Sturm-Liouville boundary
value problems

6.1 Introduction

In Section 5.5 we described the remarkable result that an arbitrary piecewise
differentiable function f(x) could be expanded in either a pure sine series of
the form

1) = 2 b, sinszx 1)

or a pure cosine series of the form

nnx

; o)

flx) = %9 + ) a,cos
n=1

on the interval 0 < x < I. We were led to the trigonometric functions ap-
pearing in the series (1) and (2) by considering the 2 point boundary value
problems

Y+ iy=0, y(0)=0, y() =0, (3)
and
Y+dy=0 y(©0)=0y@=0 @)
Recall that Equations (3) and (4) have nontrivial solutions
yu(x) = csin@ and y,(x)= ccosﬂ,

l l

n?n?

N These special values of 4 were called

eigenvalues, and the corresponding solutions were called eigenfunctions.

respectively, only if A =4, =
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6.2 Inner product spaces

There was another instance in our study of differential equations where
something interesting happened for special values of a parameter 4. To wit,
in Section 2.8 we studied, either in the text or in the exercises, the four
differential equations

y' —2xy+iy=0, 5)
(1 —x3)y" —2xy’ + AMA+ 1)y =0, (6)
(1 —x2)y" —xy' + A%y =0, @)
and
xy"+(1—-x)y +4iy=0. 8)

Equations (5)—(8) are the famous Hermite, Legendre, Tchebycheff, and
Laguerre differential equations, respectively. The Legendre, Tchebycheff, and
Laguerre equations each have a polynomial solution of degree n if 1 = n,
while the Hermite equation has a polynomial solution of degree n if A = 2n.
These polynomials, when properly normalized, i.e., when multiplied by a
suitable constant, are known as the Hermite, Legendre, Tchebycheff, and
Laguerre polynomials. It turns out, remarkably, that any piecewise differ-
entiable function f(x) can also be expanded in a series of Hermite, Legendre,
Tchebycheff, and Laguerre polynomials, on an appropriate interval.

There is a very pretty theory that ties together not only the trigonometric
functions and the Hermite, Legendre, Tchebycheff, and Laguerre poly-
nomials, but also many of the other famous functions of mathematical
physics, such as the various Bessel functions. This theory is commonly called
Sturm-Liouville Theory; it has its roots, essentially, in an area of linear
algebra known as inner product spaces, and it is to this area that we now
turn our attention.

6.2 Inner product spaces

Up to this point, our study of linear algebra in general and linear vector
spaces in particular was algebraic in nature. We were able to add two vectors
together and multiply a vector by a constant. By means of these operations
we can define the geometric concepts of dimension, line, plane, and even
parallelism of lines. Recall that the dimension of a space V is the number of
elements in a basis, i.e., the fewest number of linearly independent vectors that
span V. Once we have the concept of dimension, we can define a line in V as
a subspace of dimension 1, a plane as a subspace of dimension 2, etc. Finally,
two vectors are parallel if one is a constant multiple of the other.

Many important geometric concepts of so-called Euclidean geometry,
however, still cannot be defined for arbitrary linear vector spaces. Specifically,
we have no way of formulating, as yet, the definition of length of a vector
and the angle between two vectors. To accomplish this, we need to super-

515



6 Sturm-Liouville boundary value problems

impose on V some additional structure. This structure is known as an inner
product.

Our definition of an inner product is modelled after the traditional dot
product of two vectors in R? and R3, which we studied in calculus. Recall that
if x and y are vectors in R? or R3, then

X'y =Xy, + X3y, inR? (1)
and
X'y =X,y + X3¥; + X3y; inR? )]

where x,, x,, ..., and y,, y,, ... are the components of x and y, respectively.
Recall too, the famous identity, proven in most calculus courses, that

x'y = |x||y|cos @ ©)
where 6 is the angle between x and y and
x| = (x} + x3)'% or (x}+x3+x}'?

in R? and R3, respectively, is the Euclidean length of x. Rewriting Equation
(3) in the form

05 =~ 4)
|1yl
enables us to compute the angle 8 between two vectors. Finally, if we observe
that

x| = (x-x)'/* &)

then both the length of a vector and the angle between two vectors can be
computed from the dot product alone.

We are now ready to generalize this concept of dot product. This general-
ization will be called an inner product. We will first define a real inner product,
and then toward the end of this section, a complex inner product.

Definition. Let V be a real vector space. A real inner product on V is a
real-valued function that associates with each pair of vectors x, y a real
number, denoted by {x,y), that satisfies the following properties:

i) x,y) =<(y,x)forallxand yin V¥,

(i) <kx,y) = k<{x,y) for all scalars k and vectors x, y,
(i) <x +y,z2) =<x,z) +<y,z) forallx,y,zin V,
(iv) {x,x) = 0and <{x,x) =0onlyifx = 0.

It is customary to refer to the vector space V, together with some inner
product { , > as a real inner product space, and a finite-dimensional real
inner product space is often called a Euclidean space.
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6.2 Inner product spaces

Remark. Observe from (i) that properties (ii) and (iii) hold equally well on
opposite sides of the inner product bracket, i.e.,

<X, ky> = k<X, Y> and <X,y + Z> = <X, Y> + <X, Z>.
The classic example of an inner product on R”, of course, is the dot product
YD) =Xy =X )1 + X202+ + XY

It is easily verified that the dot product satisfies properties (i)—(iv). Here
are some additional examples, which have proven extremely useful in
applications.

Example 1. Let V be the space of all continuous functions on the interval
[a,b], and define the inner product of two functions f(x) and g(x) in V as

Sy = [ gt i ©)

It is easily verified that the definition (6) satisfies properties (i)—(iv).
Example 2. Let V be as in Example 1, and define

b
gy = j r(x)f(0)g (x) dx )

where r(x) is positive on the open interval (a, b). Again, it is trivial to verify
that the inner product (7) satisfies properties (i)—(iv).

Example 3. Let V = R? and set

(X YD =X1p1 + 2X,05 + 2X3Y3 — X1V, — X301 — X2)3 — X3)2-

Properties (ii) and (iii) are trivial to check, and property (i) is simple to verify.
To check property (iv), we write

X,X) = X3 4+ 2x3 + 2x% — Xx,X; — X,X; — XpX3 — X3X,
= x7 + 2x3 + 2x3 — 2x; X%, — 2X,X;3
=x} — 2xyx, + X% + x3 — 2x,%x3 + x5 + x3
= (x; — %) + (x; — x3)* + x3,

and it is now clear that (x,x)> = 0if and only if x = 0.

Let x and y be vectors in an arbitrary inner product space V, and suppose,
following Equation (5), that we define the lengths of x and y, denoted by |x||
and ||y|, respectively, as

Ixll = <xx>'2, yll = <y, >, ®)

where the double vertical lines are used to denote length. It is certainly very
plausible to try to mimic Equation (4) and define the angle 6 between x and
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6 Sturm-Liouville boundary value problems

y via the equation

oo B %y ‘
Ix] Iyl Cox)HECy, ¥ 2

Clearly, the right-hand side of Equation (9) must be <1 in order for this
equation to have any meaning at all. A second and more subtle requirement
is that the quantity ||x||, defined as the length of x, really is a length; that is, it
satisfies the geometric properties usually associated with length. Let us there-
fore take one last digression and discuss the concept of length of a vector, or
as it is traditionally called in linear algebra, the norm of a vector.

©®

Definition. A norm on a real or complex vector space V is a real-valued
function, usually denoted by | ||, which satisfies

() ||x|]| = 0forallxin V and |x|| =0onlyifx =0,
(i) |kx] = |k||x| for all scalars k,
@i1) Ix +yl < x|l + Iyl

Properties (i) and (ii) are fairly obvious properties of length, while property
(iii) is simply the triangle law, which states that the length of one side of a
triangle is always less than (or equal to) the sum of the lengths of the other
two sides (see Figure 1).

The classical example of a norm is ordinary length in R”; i.e., if

Xy
xn
then

Ix[l = (x} + x5 + - + x2)!?

obviously satisfies (i)—(iii). Here are some additional examples, which have
proven quite useful in applications.

Figure 1
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6.2 Inner product spaces

Example 4. Let V' = R" and define
IXlly = 1x1] + [x2] 4 + [X,].

It is extremely easy to verify that || ||, is a norm on R".

Example 5. Let V = R" and define
Xl = max[[xy|,[Xal,...,1x,l]-

Again, it is extremely simple to verify that || ||, defines a norm on R".

Example 6. Let VV = R" and define
Ixll, = Clxg [P+ [x207 + - + |x,[P]*P. (10)

It is extremely simple to verify that || [|,, referred to as the p norm, satisfies
properties (i) and (ii). Property (iii) is also true but quite difficult to verify,
hence we will not do so here. We wish to point out (see Exercise 6), however,
that

Xl = lim |x|,,

p—©

and this is the motivation for the strange notation | | .

Example 7. Let V be the space of all continuous functions f(x) on the interval
[0, 1], and define

1
191 = [ 1wlas. (11)
It is easily verified that Equation (11) defines a norm on V.

Let us return now to the questions raised via the definitions (8) and (9). As
mentioned previously, we must show that the right-hand side of Equation (9)
is always between —1 and + 1 in order for this equation to make sense. But
this is equivalent to the inequality

[<x, )| < <x,x)M2y, yy/?

or, equivalently,

1<, y21 < IIx] lyll. (12)

Equation (12) is the precise statement of a very famous theorem, known as
Schwarz’s Inequality, which we now prove.

Theorem 1 (Schwarz’s Inequality). Let V be a real inner product space with
inner product { , >. Then

1<, 901 < lIx1 Iyl (13)
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6 Sturm-Liouville boundary value problems

for all vectors X, y, where ||x| is defined by Equation (8). Furthermore,
equality holds in Equation (13) only if the vectors x and y are linearly
dependent, i.e., y = kx for some scalar k.

Proor. There are several ways of proving Theorem 1, but we will choose here
the proof that generalizes most easily to the complex case. Observe that

(x y> x,y)
>0 14
<x <y,y> X <y,y>y> a4

for all nonzero vectors x and y in V. This follows immediately from property
(iv) of inner products. Next, using properties (i)—(iii) of inner products, we can
rewrite Equation (14) in the form

X,y) x,y) (x,y)?
X,X) — ,X) — X,
% <y,y><y ’ <y,y>< v <y, >2< v
xy?  <xy)?
=<{x,x) —2 +
o=2aw T aw
3 (x,y)?
=0T qw
(x,y)?
= ||x|* — .
Hence,
(x,y)>? 2
7 < x|l
Iyl
or, equivalently,
[<x 01 < Iyl
Finally, again from property (iv), equality holds in Equation (14) only if
_Lx y> _
oy
or
S %
X = ky, k= .
y Y.y

Remark 1. The proof we just gave assumes that y # 0. We leave it to the
reader to verify (see Exercise 13) Schwarz’s Inequality in the trivial case that
y=0.

Remark 2. The vector ({x,y)/<y,y>)y introduced in Equation (14) was not
a luckly guess. This vector is actually the projection of the vector x onto the
vector y, as shown in Figure 2.
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6.2 Inner product spaces

<xXy>
<Hy>

Figure 2

The second question raised was whether
Ix]) = <x, %)/ (15)

satisfies properties (i)—(iii) of norms. Property (i) follows immediately from
property (iv) of inner products. To verify property (ii), we compute

lkx|| = <kx, kxp'? = [k*<{x,x)]"2 = |k {x,x>!? = |kl [|x].
Property (iii) is a bit more difficult to verify. Observe first that
Ix +yl?=<x+y.x +y)
=<X%X) +<X%Y) + Y, X) + LKy, W
= x| + 2<x,y) + llyll®
< I + 20x) yll + llyl®
= [lx| + lyl1%

where the inequality above follows directly from Schwarz’s Inequality. Tak-
ing square roots gives the triangle inequality, and this completes our proof.

Remark. Schwarz’s Inequality is an extremely powerful tool, as witnessed by

the preceding proof. Here is another illustration of its strength. Let V' be the
space of all continuous functions on the interval [a, b], and define

{fig) = f f(x)g(x)dx.

Then, from Schwarz’s Inequality,

b
L F(x)g(x)dx

1/2 1/2
U f(x)dx] U 2(x)dx:| . (16)

We defy the reader to give a pure calculus proof of the inequality (16).

I<figl = < 1/ g l-

Hence,

j Fx)g(x)dx| <
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6 Sturm-Liouville boundary value problems

Once we have an inner product space ¥, we can define two vectors in V to
be orthogonal, or perpendicular to each other, if their inner product is zero;
ie., x and y are orthogonal if (x,y> = 0.

Example 8. Let V be the space of all continuous functions on the interval
[—n, =], and define an inner product on V via the relation

oy =" geax
The set of functions
fillx) =sinkx, k=12,...,

are all mutually orthogonal; that is,

SN =0, j#k,

since

i), filx)) = j sin jx sin kx dx = 0, j#k,
following the discussion in Section 5.4.
Example 9. Let V be the space of all continuous functions on the interval
[—1,1], and define

fx)g(9)

gy = J: ﬁ

for f and g in V. The set of functions
f (x) = cos(kcos 1 x), k=0,1,2,...,

are mutually orthogonal with respect to { , >, ie,

_[1 cos(jcos ™ x)cos(k cos "1x)

-1 J1—=x2

To establish Equation (17) we make the substitution

-1
u=cos x du = —— _dx.

J1—x?

Then the left-hand side of Equation (17) becomes

dx=0, j#k 17)

T

0
—f cos jucos kudu = f cos ju cos ku du
n 0

1 T
=§J [cos(j + k)u + cos(j — k)u]du = 0, j#k
4]
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6.2 Inner product spaces

Remark. It can be shown that the functions f,(x) defined in Example 9 are
the Tchebycheff polynomials T, (x).

We conclude this section by extending the notion and definition of inner
product to complex vector spaces. The main problem we have to overcome
is the requirement that {(x,x) be positive for all nonzero vectors x. For
example, if V is the space of all complex-valued functions

h(®) = f()) +ig(t), a<t<b,

then we cannot define

b
Chyshyd =f hy(©hy () de

as in Example 1, since

b
<hh) = J L@ +ig@®)ILf®) + ig(®)]dt

is not even real [for {f,g> # 0], let alone positive.
To motivate the proper extension, we return to the familiar dot product

XY) =Xy=X1y1 + X0, + + X, (18)

where x and y are real vectors, i.e., their components are real numbers. We
can extend this definition to complex vector spaces by making the simple
adjustment

x.y=x1y1+x2?2+.“+xnyn' (19)
Then, following Equation (19),
X, X) = XX + XX, + 00 + X, X,

is always real and nonnegative. The only thing we have to be extra careful
about now is that

Y X=yX + 0+ 3% =Xy
instead of {x,y) and
x-ky = x,ky, + -+ + x,ky, = k(x, y)
instead of k {x,y). This leads us to the following definition.

Definition. Let V be a complex vector space. A complex, or Hermitian, inner
product on V is a complex-valued function that associates with each pair
of vectors x, y a complex number, denoted by (x,y), that satisfies the
following properties:

@) <X,y =<y, %),
(i) <kx,y) = k<x,y),
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6 Sturm-Liouville boundary value problems

(iii) (X +y,2) =<x,2) + <Y, 2),
(iv) (x,x) = 0and (x,x) =0onlyifx =0

for all vectors x and y and complex numbers k.

Property (i) is known as conjugate symmetry in contrast to the ordinary
symmetry of the real case. It implies that

(x,ky) = ky,x) = k{y,x) = k{y,x) = k{x,y).

Thus, scalars pulled out from the right-hand side of a complex inner product
must be conjugated. Finally, we leave it to the reader to verify (see Exercise
14) that

%y +2) =Xy +{x,2).

Example 10. Let V be the space of all complex-valued functions h(t) = f(t) +
ig(t) on the interval [0, 1], and define

Chyhy = L b (O, dt
= [ L0+ i0.010A0 - iga0]d 20)

= L [A©f0) + 9.(0)g-()] dt + iL [2(0)9:(0) — f1(t)g-(1)] dt

It is easily verified that Equation (20) satisfies properties (i)—(iv) of our
definition.

Complex inner product spaces are the same as real inner product spaces,
essentially, except for the conjugate symmetry property, as noted above. For
example, we define

lIxll = <x,x)*? @1

to be the length of a vector x in a complex vector space, just as in a real vec-
tor space. The only thing that we must do, though, is extend the proof of
Schwarz’s Inequality to the complex case, since our proof made use of the
symmetry property of real inner products.

Theorem 2 (Schwarz’s Inequality). Let V be a complex inner product space
with inner product { , ». Then

[<x, ¥y < lIx Iy 22)

Jor all X,y in V, where ||x|| is defined by Equation (21). Furthermore, equality
holds in Equation (22) if and only if the vectors x and y are linearly depen-
dent.
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6.2 Inner product spaces

Proor. Observe from property (iv) that

<{x, y> x,y)
23
<x <y,y> <y,y>> 0 =

for all vectors x and nonzero vectors y in V. Using properties (i)—(iii), we can
rewrite the left-hand side of Equation (23) in the form

{x y> <,y>< v+ Xy <x,y)
ayy Y 3y Y Ty Gy

XY —— Xy YD ——
I AR ) DAL Ta

<%,y

lyll?
_ 12yl = 1<Kx, y) 12
lIyl* '

X,x) —

Y.y

={X,X) — €% )

= IxI? -

Hence,

I<x, )12 < ]2 llyl1%, (24)

and Schwarz’s Inequality follows immediately by taking square roots in
Equation (24).

Remark. As in the real case, our proof assumes that y # 0. We leave it to the
reader (see Exercise 13) to complete the proof for y = 0 and to verify that
equality holds if and only if x and y are linearly dependent.

EXERCISES

1. Show that Equation (6) defines an inner product on C[a,b], the space of all
continuous functions on the interval [a, b].

. Show that Equation (7) defines an inner product on C[a, b].
. Show that ||x||; defined in Example 4 is a norm.
. Show that |x||,, defined in Example S is a norm.

. Show that [x||, defined in Example 6 is a norm.

AN U & W N

. Show that ||x|, = lim |Ix],.

p~

=

. Show that ||x| = |x,| + 2|x,| + 4]x3| is a norm on R3.
8. Show that |x,| + |x,| + |x5|? does not define a norm on R3.
9. Show that e11*2l does not define a norm on R2.

10. Show that Equation (11) defines a norm on C[a, b].
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6 Sturm-Liouville boundary value problems

11. Let V be a real inner product space. Prove that
1 1
> =—|IX 2 — =X — 2.
Gyy =glx+yI* =7 lx -yl

12. Let x x y be the vector with components

X2Y3 — X3Y2, X3Y1 — X1 Y3, X1¥2 — X2¥1;

respectively. Show that x x y is perpendicular to both x and y under the inner
product (x,y).

13. Complete the proof of Schwarz’s Inequality in both R"” and C” for the case y = 0.
14. Show that
Xy +2) =%y + X2

for all vectors x, y, z in C".

6.3 Orthogonal bases, Hermitian operators

It is often the case that a crucial step in the solution of many problems in a
linear vector space revolves around a judicious choice of basis. A type of basis
that is especially useful is one that is orthogonal.

Definition. A set of vectors is said to be orthogonal if the inner product of any
two distinct vectors in the set is zero.

One of the nice things about an orthogonal set of vectors is that they are
automatically linearly independent. This is the content of Lemma 1.

Lemma 1. Let x,, X,,...,Xy be mutually orthogonal, that is,
X, Xx;) =0, i #J.

Then, X,, X,,..., Xy are linearly independent.

PROOF. Suppose that
CiXy + Xy + 0 + cyxy = 0. (1)
Taking inner products of both sides of Equation (1) with x; gives
C1<X1,X;) + €2{Xp, X;) + -+ + cyXy, X;) = 0. 2)

The left-hand side of Equation (2) reduces to ¢;{x;,X;>. Since {x;,X;> > 0, we
see that¢; =0, j=1,2,..., N, which proves Lemma 1.

Another benefit of working with orthogonal bases is that it is relatively
easy to find the coordinates of a vector with respect to a given orthogonal
basis. To wit, let uy, u,,...,u, be a mutually orthogonal set of vectors in a real
n-dimensional vector space V. By Lemma 1, this set of vectors is also a basis
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6.3 Orthogonal bases, Hermitian operators

for V, and every vector x in V can be expanded in the form
X =c Uy + Cou, 4+ 4 c . (3)
Taking inner products of both sides of Equation (3) with u; gives <{x,u;) =
c;<{uj,u;» so that
_ x,u;)

C; =
! <“j7uj>,

j=1,2,...,n 4)

Example 1. Let V = R? and define {x,y) = x,y; + x,¥,. The vectors

o) o)

are orthogonal and, thus, form a basis for R2. Consequently, from Equations

(3) and (4), any vector x = <z1> can also be written in the form
2

X = 1) _ c ! +c !
T\, MU 2\ -1
_ <xuy) <1> + x,uy) < 1)
Cug,u;»\1 Cug,upy \ —1
=x1+x2 1 +x1—x2 1 .
2 1 2 —1
Given the benefit of working with orthogonal bases, the following question
naturally arises: Does every n-dimensional Euclidean space have an ortho-

gonal basis? The answer to this question is a resounding yes and is given by
the following theorem.

Theorem 3 (Gram-Schmidt). Every n-dimensional Euclidean space V has an
orthogonal basis.

PrOOF. Choose a basis uy, u,,...,u, for V. We will inductively construct an
orthogonal basis v,, v,,...,v, by taking suitable combinations of the vectors
uy,...,u,. To this end, let v, = u, and set

v2 = U2 + /?.Vl. (5)
Taking the inner product of v, with v, gives
Vs Vi) = Uy, Vi) + AV, V)

so that v, will be orthogonal to v, if 1 = —<u,,v, )/<v;,v, ). Note that v,
cannot equal 0 by virtue of the linear independence of the vectors u,,...,u,.
Proceeding inductively, let us assume that v, v,,...,v, are mutually ortho-
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gonal, and set
Virr = Werg + A4V F 0+ 4 (6)
The requirement that v, be orthogonal to v,,..., v, yields
0= <vk+1’vj> = <“k+1a"j> + lj<vj’ Vj>,

which gives the desired relation

<“k+1,V > .
A= =1,...,k
T T vy
With this choice of 4, ..., 4, the vectors v,,...,V,, ¥,,, are mutually ortho-

gonal. Moreover, v,.; cannot be 0 by virtue of the linear independence of
uy,..., W, . Proceeding inductively until kK = n, we obtain n mutually ortho-
gonal nonzero vectors v,,...,V,.

Remark 1. The procedure outlined in Theorem 3 is usually referred to as the
Gram-Schmidt orthogonalization procedure.

Remark 2. Ifu,,...,u, is an orthogonal set of vectors, and, in addition, each
of the vectors u; has length 1, i.e.,

“ ”_<p ]>1/2_1 j=1:~-'an7

then uy,...,u, is called an orthonormal set of vectors. It is a simple matter to
construct an orthonormal basis from an orthogonal one: if u,,...,u, is an
orthogonal basis, then

0y u, u,

Vl = ) V2 = ) vy V,, =
llay i llu |

are orthonormal, since

il = ” I

Example 2. Let V' be the space of all polynomials of degree n — 1, and define

’ Tl Tl =

Sy = [ g

for all functions f and g in V. It is easily verified that V is an n-dimensional
Euclidean space and that

o) =1 fik)=x, .., fiax)=x""

form a basis for V. Applying the Gram-Schmidt orthogonalization procedure
to the functions f,(x),..., f,_;(x) gives

Po(x) = 1;
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6.3 Orthogonal bases, Hermitian operators

_ {f1,P0> —x
<p05p0> Jq ldx

pa(x)=x2 + Ax + 4y

px)=x+4i=x

where
1 1
j x% xdx J x2dx
» . 1
Ay = — 5 =0, A= =3
j x?dx j ldx
-1 -1
so that
1
— 2 _
p2(x)_x 3’
3 2 1
pa(x) =x+ A5 x ~3 + A x + 44
with
1 1
—J x3(x? — $)dx —f x3-xdx
4 -1 3
13= i =0’ 12=—1—=—§,
f (x? — 12 dx f X2 dx
-1 -1
and
1
—J x3dx
11_ 1_1 —0
J 1dx
-1
so that

ps(x) = x3 — %x.

These polynomials py(x), p;(x), p2(x), p3(x),..., when properly normalized,
ie., when multiplied by a suitable constant, are the Legendre Polynomials
P,(x) discussed in Chapter 2.

We now digress for a moment to discuss the following seemingly totally
unrelated problem. Let ¥V = C" with inner product

<X,y> = (X,Y) = xlyl + x2?2 + 4+ xnyn

where x4,...,x,and y,,...,y, are the coordinates of x and y, respectively, and
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6 Sturm-Liouville boundary value problems

let A be a given n x n matrix. Does there exist a matrix B such that

(4x,y) = (x, By)

for all vectors x and y?
To answer this question, we let A = (a;;), B = (b;;) and observe that

n

(Ax,y) = Z (Z aijxi>yj = Z a;;X;y;
j=1 \i=1 i, 7=1

(x,By) = xii b,-,-y,-) =
i=1 j=1 i,

Hence, Equation (7) is satisfied if and only if b;; = a;; or, equivalently,

and

bi;x. ;-
1

=

b, = ;.

o

®)

Definition. The matrix B whose elements are given by Equation (8) is called
the adjoint of A and is denoted by A*. If A* = A, then A is said to be

selfadjoint or Hermitian, and

(4x,y) = (x,Ay) forallx andy.

Remark 1. If A is real, then A* is simply A", the transpose of A. Thus, if 4 is

real and symmetric, i.e., 4 = AT, then A4 is Hermitian.

Remark 2. It is a simple matter to show (see Exercise 6) that (4*)* = 4 and

that

(x,Ay) = (A*x,y) for all x and y.

Example 3. Let

(140 2 i
A= 3 —i 1—i
L 2i 3i
Then,
(1 —i 3 —i
A* = 2 i —2i
L =i t+i =3i
Example 4. Let
2 3 4
A= 13 4 5
4 5 6
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6.3 Orthogonal bases, Hermitian operators

Then 4A* = AT = A.
Selfadjoint matrices have several very important properties, which we now
wish to describe.

Property 1. Let A be selfadjoint and let x be an eigenvector of A with
eigenvalue A. Since A is selfadjoint, (4x, x) = (x, 4x), but

(Ax,x) = (Ax,Xx) = A(X, X),
while

(x, AX) = (X, AX) = A(X, X).
Hence, A = /.

Corollary. The eigenvalues of a real symmetric matrix are real.

Property 2. Let A be selfadjoint, and let u; and u, be eigenvectors of 4 with
eigenvalues 4, and 4,, respectively, with A, # 4,. Then, u; and u, are
orthogonal, i.e., (u,,u,) = 0.

PrOOF. Observe first that
(Auj,u,) = (Aug,u,) = 4, (ug,u,).
Since A is selfadjoint,
(Auy,u,) = (uy, Au,) = (u;, A,u,) = 4,(u;,u,)
since 4, is real. Hence,

11(“1’“2) = ]‘2(“1’“2)’ )

and since 4, # 4,, Equation (9) now forces (u,,u,) = 0, which proves Prop-
erty 2.

In actuality, we can state a much stronger property than Property 2: Not
only are the eigenvectors belonging to distinct eigenvalues of a selfadjoint
matrix orthogonal, but every n x n selfadjoint matrix posesses a full comple-
ment of n mutually orthogonal eigenvectors. This is the content of Property 3.

Property 3. Every n x n selfadjoint matrix 4 has n mutually orthogonal
eigenvectors.

Proor. Every matrix has at least one eigenvector. Let v, be an eigenvector of
A with eigenvalue 4,, and let W be the subspace of ¥, which consists of all
vectors in V that are orthogonal to v,. We leave it to the reader to verify (see
Exercise 7) that W is a linear subspace of V of dimension n — 1. The crucial
observation now is that 4 takes W into itself; i.e., if x is orthogonal to v,, then
so is Ax. But this follows immediately from the observation that

(Ax,vy) = (%, A*vy) = (X, AV{) = (X, 4, V1) = A1 (X, Vy).
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6 Sturm-Liouville boundary value problems

Thus, (x,v,) = 0=(4Ax,v,) =0.
The next part of our proof is a little tricky. Recall from Section 3.7 that
every n x n matrix A induces a linear transformation @ on C"(R") with

@ (x) = 4x. (10)

Conversely, every linear transformation @ on C"*(R") can be written in the
form (10) for some appropriate matrix A. Let & be the linear transformation
induced by A*. From the remarks above, @ takes W into itself. Thus, assum-
ing that (see Exercise 8) every linear transformation that takes a vector space
into itself has at least one eigenvector, we see that @ has at least one eigen-
vector v, in W ie,,

@(vy) = Av, = AV,

for some number A,. Proceeding inductively, that is, by considering the
subspace of W perpendicular to v,, we can produce n eigenvectors v, v,,...,
v, of A that are mutually orthogonal, and this completes the proof of
Property 3.

Corollary. Every symmetric n x n matrix A has n mutually orthogonal eigen-
vectors.

At the beginning of this section we mentioned that orthogonal bases were
often very useful in applications. In Chapter 3, we observed that a basis that
consists of eigenvectors of a matrix A is also very useful since in this basis the
matrix is diagonal. The ideal situation in practice is a basis of eigenvectors
of a selfadjoint matrix A, for then we have the best of both worlds, ie.,
the eigenvectors form an orthogonal basis. This is the real secret behind the
famous Sturm-Liouville Theory to which we now turn our attention.

EXERCISES

1. Let V be the space of all polynomials of degree < 2 on the interval [ —2,2], with
inner product

oy = [ g

Starting with the basis 1, x, and x2, use the Gram-Schmidt procedure to construct
an orthonormal basis for V.

2. Let V be the space of all polynomials of degree < n, on the interval [a, b], and define
b
<f.> = [ 1S9 d.
Use the Gram-Schmidt procedure to obtain an orthogonal basis for V in the case
@) (a,b) = (—1,1), r(x) = |x]"%;
(b) (aa b) = (_‘w’ w)’ r(x) =e™™
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6.4 Sturm-Liouville theory

3. Obtain the first four Hermite polynomials by applying the Gram-Schmidt proce-
dure to the monomials 1, x, x, and x>, with weight function r(x) = e ~*"/2.

4. Let V be the n-dimensional space spanned by the n functions e ™, k=0, 1, ...,
n — 1, and let

(o) = St ax

for f, g in V. Obtain an orthogonal basis for V.

5. Obtain the first four Laguerre polynomials by applying the Gram-Schmidt proce-
dure to the monomials 1, x, x2, and x3, with weight function r(x) = e ™*.

6. Show that (A*)* = A.

7. Show that the subspace W introduced in the proof of Property 3 has dimension
n—1.

8. Show that every linear transformation that takes a vector space into itself has at
least one eigenvector.

6.4 Sturm-Liouville theory

In Chapter 5 we studied equations of the form

LLy](x) = y"(x) + Ay(x) = 0 M
subject to the boundary conditions
a;y(0) + b;y'©0) =0,  a,y(l) + byy'(l) = 0. 1)

Equation (1) together with the boundary conditions (1') was referred to as a
boundary value problem. We then stated a theorem to the effect that this
boundary value problem has a nontrivial solution only for a special set of
numbers

M<dy <A< <}, <

called eigenvalues and every differentiable function y(x) can be expanded in a
series of these eigenfunctions, i.e.,

y(x) = i ey (x), O0<x<l

For example, the boundary value problem
Y'(x)+Ayx)=0,  y0)=0,y()=0, @
has eigenvalues 4, = n?n?/I2, with corresponding eigenfunctions

nnx
>

Ya(x) = sin i

n=12,...,
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6 Sturm-Liouville boundary value problems

and every differentiable function f(x) can be expanded in a Fourier series of
the form

yx) =Y c,,sinn—?i, O<x<l
n=1

The theorem we just stated is a special case of a much more general theorem,
which applies to the more general equation

LIyl(x) = a(x)y"(x) + b(x)y"(x) + c(x)y(x) = —Ar(x)y(x) ©)
and the boundary conditions
a;y(@ + b y'(@) =0,  ay(B)+ by (f)=0. 3)

We can gain a lot of insight into this problem by studying it from a linear
algebra point of view. To wit, let ¥V be the space of all twice continuously
differentiable functions. V is a linear vector space but is infinite dimensional,
rather than finite dimensional. Next, define an inner product on V via the
relation

B
(fi) = j Fx)g(x)dx. @
The operator L defined by
LIy1() = a()y"() + b(x)y'(x) + c(x)y(x) )

is a linear operator defined on V (see Section 2.1) and it is natural to ask
whether L is selfadjoint in the sense that

(Lu,v) = (u, Lv) (6)

for all functions u, v in V. The answer to this question is given in Theorem 4.

Theorem 4. Let V be the space of all twice continuously differentiable functions
on the interval [a, ). Then, the operator L defined by Equation (5) is
selfadjoint on V, in the sense of Equation (6), if and only if

b(x) = a'(x). (7)
ProOF. Computing
(Lu,v) = f ’ La(w' () + b/ (x) + c(uEo(x) dx
and a
(u, Lv) = jﬂ [a(x)v"(x) + b(x)v'(x) + c(x)v(x)]u(x)dx
we see that a
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6.4 Sturm-Liouville theory

(Lu,v) — (u, Lv) = Jﬂ [a(x)v(x)u"(x) + b(x)v(x)u’(x)] dx

[
- J [a(x)u(x)v"(x) + b(x)u(x)v’(x)] dx.
Integrating the terms containing u”(x) and v”(x) by parts gives

B B
(Lu,v) — (u, Lv) = —J a(x)u’(x)v’'(x)dx —j a’(x)v(x)u’(x)dx

a a

B B
+ J b(x)v(x)u'(x)dx + J a(x)u’ (x)v’'(x)dx

4

B B
+ f a'(x)u(x)v’(x)dx — J b(x)u(x)v’'(x)dx

+ a(x)o(x)u’ (X% — a()u(x)v'(x)l;

8
= J [b(x) — a’(x)] [v(x)u’(x) — u(x)v'(x)] dx

+ a(x) [o(e)u’(x) — u(x)v’(x)]5-

@

The boundary terms in Equation (8) are zero. To see this, assume that the
constants by, b, in Equation (3') are not zero (the proof is trivial if they are—
see Exercise 1), and set ¢, = a,/b,, ¢, = a,/b,. Then

a(x) [o(x)u’ (x) — u(x)v'(x)14
= a(B) [v(B)u'(B) — u(B)v'(B)] — a(w) [o(@u’(®) — u(@)v'(®)]; (9)
but
w(p) =cu(B), v'(B)=rco(B), u(@)=rcu(@), v'(x)=cyv()

since u(x) and v(x) satisfy the boundary conditions (3’). Hence, the right-hand
side of Equation (9) becomes

a(B) [v(B)c,u(B) — u(B)c,v(B)] — ale) [v(@)e; u(@) — u(@)e, v(@)] = 0.

Thus, we have shown that

(Lu,v) — (u, Lv) = Jﬂ [b(x) — a’'(x)] [v(x)u’(x) — u(x)v’'(x)] dx (10)

for all u and v in V. The right-hand side of Equation (10) is zero if b(x) = a’(x).
Thus, L is certainly selfadjoint in the sense of Equation (6) if b(x) = a’(x). In
addition, it is intuitively clear that b(x) = a’(x) is also a necessary condition
for L to be selfadjoint; the right-hand side of Equation (10) cannot vanish for
all u and v in V if b(x) # a’(x). A proof of this assertion is outlined in the
exercises.
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6 Sturm-Liouville boundary value problems

In summary, the boundary value problem (3), (3') is self-adjoint if and only

if b(x) = a’(x). Setting a(x) = p(x) and c(x) = —g(x), we can now write all
selfadjoint boundary value problems in the canonical form
LIyl(x) = [p(x)y' ()} — q(x)y(x) = — Ar(x)y(x) (11
a;y(@) + by y'(@ =0,  a,y(B)+ byy'(p)=0. (1)

Equation (11) together with the boundary conditions (11) is often referred to
as a Sturm-Liouville boundary value problem.

Remark 1. In the notation of Equation (11), Equation (8) becomes
(Lu,v) — (4, Lv) = —p(x) [’ (x)o(x) — u(x)v'(x)]3. (12)

Equation (12) is known as Lagrange’s identity, and if u and v satisfy the
boundary conditions (11’), then Lagrange’s identity reduces to

(Lu, v) — (u, Lv) = 0. (13)

Remark 2. We have derived Equation (13) in the case that u and v are both
real, because that is how Lagrange’s identity is usually expressed. It is a simple
matter, however, to verify (see Exercise 3) that Equation (13) is also true for
u and v complex, provided we define

mm=jﬁuwﬂw. (14

Definition. A Sturm-Liouville boundary value problem is said to be regular
if each of the following conditions hold:
(1) r(x) > 0 and p(x) > 0 for x € [, 1.
(i)} p(x), p’(x), g(x), and r(x) are continuous on [a, §].
(i) (a, B) is finite.

We are now ready to state and prove the main theorem of this chapter.

Theorem 5. For any regular Sturm-Liouville boundary value problem:
(1) All the eigenvalues (and consequently all the eigenfunctions) are real.
(2) Eigenfunctions belonging to different eigenvalues are orthogonal under
the inner product

B
qm>=jruvuwuwx (15)

(3) To each eigenvalue, there corresponds one, and only one, eigenfunc-
tion.

(4) There are a countably infinite number of eigenvalues Ao, Ay, A5, ... with
corresponding eigenfunctions yo(x), y1(x), y,(x),.... The eigenvalues 4, can
be ordered so that n refers to the number of zeros of y, in the interval [a, ]
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6.4 Sturm-Liouville theory

In addition, the zeros of y,, interlace those of y,. Finally, o < A, <
Ay <Az - with 4, — 00 as n — 0.

(5) Let f(x) be any continuously differentiable function on the interval
[, B]. Then, f(x) can be expanded in a convergent series of the eigenfunc-
tions of L;i.e.,

16 = 3 )

where

B
j F(X) () ya(0) dx

a, =

' jﬂ r(9y2(x) dx

a

(16)

PRrOOF. (1) The proof of (1) follows immediately from the selfadjointness of L:
if Ly = — Ay then

B
(Ly,y) = (—Ary,)) = — [ r(%)1y2(9) dx (17)

a

and

_rB
(3Ly) = (y, —Ary) = — 7 j rOly2 (0] dx (18)

a

since r(x) is real. Equating Equations (17) and (18), we see that A must be real.
(2) Let y,(x) and y,(x) be eigenfunctions of L with eigenvalues 4, and 4,,,
respectively, with 4, # 4,,. Then

(Lyn’ym) = (—j‘nrymym)
]
=~ | ey dx;
however, since L is selfadjoint,
(LYn> Ym) = (Vs LYm)
= (ym _imrym)
8
=~ [ Wm0

and since 4, # 4,,, we see that

B
j F)Ya() ) dx = Yy y> = O.

a

(3) Suppose that u;(x) and u,(x) are two independent eigenfunctions
with eigenvalue 1. Then both u, and u, satisfy the second-order differential
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6 Sturm-Liouville boundary value problems

equation
(px)y"Y — a(x)y = —Ar(x)y (19)
in addition to the boundary conditions
a;y(@) + by’ (@) =0,  ay(B) + b,y'(B)=0. (20)

Since u; and u, are independent, they form a basis for all the solutions of
Equation (19), that is, every solution y(x) of Equation (19) can be written in
the form

Y(xX) = ciuy(x) + cu,(x) @1

for some choice of constants ¢,, c,. Finally, observe that if u,(x) and u,(x)
satisfy the boundary conditions (20), then so does the linear combination (21).
Hence, every solution of Equation (19) must satisfy the boundary conditions
(20), which is clearly absurd. Thus, to each eigenvalue 1 of L, there cor-
responds only one eigenfunction.

(4) The proof of (4), though not very difficult, is quite long, so it will be
omitted here.

(5) The convergence part of (5) is too difficult to present here. We wish to
point out though, that if f(x) can be expanded in a series of the eigenfunctions

yu(x), ie.,
16 = 3, an )

then a, must, of necessity, be given by Equation (16). To see this, assume that
the series (22) is convergent and that the inner product of f with any function
y(x) can be distributed, that is,

o0

Ly =) alymy)- (23)

n=0

If y(x) = y;(x), then Equation (23) reduces to
Sy =akyp (24)

by virtue of the orthogonality of the eigenfunctions yy(x), y,(x), y.(x),...,and
it now follows immediately from Equation (24) that

B
G . e dx

;= = 25)
= iy, 7 (
2 i dx
Part (5) of Theorem 5 deals with pointwise convergence, i.e., the series (22)
converges for each x in (, §) if f(x) is continuously differentiable. A different
type of convergence, which has proven quite useful in applications, is known
as convergence in the mean.
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6.4 Sturm-Liouville theory

Definition. A sequence of functions f,(x), « < x < B, is said to converge in
the mean to f(x) if

B 1/2
I = fill = [ f ) (f(x) — £,()? dx]
approaches zero as n — 0.

Part (5) of Theorem 5 now has the following analogue in terms of mean
convergence.

Theorem 6. Let

7160 = 3 ayx) @9

where a; is given by Equation (25). Then, f,(x) converges to f(x) in the mean
for all functions f(x) with

J 0 ?(x) dx < o,

a

i.e., for all functions f(x) with finite norm.

Example 1. Consider the Sturm-Liouville boundary value problem
Llyl=y"= -4, y0)=0,y(1)=0. 27
Here p(x) = r(x) = 1 and g(x) = 0. It is easily verified that
y = yu(x) = cosnnx, n=0,12,...,

are the nontrivial solutions, i.e., eigenfunctions, of Equation (27), with cor-
responding eigenvalues

A, = nn?, n=0,1,2....

Parts (1)—(3) of Theorem 5 are trivial to verify and, in fact, have been done
already in Chapter 5. The zeros of y,(x) are located at the n points

1 3 5 2n—1

2n’2n’ 20’7 2n

and it is easily verified that the zeros of y,,, interlace those of y,. For example,

the four zeros 3, 3, 3, and  of y, (x) interlace the three zeros 1, 2, 2 of y,(x) since

1<1<3<3<5<5<7
8 6 8 6 8 6 8
Finally, part (5) of Theorem 5 is simply Fourier’s Theorem of Section 5.4.
Let us return now to the Hermite, Legendre, Tchebycheff, and Laguerre
differential equations
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6 Sturm-Liouville boundary value problems

V' —xy' + 2y =0, -0 < X < 00, (28)
(I—x2)y =2y + A+ )y=0, —l<x<l, 29)
(1 —x2)y" —xy + A%y =0, —l1<x<1, (30)
xy"+ (1 —=x)y + iy=0, 0<x< o0, (31)

respectively. Except for the Legendre equation (29), the coefficient of y’ in
each of these equations is not the derivative of the coefficient of y”. We remedy
this situation by multiplying through by an appropriate integrating factor
(see Section 1.2). Then we can rewrite Equations (28)—(31) in the equivalent
form

Liyl(x) = %e“"z/zy’(x) = —le ¥ 1?y(x), —o <x<oo, (28)

d
Ly1G) = (1 = Ay = -4+ Dyx), —-1<x<1, (29)
d 2\1/2. ¢ -2 ’
L[J’](x)=a(1—x )/y(x)=my(x), -1<x<1, (30)
LIyl(x) = %xe"‘y’(x) = —le *y(x), 0<x < o0. (31)

Indeed, we can now begin to understand the presence of the factor r(x) in the
Sturm-Liouville problem

LLyl(x) = —Ar(x)y(x).

Our next step is to determine what boundary conditions should be im-
posed on the solutions of Equations (28)—(31). To this end, observe that none
of the Equations (28')—(31’) are regular in the sense of the definition preceding
Theorem 5. To wit, the functions

p(x)=1—-x? and p(x) = (1 — x2)1/2

for the Legendre and Tchebycheff equations vanish at the end points — 1 and
+1 (which in a limiting sense is also true for the functions e ~**/? and xe~*,
which occur in the Hermite and Laguerre equations), and the interval («, 8)
for both the Hermite and Laguerre equations is not finite.

Let us return now to our proof of Theorem 4 where we derived the relation
(Lu,v) — (u, Lv) = —p(x) [’ (x)p(x) — u(x)v'(x)]5. (32)

For the operators L appearing in Equations (28)—(31), the integrals appearing
in the left-hand sides of Equation (32) may now have to be considered as
improper integrals. In the case of the Legendre and Tchebycheff equations,
the function p(x) vanishes at the end points. Thus, L will certainly be self-
adjoint if we impose the boundary conditions that y’(x) [and hence y(x), see
Exercise 12] is bounded as x — + 1. In the case of the Hermite equation, we
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6.4 Sturm-Liouville theory

require that

lim e *2[u(x)v’'(x) — u'(x)v(x)] = 0. (33)
x— two

In the case of the Laguerre equation, p(x) vanishes at x = 0. Thus, one
boundary condition is that y’(x) [and hence y(x)] is bounded as x — 0. The
second boundary condition is determined from the requirement that

lim xe™[u(x)v'(x) — u'(x)v(x)] = 0. (34)
Finally, we note that the conditions (33) and (34) translate into the boundary
conditions

lim e*2y(x)=0 and lim xe *y(x) =0
x>+t x>0

for the Hermite and Laguerre equations, respectively.

It is interesting to note (but difficult to prove) that the boundary conditions
imposed on the solutions of Equations (28)—(31) are exactly sufficient to force
the power series solutions of these equations to terminate at a finite point. In
other words, the only solutions of Equations (28)—(31) that satisfy our bound-
ary conditions are the Hermite, Legendre, Tchebycheff, and Laguerre poly-
nomials, respectively; or, in the language of linear algebra, the only nontrivial
solutions of the equation

LLy](x) = —Ar(x)y(x)

for the operators L in Equations (28')-(31’) and the boundary condi-
tions discussed above are the eigenfunctions y,(x) with eigenvalues 4,, and
these eigenfunctions, when properly normalized, are the Hermite, Legendre,
Tchebycheff, and Laguerre polynomials, respectively.

Remark. We have imposed boundary conditions on Equations (28)—(31) to
ensure that the respective operators L are selfadjoint. This will guarantee that
parts (1) and (2) of Theorem 5 are true. More generally, parts (1) and (2) of
Theorem 5 are true even for singular Sturm-Liouville problems, but parts
(3)—(5) may sometimes fail to be true, even though they are true for the
Hermite, Legendre, Tchebycheff, and Laguerre equations.

We conclude this section by proving that the only nontrivial solutions of
the Hermite equation

y' —2xy' +2y=0 or (e ¥y = —le ¥y (35)
satisfying the boundary conditions
lim e **2y(x) =0 (36)
x—tow

are the Hermite polynomials H,(x), which are the polynomial solutions of the
equation

¥y —2xy" 4+ 2ny =0.
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6 Sturm-Liouville boundary value problems

In other words, all nonpolynomial solutions of Equation (35) fail to satisfy
the boundary conditions (36). To this end we set

y(x) = i a,x".

n=0

Computing

y(x) = i na,x"! and y'(x)= i n(n — 1a,x" 2
and plugging into Equation (35) yields

io n+2)(n+ a,,,x" — io 2na,x" + OZO:O Aa,x" = 0.

This, in turn, implies that
o = (2n— A) 4
"+ dm+ 1) "

For the moment, let us set a, = 0 and g, = 1. Then Equation (37) forces all
the odd coefficients a;, as,..., to be zero. Next, observe that

2 (n—1/2

(37

= . 38
Ty D (38)
For large n,
(n—4/2) _
m+1) =
Thus, for n > N sufficiently large,
2
=>——(9a,, . 3
G2 2 2(9)(1,. n>N (39
Next, look at
z(x) = Y, bx"
n=0
where
2
b,iy = m(.9)b,, and by =1. (40)
Then,

2 1
by =3(9) = 4;(9)
22 1
by = ﬁ(~9)2 = 5(9)2
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6.4 Sturm-Liouville theory

be=3 243 g = %(.9)3
and
=1+ (.952) N (.9;!2)2 N (.9;3c!2)3 .\

2
=e9x‘

Itis clear from Equations (39) and (40) that for A # 2n (so that g, , is never 0)
Y(x) > py(x) + ¥
for some appropriate polynomial py(x) of degree N. But then

lim e ™2y(x) = Lim [e™*py(x) + e**] = o0

x>+ x— + o

Hence, the only way y(x) can satisfy the boundary condition (36) is if 4 = 2n,
so that its series terminates.

The case a, = 0, a, = 1 is similar, and we leave it as an exercise for the
reader (see Exercise 13).

EXERCISES

1. Show that the boundary terms in Equation (8) are trivially zero if either b, or b,
is zero.

2. Here is the outline of a proof that L [see Equation (3)] is not selfadjoint if
b(x) # a’(x). Observe first that if b(x) # a’(x) and we can choose u and v so that

v(x)u’'(x) — u(x)v'(x) = b(x) — a'(x),

then the integral in Equation (10) reduces to

J ? [b(x) — @' ()P dx 0.

The only problem is that u and v have to satisfy the boundary conditions (3'). To
modify the proof,
(a) Observe that

o(X)u’(x) — u(x)v’(x) = v2(x) (g) .
(b) Choose u, v, and constants c,, ¢, ..., .., (With k to be determined) so that

(g) =1 [6(9—a' (9] + €3 [b()—a (91 + e5[b(x)—a'()° +
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6 Sturm-Liouville boundary value problems

u and v satisfy the boundary conditions (3'), and the integral in Equation (10)
is #0.

3. Show that Equation (13) is true even for u, v complex.

4. Show that Liouville’s transformation

ym e = [
PO Pe)

reduces Equation (11) to
' — f()z= — Az

What is f()? Note that under this transformation, the eigenvalues remain fixed
and the weight function becomes unity.

5. Let P,(x) be the Legendre polynomial of degree n.
(a) Show that P;(x) satisfies a selfadjoint equation with A = n(n + 1) — 2.

1
(b) Show that J P(x)P,(x)(1 — x¥)dx =0, m # n.
-1
6. Find the eigenvalues and eigenfunctions of the boundary value problem
x*y"= -4y, y(1)=0,y(2)=0.
(Hint: Try y = x?)

In each of Problems 7-9, find the eigenvalues and eigenfunctions of the given
boundary value problem.

7.y +4y=0 y0)=0,ym—ym=0
8.y +4iy=0,  y0)—y(©0)=0,y1)=0
9.y +iy=0 y0)—y(0)=0,ym—y(m=0
10. For which values of 1 does the boundary value problem
yV'=2y+(1+4y=0 y0)=0,y(1)=0,
have a nontrivial solution?
11. Show that the singular boundary value problem
y'+iy=0,  y0) =y(2n),y(0) =y (2n),
has a continuum of eigenvalues.

12. Suppose that y’(0) is bounded as x — + 1. Show that y(x) must also be bounded as
x — + 1. [Hint: Write y(x) as an integral involving y'(x).]

13. Let a, = 0 and a, = 1. Show that the power series solution Y 2, a,x" of Equation
(35), with a, determined from Equation (37), will not satisfy the boundary condi-
tions (36) unless the series terminates, i.e., A = 2n for some integer n.
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