
5 Separation of variables 
and Fourier series 

5.1 Two point boundary-value problems 
In the applications which we will study in this chapter, we will be con­
fronted with the following problem. 

Problem: For which values of A can we find nontrivial functions y(x) 
which satisfy 

d2y 
dx 2 +Ay=O; ay(O)+by'(O)=O, cy(/)+dy'(/)=0? (I) 

Equation (I) is called a boundary-value problem, since we prescribe infor­
mation about the solution y(x) and its derivative y'(x) at two distinct 
points, x = 0 and x = /. In an initial-value prob lern, on the other band, we 
prescribe the value of y and its derivative at a single point x = x0• 

Our intuitive feeling, at this point, is that the boundary-value problern 
(1) has nontrivial solutions y(x) only for certain exceptional values A. To 
wit, y(x)=O is certainly one solution of (1), and the existence-uniqueness 
theorem for second-order linear equations would seem to imply that a 
solution y(x) of y" +Ay =0 is determined uniquely once we prescribe two 
additional pieces of information. Let us test our intuition on the following 
simple, but extremely important example. 

Example 1. For which values of A does the boundary-value problern 

d2y 
dx2 +Ay=O; y(O)=O, y(/)=0 (2) 

have nontrivial solutions? 
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5.1 Two point boundary-value problems 

Solution. 
(i) ;\=0. Every solutiony(x) of the differential equationy"=O is of the 

formy(x)=c 1x+c2> for some choice of constants c1 and c2• The condition 
y(O)=O implies that c2 =0, and the conditiony(/) =0 then implies that c1 = 
0. Thus, y(x)=O is the only solution of the boundary-value problern (2), 
for ;\=0. 

(ii) ;\<0: In this case, every solutiony(x) of y"+~=O is of the form 
y(x)= c1e -v=x x + c2e- \."=>:X, for some choice of constants c1 and c2• The 
boundary conditions y (0) = y ( /) = 0 imply that 

(3) 

The system of equations (3) has a nonzero solution c1,c2 if, and only if, 

This implies that e \."=>: 1 = e- \."=>: 1, or e2v=x 1 = I. But this is impossible, 
since ez is greater than one for z > 0. Hence, c 1 = c2 = 0 and the boundary­
value problern (2) has no nontrivial solutions y(x) when Ais negative. 

(iii) A > 0: In this case, every solution y ( x) of y" + ;\y = 0 is of the form 
y(x)=c1 cosv'X x+c2 sinv'X x, for some choice of constants c1 and c2• 

The conditiony(O)=O implies that c1=0, and the conditiony(/)=0 then 
implies that c2 sin v'X I= 0. This equation is satisfied, for any choice of c2, 

if VX I= mr, or A = n2 7T 2 /1 2, for some positive integer n. Hence, the 
boundary-value problern (2) has nontrivial solutionsy(x)=csinn'lTx/1 for 
A=n 2 7T2/l 2, n=I,2, .... 

Remark. Our calculations for the case ;\ < 0 can be simplified if we write 
every solutiony(x) in the formy=c1 coshY=X x+c2 sinhY=X x, where 

'~ ev'=Xx+e-v'=Xx 
cosh v -I\ x = ------,---

2 
and 

ev'=Xx_e-Y=Xx 
sinhY=X x= 2 . 

The condition y(O)=O implies that c1 =0, and the condition y(/)=0 then 
implies that c2 sinh"V=X 1=0. But sinhz is positive for z >0. Hence, c2 =0, 
andy(x)=O. 

Example I is indicative of the general boundary-value problern (I). In­
deed, we have the following remarkable theorem which we state, but do 
not prove. 
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5 Separation of variables and Fourier series 

Theorem 1. The boundary-value problern (1) has nontrivial solutions y(x) 
on/y for a denumerable set of values A 1, A2, ••• , where A 1 ~ A2 ••• , and A" ap­
proaches infinity as n approaches infinity. These special values of A are 
called eigenvalues oj (1), and the nontrivial solutions y(x) are called eigen­
functions of (1). In this terminology, the eigenvalues of (2) are 
772 I 12,4772 I 12,9772 I 12, ... , and the eigenfunctions of (2) are all constant 
multiples of sin 77X I l, sin277x I l, ... . 

There is a very natural explanation of why we use the terms eigenvalue 
and eigenfunction in this context. Let V be the set of all functions y(x) 
which have two continuous derivatives and which satisfy ay(O)+by'(O)= 
0, cy(l) + dy'(l) = 0. Clearly, V is a vector space, of infinite dimension. 
Consider now the linear operator, or transformation L, defined by the 
equation 

d2y 
[ Ly ](x)=- - 2 (x). 

dx 
(4) 

The solutionsy(x) of (1) are those functionsy in V for which Ly =Ay. That 
is to say, the solutions y(x) of (1) are exactly those functions y in V which 
are transformed by L into multiples A of themselves. 

Example 2. Find the eigenvalues and eigenfunctions of the boundary-value 
problern 

y(O)+y'(O)=O, y(1)=0. (5) 

Solution. 
(i) A=O. Every solutiony(x) ofy"=O is of the formy(x)=c 1x+c2> for 

some choice of constants c1 and c2. The conditionsy(O)+y'(O)=O andy(l) 
=0 both imply that c2 = -c1• Hence,y(x)=c(x-1), ci'O, isanontrivial 
solution of (5) when A=O; i.e.,y(x)=c(x-1), c~O, is an eigenfunction of 
(5) with eigenva1ue zero. 

(ii) A<O. In this case, every solutiony(x) ofy"+Ay=O is of the form 
y(x)=c1cosh"V=X x+c2 sinh"V=X x, for some choice of constants c1 and 
c2• The boundary conditionsy(O)+y'(O)=O andy(1)=0 imply that 

c1 +V-A c2 =0, cosh"V=X c1 +sinh"V=X c2 =0. (6) 

(Observe that (coshx)' = sinhx and (sinhx)' = coshx.) The system of equa­
tions (6) has a nontrivial solution c1,c2 if, and only if, 

det( 1 Y=X ) = sinh V-A -~ cosh ~ = 0. 
cosh~ sinh~ 

This implies that 

sinh V-A = ~ cosh ~ . (7) 

But Equation (7) has no solution A < 0. To see this, Iet z = ~ , and con-
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5.1 Two point boundary-value problems 

sider the function h(z) = z coshz- sinhz. This function is zero for z = 0 and 
is positive for z > 0, since its derivative 

h ' ( z) = cosh z + z sinh z - cosh z = z sinh z 

is strictly positive for z > 0. Hence, no negative number >.. can satisfy (7). 
(iii) "A>O. In this case, every solutiony(x) of y"+A.y=O is of the form 

y(x) = c1 cosv'X x + c2 sin \IX x, for some choice of constants c1 and c2• 

The boundary conditions imply that 

c1 +\IX c2 =0, cos\IX c1 +sin\IX c2 =0. (8) 

The system of equations (8) has a nontrivial solution cpc2 if, and only if, 

det( 1 \IX ) = sin VX - \IX cos \IX = 0. 
cosv'X sinv'X 

This implies that 

tanv'X =YX. (9) 

To find those values of >.. which satisfy (9), we set ~= VX and draw the 
graphs of the functions 11 =~ and 11 = tan~ in the ~- 11 plane (see Figure 1); 
the ~ coordinate of each point of intersection of these curves is then a root 
of the equation ~ = tan f lt is clear that these curves intersect exactly once 
in the interval 7T /2 < ~ < 37T /2, and this occurs at a point ~ 1 > 7T. Similarly, 
these two curves intersect exactly once in the interval 37T /2 < ~ < 57T /2, and 
this occurs at a point ~2 > 27T. More generally, the curves YJ = ~ and YJ = tan~ 
intersect exactly once in the interval 

(2n -1)7T (2n + 1)7T 
2 <~< 2 

and this occurs at a point ~n > n7T. 

I 
7]= tan t 

I 
I 
I 

Figure 1. Graphs of 'II = ~ and 'II = tan~ 
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Finally, the curves 11 = ~ and 11 = tan ~ do not intersect in the interval 0 < 
~<'TT/2. To prove this, set h(~)=tan~-~ and compute 

h'(~) = sec2 ~-1 = tan2 ~. 

This quantity is positive for 0 < ~ < 'TT j2. Consequently, the eigenvalues of 
(5) are A1 = ~?,A2 = ~f, ... , and the eigenfunction of (5) are all constant mul­

tiples of the functions - "V>:; cos "V>:; x + sin "V>:; x, - -v>:; cos -v>:; x 

+ sin VA2 x, ... . We cannot compute An exactly. Nevertheless, we know 
that 

n2'TT2<An <(2n + 1)2'TT2 /4. 

In addition, it is clear that ~ approaches (2n + 1 i'TT2 /4 as n approaches in­
finity. 

EXERCISES 

Find the eigenvalues and eigenfunctions of each of the following 
boundary-value problems. 

1. y" +Xy=O; y(O)=O, y'(l)=O 

2. y" +Xy=O; y'(O)=O, y'(l)=O 

3. y" -Xy =0; y'(O)=O, y'(l)=O 

4. y"+~=O; y'(O)=O, y(l)=O 

S. y"+Xy=O; y(O)=O, y('IT)-y'('IT)=O 

6. y"+Xy=O; y(O)-y'(O)=O, y(l)=O 

7. y"+Xy=O; y(O)-y'(O)=O, y('1T)-y'('1T)=O 

8. For which values of X does the boundary-value problern 

y"-2y'+(l+X)y=O; y(O)=O, y(l)=O 

have a nontrivial solution? 

9. For which values of X does the boundary-value problern 

y"+Xy=O; y(O)=y(2'1T), y'(O)=y'(2'1T) 

have a nontrivial solution? 

10. Consider the boundary-value problern 

y"+Xy=J(t); y(O)=O, y(l)=O (*) 

(a) Show that (*) has a unique solutiony(t) if Xis not an eigenvalue of the ho­
rnogeneous problern. 
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(b) Show that (*) rnay have no solutiony(t) if Ais an eigenvalue of the horno­
geneous problern. 

(c) Let A be an eigenvalue of the hornogeneous prob1ern. Determine conditions 
on f so that (*) has a solution y(t). Is this solution unique? 



5.2 Introduction to partial differential equations 

5.2 Introduction to partial differential equations 

Up to this point, the differential equations that w.e have studied have all 
been relations involving one or more functions of a single variable, and 
their derivatives. In this sense, these differential equations are ordinary dif­
ferential equations. On the other hand, many important problems in ap­
plied mathematics give rise to partial differential equations. A partial dif­
ferential equation is a relation involving one or more functions of several 
variables, and their partial derivatives. For example, the equation 

03 U +( OU ) 2 = o2 U 
OX3 ot ox2 

is a partial differential equation for the function u(x, t), and the equations 

ou ov ou ov 
ax = oy ' oy = - ox 

are a system of partial differential equations for the two functions u(x,y) 
and v(x,y). The order of a partial differential equation is the order of the 
highest partial derivative that appears in the equation. For example, the 
order of the partial differential equation 

o2u ()2u 
-=2--+u 
ot2 axot 

is two, since the order of the highest partial derivative that appears in this 
equation is two. 

There are three classical partial differential equations of order two 
which appear quite often in applications, and which dominate the theory 
of partial differential equations. These equations are 

OU 2 o2 u -=a --
ot ox2 ' 

(1) 

o2u o2u --=c2 __ 
ot2 ox2 

(2) 

and 

o2 U + o2 u =Ü. 
ox2 oy2 

(3) 

Equation (1) is known as the heat equation, and it appears in the study 
of heat conduction and other diffusion processes. For example, consider a 
thin metal bar of length I whose surface is insulated. Let u(x, t) denote the 
temperature in the bar at the point x at time t. This function satisfies the 
partial differential equation (1) for O<x<l. The constant a2 is known as 
the thermal diffusivity of the bar, and it depends solely on the material 
from which the bar is made. 
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5 Separation of variables and Fourier series 

Equation (2) is known as the wave equation, and it appears in the study 
of acoustic waves, water waves and electromagnetic waves. Some form of 
this equation, or a generalization of it, almost invariably arises in any 
mathematical analysis of phenomena involving the propagation of waves 
in a continuous medium. (We will gain some insight into why this is so in 
Section 5.7.) The wave equation also appears in the study of mechanical 
vibrations. Suppose, for example, that an elastic string of length /, such as 
a violin string or guy wire, is set in motion so that it vibrates in a vertical 
plane. Let u(x, t) denote the vertical displacement of the string at the point 
x at timet (see Figure 1). If all damping effects, such as air resistance, are 
negligible, and if the amplitude of the motion is not too large, then u(x, t) 
will satisfy the partial differential equation (2) on the interval 0 <~t; x <~t; /. In 
this case, the constant c2 is H / p, where H is the horizontal component of 
the tension in the string, and p is the mass per unit length of the string. 

u 

u(x,t) 

Figure 1 

Equation (3) is known as Laplace's equation, and is the most famous of 
all partial differential equations. It arises in the study of such diverse ap­
plications as steady state heat flow, vibrating membranes, and e1ectric and 
gravitational potentials. For this reason, Laplace's equation is often re­
ferred to as the potential equation. 

In addition to the differential equation (1), (2), or (3), we will often im­
pose initial and boundary conditions on the function u. These conditions 
will be dictated to us by the physical and biological problems themselves; 
they will be chosen so as to guarantee that our equation has a unique solu­
tion. 

As a model case for the heat equation (1), we consider a thin metal bar 
of length I whose sides are insulated, and we Iet u(x,t) denote the tempera­
turein the bar at the point x at timet. In order to dermine the temperature 
in the bar at any time t we need to know (i) the initial temperature distrib­
ution in the bar, and (ii) what is happening at the ends of the bar. Are they 
held at constant temperatures, say ooc, or are they insulated, so that no 
heat can pass through them? (This latter condition implies that ux<O, t) = 
ux<l, t) = 0.) Thus, a "well posed" problern for diffusion processes is the 
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heat equation (1), tagether with the injtial condition u(x, 0) = f(x), 0 < x < 
I, and the boundary conditions u(O,t)= u(l,t)=O, or ux(O,t)= ux<l,t)=O. 

As a model case for the wave equation, we consider an elastic string of 
length /, whose ends are fixed, and which is set in motion in a vertical 
plane. In order to determine the position u(x, t) of the string at any time t 
we need to know (i) the initial position of the string, and (ii) the initial 
velocity of the string. lt is also implicit that u(O, t) = u(l, t) = 0. Thus, a weil 
posed problern for wave propagation is the differential equation (2) 
tagether with the initial conditions u(x, 0) = f(x), u1(x, 0) = g(x), and the 
boundary conditions u(O,t)= u(l,t)=O. 

The partial differential equation (3) does not contain the time t, so that 
we do not expect any "initial conditions" to be imposed here. In the prob­
lems that arise in applications, we are given u, or its normal derivative, on 
the boundary of a given region R, and we seek to deterrnine u(x,y) inside 
R. The problern of finding a solution of Laplace's equation which takes on 
given boundary values is known as a Dirichlet problem, while the problern 
of finding a solution of Laplace's equation whose normal derivative takes 
on given boundary values is known as a Neumann problem. 

In Section 5.3 we will develop a very powerful method, known as the 
method of separation of variables, for solving the boundary-value problern 
(strictly speaking, we should say "initial boundary-value problem") 

u(x,O)=f(x), O<x<l; u(O,t)=u(l,t)=O. 

After developing the theory of Fourier series in Sections 5.4 and 5.5, we 
will show that the method of separation of variables can also be used to 
solve more general problems of heat conduction, and several important 
problems of wave propagation and potential theory. 

5.3 The heat equation; separation of variables 

Consider the boundary-value problern 

u(x,O)=f(x), O<x<l; u(O,t)=u(l,t)=O. (I) 

Our goal is to find the solution u(x, t) of (1). To this end, it is helpful to 
recall how we solved the initial-value problern 

d2y dy 
- 2 +p(t)-d +q(t)y=O; 
dt t 

y(O) = y 0, y'(O) = y~. (2) 

First we showed that the differential equation 

d2y dy 
- 2 +p(t)-d +q(t)y=O 
dt t 

(3) 
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is linear; that is, any linear cornbination of solutions of (3) is again a solu­
tion of (3). And then, we found the solution y(t) of (2) by taking an ap­
propriate linear cornbination c1y 1(t)+c2Y2(t) of two linearly independent 
solutions y 1(t) and yit) of (3). Now, it is easily verified that any linear 
cornbination c1u1(x,t)+ ... + cnun(x,t) of solutions u1(x,t), ... ,un(x,t) of 

au =a23 2u (4) 
at ax2 

is again a solution of (4). In addition, if u1(x, t), ... , un(x, t) satisfy the 
boundary conditions u(O, t) = u(l, t) = 0, then the linear cornbination c1 u1 

+ ... + cnun also satisfies these boundary conditions. This suggests the 
following "garne plan" for solving the boundary-value problern (1): 

(a) Find as rnany solutions u 1(x, t), uix, t), ... as we can of the 
boundary-value problern 

au = ,..2 a 2u . (0 ) (/ ) 0 (5) at u ax2' u ,t = u ,t = . 

(b) Find the solution u(x,t) of (1) by taking an appropriate linear corn­
bination of the functions un ( x, t), n = 1' 2, .... 

(a) Since we don't know, as yet, how to solve any partial differential 
equations, we rnust reduce the problern of solving (5) to that of solving one 
or rnore ordinary differential equations. This is accornplished by setting 
u(x,t)=X(x)T(t) (hence the narne separation of variables). Cornputing 

au -XT' d a2u -X"T -- an --
at ax2 

we see that u(x, t) =X (x) T(t) is a solution of the equation u1 = a 2 uxx 
(ul = auj at and uxx = a 2u/ ax2) if 

XT'=a 2X"T. (6) 

Dividing both sides of (6) by a 2XT gives 

X" T' -x= azr· (7) 

Now, observe that the left-hand side of (7) is a function of x alone, while 
the right-hand side of (7) is a function of t alone. This irnplies that 

X" T' - = - A and - = - A (8) 
X ' azT 

for sorne constant A. (The only way that a function o( x can equal a func­
tion oft is if both are constant. To convince yourself of this, letf(x)= g(t) 
and fix t0• Then,j(x)=g(t0) for all x, so thatf(x)=constant=c1, and this 
irnrnediately irnplies that g(t) also equals c1.) In addition, the boundary 
conditions 

0= u(O,t)=X(O)T(t), 
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and 

O=u(l,t)=X(l)T(t) 

imply that X (0) = 0 and X (I)= 0 ( otherwise, u must be identically zero ). 
Thus, u(x,t)=X(x)T(t) is a solution of (5) if 

X"+AX=O; X(O)=O, X{l)=O (9) 

and 

(10) 

At this point, the constant A is arbitrary. However, we know from Example 
1 of Section 5.1 that the boundary-value problern (9) has a nontrivial solu­
tion X (x) only if A=\, = n2 'TT2 I 12, n = 1,2, ... ; andin this case, 

X ( x) = X" ( x) = sin n~x . 

Equation (10), in turn, implies that 

T(t) = Tn (t) = e-a'n'.,'r/1'. 

(Actually, we should multiply both Xn(x) and Tn(t) by constants; however, 
we omit these constants here since we will soon be taking linear combina­
tions of the functions X"(x) Tn(t).) Hence, 

( ) - · n7TX -a2 n2 1r2 tjl2 
u" x,t -sin-1-e 

is a nontrivial solution of (5) for every positive integer n. 
(b) Suppose that j(x) is a finite linear combination of the functions 

sinn'TTx I I; that is, 
N 

f(x)= ~ c,.sin n~x. 
n=l 

Then, 
N 

( ) _ ~ · n7TX -a2n 2.,2 tjl2 
u x,t - ~ c"sm-1-e 

n=l 

is the desired solution of (1), since it is a linear combination of solutions of 
(5), and it satisfies the initial condition 

N 

u(x,O)= ~ c"sin n~x = f(x), 
n=l 

O<x<l. 

Unfortunately, though, most functions f(x) cannot be expanded as a finite 
linear combination of the functions sinn1rx I l, n = 1, 2, ... , on the interval 
0 < x < I. This leads us to ask the following question. 

Question; Can an arbitrary function f(x) be written as an infinite linear 
combination of the functions sin n1rx I I, n = 1, 2, ... , on the interval 0 < x < 
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l? In other words, given an arbitrary function j, can we find constants 
c1,c2, ••• , suchthat 

O<x<l? 

Remarkably, the answer to this question is yes, as we show in Section 5.5. 

Example 1. At time t=O, the temperature u(x,O) in a thin copperrod (a2 

= 1.14) of length one is 2sin37Tx+5sin87Tx, 0< x < l. The ends of the rod 
are packed in ice, so as to maintain them at ooc. Find the temperature 
u(x, t) in the rod at any time t > 0. 
Solution. The temperature u(x, t) satisfies the boundary-value problern 

au = 1.14 a2u. ( u(x,0}=2sin37Tx+5sin87TX, O<x< l 

ot ox2 ' u(O,t}=u(l,t}=O 

and this implies that 

u(x, t} = 2 sin 37TX e - 9(1.1 4)"21 + 5 sin 87Tx e - 64(1.! 4)"21• 

ExERCISES 

Find a solution u(x, t) of the following problems. 

{ 
u(x,O)=sin7rx/2+3sin57rx/2, 
u(O,t)=u(2,t)=O 

{ 
u(x,O)=sin'1Tx/2-3sin2'1Tx, 
u(O,t)=u(2,t)=O 

3. Use the method of separation of variables to solve the boundary-value problern 

au = a2u +U' { u(x,0)=3sin2'1TX-7sin4'1TX, Ü<x<lO 
at ax2 ' u(O,t)=u(lO,t)=O 

Use the method of separation of variables to solve each of the following 
boundary-value problems. 

4 au = au. u(O,y)=eY+e-2y 
• at ay' 

au- au. 5. at- ay' u(t,O)=e-3'+e2t 

6. ~~ = ~~ +u; u(O,y)=2e-Y-e2Y 

au au 7. at = ay -u; u(t,O)=e-s'+2e-7'-14et3t 
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8. Determine whether the method of separation of variables can be used to re­
place each of the following partial differential equations by pairs of ordinary 
differential equations. If so, find the equations. 
(a) tu11 +ux=O (b) tuxx+xu1 =0 
(c) Uxx+(x-y)Uyy=O (d) Uxx+2ux1 +u1 =0 

9. The heat equation in two space dimensions is 

ul=o:2(uxx+Uyy). (*) 

(a) Assuming that u(x,y,t)=X(x)Y(y)T(t), find ordinary differential equa­
tions satisfied by X, Y, and T. 

(b) Find solutions u(x,y, t) of (*) which satisfy the boundary conditions 
u(O,y,t)=O, u(a,y,t)=O, u(x,O,t)=O, and u(x,b,t)=O. 

10. The heat equation in two space dimensions may be expressed in terms of polar 
Coordinates as 

Assuming that u(r,O,t)= R(r)0(0)T(t), find ordinary differential equations 
satisfied by R, e, and T. 

5.4 Fourier series 

On December 21, 1807, an engineer named Joseph Fourier announced to 
the prestigious French Academy of Seiences that an arbitrary functionf(x) 
could be expanded in an infinite series of sines and cosines. Specifically, Iet 
f(x) be defined on the interval -I,;;;;; x,;;;;; I, and compute the numbers 

I fl ( ) n'TrX an= I f X cos -,- dx, n = 0, I' 2, ... 
-I 

(I) 

and 

I Jt ( ) . n1rx bn = 1 f x sm - 1- dx, 
-I 

n= 1,2, ... (2) 

Then, the infinite series 
00 

ao 7TX . 7TX ao "" [ n1rx . mrx ] 2 +a1 cos-1- + b1sm-1- + ... = 2 + ~ ancos-1- +bnsm-1-
n=l 

(3) 

converges to f(x). Fourier's announeerneut caused a loud furor in the 
Academy. Many of its prominent members, including the famous mathe­
matician Lagrange, thought this result to be pure nonsense, since at that 
time it could not be placed on a rigorous foundation. However, mathema­
ticians have now developed the theory of "Fourier series" to such an extent 
that whole volumes have been written on it. (Just recently, in fact, they 
have succeeded in establishing exceedingly sharp conditions for the Four­
ier series (3) to converge. This result ranks as one of the great mathemati-
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ca1 theorems of the twentieth century.) The following theorem, whi1e not 
the most genera1 theorem possible, covers most of the situations that arise 
in applications. 

Theorem 2. Let f and j' be piecewise continuous on the interval - I..;; x ..;; I. 
( This means that fand f' have only a finite number of discontinuities on 
this interval, and both f and j' have right- and left-hand Iimits at each 
point of discontinuity.) Compute the numbers an and bn from (I) and (2) 
and form the infinite series (3). This series, which is called the Fourier 
series for f on the interval -I..;; x..;; I, converges to f(x) if f is continuous 
at x, and to Hf(x+O)+ f(x-0)]* if f is discontinuous at x. At x= ±I, 

the Fourier series (3) converges to Hf(!)+ f( -I)], where f( ±I) is the 
Iimit of f(x) as x approaches ±I. 

Remark. The quantity Hf(x + 0) + f(x- 0)] is the average of the right­
and left-hand Iimits of f at the point x. If we define f(x) to be the average 
of the right- and 1eft-hand Iimits of f at any point of discontinuity x, then 
the Fourier series (3) converges to f(x) for all points x in the interva1 -I< 
x< I. 

Examp1e 1. Let f be the, function which is 0 for - 1 ..;; x < 0 and 1 for 0 < x 
..;; 1. Compute the Fourier series for f on the interva1 - 1 ..;; x..;; 1. 
Solution. In this prob1em, I= 1. Hence, from ( 1) and (2), 

a0 = J 1 f ( x) dx = ( 1 dx = 1, 
-1 Jo 

an=f 1 f(x)cosmrxdx= ( 1cosmrxdx=O, n~ 1 
-1 Jo 

and 

bn=f 1 f(x)sinmrxdx= ( 1sinmrxdx 
-1 Jo 
1 1-(-1( 

= - ( 1 - cos mr) = n ~ 1. 
nw nw 

Notice that bn=O for n even, and bn=2/nw for n odd. Hence, the Fourier 
series for f on the interva1 - 1 ..;; x..;; 1 is 

.!. + 2sinwx + 2sin3wx + 2sin5wx + 
2 w 3w 5w ··· · 

By Theorem 2, this series converges to 0 if - 1 < x < 0, and to 1 if 0 < x < I. 
At x = - I, 0, and + 1, this series reduces to the single nurober ~, which is 
the value predicted for it by Theorem 2. 

*The quantity f(x+O) denotes the Iimit from the right of f at the point x. Similarly, f(x -0) 
denotes the Iimit of f from the Jeft. 
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5.4 Fourier series 

Example 2. Let f be the function which is I for -2 < x < 0 and x for 0 < x 
< 2. Compute the Fourier series for f on the interval -2 < x < 2. 
Solution. In this problem /=2. Hence from (I) and (2), 

I (2 I (o I (2 
a0 = 2 L/(x)dx= 2 L/x+ 2 Jo xdx=2 

I J2 ( ) mrx I jo mrx I 12 mrx a =- f x cos- dx=- cos- dx+- xcos- dx 
n 2 _ 2 2 2 _ 2 2 2 0 2 

2 = --2 (cosmr-1), n ~I 
(mr) 

and 

I 12 ( ) . mrx I Jo . mrx I 12 . mrx b =- f x sm-dx=- sm-dx+- xsm-dx 
n 2 _ 2 2 2 _ 2 2 2 O 2 

I 
=- m/1 +cosmr), n ~I. 

Notice that an=O if n is even; an= -4/n2 TT 2 if n is odd; bn=O if n is odd; 
and bn =-2/ nTT if n is even. Hence, the Fourier series for f on the interval 
-2<x<2 is 

4 7TX I . 4 37TX I . 1- -cos-- -smTTx- -cos--- -sm2TTx+ ... 
7T2 2 7T 9772 2 27T 

= 1 _ _i_ i cos(2n+ I)TTx/2 _l_ i sinnTTx. (4) 
772 n=O (2n + 02 77 n= I n 

By Theorem 2, this series converges to I if -2 < x < 0; to x, if 0 < x < 2; to 
t if x=O; and to ~ if x±2. Now, at x=O, the Fourier series (4) is 

1- _i_ [ _!_ + _!_ + _!_ + _!_ + ... ]· 
7T2 12 32 52 72 

Thus, we deduce the remarkable identity 

or 

The Fourier coefficients an and bn defined by (I) and (2) can be derived 
in a simple manner. Indeed, if a piecewise continuous functionj can be ex­
panded in a series of sines and cosines on the interval - I< x < /, then, of 
necessity, this series must be the Fourier series (3). We prove this in the 
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5 Separation of variables and Fourier series 

following manner. Suppose that f is piecewise continuous, and that 
CO 

Co "" [ k'TTX . k'TTX ] f(x)= 2 + ~ ckcos-1- +dksm-1-
k=I 

(5) 

for some numbers ck and dk. Equation (5) is assumed to hold at all but a 
finite number of points in the interval -/ ~ x ~I. Integrating both sides of 

(5) between -I and I gives c0 /= J_', j(x)dx, since 

cos-- dx= sm-- dx=O· I l k'TTX il · k'TTX 
-t I -t I ' 

k= 1,2, ... * 

Similarly, multiplying both sides of (5) by cos n'TTX /I and integrating be­
tween - I and I gives 

11 n'TTX lcn= f(x)cos-1-dx 
-I 

while multiplying both sides of (5) by sinn'TTx/ I and integrating between 
-I and I gives 

11 n'TTX ldn= f(x)sin-1- dx. 
-I 

This follows immediately from the relations (see Exercise 19) 

and 

I' cos n'TTx cos k'TTx dx = { 0, 
_ 1 I I /, 

I' cos n'TTx sin k'TTx dx = 0 
_ 1 I I 

I / . n'TTX · k'TTX d { 0 sm--sm-- x= ' 
-I I I /, 

k=l=n 
k=n 

k=l=n 
k=n· 

(6) 

(7) 

(8) 

Hence, the coefficients cn and dn must equal the Fourier coefficients an and 
bn. In particular, therefore, a function f can be expanded in one, and only 
one, Fourier series on the interval -/ ~ x ~ /. 

Examp1e 3. Find the Fourier series for the functionj(x) =cos2 x on the in­
terval - 'TT ~ x ~ 'TT. 
Solution. By the preceding remark, the functionf(x)=cos2x has a unique 
Fourier series 

*It can be shown that it is permissible to integrate the series (5) term by term. 
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5.4 Fourier series 

on the interval -7r.;;;; x.;;;; 1r. But we already know that 

2 1 + cos2x cos x= 2 - 2-. 

Hence, the Fourier series for cos2 x on the interval - 1r.;;;; x .;;;; 1r must be 
I I 2 
2 + 2cos x. 

The functions cosnTTxjl and sinnTTxjl, n=1,2, ... all have the interest­
ing property that they are periodic with period 2/; that is, they repeat 
themselves over every interval of length 2/. This follows trivially from the 
identities 

n1r { n1rx ) n1rx cos -1- ( x + 2/) = cos - 1- + 2n1T = cos - 1-

and 

. n1r( 21 ) . (n1rx 2 ) . n1rx sm-1- x+ =sm - 1- + n1r =sm-1-. 

Hence, the Fourier series (3) converges for all x to a periodic function 
F(x). This function is called the periodic extension of f(x). It is defined by 
the equations 

{
F(x)=J(x), -l<x<l 

F(x)=HJU)+j(-1)], x=±l 

F(x+2/)=F(x). 

F or examp1e, the periodic extension of the function f ( x) = x is described in 
Figure 1, and the periodic extension of the function f(x) = lxl is the saw­
toothed function described in Figure 2. 

Figure l. Periodic extension of f(x)=x 

-4 ~ -3t -2~ -t 

Figure 2. Periodic extension of f(x)= lxl 
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5 Separation of variables and Fourier series 

EXERCISES 

In each of Problems 1-13, find the Fourier series for the given function f 
on the prescribed interval. 

l.j(x)={ -11,, -l<x<O. lxi..::I 
O.;;;; X.;;;; 1' ""' 

2. f(x)= { ~: -2<x<0. lxl<2 O.;;;;x.;;;;2' 

3. f(x)=x; -},;;;;X,;;;; J 4.j(x)={ -x, -l<x<O. 
X, 0.;;;; x.;;;; 1' 

c· -2<x<0 
S. f(x)= 0, 0.;;;; x< 1; lxl<2 

1, l<x<2 

6. f(x)= { ~: -2<x<l. lxl<2 I< X.;;;; 2' 

7. f(x)= { ~· -l<x<O. lxl< I 
e ' 0,;;;; X,;;;; I' 

8. f(x)= { eo~' -l<x<O. lxl< I 
O.;;;; X.;;;; I ' 

9. f(x)= { e:X, -l<x<O. -I.;;; x.;;;; I 
e ' O.;;;; X.;;;; I' 

10. j(X)=e\ lxl< I 11. f(x)=e-x; lxl< I 

12. f(x)=sin2 x; lxi<'TT 13. f(x) = sin3 x; lxi<'TT 

14. Letf(x)=('TTcosax)j2asina'TT, a not an integer. 
(a) Find the Fourier series for f on the interval - 'lT.;;;; x.;;;; 'TT. 
(b) Show that this series converges at x='TT to the value ('TT/2a)cot'!Ta. 
(c) Use this result to sum the series 

1 1 1 
-2--2 + -2--2 + -2--2 + .... 
1 -a 2 -a 3 -a 

lxl< 1 

15. Suppose thatf andf' are piecewise continuous on the interval -I.;;; x.;;;; I. Show 
that the Fourier coefficients an and bn approach zero as n approaches infinity. 

16. Let 
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Show that 

This relation is known as Parseval's identity. Hint: Square the Fourier series 
for fand integrate term by term. 



5.5 Even and odd functions 

17. (a) Find the Fourier series for the functionf(x)= x 2 on the interval - 'IT.;;;; x.;;;; 
'ITo 

(b) Use Parseval's identity to show that 
1 1 1 '17'4 

? + 24 + 34 + 0 0 0 = 90 0 

18. If the Dirac delta function I) (x) had a Fourier series on the interval - i.;;;; x.;;;; I, 
what would it be? 

19. Derive Equations (6)-(8)0 Hint: Use the trigonometric identities 

sinA cosB= Hsin(A + B) +sin(A- B )] 

sinA sinB = Hcos(A- B) -cos(A + B )] 

cosAcosB = Hcos(A + B) +cos(A- B )]o 

5.5 Even and odd functions 

There are certain special cases when the Fourier series of a function f re­
duces to a pure cosine or a pure sine serieso These special cases occur when 
f is even or oddo 

Definition. A functionjis said tobe even ifj(-x)=j(x)o 

Example 1. The function f(x) = x 2 is even since 

f(- x) = (- x)2 = x 2= f(x)o 

Example 2. The functionf(x)=cosn'ITx/1 is even since 
-n'ITX n'ITX f( -x)=cos-1- =cos-1- = f(x)o 

Definition. A function f is said to be odd if f (- x) = - f ( x )o 

Example 3. The function f ( x) = x is odd since 

J(-x)= -x= -J(x)o 

Example 4. The functionf(x)=sinn'ITx/1 is odd since 

f( ) 0 - n'ITX 0 n'ITx f( ) -x =stn-1- = -stn-1- =- x 0 

Even and odd functions satisfy the following elementary properties. 

1. The product of two even functions is eveno 
20 The product of two odd functions is eveno 
30 The product of an odd function with an even function is oddo 

The proofs of these assertions are trivial and follow immediately from the 
definitionso For example, letj and g be odd and Iet h(x)= f(x)g(x)o This 
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5 Separation of variables and Fourier series 

function h is even since 

h(-x)=f(-x)g(-x)=[ -f(x)][ -g(x)]=f(x)g(x)=h(x). 

In addition to the multiplicative properties l-3, even and odd functions 
satisfy the following integral properties. 

4. The integral of an odd function f over a symmetric interval [-I, I] is 

zero; that is, (' f(x)dx = 0 if f is odd. J-1 
5. The integral of an even function f over the interval [-I, I] is twice the 

integral of f over the interval [0, I]; that is, 

r' f(x)dx=2 r'f(x)dx )_, Jo 
if f is even. 

PROOF OF PROPERTY 4. If f is odd, then the area under the curve of f be­
tween - I and 0 is the negative of the area under the curve of f between 0 

andi.Hence, (' f(x)dx=Oiffisodd. 0 Lt 
PROOF OF PROPERTY 5. If f is even, then the area under the curve of f be­
tween - I and 0 equals the area under the curve of f between 0 and /. 
Hence, 

r' f(x)dx= ro f(x)dx+ r'f(x)dx=2 r'f(x)dx )_, L, Jo Jo 
if fis even. 0 

Concerning even and odd functions, we have the following important 
Iemma. 

Lemma 1. 
(a) The Fourier series for an even function is a pure cosine series; that 

is, it contains no terms of the form sinmrx I I. 
(b) The Fourier series for an odd function isapure sine series; that is, 

it contains no terms of the form cosmrxl I. 

PROOF. (a) If f is even, then the function f(x)sinmrxl I is odd. Thus, by 
Property 4, the coefficients 

I j_' ) . mrx bn = 7 f(x sm-1-dx, 
-I 

n=l,2,3, ... 

in the Fourier series for f are all zero. 
(b) If f is odd, then the function f ( x) cos mrx I I is also odd. Conse­

quently, by Property 4, the coefficients 

I j 1 ( ) mrx an= 7 f x cos-1-dx, 
-I 

n=O, 1,2, ... 

in the Fourier series for f are all zero. 0 
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5.5 Even and odd functions 

We are now in a position to prove the following extremely important ex­
tension of Theorem 2. This theorem will enable us to solve the heat con­
duction problern of Section 5.3 and many other boundary-value problems 
that arise in applications. 

Theorem 3. Let f and f' be piecewise continuous on the interval 0.;;; x .;;; I. 
Then, on this interval, f(x) can be expanded in eilher a pure cosine series 

or a pure sine series 

00 

ao " mrx T + L..J an cos-1-, 
n=! 

00 

"b . mrx L..J n sm-,-. 
n=! 

In the former case, the coefficients an are given by the formula 

2 ( ) n77x 
an= 1 Jo f(x cos-1-dx, n=O, 1,2, ... 

while in the latter case, the coefficients bn are given by the formula 

2 ( ( ) . n'lTX 
bn =I Jo f x sm-1-dx. 

PROOF. Consider first the function 

F(x)= ( f(x), 
j(-x), 

o.;;; x.,:;; 1 

-!.;;;x<O 

(1) 

(2) 

The graph of F(x) is described in Figure 1, and it is easily seen that Fis 
even. (For this reason, F is called the even extension of f.) Hence, by 

------l~--------4---------~------x 

Figure 1. Graph of F(x) 
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5 Separation of variables and Fourier series 

Lemma 1, the Fourier series for Fon the interval -I<; x <;I is 

ao ~ mrx 
F(x)= 2 + ~ ancos-1-; 

n=I 

1 rl mrx 
an= I)_ F(x)cos-1-dx. 

-I 
(3) 

Now, observe that the function F(x)cosmrx/ I is even. Thus, by Property 5 

2 t ( ) mrx 2 ( 1 ( ) n'TTX dx an=IJ0 F x cos-1-dx=IJ
0

j x cos-1- . 

Finally, since F(x)= j(x), 0<; x <;I, we conclude from (3) that 
00 

( ) ao ""' n'TTx f x = 2 + ~ ancos-1-, 
n=I 

0<; X"' I. 

Observe too, that the series (3) converges toj(x) for x=O and x=l. 
To show that j(x) can also be expanded in a pure sine series, we con­

sider the function 

{ 
j(x), 

G(x)= -J(-x), 

0, 

O<x<l 

-l<x<O 
x=O, ±I. 

--~----------+---------~--.x -.r 

Figure 2. Graph of G(x) 

The graph of G(x) is described in Figure 2, and it is easily seen that G is 
odd. (For this reason, G is called the odd extension of j.) Hence, by 
Lemma 1, the Fourier series for Gon the interval -/ <; x <I is 

00 

G(x)= ~ bnsin n~x; 
n=I 

1 11 . Tl'TTX bn= I G(x)sm-1-dx. 
-I 

{4) 
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Now, observe that the function G (x) sinmrx /I is even. Thus, by Property 
5, 

2 r' 0 mrx 2 i' 0 mrx bn= 1 J. G(x)sm-1- dx= I f(x)sm - 1- dx. 
0 0 

Finally, since G(x)=j(x),O<x<l, we conclude from (4) that 

CXl 

f(x)= ~ bnsin n~x, 
n=l 

O<x<l. 

Observe too, that the series ( 4) is zero for x = 0 and x = I. D 

Example 5. Expand the functionj(x)= 1 in a pure sine series on the inter­
val O<x<'IT. 
Solution. By Theorem 3,j(x)= L:...,bnsinnx, where 

2 ., 2 { 0 , n even 
b = -l sinnxdx= -(1-cosmr)= 4 n odd. 
n 'IT 0 n'IT -' 

n'IT 

Hence, 

I =i[ sinx + sin3x + sin5x + ] 
'IT I 3 5 ... ' 

Example 6. Expand the functionj(x)= ex in a pure cosine series on the in­
terval 0 ..;; x ..;; 1. 
Solution. By Theorem 3,j(x)=a0 j2+ L:_ 1ancosn'ITX, where 

and 

=2Re eO+inw)xdx=2Re . -l l { el+in" 1 } 
o 1+m'IT 

Hence, 

~ (ecosn'IT-1) 
ex=e-1+2.tC..J 2 2 COSn'ITX, 

n=l 1+n 'IT 
o..;;xo;;;t. 
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5 Separation of variables and Fourier series 

EXERCISES 

Expand each of the following functions in a Fourier cosine series on the 
prescribed interval. 

3. f(x)= { x, 
a, 

4. f(x)=cos 2 x; 

O<x<a. 
a< x<2a' 

5. f(x)= { /-~: Ü<O; X <0; f/2. 
f/2 <0; X <0; f' 

2. f(x)= { ~: 

Expand each of the following functions in a Fourier sine series on the pre­
scribed interval. 

6. f(x)= e-x; 

8. f(x)= { x, 
a, 

O<x<a . 
a< x<2a' 

7. f(x)= { ~: 

0<x<2a 

9. f(x)=2sinxcosx; O<x<'IT 

10.j(x)={ x, O<x<l/2; O<x<l 
1-x, l/2<x<l 

O<x<l. 
1 <x<2' 

11. (a) Expand the function j(x) = sinx in a Fourier cosine series on the interval 
O<x<'IT. 

(b) Expand the functionj(x}=cosx in a Fourier sine series on the interval 0< 
X<'IT. 

(c) Can you expand the functionj(x}=sinx in a Fourier cosine series on the 
interval - 'IT < x < ?T? Explain. 

5.6 Return to the heat equation 

We return now to the boundary-value problern 

( u(x,O)=J(x) 
u(O,t) = u(l, t) =0 · 

We showed in Section 5.3 that the function 

is (forrnally) a solution of the boundary-value problern 

(1) 

au =a2a 2u. (0) (/) 0 (2) at ax2 ' u ,t = u ,t = 

for any choice of constants c1,c2, .... This led us to ask whether we can 
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find constants c1,c2, ••• suchthat 

00 

u(x,O)= ~ cnsin n~x =J(x), 
n=l 

O<x<l. (3) 

As we showed in Section 5.5, the answer to this question is yes; if we 
choose 

2 ( 1 ( ) . mrx 
cn = 7 )" f x sm-1-dx, 

0 

then the Fourier series L:=lcnsinmrx/1 converges toj(x) ifjis continu­
ous at the point x. Thus, 

( t) 2 Loo [LIJ() · n'TTXd] · n'TTX -a'n''TT't/1' u x = - x s1n-- x sm -e 
' I I I n=l 0 

(4) 

is the desired solution of (1). 

Remark. Strictly speaking, the solution (4) cannot be regarded as the solu­
tion of (1) until we rigorously justify all the limiting processes involved. 
Specifically, we must verify that the function u(x, t) defined by (4) actually 
has partial derivatives with respect to x and t, and that u(x, t) satisfies the 
heat equation u1 = a2uxx· (lt is not true, necessarily, that an infinite sum of 
solutions of a linear differential equation is again a solution. Indeed, an 
infinite sum of solutions of a given differential equation need not even be 
differentiable.) However, in the case of (4) it is possible to show (see Ex­
ercise 3) that u(x, t) has partial derivatives with respect to x and t of all 
orders, and that u(x, t) satisfies the boundary-value problern (1). The argu­
ment rests heavily upon the fact that the infinite series (4) converges very 
rapidly, due to the presence of the factor e-a'n''TT't!t'. Indeed, the function 
u(x, t), for fixed t > 0, is even analytic for 0 < x <I. Thus, heat conduction 
is a diffusive process which instantly smooths out any discontinuities that 
may be present in the initial temperature distribution in the rod. Finally, 
we observe that limt-> 00 u(x, t) = 0, for all x, regardless of the initial temper­
ature in the rod. This is in accord with our physical intuition that the heat 
distribution in the rod should ultimately approach a "steady state"; that is, 
a state in which the temperature does not change with time. 

Example 1. A thin alurninum bar (a2 =0.86 cm2 js) 10 cm long is heated to 
a uniform temperature of 100°C. At time t = 0, the ends of the bar are 
plunged into an ice bath at 0°C, and thereafter they are maintained at this 
temperature. No heat is allowed to escape through the lateral surface of the 
bar. Find an expression for the temperature at any point in the bar at any 
later time t. 
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5 Separation of variables and Fourier series 

Solution. Let u(x, t) denote the temperature in the bar at the point x at 
time t. This function satisfies the boundary-value problern 

au =0.86 a2u. 
at ax2 , 

(
u(x,O)=IOO, 0<x<10 

u(O, t) = u(IO, t) = 0 

The solution of (5) is 
00 

u(x t)= ""c sinmrxe-0.86n2.".2r;too 
' ~n 10 

n-1 

where 

I l 10 mrx 200 c =- IOOsin-dx= -(1-cosmr). 
n 5 0 10 mr 

N otice that cn = 0 if n is even, and cn = 400/ mr if n is odd. Hence, 

oo sin(2n + I) '!TX 

( t) = 400 ~ 10 -0.86(2n+ 1)2".2t/100 
u x, 'lT ~ (2n + I) e . 

(5) 

There are several other problems of heat conduction which can be 
solved by the method of separation of variables. Example 2 below treats 
the case where the ends of the bar are also insulated, and Exercise 4 treats 
the case where the ends of the bar are kept at constant, but nonzero tem­
peratures T1 and T2• 

Example 2. Consider a thin metal rod of length l and thermal diffusivity 
a 2, whose sides and ends are insulated so that there is no passage of heat 
through them. Let the initial temperature distribution in the rod be f(x). 
Find the temperature distribution in the rod at any later time t. 
Solution. Let u(x, t) denote the temperature in the rod at the point x at 
time t. This function satisfies the boundary-value problern 

{ u(x,O):j(x), _ O<x<l 
ux(O, t)- ux(l, t)- 0 

(6) 

We solve this problern in two steps. First, we will find infinitely many solu­
tions un(x,t)=Xn(x)Tn(t) of the boundary-value problern 

u,=a2uxx; ux(O,t)=ux(l,t)=O, (7) 

and then we will find constants c0, c 1, c2, ••• such that 
00 

u(x,t)= L cnun(x,t) 
n=O 

satisfies the initial condition u(x, 0) = j(x). 
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5.6 Return to the heat equation 

Step 1: Let u(x,t)=X(x)T(t). Computing 

au -XT' d a2u -X"T -- an --
at ax2 

we see that u(x, t) is a solution of u1 = a2 uxx if 

X" T' 
XT'=a 2X"T, or -X =-2-. 

aT 
(8) 

As we showed in Section 5.3, Equation (8) implies that 

X"+l\X=O and T'+l\a 2T=O 
for some constant A. In addition, the boundary conditions 

0= ux(O,t) = X'(O)T(t) and 0= ux(l,t) =X'(l)T(t) 

imply that X'(O)=O and X'(l)=O. Hence u(x,t)=X(x)T(t) is a solution 
of (7) if 

X"+l\X=O; 
and 

X'(O)=O, X'(/)=0 (9) 

(10) 

At this point, the constant A is arbitrary. However, the boundary-value 
problern (9) has a nontrivial solution X(x) (see Exercise I, Section 5.1) 
only if A = n21r2 //2, n = 0, 1, 2, ... , and in this case 

X(x)=Xn(x)=cosn~x. 

Equation (10), in turn, implies that T(t)=e~a2 n2 '1T21112 • Hence, 

n1rx 2 2 2 112 U (X t)=COS- e-a n '1T I 
n ' I 

is a solution of (7) for every nonnegative integer n. 
Step 2: Observe that the linear combination 

Co 00 n1rx 2 2 2 2 u(x t)=- + "'"'c cos-e-a n '1T t/l '2 "'-on I 
n=l 

is a solution (formally) of (7) for every choice of constants c0, c" c2, ••.. lts 
ini tial value is 

Co ~ n1rx 
u(x,O)=T+ "'-- cncos-1-. 

n=l 

Thus, in order to satisfy the initial condition u(x,O)= f(x) we must choose 
constants c0, c" c2, ••• such that 

Co ~ n'lTx 
f(x) = T + "'-- cncos-1-, 0 < x <I. 

n=l 

In other words, we must expand f in a Fourier cosine series on the interval 
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5 Separation of variables and Fourier series 

0" x" I. This is precisely the situation in Theorem 3 of Section 5.5, and 
we conclude, therefore, that 

2 ( 1 ( ) mrx cn= 7 Jo f x cos-1-dx. 

Hence, 

1 ( 1 2 ~ [l' n'TTX ] n'ITX _ 2 2 2 2 u(x,t)= y Jn f(x)dx+ y ~ f(x)cos-1-dx cos-1-e an w t/l (11) 
0 n=l 0 

is the desired solution of (6). 

Remark. Observe from (11) that the temperaturein the rod ultimately ap­
proaches the steady state temperature 

I r' 7 Jo f(x)dx. 

This steady state temperature can be interpreted as the "average" of the 
initial temperature distribution in the rod. 

EXERCISES 

1. The ends x = 0 and x = 10 of a thin aluminum bar ( a 2 = 0.86) are kept at 0° C, 
while the surface of the bar is insulated. Find an expression for the temperature 
u(x, t) in the bar if initially 
(a) u(x,0)=70, 0 < x < 10 
(b) u(x,0)=70cosx, O<x< 10 

{ !Ox, 0<x<5 
(c) u(x,O)= 10(10-x), 5.;;;; x< 10 

(d) u(x,O)= { 0, 0<x<3 
65, 3.;;;x<l0 

2. The ends and sides of a thin copper bar ( a 2 = 1.14) of length 2 are insulated so 
that no heat can pass through them. Find the temperature u(x, t) in the bar if 
initially 
(a) u(x,0)=65cos2 '1Tx, O.;;;x.;;;2 
(b) u(x,0)=70sinx, O.;;; x.;;;; 2 

{ 60x 0.;;; x< 1 
(c) u(x,O)= 60(2- x), I.;;; x < 2 

(d) u(x,O)={ 0, O.;;;x<l 
75, 1.,;; X.,;;; 2 

3. Verify that the function u(x,t) defined by {4) satisfies the heat equation. Hint: 
Use the Cauchy ratio test to show that the infinite series (4) can be differenti­
ated term by term with respect to x and t. 

4. A steady state solution u(x, t) of the heat equation u, = a2 uxx is a solution u(x, t) 
which does not change with time. 
(a) Show that all steady state solutions of the heat equation are linear functions 

of x; i.e., u(x)=Ax+B. 
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5.7 The wave equation 

(b) Find a steady state solution of the boundary-value problern 

u(O,t)= T1, u(l,t)= T2• 

(c) Solve the heat conduction problern 

{ 
u(x,0)_:=15, 
u(O,t)-20, 

0<x<1 

u(1,t)=60 

Hint: Let u(x,t)=v(x)+w(x,t) where v(x) is the steady state solution of 
the boundary-value problern u1 =a2 uxx; u(O,t)=20, u(1,t)=60. 

5. (a) The ends of a copper rod (a 2 = l.l4) 10 cm long are maintained at 0°C, 
while the center of the rod is maintained at l00°C by an extemal heat source. 
Show that the temperature in the rod will ultimately approach a steady state dis­
tribution regardless of the initial temperature in the rod. Hint: Split this problern 
into two boundary-value problems. 
(b) Assurne that the temperaturein the rod is at its steady state distribution. At 
time t = 0, the extemal heat source is removed from the center of the rod, and 
placed at the left end of the rod. Find the temperature in the rod at any later 
timet. 

6. Solve the boundary-value problern 

{ u(x,O)_=cosx, 
u1 =uxx+u; 

u(O,t)-0, 

5.7 The wave equation 

We consider now the boundary-value problern 

( 
u(x,O)=j(x), 

u(O, t) = u(l, t) =0 

O<x<l 
u(l,t)=O. 

(I) 

which characterizes the propagation of waves in various rnedia, and the 
rnechanical vibrations of an elastic string. This problern, too, can be solved 
by the rnethod of separation of variables. Specifically, we will (a) find solu­
tions un(x,t)=Xn(x)Tn(t) of the boundary-value problern 

u(O, t) = u(l, t) =0 (2) 

and (b) find the solution u(x,t) of (1) by taking a suitable linear cornbina­
tion of the functions un(x,t). 

(a) Let u(x,t)= X(x)T(t). Cornputing 

a2u =XT" and a2u =X"T 
at2 ax2 

we see that u(x,t)=X(x)T(t) is a solution of the wave equation u11 =c2 uxx 
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5 Separation of variables and Fourier series 

if XT"=c 2X"T, or 

T" X" 
c2T = x· (3) 

Next, we observe that the left-hand side of (3) is a function of t alone, 
while the right-hand side is a function of x alone. This irnplies that 

T" X" -=-"A=-
c2T A 

for sorne constant A.. In addition, the boundary conditions 

0= u(O,t)=X (O)T(t), and 0= u(l,t)=X (l)T(t) 

irnply that X(O)=O and X(/)=0. Hence u(x,t)=X(x)T(t) is a solution of 
(2) if 

X"+"AX=O; X (0) =X (I) =0 (4) 

and 

(5) 

At this point, the constant A. is arbitrary. However, the boundary-value 
problern (4) has a nontrivial solution X(x) only if "A=A"=n2."2j/2, andin 
this case, 

X(x)=Xn(x)=sin n~x. 

Equation (5), in turn, irnplies that 

n'TTct . mrct 
T(t) = Tn (t) =an cos-1- + bn sm-1-. 

Hence, 

. mrx [ mrct . mrct ] un(x,t)=sm-,- ancos-1- +bnsm-1-

is a nontrivial solution of (2) for every positive integer n, and every pair of 
constants an, bn. 

(b) The linear cornbination 
00 

"" . n'TTX [ n'TTCI . n'TTCt ] u(x,t)= f:1 sm-1- ancos-1- + bnsm-1-

forrnally satisfies the boundary-value problern (2) and the initial conditions 
00 00 

( 0) ~ . mrx ~ n'TTC . n'TTX 
u x, = ~ ansm-1- and u1(x,O)= ~ - 1-bnsm-1-. 

n-1 n-1 

Thus, to satisfy the initial conditions u(x,O)=f(x) and u1(x,O)=g(x), we 
rnust choose the constants an and bn such that 

00 00 

f ~ . n'TTx ~ n'TTC . n'TTx (x)= ~ ansm-1- and g(x)= ~ - 1-bnsm-1-
n=1 n=1 
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5.7 The wave equation 

on the interva1 0 < x < I. In other words, we must expand the functions 
f(x) and g(x) in Fourier sine series on the interval 0< x <I. This is pre­
cisely the situation in Theorem 3 of Section 5.5, and we conclude, there­
fore, that 

211 ( ) . mrx 2 11 ( ) . n'TTX an=[ 0 f x sm-1-dx and bn= n'TTC 
0 

g x sm-1-dx. 

For simplicity, we now restriet ourse1ves to the case where g(x) is zero; 
that is, the string is released with zero initial velocity. In this case the dis­
placement u(x, t) of the string at any time t > 0 is given by the formula 

00 

( ) ""' . n'TTX n'TTCI u x,t = ~ ansln-1-cos-1-; 
n=l 

211 ( ) . n'TTX an= 7 
0 

f x sm-1-dx. (6) 

There is a physica1 significance to the various terms in (6). Each term rep­
resents a particular mode in which the string vibrates. The first term (n = 1) 
represents the first mode of vibration in which the string oscillates about 
its equilibrium position with frequency 

1 'TTC C 
w1 = 277 T = 21 cycles per second. 

This lowest frequency is called the fundamental frequency, or first bar­
monie of the string. Similarly, the nth mode has a frequency 

1 n'TTc 
wn = 2'TT - 1- = nw1 cycles per second 

which is called the nth harmonic of the string. 
In the case of the vibrating string, all the harmonic frequencies are in­

teger multiples of the fundamental frequency w1• Thus, we have music in 
this case. Of course, if the tension in the string is not large enough, then the 
sound produced will be of such very low frequency that it is not in the aud­
ible range. As we increase the tension in the string, we increase the 
frequency, and the result is a musical note that can be heard by the human 
ear. 

Justification of solution. We cannot prove directly, as in the case of the heat 
equation, that the function u(x, t) defined in (6) is a solution of the wave 
equation. Indeed, we cannot even prove directly that the infinite series (6) 
has a partial derivative with respect to t and x. For examp1e, on formally 
computing ul' we obtain that 

00 L n'TTC . n'TTX . n'TTCI u =- -a sm--sm--
1 I n I I 

n=l 

and due to the presence of the factor n, this series may not converge. How­
ever, there is an alternate way to establish the validity of the solution (6). 
At the same time, we will gain additional insight into the structure of 
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5 Separation of variables and Fourier series 

u(x,t). Observe first that 

. mrx mrct 1 [ . mr ( ) . mr ( ) ] sm-1-cos-1- = i sm-1- x-ct +sm-1- x+ct . 

Next, let F be the odd periodic extension of f on the interval -I< x <I; 
that is, 

F(x)= ( j(x), 
-j(-x), 

O<x<l 
and F(x+2/)=F(x). 

-l<x<O 

It is easily verified (see Exercise 6) that the Fourier series for Fis 

00 

F(x)= ~ cnsin n~x, 
n=l 

2 ( 1 ( ) . n7TX 
cn = l Jo f x sm-1-dx. 

Therefore, we can write u(x,t) in the form 

u(x,t)=t[ F(x-ct)+F(x+ct)] (7) 

and it is now a trivial matter to show that u(x, t) satisfies the wave equa­
tion if f(x) has two continuous derivatives. 

Equation (7) has the following interpretation. lf we plot the graph of the 
function y = F(x- ct) for any fixed t, we see that it is the same as the 
graph of y = F(x), except that it is displaced a distance ct in the positive x 
direction, as shown in Figures la and lb. Thus, F(x- ct) is a wave which 
travels with velocity c in the positive x direction. Similarly, F(x + ct) is a 
wave which travels with velocity c in the negative x direction. The number 
c represents the velocity with which a disturbance propagates along the 
string. If a disturbance occurs at the point x0, then it will be felt at the 
point x after a time t=(x- x0)/ c has elapsed. Thus, the wave equation, or 
some form of it, characterizes the propagation of waves in a medium where 
disturbances (or signals) travel with a finite, rather than infinite, velocity. 

y y 

Y = F(x) 
y=F(x··l) 

--~-+-----'----'al- X --~---._-~--~--x 
-I 2 

(b) (a) 

Figure 1 
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5.7 The wave equation 

EXERCISES 

Solve each of the following boundary-value problems. 

{
u(x,O)=cosx-1, u1(x,O)=O, O.;;x.;;2'1T 

u(O,t)=O, u(2'1T,t)=O 

{
u(x,O)=O, u1(x,O)=l, O.;;x.;;l 

u(O,t)=O, u(l,t)=O 

3 tt xx ·uxO= u =c2 u { x, 
' u(O,t)=u(3,t)=O' ( ' ) 3 ~·x, 

0";;;; X";;;; 1, 
I.;; X ";;;;2 
2.;;x ";;;;3 

{
u(x,O)=xcos'1Txj2, u1(x,O)=O, O.;;x.;;l 

u(O,t)=O, u(l,t)=O 

5. A string of length 10 ft is raised at the middle to a distance of 1 ft, and then 
released. Describe the rnotion of the string, assuming that c2 = 1. 

6. Let F be the odd periodic extension of f on the interval -/ < x < I. Show that 
the Fourier series 

2 ~ [ ('!( ) . n'ITX d ] . n'ITX 7 .ttC..J Jo x sm-1- x sm-1-
n-1 

converges to F(x) if Fis continuous at x. 

7. Show that the transforrnation ~ = x- ct, 11 = x + ct reduces the wave equation to 
the equation uEri = 0. Conclude, therefore, that every solution u(x, t) of the wave 
equation is of the form u(x,t)= F(x- ct)+ G(x + ct) for sorne functions Fand 
G. 

8. Show that the solution of the boundary-value problern 

is 

{ 
u(x,O)=j(x), u1(x,O)=g(x), -l<x<l 

u(O,t)= u(l,t)=O 

1 [ ] 1 fx+ct u(x,t)= -2 F(x-ct)+F(x+ct) + -2 g(s)ds 
C x-ct 

where F is the odd periodic extension of j. 

9. The wave equation in two dirnensions is u11 = c2( uxx + Uyy)· Find solutions of 
this equation by the rnethod of separation of variables. 

10. Solve the boundary-value problern 

{ 
u(x,O):f(x), 

u(O,t)-0, 

U1(x,0)=0, 

u(l,t)=O 

O<x<l 
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5 Separation of variables and Fourier series 

5.8 Laplace's equation 

We consider now Laplace's equation 

o2u + a2u =0. 
ax2 oy2 

(1) 

As we mentioned in Section 5.2, two important boundary-value problems 
that arise in connection with (1) are the Dirichlet problern and the Neu­
mann problem. In a Dirichlet problern we seek a function u(x,y) which 
satisfies Laplace's equation inside a region R, and which assumes pre­
scribed values on the boundary of R. In a Neumann problem, we seek a 
function u(x,y) which satisfies Laplace's equation inside a region R, and 
whose derivative in the direction normal to the boundary of R takes on 
prescribed values. Both of these problems can be solved by the method of 
separation of variables if R is a rectangle. 

Example 1. Find a function u(x,y) which satisfies Laplace's equation in 
the reetangle 0 < x < a, 0 <y < b and which also satisfies the boundary 
conditions 

u(x,O)=O, u(x,b)=O 

u(O,y)=O, u(a,y) = f(y) 

y 

I b 
u=O 

u=O I u= f(y) (2) 
•X 

u=O a 

Solution. We solve this problern in two steps. First, we will find functions 
un(x,y)=Xn(x)Yn(Y) which satisfy the boundary-value problern 

uxx+t~yy=O; u(x,O)=O, u(x,b)=O, u(O,y)=O. (3) 

Then, we will find constants cn such that the linear combination 
00 

u(x,y)= ~ cnun(x,y) 
n=l 

satisfies the boundary condition u(a,y)= f(y). 
Step 1: Let u(x,y)=X(x)Y(y). Computing uxx=X"Yand uyy=XY", we 
see that u(x,y)=X(x) Y(y) is a solution of Laplace's equation if X" Y + 
XY"=O, or 

Y" X" 
y-=-x-· (4) 

Next, we observe that the left-hand side of (4) is a function of y alone, 
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5.8 Laplace's equation 

while the right-hand side is a function of x alone. This implies that 

Y" X" --y=--y=-A. 

for some constant A. In addition, the boundary conditions 

0= u(x,O) =X (x) Y (0), 

0= u(O,y) =X (0) Y(y) 

0= u(x,b)=X(x) Y(b), 

imply that Y(O)=O, Y(b)=O, and X(O)=O. Hence u(x,y)=XY is a solu­
tion of (3) if 

Y"+AY=O; Y(O)=O, Y(b)=O (5) 

and 
X"-;\X=O, X(O)=O. {6) 

At this point the constant A is arbitrary. However, the boundary-value 
problern (5) has a nontrivial solution Y (y) only if A = A" = n2 'TT 2 / b2, and in 
this case, 

Y(y)= Yn(y)=sinn'TTyjb. 

Equation (6), in turn, implies that Xn(x) is proportional to sinhn'TTxjb. 
(The differential equation X"-(n 2 'TT 2 jb2)X=O implies that X(x)= 
c1 coshn'TTx/ b + c2 sinhn'TTx/ b for some choice of constants c1,c2, and the 
initial condition X (0) = 0 forces c1 to be zero.) We conclude, therefore, that 

. n'TTx . n'TTy 
un( x,y) = smh b sm b 

is a solution of (3) for every positive integer n. 
Step 2: The function 

is a solution (formally) of (3) for every choice of constants c1,c2, .... Its 
value at x=a is 

0() 

""' . n'TTa . mry u(a,y)= ~cnsmhbsmb. 
n=l 

Therefore, we must choose the constants cn such that 

O<y<b. 

In other words, we must expand f in a Fourier sine series on the interval 
0 <y < b. This is precisely the situation described in Theorem 3 of Section 
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5 Separation of variables and Fourier series 

5.5, and we conclude, therefore, that 

2 lb . mry 
cn= . mra j(y)smbdy, 

bsmhb o 
n= 1,2, .... 

Remark. The rnethod of separation of variables can always be used to 
solve the Dirichlet problern for a reetangle R if u is zero on three sides of 
R. We can solve an arbitrary Dirichlet problern for a reetangle R by split­
ting it up into four problerns where u is zero on three sides of R (see Ex­
ercises 1-4). 

Example 2. Find a function u(x,y) which satisfies Laplace's equation in 
the reetangle 0 < x < a, 0 <y < b, and which also satisfies the boundary 
conditions 

uy(x,O)=O, 

uAO,y)=O, 

uy(x,b)=O 

ux< a,y) =J(y) 

Y 1 uy=O 

ux = ~ 1-----------.J u, ~ :r;l 
uy=O a 

(7) 

Solution. We atternpt to solve this problern in two steps. First, we will find 
functions un(x,y) = Xn(x) Yn(Y) which satisfy the boundary-value problern 

uxx+~y=O; ~(x,O)=O, uy(x,b)=O, and uAO,y)=O. (8) 

Then, we will try and find constants cn such that the linear cornbination 
u(x,y) = ~ :=ocnun(x,y) satisfies the boundary condition ux(a,y) = f(y). 
Step 1: Set u(x,y)=X(x)Y(y). Then, as in Exarnple I, 

Y" X" 
-y=--y=-;\ 

for sorne constant ;\, The boundary conditions 

irnply that 

0= ~(x,O) =X (x) Y'(O), 0= uy(x,b) = X(x) Y'(b), 

0= ux<O,y) =X'(O) Y(y) 

Y'(O)=O, Y'(b)=O and X'(O)=O. 

Hence, u(x,y)=X(x)Y(y) is a solution of (8) if 

Y"+;\Y=O; Y'(O)=O, Y'(b)=O 
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5.8 Laplace's equation 

and 

X"-A.X=O; X'(O)=O. (10) 

At this point, the constant A. is arbitrary. However, the boundary-value 
problern (9) has a nontrivial solution Y (y) only if A. = A" = n2'!T2 I b2, n = 
0, I, 2, ... , and in this case 

Y(y)= Yn(y)=cosn'!Tylb. 

Equation (10), in turn, implies that X(x) is proportional to coshn'ITxlb. 
(The differential equation X"- n2'1T 2 X I b 2 = 0 implies that X (x) = 
c1coshn'ITxlb+c2 sinhn'ITXIb for some choice of constants c1,c2, and the 
boundary condition X'(O)=O forces c2 tobe zero.) We conclude, therefore, 
that 

n'!TX n'ITy 
un(x,y)=cosh-;;-cos-;;-

is a solution of (8) for every nonnegative integer n. 
Step 2: The function 

is a solution (formally) of (8) for every choice of constants c0, c1, Cz, ••• • The 
value of ux at x=a is 

Therefore, we must choose the constants c1, c2, ••• , such that 

O<y<b. (11) 

Now, Theorem 3 of Section 5.5 states that we can expand j(y) in the 
cosine series 

I h 2 h n'ITy n'!Ty 
00 [ ] f(y)= b fo f(y)dy+ b ~ fo j(y)cosbdy cosb (12) 

on the interval 0 < y < b. However, we cannot equate coefficients in (li) 
and (12) since the series (II) has no constant term. Therefore, the condi­
tion 

ib j(y)dy=O 

is necessary for this Neumann problern to have a solution. If this is the 
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5 Separation of variables and Fourier series 

case, then 

2 lb mry 
cn= . mra J(y)cosbdy, 

mrsmhb o 
n ~ 1. 

Finally, note that c0 remains arbitrary, and thus the solution u(x,y) is only 
determined up to an additive constant. This is a property of all Neumann 
problems. 

ExERCISES 

Salve each of the following Dirichlet problems. 

Uxx+~tyy=O . u(x,O)=O, u(x,b)=O 
1. ' 

O<x<a, O<y<b u(a,y)=O, u(O,y)=J(y) 

uxx+~tyy=O . u(O,y)=O, 
2. ' O<x<a, O<y<b u(x,O)=O, 

u(a,y)=O 

u(x,b)= f(x) 

Remark. You can do this problern the long way, by separation of vari­
ables, or you can try something smart, like interchanging x with y and 
using the result of Example 1 in the text. 

Uxx + llyy = 0 • 
3. ' 

O<x<a, O<y<b 

uxx + llyy = 0 . 
4. ' 

O<x<a, O<y<b 

u(O,y)=O, u(a,y)=O 

u(x,b)=O, u(x,O)=f(x) 

u(x,O)=J(x), u(x,b)=g(x) 

u(O,y) = h(y ), u(a,y) = k(y) 

Hint: Write u(x,y) as the sum of 4 functions, each of which is zero on three 
sides of the rectangle. 

5. 
Uxx+llyy =0 u(x,O)=O, u(x,b)= 1 

O<x<a, O<y<b' u(O,y)=O, u(a,y)= 1 

6. 
Uxx+ llyy=O u(x,b)=O, u(x,O)= 1 
O<x<a, O<y<b' u(O,y)=O, u(a,y)= l 

7. Uxx + llyy =0 u(x,O)= l, u(x,b)= l 

O<x<a, O<y<b' u(O,y)=O, u(a,y)= l 

8. 
Uxx+ llyy=O u(x,O)= 1, u(x,b)=l 

O<x<a, O<y<b' u(O,y)= l, u(a,y)= l 

Remark. Think! 

9. Solve the boundary-value problern 

Uxx + llyy = U u(x,O)=O, u(x, 1)=0 
O<x< l, O<y<l' u(O,y)=O, u(I,y)=y 
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5.8 Laplace's equation 

10. (a) For which functions f(y) can we find a solution u(x,y) of the Neumann 
problern 

Uxx+Uyy=O • 

0<x<1, 0<y<1' 

ux(l,y)=O, 

~(x,O)=O, 

(b) Solve this problern if f(y)=sinhy. 

11. Laplace's equation in three dimensions is 

Uxx + ~y + Uzz =0. 

ux{O,y) = f(y) 

~(x,l)=O 

Assuming that u =X (x) Y (y)Z (z), find 3 ordinary differential equations satis­
fied by X, Y, and Z. 

513 


	Separation of variables and Fourier series 5
	5.1 Two point boundary-value problems
	5.2 Introduction to partial differential equations
	5.3 The heat equation; separation of variables
	5.4 Fourier series
	5.5 Even and odd functions
	5.6 Return to the heat equation
	5.7 The wave equation
	5.8 Laplace's equation



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




