ARMA Models

3.1 ARMA(p, q) Processes
3.2 The ACF and PACF of an ARMA(p, g) Process
3.3 Forecasting ARMA Processes

In this chapter we introduce an important parametric family of stationary time
series, the autoregressive moving-average, or ARMA, processes. For a large class of
autocovariance functions y (-) it is possible to find an ARMA process {X;} with ACVF
yx (+) such that y (-) is well approximated by yx(-). In particular, for any positive integer
K, there exists an ARMA process {X;} such that yx(h) = y(h) forh = 0,1, ..., K.
For this (and other) reasons, the family of ARMA processes plays a key role in the
modeling of time series data. The linear structure of ARMA processes also leads to a
substantial simplification of the general methods for linear prediction discussed earlier
in Section 2.5.

3.1 ARMAC(p, q) Processes

In Section 2.3 we introduced an ARMA(1,1) process and discussed some of its key
properties. These included existence and uniqueness of stationary solutions of the
defining equations and the concepts of causality and invertibility. In this section we
extend these notions to the general ARMA(p, g) process.
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Definition 3.1.1

{X;} is an ARMA(p, q) process if {X;} is stationary and if for every ¢,
Xe—p1Xe1— - —QpXep =2, + 0121 + - - + 0421, (3.1.1)

where {Z;} ~ WN (0, 0%) and the polynomials (1 — ¢1z — ... — ¢»2”) and (1+
Oz+...+ quq) have no common factors.

The process {X;} is said to be an ARMA(p, ¢q) process with mean v if {X, — u}
is an ARMA(p, g) process.
It is convenient to use the more concise form of (3.1.1)

»(B)X, = 0(B)Z,, (3.1.2)
where ¢ (-) and 8(-) are the pth and gth-degree polynomials
P@)=1—¢z—--— P2’

and
() =14+601z4 -+ 0,27,

and B is the backward shift operator (B/X, = Xi—j, Bi7Z, = Zij,j = 0,%£1,...).
The time series {X,} is said to be an autoregressive process of order p (or AR(p)) if
0(z) = 1, and a moving-average process of order ¢ (or MA(g)) if ¢ (z) = 1.

An important part of Definition 3.1.1 is the requirement that {X,} be stationary.
In Section 2.3 we showed, for the ARMA(1,1) equations (2.3.1), that a stationary
solution exists (and is unique) if and only if ¢; # =£1. The latter is equivalent to
the condition that the autoregressive polynomial ¢ (z) = 1 — ¢z # 0 for z = £1. The
analogous condition for the general ARMA(p, q) processis ¢(z) =1 —¢1z—--- —
¢pzP # 0 for all complex z with |z| = 1. (Complex z is used here, since the zeros of a
polynomial of degree p > 1 may be either real or complex. The region defined by the
set of complex z such that |z] = 1 is referred to as the unit circle.) If ¢ (z) # O for all z
on the unit circle, then there exists § > 0 such that

1

o0
— = Z ijj forl —8 < |z] <146,
o) =

j_
and Z;i7 « |Xjl < 0o. We can then define 1/¢(B) as the linear filter with absolutely
summable coefficients

1 o0
— = Z Xij.
o(B)
Applying the operator x (B) := 1/¢(B) to both sides of (3.1.2), we obtain

Xi = xB)pB)X; = x(B)O(B)Z, = y(B)Z; = Z ViZi—j, (3.1.3)
Jj=—00

where ¥ (2) = x(2)0(2) = Z}'ifoo l/sz/ . Using the argument given in Section 2.3 for

the ARMA(1,1) process, it follows that {(B)Z, is the unique stationary solution of
(3.1.1).
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Existence and Uniqueness:

A stationary solution {X;} of equation (3.1.1) exists (and is also the unique sta-
tionary solution) if and only if

p@=1—¢iz— - — ¢z’ #0 forall |z] = 1. (3.1.4)

In Section 2.3 we saw that the ARMA(1,1) process is causal, i.e., that X; can be
expressed in terms of Z;, s < ¢, if and only if |¢;| < 1. For a general ARMA(p, q)
process the analogous condition is that ¢(z) # 0 for |z| < 1, i.e., the zeros of the
autoregressive polynomial must all be greater than 1 in absolute value.

Causality:

An ARMA(p, g) process {X;} is causal, or a causal function of {Z}, if there
exist constants {v;} such that Z;io [j] < oo and

X, =) iZjforallt. (3.1.5)

j=0
Causality is equivalent to the condition

¢ =1—d1z—--—dpz” £ 0forall |z] < 1. (3.1.6)

The proof of the equivalence between causality and (3.1.6) follows from elemen-
tary properties of power series. From (3.1.3) we see that {X,} is causal if and only if
x@ =1/¢() = Zfio x;2’ (assuming that ¢ (z) and 6(z) have no common factors).
But this, in turn, is equivalent to (3.1.6).

The sequence {1/;} in (3.1.5) is determined by the relation ¥ (z) = Z;:o vzl =
0(z)/ ¢ (z), or equivalently by the identity

(1—¢rz— - —2") Wo+Viz+--)=1+60z+ -+ 6,27
Equating coefficients of 7, j=0,1,..., we find that

1 = o,

O =y — Yo,

0 = Vo — Y11 — Vo2,

or equivalently,

p
V=D ik =0. j=0.1,..., (3.1.7)
k=1

where 6y := 1, 0; := 0 forj > g, and ; := 0 forj < 0.
Invertibility, which allows Z; to be expressed in terms of X;, s < ¢, has a similar
characterization in terms of the moving-average polynomial.
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Example 3.1.1

Example 3.1.2

Invertibility:

An ARMA(p, g) process {X;} is invertible if there exist constants {r;} such that
> im0 lmjl < oo and

o0
Z; = Z m; X;—; for all 7.
j=0

Invertibility is equivalent to the condition

0(z) =1+6iz+--+6,z7#0forall |z| < 1.

Interchanging the roles of the AR and MA polynomials, we find from (3.1.7) that
the sequence {7;} is determined by the equations

q
T+ Y Ot =—¢j, j=0.1...., (3.1.8)
k=1

where ¢ := —1, ¢; := O forj > p,and 7; := 0 forj < 0.
An ARMA(1,1) Process Consider the ARMA(1,1) process {X,} satisfying the equa-
tions

X, —0.5X,-1 =Z +04Z_,, {Z}~WN(0,0?%). (3.1.9)

Since the autoregressive polynomial ¢(z) = 1 — 0.5z has a zero at z = 2, which is
located outside the unit circle, we conclude from (3.1.4) and (3.1.6) that there exists
a unique ARMA process satisfying (3.1.9) that is also causal. The coefficients {1/;} in
the MA (c0) representation of {X;} are found directly from (3.1.7):

Yo =1,

Y1 =0.4+0.5,

Y2 = 0.5(0.4 +0.5),

Y =057104+05), j=1.2,....

The MA polynomial 6(z) = 1 4+ 0.4z has azeroatz = —1/0.4 = —2.5, which is also
located outside the unit circle. This implies that {X;} is invertible with coefficients {7;}
given by [see (3.1.8)]

=1,

7 = —(0.4+0.5),

7 = —(0.4+0.5)(—0.4),

7= —(0.4+05)(-04)" j=1,2,....

(A direct derivation of these formulas for {1/} and {7;} was given in Section 2.3 without
appealing to the recursions (3.1.7) and (3.1.8).)
O

An AR(2) Process
Let {X;} be the AR(2) process
X, =0.7X,-1 — 01X, 2 + Z,, {Z} ~WN(0,0?).
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The autoregressive polynomial for this process has the factorization ¢ (z) = 1 —0.7z+
0.1z2 = (1 — 0.52)(1 — 0.27), and is therefore zero at z = 2 and z = 5. Since these
zeros lie outside the unit circle, we conclude that {X;} is a causal AR(2) process with
coefficients {1;} given by

Yo =1,
Y =0.7,
v, = 0.7 - 0.1,

Wi =07 — 0.1y, 0, j=2.3,....

While it is a simple matter to calculate y/; numerically for any j, it is possible also
to give an explicit solution of these difference equations using the theory of linear
difference equations (see Brockwell and Davis (1991), Section 3.6).
g
The option Model >Specify of the program ITSM allows the entry of any causal
ARMA(p, g) model with p < 28 and g < 28. This option contains a causality check
and will immediately let you know if the entered model is noncausal. (A causal model
can be obtained by setting all the AR coefficients equal to 0.001.) Once a causal model
has been entered, the coefficients v; in the MA (c0) representation of the process can be
computed by selecting Model>AR/MA Infinity. This option will also compute
the AR(o0) coefficients 7;, provided that the model is invertible.

Example 3.1.3 An ARMA(2,1) Process
Consider the ARMA(2,1) process defined by the equations
X, —0.75X,_1 + 0.5625X,, = Z,+ 1.25Z,,, {Z} ~ WN(0,0?).

The AR polynomial ¢(z) = 1 — 0.75z + 0.5625z> has zeros at 7 = 2 (1 + i\/g)/3,
which lie outside the unit circle. The process is therefore causal. On the other hand,
the MA polynomial 6(z) = 1 4+ 1.25z has a zero at z = —0.8, and hence {X,} is not
invertible.

g

Remark 1. It should be noted that causality and invertibility are properties not of {X;}
alone, but rather of the relationship between the two processes {X;} and {Z,} appearing
in the defining ARMA equations (3.1.1). [l

Remark 2. If {X;} is an ARMA process defined by ¢ (B)X; = 6(B)Z;, where 0(z) # 0
if |z] = 1, then it is always possible (see Brockwell and Davis (1991), p. 127) to find
polynomials é‘;(z) and 6 (z) and a white noise sequence { W,} such that q~5 (B)X; = ] (B)W;
and 6 (z) and q}(z) are nonzero for |z| < 1. However, if the original white noise sequence
{Z;} is iid, then the new white noise sequence will not be iid unless {Z;} is Gaussian.
O

In view of Remark 2, we will focus our attention principally on causal and
invertible ARMA processes.

3.2 The ACF and PACF of an ARMA(p, gq) Process

In this section we discuss three methods for computing the autocovariance function
y(-) of a causal ARMA process {X;}. The autocorrelation function is readily found
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from the ACVF on dividing by «(0). The partial autocorrelation function (PACF) is
also found from the function ~y(-).

3.2.1 Calculation of the ACVF
First we determine the ACVF y (-) of the causal ARMA((p, ¢g) process defined by
¢BX, = 0(BZ, {Z}~WN(0,0°), (3.2.1)

where ¢(z2) =1 —p1z—--- — Pz’ and 0(z) = 1 + 601z + - -- + 6,29 The causality
assumption implies that

X, =Y Yz, (3.2.2)
j=0

where Zjﬁo Yzl = 0(2)/¢ (), |z < 1. The calculation of the sequence {y/;} was
discussed in Section 3.1.

First Method. From Proposition 2.2.1 and the representation (3.2.2), we obtain

y(h) = EXiX) = 02 ) ¥t (3.2.3)

J=0

The ARMAC(1,1) Process

Substituting from (2.3.3) into (3.2.3), we find that the ACVF of the process defined by
X, — X1 =Z,+0Z_, {Z}~WN(0,0%), (3.2.4)

with |¢| < 1 is given by

y(©) =) v}
j=0

=0’ 1+(9+¢)ZZ¢21
! =
Rk
-+ ]

y() =0 Yty
j=0

=0’ [0+d+O+9)¢) o7
j=0
® +¢>2¢>]
1—¢2 |’

=0’ |0+ +
and

y(h) =¢"'y(), h=2.
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Example 3.2.2

Example 3.2.3

The MA(gq) Process
For the process

X =Z+0Ziy 4+ +60,Z_, {Z}~WN(0,07),
Equation (3.2.3) immediately gives the result

q—|hl
(72 Z 919/'+\h|, if |h| <gq,
y(h) = j=0

0, if |h| > q,

where 6, is defined to be 1. The ACVF of the MA(qg) process thus has the distinctive
feature of vanishing at lags greater than ¢. Data for which the sample ACVF is
small for lags greater than g therefore suggest that an appropriate model might be a
moving average of order ¢ (or less). Recall from Proposition 2.1.1 that every zero-mean
stationary process with correlations vanishing at lags greater than ¢ can be represented
as a moving-average process of order g or less.

O
Second Method. 1f we multiply each side of the equations
Xi—¢ X — - — ¢pXt—p =Z+60Z 1+ + qut—qa
by X, k =0,1, 2, ..., and take expectations on each side, we find that
o0
y () =1y (k=1)—- =@y (k=p) =07 Oy, 0<k<m, (32.5)
j=0
and
Y& —prytk—1) —---=pyk—p) =0, k=m, (3.2.6)

where m = max(p, g + 1), ¢j :=0forj < 0,60 :=1,and §; := Oforj ¢ {0, ..., g}.
In calculating the right-hand side of (3.2.5) we have made use of the expansion (3.2.2).
Equations (3.2.6) are a set of homogeneous linear difference equations with constant
coefficients, for which the solution is well known (see, e.g., Brockwell and Davis
(1991), Section 3.6) to be of the form

y(h) =&+t g, h=m—p, (3.2.7)
where &1, ..., &, are the roots (assumed to be distinct) of the equation ¢ (z) = 0, and
ai, ..., a, are arbitrary constants. (For further details, and for the treatment of the

case where the roots are not distinct, see Brockwell and Davis (1991), Section 3.6.)
Of course, we are looking for the solution of (3.2.6) that also satisfies (3.2.5). We
therefore substitute the solution (3.2.7) into (3.2.5) to obtain a set of m linear equations
that then uniquely determine the constants o, ..., , and the m — p autocovariances
y(h),0<h<m-—np.

The ARMAC(1,1) Process
For the causal ARMAC(1,1) process defined in Example 3.2.1, equations (3.2.5) are

y(0) — ¢y (1) =o*(1 460 + ¢)) (3.2.8)

and

y (1) — ¢y (0) = o°6. (3.2.9)
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Figure 3-1

The model ACF of the AR(2)
series of Example 3.2.4 with
51 =2 and %’2 =5

Equation (3.2.6) takes the form

yk) —¢yk—1)=0, k=2 (3.2.10)
The solution of (3.2.10) is

y(h) =a¢”", h>1.

Substituting this expression for y (k) into the two preceding equations (3.2.8) and
(3.2.9) gives two linear equations for @ and the unknown autocovariance y (0). These
equations are easily solved, giving the autocovariances already found for this process
in Example 3.2.1.

g

The General AR(2) Process
For the causal AR(2) process defined by

(1-&'B)(1-&'B)X, =7, &l 16l > 1,6 #&,
we easily find from (3.2.7) and (3.2.5) using the relations

¢pr=E5"+E&"
and
¢ =—§ &
that
26252
y(h) = i [l —-D7'Ee " —@E& -D7'g ™. 321D

€15 — D& -8

Figures 3-1, 3-2, 3-3, and 3-4 illustrate some of the possible forms of y (-) for different
values of £, and &,. Notice that in the case of complex conjugate roots £, = re and
£ =re ", 0 <6 < m, we can write (3.2.11) in the more illuminating form

o?r* - rsin(h6 + )

y(h) = (r2 — 1)(r* — 2r2cos20 + 1) sin6 ’

(3.2.12)

1.0

0.6 0.8

ACF
0.4

0.2

0.0

-0.2
T

Lag
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The model ACF of the AR(2) ! I I I I
series of Example 3.2.4 with 0 5 10 15 20
£ =—10/9 and & = 2 Lag
where
41
tany = tan 0 (3.2.13)
rr—1

and cos ¥ has the same sign as cos 6. Thus in this case y (-) has the form of a damped
sinusoidal function with damping factor 7~ and period 27/6. If the roots are close
to the unit circle, then r is close to 1, the damping is slow, and we obtain a nearly
sinusoidal autocovariance function.

g
Third Method. The autocovariances can also be found by solving the first p + 1
equations of (3.2.5) and (3.2.6) for y(0)..., y(p) and then using the subsequent
equations to solve successively for y(p + 1), y(p + 2),.... This is an especially
convenient method for numerical determination of the autocovariances y (k) and is
used in the option Model >ACF/PACF>Model of the program ITSM.
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Example 3.2.5

Lag

Consider again the causal ARMA(1,1) process of Example 3.2.1. To apply the third
method we simply solve (3.2.8) and (3.2.9) for ¥y (0) and y (1). Then y(2), y(3), ...
can be found successively from (3.2.10). It is easy to check that this procedure gives
the same results as those obtained in Examples 3.2.1 and 3.2.3.

g

3.2.2 The Autocorrelation Function

Recall that the ACF of an ARMA process {X;} is the function p(-) found immediately
from the ACVF y (-) as

y (h)
p(h) = ——.
y(0)
Likewise, for any set of observations {x1, ..., x,}, the sample ACF /5(-) is computed as
. y (h)
p(h) = .
v (0)
The Sample ACF of an MA(q) Series. Given observations {xi, ..., x,} of a time

series, one approach to the fitting of a model to the data is to match the sample ACF
of the data with the ACF of the model. In particular, if the sample ACF p(h) is sig-
nificantly different from zero for 0 < h < ¢ and negligible for 4 > g, Example
3.2.2 suggests that an MA(g) model might provide a good representation of the data.
In order to apply this criterion we need to take into account the random variation
expected in the sample autocorrelation function before we can classify ACF values
as “negligible.” To resolve this problem we can use Bartlett’s formula (Section 2.4),
which implies that for a large sample of size n from an MA(g) process, the sample
ACF values at lags h greater than g are approximately normally distributed with
means 0 and variances wy,/n = (1 + 20%(1) + -+ + 2p2(q))/n. This means
that if the sample is from an MA(g) process and if 2 > g, then p(h) should fall
between the bounds +1.96./wy,;,/n with probability approximately 0.95. In practice
we frequently use the more stringent values +1.96/,/n as the bounds between which
sample autocovariances are considered “negligible.” A more effective and systematic
approach to the problem of model selection, which also applies to ARMA( p, ¢) models
with p > 0 and ¢ > 0, will be discussed in Section 5.5.
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3.2.3 The Partial Autocorrelation Function
The partial autocorrelation function (PACF) of an ARMA process {X,} is the
function «(-) defined by the equations
a(0) =1
and
a(h) = ¢w, h=1,
where ¢y, is the last component of
¢, =T;"vs (3.2.14)
Y
Cy=[yG=p] _pandy, = [y, y@), ...,y W]
For any set of observations {xi, ..., x,} with x; # x; for some i and j, the sample
PACF «(h) is given by
a0) =1
and
a(hy =G, h=1,
where q@hh is the last component of
¢, =17, (3.2.15)
We show in the next example that the PACF of a causal AR(p) process is zero for
lags greater than p. Both sample and model partial autocorrelation functions can be
computed numerically using the program ITSM. Algebraic calculation of the PACF is
quite complicated except when ¢ is zero or p and ¢ are both small.
It can be shown (Brockwell and Davis (1991), p. 171) that ¢;,, is the correlation
between the prediction errors X;, — P(X,|X1, ..., Xp—1) and Xo — P(Xo|X1, . . ., Xp—1).
Example 3.2.6  The PACF of an AR(p) Process

For the causal AR(p) process defined by
Xi— X — - — ¢pXt—p =7, {Z}~WN (0, 02),

we know (Problem 2.15) that for 4 > p the best linear predictor of Xj. in terms of
1,X1,..., XhiS

Xnp1 = 01 Xn + 62 Xng + -+ GpXnt1-p-

Since the coefficient ¢y, of X; is ¢, if h = p and 0 if h > p, we conclude that the
PACF «(-) of the process {X;} has the properties

Ol(p) :¢p
and
a(h) =0 for h > p.

For i < p the values of a(h) can easily be computed from (3.2.14). For any
specified ARMA model the PACF can be evaluated numerically using the option
Model>ACF/PACF>Model of the program ITSM.

g
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Example 3.2.8

Figure 3-5
Time series of the overshorts
in Example 3.2.8

The PACF of an MA(1) Process

For the MA(1) process, it can be shown from (3.2.14) (see Problem 3.12) that the PACF
at lag h is

a(h) = ¢ = —(—0)"/(1+ 6%+ -+ 67).

O
The Sample PACF of an AR(p) Series. 1f {X,} is an AR(p) series, then the sample
PACEF based on observations {x, ..., x,} should reflect (with sampling variation) the

properties of the PACF itself. In particular, if the sample PACF &(h) is significantly
different from zero for 0 < i < p and negligible for & > p, Example 3.2.6 suggests
that an AR( p) model might provide a good representation of the data. To decide what
is meant by “negligible” we can use the result that for an AR(p) process the sample
PACEF values at lags greater than p are approximately independent N (0, 1/n) random
variables. This means that roughly 95 % of the sample PACF values beyond lag p
should fall within the bounds +1.96/,/n. If we observe a sample PACF satisfying
la(h)| > 1.96//nfor 0 < h < p and |&(h)| < 1.96//n for h > p, this suggests
an AR(p) model for the data. For a more systematic approach to model selection, see
Section 5.5.

3.2.4 Examples

The time series plotted in Figure 3-5 consists of 57 consecutive daily overshorts from
an underground gasoline tank at a filling station in Colorado. If y, is the measured
amount of fuel in the tank at the end of the rth day and a; is the measured amount sold
minus the amount delivered during the course of the rth day, then the overshort at the
end of day ¢ is defined as x;, = y; — y;—1 + a;. Due to the error in measuring the current
amount of fuel in the tank, the amount sold, and the amount delivered to the station, we
view y;, a;, and x; as observed values from some set of random variables Y;, A;, and X,
fort =1, ...,57. (In the absence of any measurement error and any leak in the tank,
each x, would be zero.) The data and their ACF are plotted in Figures 3-5 and 3-6. To
check the plausibility of an MA(1) model, the bounds +1.96 (1 +242(1))"/* /n'/2 are
also plotted in Figure 3-6. Since p(h) is well within these bounds for 4 > 1, the data
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appear to be compatible with the model
X, =pn+2Z+0Z_1, {Z}~WN(0,0?). (3.2.16)

The mean p may be estimated by the sample mean xs; = —4.035, and the parameters
6, o> may be estimated by equating the sample ACVF with the model ACVF at lags
0 and 1, and solving the resulting equations for # and 2. This estimation procedure
is known as the method of moments, and in this case gives the equations

(14 6%0? = 7(0) = 3415.72,
fo? = p(1) = —1719.95.

Using the approximate solution # = —1 and o> = 1708, we obtain the noninvertible
MA(1) model

X, =—-4.035+7 -7, {Z}~ WN(0,1708).

Typically, in time series modeling we have little or no knowledge of the underlying
physical mechanism generating the data, and the choice of a suitable class of models
is entirely data driven. For the time series of overshorts, the data, through the graph
of the ACF, lead us to the MA(1) model. Alternatively, we can attempt to model
the mechanism generating the time series of overshorts using a structural model. As
we will see, the structural model formulation leads us again to the MA(1) model. In
the structural model setup, write Y;, the observed amount of fuel in the tank at time 7, as

Y, =y + U, (3.2.17)

where y7 is the true (or actual) amount of fuel in the tank at time # (not to be confused
with y, above) and U, is the resulting measurement error. The variable y; is an ide-
alized quantity that in principle cannot be observed even with the most sophisticated
measurement devices. Similarly, we assume that

A =ai+V, (3.2.18)

where a; is the actual amount of fuel sold minus the actual amount delivered during
day ¢, and V; is the associated measurement error. We further assume that {U;} ~
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WN (0, 6), {Vi} ~ WN (0, o), and that the two sequences {U,} and {V;} are uncor-
related with one another (E(U,V,) = 0 for all s and ). If the change of level per day
due to leakage is u gallons (1 < O indicates leakage), then

yi=n+y, —a. (32.19)

This equation relates the actual amounts of fuel in the tank at the end of days ¢ and
t— 1, adjusted for the actual amounts that have been sold and delivered during the day.
Using (3.2.17)—(3.2.19), the model for the time series of overshorts is given by

X=Y—-Y0+A=p+U—-U_+V,.
This model is stationary and 1-correlated, since
EX,=E(u+U—-U_ 1 +V)=pn
and
y(h) = E[(Xipn — )Xy — )]
= E[(Usn — Urpn—1 + Vi) (U — Uiy + V)]
20 +o0p, ifh=0,
=1-0o, if |n] = 1,
0, otherwise.
It follows from Proposition 2.1.1 that {X;} is the MA(1) model (3.2.16) with

2
01 —GU

1) = - .
P = = 2402

From this equation we see that the measurement error associated with the adjustment
{A;} is zero (i.e., a‘% = 0) if and only if p(1) = —0.5 or, equivalently, if and only
if 6, = —1. From the analysis above, the moment estimator of 8; for the overshort
data is in fact —1, so that we conclude that there is relatively little measurement error
associated with the amount of fuel sold and delivered.
We shall return to a more general discussion of structural models in Chapter 8.
0

The Sunspot Numbers

Figure 3-7 shows the sample PACF of the sunspot numbers S, . . ., Sig (for the years
1770-1869) as obtained from ITSM by opening the project SUNSPOTS.TSM and
clicking on the second yellow button at the top of the screen. The graph also shows the
bounds +1.96/+/100. The fact that all of the PACF values beyond lag 2 fall within
the bounds suggests the possible suitability of an AR(2) model for the mean-corrected
data set X, = S, — 46.93. One simple way to estimate the parameters ¢, ¢,, and o>
of such a model is to require that the ACVF of the model at lags 0, 1, and 2 should
match the sample ACVF at those lags. Substituting the sample ACVF values

70) = 1382.2, $(1) = 11144, $(2) = 591.73,

for y(0), y (1), and y (2) in the first three equations of (3.2.5) and (3.2.6) and solving
for ¢y, ¢, and o2 gives the fitted model

X, —1.318X,_1 +0.634X,_, = Z,, {Z;} ~ WN(0, 289.2). (3.2.20)

(This method of model fitting is called Yule—Walker estimation and will be discussed

more fully in Section 5.1.1.)
O
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3.3 Forecasting ARMA Processes

K (i, j) =

The innovations algorithm (see Section 2.5.4) provided us with a recursive method for
forecasting second-order zero-mean processes that are not necessarily stationary. For
the causal ARMA process

¢BX, =0(B)Z, {Z}~WN(0,0°),

itis possible to simplify the application of the algorithm drastically. The idea is to apply
it not to the process {X;} itself, but to the transformed process [cf. Ansley (1979)]

Wt:U_lXt, t:1,...,m,
(3.3.1)
W, = 0—71¢(B)Xt’ > m,
where
m = max(p, q). (3.3.2)
For notational convenience we define 6 := 1 and 6, := 0 for j > g. We shall also

assume that p > 1 and ¢ > 1. (There is no loss of generality in these assumptions,
since in the analysis that follows we may take any of the coefficients ¢; and 6; to be
Zero.)

The autocovariance function yx(-) of {X,} can easily be computed using any of the
methods described in Section 3.2.1. The autocovariances « (i, j) = E(W;W)), i, j > 1,
are then found from

o 2yx (i — ), l<ij<m

)4
o2 [Vx(i —D =2 yx(r—1i —jl)] ,  min(i,j) <m < max(i, j) <2m,

r=1

(3.3.3)

q
Y 600,y min(i, j) > m,
r=0

0, otherwise.
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Applying the innovations algorithm to the process {W;} we obtain
A n A
Wn—H = Zenj(wln+l—j - Wn—i—l—j)» I <n<m,
- A (3.3.4)
Wn—H = X} 9nj(“’n+l—j - Wn+l—j)9 n=m,
=
N 2
where the coefficients 6,; and the mean squared errors r, = E (Wn+ 1 — Wn+1) are
found recursively from the innovations algorithm with « defined as in (3.3.3). The
notable feature of the predictors (3.3.4) is the vanishing of 6,; when both n > m and
J > q. This is a consequence of the innovations algorithm and the fact that « (r, s) = 0
ifr >mand |r —s| > q.

Observe now that the equations (3.3.1) allow each X,,, n > 1, to be written as a
linear combination of W;, 1 < j < n, and, conversely, each W,, n > 1, to be written as
a linear combination of Xj, 1 < j < n. This means that the best linear predictor of any
random variable Y in terms of {1, X, ..., X,} is the same as the best linear predictor
of Y in terms of {1, Wy, ..., W,}. We shall denote this predictor by P, Y. In particular,
the one-step predictors of W, and X, are given by

Wn+l = Pan—H
and
j\(n—i-l = Pan+1-

Using the linearity of P, and the equations (3.3.1) we see that

VAVZ=071)A(,, t:1,...,m,
R R (3.3.5)
Wo=o & —gXy == gXiy |, 1> m,
which, together with (3.3.1), shows that
X,—X =0 [W, - W,] for all 7 > 1. (33.6)

Replacing (W; — VAVJ) by o7 (X; — )A(]) in (3.3.3) and then substituting into (3.3.4),
we finally obtain

ZG”-/ (X”‘H—./ - }A("-H—j) ) 1 <n<m,
Xn-l—l = =1 J (337)
¢1Xn+-..+¢an+l—p+Zenj (X""rl—j_Xn-i-l—j) , n>m,
=1
and
A 2 5 R 2 5
E (X,,+1 — Xn+1) =0o°E (Wn+1 — W,,_H) =01, (3.3.8)

where 6,; and r, are found from the innovations algorithm with « as in (3.3.3).
Equations (3.3.7) determine the one-step predictors X, Xs, ... recursively.

Remark 1. It can be shown (see Brockwell and Davis (1991), Problem 5.6) that if
{X;} is invertible, then as n — o0,

N 2
E (Xn X, - Zn) 0.

O — 0, j=1,...,q,
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and
r, — 1.

Algebraic calculation of the coefficients 6,; and r,, is not feasible except for very simple
models, such as those considered in the following examples. However, numerical
implementation of the recursions is quite straightforward and is used to compute
predictors in the program ITSM. O

Prediction of an AR(p) Process
Applying (3.3.7) to the ARMA(p, 0) process, we see at once that

),\(n—i-l = ¢)1Xn +--- 4+ ¢an+l—pv nz=p.

Prediction of an MA(g) Process
Applying (3.3.7) to the ARMAC(1, g) process with ¢; = 0 gives

min(n,q)

Xnp1 = E O <Xn+1—j — n+1—j>7 n>1,
j=1

where the coefficients 6,; are found by applying the innovations algorithm to the co-
variances « (i, j) defined in (3.3.3). Since in this case the processes {X,} and {0 ~'W,}
are identical, these covariances are simply

q—li—jl

k@i, j) = o 2yx(i—j) = Z OrBr1i—j-
r=0

Prediction of an ARMA(1,1) Process
If

X — ¢X 1 =Z+0Z1, {Z}~WN(0,0°),
and |¢| < 1, then equations (3.3.7) reduce to the single equation
5(}1+1 =¢X, + On1 (X, — Xn)a n>1.

To compute 6,,; we use Example 3.2.1 to obtain yx(0) =c2(1 + 20¢ + 92)/(1 - ¢2).
Substituting in (3.3.3) then gives, for i, j > 1,

(14209 +06%)/(1—¢%), i=j=1,

. 1467, i=j=2,
k(i) =
0, li—jl=1,i>1,
0, otherwise.

With these values of « (i, j), the recursions of the innovations algorithm reduce to
ro=(1+20¢+6%)/(1—¢%),
Ot = 0/ru-1, (3.3.9)
re=1+6%—0%/r,_\,

which can be solved quite explicitly (see Problem 3.13). D
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Example 3.3.4 Numerical Prediction of an ARMA(2,3) Process

In this example we illustrate the steps involved in numerical prediction of an
ARMA(2,3) process. Of course, these steps are shown for illustration only.
The calculations are all carried out automatically by ITSM in the course of computing
predictors for any specified data set and ARMA model. The process we shall consider
is the ARMA process defined by the equations

X — X1+ 024X, » =7, +0.4Z,_1 4+ 0.2Z;_, + 0.1Z,_3, (3.3.10)
where {Z;} ~ WN(O0, 1). Ten values of X, ..., Xjo simulated by the program ITSM
are shown in Table 3.1. (These were produced using the option Model>Specify
to specify the order and parameters of the model and then Model>Simulate to
generate the series from the specified model.)

The first step is to compute the covariances yx(h), h = 0, 1, 2, which are easily

found from equations (3.2.5) with k = 0, 1, 2 to be

yx(0) = 7.17133, yx(1) =6.44139, and yx(2) = 5.0603.
From (3.3.3) we find that the symmetric matrix K = [« (i, j)]; j=1,2,... 1s given by

[7.1713 ]
6.4414 7.1713
5.0603 6.4414 7.1713
0.10 0.34 0.816 1.21
K= 0 0.10 034 050 1.21
0 0 0.10 0.24 0.50 1.21
0 0 0.10 0.24 050 1.21
0 0 010 024 050 1.21
The next step is to solve the recursions of the innovations algorithm for 6,; and r,
using these values for « (i, j). Then
Table 3.1 )A(n+1 for the ARMA(2,3) Process of Example 3.3.4

n Xn+1 I'n On1 On2 On3 Xn41

0 1.704 7.1713 O

1 0.527 1.3856 0.8982 1.5305

2 1.041 1.0057 1.3685 0.7056 —0.1710

3 0.942 1.0019 0.4008 0.1806 0.0139 1.2428
4 0.555 1.0019 0.3998 0.2020 0.0732 0.7443
5 —1.002 1.0005 0.3992 0.1995 0.0994 0.3138
6 —0.585 1.0000 0.4000 0.1997 0.0998 —-1.7293
7 0.010 1.0000 0.4000 0.2000 0.0998 —0.1688
8 —0.638 1.0000 0.4000 0.2000 0.0999 0.3193
9 0.525 1.0000 0.4000 0.2000 0.1000 —-0.8731
10 1.0000 0.4000 0.2000 0.1000 1.0638
11 1.0000 0.4000 0.2000 0.1000

12 1.0000 0.4000 0.2000 0.1000
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Zenj <X11+1—j - )A(n-H—j) ) n=1,2,
A)A(n+1 =4 /= 3
Xn — 024Xn_1 + Z an <Xn+1—j — )A(,H_]_j) , n= 3, 4, ey
j=1

and
~ 2
E (Xn+1 - Xn—H) = Uzrn = Tn.

The results are shown in Table 3.1.

3.3.1 h-Step Prediction of an ARMA(p, q) Process

As in Section 2.5, we use P,Y to denote the best linear predictor of Y in terms of

Xi, ..., X, (which, as pointed out after (3.3.4), is the same as the best linear predictor
of Y in terms of Wy, ..., W,). Then from (2.5.30) we have
n+h—1 n+h—1

PyWoyn = Z Ontn—1,j (Wn-i-h—j - Wn+h—j) =0’ Z Ontn—1,j (Xn-'rh—j — )A(n+h—j) .
i=h

Py Xpin =

Example 3.3.5

j=h
Using this result and applying the operator P, to each side of equation (3.3.1), we
conclude that the A-step predictors P,X,1 satisfy

n+h—1

Z Ontn—1,; (Xn+h—j - An+h—j) , I<h<m-n,
i=h
» o (3.3.11)
Z OiP Xpgn—i + Z Onth—1,j (Xn+h—j — n+h—j> , h>m—n.
i=1 j=h

If, as is almost always the case, n > m = max(p, q), then for all 4 > 1,

p q
PuXoin =Y OiPuXuphoi+ Y Oninor,j (Xn+h_,~ - 31+h_j) : (3.3.12)
j=h

i=1

Once the predictors X1, ... X, have been computed from (3.3.7), it is a straightforward
calculation, with n fixed, to determine the predictors P,X,t1, PnXni2, PuXut3, - ..
recursively from (3.3.12) (or (3.3.11) if n < m). The calculations are performed
automatically in the Forecasting>ARMA option of the program ITSM.

h-Step Prediction of an ARMA(2,3) Process

To compute h-step predictors, & = 1,..., 10, for the data of Example 3.3.4 and
the model (3.3.10), open the project E334.TSM in ITSM and enter the model using the
option Model>Specify. Then select Forecasting>ARMA and specify 10 for the
number of forecasts required. You will notice that the white noise variance is au-
tomatically set by ITSM to an estimate based on the sample. To retain the model
value of 1, you must reset the white noise variance to this value. Then click OK and
you will see a graph of the original series with the ten predicted values appended.
If you right-click on the graph and select Info, you will see the numerical results
shown in the following table as well as prediction bounds based on the assumption
that the series is Gaussian. (Prediction bounds are discussed in the last paragraph of
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Table 3.2

this chapter.) The mean squared errors are calculated as described below. Notice how
the predictors converge fairly rapidly to the mean of the process (i.e., zero) as the lead
time £ increases. Correspondingly, the one-step mean squared error increases from
the white noise variance (i.e., 1) at # = 1 to the variance of X, (i.e., 7.1713), which is
virtually reached at & = 10.

O
The Mean Squared Error of P, X,1p
The mean squared error of P,X, is easily computed by ITSM from the formula
h—1 [ j 2
O.nZ(h) = E(Xn+h - Pan+h)2 = Z (Z Xr9n+h—r—l,j—r> Vnth—j—1,
Jj=0 r=0
(3.3.13)
where the coefficients x; are computed recursively from the equations xo = 1 and
min(p, j)
XN= > Gtk J=12,.... (3.3.14)
k=1

h-Step Prediction of an ARMA(2,3) Process

We now illustrate the use of (3.3.12) and (3.3.13) for the A-step predictors and their
mean squared errors by manually reproducing the output of ITSM shown in Table 3.2.
From (3.3.12) and Table 3.1 we obtain

2 3

PoX12 = Z¢iP]OX127i + 2911,,' (Xlzfj - 5(127,')

i=1 =2
= ¢ X11 + ¢2X10 + 0.2 (XIO - f(lo) +0.1 (X9 — )?9)
=1.1217

and

h-step predictors for
the ARMA(2,3)
Series of Example 3.3.4

h- P1oXio4h MSE
1 1.0638 1.0000
2 1.1217 1.7205
3 1.0062 2.1931
4 0.7370 2.4643
5 0.4955 2.5902
6 0.3186 2.6434
7 0.1997 2.6648
8 0.1232 2.6730
9 0.0753 2.6761
10 0.0457 2.6773
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PioXy3 = Z¢;P10X13 i+ 2912 j <X13—] X13—1)

j=3
= ¢1P10X12 + $2X11 +0.1 (Xm - 5(10)
= 1.0062.
For k > 13, P1oX} is easily found recursively from
P1oXi = $1P10Xi—1 + P2P10Xs—2-
To find the mean squared errors we use (3.3.13) with xo = 1, x; = ¢; = 1, and
X2 = ¢1x1 + ¢ = 0.76. Using the values of 6,; and v;(= r;) in Table 3.1, we obtain
015(2) = E(X12 — P1oX12)* = 2.960
and
01o(3) = E(X13 — P1oX13)* = 4.810,

in accordance with the results shown in Table 3.2.

Large-Sample Approximations
Assuming as usual that the ARMA(p, g) process defined by ¢ (B)X; = 6(B)Z;, {Z,} ~
WN (0, 6%), is causal and invertible, we have the representations

n+h Z wj n+h—j (3315)
and

(0.¢]
Zuin = Xuen + ) TXosie, (3.3.16)

j=1
where {/;} and {m;} are uniquely determined by equations (3.1.7) and (3.1.8), respec-
tively. Let P,Y denote the best (i.e., minimum mean squared error) approximation to
Y that is a linear combination or limit of linear combinations of X;, —oc0 < t < n,
or equivalently [by (3.3.15) and (3.3.16)] of Z,, —oo < ¢ < n. The properties

of the operator P, were discussed in Section 2.5.6. Applying P, to each side of
equations (3.3.15) and (3.3.16) gives

o
PiXosn =Y ViZupnj (3.3.17)
and
o
PuXyin ==Y mPXosn . (3.3.18)
j=1

For h = 1 the jth term on the right of (3.3.18) is just X, ;_;. Once i’anH has
been evaluated, i’,,XnJrz can then be computed from (3.3.18). The predictors i’,,Xn+3,
P,X,4, ... can then be computed successively in the same way. Subtracting (3.3.17)
from (3.3.15) gives the A-step prediction error as
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Problems

h—1
Xoyh — PpnXoyn = Z ViZnih—j
=0

from which we see that the mean squared error is

h—1

&) =0 Y}, (3.3.19)

Jj=0
The predictors obtained in this way have the form

]

PuXopn =Y ¢iXu . (3.3.20)
Jj=0
In practice, of course, we have only observations Xi, ..., X,, available, so we must

truncate the series (3.3.20) after n terms. The resulting predictor is a useful approx-
imation to P,X,, if n is large and the coefficients ¢; converge to zero rapidly as j
increases. It can be shown that the mean squared error (3.3.19) of P,,X,Hrh can also be
obtained by letting n — oo in the expression (3.3.13) for the mean squared error of
P, X, so that 52(h) is an easily calculated approximation to anz (h) for large n.

Prediction Bounds for Gaussian Processes

If the ARMA process {X,} is driven by Gaussian white noise (i.e., if {Z;} ~
IIDN (0, 02)), then for each 4 > 1 the prediction error X, — P,X,1 is normally
distributed with mean O and variance anz (h) given by (3.3.19).

Consequently, if /> denotes the (1—«a/2) quantile of the standard normal dis-
tribution function, it follows that X, lies between the bounds P, X, &= ®1_4/20,(h)
with probability (1 — «). These bounds are therefore called (1 — «) prediction bounds
for X, .

3.1 Determine which of the following ARMA processes are causal and which of
them are invertible. (In each case {Z;} denotes white noise.)
() X;+0.2X,_; —0.48X,», = Z;.
(b) X, +19X,_1+0.88X, , =7,+0.27,_,+0.7Z,_5.
(©) X, +0.6X,_, =7+ 1.27,_;.
(d X, +1.8X,_1+0.81X, , = Z,.
e) X, +1.6X,_, =7, —04Z,_; +0.04Z,_,.

3.2 For those processes in Problem 3.1 that are causal, compute and graph their
ACF and PACEF using the program ITSM.

3.3 For those processes in Problem 3.1 that are causal, compute the first six co-
efficients vy, ¥, ..., ¥s in the causal representation X, = Zcﬁo YiZ,—; of {X;}.

j
3.4 Compute the ACF and PACF of the AR(2) process
X, =08X,2+7Z, {Z}~WN(0,0%).
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3.5 Let {Y;} be the ARMA plus noise time series defined by
Yi=X,+ W,
where {W;} ~ WN (0, O'v%), {X;} is the ARMA(p, g) process satisfying
¢(B)X, =0(B)Z;, {Z}~WN(0,07),

and E(W,Z,) = 0 for all s and r.

(a) Show that {Y;} is stationary and find its autocovariance function in terms of
oy and the ACVF of {X,}.

(b) Show that the process U, := ¢ (B)Y, is r-correlated, where r = max(p, q)
and hence, by Proposition 2.1.1, is an MA(r) process. Conclude that {Y,} is
an ARMA (p, r) process.

3.6 Show that the two MA(1) processes

X, =Z+0Z_1, {Z}~WN(0,0%)
Y, =7+ éz_l, {Z} ~ WN (0, 0%6?),
where 0 < || < 1, have the same autocovariance functions.
3.7 Suppose that {X;} is the noninvertible MA(1) process
X, =Z+6Z_1, {Z}~WN(0,07),

where |#| > 1. Define a new process {W,} as
o
W= (07X,
j=0

and show that {W,} ~ WN (0, avzv). Express avzv in terms of # and o> and show
that {X;} has the invertible representation (in terms of {W,})

1
X[ == W[ + 5W[_].

3.8 Let {X,} denote the unique stationary solution of the autoregressive equations
X, =¢X, 1+27Z, t=0,%1,...,
where {Z;} ~ WN(0,0?) and |¢| > 1. Then X, is given by the expression
(2.2.11). Define the new sequence
W, =X - er—l,
¢

show that {W,} ~ WN (O, ovzv), and express ovzv in terms of o2 and ¢. These
calculations show that {X,} is the (unique stationary) solution of the causal AR
equations

1
thaxt_]—i_wt, ZZO,il,....

3.9(a) Calculate the autocovariance function y (-) of the stationary time series

Yi=pu+7Z+601Z_1+01Z_12, {Z}~WN (Os 02)-



96

Chapter 3

ARMA Models

3.10

3.11

3.12

3.13

(b) Use the program ITSM to compute the sample mean and sample autocovari-
ances y(h), 0 < h < 20, of {VV,X;}, where {X,,t = 1,...,72} is the
accidental deaths series DEATHS.TSM of Example 1.1.3.

(c) By equating y (1), y(11), and y (12) from part (b) to y (1), y(11), and y (12),
respectively, from part (a), find a model of the form defined in (a) to represent
{VViX:}

By matching the autocovariances and sample autocovariances at lags 0 and 1, fit
a model of the form

Xi—n=9¢X_1—w+2Z, {Z}~WN(0,0?),

to the data STRIKES.TSM of Example 1.1.6. Use the fitted model to compute
the best predictor of the number of strikes in 1981. Estimate the mean squared
error of your predictor and construct 95 % prediction bounds for the number of
strikes in 1981 assuming that {Z,} ~ iid N(0, o).

Show that the value at lag 2 of the partial ACF of the MA(1) process
X, =7Z+60Z_,, t=0,=%1,...,

where {Z,} ~ WN(O, 02), is
a(2) = =67/ (1+6>+6").

For the MA(1) process of Problem 3.11, the best linear predictor of X,,,; based
onXi,...,X,is

A

Xn+1 = ¢n,1Xn +---+ ¢n,nX1a

where ¢, = (¢,,1, N ¢,m)/ satisfies R,¢, = p, [equation (2.5.23)]. By sub-
stituting the appropriate correlations into R, and p, and solving the resulting
equations (starting with the last and working up), show that for 1 < j < n,
Gunj = (—0)7 (14+ 6%+ - +6%)¢,, and hence that the PACF a(n) := ¢,,, =
—(=0)" /(1 + 6%+ -+ 6™).

The coefficients 6,; and one-step mean squared errors v, = r,o? for the general

causal ARMA(1,1) process in Example 3.3.3 can be found as follows:

(a) Show that if y, := r,/(r, — 1), then the last of equation (3.3.9) can be
rewritten in the form

yn=9_2yn—1+l, n>1.

(b) Deduce that y,,=9*2"y0+2;':1 0~2U~=D and hence determine r, and
Hnl,n: 1,2,....

(¢c) Evaluate the limits as n — oo of r, and 6,; in the two cases |#| < 1 and
o] > 1.
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