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Morphological Filters

In the discussion of the median filter in Chapter 5 (Sec. 5.4.2), we
noticed that this type of filter can somehow alter 2D image structures.
Figure 9.1 illustrates once more how corners are rounded off, holes of
a certain size are filled, and small structures, such as single dots or
thin lines, are removed. The median filter thus responds selectively to
the local shape of image structures, a property that might be useful
for other purposes if it can be applied not just randomly but in a
controlled fashion. Altering the local structure in a predictable way
is exactly what “morphological” filters can do, which we focus on in
this chapter.

(a) (b) (c)

Fig. 9.1
Median filter applied to a bi-
nary image: original image (a)
and results from a 3×3 pixel
median filter (b) and a 5 ×5
pixel median filter (c).

In their original form, morphological filters are aimed at binary
images, images with only two possible pixel values, 0 and 1 or black
and white, respectively. Binary images are found in many places,
in particular in digital printing, document transmission (FAX) and
storage, or as selection masks in image and video editing. Binary
images can be obtained from grayscale images by simple thresholding
(see Sec. 4.1.4) using either a global or a locally varying threshold
value. We denote binary pixels with values 1 and 0 as foreground and
background pixels, respectively. In most of the following examples,
the foreground pixels are shown in black and background pixels are
shown in white, as is common in printing.

At the end of this chapter, we will see that morphological filters
are applicable not only to binary images but also to grayscale and 181
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Fig. 9.2
Basic idea of size-dependent
removal of image structures.

Small structures may be elim-
inated by iterative shrink-
ing and subsequent grow-
ing. Ideally, the “surviv-

ing” structures should be re-
stored to their original shape.

1 2 3 4

8 7 6 5

Shrink

Grow

even color images, though these operations differ significantly from
their binary counterparts.

9.1 Shrink and Let Grow

Our starting point was the observation that a simple 3×3 pixel me-
dian filter can round off larger image structures and remove smaller
structures, such as points and thin lines, in a binary image. This
could be useful to eliminate structures that are below a certain size
(e.g., to clean an image from noise or dirt). But how can we control
the size and possibly the shape of the structures affected by such an
operation?

Although its structural effects may be interesting, we disregard
the median filter at this point and start with this task again from
the beginning. Let’s assume that we want to remove small struc-
tures from a binary image without significantly altering the remain-
ing larger structures. The key idea for accomplishing this could be
the following (Fig. 9.2):

1. First, all structures in the image are iteratively “shrunk” by peel-
ing off a layer of a certain thickness around the boundaries.

2. Shrinking removes the smaller structures step by step, and only
the larger structures remain.

3. The remaining structures are then grown back by the same
amount.

4. Eventually the larger regions should have returned to approxi-
mately their original shapes, while the smaller regions have dis-
appeared from the image.

All we need for this are two types of operations. “Shrinking” means
to remove a layer of pixels from a foreground region around all its
borders against the background (Fig. 9.3). The other way around,
“growing”, adds a layer of pixels around the border of a foreground
region (Fig. 9.4).
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(a) (b) (c)

Fig. 9.3
“Shrinking” a foreground re-
gion by removing a layer of
border pixels: original im-
age (a), identified foreground
pixels that are in direct con-
tact with the background (b),
and result after shrinking (c).

(a) (b) (c)

Fig. 9.4
“Growing” a foreground re-
gion by attaching a layer of
pixels: original image (a), iden-
tified background pixels that
are in direct contact with the
region (b), and result after
growing (c).

9.1.1 Neighborhood of Pixels

For both operations, we must define the meaning of two pixels being
adjacent (i.e., being “neighbors”). Two definitions of “neighborhood”
are commonly used for rectangular pixel grids (Fig. 9.5):

• 4-neighborhood (N4): the four pixels adjacent to a given pixel
in the horizontal and vertical directions;

• 8-neighborhood (N8): the pixels contained in N4 plus the four
adjacent pixels along the diagonals.

N4 N8

N1

N2 × N0

N3

N3 N2 N1

N4 × N0

N5 N6 N7

Fig. 9.5
Definitions of “neighbor-
hood” on a rectangular
pixel grid: 4-neighborhood
N4 = {N1, . . . , N4} and
8-neighborhood N8 =
N4 ∪ {N5, . . . , N8}.

9.2 Basic Morphological Operations

Shrinking and growing are indeed the two most basic morphological
operations, which are referred to as “erosion” and “dilation”, respec-
tively. These morphological operations, however, are much more gen-
eral than illustrated in the example in Sec. 9.1. They go well beyond
removing or attaching single pixel layers and—in combination—can
perform much more complex operations.

9.2.1 The Structuring Element

Similar to the coefficient matrix of a linear filter (see Sec. 5.2), the
properties of a morphological filter are specified by elements in a ma-
trix called a “structuring element”. In binary morphology, the struc-
turing element (just like the image itself) contains only the values 0 183
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and 1,
H(i, j) ∈ {0, 1},

and the hot spot marks the origin of the coordinate system of H (Fig.
9.6). Notice that the hot spot is not necessarily located at the center
of the structuring element, nor must its value be 1.

Fig. 9.6
Binary structuring ele-

ment (example). 1–elements
are marked with •; 0–cells

are empty. The hot spot
(boxed) is not necessar-

ily located at the center.

H =
•

• • •
•

origin (hot spot)

9.2.2 Point Sets

For the formal specification of morphological operations, it is some-
times helpful to describe binary images as sets of 2D coordinate
points.1

For a binary image I(u, v) ∈ {0, 1}, the corresponding point set
QI consists of the coordinate pairs p = (u, v) of all foreground pixels,

QI = {p | I(p) = 1}. (9.1)

Of course, as shown in Fig. 9.7, not only a binary image I but also a
structuring element H can be described as a point set.

Fig. 9.7
A binary image I or a struc-

turing element H can each
be described as a set of co-

ordinate pairs, QI and QH ,
respectively. The dark shaded

element in H marks the co-
ordinate origin (hot spot).

I H
0 1 2 3

0
1 • •
2 •
3

−1 0 1
−1

0 • •
1

I ≡ QI = {(1, 1), (2, 1), (2, 2)} H ≡ QH = {(0, 0), (1, 0)}

With the description as point sets, fundamental operations on
binary images can also be expressed as simple set operations. For
example, inverting a binary image I → Ī (i.e., exchanging foreground
and background) is equivalent to building the complementary set

QĪ = Q̄I = {p ∈ Z
2 | p /∈ QI}. (9.2)

Combining two binary images I1 and I2 by an OR operation between
corresponding pixels, the resulting point set is the union of the indi-
vidual point sets QI1

and QI2
; that is,

QI1∨I2
= QI1

∪ QI2
. (9.3)

Since a point set QI is only an alternative representation of the bi-
nary image I (i.e., I ≡ QI), we will use both image and set notations
synonymously in the following. For example, we simply write Ī in-
stead of Q̄I for an inverted image as in Eqn. (9.2) or I1 ∪ I2 instead
of QI1

∪ QI2
in Eqn. (9.3). The meaning should always be clear in

the given context.
1 Morphology is a mathematical discipline dealing with the algebraic anal-

ysis of geometrical structures and shapes, with strong roots in set theory.184
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Translating (shifting) a binary image I by some coordinate vector
d creates a new image with the content

Id(p + d) = I(p) oder Id(p) = I(p − d), (9.4)

which is equivalent to changing the coordinates of the original point
set in the form

Id ≡ {
(p + d) | p ∈ I

}
. (9.5)

In some cases, it is also necessary to reflect (mirror) a binary image
or point set about its origin, which we denote as

I∗ ≡ {−p | p ∈ I}. (9.6)

9.2.3 Dilation

A dilation is the morphological operation that corresponds to our in-
tuitive concept of “growing” as discussed already. As a set operation,
it is defined as

I ⊕ H ≡ {
(p + q) | for all p ∈ I, q ∈ H

}
. (9.7)

Thus the point set produced by a dilation is the (vector) sum of all
possible pairs of coordinate points from the original sets I and H ,
as illustrated by a simple example in Fig. 9.8. Alternatively, one
could view the dilation as the structuring element H being replicated
at each foreground pixel of the image I or, conversely, the image I
being replicated at each foreground element of H . Expressed in set
notation,2 this is

I ⊕ H ≡
⋃
p∈I

Hp =
⋃

q∈H

Iq, (9.8)

with Hp, Iq denoting the sets H, I shifted by p and q, respectively
(see Eqn. (9.5)).

I H I ⊕ H

0 1 2 3

0

1 • •
2 •
3

⊕

−1 0 1

−1

0 • •
1

=

0 1 2 3

0

1 • • •
2 • •
3

I ≡ {(1, 1), (2, 1), (2, 2)}, H ≡ {(0, 0), (1, 0)}

I ⊕ H ≡ { (1, 1) + (0, 0), (1, 1) + (1, 0),
(2, 1) + (0, 0), (2, 1) + (1, 0),
(2, 2) + (0, 0), (2, 2) + (1, 0) }

Fig. 9.8
Binary dilation example. The
binary image I is subject to
dilation with the structuring
element H. In the result I ⊕ H
the structuring element H is
replicated at every foreground
pixel of the original image I.

2 See also Sec. A.2 in the Appendix. 185
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9.2.4 Erosion

The quasi-inverse of dilation is the erosion operation, again defined
in set notation as

I � H ≡ {
p ∈ Z

2 | (p + q) ∈ I, for all q ∈ H
}

. (9.9)

This operation can be interpreted as follows. A position p is con-
tained in the result I � H if (and only if) the structuring element
H—when placed at this position p—is fully contained in the fore-
ground pixels of the original image; that is, if Hp is a subset of I.
Equivalent to Eqn. (9.9), we could thus define binary erosion as

I � H ≡ {p ∈ Z
2 | Hp ⊆ I}. (9.10)

Figure 9.9 shows a simple example for binary erosion.

Fig. 9.9
Binary erosion example. The
binary image I is subject to

erosion with H as the structur-
ing element. H is only covered

by I when placed at position
p = (1, 1), thus the result-
ing points set contains only
the single coordinate (1, 1).

I H I � H

0 1 2 3

0

1 • •
2 •
3

�

−1 0 1

−1

0 • •
1

=

0 1 2 3

0

1 •
2

3

I ≡ {(1, 1), (2, 1), (2, 2)}, H ≡ {(0, 0), (1, 0)}

I � H ≡ { (1, 1) } because
(1, 1) + (0, 0) = (1, 1) ∈ I and (1, 1) + (1, 0) = (2, 1) ∈ I

9.2.5 Formal Properties of Dilation and Erosion

The dilation operation is commutative,

I ⊕ H = H ⊕ I, (9.11)

and therefore—just as in linear convolution—the image and the struc-
turing element (filter) can be exchanged to get the same result. Di-
lation is also associative, that is,

(I1 ⊕ I2) ⊕ I3 = I1 ⊕ (I2 ⊕ I3), (9.12)

and therefore the ordering of multiple dilations is not relevant. This
also means—analogous to linear filters (cf. Eqn. (5.25))—that a dila-
tion with a large structuring element of the form Hbig = H1 ⊕ H2 ⊕
. . . ⊕ HK can be efficiently implemented as a sequence of multiple
dilations with smaller structuring elements by

I ⊕ Hbig = (. . . ((I ⊕ H1) ⊕ H2) ⊕ . . . ⊕ HK) (9.13)

There is also a neutral element (δ) for the dilation operation, similar
to the Dirac function for the linear convolution (see Sec. 5.3.4),

I ⊕ δ = δ ⊕ I = I, with δ = {(0, 0)}. (9.14)186
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The erosion operation is, in contrast to dilation (but similar to
arithmetic subtraction), not commutative, that is,

I � H �= H � I, (9.15)

in general. However, if erosion and dilation are combined, then—
again in analogy with arithmetic subtraction and addition—the fol-
lowing chain rule holds:

(I1 � I2) � I3 = I1 � (I2 ⊕ I3). (9.16)

Although dilation and erosion are not mutually inverse (in gen-
eral, the effects of dilation cannot be undone by a subsequent ero-
sion), there are still some strong formal relations between these two
operations. For one, dilation and erosion are dual in the sense that a
dilation of the foreground (I) can be accomplished by an erosion of
the background (Ī) and subsequent inversion of the result,

I ⊕ H = (Ī � H∗), (9.17)

where H∗ denotes the reflection of H (Eqn. (9.6)). This works simi-
larly the other way, too, namely

I � H = (I ⊕ H∗), (9.18)

effectively eroding the foreground by dilating the background with
the mirrored structuring element, as illustrated by the example in
Fig. 9.10 (see [88, pp. 521–524] for a formal proof).

I H I � H

(a)

•
• • •

• •
�

•
• • = •

•

↓ ↓ ↑
invert reflect invert

↓ ↓ ↑

(b)

• • • • •
• • • •
• •
• • •
• • • • •

⊕ • •
•

=

• • • • •
• • • • •
• • • •
• • • •
• • • • •

Ī H∗ Ī ⊕ H∗

Fig. 9.10
Implementing erosion via di-
lation. The binary erosion of
the foreground I � H (a) can
be implemented by dilating the
inverted (background) image Ī
with the reflected structuring
element H∗ and subsequently
inverting the result again (b).

Equation (9.18) is interesting because it shows that we only need
to implement either dilation or erosion for computing both, consider-
ing that the foreground–background inversion is a very simple task.
Algorithm 9.1 gives a simple algorithmic description of dilation and
erosion based on the aforementioned relationships. 187
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Alg. 9.1
Binary dilation and erosion.

Procedure Dilate() imple-
ments the binary dilation as

suggested by Eqn. (9.8). The
original image I is displaced

to each foreground coordinate
of H and then copied into the

resulting image I′. The hot
spot of the structuring ele-

ment H is assumed to be at
coordinate (0, 0). Procedure
Erode() implements the bi-
nary erosion by dilating the

inverted image Ī with the re-
flected structuring element H∗,

as described by Eqn. (9.18).

1: Dilate(I, H)
Input: I , a binary image of size M × N ;
H , a binary structuring element.
Returns the dilated image I ′ = I ⊕ H .

2: Create map I ′ : M × N �→ {0, 1} � new binary image I ′

3: for all (p) ∈ M × N do
4: I ′(p) ← 0 � I ′ ← { }
5: for all q ∈ H do
6: for all p ∈ I do
7: I ′(p + q) ← 1 � I ′ ← I ′ ∪ {(p+q)}
8: return I ′ � I ′ = I ⊕ H

9: Erode(I, H)
Input: I , a binary image of size M × N ;
H , a binary structuring element.
Returns the eroded image I ′ = I � H .

10: Ī ← Invert(I) � Ī ← ¬I
11: H∗ ← Reflect(H)
12: I ′ ← Invert(Dilate(Ī, H∗)) � I ′ = I � H = (Ī ⊕ H∗)
13: return I ′

Fig. 9.11
Typical binary structur-

ing elements of various
sizes. 4-neighborhood (a),

8-neighborhood (b),
“small disk” (c).

•
• • •

•

• • •
• • •
• • •

• • •
• • • • •
• • • • •
• • • • •

• • •
(a) (b) (c)

9.2.6 Designing Morphological Filters

A morphological filter is unambiguously specified by (a) the type of
operation and (b) the contents of the structuring element. The ap-
propriate size and shape of the structuring element depends upon the
application, image resolution, etc. In practice, structuring elements
of quasi-circular shape are frequently used, such as the examples
shown in Fig. 9.11.

A dilation with a circular (disk-shaped) structuring element with
radius r adds a layer of thickness r to any foreground structure in the
image. Conversely, an erosion with that structuring element peels off
layers of the same thickness. Figure 9.13 shows the results of dilation
and erosion with disk-shaped structuring elements of different diam-
eters applied to the original image in Fig. 9.12. Dilation and erosion
results for various other structuring elements are shown in Fig. 9.14.

Disk-shaped structuring elements are commonly used to imple-
ment isotropic filters, morphological operations that have the same
effect in every direction. Unlike linear filters (e.g., the 2D Gaussian
filter in Sec. 5.3.3), it is generally not possible to compose an isotropic
2D structuring element H◦ from 1D structuring elements Hx and Hy

since the dilation Hx ⊕ Hy always results in a rectangular (i.e., non-
isotropic) structure. A remedy for approximating large disk-shaped
filters is to alternately apply smaller disk-shaped operators of differ-188
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Fig. 9.12
Original binary image and the
section used in the following
examples (illustration by Al-
brecht Dürer, 1515).

Dilation Erosion

(a) r = 1.0

(b) r = 2.5

(c) r = 5.0

Fig. 9.13
Results of binary dilation and
erosion with disk-shaped struc-
turing elements. The radius of
the disk (r) is 1.0 (a), 2.5 (b),
and 5.0 (c).

ent shapes, as illustrated in Fig. 9.15. The resulting filter is generally
not fully isotropic but can be implemented efficiently as a sequence
of small filters.

9.2.7 Application Example: Outline

A typical application of morphological operations is to extract the
boundary pixels of the foreground structures. The process is very
simple. First, we apply an erosion on the original image I to remove
the boundary pixels of the foreground, 189
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Fig. 9.14
Examples of binary dilation

and erosion with various free-
form structuring elements.

The structuring elements H
are shown in the left column

(enlarged). Notice that the
dilation expands every iso-

lated foreground point to the
shape of the structuring ele-

ment, analogous to the impulse
response of a linear filter. Un-

der erosion, only those ele-
ments where the structuring
element is fully contained in

the original image survive.

H Dilation Erosion

(a)

(b)

(c)

(d)

I ′ = I � Hn,

where Hn is a structuring element, for example, for a 4- or 8-
neighborhood (Fig. 9.11) as the structuring element Hn. The actual
boundary pixels B are those contained in the original image but not
in the eroded image, that is, the intersection of the original image I
and the inverted result Ī ′, or

B ← I ∩ I ′ = I ∩ (I � Hn) . (9.19)

Figure 9.17 shows an example for the extraction of region boundaries.
Notice that using the 4-neighborhood as the structuring element Hn

produces “8-connected” contours and vice versa [125, p. 504].
The process of boundary extraction is illustrated on a simple ex-

ample in Fig. 9.16. As can be observed in this figure, the result B190
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HA HA ⊕HA HA ⊕HA ⊕HA HA ⊕HA ⊕HA ⊕HA

(b)

HB HB ⊕HB HB ⊕HB ⊕HB HB ⊕HB ⊕HB ⊕HB

(c)

HB HB ⊕HA HB ⊕HA ⊕HB HB ⊕HA ⊕HB ⊕HA

Fig. 9.15
Composition of large morpho-
logical filters by repeated ap-
plication of smaller filters: re-
peated application of the struc-
turing element HA (a) and
structuring element HB (b);
alternating application of HB

and HA (c).

contains exactly those pixels that are different in the original image
I and the eroded image I ′ = I � Hn, which can also be obtained by
an exclusive-OR (XOR) operation between pairs of pixels; that is,
boundary extraction from a binary image can be implemented as

B(p) ← I(p) XOR (I � Hn)(p), for all p. (9.20)

Figure 9.17 shows a more complex example for isolating the boundary
pixels in a real image.

I I � Hn

Hn =
•

• • •
•

• • •
• • • • •
• • • • •

• • • •
• • •

• •
• • •

• •

I � Hn B = I ∩ I � Hn

• • • • • • •
• • • • • • •
• • • • •
• • • •
• • • • •
• • • • • • •
• • • • • • •

• • •
• • •
• •

• •
• • •

Fig. 9.16
Outline example using a 4-
neighborhood structuring ele-
ment Hn. The image I is first
eroded (I � Hn) and subse-
quently inverted (I � Hn).
The boundary pixels are finally
obtained as the intersection
I ∩ I � Hn.
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Fig. 9.17
Extraction of boundary pixels

using morphological opera-
tions. The 4-neighborhood

structuring element used in
(a) produces 8-connected

contours. Conversely, using
the 8-neighborhood as the
structuring element gives
4-connected contours (b).

(a) (b)

9.3 Composite Morphological Operations

Due to their semiduality, dilation and erosion are often used together
in composite operations, two of which are so important that they even
carry their own names and symbols: “opening” and “closing”. They
are probably the most frequently used morphological operations in
practice.

9.3.1 Opening

A binary opening I ◦H denotes an erosion followed by a dilation with
the same structuring element H ,

I ◦ H = (I � H) ⊕ H. (9.21)

The main effect of an opening is that all foreground structures that
are smaller than the structuring element are eliminated in the first
step (erosion). The remaining structures are smoothed by the subse-
quent dilation and grown back to approximately their original size, as
demonstrated by the examples in Fig. 9.18. This process of shrinking
and subsequent growing corresponds to the idea for eliminating small
structures that we had initially sketched in Sec. 9.1.

9.3.2 Closing

When the sequence of erosion and dilation is reversed, the resulting
operation is called a closing and denoted I • H ,

I • H = (I ⊕ H) � H. (9.22)192



9.3 Composite
Morphological
Operations

Opening Closing

(a) r = 1.0

(b) r = 2.5

(c) r = 5.0

Fig. 9.18
Binary opening and closing
with disk-shaped structuring
elements. The radius r of the
structuring element H is 1.0
(top), 2.5 (center), or 5.0 (bot-
tom).

A closing removes (closes) holes and fissures in the foreground struc-
tures that are smaller than the structuring element H . Some exam-
ples with typical disk-shaped structuring elements are shown in Fig.
9.18.

9.3.3 Properties of Opening and Closing

Both operations, opening as well as closing, are idempotent, mean-
ing that their results are “final” in the sense that any subsequent
application of the same operation no longer changes the result, that
is,

I ◦ H = (I ◦ H) ◦ H = ((I ◦ H) ◦ H) ◦ H = . . . ,

I • H = (I • H) • H = ((I • H) • H) • H = . . . .
(9.23)

Also, opening and closing are “duals” in the sense that opening the
foreground is equivalent to closing the background and vice versa,
that is,

I ◦ H = Ī • H and I • H = Ī ◦ H. (9.24) 193
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9.4 Thinning (Skeletonization)

Thinning is a common morphological technique which aims at shrink-
ing binary structures down to a maximum thickness of one pixel
without splitting them into multiple parts. This is accomplished by
iterative “conditional” erosion. It is applied to a local neighborhood
only if a sufficiently thick structure remains and the operation does
not cause a separation to occur. This requires that, depending on
the local image structure, a decision must be made at every image
position whether another erosion step may be applied or not. The
operation continues until no more changes appear in the resulting
image. It follows that, compared to the ordinary (“homogeneous”)
morphological discussed earlier, thinning is computationally expen-
sive in general. A frequent application of thinning is to calculate the
“skeleton” of a binary region, for example, for structural matching of
2D shapes.

Thinning is also known by the terms center line detection and
medial axis transform. Many different implementations of varied
complexity and efficiency exist (see, e.g., [2, 7, 68, 108, 201]). In the
following, we describe the classic algorithm by Zhang and Suen [265]
and its implementation as a representative example.3

9.4.1 Thinning Algorithm by Zhang and Suen

The input to this algorithm is a binary image I, with foreground
pixels carrying the value 1 and background pixels with value 0. The
algorithm scans the image and at each position (u, v) examines a 3×3
neighborhood with the central element P and the surrounding values
N = (N0, N1, . . . , N7), as illustrated in Fig. 9.5(b). The complete
process is summarized in Alg. 9.2.

For classifying the contents of the local neighborhood N we first
define the function

B(N) = N0 + N1 + · · · + N7 =
7∑

i=0

Ni, (9.25)

which simply counts surrounding foreground pixels. We also define
the so-called “connectivity number” to express how many binary com-
ponents are connected via the current center pixel at position (u, v).
This quantity is equivalent to the number of 1 → 0 transitions in the
sequence (N0, . . . , N7, N0), or expressed in arithmetic terms,

C(N) =
7∑

i=0

Ni · [Ni − N(i+1) mod 8]. (9.26)

Figure 9.19 shows some selected examples for the neighborhood N and
the associated values for the functions B(N) and C(N). Based on the
above functions, we finally define two Boolean predicates R1, R2 on
the neighborhood N,

3 The built-in thinning operation in ImageJ is also based on this
algorithm.194
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R1(N) := [ 2 ≤ B(N) ≤ 6 ] ∧ [ C(N) = 1 ] ∧
[ N6 · N0 · N2 = 0 ] ∧ [ N4 · N6 · N0 = 0 ] , (9.27)

R2(N) := [ 2 ≤ B(N) ≤ 6 ] ∧ [ C(N) = 1 ] ∧
[ N0 · N2 · N4 = 0 ] ∧ [ N2 · N4 · N6 = 0 ] . (9.28)

� � �
� � �
� � �

� � �
� � �
� � �

� � �
� � �
� � �

� � �
� � �
� � �

� � �
� � �
� � �

� background (0)
� foreground (1)
� center pixel (1)

B =0 B =7 B =6 B =3 B =4
C =0 C =1 C =2 C =3 C =4

Fig. 9.19
Selected binary neighborhood
patterns N and associated
function values B(N) and C(N)
(see Eqns. (9.25)–(9.26)).

Depending on the outcome of R1(N) and R2(N), the foreground
pixel at the center position of N is either deleted (i.e., eroded) or
marked as non-removable (see Alg. 9.2, lines 16 and 27).

Figure 9.20 illustrates the effect of layer-by-layer thinning per-
formed by procedure ThinOnce(). In every iteration, only one “layer”
of foreground pixels is selectively deleted. An example of thinning
applied to a larger binary image is shown in Fig. 9.21.

(a) Original (b) 1359 deletions (c) 881 deletions

(d) 305 deletions (e) 56 deletions (f) 0 deletions

Fig. 9.20
Iterative application of the
ThinOnce() procedure. The
“deletions” indicated in (b–f)
denote the number of pixels
that were removed from the
previous image. No deletions
occurred in the final iteration
(from (e) to (f)). Thus five
iterations were required to thin
this image.

9.4.2 Fast Thinning Algorithm

In a binary image, only 28 = 256 different combinations of zeros and
ones are possible inside any 8-neighborhood. Since the expressions
in Eqns. (9.27)–(9.27) are relatively costly to evaluate it makes sense
to pre-calculate and tabulate all 256 instances (see Fig. 9.22). This
is the basis of the fast version of Zhang and Suen’s algorithm, sum-
marized in Alg. 9.3. It uses a decision table Q, which is constant and
calculated only once by procedure MakeDeletionCodeTable() in Alg.
9.3 (lines 34–45). The table contains the binary codes

Q(i) ∈ {0, 1, 2, 3} = {00b, 01b, 10b, 11b}, (9.29)

for i = 0, . . . , 255, where the two bits correspond to the predicates
R1 and R2, respectively. The associated test is found in procedure
ThinOnceFast() in line 19. The two passes are in this case controlled
by a separate loop variable (p = 1, 2). In the concrete implemen-
tation, the map Q is not calculated at the start but defined as a
constant array (see Prog. 9.1 for the actual Java code). 195
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Alg. 9.2
Iterative thinning algorithm

by Zhang und Suen [265]. Pro-
cedure ThinOnce() performs

a single thinning step on the
supplied binary image Ib and
returns the number of deleted
foreground pixels. It is itera-
tively invoked by Thin() until

no more pixels are deleted.
The required pixel deletions

are only registered in the bi-
nary map D and executed

en-bloc at the end of every
iteration. Lines 40–42 define

the functions R1(), R2(), B()
and C() used to characterize

the local pixel neighborhoods.
Note that the order of process-

ing the image positions (u, v)
in the for all loops in Pass
1 and Pass 2 is completely

arbitrary. In particular, posi-
tions could be processed simul-

taneously, so the algorithm
may be easily parallelized
(and thereby accelerated).

1: Thin(Ib, imax)
Input: Ib, binary image with background = 0, foreground > 0;
imax, max. number of iterations. Returns the number of iterations
performed and modifies Ib.

2: (M, N) ← Size(Ib)
3: Create a binary map D : M × N �→ {0, 1}
4: i ← 0
5: do
6: nd ← ThinOnce(Ib, D)
7: i ← i + 1
8: while (nd > 0 ∧ i < imax) � do . . . while more deletions required
9: return i

10: ThinOnce(Ib, D)
Pass 1:

11: n1 ← 0 � deletion counter
12: for all image positions (u, v) ∈ M ×N do
13: D(u, v) ← 0
14: if Ib(u, v) > 0 then
15: N ← GetNeighborhood(Ib, u, v)
16: if R1(N) then � see Eq. 9.27
17: D(u, v) ← 1 � mark pixel (u, v) for deletion
18: n1 ← n1 + 1
19: if n1 > 0 then � at least 1 deletion required
20: for all image positions (u, v) ∈ M ×N do
21: Ib(u, v) ← Ib(u, v) − D(u, v) � delete all marked pixels

Pass 2:
22: n2 ← 0
23: for all image positions (u, v) ∈ M ×N do
24: D(u, v) ← 0
25: if Ib(u, v) > 0 then
26: N ← GetNeighborhood(Ib, u, v)
27: if R2(N) then � see Eq. 9.28
28: D(u, v) ← 1 � mark pixel (u, v) for deletion
29: n2 ← n2 + 1
30: if n2 > 0 then � at least 1 deletion required
31: for all image positions (u, v) ∈ M ×N do
32: Ib(u, v) ← Ib(u, v) − D(u, v) � delete all marked pixels
33: return n1 + n2

34: GetNeighborhood(Ib, u, v)
35: N0 ← Ib(u + 1, v), N1 ← Ib(u + 1, v − 1)
36: N2 ← Ib(u, v − 1), N3 ← Ib(u − 1, v − 1)
37: N4 ← Ib(u − 1, v), N5 ← Ib(u − 1, v + 1)
38: N6 ← Ib(u, v + 1), N7 ← Ib(u + 1, v + 1)
39: return (N0, N1, . . . , N7)

40: R1(N) := [2≤B(N)≤6]∧[C(N)=1]∧[N6 ·N0 ·N2 =0]∧[N4 ·N6 ·N0 =0]
41: R2(N) := [2≤B(N)≤6]∧[C(N)=1]∧[N0 ·N2 ·N4 =0]∧[N2 ·N4 ·N6 =0]

42: B(N) :=
7∑

i=0
Ni, C(N) :=

7∑
i=0

Ni · [Ni − N(i+1) mod 8]
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1: ThinFast(Ib, imax)
Input: Ib, binary image with background = 0, foreground > 0;
imax, max. number of iterations. Returns the number of iterations
performed and modifies Ib.

2: (M, N) ← Size(Ib)
3: Q ← MakeDeletionCodeTable()
4: Create a binary map D : M × N �→ {0, 1}
5: i ← 0
6: do
7: nd ← ThinOnce(Ib, D)
8: while (nd > 0 ∧ i < imax) � do . . . while more deletions required
9: return i

10: ThinOnceFast(Ib, D) � performs a single thinning iteration
11: nd ← 0 � number of deletions in both passes
12: for p ← 1, 2 do � pass counter (2 passes)
13: n ← 0 � number of deletions in current pass
14: for all image positions (u, v) do
15: D(u, v) ← 0
16: if Ib(u, v) = 1 then � Ib(u, v) = P
17: c ← GetNeighborhoodIndex(Ib, u, v)
18: q ← Q(c) � q ∈ {0, 1, 2, 3} = {00b, 01b, 10b, 11b}
19: if (p and q) �= 0 then � bitwise ‘and’ operation
20: D(u, v) ← 1 � mark pixel (u, v) for deletion
21: n ← n + 1
22: if n > 0 then � at least 1 deletion is required
23: nd ← nd + n
24: for all image positions (u, v) do
25: Ib(u, v) ← Ib(u, v) − D(u, v) � delete all marked

pixels
26: return nd

27: GetNeighborhoodIndex(Ib, u, v)
28: N0 ← Ib(u + 1, v), N1 ← Ib(u + 1, v − 1)
29: N2 ← Ib(u, v − 1), N3 ← Ib(u − 1, v − 1)
30: N4 ← Ib(u − 1, v), N5 ← Ib(u − 1, v + 1)
31: N6 ← Ib(u, v + 1), N7 ← Ib(u + 1, v + 1)
32: c ← N0 + N1·2 + N2·4 + N3·8 + N4·16 + N5·32 + N6·64 + N7·128
33: return c � c ∈ [0, 255]

34: MakeDeletionCodeTable()
35: Create maps Q : [0, 255] �→ {0, 1, 2, 3}, N : [0, 7] �→ {0, 1}
36: for i ← 0, . . . , 255 do � list all possible neighborhoods
37: for k ← 0, . . . , 7 do � check neighbors 0, . . . , 7

38: N(k) ←
{

1 if (i and 2k) �= 0
0 otherwise � test the kth bit of i

39: q ← 0
40: if R1(N) then � see Alg. 9.2, line 40
41: q ← q + 1 � set bit 0 of q
42: if R2(N) then � see Alg. 9.2, line 41
43: q ← q + 2 � set bit 1 of q
44: Q(i) ← q � q ∈ {0, 1, 2, 3} = {00b, 01b, 10b, 11b}
45: return Q

Alg. 9.3
Thinning algorithm by Zhang
und Suen (accelerated version
of Alg. 9.2). This algorithm
employs a pre-calculated ta-
ble of “deletion codes” (Q).
Procedure GetNeighborhood()
has been replaced by
GetNeighborhoodIndex(), which
does not return the neighbor-
ing pixel values themselves
but the associated 8-bit in-
dex c with possible values in
0, . . . , 255 (see Fig. 9.22). For
completeness, the calculation
of table Q is included in proce-
dure MakeDeletionCodeTable(),
although this table is fixed and
may be simply defined as a
constant array (see Prog. 9.1).

197



9 Morphological
Filters

Fig. 9.21
Thinning a binary image (Alg.

9.2 or 9.3). Original image
with enlarged detail (a, c)

and results after thinning (b,
d). The original foreground

pixels are marked green, the
resulting pixels are black.

(a) (b)

(c) (d)

Prog. 9.1
Java definition for the

“deletion code” ta-
ble Q (see Fig. 9.22).

1 static final byte[] Q = {
2 0, 0, 0, 3, 0, 0, 3, 3, 0, 0, 0, 0, 3, 0, 3, 3,
3 0, 0, 0, 0, 0, 0, 0, 0, 3, 0, 0, 0, 3, 0, 3, 1,
4 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
5 3, 0, 0, 0, 0, 0, 0, 0, 3, 0, 0, 0, 3, 0, 3, 1,
6 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
7 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
8 3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
9 3, 0, 0, 0, 0, 0, 0, 0, 3, 0, 0, 0, 1, 0, 1, 0,

10 0, 3, 0, 3, 0, 0, 0, 3, 0, 0, 0, 0, 0, 0, 0, 3,
11 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,
12 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
13 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
14 3, 3, 0, 3, 0, 0, 0, 2, 0, 0, 0, 0, 0, 0, 0, 2,
15 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
16 3, 3, 0, 3, 0, 0, 0, 2, 0, 0, 0, 0, 0, 0, 0, 0,
17 3, 2, 0, 2, 0, 0, 0, 0, 3, 2, 0, 0, 1, 0, 0, 0
18 };

9.4.3 Java Implementation

The complete Java source code for the morphological operations on
binary images is available online as part of the imagingbook4 library.

4 Package imagingbook.pub.morphology.198



9.4 Thinning
(Skeletonization)

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

80 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

96 97 98 99 100 101 102 103 104 105 106 107 108 109 110 111

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

112 113 114 115 116 117 118 119 120 121 122 123 124 125 126 127

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

128 129 130 131 132 133 134 135 136 137 138 139 140 141 142 143

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

144 145 146 147 148 149 150 151 152 153 154 155 156 157 158 159

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

160 161 162 163 164 165 166 167 168 169 170 171 172 173 174 175

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

176 177 178 179 180 181 182 183 184 185 186 187 188 189 190 191

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

192 193 194 195 196 197 198 199 200 201 202 203 204 205 206 207

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

208 209 210 211 212 213 214 215 216 217 218 219 220 221 222 223

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

224 225 226 227 228 229 230 231 232 233 234 235 236 237 238 239

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

240 241 242 243 244 245 246 247 248 249 250 251 252 253 254 255

Codes Q(c) for c = 0, . . . , 255:

� 0 = 00b (never deleted) � 2 = 10b (deleted only in Pass 2)

� 1 = 01b (deleted only in Pass 1) � 3 = 11b (deleted in Pass 1 and 2)

Fig. 9.22
“Deletion codes” for the
256 possible binary 8-
neighborhoods tabulated in
map Q(c) of Alg. 9.3. � = 0
and � = 1 denote background
and foreground pixels, respec-
tively. The 2-bit codes are
color coded as indicated at the
bottom.

BinaryMorphologyFilter class

This class implements several morphological operators for binary im-
ages of type ByteProcessor. It defines the sub-classes Box and Disk
with different structuring elements. The class provides the following
constructors: 199
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BinaryMorphologyFilter ()
Creates a morphological filter with a (default) structuring el-
ement of size 3 × 3 as depicted in Fig. 9.11(b).

BinaryMorphologyFilter (int[][] H)
Creates a morphological filter with a structuring element spec-
ified by the 2D array H, which may contain 0/1 values only (all
values > 0 are treated as 1).

BinaryMorphologyFilter.Box (int rad)
Creates a morphological filter with a square structuring ele-
ment of radius rad ≥ 1 and side length 2 · rad + 1 pixels.

BinaryMorphologyFilter.Disk (double rad)
Creates a morphological filter with a disk-shaped structuring
element with radius rad ≥ 1 and diameter 2 · round(rad) + 1
pixels.

The key methods5 of BinaryMorphologyFilter are:
void applyTo (ByteProcessor I, OpType op)

Destructively applies the morphological operator op to the im-
age I. Possible arguments for op are Dilate, Erode, Open,
Close, Outline, Thin.

void dilate (ByteProcessor I)
Performs (destructive) dilation on the binary image I with the
initial structuring element of this filter.

void erode (ByteProcessor I)
Performs (destructive) erosion on the binary image I.

void open (ByteProcessor I)
Performs (destructive) opening on the binary image I.

void close (ByteProcessor I)
Performs (destructive) closing on the binary image I.

void outline (ByteProcessor I)
Performs a (destructive) outline operation on the binary image
I using a 3 × 3 structuring element (see Sec. 9.2.7).

void thin (ByteProcessor I)
Performs a (destructive) thinning operation on the binary
image I using a 3 × 3 structuring element (with at most
imax = 1500 iterations, see Alg. 9.3).

void thin (ByteProcessor I, int iMax)
Performs a thinning operation with at most iMax iterations
(see Alg. 9.3).

int thinOnce (ByteProcessor I)
Performs a single iteration of the thinning operation and re-
turns the number of pixel deletions (see Alg. 9.3).

The methods listed here always treat image pixels with value 0 as
background and values > 0 as foreground. Unlike ImageJ’s built-in
implementation of morphological operations (described in Sec. 9.4.4),
the display lookup table (LUT, typically only used for display pur-
poses) of the image is not taken into account at all.

5 See the online documentation for additional methods.200
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1 import ij.ImagePlus;
2 import ij.plugin.filter.PlugInFilter;
3 import ij.process.ByteProcessor;
4 import ij.process.ImageProcessor;
5 import imagingbook.pub.morphology.BinaryMorphologyFilter;
6 import imagingbook.pub.morphology.BinaryMorphologyFilter.

OpType;
7
8 public class Bin_Dilate_Disk_Demo implements PlugInFilter {
9 static double radius = 5.0;

10 static OpType op = OpType.Dilate; // Erode, Open, Close, ...
11
12 public int setup(String arg, ImagePlus imp) {
13 return DOES_8G;
14 }
15
16 public void run(ImageProcessor ip) {
17 BinaryMorphologyFilter bmf =
18 new BinaryMorphologyFilter.Disk(radius);
19 bmf.applyTo((ByteProcessor) ip, op);
20 }
21 }

Prog. 9.2
Example for using class
BinaryMorphologyFilter (see
Sec. 9.4.3) inside a ImageJ
plugin. The actual filter op-
erator is instantiated in line
18 and subsequently (in line
19) applied to the image ip
of type ByteProcessor. Avail-
able operations (OpType) are
Dilate, Erode, Open, Close,
Outline and Thin. Note that
the results depend strictly on
the pixel values of the input
image, with values 0 taken as
background and values > 0
taken as foreground. The dis-
play lookup-table (LUT) is
irrelevant.

The example in Prog. 9.2 shows the use of class BinaryMorpho-
logyFilter in a complete ImageJ plugin that performs dilation with
a disk-shaped structuring element of radius 5 (pixel units). Other
examples can be found in the online code repository.

9.4.4 Built-in Morphological Operations in ImageJ

Apart from the implementation described in the previous section,
the ImageJ API provides built-in methods for basic morphological
operations, such as dilate() and erode(). These methods use a 3×3
structuring element (analogous to Fig. 9.11(b)) and are only defined
for images of type ByteProcessor and ColorProcessor. In the case
of RGB color images (ColorProcessor) the morphological operation
is applied individually to the three color channels. All these and
other morphological operations can be applied interactively through
ImageJ’s Process � Binary menu (see Fig. 9.23(a)).

Note that ImageJ’s dilate() and erode() methods use the cur-
rent settings of display lookup table (LUT) to discriminate between
background and foreground pixels. Thus the results of morphological
operations depend not only on the stored pixel values but how they
are being displayed (in addition to the settings in Process � Binary
� Options..., see Fig. 9.23(b)).6 It is therefore recommended to use
the methods (defined for ByteProcessor only)

dilate(int count, int background),
erode(int count, int background)

6 These dependencies may be quite confusing because the same program
will produce different results under different user setups. 201
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Fig. 9.23
Morphological operations in

ImageJ’s built-in standard
menu Process � Binary (a) and

optional settings with Process
� Binary � Options... (b). The
choice “Black background”

specifies if background pixels
are bright or dark, which is

taken into account by ImageJ’s
morphological operations.

(a) (b)

instead, since they provide explicit control of the background pixel
value and are thus independent from other settings. ImageJ’s Byte-
Processor class defines additional methods for morphological opera-
tions on binary images, such as outline() and skeletonize(). The
method outline() implements the extraction of region boundaries
using an 8-neighborhood structuring element, as described in Sec.
9.2.7. The method skeletonize(), on the other hand, implements
a thinning process similar to Alg. 9.3.

9.5 Grayscale Morphology

Morphological operations are not confined to binary images but
are also for intensity (grayscale) images. In fact, the definition of
grayscale morphology is a generalization of binary morphology, with
the binary OR and AND operators replaced by the arithmetic MAX
and MIN operators, respectively. As a consequence, procedures de-
signed for grayscale morphology can also perform binary morphology
(but not the other way around).7 In the case of color images, the
grayscale operations are usually applied individually to each color
channel.

9.5.1 Structuring Elements

Unlike in the binary scheme, the structuring elements for grayscale
morphology are not defined as point sets but as real-valued 2D func-
tions, that is,

H(i, j) ∈ R , for (i, j) ∈ Z
2. (9.30)

The values in H may be negative or zero. Notice, however, that, in
contrast to linear convolution (Sec. 5.3.1), zero elements in grayscale

7 ImageJ provides a single implementation of morphological operations
that handles both binary and grayscale images (see Sec. 9.4.4).202
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morphology generally do contribute to the result.8 The design of
structuring elements for grayscale morphology must therefore dis-
tinguish explicitly between cells containing the value 0 and empty
(“don’t care”) cells, for example,

0 1 0

1 2 1

0 1 0

�=
1

1 2 1

1

. (9.31)

9.5.2 Dilation and Erosion

The result of grayscale dilation I ⊕ H is defined as the maximum of
the values in H added to the values of the current subimage of I,
that is,

(I ⊕ H) (u, v) = max
(i,j)∈H

(I(u+i, v+j) + H(i, j)) . (9.32)

Similarly, the result of grayscale erosion is the minimum of the dif-
ferences,

(I � H)(u, v) = min
(i,j)∈H

(I(u+i, v+j) − H(i, j)) . (9.33)

Figures 9.24 and 9.25 demonstrate the basic process of grayscale di-
lation and erosion, respectively, on a simple example.

6 7 3 4

5 6 6 8

6 4 5 2

6 4 2 3

1 1 1

1 1

1 1 1

8 9

7 9

7 8 4

6 7

7 5 6

max

I HHI

I +H

=2

8

Fig. 9.24
Grayscale dilation I ⊕ H.
The 3 × 3 pixel structuring ele-
ment H is placed on the image
I in the upper left position.
Each value of H is added to
the corresponding element of I;
the intermediate result (I + H)
for this particular position is
shown below. Its maximum
value 8 = 7 + 1 is inserted
into the result (I ⊕ H) at the
current position of the filter
origin. The results for three
other filter positions are also
shown.

In general, either operation may produce negative results that
must be considered if the range of pixel values is restricted, for ex-
ample, by clamping the results (see Ch. 4, Sec. 4.1.2). Some examples
of grayscale dilation and erosion on natural images using disk-shaped
structuring elements of various sizes are shown in Fig. 9.26. Figure
9.28 demonstrates the same operations with some freely designed
structuring elements.

9.5.3 Grayscale Opening and Closing

Opening and closing on grayscale images are defined, identical to
the binary case (Eqns. (9.21) and (9.22)), as operations composed

8 While a zero coefficient in a linear convolution matrix simply means
that the corresponding image pixel is ignored. 203
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Fig. 9.25
Grayscale erosion I � H.

The 3 × 3 pixel structuring
element H is placed on the

image I in the upper left posi-
tion. Each value of H is sub-

tracted from the corresponding
element of I; the intermedi-

ate result (I − H) for this
particular position is shown

below. Its minimum value
3−1 = 2 is inserted into the
result (I � H) at the current

position of the filter origin.
The results for three other

filter positions are also shown.

6 7 3 4

5 6 6 8

6 4 5 2

6 4 2 3

1 1 1

1 1

1 1 1

2 1

1 1

5 6 2

4 5

5 3 4

HI

I —H

min

=

I H 
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4

Fig. 9.26
Grayscale dilation and erosion

with disk-shaped structur-
ing elements. The radius r

of the structuring element is
2.5 (a), 5.0 (b), and 10.0 (c).

Original

Dilation Erosion

(a) r = 2.5

(b) r = 5.0

(c) r = 10.0
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Opening Closing

(a) r = 2.5

(b) r = 5.0

(c) r = 10.0

Fig. 9.27
Grayscale opening and closing
with disk-shaped structuring
elements. The radius r of the
structuring element is 2.5 (a),
5.0 (b), and 10.0 (c).

of dilation and erosion with the same structuring element. Some
examples are shown in Fig. 9.27 for disk-shaped structuring elements
and in Fig. 9.29 for various nonstandard structuring elements. Notice
that interesting effects can be obtained, particularly from structuring
elements resembling the shape of brush or other stroke patterns.

As mentioned in Sec. 9.4.4, the morphological operations ava-
iable in ImageJ can be applied to binary images as well as grayscale
images. In addition, several additional plugins and complete mor-
phological packages are available online,9 including the morphology
operators by Gabriel Landini and the Grayscale Morphology package
by Dimiter Prodanov, which allows structuring elements to be inter-
actively specified (a modified version was used for some examples in
this chapter).

9.6 Exercises

Exercise 9.1. Manually calculate the results of dilation and erosion
for the following image I and the structuring elements H1 and H2:

9 See http://rsb.info.nih.gov/ij/plugins/. 205
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Fig. 9.28
Grayscale dilation and

erosion with various free-
form structuring elements.

H Dilation Erosion

(a)

(b)

(c)

(d)

I =

•
• • • • •

• • • • •
• • • •

• •
•

H1 =
•

•
•

H2 =
•

• • •
•

Exercise 9.2. Assume that a binary image I contains unwanted fore-
ground spots with a maximum diameter of 5 pixels that should be
removed without damaging the remaining structures. Design a suit-
able morphological procedure, and evaluate its performance on ap-
propriate test images.

Exercise 9.3. Investigate if the results of the thinning operation de-
scribed in Alg. 9.2 (and implemented by the thin() method of class
BinaryMorphologyFilter) are invariant against rotating the image206
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H Opening Closing

(a)

(b)

(c)

(d)

Fig. 9.29
Grayscale opening and closing
with various free-form struc-
turing elements.

by 90◦ and horizontal or vertical mirroring. Use appropriate test
images to see if the results are identical.

Exercise 9.4. Show that, in the special case of the structuring ele-
ments with the contents

• • •
• • •
• • •

for binary and
0 0 0

0 0 0

0 0 0

for grayscale images,

dilation is equivalent to a 3 × 3 pixel maximum filter and erosion is
equivalent to a 3 × 3 pixel minimum filter (see Ch. 5, Sec. 5.4.1).

Exercise 9.5. Thinning can be applied to extract the “skeleton”
of a binary region, which in turn can be used to characterize the
shape of the region. A common approach is to partition the skele-
ton into a graph, consisting of nodes and connecting segments, as a 207
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Fig. 9.30
Segmentation of a region skele-
ton. Original binary image (a)

and the skeleton obtained by
thinning (b). Terminal nodes
are marked green, connecting
(inner) nodes are marked red.

(a) (b)

shape representation (see Fig. 9.30 for an example). Use ImageJ’s
skeletonize() method or the thin() methode of class Binary-
MorphologyFilter (see Sec. 9.4.3) to generate the skeleton, then
locate and mark the connecting and terminal nodes of this struc-
ture. Define precisely the properties of each type of node and use
this definition in your implementation. Test your implementation on
different examples. How would you generally judge the robustness of
this approach as a 2D shape representation?
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