Separation of variables
and Fourier series

5.1 Two point boundary-value problems

In the applications which we will study in this chapter, we will be con-
fronted with the following problem.

Problem: For which values of A can we find nontrivial functions y(x)
which satisfy

d 2y , ’

;,;7+}\y=0; ay(0)+by'(0)=0, cy(I)+dy'(1)=0? (1)
Equation (1) is called a boundary-value problem, since we prescribe infor-
mation about the solution y(x) and its derivative y’(x) at two distinct
points, x=0 and x=/. In an initial-value problem, on the other hand, we
prescribe the value of y and its derivative at a single point x = x,,

Our intuitive feeling, at this point, is that the boundary-value problem
(1) has nontrivial solutions y(x) only for certain exceptional values A. To
wit, y(x)=0 is certainly one solution of (1), and the existence—uniqueness
theorem for second-order linear equations would seem to imply that a
solution y(x) of y” +Ay =0 is determined uniquely once we prescribe two
additional pieces of information. Let us test our intuition on the following
simple, but extremely important example.

Example 1. For which values of A does the boundary-value problem

d2y
E+>\y=0; y(0)=0, y(I)=0 (2)

have nontrivial solutions?
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5.1 Two point boundary-value problems

Solution.

(i) A=0. Every solution y(x) of the differential equation y” =0 is of the
form y (x)=c,;x+ c,, for some choice of constants ¢, and c,. The condition
y(0)=0 implies that ¢,=0, and the condition y(/)=0 then implies that ¢, =
0. Thus, y(x)=0 is the only solution of the boundary-value problem (2),
for A=0.

(ii) A<O0: In this case, every solution y(x) of y”+Ay=0 is of the form

y(x)= c,e\/j‘ *+c,e”V™A* for some choice of constants ¢, and c,. The
boundary conditions y(0)=y(/)=0 imply that
a+e,=0, eV e +e "V e,=0. (3)

The system of equations (3) has a nonzero solution ¢, ¢, if, and only if,

1 1 VIR VX
det(e\/_—)\[ e—\/TXI)—e —e =0.

This 1mphes that e¥=2'=¢~V=A/ or ¢2V-X=1. But this is impossible,
since e’ is greater than one for z >O. Hence, ¢, =c¢,=0 and the boundary-
value problem (2) has no nontrivial solutions y(x) when A is negative.

(iii) A>0: In this case, every solution y(x) of y” +Ay =0 is of the form
y(x)=c,cosVA x+c,sinVX x, for some choice of constants ¢, and c,.
The condition y(0)=0 implies that ¢, =0, and the condition y(/)=0 then
implies that ¢,sin VA /=0. This equation is satisfied, for any choice of c,,
if VA I=nm, or A=n2?72/1% for some positive integer n. Hence, the
boundary-value problem (2) has nontrivial solutions y(x)=csinnnx /I for
A=n?72/1%, n=12,....

Remark. Our calculations for the case A <0 can be simplified if we write
every solution y(x) in the form y=c¢,coshV —A x+c,sinhV —A x, where

V—}\x+e—v—)\x
2

coshV —A x=£

and

sinhV—A x=£ —€

The condition y(0)=0 implies that ¢, =0, and the condition y(/)=0 then
implies that ¢,sinhV —A /=0. But sinh z is positive for z >0. Hence, ¢,=0,
and y(x)=0.

Example 1 is indicative of the general boundary-value problem (1). In-

deed, we have the following remarkable theorem which we state, but do
not prove.
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5 Separation of variables and Fourier series

Theorem 1. The boundary-value problem (1) has nontrivial solutions y(x)
only for a denumerable set of values \|,\,,..., where \| <\,..., and \, ap-
proaches infinity as n approaches infinity. These special values of A\ are
called eigenvalues of (1), and the nontrivial solutions y(x) are called eigen-
Sfunctions of (1). In this terminology, the eigenvalues of (2) are
72 /1%,47% /12,972 /1%,..., and the eigenfunctions of (2) are all constant
multiples of sinmx /l,sin2nx/|,....

There is a very natural explanation of why we use the terms eigenvalue
and eigenfunction in this context. Let V be the set of all functions y(x)
which have two continuous derivatives and which satisfy ay(0)+ by'(0)=
0,cy(1)+dy’(l)=0. Clearly, V is a vector space, of infinite dimension.
Consider now the linear operator, or transformation L, defined by the

equation 2

[ Ly](x)= - %w. @

The solutions y(x) of (1) are those functions y in V for which Ly =MAy. That
is to say, the solutions y(x) of (1) are exactly those functions y in V which
are transformed by L into multiples A of themselves.

Example 2. Find the eigenvalues and eigenfunctions of the boundary-value
problem

d% ,

-‘};+>\y=0; y(0)+y'(0)=0, y(1)=0. (%)
Solution.

(1) A=0. Every solution y(x) of y” =0 is of the form y(x)=c,x + c,, for
some choice of constants ¢, and c¢,. The conditions y(0)+y’(0)=0 and y(1)
=0 both imply that ¢,= ~c,. Hence, y(x)=c(x—1), ¢#0, is 2 nontrivial
solution of (5) when A=0; i.e., y(x)=c(x—1), c#0, is an eigenfunction of
(5) with eigenvalue zero.

(if) A<O0. In this case, every solution y(x) of y”+Ay =0 is of the form
y(x)=c,coshV =X x+¢,sinhV =X x, for some choice of constants ¢, and
¢,. The boundary conditions y(0)+y’(0)=0 and y(1)=0 imply that

i+ V—=Ac,=0, coshV —A ¢, +sinhV —A ¢,=0. (6)

(Observe that (cosh x)' =sinhx and (sinh x)’' =cosh x.) The system of equa-
tions (6) has a nontrivial solution c,,¢, if, and only if,

det 1 V=X )=sinhV=X = V=X coshV=x =0.
coshV—A sinhV -A

This implies that
sinhV —A =V —A coshV —A . @)
But Equation (7) has no solution A <0. To see this, let z=V —A , and con-
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5.1 Two point boundary-value prcblems

sider the function #(z)=z coshz —sinhz. This function is zero for z=0 and
is positive for z >0, since its derivative

h'(z)=coshz+ zsinhz —coshz=zsinhz

is strictly positive for z>0. Hence, no negative number A can satisfy (7).

(ii)) A>0. In this case, every solution y(x) of y”+Ay =0 is of the form
y(x)=c, cosVA x + ¢,sinVA x, for some choice of constants ¢, and c,.
The boundary conditions imply that

¢,+VAc,=0, cosVA ¢, +sinVA ¢,=0. (8)

The system of equations (8) has a nontrivial solution c,,c, if, and only if,

det( 1 VA )=sin\/X — VA cosVA =0.
cosVA  sinVA

This implies that
tanVA =VA . 9)

To find those values of A which satisfy (9), we set £= VX and draw the
graphs of the functions n=¢ and n=tan{ in the £— 7 plane (see Figure 1);
the £ coordinate of each point of intersection of these curves is then a root
of the equation £=tané. It is clear that these curves intersect exactly once
in the interval 7 /2 <§¢<37 /2, and this occurs at a point §; > . Similarly,
these two curves intersect exactly once in the interval 37 /2<§<57/2, and
this occurs at a point £, >27. More generally, the curves n=§ and n=tan{
intersect exactly once in the interval

2n-1)7w Cn+1)7w
7 <872
and this occurs at a point £, > nx.

7

I I l 7= tane

-

—= gl \— — ——=
3
(X
3
™o
3

Figure 1. Graphs of n=¢ and n=tan{
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5 Separation of variables and Fourier series

Finally, the curves 7 =¢§ and n=tan{ do not intersect in the interval 0<
§<x /2. To prove this, set h(§)=tan{—¢ and compute
K (§)=sec’t{— 1=tan’.

This quantity is positive for 0 <{ <« /2. Consequently, the eigenvalues of
(5) are A\, =£2,A,=£2,..., and the eigenfunction of (5) are all constant mul-

tiples of the functions — VA, cos VA, x+sinVA; x, — VA, cos VA, x

+sin VA, x,.... We cannot compute A, exactly. Nevertheless, we know
that

n2a2 <\, <(2n+1)’7*/4.

In addition, it is clear that A, approaches (2n+ 1)?7?/4 as n approaches in-
finity.

EXERCISES

Find the eigenvalues and eigenfunctions of each of the following
boundary-value problems.

Ly +MA;=0; y(0)=0, y'()=0

2. y"+hp=0; y'(0)=0, y'()=0

3.y"=N=0;  y(0)=0, y'()=0

4. y"+N=0; y'(0)=0, y()=0

5. 0"+ =0; y(0)=0, y(m)—y'(m)=0

6. y"+A =0, y(0)-y©0)=0, y(1)=0

7.y "+ =0,  yO)-y'0)=0, y(m)—y'(m)=0

8. For which values of A does the boundary-value problem

Y'='+(1+N)y=0;  »(0)=0, y(1)=0

have a nontrivial solution?

9. For which values of A does the boundary-value problem

Y'+hy=0;  y(0)=yQ27), y'(0)=y'(2m)
have a nontrivial solution?

10. Consider the boundary-value problem

Y+ =£(1); »(0)=0, y(1)=0 *)
(a) Show that (*) has a unique solution y(¢) if A is not an eigenvalue of the ho-
mogeneous problem.

(b) Show that (*) may have no solution y(¢) if A is an eigenvalue of the homo-
geneous problem.

(c) Let A be an eigenvalue of the homogeneous problem. Determine conditions
on f so that (*) has a solution y(¢). Is this solution unique?
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5.2 Introduction to partial differential equations

5.2 Introduction to partial differential equations

Up to this point, the differential equations that we have studied have all
been relations involving one or more functions of a single variable, and
their derivatives. In this sense, these differential equations are ordinary dif-
ferential equations. On the other hand, many important problems in ap-
plied mathematics give rise to partial differential equations. A partial dif-
ferential equation is a relation involving one or more functions of several
variables, and their partial derivatives. For example, the equation

D ()0t
9x3 ot 9x?

is a partial differential equation for the function u(x,?), and the equations
ou _ dv ou _ _ do

wo e yo ax
are a system of partial differential equations for the two functions u(x,y)
and v(x,y). The order of a partial differential equation is the order of the
highest partial derivative that appears in the equation. For example, the
order of the partial differential equation

2u_, 0%
ar? dxot

+u

is two, since the order of the highest partial derivative that appears in this
equation is two.

There are three classical partial differential equations of order two
which appear quite often in applications, and which dominate the theory
of partial differential equations. These equations are

w_ 23%u 1
=Y g (1)
0%u  ,0%u
3u_ 20% 2
ar? ox? @)
and
2 2
%  %u_, 3)
ox?  y?

Equation (1) is known as the heat equation, and it appears in the study
of heat conduction and other diffusion processes. For example, consider a
thin metal bar of length / whose surface is insulated. Let u(x,¢) denote the
temperature in the bar at the point x at time ¢. This function satisfies the
partial differential equation (1) for 0< x < /. The constant a? is known as
the thermal diffusivity of the bar, and it depends solely on the material
from which the bar is made.
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5 Separation of variables and Fourier series

Equation (2) is known as the wave equation, and it appears in the study
of acoustic waves, water waves and electromagnetic waves. Some form of
this equation, or a generalization of it, almost invariably arises in any
mathematical analysis of phenomena involving the propagation of waves
in a continuous medium. (We will gain some insight into why this is so in
Section 5.7.) The wave equation also appears in the study of mechanical
vibrations. Suppose, for example, that an elastic string of length /, such as
a violin string or guy wire, is set in motion so that it vibrates in a vertical
plane. Let u(x,f) denote the vertical displacement of the string at the point
x at time ¢ (see Figure 1). If all damping effects, such as air resistance, are
negligible, and if the amplitude of the motion is not too large, then u(x,?)
will satisfy the partial differential equation (2) on the interval 0< x < /. In
this case, the constant c? is H/p, where H is the horizontal component of
the tension in the string, and p is the mass per unit length of the string.

u(x,t)
/-\ x
\/ 2

Figure 1

Equation (3) is known as Laplace’s equation, and is the most famous of
all partial differential equations. It arises in the study of such diverse ap-
plications as steady state heat flow, vibrating membranes, and electric and
gravitational potentials. For this reason, Laplace’s equation is often re-
ferred to as the potential equation.

In addition to the differential equation (1), (2), or (3), we will often im-
pose initial and boundary conditions on the function u. These conditions
will be dictated to us by the physical and biological problems themselves;
they will be chosen so as to guarantee that our equation has a unique solu-
tion.

As a model case for the heat equation (1), we consider a thin metal bar
of length / whose sides are insulated, and we let u(x,) denote the tempera-
ture in the bar at the point x at time 7. In order to dermine the temperature
in the bar at any time ¢ we need to know (i) the initial temperature distrib-
ution in the bar, and (ii) what is happening at the ends of the bar. Are they
held at constant temperatures, say 0°C, or are they insulated, so that no
heat can pass through them? (This latter condition implies that u, (0,f)=
u.(/,t)=0.) Thus, a “well posed” problem for diffusion processes is the
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5.3 The heat equation; separation of variables

heat equation (1), together with the initial condition u(x,0)=f(x), 0< x <
[, and the boundary conditions #(0,¢)=u(/,#)=0, or u, (0,1)=u, (/,1)=0.

As a model case for the wave equation, we consider an elastic string of
length /, whose ends are fixed, and which is set in motion in a vertical
plane. In order to determine the position u(x,¢) of the string at any time #
we need to know (i) the initial position of the string, and (ii) the initial
velocity of the string. It is also implicit that u(0,7)=u(/,¢)=0. Thus, a well
posed problem for wave propagation is the differential equation (2)
together with the initial conditions u(x,0)=f(x), #,(x,0)= g(x), and the
boundary conditions u(0,7)=u(/,1)=0.

The partial differential equation (3) does not contain the time ¢, so that
we do not expect any “initial conditions” to be imposed here. In the prob-
lems that arise in applications, we are given u, or its normal derivative, on
the boundary of a given region R, and we seek to determine u(x,y) inside
R. The problem of finding a solution of Laplace’s equation which takes on
given boundary values is known as a Dirichlet problem, while the problem
of finding a solution of Laplace’s equation whose normal derivative takes
on given boundary values is known as a Neumann problem.

In Section 5.3 we will develop a very powerful method, known as the
method of separation of variables, for solving the boundary-value problem
(strictly speaking, we should say “initial boundary-value problem”)

au 28

TR 2; u(x,0)=f(x), 0<x<l; u(0,6)=u(l,1)=0.
X

After developing the theory of Fourier series in Sections 5.4 and 5.5, we
will show that the method of separation of variables can also be used to
solve more general problems of heat conduction, and several important
problems of wave propagation and potential theory.

5.3 The heat equation; separation of variables

Consider the boundary-value problem

%’; az%—, w(x,0)=f(x), 0<x<l; u(0,f)=u(l,)=0. (1)

Our goal is to find the solution u(x,?) of (1). To this end, it is helpful to
recall how we solved the initial-value problem
d 2y ’ ’
7l +p(t) ; Ta()y=0; y(0)=yo y'(0)=yo (2
First we showed that the differential equation
2

p(t) ; Ta(0)y=0 (3)
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5 Separation of variables and Fourier series

is linear; that is, any linear combination of solutions of (3) is again a solu-
tion of (3). And then, we found the solution y(¢) of (2) by taking an ap-
propriate linear combination c, y,(¢)+ ¢, y,(¢) of two linearly independent
solutions y,(¢) and y,(¢) of (3). Now, it is easily verified that any linear
combination ¢ u;(x,)+ ... +¢,u,(x,?) of solutions u,(x,?),...,u,(x,) of

du _ ,0°%u

PR Py} 4
is again a solution of (4). In addition, if u,(x,?),...,u,(x,?) satisfy the
boundary conditions u(0,#)=u(/,f)=0, then the linear combination c,u,
+ ... +c,u, also satisfies these boundary conditions. This suggests the
following “game plan” for solving the boundary-value problem (1):

(a) Find as many solutions u,(x,?),u,(x,?),... as we can of the

boundary-value problem

du_ 23%u, - -
TR e u(0,0)=u(l,1)=0. (5)

(b) Find the solution u(x, ) of (1) by taking an appropriate linear com-
bination of the functions u,(x,?), n=1,2,....

(a) Since we don’t know, as yet, how to solve any partial differential
equations, we must reduce the problem of solving (5) to that of solving one
or more ordinary differential equations. This is accomplished by setting
u(x,0)=X (x)T () (hence the name separation of variables). Computing

du 0%u

E=XT and §=X T

we see that u(x,f)= X (x)T(¢) is a solution of the equation u, = a’u,,

(u,=0u/ 3t and u_ = 3%u/dx? if

XT'=aX"T. (6)
Dividing both sides of (6) by a®XT gives
X ” T/
X _1 7
X = o7 (7)

Now, observe that the left-hand side of (7) is a function of x alone, while
the right-hand side of (7) is a function of ¢ alone. This implies that
X" _ r__

X = A, and T A ®
for some constant A. (The only way that a function of x can equal a func-
tion of ¢ is if both are constant. To convince yourself of this, let f(x)=g(¢)
and fix #,. Then, f(x)=g(t,) for all x, so that f(x)=constant=¢,, and this
immediately implies that g(¢) also equals ¢,.) In addition, the boundary
conditions

0= 4(0,1)= X (0)T (),
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5.3 The heat equation; separation of variables

and
O=u(l,t)y=X()T (1)

imply that X (0)=0 and X (/)=0 (otherwise, u must be identically zero).
Thus, u(x,t)=X(x)T(¢) is a solution of (5) if

X"+AX=0; X(0)=0, X(/)=0 9)
and
T’ +Aa’T=0. (10)
At this point, the constant A is arbitrary. However, we know from Example
1 of Section 5.1 that the boundary-value problem (9) has a nontrivial solu-
tion X (x) only if A=\, =n?7%/1% n=1,2,...; and in this case,
nx

X(x)=X, (x)=sin——l~.

Equation (10), in turn, implies that

T(t)=T,(f)=e"x"""/""

(Actually, we should multiply both X, (x) and T,(¢) by constants; however,
we omit these constants here since we will soon be taking linear combina-
tions of the functions X, (x)7,(¢).) Hence,
u,(x,1)=sin —m;x e~ nmYL
is a nontrivial solution of (5) for every positive integer n.
(b) Suppose that f(x) is a finite linear combination of the functions
sinnzx /1; that is,

N
f(x)= 2 c,,sin%.

n=1
Then,

N

. NTX _olnlalt/]?
u(x,t)= Ecnsm—l-e acnimie/l
n=1

is the desired solution of (1), since it is a linear combination of solutions of
(5), and it satisfies the initial condition
N
u(x,0)= cnsini’fl’-’i =f(x), O<x<lL

n=1

Unfortunately, though, most functions f(x) cannot be expanded as a finite
linear combination of the functions sinnwx//, n=1,2,..., on the interval
0< x <. This leads us to ask the following question.

Question: Can an arbitrary function f(x) be written as an infinite linear
combination of the functions sinnwx//, n=1,2,..., on the interval 0< x <
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5 Separation of variables and Fourier series

{? In other words, given an arbitrary function f, can we find constants
€1yCy..., such that

f(x)= clsm +c231n—+ —zcsm—; O<x<?

n=1
Remarkably, the answer to this question is yes, as we show in Section 5.5.

Example 1. At time =0, the temperature u(x,0) in a thin copper rod (a?
=1.14) of length one is 2sin37x +5sin8#x, 0< x < 1. The ends of the rod
are packed in ice, so as to maintain them at 0°C. Find the temperature
u(x,t) in the rod at any time ¢ >0.

Solution. The temperature u(x, ) satisfies the boundary-value problem

du _ 143 u u(x,0)=2sin37x+5sin87x, 0<x<1
™ u(0,0)=u(1,1)=0

and this implies that

u(x,t)=2sin3mxe 2197 4 S5in §mx ¢ ~ 4017,

EXERCISES
Find a solution u(x,¢) of the following problems.

la_u L 3%u, {u(x,O)=sin7rx/2+3sin57rx/2, 0<x<2

T oo ax2’ | u(0,))=u(2,/)=0

2 au_l 1432,4‘ u(x,0)=sinmx/2—-3sin27x, 0<x<2

T T ax?’ u(0,0)=u(2,/)=0

3. Use the method of separation of variables to solve the boundary-value problem
du _d3%u u(x,0)=3sin27x—7sindnx, 0<x<10
ax2 | u(0,0)=u(10,/)=0

Use the method of separation of variables to solve each of the following
boundary-value problems.

§'i=§ﬁ~ =¢ ~%
4. TR u(0,y)=e’+e

Q:@.- —_p— 3t 2
s. TR TR u(t,0)=e +e
6. B wOy)=2er—e¥
oy T Oy
7. W u(,0)=e 5 20— 14
Ty W oue



5.4 Fourier series

8. Determine whether the method of separation of variables can be used to re-
place each of the following partial differential equations by pairs of ordinary
differential equations. If so, find the equations.

(a) tu,+u,=0 ®) tu, +xu,=0
(©) U +(x _'y)uyy=0 (@) ue+2u, +u,=0

9. The heat equation in two space dimensions is
=q2
U=a (uxx+uyy)' (‘)

(a) Assuming that u(x,y,f)=X (x)Y(»)T (), find ordinary differential equa-
tions satisfied by X, Y, and T.

(b) Find solutions u(x,y,#) of (*) which satisfy the boundary conditions
u(0,y,6)=0, u(a,y,1)=0, u(x,0,1)=0, and u(x,b,1)=0.

10. The heat equation in two space dimensions may be expressed in terms of polar
coordinates as

1 1
=l u,+ —u+ —ug
r r?

Assuming that u(r,8,7)= R(r)®(#)T (1), find ordinary differential equations
satisfied by R, O, and T.

5.4 Fourier series

On December 21, 1807, an engineer named Joseph Fourier announced to
the prestigious French Academy of Sciences that an arbitrary function f(x)
could be expanded in an infinite series of sines and cosines. Specifically, let
f(x) be defined on the interval —/< x </, and compute the numbers

i
a,,=%f f()eos™E dx,  n=0,1,2,... (1)
—1
and
b, = zf f)sin®Eax,  n=1.2,... )
Then, the infinite series
) 4 o~ nwx . nmx
3 +a1cos +b sinZ ] X 4, +§1 [a,,cos—l— +b,,sm—l——} 3

converges to f(x). Fourier’s announcement caused a loud furor in the
Academy. Many of its prominent members, including the famous mathe-
matician Lagrange, thought this result to be pure nonsense, since at that
time it could not be placed on a rigorous foundation. However, mathema-
ticians have now developed the theory of “Fourier series” to such an extent
that whole volumes have been written on it. (Just recently, in fact, they
have succeeded in establishing exceedingly sharp conditions for the Four-
ier series (3) to converge. This result ranks as one of the great mathemati-
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5 Separation of variables and Fourier series

cal theorems of the twentieth century.) The following theorem, while not
the most general theorem possible, covers most of the situations that arise
in applications.

Theorem 2. Let f and f' be piecewise continuous on the interval — 1< x <.
(This means that f and ' have only a finite number of discontinuities on
this interval, and both f and f' have right- and left-hand limits at each
point of discontinuity.) Compute the numbers a, and b, from (1) and (2)
and form the infinite series (3). This series, which is called the Fourier
series for f on the interval — 1< x <, converges to f(x) if f is continuous
at x, and to %[f(x+0) +f(x—O)]* if f is discontinuous at x. At x= =1,
the Fourier series (3) converges to i[f(I)+f(—1)], where f(£1) is the
limit of f(x) as x approaches * .

Remark. The quantity %[ f(x+0)+ f(x —0)] i1s the average of the right-
and left-hand limits of f at the point x. If we define f(x) to be the average
of the right- and left-hand limits of f at any point of discontinuity x, then
the Fourier series (3) converges to f(x) for all points x in the interval — /<
x <.

Example 1. Let f be the function which is 0 for —1<x<0and 1 for 0< x
< 1. Compute the Fourier series for f on the interval —1< x < 1.
Solution. In this problem, /= 1. Hence, from (1) and (2),

a0=£llf(x)dx=j(;]dx=l,

I !
a,,=f f(x)cosnwxdx=f cosnmxdx =0, n>1
-1 0

and

l . l .
b,,=f_ f(x)smmrxdx—j(; sin nmx dx

1
1-(-1"
=L(l—cosn7r)=—(——i, n>1.
nw na

Notice that b, =0 for n even, and b,=2/n= for n odd. Hence, the Fourier
series for f on the interval — 1< x<1 is

l+2sin7rx 2sin37x | 2sinSwx

2 - + 37 + = +....
By Theorem 2, this series converges to 0if —1<x<0,and to 1 if 0<x<1.
At x=—1, 0, and + 1, this series reduces to the single number %, which is

the value predicted for it by Theorem 2.

*The quantity f(x+0) denotes the limit from the right of f at the point x. Similarly, f(x —0)
denotes the limit of f from the left.
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5.4 Fourier series

Example 2. Let f be the function which is 1 for —2< x <0 and x for 0< x
< 2. Compute the Fourier series for f on the interval —2< x <2.
Solution. In this problem /=2. Hence from (1) and (2),

_lfz f(x)dx=—l-f0 dx+lj;2xdx=2

1 nrx g 10 o g1 nmx
= ff(x)cos dx= 5 cos > dx+2 xcos > dx

= (cosnm—1), n>1
nw

and
nmx 5 1 nmx 1 nmx
b,= f f(x)sm———dx-—2 s1n——2 dx+ 2f xsm—2 dx

=—;l—;(l+cosn'n), n>1.

Notice that a, =0 if n is even; a,= —4/n?x? if n is odd; b,=0 if n is odd;
and b,= —2/nx if n is even. Hence, the Fourier series for f on the interval
-2<x<2is

4 ax 1 4 37x

1
1— Zcos X — Zsin x—-—cos————sm27rx+
202 g Ty

4\ cos2n+1D)7x/2 | < sinnmx
3 Ot Dnf 13 g

=1———-—

20 (@n+1)

By Theorem 2, this series converges to 1 if —2< x<0; to x, if 0< x<2; to
3 if x=0; and to 2 if x+2. Now, at x=0, the Fourier series (4) is
4 [ 1 1 1 1
1~—[ 12+§+;+¥+...:|.
Thus, we deduce the remarkable identity

l_,_4/1, 1, 1., 1
5—1 W2|:12+32+52+72+...:|
or
1,1,1,1, _o
12 32 52 72 o 8

The Fourier coefficients a, and b, defined by (1) and (2) can be derived
in a simple manner. Indeed, 1f a piecewise continuous function f can be ex-
panded in a series of sines and cosines on the interval — /< x </, then, of
necessity, this series must be the Fourier series (3). We prove this in the
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5 Separation of variables and Fourier series

following manner. Suppose that f is piecewise continuous, and that
o0
C
f(x)=70+2 [ckcosk%x+dksin&’l?—c} 5)
k=1

for some numbers ¢, and d,. Equation (5) is assumed to hold at all but a
finite number of points in the interval — /< x < /. Integrating both sides of

!
(5) between —/ and / gives c,/= f , J(x)dx, since

/ /

Similarly, multiplying both sides of (5) by cosnmx /I and integrating be-
tween —/ and / gives

! !
fcos’—‘ﬂdx fsink—”-dx=o; k=12,..*
—1 -1

!
lc,,=f f(x)cosniln£ dx
-1

while multiplying both sides of (5) by sinnmx// and integrating between
—/ and / gives

ld,= f f(x)sin—= mrx dx.

This follows immediately from the relations (see Exercise 19)

l
nmx k77x 0, k+#n
[/cos 7 cos=—= dx= {l, en 6)
' nmx . kmx
fcos—s1n————dx=0 ™)
- / !
and
i
nax . kmx 0, k#n
[/sm 7 sin—= 7 dx= {1, ke’ ®)

Hence, the coefficients ¢, and d, must equal the Fourier coefficients a, and
b,. In particular, therefore, a function f can be expanded in one, and only
one, Fourier series on the interval — /< x</.

Example 3. Find the Fourier series for the function f(x)=cos?x on the in-
terval —7 < x < 7.

Solution. By the preceding remark, the function f(x)=cos’x has a unique
Fourier series

o0
+ 2 [a cos—+b in n:rTx ]=—29+ 2 [@a,cosnx +b,sinnx]

*It can be shown that it is permissible to integrate the series (5) term by term.
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5.4 Fourier series

on the interval — 7 < x < 7. But we already know that

2. 1 cos2x
cos“x 2+ 7

Hence, the Fourier series for cos’x on the interval — 7 < x < 7« must be
3 +3c0s2x.

The functions cosnmx /! and sinnmx /I, n=1,2,... all have the interest-
ing property that they are periodic with period 2/; that is, they repeat
themselves over every interval of length 2/. This follows trivially from the
identities

nm _ nmx — oo X
cos = (x+21)—cos( ] +2mr) cos ==
and
. nmw _ . [ nmx — i X
smT(x+21)—sm(—l +2n-7r) sin==.

Hence, the Fourier series (3) converges for all x to a periodic function
F(x). This function is called the periodic extension of f(x). It is defined by
the equations

F(x)=f(x), —I<x<!
F(x)=3[f(N+f(=D)], x==I
F(x+2l)=F(x).

For example, the periodic extension of the function f(x)= x is described in

Figure 1, and the periodic extension of the function f(x)=|x| is the saw-
toothed function described in Figure 2.

1 l/l A/l 1 1/1 1/| X
-s&/u -3g —2t - 12t 3L A

Figure 1. Periodic extension of f(x)=x

| 1 | |
-4 -34 -22 -¢ 2 2! 31 44

x

Figure 2. Periodic extension of f(x)=|x|
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5 Separation of variables and Fourier series

EXERCISES

In each of Problems 1-13, find the Fourier series for the given function f
on the prescribed interval.

_{~1, -1<x<0.
L f(x) { boTosrsh M«

2.f(x)={)6’ ~-2<x<0. x| <2

0<x<2’
=y - =[—-x, —-1<x<0,
3 f)=x; —l<x<l 4. () { BTSEsd W<
1, -2<x<0
5.f(x)={0, O<x<l; [x[<2
1, I<x<2
[0, =2<x<I.
6. f(x) {3’ lexc2’ x| <2
= 0) _l<x<0
7 /) {e", 0<xg/!l’ Il <
/e, —I<x<0. <1/
8. /() {0, 0<x<l’ I~
_fe™™, —I<x<0., _
9.f(x)—{ex’ bex <0 —rcx<t
10. f(x)=e¢*; |x|<! 1. f(x)=e™"; |x|<!
12. f(x)=sin’x; |x|<7 13. f(x)=sin’x; |x|<7

14, Let f(x)=(wcosax)/2asinan, a not an integer.
(a) Find the Fourier series for f on the interval —7 < x < 7.
(b) Show that this series converges at x = to the value (7 /2a)cotza.
(c) Use this result to sum the series

L T S

12_a2 22_a2 32_a2

15. Suppose that f and f are piecewise continuous on the interval —/ < x </. Show
that the Fourier coefficients a, and b, approach zero as n approaches infinity.

16. Let
a o0
=0 z: nrx in #7X
f(x)—2 + [a,,cos 7 + b,sin 7 ]

n=1
Show that
@ =
%fllfz(x)dx=70+ S (a2 +5).
- n=1

This relation is known as Parseval’s identity. Hint: Square the Fourier series
for f and integrate term by term.
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5.5 Even and odd functions

17. (a) Find the Fourier series for the function f(x)= x2? on the interval — 7 < x <
.
(b) Use Parseval’s identity to show that
1 1 1 4

—+—+..=

PRI 9

3

(=4

18. If the Dirac delta function 8 (x) had a Fourier series on the interval —/< x </,
what would it be?

19. Derive Equations (6)—(8). Hint: Use the trigonometric identities
sinA cos B= }[sin(4 + B) +sin(4 — B)]
sinA sin B= 1[cos(4 — B)—cos(4 + B)]
cosAcos B=[cos(4 + B)+cos(4— B)].

5.5 Even and odd functions

There are certain special cases when the Fourier series of a function f re-
duces to a pure cosine or a pure sine series. These special cases occur when
fis even or odd.

Definition. A function f is said to be even if f(— x)=f(x).

Example 1. The function f(x)=x? is even since
f(=x)=(=x)'=x?=](x)

Example 2. The function f(x)=cosnwx /! is even since

f(—x)=cos~_~L;ﬂ =cosmTTx =f(x).

Definition. A function f is said to be odd if f(— x)= —f(x).

Example 3. The function f(x)= x is odd since

S(=x)==x==f(x).
Example 4. The function f(x)=sinn7x /! is odd since
f(—x)=sin —rlrrrx = —sin@ = —f(x).

Even and odd functions satisfy the following elementary properties.

1. The product of two even functions is even.
2. The product of two odd functions is even.
3. The product of an odd function with an even function is odd.

The proofs of these assertions are trivial and follow immediately from the
definitions. For example, let f and g be odd and let h(x)=f(x) g(x). This
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5 Separation of variables and Fourier series

function A is even since

h(=x)=f(=x)g(=x)=[~f(x) ][ - 8(x) ] =S (x) 8(x) = h(x).
In addition to the multiplicative properties 1-3, even and odd functions
satisfy the following integral properties.

4. The integral of an odd function f over a symmetric interval [—/,/] is
zero; that is, f 11 f(x)dx=01if fis odd.

5. The integral of an even function f over the interval [—/,/] is twice the
integral of f over the interval [0,/]; that is,

! !
| sxyax=2{ f(x)dx
-1 0
if f is even.

PROOF OF PROPERTY 4. If f is odd, then the area under the curve of f be-
tween —/ and O is the negative of the area under the curve of f between 0

and /. Hence, fllf(x)dx=0 if f is odd. O
PROOF OF PROPERTY 5. If f is even, then the area under the curve of f be-

tween —/ and 0 equals the area under the curve of f between 0 and /.
Hence,

I 0 I !
f_lf(x)dx=f_1f(x)dx+];f(x)dx=2];f(x)dx
if fis even. O

Concerning even and odd functions, we have the following important
lemma.

Lemma 1.
(a) The Fourier series for an even function is a pure cosine series; that
is, it contains no terms of the form sinnnx /l.
(b) The Fourier series for an odd function is a pure sine series; that is,
it contains no terms of the form cosnux/l.

ProoF. (a) If f is even, then the function f(x)sinnwx/! is odd. Thus, by
Property 4, the coefficients

n

/
b=% fsinEax,  n=1,23,...
-1

in the Fourier series for f are all zero.
(b) If f is odd, then the function f(x)cosnmx/l is also odd. Conse-
quently, by Property 4, the coefficients

1 nmx -
a,= lf_lf(x)cos 7 dx, n=0,1,2,...

in the Fourier series for f are all zero. O
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5.5 Even and odd functions

We are now in a position to prove the following extremely important ex-
tension of Theorem 2. This theorem will enable us to solve the heat con-
duction problem of Section 5.3 and many other boundary-value problems
that arise in applications.

Theorem 3. Let f and f’ be piecewise continuous on the interval 0< x < 1.
Then, on this interval, f(x) can be expanded in either a pure cosine series

nTx
=+ 2 cos——

n=1

or a pure sine series

n7rx
2 b, sin——

n=1

In the former case, the coefficients a, are given by the formula
= f f(x)eos™Edx,  n=0,1,2,... (1)
while in the latter case, the coefficients b, are given by the formula

= ff(x)smn—mgdx 2)

Proor. Consider first the function

f(x), 0<x«!

Flx)= { f(—x), —1<x<0

The graph of F(x) is described in Figure 1, and it is easily seen that F is
even. (For this reason, F is called the even extension of f.) Hence, by

f(x)

Figure 1. Graph of F(x)
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5 Separation of variables and Fourier series

Lemma 1, the Fourier series for F on the interval — /< x </is

F(x)=— + 2 a, cos X a,= } F(x)cos——dx (3)

Now, observe that the function F(x)cosnmx /! is even. Thus, by Property 5

2 nox g 2 (! nx
a,= lfoF(x)cos 7 dx= l[)f(x)cos 7 dx.
Finally, since F(x)=f(x), 0< x </, we conclude from (3) that

(x)—-—+2a cosmlTx, 0<x<l.
Observe too, that the series (3) converges to f(x) for x=0 and x=1.

To show that f(x) can also be expanded in a pure sine series, we con-
sider the function

f(x), 0<x<!
G(x)=1 —f(-x), —1<x<0
0, x=0,=x/.
f(x)
] | X
-9 2

Figure 2. Graph of G(x)

The graph of G(x) is described in Figure 2, and it is easily seen that G is
odd. (For this reason, G is called the odd extension of f.) Hence, by
Lemma 1, the Fourier series for G on the interval — /< x</1is

G(x)= zbsnnﬂx b,= l G(x)sm—l—dx 4
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5.5 Even and odd functions

Now, observe that the function G (x)sinnwx /! is even. Thus, by Property
5,

2 X o 2 (e G AT
b,= l'/(;G(x)sm 7 dx= Ifof(x)sm 7 dx.

Finally, since G (x)=f(x),0< x <!, we conclude from (4) that

f(x)= 2 B,sin™*,  0<x<l.

Observe too, that the series (4) is zero for x=0and x=1. O
Example 5. Expand the function f(x)=1 in a pure sine series on the inter-

val 0<x <.
Solution. By Theorem 3, f(x)= >, :°= b, sinnx, where

) 2 0, neven
bn=——f sinnxdx=—(1—cosnm)=1 4, nodd.
T Jg nmw —_—
nw
Hence,
1=i sinx+ sin3x+sin5x+m , 0<x<.
a|l 1 3 5

Example 6. Expand the function f(x)=e* in a pure cosine series on the in-
terval 0< x < 1.

Solution. By Theorem 3, f(x)=a,/2+ 2 a, cosnmx, where

n=1

1
ao=2f0 e*dx=2(e—1)

and
1 1
a,=2| e*cosnmxdx=2Re | e“e™™ dx
h fo
1 . 1+inmw __
=2Re [ e(“”"’)"dx=2Re{—e . 1}
0 1+in7
(ecosnm —1)(1— inm) 2(ecosnm—1)
1+ n?7? 1+ n27?
Hence,

ecosnm—1
—e—l+22 ( T )cosmrx, 0<x<1.
n?

n=1
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5 Separation of variables and Fourier series

EXERCISES

Expand each of the following functions in a Fourier cosine series on the
prescribed interval.

- _[0, 0<x<l.

L f()=e% O<x<l 2. f(x) {1’ fsr<li 0<x<2
=[x, 0<x<a.

3. f(») {a, a<x<2a’ 0<x<2a

4, f(x)=cos’x; O<x<w

x, 0<x<1/2,

5“ﬂn={l_x’ 12<x<l’ 0<xg!

Expand each of the following functions in a Fourier sine series on the pre-
scribed interval.

— _{0, 0<x<lI,

6 f(x)=e " O<x<l 7. F(x) {1’ J<x<)i o<x<2
=!% O<x<a .

8. f(x) {a, a<x<2a’ 0<x<2a

9. f(x)=2sinxcosx; O<x<mw

_ x, O0<x<l/2,
10. f(x)_[l—x, 1/2<x<l’

11. (2) Expand the function f(x)=sinx in a Fourier cosine series on the interval
0<x<a.
(b) Expand the function f(x)=cosx in a Fourier sine series on the interval 0 <
x<m.
(c¢) Can you expand the function f(x)=sinx in a Fourier cosine series on the
interval —# < x < #? Explain.

O<x<!

5.6 Return to the heat equation

We return now to the boundary-value problem

a0t [ un0)=5() o
ar ax?’ u(0,)=u(l,)=0"

We showed in Section 5.3 that the function

2 2,2

(e e]
. NUX p—ain’nt/1?
u(x,t)= 2 cnsm—l—e

n=1

is (formally) a solution of the boundary-value problem

wu _ 20%u, _ _
3 = ¢ Pk u(0,0)=u(l,t)=0 2)
for any choice of constants ¢|,c,,.... This led us to ask whether we can
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5.6 Return to the heat equation

find constants ¢, c,,... such that

u(x,0)= > ¢ sinx =f(x),  0<x<I. 3)

n=1

As we showed in Section 5.5, the answer to this question is yes; if we
choose

~2 (" () sin MTX
C,= lj(;f(x)sm 7 dx,

then the Fourier series , :°_]cn sinnmx /I converges to f(x) if f is continu-
ous at the point x. Thus,

3 ! 2,22
u(X,t)= % 2 l:j(; f(x) Sianxdx}sin%e—a n*nt/1? (4)

n=1
is the desired solution of (1).

Remark. Strictly speaking, the solution (4) cannot be regarded as the solu-
tion of (1) until we rigorously justify all the limiting processes involved.
Specifically, we must verify that the function u(x, ) defined by (4) actually
has partial derivatives with respect to x and ¢, and that u(x, ) satisfies the
heat equation u,= au_,. (It is not true, necessarily, that an infinite sum of
solutions of a linear differential equation is again a solution. Indeed, an
infinite sum of solutions of a given differential equation need not even be
differentiable.) However, in the case of (4) it is possible to show (see Ex-
ercise 3) that u(x,?) has partial derivatives with respect to x and ¢ of all
orders, and that u(x,¢) satisfies the boundary-value problem (1). The argu-
ment rests heavily upon the fact that the infinite series (4) converges very
rapidly, due to the presence of the factor e~ “mmt/I’ Indeed, the function
u(x,t), for fixed ¢ >0, is even analytic for 0 < x < /. Thus, heat conduction
is a diffusive process which instantly smooths out any discontinuities that
may be present in the initial temperature distribution in the rod. Finally,
we observe that lim,_, _u(x,#)=0, for all x, regardless of the initial temper-
ature in the rod. This is in accord with our physical intuition that the heat
distribution in the rod should ultimately approach a “steady state”; that is,
a state in which the temperature does not change with time.

Example 1. A thin aluminum bar («>=0.86 cm?/s) 10 cm long is heated to
a uniform temperature of 100°C. At time =0, the ends of the bar are
plunged into an ice bath at 0°C, and thereafter they are maintained at this
temperature. No heat is allowed to escape through the lateral surface of the
bar. Find an expression for the temperature at any point in the bar at any
later time ¢.
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5 Separation of variables and Fourier series

Solution. Let u(x,t) denote the temperature in the bar at the point x at
time ¢. This function satisfies the boundary-value problem

,0) =100, 0 10
u 0868—, u(x,0) <x< (5)
Ell ax2 u(0,£)=u(10,1)=0
The solution of (5) is
o
= i NTX  —0.86n%7%t/ 100
u(x,t) glcnsm 0 ¢

where

_1 nwx , 200 .
C,= Sfo 100sin — 10 dx= = ——(1—cosnm).

Notice that ¢, =0 if n is even, and ¢, =400 / nw if n is odd. Hence,

u(x,t)= —Oi

n=1

sin(2n + 1) 10

—0.86(2n+ 1)*7% /100
(2n +1)

There are several other problems of heat conduction which can be
solved by the method of separation of variables. Example 2 below treats
the case where the ends of the bar are also insulated, and Exercise 4 treats
the case where the ends of the bar are kept at constant, but nonzero tem-
peratures T, and T,.

Example 2. Consider a thin metal rod of length / and thermal diffusivity
a?, whose sides and ends are insulated so that there is no passage of heat
through them. Let the initial temperature distribution in the rod be f(x).
Find the temperature distribution in the rod at any later time ¢.

Solution. Let u(x,r) denote the temperature in the rod at the point x at
time ¢. This function satisfies the boundary-value problem

du azﬂ' u(x,0)=f(x), 0<x<l!
o ax?’ u (0,0)=u,(1,1)=0
We solve this problem in two steps. First, we will find infinitely many solu-
tions u,(x,#)=X,(x)T,(¢) of the boundary-value problem

e w(0,0)=u(L1)=0, (™

(6)

u,= (Xll

and then we will find constants cy,¢c,,¢,,... such that

u(x,t)= § C (X, 1)

n=0

satisfies the initial condition u(x,0)= f(x).
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5.6 Return to the heat equation

Step 1: Let u(x,t)= X (x)T (¢). Computing
2
W _xr and Loy
ot ox?

we see that u(x,?) is a solution of u, = a’u,, if
o2 X' _ T
XT'=a’X"T, or X = o (8)
As we showed in Section 5.3, Equation (8) implies that
X”"+AX=0 and T +Aa*T=0
for some constant A. In addition, the boundary conditions
0=u0,1)=X'(0)T(r) and O=u (L,)=X'(I)T(¢)
imply that X’(0)=0 and X'(/)=0. Hence u(x,#)=X (x)T(¢) is a solution
of (7) if
X" +AX=0; X'(0)=0, X'(I)=0 9)
and
T’ +Aa*T=0. (10)

At this point, the constant A is arbitrary. However, the boundary-value
problem (9) has a nontrivial solution X (x) (see Exercise 1, Section 5.1)
only if A\=n%r%/1%, n=0,1,2,..., and in this case

X (x)=X,(x)=cos mlrx
Equation (10), in turn, implies that T(t)=e“" 771/’ Hence,

nmwx 5y J ] 2
u,(x, t)-—cosTe ocnimie/l

is a solution of (7) for every nonnegative integer ».
Step 2: Observe that the linear combination

o0
Co
u(x,t)= 5+ 2 c, cos%e“"‘z"z’ﬂ’/’2

n=1
is a solution (formally) of (7) for every choice of constants ¢y, c¢,,c,,.... Its
initial value is

u(x, 0)—7+ 2 cosﬁﬂ—x

Thus, in order to satisfy the initial condition u(x,0)=f(x) we must choose
constants cg,¢;,C,,... such that

C [e ]
f(x)=70+ D ¢ cos™F,  0<x<l.
n=1

In other words, we must expand f in a Fourier cosine series on the interval
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5 Separation of variables and Fourier series

0 < x < /. This is precisely the situation in Theorem 3 of Section 5.5, and
we conclude, therefore, that

_2 nmx
c,= lj(;f(x)cos 7 dx.

Hence,
[o o]
_1r! 2 nmwx NTX |ttt/
u(x,t)= lj(;f(x)dx+l’§1{ff(x)cos dx}cos e (11)
is the desired solution of (6).

Remark. Observe from (11) that the temperature in the rod ultimately ap-
proaches the steady state temperature

%j;lf(x)dx.

This steady state temperature can be interpreted as the “average” of the
initial temperature distribution in the rod.

EXERCISES

1. The ends x=0 and x=10 of a thin aluminum bar (a?=0.86) are kept at 0°C,
while the surface of the bar is insulated. Find an expression for the temperature
u(x,?) in the bar if initially
(a) u(x,00=70, 0<x<10
() u(x,0)=70cosx, 0<x<10

_ f 10x, 0<x<S$

© “("’0)‘{ 1010-x), S5<x<I0
R O<x<3
(@) u(x,0= {65 3<x<10

2. The ends and sides of a thin copper bar (a?=1.14) of length 2 are insulated so
that no heat can pass through them. Find the temperature u(x,¢) in the bar if
initially
(@) u(x,0)=65cos?7x, 0<x<2
(b) u(x,0)=70sinx, 0<x<g2

60x, 0<x<l1
(©) u(x,0= { 60(2—x), 1<x<2

@ ux0={;5 1535

3. Verify that the function u(x,) defined by (4) satisfies the heat equation. Hint:
Use the Cauchy ratio test to show that the infinite series (4) can be differenti-
ated term by term with respect to x and ¢.

4. A steady state solution u(x, ) of the heat equation u, = a*u,, is a solution u(x, )
which does not change with time.
(a) Show that all steady state solutions of the heat equation are linear functions
of x; i.e,, u(x)=Ax+ B.
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5.7 The wave equation

(b) Find a steady state solution of the boundary-value problem
u=ao*u,; u©0:)=T, u(l,t)=T,
(c) Solve the heat conduction problem

N u(x,0)=75 0<x<l
U =a’u,,;
u(0,£)=20, u(1,1)=60

Hint: Let u(x,t)=0v(x)+w(x,?) where v(x) is the steady state solution of
the boundary-value problem u, = a2u,,; u(0,£)=20, u(l,£)=60.

5. (a) The ends of a copper rod (a?=1.14) 10 cm long are maintained at 0°C,

while the center of the rod is maintained at 100°C by an external heat source.
Show that the temperature in the rod will ultimately approach a steady state dis-
tribution regardless of the initial temperature in the rod. Hint: Split this problem
into two boundary-value problems.
(b) Assume that the temperature in the rod is at its steady state distribution. At
time =0, the external heat source is removed from the center of the rod, and
placed at the left end of the rod. Find the temperature in the rod at any later
time ¢.

6. Solve the boundary-value problem

u(x,0)=cosx, 0<x<l

U=1uU,+u;
u(0,¢)=0, u(1,t)=0.

5.7 The wave equation

We consider now the boundary-value problem

0 _ a0 [us0=/()  u(x0=g()
’ u(0,0)=u(l,£)=0

which characterizes the propagation of waves in various media, and the

mechanical vibrations of an elastic string. This problem, too, can be solved

by the method of separation of variables. Specifically, we will (a) find solu-

tions u,(x,t)=X,(x)T,(¢) of the boundary-value problem

3%u

Y iCY 0,0)=u(l,1)=0 2
vl u(0,0)=u(l,1) )

and (b) find the solution u(x, ) of (1) by taking a suitable linear combina-
tion of the functions u,(x,?).
(a) Let u(x,t)= X (x) T (f). Computing
2 2
U _x7v and S¥-x'T
or? ox?

we see that u(x,7)= X (x)T(£) is a solution of the wave equation u, = c?u,,
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5 Separation of variables and Fourier series

if XT"=c¢2X"T, or
T/l X”
2T = A3)
Next, we observe that the left-hand side of (3) is a function of ¢ alone,
while the right-hand side is a function of x alone. This implies that
__Tv_l/_ - e X/l
2T A
for some constant A. In addition, the boundary conditions
0=u(0,£)=X(0)T(¢), and O=u(lt)=X()T(¢)

imply that X (0)=0 and X (/)=0. Hence u(x,{)= X (x)T(¢) is a solution of
Q) if

X"+AX=0; X0)=x()=0 4)
and

T” +Ac*T=0. (5)

At this point, the constant A is arbitrary. However, the boundary-value
problem (4) has a nontrivial solution X (x) only if A=A, =n?7?//? and in
this case,

X(x)=x,,(x)=sin@.

Equation (5), in turn, implies that

T(1)=T,()=a, cosfl’lc—+b 'n’”;c’
Hence,
u,(x,t)=sin 717x [ancos”—qzc£ +b,,sin-n—7rlc—t]

is a nontrivial solution of (2) for every positive integer n, and every pair of
constants a,,b,,.
(b) The linear combination

o0
u(x,t)= 2 sinﬂll@- [a,, cosm?—t +b, sinmrlc—t]
n=1

formally satisfies the boundary-value problem (2) and the initial conditions

u(x,0)= 2 a sm——lzc— and u,(x,0)= 2 LGP 'nm;i,

n=1 n=1

Thus, to satisfy the initial conditions u(x,0)=f(x) and u,(x,0)=g(x), we
must choose the constants a, and b, such that

f(x)= za sm——x and g(x)= 2 Mg-b l

n=1 n=1
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5.7 The wave equation

on the interval 0 < x < /. In other words, we must expand the functions
f(x) and g(x) in Fourier sine series on the interval 0 < x < /. This is pre-
cisely the situation in Theorem 3 of Section 5.5, and we conclude, there-
fore, that

nmwx
ff( x)sin®Xdx and b —?fg(x)sm—l—dx

For simplicity, we now restrict ourselves to the case where g(x) is zero;
that is, the string is released with zero initial velocity. In this case the dis-
placement u(x, ) of the string at any time >0 is given by the formula

nmx o nmet _2 ! . nmwx
u(x,t)= 2“ s1n— 08T a,= lfof(x)sm ] dx. (6)

n=1

There is a physical significance to the various terms in (6). Each term rep-
resents a particular mode in which the string vibrates. The first term (n=1)
represents the first mode of vibration in which the string oscillates about
its equilibrium position with frequency

1 7 _

27 1 21

This lowest frequency is called the fundamental frequency, or first har-
monic of the string. Similarly, the nth mode has a frequency

W= cycles per second.

0, = o T7C — py cycles per second
" 2wl !
which is called the nth harmonic of the string.

In the case of the vibrating string, all the harmonic frequencies are in-
teger multiples of the fundamental frequency w,. Thus, we have music in
this case. Of course, if the tension in the string is not large enough, then the
sound produced will be of such very low frequency that it is not in the aud-
ible range. As we increase the tension in the string, we increase the
frequency, and the result is a musical note that can be heard by the human
ear.

Justification of solution. We cannot prove directly, as in the case of the heat
equation, that the function u(x,?) defined in (6) is a solution of the wave
equation. Indeed, we cannot even prove directly that the infinite series (6)
has a partial derivative with respect to ¢ and x. For example, on formally
computing u,, we obtain that

- 2 Ma smmrxsinmrTct

n=1

and due to the presence of the factor n, this series may not converge. How-
ever, there is an alternate way to establish the validity of the solution (6).
At the same time, we will gain additional insight into the structure of
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5 Separation of variables and Fourier series

u(x,t). Observe first that

. onmx o onmet _1[ . nm. . nm
sin == cos = —z[sm ] (x—ct)+sin ] (x+ct)].
Next, let F be the odd periodic extension of f on the interval —I<x</;

that is,

F(x)=[ f(x), 0<x<I

Cfex), —1<x<0 and F(x+2l)=F(x).

It is easily verified (see Exercise 6) that the Fourier series for F is

ol i
F(x)= 2 c,sin?ZX ¢ =sz(x)sinmdx.
/ "1, /

n=1

Therefore, we can write u(x,¢) in the form
u(x,0)=3[ F(x—ct)+ F(x+et)] @)

and it is now a trivial matter to show that u(x,¢) satisfies the wave equa-
tion if f(x) has two continuous derivatives.

Equation (7) has the following interpretation. If we plot the graph of the
function y = F(x — cf) for any fixed ¢, we see that it is the same as the
graph of y = F(x), except that it is displaced a distance ct in the positive x
direction, as shown in Figures la and 1b. Thus, F(x — ct) is a wave which
travels with velocity ¢ in the positive x direction. Similarly, F(x+cf) is a
wave which travels with velocity ¢ in the negative x direction. The number
¢ represents the velocity with which a disturbance propagates along the
string. If a disturbance occurs at the point x,, then it will be felt at the
point x after a time ¢ =(x — x,)/ ¢ has elapsed. Thus, the wave equation, or
some form of it, characterizes the propagation of waves in a medium where
disturbances (or signals) travel with a finite, rather than infinite, velocity.

. 'l Flx-1)
= -1
N s
| 1 x 1 - Ax
-1 | | 2
(b) (@)
Figure 1
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5.7 The wave equation

EXERCISES

Solve each of the following boundary-value problems.

1.

u(x,0)=cosx—1, u(x,00=0, 0<x<27

-2, .
Hat = € Moo {u(O,t)=0, u(2m,1)=0

u(x,0)=0, u(x,0)=1, 0<x<l

2. u,=c’u,,;
1 Usx {u(0,1)=0, u(1,£)=0
u,=c%u, x,  0<x<l1l, u(x,0)=0
3. x s u(x,0={ l<x<?
u(0,/)=u(3,)=0 3% 2<x<3

10.

o=ty u(x,0)=xcosmx/2, u(x,0)=0, 0<x<1
“ | u(0,0)=0, u(l,)=0

. A string of length 10 ft is raised at the middle to a distance of 1 ft, and then

released. Describe the motion of the string, assuming that c2=1.

. Let F be the odd periodic extension of f on the interval —/< x < /. Show that

the Fourier series
o0
2 ! . nmx . nmx
‘l‘ 21 [-/(; f(x) sin de]SInT
n=

converges to F(x) if F is continuous at x.

. Show that the transformation §é= x — ct, n= x + ¢t reduces the wave equation to

the equation ug, =0. Conclude, therefore, that every solution u(x,?) of the wave
equation is of the form u(x,#)= F(x — ct)+ G (x + ct) for some functions F and
G.

. Show that the solution of the boundary-value problem
u _(.‘214 . u(x70)=f(x), ut(-x50)=g(x)’ —l<x<!
“ u(0,0)=u(l,/)=0
is
w0 =7 [F(x=e)+ F(x+en]+ o [ “g(s)ds
’ 2 2¢ Jy— ot

where F is the odd periodic extension of f.

. The wave equation in two dimensions is u, = c*(u,, + u,). Find solutions of

this equation by the method of separation of variables.
Solve the boundary-value problem

u(x,0)=1(x), u(x,00=0, O0<x<!

U= cu,. +u;
g “ {u(O,t)=0, u(l,1)=0
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5 Separation of variables and Fourier series

5.8 Laplace’s equation

We consider now Laplace’s equation

Qu u_g (1)

As we mentioned in Section 5.2, two important boundary-value problems
that arise in connection with (1) are the Dirichlet problem and the Neu-
mann problem. In a Dirichlet problem we seek a function u(x,y) which
satisfies Laplace’s equation inside a region R, and which assumes pre-
scribed values on the boundary of R. In a Neumann problem, we seek a
function u(x,y) which satisfies Laplace’s equation inside a region R, and
whose derivative in the direction normal to the boundary of R takes on
prescribed values. Both of these problems can be solved by the method of
separation of variables if R is a rectangle.

Example 1. Find a function u(x,y) which satisfies Laplace’s equation in
the rectangle 0 < x <a, 0<y <b and which also satisfies the boundary
conditions

u(x,0)=0, u(x,b)=0

u(o’)’)':O’ u(a’)’)=f()))

oo <

u=f(y) @

Solution. We solve this problem in two steps. First, we will find functions
u,(x,y)=X,(x)Y,(y) which satisfy the boundary-value problem

U, tu,=0; u(x,0)=0, u(x,b)=0, u(0,y)=0. 3)
Then, we will find constants c, such that the linear combination
o0
u(x,y)= 2 cyth,(x.y)
n=1
satisfies the boundary condition u(a,y)=f(y).
Step 1: Let u(x,y)=X (x)Y (y). Computing u,,=X"Y and y,,=XY", we
see that u(x,y)=X(x)Y(y) is a solution of Laplace’s equation if X" Y+
XY"=0, or
=% @

Next, we observe that the left-hand side of (4) is a function of y alone,
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5.8 Laplace’s equation

while the right-hand side is a function of x alone. This implies that

for some constant A. In addition, the boundary conditions
0=u(x,0)=X(x)Y (0), 0=u(x,b)=X(x)Y (b),
0=u(0,y)=X(0)Y(»)
imply that Y (0)=0, Y (4)=0, and X (0)=0. Hence u(x,y)=XY is a solu-
tion of (3) if
Y’ +AY=0; Y(0)=0, Y(b)=0 (5)
and
X" -AX=0, X (0)=0. (6)

At this point the constant A is arbitrary. However, the boundary-value
problem (5) has a nontrivial solution Y (y) only if A=A, =n?7?/b% and in
this case,

Y(y)=Y,(y)=sinnmy/b.

Equation (6), in turn, implies that X,(x) is proportional to sinhnmx/b.
(The differential equation X” — (n?n?/b%)X =0 implies that X (x)=
¢,coshnmx/b+ c,sinhnmx /b for some choice of constants c;,c,, and the
initial condition X (0) =0 forces ¢, to be zero.) We conclude, therefore, that
= sinh M™% 5in 27
u,(x,y)=sinh SN
is a solution of (3) for every positive integer n.
Step 2: The function

_ X . hmx . ATy
u(x,y)= ,,21 C, smh—b—smT
is a solution (formally) of (3) for every choice of constants c;,cy,.... Its

value at x=a is

o0
. . nmy
=§: K74 Gin =2
u(a,y) nzlc,,sm p Sin—

Therefore, we must choose the constants ¢, such that

o0
f(y)=2cnsinh%sinfg—)i, 0<y<b.
n=1

In other words, we must expand f in a Fourier sine series on the interval
0<y < b. This is precisely the situation described in Theorem 3 of Section
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5 Separation of variables and Fourier series

5.5, and we conclude, therefore, that

2 b . hmy
=yt [ D) n= L
— Y0
b

Remark. The method of separation of variables can always be used to
solve the Dirichlet problem for a rectangle R if u is zero on three sides of
R. We can solve an arbitrary Dirichlet problem for a rectangle R by split-
ting it up into four problems where u is zero on three sides of R (see Ex-
ercises 1-4).

Example 2. Find a function u(x,y) which satisfies Laplace’s equation in
the rectangle 0< x <a, 0<y < b, and which also satisfies the boundary
conditions

u,(x,00=0, u,(x,b)=0

- (™
ux(O’y)_O’ ux(a’y) =f(y)

<

uy=0

oo

u,=f(»)
X

u,=0 a
Solution. We attempt to solve this problem in two steps. First, we will find
functions u,(x,y)=X,(x)Y,(») which satisfy the boundary-value problem
U, +u,=0; u,(x,0)=0, u,(x,b)=0, and u/(0,y)=0. (8)

Then, we will try and find constants ¢, such that the linear combination
u(x,y)=, :°=0c,,u,, (x.,y) satisfies the boundary condition u, (a,y)=f(y).
Step 1: Set u(x,y)=X (x)Y(y). Then, as in Example 1,

for some constant A. The boundary conditions
0=1,(x,0)=X(x)Y'(0), O=u(x,b)=X(x)Y'(b),
0=u(0,y)=X"(0)Y(»)
imply that
Y'(0)=0, Y'(b)=0 and X'(0)=0.

Hence, u(x,y)=X(x)Y () is a solution of (8) if
Y"+AY=0; Y'(0)=0, Y'(h)=0 )
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5.8 Laplace’s equation

and
X"—-AX=0; X’(0)=0. (10)

At this point, the constant A is arbitrary. However, the boundary-value
problem (9) has a nontrivial solution Y(y) only if A=A =n*72/b%n=
0,1,2,..., and in this case

Y(y)=Y,(y)=cosnmy/b.

Equation (10), in turn, implies that X (x) is proportional to coshnmx/b.
(The differential equation X” — n?7?X /b*=0 implies that X (x)=
c,coshnmx /b+ c,sinhnwx /b for some choice of constants ¢;,c,, and the
boundary condition X ’(0)=0 forces c, to be zero.) We conclude, therefore,
that

nmy
=cosh 7™ cos —=
u,(x,y)=cos p COS
is a solution of (8) for every nonnegative integer n.
Step 2: The function

nw

u(x,y)— 24 2 G cosh——cosTy

n=1
is a solution (formally) of (8) for every choice of constants cg,¢;,C5,.... The
value of u, at x=a is
e
nw

u(ay)= Z —g’— smhmcos—by—.

Therefore, we must choose the constants ¢, c,,..., such that
nma Ty
fO)= 2 — smh——cos—b—, 0<y<b. (11)

n=1

Now, Theorem 3 of Section 5.5 states that we can expand f(y) in the
cosine series

f(y)—~f f(y)dy+b 2[[ f(y)cos } S? (12)

n=1
on the interval 0< y < b. However, we cannot equate coefficients in (11)

and (12) since the series (11) has no constant term. Therefore, the condi-
tion

b
| s»a=0
is necessary for this Neumann problem to have a solution. If this is the
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5 Separation of variables and Fourier series

case, then

o
II

_"—nﬁf f(y)cos—abz, n>1.

snh———

Finally, note that ¢, remains arbitrary, and thus the solution u(x,y) is only
determined up to an additive constant. This is a property of all Neumann
problems.

EXERCISES

Solve each of the following Dirichlet problems.

Uy, +u,, =0 o u(x,0)=0, u(x,b)=0
T 0<x<a, O<y<b  u(ay)=0, u(0y)=f(»)
uxx+uyy=0 u(oiy)=0’ u(a’y)=0

"0<x<a, 0<y<b u(x,0)=0, u(xb)=f(x)

Remark. You can do this problem the long way, by separation of vari-
ables, or you can try something smart, like interchanging x with y and
using the result of Example 1 in the text.

3 uxx+uyy=0 . u(©0,y)=0, u(a,y)=0
T 0<x<a, O<y<b’ u(x,b)=0, u(x,0)=f(x)
4 YTy =0 . u(x,0)=£(x), u(x,b)=g(x)

T 0<x<a, 0<y<b’ u(0y)=h(y), u(ay)=k(y)

Hint: Write u(x,y) as the sum of 4 functions, each of which is zero on three
sides of the rectangle.

Uy, +u,=0 o u(x,0=0, u(x,b)=1

5. ;

O<x<a, O<y<db u(0y)=0, wu(ay)=1
6 Uy +u,=0 o u(x,b)=0, u(x,0)=1
" 0<x<a, O<y<b’ u(0y)=0, wu(ay)=1
. Upet+u, =0 o u(x,0=1, u(x,b)=1
" 0<x<a, 0<y<b’ u(0y)=0, wu(ay)=1
8 Uy, +u,=0 Cou(x,0)=1, u(x,b)=1

0<x<a, O0<y<b’ u(0y)=1, u(ay)=1

Remark. Think!
9. Solve the boundary-value problem
Uyt U, =u o u(x,0)=0, u(x,1)=0
O<x<l, O<y<l’ u(0,y)=0, u(ly)=y
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5.8 Laplace’s equation

10. (a) For which functions f(y) can we find a solution u(x,y) of the Neumann
problem

Uyt 1, =0 o w(y)=0, u(0y)=f(y)
0<x<l, O<y<l’ u,(x,0)=0, u,(x,1)=0
(b) Solve this problem if f(y)=sin2xy.
11. Laplace’s equation in three dimensions is
Ut 1, +u, =0

Assuming that u= X (x) Y (»)Z (z), find 3 ordinary differential equations satis-
fied by X, Y, and Z.
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