 

2.8.2 Regularsingular points, the method of Frobenius 

Our goal now is to find a class of singular differential equations which is 
more general than the Euler equation 

d 2y dlJ 
t 2 - + at..L + ßy = 0 (1) 

dt 2 dt 

203 



2 Second-order linear differential equations 

but which is also solvable by analytical techniques. To this end we rewrite 
(I) in the form 

d2y +~ dy +_ly=O. 
dt2 t dt 12 

(2) 

A very natural generalization of (2) is the equation 

L[y]=d2; +p(t)ddy +q(t)y=O 
dt t 

(3) 

where p( t) and q( t) can be expanded in series of the form 

p(t)=Po+p,+p2t+p3t2+ ... 
t 

( ) qo q, 2 
q t = ii + t + q2 + q3t + q4t + ... (4) 

Definition. The equation (3) is said to have a regular singular point at t = 0 
if p(t) and q(t) have series expansions of the form (4). Equivalently, t = 0 
is a regular singular point of (3) if the functions tp ( t) and t 2q( t) are 
analytic at t = 0. Equation (3) is said to have a regular singular point at 
t = t0 if the functions (t- t0 )p(t) and (t- t0 ) 2q(t) are analytic at t = t0 . 

A singular point of (3) which is not regular is called irregular. 

Example 1. Classify the singular points of Bessel's equation of order 11 

d 2y dy 
t 2-+t-+(t2-11 2)y=O (5) 

dt2 dt ' 

where 11 is a constant. 
Solution. Here P( t) = t 2 vanishes at t = 0. Hence, t = 0 is the only singular 
point of (5). Dividing both sides of (5) by t 2 gives 

d2y +_!.. dy +(1-~)y=O. 
dt2 t dt t2 

Observe that 

are both analytic at t = 0. Hence Bessel's equation of order 11 has a regular 
singular point at t = 0. 

Example 2. Classify the singular points of the Legendre equation 

2 d 2y dy 
(1-t )--2t-+a(a+1)y=O 

dt 2 dt 
(6) 

where a is a constant. 
Solution. Since 1- t 2 vanishes when t = 1 and -1, we see that (6) IS 
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singular at t = ± 1. Dividing both sides of (6) by 1- t 2 gives 

d 2y _ _l!_ dy +a (a+l) y=O. 
dt 2 1- t 2 dt 1- t 2 

Observe that 

2t 2t 
(t -l)p(t) = -(t -1)--=-

1- t2 1 + t 
and 

2 ( t -I )2 1- t 
(t-1) q(t)=a(a+l) 1_ 12 =a(a+l) l+t 

are analytic at t = 1. Similarly, both (t + l)p(t) and (t + 1)2q(t) are analytic 
at t = -1. Hence, t = 1 and t = -1 are regular singular points of (6). 

Example 3. Show that t = 0 is an irregular singular point of the equation 

d 2y dy 
t 2-+3-+ty=O. (7) 

dt 2 dt 

Solution. Dividing through by t 2 gives 

d2y +1_ dy +.!_y=O. 
dt 2 t 2 dt t 

In this case, the function 

tp(t) = t( :2) = ~ 
is not analytic at t = 0. Hence t = 0 is an irregular singular point of (7). 

W e return now to the equation 

d 2y dy 
L[y] = - 2 + p(t)-d + q(t)y = 0 

dt t 
(8) 

where t = 0 is a regular singular point. For simplicity, we will restriet 
ourselves to the interval t > 0. Multiplying (8) through by t 2 gives the 
equivalent equation 

d 2 d 
L[y] = t 2__1_ + t(tp(t))2 + t 2q(t)y = 0. 

dt 2 dt 
(9) 

We can view Equation (9) as being obtained from (I) by adding higher 
powersoft to the coefficients a and ß. This suggests that we might be able 
to obtain solutions of (9) by adding terms of the form tr+ 1, tr+ 2 , ••• to the 
solutions tr of (1). Specifically, we will try to obtain solutions of (9) of the 
form 

00 00 

y( t) = ~ antn+r = tr ~ antn. 
n=O n=O 
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Example 4. Find two linearly independent solutions of the equation 

d 2 d 
L[y] = 2t____l + 2 + ty = 0 

dt2 dt ' 
O<t<oo. 

Solution. Let 
00 

y( t) = ~ antn+r, 
n=O 

Computing 
00 

y'(t)= ~ (n+r)antn+r-I 
n=O 

and 
00 

y"(t)= ~ (n+r)(n+r-l)antn+r- 2 

n=O 

we see that 

00 

+ ~ [2(n + r )(n + r -l)an +(n + r )an+ an_ 2]tn+r-I 
n=2 

Setting the coefficients of each power of t equal to zero gives 

(i) 2r(r -l)a0 + ra0 = r(2r -l)a0 = 0, 
(ii) 2(r + l)ra1 +(r + l)a1 = (r + 1)(2r + l)a1 = 0, 
and 

(10) 

(iii) 2(n + r)(n + r -l)an +(n + r)an = (n + r)[2(n + r)-l]an =- an_ 2 , 

n;;;.2. 

The first equation determines r; it implies that r = 0 or r = 1. The second 
equation then forces a1 tobe zero, and the third equation determines an for 
n;;;.2. 
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(i) r = 0. In this case, the recurrence formula (iii) is 

-an-2 
an=n(2n-I)' 

n-;;;.2. 

Since a1 = 0, we see that all of the odd coefficients are zero. The even 
coefficients are determined from the relations 

and so on. Setting a0 = 1, we see that 

(2 (4 oo (-lft2n 
YJ(t)=l- 2·3 + 2·4·3·7 + ... =I+ n~l 2nn!3·7···(4n-l) 

is one solution of (10). lt is easily verified, using the Cauchy ratio test, that 
this series converges for all t. 

(ii) r =!. In this case, the recurrence formula (iii) is 

- an-2 - an-2 
a = = n-;;;.2. 

n (n+!)[2(n+!)-l] n(2n+l)' 

Again, all of the odd coefficients are zero. The even coefficients are 
determined from the relations 

- -ao -a2 ao - -a4- -ao 
a2-~· a4 = 4-9 = 2·4·5·9' a6 - 6·13- 2·4·6·5·9·13 

and so on. Setting a0 = 1, we see that 

Y2(t)=t112[I- ;.25 + 2·;·45·9 + ... ] 

= tl/2 t + L - t [ 
oo ( l)n 1n l 

n=! 2nn!5·9···(4n+l) 

is a second solution of (10) on the interval 0 < t < oo. 

Remark. Multiplying both sides of (1 0) by t gives 

2t1d1y +tdy +t2y=O. 
dt2 dt 

This equation can be viewed as a generalization of the Euler equation 

2t2d2y +tdy =0. 
dt 2 dt 

Equation (11) has solutions of the formt', where 

2r(r -1)+ r= 0. 

( 11) 

This equation is equivalent to Equation (i) which determined r for the 
solutions of (1 0). 
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2 Second-order linear differential equations 

Let us now see whether our technique, which is known as the method of 
Frobenius, works in general for Equation (9). (We will assume throughout 
this section that t > 0.) By assumption, this equation can be written in the 
form 

Set 
00 

y( t) = ~ antn+r, With Go=/= 0. 
n=O 

Computing 
00 

y'(t)= ~ (n+r)antn+r- 1 

n=O 

and 
00 

y"( t) = ~ ( n + r )( n + r- 1 )antn+r-Z 
n=O 

we see that 

Multip1ying through and collecting terms gives 

L[y] = [r(r -1)+ p0 r + q0]a0 t' 

+ { [ (1 + r )r + p0(l + r) + q0 ] a1 + ( rp 1 + q1 )a0 }t'+ 1 

+ { [ ( n + r )( n + r -1) + p0 ( n + r) + q0] an 

+ :~:[(k+r)Pn-k+qn-k]ak}tn+r 
+ .... 

This expression can be simp1ified if we set 

F(r) = r(r -1)+ p0 r + q0 . 

208 

(12) 



2.8 Series solutions 

Then, 

L [y) = a0 F( r )t' + [ a1 F( I+ r) + ( rp 1 + q 1 )a0] t 1 +r + 0 0 0 

+ anF(n + r )tn+r + c~: [(k + r )Pn-k + qn-d ak}tn+r 

+ 0000 

Setting the coefficient of each power of t equal to zero gives 

F(r) = r(r -1)+ p0 r + q0 = 0 (13) 

and 
n-1 

F(n+r)an=- ~ [(k+r)Pn-k+qn-k]ak, n;;;a.l. (14) 
k=O 

Equation (13) is called the indicial equation of (9)0 It is a quadratic 
equation in r, and its roots determine the two possible values r1 and r2 of r 
for which there may be solutions of (9) of the form 

00 

~ a tn+r 
~ n . 

n=O 

Note that the indicial equation (13) is exactly the equation we would obtain 
in looking for solutions t' of the Euler equation 

2d2y dy -
t dt2 +Pot dt + qoy- 00 

Equation (14) shows that, in general, an depends on r and all the preceding 
coefficients a0 , a 1,oo.,an-Io We can solve it recursively for an provided that 
F( I + r ), F(2 + r ), 0 0 0, F( n + r) are not zeroo Observe though that if F( n + r) 
= 0 for some positive integer n, then n + r is a root of the indicial equation 
(13)0 Consequently, if (13) has two real roots r1, r2 with r1 > r2 and r1- r2 not 
an integer, then Equation (9) has two solutions of the form 

00 00 

YI(t)=t'' ~ an(r1)tn,yit)=t'2 ~ an(r2 )tn, 
n=O n=O 

and these solutions can be shown to converge wherever tp(t) and t 2q(t) 
both convergeo 

Remarko Wehave introduced the notation an(r1) and an(r2 ) to emphasize 
that an is determined after we choose r = r1 or r2 0 

Example 5o Find the general solution of the equation 

d 2y dy 
L[y] =4t-2 +3-d +3y=Oo 

dt t 
(15) 
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Solution. Equation (15) has a regular singular point at t = 0 since 

tp(t)=i and t 2q(t)=it 

are both analytic at t = 0. Set 
00 

y( t) = ~ antn+r, a0 =I= 0. 
n=O 

Computing 
00 

y'(t)= ~ (n+r)antn+r- 1 
n=O 

and 
00 

y"(t)= ~ (n+r)(n+r-1)antn+r- 2 

n=O 

we see that 

00 

L[y] = 4 ~ (n + r )(n + r -1)antn+r- 1 
n=O 

00 00 

+3 ~ (n+r)antn+r- 1+3 ~ antn+r 
n=O n=O 

00 00 

= ~ [4(n+r)(n+r-1)+3(n+r)]antn+r- 1+ ~ 3an_ 1tn+r- 1. 
n=O n=l 

Setting the sum of coefficients of 1ike powers of t equal to zero gives 

4r(r -1)+3r = 4r 2 - r =r(4r -1) = 0 (16) 

and 

[4(n + r)(n + r -1)+3(n + r)]an =(n + r)[4(n + r)-1]an = -3an-l• 

n ;;;.}. {17) 

Equation (16) is the indicial equation, and it implies that r = 0 or r = i. 
Since these roots do not differ by an integer, we can find two solutions of 
(15) of the form 

with an determined from (17). 

r = 0. In this case the recurrence relation (17) reduces to 

a = -3 an-1 
n 4n(n -1)+3n 

-3an-1 
n(4n-1) · 
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Setting a0 = 1 gives 

- -3az- 2 
a 3 - 3-lT-- 3 -2-· 3-.-7.-1-1 ' 

_ -3a3 _ 3 1 
a4 -4-15- 3 2·3·4·7·11·15' 

and, in general, 

- (-1r3n-l 
an- ( ) · n !7 ·11·15 · · · 4n -1 

Hence, 

oo ( 1)n3n-l 
Y (t)- ~ - tn 

1 -n= 0 n!7·11·15···(4n-1) 
(18) 

is one solution of (15). lt is easily seen, using the Cauchy ratio test, that 
y 1(t) converges for all t. Hencey/t) is an analytic solution of (15). 

r = t. In this case the recurrence relation ( 17) reduces to 

-3an-I -3an-l 
a = = n;;;;.1 

n (n +t)[4(n -t)+3] n(4n + 1)' · 

Setting a0 = 1 gives 

-3 -33 
a~=-5-, a =-----

3 2·3·5·9·13' 

a = ... 
4 2·3·4·5·9·13·17' . 

Proceeding inductively, we see that 

_ ( -1f3n 
an- ( ) · n!5·9·13··· 4n+1 

Hence, 

is a second solution of (15). It can easily be shown, using the Cauchy ratio 
test, that this Solution converges for allpositive t. Note, however, that rz(t) 
is not differentiab1e at t = 0. 

The method of Frobenius hits a snag in two separate instances. The first 
instance occurs when the indicial equation (13) has equal roots r1 = r2 . In 
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this case we can only find one solution of (9) of the form 

00 

y,(t)=t'1 }: Gn(n. 
n=O 

In the next section we will prove that (9) has a second solution Yi t) of the 
form 

00 

J2(t)= y 1(t)lnt+t' 1 }: bntn 
n=O 

and show how to compute the coefficients bn. The computation of the bn is 
usually a very formidable problem. We wish to pointout here, though, that 
in many physical applications the solution yit) is rejected on the grounds 
that it is singular. Thus, it often suffices to find y 1(t) alone. It is also 
possible to find a second solution y2( t) by the method of reduction of order, 
but this too is usually very cumbersome. 

The second snag in the method of Frobenius occurs when the roots r1, r2 

of the indicial equation differ by a positive integer. Suppose that r1 = r2 + N, 
where N is a positive integer. In this case, we can find one solution of the 
form 

00 

y,(t)=t'1 }: Gn(n. 
n=O 

However, it may not be possible to find a second solution y2(t) of the form 

00 

y2(t)=t'2 }: bntn. 
n=O 

This is because F( r2 + n) = 0 when n = N. Thus, the left hand side of (14) 
becomes 

N-1 

O·aN=- }: [(k+rz)PN-k+qN-k]ak 
k=O 

when n = N. This equation cannot be satisfied for any choice of a N• if 

N-1 

}: [(k+rz)PN-k+qN-k]ak~O. 
k=O 

(19) 

In this case (see Section 2.8.3), Equation (9) has a second solution of the 
form 

00 

J2(t)=y1(t)lnt+t'2 }: bntn 
n=O 

where again, the computation of the bn is a formidable problem. 
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On the other hand, if the sum on the right hand side of (19) vanishes, 
then aN is arbitrary, and we can obtain a second solution of the form 

00 

Y2(t)=t'2 ~ b"t". 
n=O 

W e illustrate this situation with the following example. 

Example 6. Find two solutions of Bessel's equation of order 1, 
d 2y dy 

t 2-+t-+(t2-1j4)y=O O<t<oo. 
dt2 dt ' 

Solution. This equation has a regular singular point at t = 0 since 

tp(t)=1 and t 2q(t)=t2-t 

are both analytic at t = 0. Set 
00 

y(t)= ~ a"tn+r, a0 *0. 
n=O 

Computing 
00 

y'(t)= ~ (n+r)a"tn+r-l 
n=O 

and 
00 

y"(t)= ~ (n+r)(n+r-1)a"tn+r-Z 
n=O 

we see that 
00 00 

n=O n=O 
00 00 

+ "" a tn+r+2 -l "" a tn+r 
~ n 4 ~ n 

n=O n=O 
00 00 

(20) 

= ~ [(n+r)(n+r-I)+(n+r)-t]a"t"+'+ ~ a"_ 2tn+r. 
n=O n=2 

Setting the sum of coefficients of like powers of t equal to zero gives 

F(r )a0 = [r(r -1)+ r -t] a0 = (r 2 -i)a0 = 0 (i) 

F( I + r ) a 1 = [ (I + r) r + ( 1 + r) - t] a 1 = [ (I + r ) 2 - t] a 1 = 0 ( ii) 

and 

F( n + r )a" = [ ( n + r )2 - t] a" =- a"_ 2 , n ~ 2 (iii) 

Equation (i) is the indicial equation, and it implies that r1 = t, r2 =- t. 
r1 = t: Set a0 =I. Equation (ii) forces a 1 to be zero, and the recurrence 
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relation (iii) implies that 

- an-2 - an-2 a - - n~2. 
n- F(n+!)- n(n+l)' 

This, in turn, implies that all the odd coefficients a 3 , a 5 , ••• , are zero, and 
the even coefficients are given by 

-a0 -1 
a 2 =~-2·3- 3! 

_ - a2 _ 1 1 
a4 - 4-5- 2·3·4·5 5! 

-a -1 
a6 = 6 · / = -2-· 3-.-4-.-5-. 6-·-7 7! 

and so on. Proceeding inductively, we see that 

Hence 

_ (-1r 
a 2n- (2n)!{2n+l) 

Y ( t)=t 1 1 2 (1-.c+~-~+ ... ) 
I 3! 5! 7! 

is one solution of (20). This solution can be rewritten in the form 

tl/2( t3 t5 11 ) 
Yl(t)=-~- t-3f+Sf-7! + ... 

1 . = {t smt. 

r2 = -1: Set a0 = 1. Since 1 + r2 = 1 is also a root of the indicial equation, 
we could, conceivably, run into trouble when trying to solve for a 1• 

However, Equation (ii) is automatically satisfied, regardless of the value of 
a 1• We will set a 1 = 0. (A nonzero value of a 1 will just reproduce a multiple 
of y 1(t)). The recurrence relation (iii) becomes 

n~2. 

All the odd coefficients are again zero, and the even coefficients are 
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and so on. Proceeding inductively, we see that 

(-1r 
a =--

2n (2n)! 

Hence, 

is a second solution of (20). 

Remark 1. If r is a complex root of the indicial equation, then 
00 

y( t) = t' ~ antn 
n=O 

is a complex-valued solution of (9). lt is easily verified in this case that both 
the real and imaginary parts of y( t) are real-valued solutions of (9). 

Remark 2. W e must set 
00 

y(t)=lti' ~ antn 
n=O 

if we want to solve (9) on an interval where t is negative. The proof is 
exactly analogous to the proof for the Euler equation in Section 2.8.1, and is 
left as an exercise for the reader. 

W e summarize the results of this section in the following theorem. 

Theorem 8. Consider the differential equation (9) where t = 0 is a regular 
singular point. Then, the functions tp(t) and t 2q(t) are analytic at t = 0 
with power series expansions 

which converge for I t I < p. Let r1 and r2 be the two roots of the indicial 
equation 

r( r - 1) + p0 r + q0 = 0 

with r 1 ;;;;;. r2 if they are real. Then, Equation (9) has two linearly independent 
solutions y 1(t) and yz(t) on the interval 0 < t < p of the following form: 
(a) If r1 - r2 is notapositive integer, then 

00 00 

n=O n=O 
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(b) If r1 = r2 , then 
00 00 

y 1(t)=t' 1 ~ ant\ Y2(t)=y,(t)lnt+t'1 ~ bntn. 
n=O n=O 

(c) If r1 - r2 = N, a positive integer, then 
00 00 

Y1(t)=t' 1 ~ ant\ y2(t)=ay1(t)Int+t'2 ~ bntn 
n=O n=O 

where the constant a may turn out to be zero. 

EXERCISES 

In each of Problems 1-6, determine whether the specified value of t is a 
regular singular point of the given differential equation. 

1. t(t-2)2y"+ty'+ y=O; t=O 2. t(t-2) 2y"+ty'+ y=O; t=2 

3. (sint)y"+(cost)y'+_!_y=O; t=O 4. (e 1 -l)y"+e1y'+ y=O; t=O 
t 

1 
5. (1- t 2 )y" + . y' + y = 0; t =-I 

sm(t +I) -

6. t 3y"+(sint 2 )y'+ty=O; t=O 

Find the generat solution of each of the following equations. 

7. 2t 2y"+3ty'-(l+t)y=O 8. 2ty"+(1-2t)y'- y=O 

9. 2ty"+(l + t)y'-2y = 0 

11. 4ty"+3y'-3y = 0 

10. 2t 2y"- ty' +(1 + t)y = 0 

12. 2t2y"+(t 2 -t)y'+ y=O 

In each of Problems 13-18, find two independent solutions of the given 
equation. In each problem, the roots of the indicial equation differ by a 
positive integer, but two solutionsexist of the form t'"i.'::=oantn. 

13. t 2y"-ty'-(t 2 +~)y=O 14. t 2y"+(t-t 2 )y'-y=O 

15. ty"-(t 2 +2)y'+ty=O 16. t 2y"+(3t-t 2 )y'-ty=O 

17. t 2y"+t(t+1)y'- y=O 18. ty"-(4+t)y'+2y=O 

19. Consider the equation 

(a) Show that r = 1 and r = 3 are the two roots of the indicial equation of ( * )­
(b) Find a power series solution of ( *) of the form 

00 

y 1(t)=t 3 ~ antn, a 0 =1. 
n=O 
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(c) Showthaty1(t)=t3e-1• 

( d) Show that ( *) has no solution of the form 

(e) Find a second solution of ( *) using the method of reduction of order. Leave 
your answer in integral form. 

20. Consider the equation 

t 2y" + ty'-(1+ t )y = 0. 

(a) Show that r = -1 and r = 1 are the two roots of the indicial equation. 
(b) Find one solution of the form 

00 

Yi(t) = t ~ antn. 
n=O 

(c) Find a second solution using the method of reduction of order. 

21. Consider the equation 

ty"+ty'+2y=O. 

(a) Show that r = 0 and r = 1 are the two roots of the indicial equation. 
(b) Find one solution of the form 

00 

Yi(t) = t ~ antn. 
n=O 

(c) Find a second solution using the method of reduction of order. 

22. Consider the equation 

ty"+(l- t 2 )y'+4ty = 0. 

(a) Show that r = 0 is a double root of the indicial equation. 
(b) Find one solution of the form y 1( t) = ~~=o antn. 
(c) Find a second solution using the method of reduction of order. 

23. Consider the Bessel equation of order zero 

t 2y" + ty' + t 2y = 0. 

(a) Show that r = 0 is a double root of the indicial equation. 
(b) Find one solution of the form 

12 t4 t6 

Yi(t) = 1- 22 + 22·42- 22·42-62 + .... 

This solution is known as J0(t). 
(c) Find a second solution using the method of reduction of order. 

217 
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24. Consider the Bessel equation of order " 

t2y" + ty' + ( (2- "2 )y = 0 

where " is real and positive. 
(a) Find apower series solution 

This function Jv( t) is called the Bessel function of order ". 
(b) Find a second solution if 2" is not an integer. 

25. The differential equation 

ty"+(l- t)y'+ ;\y = 0, ;\ constant, 

is called the Laguerre differential equation. 
(a) Show that the indicial equation is r2 = 0. 
(b) Find a solutiony(t) of the Laguerre equation of the form ~;:"=oantn. 
( c) Show that this solution reduces to a polynomial if ;\ = n. 

26. The differential equation 

t ( 1 - t) y" + [ y - ( 1 + a. + ß) t] y'- aß y = 0 

where a., ß, and y are constants, is known as the hypergeometric equation. 
(a) Show that t = 0 is a regular singu1ar point and that the roots of the indicial 

equa tion are 0 and 1- y. 
(b) Show that t = 1 is also a regular singular point, and that the roots of the 

indicial equation are now 0 and y - a.- ß. 
(c) Assurne that y is not an integer. Find two solutions y 1(t) and y2(t) of the 

hypergeometric equation of the form 
00 00 

n=O n=O 

27. (a) Show that the equation 

2(sin t)y" +(I- t)y'-2y = 0 

has two solutions of the form 

00 00 

n=O n=O 

(b) Find the first 5 terms in these series expansions assuming that a 0 = b0 =I. 

28. Lety(t)=u(t)+iv(t) be a complex-valued solution of (3) withp(t) and q(t) 
real. Show that both u(t) and v(t) are real-valued solutions of (3). 

29. (a) Show that the indicial equation of 
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(b) Show that ( *) has 2 linearly independent solutions y( t) of the form 
00 00 

y(t)=sin(lnt) ~ antn+cos(lnt) ~ bntn. 
n=O n=O 

2.8.3 Equal roots, and roots differing by an integer 

Equal roots. 
We run into trouble if the indicial equation has equal roots r1 = r2 because 
then the differential equation 

d 2y dy 
P(t)-2 + Q(t)-d + R(t)y = 0 (1) 

dt t 

has only one solution of the form 

(2) 
n=O 

The method of finding a second solution is very similar to the method used 
in finding a second solution of Euler's equation, in the case of equal roots. 
Let us rewrite (2) in the form 

00 

y(t)=y(t,r)=t'}: an(r)tn 
n=O 

to emphasize that the solution y(t) depends on our choice of r. Then (see 
Section 2.8.2) 

L[y ](t, r) = a0 F(r )t' 

+ n~l {an(r)F(n+r)+ :~~[(k+r)Pn-k+qn-k]ak}tn+r. 
We now think of ras a continuous variable and determine an as a function 
of r by requiring that the coefficient of tn+r be zero for n ;;;.I. Thus 

n-1 

-}: [(k+r)Pn-k+qn-k]ak 
an( r) = ___:k.::..._=_:O:.....__-:----:-----

F(n + r) 

With this choice of an( r ), we see that 

L[y ](t, r) = a0 F(r )t'. (3) 

In the case of equal roots, F(r) = (r- r1) 2 , so that (3) can be written in the 
form 

L[y ](t, r) = a0(r- r1) 2t'. 

Since L[y](t, r 1) = 0, we obtain one solution 

y1(t)=t''[ao+ n~l an(rl)t+ 

219 



2 Second-order linear differential equations 

Observe now, that 

;,L[y ](t, r) = L[ ~~ ](t, r) 

- a ( )2 r - a,ao r- rl t 

= 2a0( r- r1 )t' + a0( r- r1 )
2(ln t )t' 

also vanishes when r = r 1• Thus 

a 
Y2(t)= arYJ(t,r)i,=r, 

= ;, [n~O an(r)tn+l=r, 

00 00 

= ~ [an(rl)tn+r,]lnt+ ~ a~(r1 )tn+r, 
n=O n=O 

00 

=y1(t)lnt+ ~ a~(r1 )tn+r, 
n=O 

is a second solution of (I). 

Example 1. Find two solutions of Bessel's equation of order zero 

L[y]=t2d 2y +tdy +t2y=O t>O. 
dt2 dt ' 

Solution. Set 
00 

y( t) = ~ antn+r. 
n=O 

Computing 
00 

y'(t)= ~ (n+r)antn+r-J 
n=O 

and 
00 

y"(t)= ~ (n+r)(n+r-l)antn+r- 2 
n=O 

we see that 

00 00 00 

(4) 

L[y]= ~ (n+r)(n+r-I)antn+r+ ~ (n+r)antn+r+ ~ antn+r+2 
n=O n=O n=O 

00 00 

= ~ ( n + r )2 antn+r + ~ an-2tn+r. 
n=O n=2 
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Setting the sums of like powers of t equal to zero gives 

(i) r 2a0 =F(r)a0 =0 
(ii) (1 + r)2a 1 = F(l + r)a 1 = 0 

and 
(iii) (n + r)2an = F(n + r)an =- an_ 2 , n;;;. 2. 

Equation (i) is the indicial equation, and it has equal roots r1 = r2 = 0. 
Equation (ii) forces a 1 tobe zero, and the recurrence relation (iii) says that 

-an-2 
an= 2. 

(n +r) 

Clearly, a3 = a5 = a 7 = · · · = 0. The even coefficients are given by 

-a -1 
a2(r)= (2+ro)2 = (2+r)2 

- a 2 1 
a 4 ( r) = = --....,--------,-

(4+ r )2 (2+ r )2(4+ r f 
and so on. Proceeding inductively, we see that 

_ (-1r 
a2n( r)- 2 2 2 • 

(2+r) (4+r) · · · (2n+r) 

Todetermine y 1(t), we set r = 0. Then 

and in general 

Hence, 

-1 
a2(0)=-2 

2 
1 I 1 

a4(0) = 22-42 = 24 (2!)2 

-1 -1 
a (o)----

6 - 22-42-62 26(3!)2 

t2 t4 

YI(t)=l- 22 + 4 ( )2 
2. 2! 

oo (-lft2n 
~ 2 

n=O 22n(n!) 

is one solution of ( 4). This solution is often referred to as the Bessel function 
of the first kind of order zero, and is denoted by J0( t ). 
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2 Second-order linear differential equations 

To obtain a second solution of (4) we set 
00 

Y2(t)=yl(t)Int+ ~ a;n(O)t 2n. 
n=O 

To compute a;n(O), observe that 

a;n(r) d d -2 ( )-2 
--( -) = -d Inla 2n(r )I= -d ln(2+ r) .. · 2n + r 
a2n r r r 

d 
= -2 dr [In(2+ r )+ ln(4+ r )+ .. · + ln(2n + r )] 

=-2(-I-+_I_+ ... +-I-). 
2+r 4+r 2n+r 

Hence, 

a' (0) = - 2 ( _!_ + _!_ + .. · + _I ) a (0) 2n 2 4 2n 2n 

Setting 

I I I 
H =I+-+-+ ... +-

n 2 3 n 

we see that 

a I (0) - _-_H...::._n ('------,I ):.._n 
2n - 2 ( )2 2 n n! 

and thus 

(-Ir+ IHn 

22n(n!)2 

is a second soiution of (4) with Hn given by (5). 

(5) 

Roots differing by a positive integer. Suppose that r2 and r1 = r2 + N, N a 
positive integer, are the roots of the indicial equation. Then we can certainly 
find one solution of (I) of the form 

00 

YI(t) = 1'1 L an(r1)tn. 
n~O 

As we mentioned previousiy, it may not be possible to find a second 
solution of the form 
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In this case, Equation (1) will have a second solution of the form 

Y2 ( t) = :r Y ( t' r) Ir~ '2 

00 

=ay1(t)lnt+ L a~(r2 )tn+r2 
n~O 

where a is a constant, and 
00 

y(t, r) = t' ~ an(r )tn 
n=O 

with 
a0 = a0( r) = r- r2 • 

The proof of this result can be found in more advanced books on differen­
tial equations. In Exercise 5, we develop a simple proof, using the method of 
reduction of order, to show why a logarithm term will be present. 

Remark. It is usually very difficult, and quite cumbersome, to obtain the 
second solution J2{t) when a logarithm term is present. Beginning and 
intermediate students are not expected, usually, to perform such calcula­
tions. Wehave included several exercises for the more industrious students. 
In these problems, andin similar problems which occur in applications, it is 
often more than sufficient to find just the first few terms in the series 
expansion of y2 ( t ), and this can usually be accomplished using the method 
of reduction of order. 

EXERCISES 

In Problems 1 and 2, show that the roots of the indicial equation are equal, 
and find two independent solutions of the given equation. 

1. ty"+y'-4y=O 

2. t 2y"-t(l+t)y'+ y=O 

3. (a) Show that r =-I and r =I are the roots of the indicial equation for Bessel's 
equation of order one 

(b) Find a solution: 
00 

J1(t)=tt ~ antn,a 0 =l. 
n=O 

J1(t) is called the Bessel function of order one. 
(c) Find a second solution: 

( t)=-J(t)lnt+.![l- ~ (-lr(Hn+Hn-I) 1zn]. 
Yz I 1 .(", z2n !( -J)! n=] n. n . 

223 



2 Second-order linear differential equations 

4. Consider the equation 

ty"+3y'-3y=O, t>O. 

( a) Show that r = 0 and r = -2 are the roots of the indicial equation. 
(b) Find a solution 

00 

Yt(t) = ~ antn. 
n=O 

(c) Find a second solution 

_ I 1 I II 31 2 
Y2(t)-yl(t)Int+~-t+4+ 36 1+ 576 1 + ... · 

5. This exercise gives an alternate proof of some of the results of this section, using 
the method of reduction of order. 
(a) Let t = 0 be a regular singular point of the equation 

t2y"+ tp(t)y'+ q(t)y= 0 (i) 

Show that the Substitution y = trz reduces (i) to the equation 

t 2z"+[2r+ p(t)]tz'+[r(r-1)+ rp(t)+ q(t)]z = 0. (ii) 

(b) Let r be a root of the indicial equation. Show that (ii) has an analytic 
solution z1(t) = ~~=oant". 

(c) Set z2(t) = z1(t)v(t). Show that 

v(t)= ju(t)dt, 
e- f[2r+p(t)]/tdt 

where u( t) = ---2--­

z1 (t) 

( d) Suppose that r = r0 is a double root of the indicial equation. Show that 
2r0 +Po= I, and conclude therefore that 

(e) Use the result in (d) to show that Y2(t) has an In t term in the case of equal 
roots. 

(f) Suppose the roots of the indicial equation are r0 and r0 - N, N a positive 
integer. Show that 2r0 + p 0 = 1 + N, and conclude therefore, that 

u(t) = 1 ~Nu(t) 
t 

where il(t) is analytic at t = 0. 
(g) Use the result in (f) to show that y2(t) has an In t term if the coefficient of tN 

in the expansion of il(t) is nonzero. Show, in addition, that if this coefficient 
is zero, then 

( ) V_N V_l 2 
v t =7+ ... +-t-+vtt+v2t + ... 

and Y2( t) has no In t term. 
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2.9 The method of Laplace transforms 

2.9 The method of Laplace transforms 
In this section we describe a very different and extremely clever way of 
solving the initial-value problern 

d2y dy 
a dt2 +b dt +cy=j(t); y(O)=yo, y'(O)=y~ (!) 

where a, b and c are constants. This method, which is known as the 
method of Laplace transforms, is especially useful in two cases which arise 
quite often in applications. The first case is when f(t) is a discontinuous 
function of time. The second case is when f(t) is zero except for a very 
short time interval in which it is very !arge. 

To put the method of Laplace transforms into proper perspective, we 
consider the following hypothetical situation. Suppose that we want to 
multiply the numbers 3.163 and 16.38 together, but that we have forgotten 
completely how to multiply. We only remernher how to add. Being good 
mathematicians, we ask ourselves the following question. 

Question: Is it possible to reduce the problern of multiplying the two num­
bers 3.163 and 16.38 together to the simpler problern of adding two num­
bers together? 

The answer to this question, of course, is yes, and is obtained as follows. 
First, we consult our logarithm tables and find that In 3.163 = 1.15152094, 
and ln 16.38 = 2.79606108. Then, we add these two numbers together to 
yield 3.94758202. Finally, we consult our anti-logarithm tables and find 
that 3.94758202 = ln 51.80994. Hence, we conclude that 3.163 x 16.38 = 
51.80994. 

The key point in this analysis is that the operation of multiplication is 
replaced by the simpler operation of addition when we work with the loga­
rithms of numbers, rather than with the numbers themselves. We represent 
this schematically in Table 1. In the method to be discussed below, the un­
known functiony(t) will be replaced by a new function Y(s), known as the 
Laplace transform of y(t). This association will have the property thaty'(t) 
will be replaced by sY(s)-y(O). Thus, the operation of differentiation with 
respect to t will be replaced, essentially, by the operation of multiplication 
with respect to s. In this manner, we will replace the initial-value problern 
(l) by an algebraic equation which can be solved explicitly for Y(s). Once 
we know Y (s), we can consult our "anti-Laplace transform" tables and re­
cover y(t). 

Table I 

a 

b 
a·b 

ina 
inb 
Ina+inb 
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2 Second-order linear differential equations 

We begin with the definition of the Laplace transform. 

Definition. Let f(t) be defined for 0 ~ t < oo. The Laplace transform of 
f(t), which is denoted by F(s), or e{j(t)}, is given by the formula 

F(s) = e {J( t)} = {") e -srf( t) dt (2) 

where 

(
00 e-stj(t)dt = }im (A e-stj(t)dt. 

Jo A---+oo Jo 

Example 1. Compute the Laplace transform of the function f(t) = 1. 
Solution. From (2), 

e {f ( t) } = }im r A e - s/ dt = }im 
A---+oo ) 0 A---+oo 

={~' s>O 
oo, s ~ 0 

I- e-sA 

s 

Example 2. Compute the Lapiace transform of the function ea1• 

Solution. From (2), 

l 
I 

= s-a' 
oo, 

s>a 

s~a 

Example 3. Compute the Laplace transform of the functions cos wt and 
sinwt. 
Solution. From (2), 

q coswt} = fo 00 e-s/ coswt dt and ef sinwt} = fooo e-s/ sinwtdt. 

Now, observe that 

e { COS Wt} + ie { sinwt} = ( 00 e -steiwt dt = lim (A e(iw-s)t dt 
Jo A---+oo Jo 

. e(iw-s)A- I 
= hm .::.._ __ --~ 

A---+oo zw-s 

{ 
I s+ iw 

= s - iw = s2 + w2 ' 

undefined, 

s>O 

s~O 
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Equating real and imaginary parts in this equation gives 

E{coswt}= ~ and E{sinwt}= A, s>O. 
s +w s +w 

Equation (2) associates with every function f(t) a new function, which 
we call F(s). As the notation E{!(t)} suggests, the Laplace transform is an 
operator acting on functions. lt is also a linear operator, since 

e{ ctfl (t) + c2f2 (t)} = foooe-st[ ctfl (t) + cd2 (t)] dt 

=Cl fo 00 e -stjl (t) dt + C2 fooo e -stj2 ( t) dt 

= cle{fl (t)} + c2e{f2 (t) }. 

lt is to be noted, though, that whereas f(t) is defined for 0..;; t < oo, its 
Laplace transform is usually defined in a different interval. For example, 
the Laplace transform of e21 is only defined for 2 < s < oo, and the Laplace 
transform of e81 is only defined for 8 < s < oo. This is because the integral 
(2) will only exist, in general, if s is sufficiently large. 

One very serious difficulty with the definition (2) is that this integral 
may fail to exist for every value of s. This is the case, for example, if f(t) = 
e12 (see Exercise 13). To guarantee that the Laplace transform of f(t) exists 
at least in some interval s > s0, we impose the following conditions on f(t). 

(i) The function f(t) is piecewise continuous. This means that f(t) has at 
most a finite number of discontinuities on any interval 0..;; t..;; A, and 
both the limit from the right and the limit from the left of fexist at ev­
ery point of discontinuity. In other words,f(t) has only a finite number 
of ')ump discontinuities" in any finite interval. The graph of a typical 
piecewise continuous functionf(t) is described in Figure 1. 

y 

Figure I. Graph of a typical piecewise continuous function 
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2 Second-order linear differential equations 

(ii) The function f(t) is of exponential order, that is, there exist constants 
M and c such that 

jj(t)j< Mect, O<t<oo. 

Lemma 1. lf f(t) is piecewise continuous and of exponential order, then its 
Laplace transform exists for all s sufficiently !arge. Specifically, if f(t) is 
piecewise continuous, and if(t)j< Mec1, then F(s) exists for s > c. 

We prove Lemma 1 with the aid of the following Iemma from integral 
calculus, which we quote without proof. 

Lemma 2. Let g(t) be piecewise continuous. Then, the improper integral 

Jooo g(t)dt exists if foooi g(t)j dt exists. To prove that this latter integral ex­

ists, it suffices to show that there exists a constant K such that 

foAig(t)jdt< K 

for all A. 

Remark. Notice the similarity of Lemma 2 with the theorem of infinite 
series (see Appendix B) which states that theinfinite series ~an converges 
if ~ ianl converges, and that ~ lanl converges if there exists a constant K 
suchthat jad + ... + ianl < K for all n. 

We are now in a position to prove Lemma 1. 

PROOF OF LEMMA 1. Since f(t) is piecewise continuous, the integral 

JoA e-s1f(t)dt exists for all A. To prove that this integral has a Iimit for all s 

sufficiently large, observe that 

foAie-s'f(t)j dt.;;; M foA e -stect dt 

= _M_ [ e<c-s)A _ 1 J.;;; _M_ 
e-s s-c 

for s > c. Consequently, by Lemma 2, the Laplace transform of f(t) exists 
for s > c. Thus, from here on, we tacitly assume that jj(t)j.;;; Mec1, and 
s>c. D 

The real usefulness of the Laplace transform in solving differential 
equations lies in the fact that the Laplace transform of f'(t) is very closely 
related to the Laplace transform of f(t). This is the content of the follow­
ing important Iemma. 
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Lemma 3. Let F(s)= E{f(t)}. Then 

E{J'(t)} = sE{J(t)}-1(0) = sF(s)-1(0). 

PROOF. The proof of Lemma 3 is very elementary; we just write down the 
formula for the Laplace transform of f'(t) and integrate by parts. To wit, 

E{J'(t)} = lim (A e- 51j'(t)dt 
A~oo Jo 

A lA = lim e -st1( t)J + lim s e -st1( t) dt 
A~oo 0 A~oo 0 

= - 1(0) + s lim (A e -st1( t), dt 
A~oo Jo 

=-1(0) + sF(s). D 

Our next step is to relate the Laplace transform of j"(t) to the Laplace 
transform of 1(t). This is the content of Lemma 4. 

Lemma 4. Let F(s)= E{f(t)}. Then, 

E{J"(t)} = s2F(s)- s1(0)- j'(O). 

PRooF. Using Lemma 3 twice, we see that 

E{J"(t)} =sE{J'(t)}- j'(O) 

=s[ sF(s)-1(0)]-j'(O) 

=s2F(s) -s1(0)-j'(O). D 

Wehave now developed all the machinery necessary to reduce the prob­
lern of solving the initial-value problern 

d2y dy 
a dt2 + b dt + cy = 1 ( t); Y (0) = Yo• y'(O) = Yb (3) 

tothat of solving an algebraic equation. Let Y(s) and F(s) be the Laplace 
transforms of y(t) andf(t) respectively. Taking Laplace transforms of both 
sides of the differential equation gives 

E{ ay"( t) + by'(t) + cy( t)} = F(s). 

By the linearity of the Laplace transform operator, 

e{ ay"(t) + by'(t) + cy(t)} = aE{ y"( t)} + be{y'(t)} + cE{y(t) }, 
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and from Lemmas 3 and 4 

e{y'(t)} =sY(s)-y0, 

Hence, 

and this algebraic equation implies that 

(as+ b)y0 ay0 F(s) 
Y(s)= + + . (4) 

as2 + bs + c as2 + bs + c as2 + bs + c 

Equation (4) tells us the Laplace transform of the solutiony(t) of (3). To 
find y(t), we must consult our anti, or inverse, Laplace transform tables. 
Now, just as Y(s) is expressed explicitly in terms of y(t); that is, Y(s) 

= Jo 00e-'1y(t)dt, we can write down an explicit formula for y(t). However, 
this formula, which is written symbolically as y(t)= e- 1{ Y(s)}, involves 
an integration with respect to a complex variable, and this is beyond the 
scope of this book. Therefore, instead of using this formula, we will derive 
several elegant properties of the Laplace transform operator in the next 
section. These properties will enable us to invert many Laplace transforms 
by inspection; that is, by recognizing "which functions they are the 
Laplace transform of". 

Example 4. Solve the initial-value problern 

d2y dy 
--3- +2y=e31 • y(O)= 1, y'(O)=O. 
dt2 dt ' 

Solution. Let Y(s)= C{y(t)}. Taking Laplace transforms of both sides of 
the differential equation gives 

s2Y(s)-s-3[sY(s)-1]+2Y(s)= s~ 3 
and this implies that 

Y(s)= 1 + s-3 
(s-3)(s 2 -3s+2) s2 -3s+2 

1 s-3 
( + . 
s-l)(s-2)(s-3) (s-l)(s-2) 

(5) 

To find y(t), we expand each term on the right-hand side of (5) in partial 
fractions. Thus, we write 

1 = ~ + __!!__ + __.f._ 
(s-1)(s-2)(s-3) s-1 s-2 s-3 · 
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This implies that 

A(s-2)(s-3)+ B(s-I)(s-3)+ C(s-I)(s-2)= I. (6) 

Setting s = I in (6) gives A = i; setting s = 2 gives B = - I; and setting s = 3 
gives C = i. Hence, 

I = .!. _I ___ I_ + .!. _I_ 
(s-I)(s-2)(s-3) 2 s-l s-2 2 s-3 · 

I 

Similarly, we write 

s-3 = _!2_ + __§__ 
(s-I)(s-2) s-l s-2 

and this implies that 

D (s- 2) + E(s -l) = s- 3. (7) 

Setting s = I in (7) gives D = 2, while setting s = 2 gives E = - I. Hence, 

II I II 2 I 
Y(s)=2 s-I- s-2 +2 s-3 + s-l- s-2 

= 1_I ___ 2_ +.!._I_ 
2s-I s-2 2s-3' 

Now, we recognize the first term as being the Laplace transform of ie'. 
Similarly, we recognize the second and third terms as being the Laplace 
transforms of - 2e21 and i e31 , respectively. Therefore, 

Y(s) = e{ ~e 1 -2e21 + ie3'} 

so that 

Remark. Wehave cheated a little bit in this problern because there are ac­
tually infinitely many functions whose Laplace transform is a given func­
tion. For example, the Laplace transform of the function 

{ ~e
1 - 2e21 + le3' t=l= I, 2, and 3 z(t)= 2 2 ' 

0, t= 1,2,3 

is also Y(s), since z(t) differs from y(t) at only three points.* However, 
there is only one continuous function y(t) whose Laplace transform is a 
given function Y(s), and it is in this sensethat we writey(t)= e- 1 { Y(s)}. 

We wish to emphasize that Example 4 is just by way of illustrating the 
method of Laplace transforms for solving initial-value problems. The best 
way of solving this particular initial-value problern is by the method of 

*If f(t)=g(t) except at a finite number of points, then J)<t)dt= ibg(t)dt 
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2 Second-order linear differential equations 

judicious guessing. However, even though it is Ionger to solve this particu­
lar initial-value problern by the method of Laplace transforms, there is still 
something "nice and satisfying" about this method. If we had done this 
problern by the method of judicious guessing, we would have first com­
puted a particular solution ~( t) = t e3'. Then, we would have found two in­
dependent solutions e' and e2' of the homogeneaus equation, and we 
would have written 

y (t) = cle' + c2e2' + te3' 

as the general solution of the differential equation. Finally, we would have 
computed c1 =% and c2 = -2 from the initial conditions. What is unsatisfy­
ing about this method is that we first had to find all the solutions of the 
differential equation before we could find the specific solution y(t) which 
we were interested in. The method of Laplace transforms, on the other 
hand, enables us to find y(t) directly, without first finding all solutions of 
the differential equation. 

EXERCISES 

Determine the Laplace transform of each of the following functions. 

1. t 

3. e 01 cosbt 

5. cos2at 

7. sinatcosbt 

4. e01 sinbt 

6. sin2at 

8. t2 sint 

9. Given that foooe-x 2 dx = v.ii j2, find e{t- 112 ). Hint: Make the change of vari­

able u = Vt in (2). 

Show that each of the following functions are of exponential order. 

11. sinat 12. eYi 

13. Show that e 12 does not possess a Laplace transform. Hint: Show that e 12 - 31 > e1 

for t>s+l. 

14. Suppose thatj(t) is of exponential order. Show that F(s)= E{j(t)} approaches 
0 as s~oo. 

Solve each of the following initial-value problems. 

15. y" -5y'+4y=e2'; y(O)= 1, y'(O)= -1 

16. 2y"+y'-y=e3'; y(0)=2,y'(O)=O 

Find the Laplace transform of the solution of each of the following initial­
value problems. 

17. y"+2y'+y=e- 1; y(O)=l,y'(0)=3 
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18. y"+y=t2 sint; y(O)=y'(O)=O 

19. y"+3y'+7y=cost; y(O)=O,y'(0)=2 

20. y"+y'+y=t3 ; y(0)=2,y'(O)=O 

21. Prove that all solutions y(t) of ay" + by' + cy = f(t) are of exponential order if 
f(t) is of exponential order. Hint: Show that all solutions of the homogeneaus 
equation are of exponential order. Obtain a particular solution using the 
method of variation of parameters, and show that it, too, is of exponential 
order. 

22. Let F(s)=e{f(t)}. Prove that 

{ d"j(t)}- n n-l dj<•-l>(O) e -d n -s F(s)-s 'f(O)- ... - I . 
t dt•-

Hint: Try induction. 

23. Solve the initial-value problern 

y'"-6y" + lly' -6y = e41 ; y(O) = y'(O)= y"(O)=O 

24. Solve the initial-value problern 

y"-3y'+2y=e- 1 ; y(t0 )= I, y'(t0 )=0 

by the method of Laplace transforms. Hint: Let .p(t)=y(t+t0). 

2.10 Some useful properties of Laplace transforms 

In this section we derive several important properties of Laplace trans­
forms. Using these properties, we will be able to compute the Laplace 
transform of most functions without performing tedious integrations, and 
to invert many Laplace transforms by inspection. 

Property 1. If e {j(t)} = F(s), then 

d E{ -tf(t)}= dsF(s). 

PRooF. By definition, F(s)= j 0
00e-s1f(t)dt. Differentiating both sides of 

this equation with respect to s gives 

.!!._ F(s) = .!!._ (oo e-stf(t)dt 
ds ds Jo 

= roo l_(e-s1 )f(t)dt= roo -te-s1j(t)dt 
~ as k 

=E{ -if(t)}. 0 
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2 Second-order linear differential equations 

Property 1 states that the Laplace transform of the function - tf(t) is 
the derivative of the Laplace transform of f(t). Thus, if we know the 
Laplace transform F(s) of f(t), then, we don't have to perform a tedious 
integration to find the Lap1ace transform of tf(t); we need only differenti­
ate F(s) and multiply by - 1. 

Example 1. Compute the Laplace transform of te 1• 

Solution. The Laplace transform of e 1 is 1 j(s- 1). Hence, by Property 1, 
the Lap1ace transform of te 1 is 

E{tet} =- !]__ _1_ = 1 
ds s - 1 ( s _ 1 )2 · 

Example 2. Compute the Laplace transform of t 13• 

Solution. Using Property 1 thirteen times gives 

d 13 d13 1 (13)! 
E{t 13 } =( -1)13 -E{1} =( -1)13--=-. dsl3 ds13 s s14 

The main usefulness of Property 1 is in inverting Laplace transforms, as 
the following examp1es illustrate. 

Example 3. What function has Laplace transform -1/(s-2)2? 
Solution. Observe that 

1 d 
(s-2)2 = ds s-2 

Hence, by Property 1, 

e-1{- 1 2 }=-te2t. 
(s-2) 

Example 4. What function has Lap1ace transform -4s/(s2 +4i? 
Solution. Observe that 

4s d 2 
(s2+4)2 = ds s2+4 

and --f- =E{sin2t}. 
s +4 

Hence, by Property 1, 

e- 1 {- 4s } =- tsin2t. 
(s2+4)2 

Example 5. What function has Lap1ace transform 1 j (s- 4)3? 
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Solution. We recognize that 

1 d 2 1 1 
(s-4)3 = ds2 2 s-4 · 

Hence, using Property 1 twice, we see that 

1 = e { .!. t2e4t } . 
(s-4)3 2 

Property 2. If F(s)=E{f{t)}, then 

e{ ea1j(t)} = F(s- a). 

PROOF. By definition, 

e{ ealf(t)} = Iaoo e-stealf(t)dt= fooo e<a-s)lj(t)dt 

= fooo e-<s-a)tj(t)dt=.F(s-a). 0 

Property 2 states that the Laplace transform of ea1f(t) evaluated at the 
point s equals the Laplace transform of f(t) evaluated at the point (s- a). 
Thus, if we know the Laplace transform F(s) ofj(t), then we don't have to 
perform an integration to find the Laplace transform of ea1j(t); we need 
only replace every s in F(s) by s- a. 

Example 6. Compute the Laplace transform of e31 sin t. 
Solution. The Laplace transform of sint is l/(s2 + 1). Therefore, to com­
pute the Laplace transform of e31 sin t, we need only replace every s by 
s- 3; that is, 

e { e31 sin t} = 1 2 
(s-3) + 1 

The real usefulness of Property 2 is in inverting Laplace transforms, as 
the following examples illustrate. 

Example 7. What function g( t) has Laplace transform 

Solution. Observe that 

G(s)= s-7 ? 

25 +(s-7)2 • 

F ( s) = ~ = e { cos 5 t} 
s +5 

and that G (s) is obtained from F(s) by replacing every s by s -7. Hence, 
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2 Second-order linear differential equations 

by Property 2, 
s-7 

-~--:-2'------- = e{ e71 cos5t}. 
(s-7) +25 

Example 8. What function has Laplace transform l/(s2 -4s+9)? 
Solution. One way of solving this problern is to expand l/(s2 -4s+9) in 
partial fractions. A much better way is to complete the square of s2 - 4s + 
9. Thus, we write 

2 • 
(s-2) +5 

Now, 

- 1- = e { - 1- sin V5 t}. 
s2 +5 V5 

Hence, by Property 2, 

1 = 1 = e { - 1- e21 sin V5 t} . 
s2 -4s+9 (s-2)2 +5 V5 

Examp1e 9. What function has Laplace transform s/(s2 -4s+9)? 
Solution. Observe that 

s s-2 2 
---2--+ 2 . 
(s-2) +5 (s-2) +5 

The function s /(s2 + 5) is the Laplace transform of cosv'5 t. Therefore, by 
Property 2, 

s-2 2 ,rr 
---2 -=e{e 1cosv5 t}, 
(s-2) +5 

and 

s = e { e21 cos V5 t + - 2- e21 sin V5 t}. 
s2 -4s+9 V5 

In the previous section we showed that the Laplace transform is a linear 
operator; that is 

e{ elf! (t) + cd2 (t)} = cle{fl (t)} + c2e{f2 (t) }. 

Thus, if we know the Laplace transforms F 1(s) and Fis), of j 1(t) andfit), 
then we don't have to perform any integrations to find the Laplace trans­
form of a linear combination of f 1(t) and f2(t); we need only take the same 
linear combination of F 1(s) and F2(s). For example, two functions which 
appear quite often in the study of differential equations are the hyperbolic 
cosine and hyperbolic sine functions. These functions are defined by the 
equations 

eat + e-at 
coshat= 2 , 

. eat- e-at 
smhat= 2 . 
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Therefore, by the linearity of the Laplace transform, 

e{ coshat} = t e{ e01 } + t e{ e-at} 

= t [ s 2 a + s 1 a ] = s2 ~ a2 

and 

e { sinh at} = t e { e a/ } - t e { e - at } 

= t [ s 2 a - s 1 a ] = s2 ~ a2 · 

EXERCISES 

Use Properties I and 2 to find the Laplace transform of each of the follow­
ing functions. 

3. tsinat 

5. t512 (see Exercise 9, Section 2.9) 

6. Let F(s)=E{f(t)}, and suppose thatf(t)/t has a Iimit as t approaches zero. 
Prove that 

E{f(t)/t} = J00F(u)du. 
s 

(*) 

(The assumption thatf(t)/t has a Iimit as t~O guarantees that the integral on 
the right-hand side of (*) exists.) 

7. Use Equation (*) of Problem 6 to find the Laplace transform of each of the 
following functions: 
(a) sint (b) cosat- 1 

t t 

Find the inverse Laplace transform of each of the following functions. In 
several of these problems, it will be helpful to write the functions 

aJs3+ßJs2+yJs+ßJ als2+ßls+y 
p 1(s)= and p 2 (s)= ------,----

( as2 + bs + c )( ds2 +es+ f) ( as + b )( cs2 + ds + e) 

in the simpler form 

( ) _ As + B + Cs + D 
PJ s -

as2 + bs + c ds 2 + es+ f 
8. s 

(s+a)2+b2 

10. 
1 

s(s2+4) 

12. 
I 

(s2 + a2)(s2 + b2) 

A Cs+D and p 2 (s) = --b + 2 • 
as+ es +ds+ e 

11. s 
s2 -3s-12 

3s 
13. 4 

(s+ 1) 
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14. 2 
s(s+4) 

s 
15. 2 

(s+1) (s2 +1) 

1 
16. 2 

(s 2 + 1) 

17. Let F(s)= e{j(t)}. Show that 

f(t)=- +e- 1{F'(s)}. 

Thus, if we know how to invert F'(s), then we can also invert F(s). 

18. Use the result of Problem 17 to invert each of the following Lap1ace transforms 

(a) 1n(s+a) (b) arctan~ (c) 1n(1- a:) 
s-a s s 

Solve each of the following initial-value problems by the method of 
Laplace transforms. 

19. y" + y =sint; y(O)= 1, y'(0)=2 

20. y"+y=tsint; y(0)=1,y'(0)=2 

21. y"-2y'+y=te 1; y(O)=O,y'(O)=O 

22. y"- 2y' + 7y =sint; y(O)=O, y'(O)=O 

23. y" +y'+y= 1+e-1; y(0)=3,y'(O)= -5 

24.y"+y={~~-?, ~~~~~; y(O)=O,y'(O)=O 

2.11 Differential equations with discontinuous 
right-hand sides 

In many applications, the right-hand side of the differential equation ay" + 
by' + cy = f(t) has a jump discontinuity at one or more points. For exam­
ple, a particle may be moving under the influence of a force j 1(t), and 
suddenly, at time t1, an additional forcefit) is applied to the particle. Such 
equations are often quite tedious and cumbersome to solve, using the 
methods developed in Se9tions 2.4 and 2.5. In this section we show h~w to 
handle such problems by the method of Laplace transforms. We begm by 
computing the Laplace transform of several simple discontinuous func­
tions. 

The simplest example of a function with a single jump discontinuity is 
the function 

O~t<c 
~~ c 

This function, whose graph is given in Figure I, is often called the unit step 
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2.11 Differential equations with discontinuous right-hand sides 

~~--------~------------~--t c 
Figure l. Graph of Hc(t) 

function, or the Heaviside function. lts Laplace transform is 

s 

Next, Iet j be any function defined on the interval 0..;; t < oo, and Iet g 
be the function obtained from j by moving the graph of j over c units to 
the right, as shown in Figure 2. More precisely, g(t) = 0 for 0..;; t < c, and 
g(t) = f(t- c) for t ~ c. For example, if c = 2 then the value of g at t =7 is 
the value of j at t = 5. A convenient analytical expression for g(t) is 

g(t)=Hc(t)f(t-c). 

The factor Hc(t) makes g zero for 0..;; t < c, and replacing the argument t 
of j by t- c moves j over c units to the right. Since g(t) is obtained in a 
simple manner from f(t), we would expect that its Laplace transform can 
also be obtained in a simple manner from the Laplace transform of j(t). 
This is indeed the case, as we now show. 

Figure 2 
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Property 3. Let F(s)=E{f(t)}. Then, 

E{ Hc(t)f(t- c)} = e-csF(s). 

PROOF. By definition, 

e{ Hc(t)J(t- c)} = fo 00e-s1Hc(t)f(t- c)dt 

= j 00e-s1j(t-c)dt. 
c 

This integral suggests the Substitution 

~=t-c. 

Then, 

loo e-stf(t- c )dt= fo 00 e-s(~+c) J(~)d~ 

= e -es fooo e-s~J(~)d~ 
=e-csF(s). 

Hence, E{Hc(t)J(t-c)}=e-cse{j(t)}. 

Example 1. What function has Laplace transform e-s;s 2? 

0 

Solution. We know that 1js 2 is the Laplace transform of the function t. 
Hence, by Property 3 

e~s =e{H1 (t)(t-1)}. 
s 

The graph of H 1(t)(t- 1) is given in Figure 3. 

Figure 3. Graph of H 1(t) (t-1) 
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Example 2. What function has Laplace transform e- 3"j(s2 -2s-3)? 
Solution. Observe that 

s2 - 2s - 3 s2 - 2s + 1 - 4 ( s - I )2 - 22 • 

Since I/(s2-22)=eUsinh2t}, we conclude from Property 2 that 

I =e{-2Ie 1sinh2t}. 
(s-I)2 -22 

Consequently, from Property 3, 

-3s { I } 
2 e =e -2 H 3 (t)e 1 - 3 sinh2(1-3). 

s -2s-3 

Example 3. Letf(t) be the function which is 1 for 0..; 1 <I, and 0 for 1;;. I. 
Find the Lapiace transform of f without performing any integrations. 
Solution. Observe that f(t) can be written in the form 

f( 1) = t[ H0 ( t)- H 1 ( t)] = t- tH1 ( t). 

Hence, from Property I, 

e{J(t)} = e{ t}- e{ tH1 (t)} 
I d e-• I e-• e-• 

=-+--=-----
s2 ds s s2 s s2 . 

Example 4. Solve the initial-value problern 

dzy dy { I, 0..; t < I; 
- 2 -3 dt +2y=f(t)= I, 2..; t<3; 
dt I, 4..; t< 5; 

0, I..; 1<2; 
0, 3..; I <4; 
0, 5..; I< 00. 

y(O)=O, y'(O)=O 

Solution. Let Y(s)= e{y(l)} and F(s)= e{f(t)}. Taking Laplace trans­
forms of both sides of the differential equation gives (s2- 3s + 2) Y (s) = 
F(s), so that 

F(s) 
Y(s)---­

s2-3s+2 

F(s) 

(s-I)(s-2) · 

One way of computing F(s) is to writef(t) in the form 

Hence, by the linearity of the Laplace transform 

I e-• e-2• e-3s e-4s e-ss 
F(s)=---+---+---. 

s s s s s s 
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A second way of computing F(s) is to evaluate the integral 

fo 00e-s'f(t)dt= fo 1e-s1dt+ ~3e-s1 dt+ 15e-s1dt 

I-e-s e-2s-e-3s e-43 -e-ss -=---=-- + + ..::___...::___ 
s s s 

Consequently, 

1- e-s+ e-2s- e-3s + e-4s- e-ss 
Y(s)= s(s-l)(s-2) · 

Our next step is to expand 1/ s(s- 1 )(s- 2) in partial fractions; i.e., we 
write 

1 =A+_l!_+_f_ 
s(s-l)(s-2) s s-1 s-2 · 

This implies that 

A (s-l)(s-2) + Bs(s-2) + Cs(s-1) = 1. (1) 

Setting s=O in (I) gives A = 1; setting s= 1 gives B= -1; and setting s=2 

gives C = 4. Thus, 

I = .!. .!. __ 1_ + .!. _1_ 
s{s-l){s-2) 2 s s-1 2 s-2 

=e{ -!-e'+-!e2'}· 

Consequently, from Property 3, 

y(t) = [ 4- e' + 4e2']- Hl (t)[ 4- e<t-1>+ ie2<t-t)] 

+ H2 (t)[ 4- e<t-2) + ie2<t-2)]- H3 (t)[ 4- e<t-3) + ie2<t-3)] 

+ H4 (t)[ 4- e<t-4) + ie2<t-4)]- Hs (t)[ 4- e<t-s) + ie2<t-5) ]. 

Remark. lt is easily verified that the function 

and its derivative are both zero at t=n. Hence, bothy(t) andy'(t) are con­
tinuous functions of time, even thoughf(t) is discontinuous at t= I, 2, 3, 4, 
and 5. More generally, both the solution y(t) of the initial-value problern 

d2y dy 
a dt2 +b dt +cy=J(t); y(to)=YO> y'(to)=yo 
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and its derivative y'(t) are always continuous functions of time, if f(t) is 
piecewise continuous. We will indicate the proof of this result in Section 
2.12. 

EXERCISES 

Find the solution of each of the following initial-value problems. 

1. y"+2y'+y=2(t-3)H3(t); y(0)=2,y'(0)=1 

2. y"+y'+y=H"'(t)-H2.,(t); y(O)=I,y'(O)=O 

3.y"+4y={b: ?;~< 4 ; y(0)=3,y'(0)=-2 

4. y"+y= { sint, 
cost, 

5 "+ -{cost, .y y-
0, 

~~~~:; y(0)=1,y'(0)=0 

0 ,;;;; t < 7r 12 . (0) = 3 '(0) = - 1 
7r /2 ,;;;; t < 00 ' y 'y 

6. "+ 2 '+ ={sin2t, O<:.t<w/2. (O)=l '(O)=O 
y y y 0, 7r /2 ,;;;; t < 00 ' y ' y 

7. y"+y'+1y= { 6, ~~ :~~; y(O)=O,y'(O)=O 

8. y"+y= { t2, 0<:. t< I ; y(O)=O,y'(O)=O 
0, I,;;;; t < oo 

{ 
0, 

9. y"-2y'+y= t, 
0, 

O<:.t<I 
1,;;;; t<2 ; y(O)=O,y'(O)= I 
2<:.t<oo 

10. Find the Laplace transform of lsin tl. Hint: Observe that 
00 

lsintl=sint+2 ~ Hm,(t)sin(t-nw). 
n=l 

11. Solve the initial-value problern of Example 4 by the method of judicious guess­
ing. Hint: Find the general solution of the differential equation in each of the 
intervals 0 < t <I, I< t < 2, 2 < t < 3, 3 < t < 4, 4 < t < 5, 5 < t < oo, and 
choose the arbitrary constants so that y(t) and y'(t) are continuous at the 
points t= I, 2, 3, 4, and 5. 

2.12 The Dirac delta function 

In many physical and biological applications we are often confronted with 
an initial-value problern 

d2y dy 
a-2 + b-d + cy = f(t); 

dt t 
y(O) = Yo• y'(O) = Yo (1) 
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Figure 1. The graph of a typical impulsive function f(t) 

where we do not know f(t) explicitly. Suchproblems usually arise when we 
are dealing with phenomena of an impulsive nature. In these situations, the 
only information we have about f(t) is that it is identically zero except for 
a very short time interval t0 ~ t ~ t 1, and that its integral over this time in­
terval is a given number 10 =!=0. If / 0 is not very small, then f(t) will be 
quite large in the interval t0 ~ t ~ t 1• Such functions are called impulsive 
functions, and the graph of a typicalf(t) is given in Figure I. 

In the early 1930's the Nobel Prize winning physicist P. A. M. Dirac de­
veloped a very controversial method for dealing with impulsive functions. 
His method is based on the following argument. Let t 1 get closer and closer 
to t0 . Then the functionf(t)/ / 0 approaches the function which is 0 for t=fo 
t0, and oo for t = t0, and whose integral over any interval containing t0 is I. 
We will denote this function, which is known as the Dirac delta function, 
by 8 ( t- t0). Of course, 8 ( t- t0) is not an ordinary function. However, says 
Dirac, Iet us formally operate with 8 (t- t0) as if it really were an ordinary 
function. Then, if we setf(t)=/08(t-t0) in (I) and impose the condition 

(ab g(t)8 (t- to)dt= { g(Oto) if a ~ fo < b (2) 
) - otherwise 

for any continuous function g(t), we will always obtain the correct solution 
y(t). 

Remark. Equation (2) is certainly a very reasonable condition to impose 
on 8 ( t- t0). To see this, suppose that f ( t) is an impulsive function which is 
positive for t0 < t < t1, zero otherwise, and whose integral over the interval 
[t<Pt1] is I. For any continuous function g(t), 

[ min g(t)]f(t) < g(t)f(t) <[ max g(t)]f(t). 
t0 <t<t1 to<t"t• 

Consequently, 

('•[ min g(t)]f(t)dt~J 11 g(t)f(t)dt<j'•[ max g(t)]f(t)dt, 
) 10 to < t < t1 to 10 to < t < t1 
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or 

Now, most mathematicians, of course, usually ridiculed this method. 
"How can you make believe that ~ ( t- t0) is an ordinary function if it is 
obviously not," they asked. However, they never laughed too loud since 
Dirac and his followers always obtained the right answer. In the late 
1940's, in one of the great success stories of mathematics, the French 
mathematician Laurent Schwartz succeeded in placing the delta function 
on a firm mathematical foundation. He accomplished this by enlarging the 
dass of all functions so as to include the delta function. In this section we 
will first present a physical justification of the method of Dirac. Then we 
will illustrate how to solve the initial-value problern (1) by the method of 
Laplace transforms. Finally, we will indicate very briefly the "germ" of 
Laurent Schwartz's brilliant idea. 

Physical justification of the method of Dirac. Newton's second law of mo­
tion is usually written in the form 

d 
dt mv(t) = f(t) (3) 

where m is the mass of the particle, v is its velocity, and f(t) is the total 
force acting on the particle. The quantity mv is called the momentum of 
the particle. Integrating Equation (3) between t0 and t 1 gives 

mv(t1)-mv(t0 )= J1'j(t)dt. 
to 

This equation says that the change in momentum of the particle from time 

t0 to time t 1 equals ['f(t)dt. Thus, the physically important quantity is 
the integral of the force, which is known as the impulse imparted by the 
force, rather than the force itself. Now, we may assume that a>O in Equa­
tion (1), for otherwise we can multiply both sides of the equation by -1 to 
obtain a > 0. In this case (see Section 2.6) we can view y(t), fort.;;;; t0, as the 
position at time t of a particle of mass a moving under the influence of the 
force -b(dyjdt)-cy. At time t0 a forcef(t) is applied to the particle, and 
this force acts over an extremely short time interval t0 .;;;; t.;;;; t 1• Since the 
time interval is extremely small, we may assume that the position of the 
particle does not change while the force f(t) acts. Thus the sum result of 
the impulsive force f(t) is that the velocity of the particle jumps by an 
amount 10 / a at time t0• In other words, y(t) satisfies the initial-value prob­
lern 

d2y dy 
a- +b- +cy=O· 

dt2 dt ' 
y(O) = y 0, y'(O) = y~ 
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2 Second-order linear differential equations 

for 0 ~ t < t0, and 

d2y dy 
a- +b- +cy=O· 

dt2 dt ' 
(4) 

for t;;;. t0, where z0 and z~ are the position and velocity of the particle just 
before the impulsive force acts. It is clear, therefore, that any method 
which correctly takes into account the momentum / 0 transferred to the 
particle at time t0 by the impulsive force f(t) must yield the correct answer. 
It is also clear that we always keep track of the momentum / 0 transferred 
to the particle by f(t) if we replace f(t) by /0~ (t- t0) and obey Equation 
(2). Hence the method of Dirac will always yield the correct answer. 

Remark. We can now understand why any solutiony(t) of the differential 
equation 

d2y dy 
a-+b-+cy=f(t) 

dt2 dt ' 
f(t) a piecewise continuous function, 

is a continuous function of time even thoughf(t) is discontinuous. To wit, 
since the integral of a piecewise continuous function is continuous, we see 
that y'(t), must vary continuously with time. Consequently, y(t) must also 
vary continuously with time. 

Solution of Equation (I) by the method of Laplace transforms. In order to 
solve the initial-value problern (I) by the method of Laplace transforms, 
we need oniy know the Laplace transform of ~ ( t- t0). This is obtained di­
rectly from the definition of the Laplace transform and Equation (2), for 

e { ~ ( t- to)} = fo 00 e -st~ ( t- to) dt = e -sto (for t0 ;;;. 0). 

Exampie 1. Find the solution of the initial-value problern 

d 2y dy 
dt2 -4 dt +4y=3~(t-I)+~(t-2); y(O)= I, y'(O)= I. 

Solution. Let Y(s)=e{y(t)}. Taking Laplace transforms of both sides of 
the differential equation gives 

s2Y- s -I-4(sY -I) +4 Y =3e-s + e-2s 

or 

(s2 -4s +4) Y (s) = s- 3 + 3e-s + e-2s. 

Consequently, 

Y( )= s-3 + 3e-s + e-2s 
s 2 2 2. 

(s-2) (s-2) (s-2) 

246 



2.12 The Dirac delta function 

Now, Ij(s-2?= e{te2'}. Hence, 

3e-s + e-2s = e{3H (t)(t-I)e2<t-l)+ H (t)(t-2)e2<t-2>}. 
(s-2)2 (s-2)2 I 2 

To invert the first term of Y(s), observe that 

s- 3 s- 2 I = e{ e2'} _ e{ te2'}. 
(s-2)2 (s-2)2 (s-2)2 

Thus, y(t) = (1- t)e2' + 3H1{t){t -l)e2<t-l)+ H2(t)(t- 2)e2<'-2>. 

It is instructive to do this problern the lang way, that is, to findy(t) sep­
arately in each of the intervals 0( t< I, I< t <2 and 2 < t< oo. For 0 < t < 
I, y(t) satisfies the initial-value problern 

d2y dy 
dt2 -4 dt +4y=O; y(O)=I, y'(O)=I. 

The characteristic equation of this differential equation is r2 - 4r + 4 = 0, 
whose roots are r1 = r2 =2. Hence, any solution y(t) must be of the form 
y(t)=(a1 +a2t)e21 • The constants a 1 and a2 are determined from the initial 
conditions 

I=y(O)=a1 and l=y'(0)=2a1+a2• 

Hence, a 1 =I, a2 = -1 and y{t)=(l- t)e21 for 0 ( t< I. Now y(I)=O and 
y'(I)=- e2• At timet= I the derivative of y(t) is suddenly increased by 3. 
Consequently, for I < t < 2, y ( t) satisfies the initial-value problern 

d2y dy 
dt2 -4 dt +4y=O; y(I)=O, y'(I)=3-e2• 

Since the initial conditions are given at t= I, we write this solution in the 
formy(t)=[b 1 +b2(t-l)]e2<1 - 1> (see Exercise 1). The constants b1 and b2 
are determined from the initial conditions 

0= y(I) = b1 and 3- e2= y'(I) =2b1 + b2• 

Thus, b1 = 0, b2 = 3- e2 and y(t) = (3- e2)(t- I)e2<r-l), I < t < 2. Now, 
y(2)={3- e2)e2 and y'(2)=3(3- e2)e2• At time t =2 the derivative of y(t) 
is suddenly increased by I. Cop.sequently, for 2 ( t < oo, y(t) satisfies the 
initial-value problern 

d2y dy 
--4-+4y=O· y(2)=e2(3-e2), y'(2)=I+3e2(3-e2). 
dt2 dt ' 

Hencey(t)=[c1+c2(t-2)]e2<'- 2>. The constants c1 and c2 are determined 
from the equations 

e2(3-e2)=c1 and 1+3e2(3-e2)=2c1+c2• 
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2 Second-order linear differential equations 

Thus, 

and y ( t) = [ e 2(3- e2) +(I + e2(3- e2))( t- 2)]e2<1 - 2>, t ~ 20 The reader should 
verify that this expression agrees with the expression obtained for y(t) by 
the method of Laplace transformso 

Example 2. A particle of mass I is attached to a spring dashpot mechanismo 
The stiffness constant of the spring is 1 Njft and the drag force exerted by 
the dashpot mechanism on the particle is twice its velocityo At time t = 0, 
when the particle is at rest, an externai force e -t is applied to the systemo At 
time t = I, an additional force /( t) of very shor: duration is applied to the 
particle. This force imparts an im pulse of 3 N ° s to the particleo Find the 
position of the particle at any time t greater than I. 
Solution. Let y(t) be the distance of the particle from its equilibrium 
positiono Then, y( t) satisfies the initial-value problern 

y(O)=O, y'(O)=Oo 

Let Y(s)=e{y(t)}o Taking Laplace transforms of both sides of the dif­
ferential equation gives 

(s 2 +2s+ J)Y(s)= - 1-1 +3e-s, or 
s+ 

Since 

I - e { t2e- I } and 
(s+ 1)3 - 2 

we see that 

Y(s)= I + 3e-s 0 

(s+I)3 (s+l)2 

2 -t 

y(t)= T +3H1 (t)(t-I)e-<t-l)o 

Consequently, y(t) = ~ t 2e -t + 3(t- l)e -(t-l) for t >I. 

We conclude this section with a very brief description of Laurent 
Schwartz's method for placing the delta function on a rigorous mathemati­
cal foundationo The main step in his method is to rethink our notion of 
"functiono" In Calculus, we are taught to recognize a function by its value 
at each time lo A much more subtle (and much more difficult) way of re­
cognizing a function is by what it does to other functionso More precisely, 
Iet f be a piecewise continuous function defined for - oo < t < ooo To each 
function <P which is infinitely often differentiable and which vanishes for I tl 

248 



2.12 The Dirac delta function 

sufficiently large, we assign a nurober K[q,] according to the formula 

K[ q,] = L: q>(t)f(t)dt. (5) 

As the notation suggests, K is an operator acting on functions. However, it 
differs from the operators introduced previously in that it associates a 
number, rather than a function, with <f>. Forthis reason, we say that K[</>] is 
a functional, rather than a function. Now, observe that the association q,~ 
K[</>] is a linear association, since 

K[c1q> 1+c2q>2]= 1: (c11/> 1+c2</>2)(t)f(t)dt 

=c1f_: <P 1(t)f(t)dt+c2f_: <P2 (t)f(t)dt 

= c1K[ </> 1 ] + c2K[ 1/>2 ]. 

Hence every piecewise continuous function defines, through (5), a linear 
functional on the space of all infinitely often differentiahte functions which 
vanish for I tl sufficiently large. 

Now consider the functional K[</>] defined by the relation K[q>]=<f>(t0). 

K is a linear functional since 

K[ c1q> 1 + c2q>2 ] = c1<P 1 (t0) + c2q>2 (t0) = c1K[ </> 1] + c2K[ 1/>2 ]. 

To mirnie (5), we write K symbolically in the form 

K['f>]= L: <P(t)8(t-t0)dt. (6) 

In this sense, 8 (t- t0) is a "generalized function." It is important to realize 
though, that we cannot speak of the value of 8 (t- t0) at any time t. The 

only meaningful quantity is the expression L: q>(t)8(t- t0)dt, and we 

must always assign the value <f>(t0) to this expression. 
Admittedly, it is very difficult to think of a function in terms of the lin­

ear functional (5) that it induces. The advantage to this way of thinking, 
though, is that it is now possible to assign a derivative to every piecewise 
continuous function and to every "generalized function." To wit, suppose 
that f(t) is a differentiahte function. Then f'(t) induces the linear func­
tional 

K'[ <P] = L: <P(t)f'(t)dt. (7) 

Integrating by parts and using the fact that </>( t) vanishes for I tl sufficiently 
large, we see that 

K'[<P]= L: [ -<P'(t)]f(t)dt=K[ -q,']. (8) 
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2 Second-order linear differential equations 

Now, notice that the formula K'[cp]=K[-cp'] makes sense even if f(t) is 
not differentiable. This motivates the following definition. 

Definition. To every linear functional K[cp] we assign the new linear func­
tional K'[cp] by the formula K'[cp]= K[ -cp']. The linear functional K'[cp] 
is called the derivative of K[cp] since if K[cp] is induced by a differentia­
ble function f(t) then K'[cp] is induced by j'(t). 

Finally, we observe from (8) that the derivative of the delta function 
8 (t- t0) is the linear functional which assigns to each function cp the num­
ber -cp'(t0), for if Klcp]=cp(t0) then K'[cp]=K[ -cp']= -cp'(t0). Thus, 

loo cp(t)8'(t- t0 )dt= -cp'(t0) -oo 
for all differentiable functions cp(t). 

EXERCISES 

1. Let a be a fixed constant. Show that every solution of the differential equation 
(d 2yldt2)+2a(dyldt)+a2y=O can be written in the form 

y(t) = [ c1 + c2(t- a)Je-a(t-aJ. 

2. Solve the initial-value problern (d 2y I dt 2)+4(dy I dt)+Sy = f(t); y(O)= l,y'(O)= 
0, where f( t) is an impulsive force which acts on the extremely short time inter-

f i+T 
vall<;;t<;;l+T,and 1 f(t)dt=2. 

3. (a) Solve the initial-value problern (d 2y 1 dt 2)- 3(dy 1 dt) + 2y = f(t); y(O) = 1, 
y'(O) = 0, where f( t) is an impulsive function which acts on the extremely 

h • • 2 f2+T s ort time mterval 2.;; t.;; + 'T, and 2 f(t)di =- 1. 

(b) Solve the initial-value problern (d 2y I dt 2)- 3(dy I dt) + 2y =0; y(O)= I, y'(O) 
=0, on the interval 0.;; t.;; 2. Compute z0 = y(2) and z0= y'(2). Then solve 
the initial-value problern 

y(2)=z0, y'(2)=z0-l, 

Compare this solution with the solution of part (a). 

4. A particle of mass I is attached to a spring dashpot mechanism. The stiffness 
constant of the spring is 3 Njm and the drag force exerted on the particle by the 
dashpot mechanism is 4 times its velocity. At time t = 0, the particle is stretched ± 
m from its equilibrium position. At timet= 3 seconds, an impulsive force of very 
short duration is applied to the system. This force imparts an im pulse of 2 N · s to 
the particle. Find the displacement of the particle from its equilibrium position. 
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2.13 The convolution integral 

In Exercises 5-7 solve the given initial-value problem. 

d2y 
5. dt2 +y=sint+8(t-w); y(O)=O,y'(O)=O 

d2y dy 
6. dt2 + dt +y=28(t-l)-8(t-2); y(O)=l,y'(O)=O 

d2 dy 
7. ~2 +2-d +y=e- 1 +38(t-3); y(O)=O,y'(0)=3 

dt t 

8. (a) Solve the initial-value problern 

d2y 00 

- 2 +y= ~ 8(t-jw), y(O)=y'(O)=O, 
dt j-0 

and show that 

y(t)= { sint, 
0, 

in the interval nw < t < (n + l)w. 
(b) Solve the initial-value problern 

n even 
n odd 

d2y 00 

- 2 +y= ~ 8(t-2jw), y(O)=y'(O)=O, 
dt j-0 

and show that y(t) =(n + l)sint in the interval 2nw < t <2(n + l)w. 
This example indicates why soldiers are instructed to break cadence when 
marehing across a bridge. To wit, if the soldiers are in step with the natural 
frequency of the steel in the bridge, then a resonance situation of the type (b) 
may be set up. 

9. Letj(t) be the function which ist for t>t0, 0 for t=t0, and -t for t<t0. Let 
K[q>] be the linear functional 

K[q>]= L: q>(t)f(t)dt. 

Show that K'[q>J=K[-q>']=q>(t0). Thus, 8(t-t0) may be viewed as the deriva­
tive of f(t). 

2.13 The convolution integral 

Consider the initial-value problern 

d 2y dy 
a dt2 + b dt + cy = f ( t); y (0) = Yo• y'(O) = Yo· (I) 

Let Y(s)= e{y(t)} and F(s)= e{f(t)}. Taking Laplace transforms of 
both sides of the differential equation gives 

a[ s2Y(s)- sy0 - y0 J + b[ sY(s)- y 0 ] + cY (s) = F(s) 
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2 Second-order linear differential equations 

and this implies that 

Y( ) - as+ b + a , + s- Yo Yo ----. 
as2 + bs + c as2 + bs + c as2 + bs + c 

F(s) 

Now, let 

y,(t)=e-'{ as+b } 
as2 + bs+ c 

and 

h(t)=e-'{ 2 a }· 
as + bs+c 

Settingf(t)=O,y0 = 1 andy~=O, we see thaty 1(t) is the solution of the ho­
mogeneous equation which satisfies the initial conditions y 1(0) =I, Yi(O) = 
0. Similarly, by setting f(t)=O, y0 =0 and y~= I, we see that y2(t) is the 
solution of the homogeneaus equation which satisfies the initial conditions 
yiO) = 0, Y2(0) =I. This implies that 

1/;(t)=e-'{ F(s) } 
as2 + bs+ c 

is the particular solution of the nonhomogeneaus equation which satisfies 
the initial conditions 1[;(0) = 0, t[/(0) = 0. Thus, the problern of finding a par­
ticular solution l[;(t) of the nonhomogeneaus equation is now reduced to 
the problern of finding the inverse Laplace transform of the function 
F(s)j(as 2 + bs + c). If we look carefully at this function, we see that it is 
the product of two Laplace transforms; that is 

F(s) =e{J(t)}xe{ Y2(t) }· 
as2 +bs+c a 

It is natural to ask whether there is any simple relationship between l[;(t) 
and the functions f ( t) and h( t) / a. It would be nice, of course, if 1[;( t) were 
the product of f(t) withh(t)/ a, but this is obviously false. However, there 
is an extremely interesting way of combining two functions f and g 
together to form a new function f * g, which resembles multiplication, and 
for which 

e{ U*g)(t)} = e{f(t)} x q g(t) }. 

This combination of f and g appears quite often in applications, and is 
known as the convolution of f with g. 

Definition. The convolution (f * g)( t) of f with g is defined by the equation 

(f*g)(t)= Iot f(t- u) g(u)du. (2) 
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For example, ifj(t)=sin2t andg(t)=e 12, then 

(I 2 

U*g)(t)= Jo sin2(t- u)e" du. 

The convolution operator * clearly bears some resemblance to the mul­
tiplication operator since we multiply the value of f at the point t- u by 
the value of g at the point u, and then integrate this product with respect to 
u. Therefore, it should not be too surprising to us that the convolution op­
erator satisfies the following properties. 

Property 1. The convolution operator obeys the commutative law of multi­
plication; that is, (f * g)( t) = ( g * f)( t). 

PROOF. By definition, 

Let us make the substitution t- u = s in this integral. Then, 

U*g)(t)=- j 0 f(s)g(t-s)ds 
I 

= fo 1 g(t-s)f(s)ds=:(g*f)(t). 0 

Property 2. The convolution operator satisfies the distributive law of mul­
tiplication; that is, 

PRooF. See Exercise 19. 0 

Property 3. The convolution operator satisfies the associative law of multi­
plication; that is, U*g)*h=f*(g*h). 

PROOF. See Exercise 20. 0 

Property 4. The convolution of any function f with the zero function is 
zero. 

PROOF. Obvious. 0 

On the other hand, the convolution operator differs from the multiplica­
tion operator in that f *I =I= f and f * f=l= f 2• Indeed, the convolution of a 
function f with itself may even be negative. 

Example 1. Compute the convolution of f ( t) = t 2 with g( t) = I. 
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2 Second-order linear differential equations 

Solution. From Property 1, 

Example 2. Compute the convolution of f(t)=cost with itself, and show 
that it is not always positive. 
Solution. By definition, 

(j * j)(t) = fot cos( t-u) cosudu 

= fot (costcos2 u + sintsinucosu)du 

it 1 +cos2u . t . 
=cost 2 du+smt J~ smucosudu 

0 0 

_ t[ t + sin2t J + sin3 t -cos 2 -4- --2-

t cos t + sin t cos2 t + sin 3 t 
2 

t cos t + sin t ( cos2 t + sin2 t) 

2 
tcost+sint 

2 

This function, clearly, is negative for 

(2n+ 1)'77' < t <(2n+ 1)'77'+ ~'77', n =0, 1,2, .... 

We now show that the Laplace transform of f * g is the product of the 
Laplace transform of f with the Laplace transform of g. 

Theorem 9. e{(f•g)(t)} = e{j(t)} Xe{ g(t)}. 

PROOF. By definition, 

er (f•g)(t)}- J.~ .-·[ !,' f(t- u)g(u)du ]"'· 

This iterated integral equals the double integral 

J J e-stf(t-u)g(u)dudt 
R 

where R is the triangular region described in Figure 1. Integrating first 
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u 

t 

Figure I 

with respect to t, instead of u, gives 

Setting t - u = g, we see tha t 

Hence, 

e{ U*g)(t)} = [oo g(u)[ fo 00e-s"e-s~f(g)dg ]du 

= [ fooo g(u)e-s"du] [ fooo e-s~j(g)dg] 

=e{J(t)}xe{g(t)}. o 

Example 3. Find the inverse Laplace transform of the function 
a 

Solution. Observe that 

J... = e{ t} and ~ = e{ sinat}. 
s 2 s +a 

Hence, by Theorem 9 

e-I{ 2 2a 2 } = ('(t-u)sinaudu 
s (s +a ) lo 

at- sinat 
a2 
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Example 4. Find the inverse Laplace transform of the function 

I 

Solution. Observe that 

_!_ = E{l} and 
s s2 +2s+2 

I 2 = e { e -I sin t} . 
(s+1) +1 

Hence, by Theorem 9, 

e- 1 { 1 } = te-usinudu 
s(s2 +2s+2) Jo 

= -§: [ 1 - e - 1 ( cos t + sin t) ]. 

Remark. Let Y2(t) be the solution of the homogeneaus equation ay" + by' 
+ cy = 0 which satisfies the initial conditions y 2(0) = 0, A(O) =I. Then, 

Y2(t) 
![;(t)=f(t)* -a- (3) 

is the particular solution of the nonhomogeneaus equation ay" + by' + cy = 
f(t) which satisfies the initial conditions 1[;(0) = 1[;'(0) = 0. Equation (3) is 
often much simpler to use than the variation of parameters formula de­
rived in Section 2.4. 

EXERCISES 

Compute the convolution of each of the following pairs of functions. 

3. cosat, cosbt 4. sinat, sinbt, a=!=b 

5. sin at, sin at 6. t, sint 

Use Theorem 9 to invert each of the following Laplace transforms. 

7. 1 8. s 9. s 
s2(s2+ 1) (s+ l)(s2 +4) (s2+ 1)2 

1 
12. 2 

(s2 + 1) 

Use Theorem 9 to find the solution y(t) of each of the following integro­
differential equations. 

13. y(t)=4t- 3 {y(u)sin(t- u)du 

14. y(t)=4t-3 {y(t- u)sinudu 
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15. y'(t)=sint+ {y(t- u)cosudu, y(O)=O 

16. y(t)=4t2 - {y(u)e-(t-u)du 

17. y'(t)+2y + {y(u)du=sint, y(O)= 1 

18. y(t)= t-e' {y(u)e-udu 

19. Prove thatf•(g+ h)= f•g+ f•h. 

20. Prove that (f•g)•h=f•(g•h). 

2.14 The method of elimination for systems 

The theory of second-order linear differential equations can also oe used 
to find the solutions of two simultaneaus first-order equations of the form 

x'= ~~ =a(t)x+b(t)y+f(t) 

dy 
y'= dt =c(t)x+d(t)y+g(t). 

(1) 

The key idea is to eliminate one of the variables, say y, and then find x as 
the solution of a second-order linear differential equation. This technique 
is known as the method of elimination, and we illustrate it with the follow­
ing two examples. 

Example 1. Find all solutions of the simultaneaus equations 

x'=2x+y+ t 

y'=x+3y+l. 

Solution. First, we solve for 

(2) 

y = x'- 2x- t (3) 

from the first equation of (2). Differentiating this equation gives 

y'= x" -2x' -1 =x +3y + 1. 

Then, substituting for y from (3) gives 

x" -2x' -1 = x+3(x' -2x- t)+ 1 

so that 
x"-5x'+5x=2-3t. (4) 

Equation (4) is a second-order linear equation and its solution is 

. (1 +3t) 
x(t)=e5t/2[ cieVS t/2+c2e-Vs t/2]- 5 
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2 Second-order linear differential equations 

for some constants c1 and c2• Finally, plugging this expression into (3) gives 

(/) - 5tf2[ l+YS v'5t/2+ 1-v'S -v'St/2]+ t-I y - e 2 cle 2 c2e 5 . 

Example 2. Find the solution of the initial-value problern 

x'=3x-y, 

y'=x+y, 

x(0)=3 

y(O)=O. 

Solution. From the first equation of (5), 

y=3x-x'. 

Differentiating this equation gives 

y'=3x'- x" =x + y. 

Then, substituting for y from (6) gives 

3x'- x" = x+3x- x' 
so that 

x"-4x'+4x=O. 
This implies that 

x(t) =(c1 +c2t)e21 

for some constants c1, c2, and plugging this expression into (6) gives 

y(t)=(c1- c2 + c 2t)e21 • 

The constants c1 and c2 are determined from the initial conditions 

Hence c1 =3, c2 =3 and 

x(O) =3 = c1 

y(O)=O= c1 - c2• 

x( t) = 3(1 + t) e21, y( t) = 3te21 

is the solution of (5). 

(5) 

(6) 

Remark. The simultaneous equations (1) are usually referred to as a first­
order system of equations. Systems of equations are treated fully in 
Chapters 3 and 4. 

EXERCISES 

Find all solutions of each of the following systems of equations. 

1. x'=6x-3y 
y'=2x+y 
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3. x'= -3x+2y 
y'= -x-y 

4. x'=x+y+e 1 

y'=x-y-e 1 

Find the solution of each of the following initial-value problems. 

5. x'=x+y, x(0)=2 
y'=4x+y, y(0)=3 

7. x'=x-y, x(0)=1 
y'=5x-3y, y(0)=2 

9. x'=4x+5y+4e 1 cost, x(O)=O 
y'= -2x-2y, y(O)=O 

ll. x'=2x-5y+sint, x(O)=O 
y'=x-2y+tant, y(O)=O 

2.15 Higher-order equations 

6. x'=x-3y, x(O)=O 
y'= -2x+2y, y(0)=5 

8. x'=3x-2y, x(O)= 1 
y'=4x-y, y(0)=5 

10. x'=3x-4y+e 1, x(0)=1 
y'=x-y+e1, y(O)= 1 

12. x'=y+fi(t), x(O)=O 
y'= -x+h(t), y(O)=O 

In this section we briefly discuss higher-order linear differential equations. 

Definition. The equation 

dny dn-y 
L[y] = an(t) d n + an-l (t)--1 + ... +a0(t)y =0, an(t):;,!,O (1) 

t dtn-

is called the general nth order homogeneous linear equation. The dif­
ferential equation (1) together with the initial conditions 

(t ) - '(t )- t (n-l)(t )- (n-1) Y o -yo, Y o -yo, ... ,y o -Yo (1') 

is called an initial-value problem. The theory for Equation (1) is com­
pletely analogous to the theory for the second-order linear homoge­
neous equation which we studied in Sections 2.1 and 2.2. Therefore, we 
will state the relevant theorems without proof. Complete proofs can be 
obtained by generalizing the methods used in Sections 2.1 and 2.2, or by 
using the methods to be developed in Chapter 3. 

Theorem 10. Let y 1(t), ... ,yn(t) be n independent solutions of (1); that is, no 
solution Y/t) is a linear combination of the other solutions. Then, every 
solution y(t) of (1) is of the form 

(2) 

for some choice of constants c1, ... , cn- For this reason, we say that (2) is 
the generat solution of ( 1 ). 

To find n independent solutions of (1) when the coefficients a0, a1, ... ,an 
do not depend on t, we compute 

(3) 
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2 Second-order linear differential equations 

This implies that err is a solution of (1) if, and only if, r is a root of the 
characteristic equation 

(4) 

Thus, if Equation (4) has n distinct roots r1, ... ,rn, then the general solution 
of (1) isy(t)=c1e''1 + ... +cne'•1• If 'j=a1 +iß1 is a complex root of (4), 
then 

and 
v(t) =Im{ e'i1 } = ea,r sinß_/ 

are two real-valued solutions of (1). Finally, if r 1 is a root of multiplicity k; 
that is, if 

anrn + ... + a0= (r- r1)kq(r) 

where q(r1)*0, then e''1, te''1, ... ,tk-le''1 arekindependent solutions of 
(1). We prove this last assertion in the following manner. Observe from (3) 
that 

L[ e'1 ] = (r- r1)kq(r)e'1 

if r 1 is a root of multiplicity k. Therefore, 

= ~(r- r1)kq(r)e'1l 
ar1 r- r, 

=0, for 1 <.j<k. 

Example 1. Find the general solution of the equation 

d4y 
-+y=O. 
dt4 

(5) 

Solution. The characteristic equation of (5) is r4 + 1 =0. We find the roots 
of this equation by noting that 

Hence, 

r 1 = ei"'/4 = cos:!.. + isin:!.. = - 1-(1 + i) 
4 4 V2 ' 

3wi/4 3'17 · · 3'17 1 (1 ') r2 = e = cos 4 + 1 sm 4 = - V2 - 1 , 

Swi/4 5'17 · · 5'17 1 (1 ') r3 = e = cos 4 + 1 sm 4 =- V2 + 1 , 
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2.15 Higher-order equations 

and 

7wi/4 7 1r • • 7 1r 1 ( 1 .) r4 =e =cos- +1sm- = -- -1 
4 4 V2 

are 4 roots of the equation r4 + I =0. The roots r3 and r4 are the complex 
conjugates of r2 and r 1, respectively. Thus, 

e''1 = e 11Y'i [ cos ~ + isin ~ ] 
and 

are 2 complex-valued solutions of (5), and this implies that 

are 4 real-valued solutions of (5). These solutions are clearly independent. 
Hence, the general solution of (5) is 

y(t)= e 11Y'i [a1cos - 1- +b1sin - 1-] 
V2 V2 

+ e-t/Y'i [a cos - 1- + b sin - 1- ]· 2\12 2\12 

Example 2. Find the general solution of the equation 

d4y d3y d2y dy 
--3-+3---=0. 
dt4 dt3 dt2 dt 

Solution. The characteristic equation of (6) is 

0= r4 -3r3 +3r2 - r= r(r3 -3r2 +3r-I) 

= r(r-1)3. 

(6) 

Its roots are r 1 = 0 and r 2 = I, with r 2 = I a root of multiplicity three. Hence, 
the generat solution of (6) is 

Y( t) = c1 + ( c2 + c3t + c4t2)e 1• 

The theory for the nonhomogeneaus equation 

dny 
L[y] = an(t) dtn + ... + ao(t)y = f(t), an(t)~O (7) 
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2 Second-order linear differential equations 

is also completely analogous to the theory for the second-order nonhomo­
geneous equation. The following results are the analogs of Lemma 1 and 
Theorem 5 of Section 2.3. 

Lemma 1. The difference of any two solutions of the nonhomogeneous equa­
tion (7) is a so/ution of the homogeneous equation (1). 

Theorem 11. Let 1/;(t) be a particular solution of the nonhomogeneous equa­
tion (7), and Iet y 1(t), ... ,yn(t) be n independent solutions of the homoge­
neous equation (1). Then, every so/ution y(t) of (7) is of the form 

for some choice of constants c1, c2, ••. ,cn. 

The method of judicious guessing also applies to the nth-order equation 

(8) 

1t is easily verified that Equation (8) has a particular solution 1/;(t) of the 
form 

if ea1 is not a solution of the homogeneous equation, and 

t/;(t)=t1[ c0 +c1t+ ... +cktk]ea1 

if ti-iea1 is a solution of. the homogeneous equation, but tiea1 is not. 

Example 3. Find a particular solution !f(t) of the equation 

dy d 2y dy 
L[y] =-+3- +3- +y=e 1• 

dt 3 dt 2 dt 
(9) 

Solution. The characteristic equation 

r3 +3r2 +3r+ 1 =(r+ 1)3 

has r = - 1 as a triple root. Hence, e 1 is not a solution of the homogeneous 
equation, and Equation (9) has a particular solution !f(t) of the form 

!f(t)=Ae1• 

Computing L[t/;](t)=8Ae 1, we see that A =k. Consequently, !f(t)=ie' is a 
particular solution of (9). 

There is also a variation of parameters formula for the nonhomoge­
neous equation (7). Let v(t) be the solution of the homogeneous equation 
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2.15 Higher-order equations 

(I) which satisfies the initial conditions v(t0)=0, v'(t0)=0, ... ,v<n-2l(t0)=0, 
v<n-ll(t0) =I. Then, 

( v(t-s) 
1/;(t)= }._ an(s) f(s)ds 

to 

is a particular solution of the nonhomogeneaus equation (7). We will prove 
this assertion in Section 3.12. (This can also be proven using the method of 
Laplace transforms; see Section 2.13.) 

EXERCISES 

Find the general solution of each of the following equations. 

1. y"' -2y"-y' +2y =0 2. y"' -6y" +5y' + 12y =0 

3. y(iv)_ 5y"' +6y" +4y'- Sy =0 4. y"'-y"+y'-y=O 

Solve each of the following initial-value problems. 

5. y(iv>+4y"' + l4y"- 20y' +25y =0; y(O)= y'(O)= y"(O)=O, y"'(O)=O 

6. y<iv)_ y =0; y(O)= 1, y'(O)= y"(O)=O, y"'(O)= -1 

7. y<v>- 2y(ivJ + y"' =0; y(O)= y'(O)= y"(O) = y"'(O) =0, y<ivl(O) = -1 

8. Given that y 1(t) = e1 cost is a solution of 

y(iv)_2y"' + y" +2y' -2y=O, (*) 

find the general solution of (*). Hint: Use this information to find the roots of 
the characteristic equation of (*). 

Find a particular solution of each of the following equations. 

9. y"'+y'=tant 10. y(iv)_y=g(t) 

11. y(iv) + Y = g(t) 

13. y'" -4y'= t+cost+2e- 2' 

15. y<iv) + 2y" + y = t2 sint 

17. y"'+y"+y'+y=t+e- 1 

12. y"'+y'=2t2 +4sint 

14. y<iv)_y=t+sint 

16. y(vi)+ y" = 12 

18. y<iv)+4y"' +6y" +4y' + y = t3e- 1 

Hint for (18): Make the substitution y = e _,v and so1ve for v. Otherwise, it will 
take an awfully long time to do this problem. 
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