Chapter 6
Interactions

Abstract In quantum mechanics the observable phenomena are interactions, ex-
pressed as matrix elements of operators in a function space. These spaces and oper-
ators are like communicating vessels, reality is neither the operation nor the repre-
sentation, but the interaction. The evaluation of the corresponding matrix elements
requires the coupling of representations, and can be factorized into an intrinsic scalar
quantity that contains the physics of the interaction, and a tensorial coupling coeffi-
cient that contains its symmetry. This factorization is first illustrated for the case of
overlap integrals, where the operator is just the unit operator, and then extended to
the case of non-trivial operators, such as the Hamiltonian, and electric and magnetic
dipole operators. The Wigner—Eckart theorem is introduced, together with the sym-
metry selection rules, both at the level of representations and subrepresentations.
The results are applied to chemical reaction theory, and to the theory of the Jahn—
Teller effect. Selection rules are illustrated for linear and circular dichroism. Finally,
the polyhedral Euler theorem is introduced and applied to valence-bond theory for
clusters.
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6.1 Overlap Integrals

Operations and representations are merely theoretical constructs. What is actually
observed are the inferactions. In quantum mechanics, interactions are expressed as
matrix elements of operators in a function space. When the operator is the unit
operator, the matrix elements are just overlap integrals. These are the simplest form
of interactions.

We start our analysis by examining symmetry selection rules for overlap inte-
grals. Consider the overlap integral between the ith component of a function space
which transforms according to the irrep I”, and the kth component of another func-
tion space transforming as I"’. The overlap integral, S;, is a scalar quantity and
thus must be invariant under the action of linear symmetry operators acting on the
functions.

Sui =t |v!)=Rig{ vl 6.1)

An integral being an infinite sum, the operator can be brought inside the bracket and
then transform the bra and ket parts directly.

Rlg 1wl = (Re{ |Ry) =" Dfy RDL® [v])  (62)

Jjl

By summing over all ReG and dividing by the group order one obtains a form to
which the GOT can be applied.

1 -
r —_

ReG

1 ~ /
— i 2 (Z ok wofw el v))
Jl R

(b1 / vl

1 /
= SF/F(sikm Xj:(fl’jp

vi) (6.3)

We now rewrite this result in terms of elements of the overlap matrix S:

Ski =88 ! ZS )
kl—Frlkdim(F)j jj =Or'roik

dim(F)Tr(S) (6.4)

This simple derivation yields three important results:

1. Overlap integrals between functions which transform according to different ir-
reps are zero.

2. Overlap integrals between functions which belong to different components of the
same irrep are zero.

3. Overlap integrals between functions with the same symmetry properties, i.e.
transforming as the same component of the same irrep, are independent of the
component choice provided that both components are normalized.
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These results clearly illustrate the importance of the GOT. It not only provides a
selection rule at the level of the irreps, but also at the level of the components. Of
course, the latter selection rule will work only if we ensured that the symmetry adap-
tation of the basis set has been carried out at the component level, as was explained
in Sect. 5.3.

A further consequence is that SALCs on peripheral atom sites can quite often
easily be derived from central symmetry-adapted orbitals. One simply has to make
sure that the SALCs have the same nodal characteristics as the central functions, so
as to guarantee maximal overlap. This is well illustrated in Fig. 4.4.

6.2 The Coupling of Representations

Overlap integrals are scalar products of a bra and a ket function. A general matrix
element is an integral of the outer product of a bra, an operator, and a ket, giving
rise to a triad of irreps. The evaluation of such elements is based on the coupling of
irreps. This concept refers to the formation of a product space. The simplest example
is the formation of a two-electron wavefunction, obtained by multiplying two one-
electron functions. This section will be devoted entirely to the formation of such
product spaces.

Consider two sets of orbitals, transforming as the irreps I, and I}, respectively,
each occupied by one electron. A two-electron wavefunction with electron 1 in the
¥, component of the first set, and electron 2 in the y;, component of the second set
is written as a simple product function: |I,y,(1))|I3y»(2)). Clearly, since the one-
electron function spaces are invariants of the group, their product space is invariant,
too. Now the question is to determine the symmetry of this new space. The recipe
to find this symmetry can safely be based on the character theorem: first determine
the character string for the product basis, and then carry out the reduction according
to the character theorem. Symmetry operators are all-electron operators affecting all
particles together; hence, the effect of a symmetry operation on a ket product is to
transform both kets simultaneously.

R(ITava)|[ Doy @) =33 Dyt (RIDY (R)| Laya(D)| vy @) (6.5)

Ya Y

The transformation of the product functions is thus expressed by a super matrix,
each element of which is a product of two matrix elements for the individual orbital
transformations. The trace of this super matrix is given by:

x b (R) = Z Dal/;aya (R)DJI’Z’VI;(R)

YaYb

=x"(R)x"™ (R) (6.6)

This is a gratifying result. The character of a product space is simply the product of
the characters of the factor spaces. Accordingly, the symmetry of the product space
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Table 6.1 Direct product of E; x Tpg in O symmetry

O E 8C3 6C, 6C4 3C, i 654 886 36y, 664
E, 2 —1 0 0 2 2 0 -1 2 0
Tog 30 S R 30 -1 0o -1

Ey x Tog 6 0 0 0 -2 6 0 0 -2 0
Tig 3 0 —1 1 —1 3 1 0 —1 -1
T 3 0 1 —1 —1 3 —1 0 —1 1

is identified as the direct product of the orbital irreps, and is denoted as I, x [p.
If both irreps are degenerate, the direct product will be reducible. Let ¢ be the
number of times that the irrep I" occurs in the direct product:

LyxTy=>Y crl 6.7)
r

By straightforward application of the character theorem one obtains:

ZXF(R)XF “Th(R)

cr =
1G]

=G Zx R x"“(Ryx "™ (R) (6.8)

Here we have, for the first time, a formula with a triad of irreps. This will form the
basis for the symmetry evaluation of general matrix elements. The ¢, coefficients
are obtained by performing product manipulations on the character tables. As an
example, Table 6.1 illustrates the reduction of the £, x T, product in Oy, as given
in Eq. (6.9). Product tables are given in Appendix E.

Eg x Thg =Tig + Tog (6.9)

Let us now proceed with the two-electron problem and address the next ques-
tion, which is that, after having determined which symmetry species are present, we
should like to know what the corresponding two-electron wavefunctions look like,
i.e. we should like to construct the SALCs. This construction does not pose any
new problems; the projection operators that were introduced in Sect. 4.5 will do the
job perfectly well. Some notation is important here. The product function will be
written as:

[Ty 1,2) =" " el | Tya(D)| Tyys(2) (6.10)
Ya Vb

The combination coefficient is itself identified as a matrix element, by multiplying
left and right with the one-electron bra functions and using orthonormality of the
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basis orbitals.

el = Tara vy (1,2))
= (IaYalbyp|Ty) 6.11)

This coefficient is known as a Clebsch—Gordan (CG) coupling coefficient and de-
noted by the 31" bracket (I, y, |1 y). It indicates how the orbital irreps I, and
I', have to be combined to yield a product ket that transforms as |I"y). The CG-
coefficients can be determined by using projection operators. The results are listed
in Appendix F. It is often possible to obtain these results by a simpler procedure.
We illustrate this for the components of the 77, two-electron state, obtained in Eq.
(6.9). The z-component of this state is the only component that is totally symmetric
under the C4 splitting field. It is clear that this symmetry can be obtained only by
multiplying the |ege) and |t2,¢) components, since these are both antisymmetric
and thus will form a symmetric product. From here on we will adopt for the product
functions the usual notation of small letters for the orbitals and capital letters for the
coupled states. Hence:

|T1g2) = lege)r2gl) (6.12)

The coupling coefficient (EgeT24¢|T142) is thus equal to 1. The x and y compo-

nents may then immediately be obtained by applying the cyclic C3 generator. As an
example for the x-component:

[T1gx) =63|T1g2)

= (Cslege)) (Calrg )
3 1
= <—§|eg9) — §|€g€>>|t2g5>

3 1
- _§|eg9>|t2g$> = 5lege)lngh) (6.13)

Thus: (F&|x) = —\/5/2; (e&]x) = —1/2. The resulting coupling coefficients are
shown in Table 6.2.

6.3 Symmetry Properties of the Coupling Coefficients

The CG-coefficients in the finite point groups stem from Wigner’s celebrated cou-
pling coefficients for the spherical symmetry group [1]. Wigner proposed reformu-
lating these coefficients in terms of more primitive 3j symbols, which contain, in
a uniform way, the permutational properties of the spherical coupling coefficients.
Several attempts have been made to define similar 31" symbols for the point group,
but this requires the introduction of quite detailed phase conventions, which lim-
its the efficiency of this formalism [2, 3]. We shall therefore not engage in a further
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Table 6.2 The coupling

coefficients for the direct Eg x Tog Tig I
product Eg X T, in Oy, x y z & n ¢
symmetry
16)1¢) -3 o o -4 0o 0
V3 1
16)[n) 0 5 0 0 -3 0
16)[¢) 0 0 0 0 0 1
1 V3
l€)1&) -3 0 0 5 fo 0
1 3
le)1m) 0 -3 0 o -3 0
le)s) 0 0 1 0 0 0

factorization of the coupling coefficients, but, express the important symmetry prop-
erties of the couplings at the level of the brackets. Two guidelines will thereby be
used: when dealing with coupling coefficients it is important to bear in mind that
the coupling is based on the formation of a product, as we have illustrated in the
preceding section, and, secondly, that we should treat the coupling coefficients as
far as possible as ordinary brackets.

A direct consequence of the latter viewpoint is that the rules for complex conju-
gation of brackets apply:

Tayapyp|Iy) =Ty | TuValbyp) (6.14)

Being expansion coefficients of SALCs, the coupling coefficients also obey
two orthogonality rules. Column-wise orthonormality results from the orthonormal
properties of the coupled states.

S Y\ Lava o v/ TaYa oy Ty) = 8118, (6.15)
YaVb

In addition, the scalar products along rows are orthonormal, because of the orthonor-
mal properties of the basic kets. Note that the summation runs over the irreps of the
entire product space: I" € I, x I},.

D ALava Doy Ty WY1 TavaTo ) = 8y74,8,1y, (6.16)
Iy

The permutational properties of the CG-coefficients refer to interchange of the
bra and ket irreps. If I, and I}, are not equivalent, their ordering will not affect the
symmetry of the coupled state, since the factors in the direct product commute:

Ty x =Ty x I 6.17)

We can therefore define the coupling coefficients in such a way that interchange of
the coupled irreps leaves the coefficient invariant:

o # Ty (Tava Do yn| Ty ) = Tpyp Tuval T'y) (6.18)



6.3 Symmetry Properties of the Coupling Coefficients 119

If the coupled electrons are equivalent, i.e. belong to the same shell, the situation
is different. In this case, I, = I}, and the direct product becomes a direct square.
For non-equivalent irreps, exchange of the components y, and y, was not possible,
because they refer to different irreps. However, when they are components of the
same irrep, this exchange is an important symmetry of the product space. Indeed,
the squared space can be split into two separate blocks, one block which contains
product functions that are symmetric under exchange of the component labels and
one block which is antisymmetric. This implies that we can define two separate sets
of direct square coupling coefficients, which are either symmetric or antisymmet-
ric under exchange of the labels, i.e.: (I, v, layp|y) = £ ayplayy|ly). The
symmetrized part of the direct square is denoted as [[,)?. For n = dim(l7,), the
dimension of this subspace is equal to the number of symmetric combinations:

dim([IL17) =) 14 Y l=n+nm—1)/2=n+1)/2 (6.19)

Ya Ya<Vb

On the other hand, if the coupling coefficients are antisymmetric under exchange of
the labels, the coupled state belongs to the antisymmetrized direct square, denoted as
{I',}*. This product space is restricted to combinations with y, # yj; its dimension
is equal to n(n — 1) /2. The characters for either part of the square can be determined
separately. For the character of the {I7,}? part the derivation runs as follows: one first
applies a symmetry operator to an arbitrary antisymmetric function. The ket product
[ Tava(1)) | Tayp(2)) will be abbreviated here as: v, (1)y,(2).

R(va(My52) = v5(1D7a(2))

- Z(V,;(l))/é(Z)—yb/(Uy;(z)) D (R)DF“ (R)

YpVb
A
=Y nir (D), (RDS (R) - DI (RIS (R)
Vayh

1
=5 2 (My@ - ny@)(Dy5, (RIDE (R) =Dyt (RIDS (R)
Yavh

(6.20)

Taking the trace then yields:

ropy L r, r, r,
X (R) = 2 Z(Dyaya (R)DVth (R) - DVth(R)DVhV (R))
YaVb

:é( Tu(R))? ZD )

I
= (" ®)” = x"(r?)) 6.21)
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Table 6.3 Direct square Hy x Hg in I symmetry

I E 1265 1262 20C; 150, i 1280 1285, 208 156
x s 5 0 0 -1 1 5 0 0 -1 1
y He’ 25 0 0 1 1 25 0 0 1 1
x e (R%) 5 0 0 -1 5 5 0 0 -1 5
 [HeT? 15 0 0 0 3 15 0 0 0 3
¥ (Hel? 10 0 0 1 -2 10 0 o 1 -2

The trace for the symmetrized product is then found by subtracting the trace in Eq.
(6.21) from the total trace for the direct product.

2 2 2
xRy = )T (R) =} (R)

1
=5 () + 1" (R) (6:22)

In Table 6.3 these quantities are given for the direct product H, x H, in icosahedral
symmetry. The product resolution is as follows:

Hy x Hy =[Ag + G¢ +2Hg| + {Tig + o + G) (6.23)

Note that this product contains one totally-symmetric irrep, notably in the sym-
metrized part. In general, for irreps with real characters the totally-symmetric ir-
rep, Iy, appears in a direct square only once. This can easily be derived from Eq.
(6.8). When [, is an irrep with real characters, one has:

(x o1y = xR xRy (R)
R

=Y x"®x" (R
R
=1Glér,n, (6.24)

In the case of irreps that can be represented by real transformation matrices, it
is possible to show that this totally-symmetric irrep will belong to the symmetrized
part. In order to apply the character theorem to Eq. (6.22), the following intermediate
result is needed:

xR =3 % [D(R) x DT(R)],
R R i
DD R ICACLI
R i
= —dirLG(;u) ZZ‘S" i =1G]| (6.25)
i

In order to arrive at this result we have made use of the GOT, on the assumption
that the D matrices are real. Combining the results of Eqs. (6.24) and (6.25) with
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Eq. (6.22) then leads to the conclusion that the unique totally-symmetric irrep be-
longs to the symmetrized part of the direct square:

L Ty [Fa]zzL To(r FazR (RO =1 6.26
G ) 2|G|;x (R ®) +x"*(R%)] (6.26)

For irreps with real characters, but transformation matrices that cannot be all real,
the unique totally-symmetric product appears in the antisymmetrized part. This is
the case for spin representations, which will be dealt with in Chap. 7. In summary,
as far as complex-conjugation properties are concerned, we have three kinds of ir-
reps:

1. Irreps with real characters, and for which all D(R) transformation matrices can
be put in real form. In this case: Iy € [TL]>.

2. Trreps with real characters, but which cannot be represented by transformation
matrices that are all real. In this case I € {I}%.

3. Irreps with complex characters. In this case there is always a complex-conjugate
irrep,and Iy e I' x I".

Equation (6.23) further exemplifies a case of product multiplicity. This is when
an irrep occurs more than once in the decomposition of a direct product. Both the H,
and G, irreps appear twice in the direct product Hg x Hy. In the point groups prod-
uct multiplicity is quite rare. It occurs only in the icosahedral group for the products
G x H and H x H, as well for spin representations in cubic and icosahedral sym-
metries. Product multiplicity means that there are different coupling schemes for ar-
riving at the product states. Each of these “channels” corresponds to a separate set of
CG coupling coefficients. There are several ways of obtaining linearly-independent
sets of coupling coefficients. For the separation of the two G, irreps in Eq. (6.23)
symmetrization of the product space is sufficient, since the symmetrized and anti-
symmetrized parts each contain one G, . This strategy does not work for the two H,
irreps, which are both the result of symmetrized coupling. In this case, more elabo-
rate splitting schemes have been constructed, based infer alia on higher symmetries
[4, 5].

Last but not least, we should consider the relationship between coupling coef-
ficients where irreps from bra and ket parts are interchanged. We shall limit the
discussion here to the simplified case in which all ingredients of the coupling are
taken to be real. A case with complex irreps will be treated in Chap. 7. Consider two
related couplings: I, x I, =1 and I" x I, = I,. The corresponding expansion
coefficients are scalar matrix elements and are thus invariant under the group ac-
tion. By importing the group action inside the brackets, as we have frequently done
before, we obtain a set of equations in the CG-coefficients:

1 = =1

(FavalpvelTy) =) [@ > Dy, (R)Dyfyb(R)Dyf,y(R)}(ray;Fby;w/)
Yavpy R

(6.27)
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1

(Cy Dol Tava) = ) [@

I, b NI l / ’
> ;Dm (R)Dyb/yb<R)Dy,y<R)}(ry AT
YaVpV

(6.28)

These equations form a system of homogeneous linear equations from which the
coupling coefficients can be obtained. At present, we shall use this result only in
the simplified case where all components have been chosen to be real, so that Egs.
(6.27) and (6.28) form the same system of equations.] From this it follows that the
corresponding coupling coefficients will be proportional to each other, independent
of the components; hence:

TaYalpye|Ty) =x{Ty Tpypl T aVa) (6.29)

The proportionality constant can be determined by summing the square of the coef-
ficients over all components and using the normalization result from Eq. (6.15).

2 2
S avalovol P = x> Y [Ty Dol Tuva)|
YaVbV YaVbV
dim(I") = x>dim(I},) (6.30)

The permutation of irreps between bra and ket in the CG-coefficients thus requires
a uniform dimensional renormalization:

[dim(I)] ™" (Tuya oy | Ty) = £[dim(T) ] (Cy Tow Tava) - (6.31)

The renormalization leaves a phase factor undetermined. This phase factor is the
same for the entire coupling table, and thus can be chosen in arbitrarity. As an
example, in the group O (see Appendix F), the coefficients (T2£T1x|Ef) and
(EOT1x|ThE) are related as follows:

1
—=(D&Tx|EO) =

/2

Here the phase was chosen to be +1.

1 1
%(E9T1x|T2§) =3 (6.32)

6.4 Product Symmetrization and the Pauli Exchange-Symmetry

In principle, the T1; and T coupled two-electron states, which we obtained in
Table 6.2 of the previous section, could apply to the case of the (tzg)1 (eg)1 excited
states of a d? transition-metal ion in an octahedral ligand field, which splits the d

IThe general case with complex irreps is exemplified for the coupling of spin representations in
Sect. 7.4.
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orbitals into a f; and an e, shell. However, these coupled descriptions are not yet
sufficient, since they make a distinction between electron 1, which resides in the
tg orbital, and electron 2, which was promoted to the e, level. The fundamental
symmetry requirement that electrons must be indistinguishable is thus not fulfilled.
The operator that permutes the two electrons is represented as P

Po| Ty (1L,2) =Ty @, D) =YY (Fuvalbvs| TY) | Tava@)| Toys (1)) (6.33)
Ya Vb

The |I"y(1,2)) and | "y (2, 1)) states will have exactly the same symmetries, since
the factors in the direct product commute:

Ty xTy=Tp x I (6.34)

As a result, P> commutes with the spatial symmetry operators, and we can sym-
metrize the coupled states with respect to the electron permutation. The permutation
operator is the generator of the symmetric group, S», which has only two irreps, one
symmetric and one antisymmetric, corresponding, respectively, to the plus and mi-
nus combination in Eq. (6.35).

ITy:4) = —=[|Fy(1,2)£ My )]

1

V2
1

=—=Y > (lwvalbwITy)
ﬁ Ya Vb

X [|Fava )| Toyp (D) £ | Do yp(D) | Tava ()] (6.35)

These states have distinct permutation symmetries, and spatial symmetry operators
cannot mix + and — states. This is a very general property of multi-particle states,
to which no exceptions are known.

On the other hand the permutation symmetry of multi-electron wavefunctions is
restricted by the Pauli principle.

Theorem 11 The total wavefunction should be antisymmetric with respect to ex-
change of any pair of electrons. Hence, in the symmetric group S, or, for an n-
electron system, the symmetric group, S, , the total wavefunction should change sign
under odd permutations, i.e. under permutations that consist of an odd number of
transpositions of two elements, and should remain invariant under even permuta-
tions.

Until now we have limited ourselves to the spatial part of the wavefunction. So
far, only the antisymmetrized part obeys the Pauli principle. However, the principle
places a requirement only on the fotal wavefunction. This also involves a spin part,
which should be multiplied by the orbital part. Anticipating the results of Chap. 7,
we here provide the spin functions for a two-electron system. Spin functions are
characterized by a spin quantum number, S, and a component, Mg, in the range



124 6 Interactions

{(=S,—-S+1,-S+2,...,5 — 1, §}. The total number of components, hence the
dimension of the spin-space for a given S, is equal to 25 4 1. This number is called
the spin multiplicity. For a two-electron system, S can be 0 or 1; hence, there is one
singlet state, and there are three components belonging to a triplet state. In a | SM)
notation they are given by:

0,0) = %[a(l)ﬁ(Z) —B(Ha(2)]

11, 1) =a(Da(2)
1
V2
1, -1) = B(1)BQ2)

(6.36)

11,0) = —=[a(DBQ2) + B(Ha(2)]

These functions also exhibit permutation symmetry: the triplet functions are sym-
metric under exchange of the two particles, while the singlet function is antisym-
metric under such an exchange. The total wavefunction can thus always be put in
line with the Pauli principle by combining the coupled orbital states with spin states
of opposite permutation symmetry. Altogether we can thus construct four states:
I g szg, 37 g 3T2g. This set of four states, totalling 24 wavefunctions, forms a
manifold, representing all the coupled states resulting from the (tzg)1 (eg)1 configu-
ration. The dimension of the manifold is equal to the product of the six possible #,¢
substates (including spin), and the four possible e, substates. In this case, where the
coupling involves electrons belonging to different shells, the Pauli principle does
not restrict the total dimension of the manifold, since all combinations remain pos-
sible. All states can be written as linear combinations of Slater determinants. As an
example, for the |1T1 ¢Z) state, one writes:

1
[a(BQ) - B((2)]

S

1
'Tigz) = 5 (le)e @)+ [e@}e ) —

= %|(60¢)(§ﬂ)| - %|(6ﬁ)(§a)| (6.37)

The situation is different when coupling two equivalent electrons; these are elec-
trons that belong to the same shell. In this case, the coupled states are already eigen-
functions of the exchange operator as a result of the special symmetrization prop-
erties of the coupling coefficients for direct squares. Equation (6.10) will take the
following form:

1Ty (1,2)) = Y raml T [ra)|162) = Y (VaVal T¥) |ya(D)]7a(2)

YaVb Ya
+ 3 [ TY) [ya W)y @) + v Ty) | vo (D) |74 ()]
Ya<Vb
(6.38)
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Now, if the product representation belongs to the symmetrized square, I" € [I},]?,
this result simplifies to:

ITy) =Y VaYal TY)|va(D)|va(@)

Ya

+ 3 I TY) ([ra) |1 @) + [ (D)7 () (6.39)
Ya<Vb

Hence, this function is symmetric under the P> operator. It also obeys the nor-
malization condition of Eq. (6.15). It should always be multiplied by an antisym-
metric singlet spin-function in order to obey the Pauli exclusion principle. On the
other hand, if the product representation belongs to the antisymmetrized square,
I' € {I',}?, the coupled state is given by:

ITy) =" vl Ty ([va)|y2) = |76 (D)|va(2)) (6.40)

Ya<Vb

This function is antisymmetric under the P> operator, and should be multiplied by a
symmetric triplet spin-function in order to obey the Pauli principle. As an example,
for the (eg)2 configuration the allowed states are:

eg X eg =[A1g + Egl+ {Azg) = 'A1g + 'Eg + 3 Ag, (6.41)

For equivalent electrons the Pauli principle thus really does function as an exclusion
principle, since the coupled states are either triplets or singlets, depending on their
symmetrization. The dimension of the manifold is given by the binomial coefficient,
where ¢ is the number of equivalent substates (including spin), and » is the number

of electrons:
'
A P L (6.42)
n nl(g —n)!

For the (eg)2 problem, one has n = 2 and g = 4; there are thus six two-electron
states in this configuration (see Eq. (6.41)).

As a special result, we examine the symmetry of the maximal spin-multiplicity
ground state of a system with a half-filled shell. The shell consists of the components
| f1) -+ | fn), transforming according to the irrep I, and each will be occupied by
one electron with « spin. The ground state corresponds to a single determinant:

1
75 2 sen)lfiaen)- fraon)]

foeS,

V) =lfia--- fral =

1
== > sgn(o)[ foa(l) -+ fo,a(m)]  (6.43)

To€ES,
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Here, o € S, is an element of the permutation group of the n electron labels, and
sgn(o) is its parity.> Equation (6.43) indicates that this permutation can equally well
be applied to the component labels, since the determinant is invariant under matrix
transposition. We can now calculate the matrix element in the symmetry operator:

. 1 . .
(WIRW) = — Z sgn(0)sgn()[( fo, @(DIR] fry (1)) - - ( for, (M) | R| fr, ()]

" o,meS,

1
=— D sen(@)sgn(0)[ Dyl (R) -+ Dy, (R)]

|
o,TeS,

=Y sen@)[D]F (R)-+- D} (R)]

AES,

= det(D“) (6.44)

In this equation we have used the result from Eq. (2.8), which identified matrix
elements over symmetry operators as elements of the representation matrix. The
double summation over permutations covers the permutation group twice and could
be reduced to a single sum. The result indicates that the spatial symmetry of the half-
filled shell ground state transforms as the determinant of the irrep of the shell. This
is also called the determinantal representation. For the e, shell the determinantal
irrep is Azg. The shell ground state is thus a 3A2g.

6.5 Matrix Elements and the Wigner-Eckart Theorem

A general interaction element is a bracket around an operator. Each of the three in-
gredients, bra, ket, and operator, can be put in symmetry-adapted form, so that it
transforms according to a given irrep. Moreover, provided that the symmetry adap-
tation is done properly, not only the irrep itself but also the subrepresentation is well
defined. Altogether, the matrix element will thus be characterized by six symmetry
labels, as: (wf | 0){‘ |¢VF ). The labels imply that the symmetry behaviour of each of
these ingredients is fully known:

(2|_ZDQ Ry

Rl¢,) Z D}, (R)|¢y) (6.45)

#lof & zwmw

2 Any permutation can be expressed as a sequence of transpositions of two elements. If the total
number of transpositions is even, sgn(c) = +1; if it is odd, sgn(o) = —1. See also Sect. 3.3.
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Note that the general form of the operator |O)f‘| refers to a component of an ir-
reducible set. Such a set of operators is usually referred to as a tensor operator.
Obvious examples are the components of the electric or magnetic dipole-moment
operators. The Wigner—Eckart theorem introduces a symmetry factorization, which
simplifies the evaluation of matrix elements.

Theorem 12 A matrix element, involving a tensor operator, may be factorized into
a product of an intrinsic scalar part and an appropriate 3I" coupling coefficient.

The scalar constant is denoted by (¥ || 04 || ¢7), and is called the reduced
matrix element.

(w10l )= (v ? I 0 I ¢" ) (Rw|ArTy) (6.46)

To prove this theorem, one first considers the coupling of two ingredients of the ma-
trix element, and then compares the result with the third one. We thus first consider
the coupling of the operator and the ket. The transformation of their product does
indeed correspond to the super matrix which is due to the direct product A x I".

R|0f1¢])=R|OMRT'RIL) ZZD“(R)D)CV(RNO{}

¢) (647

This means that we couple the tensor operator and the ket to form product entities:

[(0$)T)=>"> " |of1L AN Ty | ITx) (6.48)

Y y/

We now invert this equation, using the unitary properties of the coupling coeffi-
cients, to yield:

101165)= >3 " [0\ ' | AATy) (6.49)
n n
Then we combine this expression with the bra.
(2108160 )=>"> (w100 )T’ | AN y) (6.50)
m

The matrix elements on the right-hand side are now in fact reduced to an overlap in-
tegral where the direct product irreps are compared with the irrep of the bra. Hence,
the selection rules for the overlap integrals apply:

1 /
(201(09)7)) = 2.1 d0m 3 —— 5 Z( o'|(0$)5 )= 1 0% 116") (6.51)

The trace summation in this equation is identified as a scalar interaction constant,
which is represented by the reduced matrix element.
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Combination of Egs. (6.50) and (6.51) then yields the Wigner—Eckart theorem of
Eq. (6.46), where the total interaction is the product of a scalar interaction constant
and a CG coupling coefficient. The former refers to the interaction itself, the latter
extracts the transformation properties. In case of product multiplicity, there will be
one reduced matrix element for every coupling channel, and the matrix element is
decomposed into a sum over the channels. The Wigner—Eckart theorem or matrix-
element theorem is at the heart of most chemical applications of group theory. It
provides an elegant method for separating interactions into an intrinsic part and a
part that depends only on the symmetry of the problem under consideration.

An important consequence of the matrix element theorem concerns the definition
of selection rules. An interaction will be forbidden if the corresponding coupling
coefficient in the Wigner—Eckart theorem is zero. The conditions that control the
zero values of the coupling coefficients are called triangular conditions, since they
involve the combination of three irreps. Two kinds of triangular conditions must be
taken into account:

1. Selectivity on the representations: an interaction element is forbidden if the cou-
pling of the three irreps involved is zero, i.e. if the direct product of the operator
and ket parts does not include the irrep of the bra.

Q¢AXT (6.52)

The triad of the three irreps may also be seen as a triple direct product,
2 x A x I', where the bra irrep appears in its complex-conjugate form. Equa-
tion (6.8) can now also be read as the character overlap between the totally-
symmetric irrep and the triple product. Accordingly, the selection rule of Eq.
(6.52) can also be reformulated as: an interaction will be forbidden if the triple
product of the irreps does not contain the totally-symmetric irrep.

e xAxTI (6.53)

2. Selectivity on the subrepresentations: subrepresentations that are defined in a
splitting field must obey the triangular conditions for the subduced irreps in the
corresponding subgroup.

6.6 Application: The Jahn-Teller Effect

In 1937 Jahn and Teller made the claim that degenerate states of molecules are
intrinsically unstable [6, 7].

Theorem 13 Non-linear molecules in a spatially-degenerate electronic state are
subject to spontaneous symmetry-breaking forces that distort the molecule to a ge-
ometry of lower symmetry, where the degeneracy is removed.
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The theorem is based on a perturbation of the Hamiltonian by small displace-
ments of the nuclei. A high-symmetry geometry is chosen as the origin, and the
nuclear displacements are described by normal modes which transform as irreps of
the point group. The nuclear positions are parameters in the electronic Hamiltonian.
One has, to second-order:

H=Ho+H
, N (6.54)
H = e — + - oyl
QZW(aQr) orr QZFQZ (anyaQrf />0Q”Q”

The partial derivatives with respect to the normal modes will affect only the elec-
trostatic Vi, term in the Hamiltonian. These operators are thus electrostatic one-
electron operators. At the coordinate origin, the electronic state is degenerate, and is
described by a set of wavefunctions, |I,y,), where I, is a degenerate irrep. The en-
ergies as functions of the coordinates are obtained by diagonalizing the Hamiltonian
matrix, H, with elements:

Hy,y, = TayaHITyp) = E08yayb + (FaValH/|Fa7/b) (6.55)

The matrix in H’ is also called the Jahn—Teller (JT) matrix. The linear terms in this
matrix are of type:

oH
<Fa7’a (aQFy> QFV

We have used the fact that the integration in this matrix element runs over elec-
tronic coordinates, and does not affect the nuclear coordinates. The Wigner—Eckart
theorem can be applied to derive the selection rules. Since the Hamiltonian is in-
variant under the elements of the symmetry group, the transformation properties of
the operator part in this matrix element will be determined by the partial derivatives,
0/00Qr, . As we have seen in Sect. 1.3, a partial derivative in a variable has the same
transformation properties as the variable itself.> The operator part is thus given by:

ayb> = <FaVa a)/b> Ory (6.56)
0

aQI“)/

oH
9Qry
The coupling coefficient on the right-hand side of Eq. (6.57) restricts the symmetry
of the nuclear displacements to the direct square of the irrep of the electronic wave-
function. This selection rule is made even more stringent by time-reversal symmetry.

The Hamiltonian is based on displacement of nuclear charges, and not on momenta,
so as an operator it is time-even or real.* For spatially-degenerate irreps, which are

FaVb> = (a1 T || Ta){Tayal "y Tayp) (6.57)

<Fa)/a
0

3For complex variables, variable and derivative have complex-conjugate transformation properties.

4The general time-reversal selection rules are discussed in Sect. 7.6.



130 6 Interactions

of the first kind, i.e. can be represented by real functions, JT matrix elements can
thus be chosen to be entirely real, which implies:

<FaVa|H/|FaVb)=<Fayb|H/|FaVa> (6.58)

Combining this result with Eq. (6.57) implies that the coupling coefficients, to first-
order, should obey:

Taval 'y Tayp) = Layp| 'y TuVa) (6.59)

In view of Eq. (6.31) this condition can be rewritten as:

(TaValayplTy) = LavpTuval'y) (6.60)

The JT distortion modes are thus restricted to the symmetrized square of the degen-
erate irrep of the electronic state, minus the totally-symmetric modes, since these
cannot lower the symmetry:

I e (I, x I, —To) (6.61)

Modes that obey this selection rule, are said to be JT active. The evaluation of the
second-order matrix elements requires two steps. One first couples the two distortion
modes to a composite tensor operator: |2w|.

‘ 92H
00,00,

= Z |R0|(Qw| Ty Iy (6.62)
Qw

The second-order matrix element then becomes:

<r "M r >
A A b
Yl90r00r, | ",
= (LRI THQaITy Ty uval 20Ty (6.63)
Lo

The second-order elements thus are related to a product of two 31" symbols.> A spe-
cial element arises when §2 is totally symmetric. In this case, the coupling coeffi-
cients are given by:

1
DIryI'y') = ——==8rrdyy
| > Jdim(T) (6.64)

(IayalToTayp) = 8y,y,

3Such combinations can be cast in a higher-order symbol, known as 61" symbol, by analogy with
the 6 coupling coefficients in atomic spectroscopy.
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The second-order expressions then are reduced to a diagonal matrix element:
(Ta Il Do Il T){DOILTy Ty W Tayw| To Taye)

1
= 7(1—‘11 ” FO ” Fa>8FF’8yy’5yuyb = KFSFF’Syy’aygyb (6-65)

Jdim(I)

K in this equation is the harmonic force-constant. It gives rise to a constant di-
agonal term which provides an attractive potential around the minimum and keeps
the surface bound at larger distances from the origin. The general expression for the
potential-energy surface then becomes:

1
Ek(Q)=E0+Z§KF<Z Q%y) +ex(Q) (6.66)
r 14

Here, ex(Q) represents the kth root of the Hamiltonian matrix. This equation de-
scribes a surface with multiple sheets, one for each root, which cross in the high-
symmetry origin. In its simplest form the Hamiltonian can be restricted to the linear
terms only. In the second-order approximation non-totally-symmetric second-order
terms will also be included.

The prototype of the JT surface is the celebrated Mexican hat potential, which
describes the effect of the twofold-degenerate cubic or trigonal E state. A typical
example is the ’E ¢ ground state of octahedral Cu”t complexes, with (tzg)6(eg)3
configuration. The JT-active mode in this case is restricted to an e, mode, corre-
sponding to the symmetrized square.

[Ey x Egl — A1y = E, (6.67)

This distortion mode consists of the tetragonal and orthorhombic stretchings, which
we already encountered as vibrational modes of UFg, and are depicted in Fig. 6.1.
By use of the appropriate (Ei|EjEk) coupling coefficients the JT matrix can easily
be derived. The force element is defined as:

oH
Fg={EO|—|EO 6.68
E < 30 > (6.68)
The matrix then becomes:
1 1 0] Qy 0
H=(Ey+-Kg(03+ 02 F N )
<0+2 E(Q9+Q€))[0 ]t E[Qe 00 (6.69)

To diagonalize this Hamiltonian, it is convenient to transform to cylindrical coordi-
nates {p, p}:
Qg = pcosy

, (6.70)
Qc = psing
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E Conical Intersection

Fig. 6.1 The Mexican hat potential-energy surface of the E x e linear JT problem. The nuclear
displacement coordinates are the tetragonal elongation, Qy, and the orthorhombic in-plane distor-
tion, Q¢

Then the secular equation of the force element matrix in Eq. (6.69) becomes:
81% — F,%,ozcoszgo — Fé,o2 sin2<p=0 (6.71)

Two roots are found, which are independent of the angular coordinate. The corre-
sponding eigenfunctions are:

€1=Fpp —> Y1) :cosglEG) + sin£|Ee)
2 2
o ¢ (6.72)
ea=—Fgp —> |Yn) = —sin§|E9) +cos§|Ee)

The surface consists of two sheets and exhibits rotational symmetry.

1
E4 =E0+§KE,02:bFE,0

1
=E0+§KE(Q§+ 02) + Fg\/ 02 + 02 (6.73)

A cross section of this surface looks like a two-well potential, with two displaced
parabola. The depth of the well is called the JT stabilization energy:

Ejp=——5 (6.74)

In the 2D space of the active modes these parabole revolve around the centre, giv-
ing rise to the Mexican hat appearance. At the origin this surface has the shape
of a conical intersection, indicating that the high-symmetry point is unstable, and
will spontaneously relax to the circular trough surrounding the degeneracy [8]. The
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distorted system in the trough orbits around the origin. This motion is a pseudo-
rotation, i.e. it is not a rotation of the molecular frame, but a gradual redistribution
of the distortions between the Cartesian directions. We illustrate this in Fig. 6.2.
The starting point is at ¢ = 0, in the direction of the Qp mode. In this mode the
z-axis is elongated, and the xy-plane is contracted. A counterclockwise rotation ac-
tivates the orthorhombic Q. mode, while the tetragonal Oy mode is receding. This
introduces a difference between the x- and y-axes: the distortion in the x-direction
becomes more pronounced, while the y-axis contracts further. At the same time the
elongation of the z-axis diminishes. At an angle of 60° the x- and z-axes are both
elongated to an equal extent, giving rise to a weak xz-plane and a strong y-axis.
At the 90° point the Qp contribution vanishes, and the distortion is orthorhombic,
with a short y-axis, an elongated x-axis, and an undistorted z-axis. At an angle of
120° we reach the point where the x-axis is weak, and the perpendicular yz-plane is
strong. We thus have regained an elongated tetragonal configuration, but the elon-
gation has been rotated from the z-axis to the x-axis. Continuing now at 240° we
shall have travelled another third of the trough and reoriented the tetragonal axis
along the y-direction. We can also follow the wavevector along the trough. If it is
assumed that Fg < 0, the lower eigenfunction will be the |1) eigenfunction of Eq.
(6.72). In the starting elongated tetragonal configuration the ground state coincides
with the | E@) basis function. By the time we have reached the orthorhombic config-
uration at ¢ = 90°, the ground state has rotated by only half that angle and equals
1/ V2(|E6) + | E€)). At 180°, we reach a structure which is tetragonally compressed
along the z-direction. Accordingly, the Oy mode has changed sign, in contrast to the
eigenfunction, where | EQ) is replaced by | E€). The observation of rotational sym-
metry is an unexpected feature, which is not related to the point group, but which
stems from the limitation of the JT Hamiltonian to linear terms. To describe this
symmetry we first reformulate the force element Hamiltonian in Eq. (6.69) in Dirac
notation:

H' = Fp(Qo[|EO)(EO| — |E€)(E€|| + Qc[|EO)(E€| + |E€)(EO[])  (6.75)
The angular momentum operator, corresponding to a rotation in coordinate space,
is given by:
0 00 0 0Qp 0 0 0
- _Zxc + =Q0p— — Qc—r (6.76)
dp g Qe ¢ Q9 00 9Qe

The partial derivatives were obtained from Eq. (6.70). The commutator of this op-
erator with the Hamiltonian is:

[£.H'] = Fe(—Qc[|EO)(EO| — |E€)(E€|]|+ Qo[|EO)(Ee|+ |E€)(EO]]) (6.77)

Surprisingly, this commutator does not vanish. This is an important observation,
which directly points to the vibrational-electronic or vibronic coupling between the
distortion modes and the electronic wavevector. When the system rotates around the
origin in coordinate space, not only are the coordinates changing, but the wavevec-
tor is also rotating simultaneously, so we must also provide an angular momentum
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Fig. 6.2 Rotation of the

distortion in the trough of the - =
Mexican hat. Along the Qg

coordinate the complex is y X

elongated along its z-axis.
Rotation around the centre in
the direction of Q. will

shorten the z-axis and
increase the x-axis. At an Q.
angle of revolution of 120° a

tetragonally elongated
structure is again found, but
this time with the elongation
along the x-direction, and
similarly at 240°, with the
elongation along the y-axis

Qo
v

operator for a rotation in the function space (see [9]). We can construct this by anal-
ogy with Eq. (6.76), but with an important amendment: as we have argued while
discussing Fig. 6.2, the coordinates rotate twice as quickly as the wavevector, and
hence a prefactor of 1/2 is required!

S= %(|E9)(Ee| — |Ee)(E0)) (6.78)

Only in this case does the total momentum operator J = £ + S commute with the
Hamiltonian:

[T H]=[.H]+[S.H]=0 (6.79)

As the reader will have noticed, we have made use of the standard spectroscopic
symbols for orbital angular momentum, spin momentum, and total momentum.
Vibronic coupling is indeed analogous to coupling of spin and orbit momenta in
cylindrical molecules. To form the vibronic wavefunction, describing the dynamics
of the Mexican hat system, the electronic state has to be combined with nuclear
wavefunctions. If the JT effect is pronounced, the vibronic levels take the form of
a radial oscillator, describing transverse oscillations in the bottom of the through,
and pseudo-rotational levels, describing the longitudinal motion along the bottom
of the trough. The total vibronic wavefunction should of course be single-valued
after a full turn around the trough, which takes the system back to the starting point.
Hence, since the electronic part changes sign after a full turn, the vibrational part
should also show a compensating sign change. This is indeed the case: the pseudo-
rotational levels are characterized by half-integral angular momentum [10].

6.7 Application: Pseudo-Jahn-Teller interactions

Pseudo-JT interactions (PJT) refer to the second-order vibronic coupling between
electronic states which are separated by a gap [11]. In this section we describe the
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case of a non-degenerate ground state, |5 ), which is coupled to an excited mani-
fold. The Hamiltonian is identical to the expression in Eq. (6.54). Application of the
selection rules shows that the diagonal contribution, (54 |H|¥ 54 ), is limited to the
totally-symmetric operator associated with the harmonic restoring-force, as in Eq.
(6.66). Perturbation theory further provides interactions between the ground and ex-
cited states. These interactions are usually limited to first-order contributions, which
give rise to a quadratic coordinate dependence. Hence one has, to second-order in
the displacements:

EQ)=Eo+ ), %KF (Z Q%y)
r

(Wil g ¥z )ol

2. 5 F oF, (6.80)

AL Ty

where we have used the property that the Hamiltonian matrix is hermitian. The
selection rule in this process resides with the matrix elements in the enumerator
of the bilinear term. The vibronic operator must couple ground and excited states;
hence, it is required that their triple direct product contains the totally-symmetric
irrep:

nelaxT'x X (6.81)

Applying the Wigner—Eckart theorem to the matrix element yields:

%:a> =(AATy XYo)(A| "] ) (6.82)
0

<WAA 505,

The sum over the A components of the excited state, transforming as the A irrep,
can be simplified by using the orthonormality property of the coupling coefficients
from Eq. (6.16).

(Yl 55 150 )0l (ALY So)(A | T || Z)P
) =2

reA Eo—Eq red Eo—Ex
AT | X)?
:|( | || 2 (6.83)
Eo— E»

Note that in case of a non-degenerate ground state the product I” x X' yields only
one irrep, since the norm of the product character string equals the order of the

group.

X E) =" x I x ) = (N 1x ") =16l (6.84)
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Fig. 6.3 Ring closure of cis-butadiene to cyclo-butene. In C», symmetry there is a symmetry
mismatch between the @y and a; occupied orbitals. Vibronic orbital coupling requires a concerted
mechanism, based on a conrotatory ring closure, which conserves only the C, axis

The summation over A € A thus covers the entire product space of I" x X'. Com-
bining the sum rule of Eq. (6.83) with the total expression for the PJT, one finds:

AT 2)?
E(Q)-Eo+2{ Kr +Z AL }(Z%) (6.85)

Hence, when the ground state is non-degenerate, the first-order dependence of the
energy on symmetry-lowering displacement vanishes, and the second-order term
contains two contributions: the diagonal harmonic force constant, which is always
positive, and the bilinear relaxation term, which is always negative. If the excited
states are close in energy to the ground state, and if the vibronic coupling is strong,
the relaxation term may be dominant, and a second-order symmetry-breaking effect
will result. This is known as the pseudo-JT effect. There are two main applications
of this effect: in geometry optimization, and in reaction dynamics.

In reaction dynamics the PJT may be responsible for stereoselectivity, because of
the selection rules for vibronic coupling matrix elements. Via these relaxation matrix
elements the Wigner—Eckart theorem is at the basis of the Woodward—Hoffmann
rules [12]. We shall not discuss these rules in general, but consider some simple
illustrations, related to electrocyclic reactions.® Take as a simple example the ring
closure of cis-butadiene, as illustrated in Fig. 6.3. The relevant occupied orbitals are

5Based on [13].
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Fig. 6.4 Ring closure of cis-1, 3, 5-hexatriene to cyclo-hexadiene. In Co, symmetry there is a
symmetry mismatch between the b; and a; occupied orbitals. Vibronic orbital coupling requires a
concerted mechanism, based on a disrotatory ring closure, which conserves only the 5| plane

the 7 -bonds in the reagent, and the remaining 7 - and newly formed o -bonds in the
product. As the diagram shows, in the common C»,, point group there is a mismatch
between the symmetries. In order for the reaction to occur, the reaction coordinate
has to reduce the symmetry so that the a;-orbital can interchange with an a;-orbital.
This interchange is taking place via a PJT mechanism which couples the a; occupied
orbital to an a; virtual orbital in the reagent. As the reaction coordinate proceeds,
this coupling is intensified and leads to an interchange of both. The relevant matrix
element is thus an orbital vibronic coupling element:

m>¢0 (6.86)

Hence, a distortion coordinate is required which transforms as a» x a; = a;. The co-
ordinate with this symmetry is the one that destroys the symmetry planes but keeps
the twofold axis. This is typically a conrotatory reaction, where the extremal carbon
atoms rotate simultaneously in the same sense, to form the o -bond. Ring closure of
substituted butadienes thus follows a conrotatory reaction stereochemistry, at least
if the reaction is concerted.

This ring-closure selection rule is further confirmed by the closure reaction for
the cis-1, 3, 5 hexatriene to 1, 3-cyclohexadiene, as illustrated in Fig. 6.4. Here, a b1 -
orbital has to interchange with a virtual orbital of a; symmetry. The selection takes
thus place at the level of the orbital matrix element:

o

Clearly, the distortion coordinate should now be of b; x a; = by symmetry, and
this corresponds to the disrotatory mode, which destroys the C; axis but keeps the
vertical reflection plane.

oH

BQF)/

m>¢0 (6.87)
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6.8 Application: Linear and Circular Dichroism

Selection rules are of primary importance in spectroscopy, where they provide direct
evidence concerning the nature of excited states. As an application, we study the
linear and circular dichroism of tris-chelate transition-metal complexes [14]. The
prototype is a divalent ruthenium complex with three 2, 2’-bipyridyl ligands, which
is an important chromophore for energy conversion. In this section we shall describe
the charge transfer and intra-ligand transitions of this type of complex. The linear
dichroism (LD) spectrum measures the absorption of the chromophore under plane-
polarized incident light for different orientations of the polarization with respect to
the molecular frame. This requires that the molecules should be embedded in an
oriented phase, such as a crystalline host. Circular dichroism (CD) measures the
difference in absorption between left and right circularly polarized light. Since this
is based on the intrinsic helicity of the molecule, it can be performed in non-oriented
medium, such as a solution.

As always, we start the treatment by making a simple sketch of the structure.
Two sets of Cartesian axes are relevant. In the usual octahedral coordinate system
the x, y, z-axes coincide with the metal-ligand bond directions, assuming that the
ligator atoms form a perfect octahedron. In addition, in Fig. 3.6 of Chap. 3 a primed
x',y’, 7/-coordinate system was introduced, which is adapted to the tris-chelate ge-
ometry. The z’-axis is along the threefold direction, and the x” axis is oriented along
a twofold axis, coinciding with the bisector of the positive x and the negative y
axes. Next, we determine the point group, which in the present case is D3. This
is a rotational group, which implies that the molecule is chiral. The figure shows
the A-enantiomer.” Thirdly, we define the functional basis. The relevant orbitals
are the metal #, orbitals, which are fully occupied in the Ru?* ground state, and
the frontier orbitals on the ligand. For conjugated bidentate ligands, such as 2,2’-
bipyridyl (bipy) or 2, 4-pentanedionate (also named ‘“‘acetylacetonate”, acac™), the
frontier orbitals are of 7 -type. The essential parts of these orbitals are the contribu-
tions on the ligator atoms. These are either symmetric or antisymmetric with respect
to the twofold axis through the bidentate ligand, as shown in Fig. 6.5. Following
Orgel, we denote them as x - or ¥-type, respectively [15]. The standard techniques
of characters and projection operators yield SALCs for all these basis sets. The re-
sults are shown in Table 6.4. For the e-irrep the components are labelled as eg and
ec, following the standard canonical format. As a splitting field we use the twofold
axis along x’. Finally, we also include in the table the symmetries of the transi-
tion dipoles, which are the operators for the optical transitions. This completes the
groundwork for the symmetry analysis.

7In tris-chelate complexes A refers to a right-handed (dextro) helix. A left-handed helix (levo) is
denoted as A.
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Fig. 6.5 A-enantiomer of tris-chelate octahedral complex of D3 symmetry. The xyz-coordinate
system passes through the ligator atoms; the primed coordinate system has the z’-direction along
the threefold axis, and x” on a twofold axis through ligand A. The ligand orbital shown on the right
is of Y-type: it is antisymmetric under a rotation about the twofold axis through the ligator bridge.
The i orbital on ligand A interacts with the % (dy; — dy;)-combination on the metal

Table 6.4 Symmetry-adapted zeroth-order metal and ligand orbital functions

thg-orbitals

dipole moments

la1) = f(dr} +d>c4 +d ) ap : [y
leg) = \/—( 2dyy +dx; +dy;) ep [y
lee) = f( —dy;) €ct [y
yr-orbitals X -orbitals

laz) = f<|m>+|w3>+|wc>
lea) = quc 5))
lec) = J221a) = ¥m) — 1Y)

la1) = f(|XA)+‘XB)+|XC>
leg) = I(Z\XA> IxB) —lxc))
lee) = f(‘XB) Ixc))

Linear Dichroism

The linear dichroism is associated with the metal-to-ligand charge-transfer (CT)
transitions [16]. Dipole-allowed transitions between the orbitals are governed by the
appropriate D3 coupling coefficients. However, since both donor and acceptor or-
bitals, as well as the transition operators, each involve two irreps, several symmetry-
independent coupling channels are possible. As is often the case in transition-metal
spectroscopy, it is not sufficient to identify the reduced matrix elements; for a deeper
understanding a further development of the model is often required to compare the
reduced matrix elements. In the case of the CT bands the model of Day and Sanders
offers just that little extra [17]. According to this simple model, a charge-transfer
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(CT) transition between metal and ligand gains intensity when the relevant metal
and ligand orbitals interact.

We first calculate the interaction terms between the metal and isolated ligand or-
bitals. The bipy ligand has low-lying unoccupied levels of yr-character, which form
7 -acceptor interactions with the metal #,, orbitals. Let H represent the elementary
interaction between a ligand v orbital and a metal 75, orbital, directed towards one
ligator. The allowed interactions are then obtained by cyclic permutation:

Hy = (deo[HIY ) = —(dy: | HIv )
= (duy | HIY®) = ~{d: [ 11 ®)
= (dy HIYC) = ~{duy [ HI¥ ) (6.88)

In order to apply the model of Day and Sanders, we now consider the CT transition
between the ligand orbital on A and the 7,, combination that interacts with it. As

shown in Fig. 6.5, the ¥ 4-acceptor orbital is antisymmetric with respect to the ég/
axis and antisymmetric in the xy-plane. The only matching #,, combination on the
metal is the |e.(f2¢)) component (see Table 6.4). In the local Cp, symmetry, [ 4)
and |ec (2¢)) both transform as b, (taking the horizontal plane as the local 61). Their
interaction element is expressed as:

et Py ) = —sldec = e 1) = V2 (6.89)
We now consider the transition dipole moment between these orbitals along the
x" direction, with p,» = —ex’. In Cy, symmetry this component transforms as ap,
while u, and . are antisymmetric with respect to the CA’; axis. According to the
Wigner—Eckart theorem, a transition dipole between two b; orbitals must transform
as the direct product by x by = ay; hence, only the x’- component will be dipole-
allowed. In a perturbative approach, which takes into account the symmetry-allowed
interaction between the metal and ligand orbitals, one has:

(ee(t2g) [ H|Y ™)

Al A 6.90
E, — o, (e ly?)  (6.90)

(ee(trg) = ¥™) = (ec(tag) 1w 1Y) —

In this expression the first term is the contact term between the zeroth-order orbitals.
The second term is the transfer term, arising from the interaction between the donor
and acceptor orbitals. In the simplified model of Day and Sanders this term is the
dominant contribution. The transfer-dipole matrix element in Eq. (6.90) is approxi-
mated as the dipole length of the transferred charge, which we will represent as j1 4.

(U ey ?) = e[y x|y ) ~ —e|Ru| = —ep = 4 (6.91)

where Ry is the radius vector from the origin to the centre of ligand A, with
length p. Since the three ligands are equivalent, we further write:

A =g =[c=p" (6.92)
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The three vectors of the ligand positions can be expressed in a row notation for the
primed x’, y’, z’ coordinate system as:

RA=p(1,0,0)
1 V3

Rp=p|-5.—-.0

B "( 22 ) (6.93)
1 V3

Re=p|-5.——=.

c ,0( 77 0)

The transfer term then becomes:
p(ee(tng) = ¥) = —exRa =iy (6.94)

where the parameter « is an overlap factor which indicates what fraction of the
charge is actually transferred:

_ e HIY?Y)  V2H,
E1// - Et2g El/f - EtZg

(6.95)

Note that the transfer term is always polarized in the direction of the transferred
charge.

This parametrization can now be used to calculate the transfer term for the rele-
vant trigonal transitions. The Hamiltonian operator is of course totally symmetric, so
allowed interactions can take place only between orbitals with the same symmetry,
and are independent of the component; hence:

(ee(tag)|Hlee (¥)) = v/3Hy

(6.96)
(eq(t20) | Hleo (V) = V3Hy

Symmetry prevents interaction between the aj(f2g) and ax(y) orbitals. The
metal-ligand 7 acceptor interaction will thus stabilize the e-component of the #,¢
shell, while leaving the aj-orbital in place, as shown in the simple orbital-energy
diagram in the left panel of Fig. 6.6. We can now calculate the transfer term for the
e — e and e — ap orbital transitions. In each case only one component needs to be
calculated. The interaction element in this case is obtained from Eq. (6.96) and the

transfer fraction reads:

3H, 3

_ Q S 6.97)
Ew - EtZg 2

The transfer-dipole element is given by:

1 1 1
g(w — B =y 2yt —y P —yC)= clmatuptrcl=zma (6.98)
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Fig. 6.6 Allowed CT transitions from the #,¢ shell to y- or x-type ligand acceptor orbitals for
tris-chelate complexes with D3 symmetry

Here, we have made use of the fact that the sum of the three dipole vectors vanishes.
The effective transfer term thus becomes:

3
I(ee(t2g) = ec()) = \/gqu (6.99)
In the Wigner—Eckart formalism, this matrix element is written as:
(ec (t2g) Iwlec (W) = (E€|EO E€)(e(tzq) || e(w) Il e(¥)) (6.100)

The coupling coefficient in this equation is equal to 1/ /2. We can thus identify the
reduced matrix element as:

V3
(e(2) Il e(u) Il e(y)) = 5 Kha (6.101)
All other e — e transfer terms can then be obtained by simply varying the coupling

coefficients. We give one more example of a transition that requires an operator
which is (1, polarized:

(eo (t20) Ilec (W) Y& =y B2yt — P —yC)

1
= &
1
= Jgelkn — o) (6.102)

The vector pg — pc in this expression is directed in the w1, direction, as required
by the selection rule. Moreover, the length of this vector is ﬁ;ﬂ-:

Ry — o) (p — pe) =2(nt) = 2mp - pe =3(ut)’? (6.103)
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Hence, the transfer-dipole length for this y’-polarized transition also measures
/3/8k, which is exactly the same as for the x’-polarized transition, given in Eq.
(6.99). This is expected since the corresponding coupling coefficients, (E€|EQ E€)
and (E6|Ee€E¢), are equal.

Using the transfer model, we can also express the reduced matrix elements for
the e — a; channel. Even though there is no overlap between these orbitals, they do
give rise to a transfer-term intensity. Orbital interaction does indeed delocalize the
e(tyg) orbitals over the ligands. The dipole operators, centred on the complex origin,
will then couple the e(y) and a, () ligand-centred orbitals. Hence, we write:

(ee(t2g)|H]ee (Y1)

ﬂ(ee (t2g) — aZ(I//)) =—- Ey—E
— Ep,

{ec ) mlar(y))

3
= \/;K(ee(l/f)lﬂlaz(l/f)) (6.104)

The dipole matrix element in this expression can easily be evaluated:

1
(ec (W) Imlaz(y)) = EWA — B =yl + B +yC)

1
= —=Qma— K5 — Ie)
32 Ha— Mg — HRc

1
= EILA

The total transfer term is obtained by combining Eqs. (6.104) and (6.105):

(6.105)

m(ee(t2g) = ar(P)) = ?KILA (6.106)
A final task is to calculate the transition-moments between the corresponding multi-
electronic states based on the orbital-transition moments obtained. In the tris-chelate
complex under consideration, a 1A, — 1E state transition can be associated with
each allowed orbital-transition. The 'A; corresponds to the closed-shell ground
state, based on the (tzg)6 configuration. Both the e — a; and e — e transitions will
give rise to a twofold-degenerate ! E state. As an example, the 6 states are written in
determinantal notation as follows, where we write only the orbitals that are singly
occupied:

I"Eg(e — a2)) = —= [ (ec (t20)) (a2(y) B) | — | (e (t20) B) (a2 (¥ ) |]

Eﬁ

1 .
|'Eg (e — o)) = 5 [[ (eo (2)r) (e0 0)B) | — [ (€0 (126)8) (e0 (¥)a)| (6.107)

— |(ec (t2g)) (ec (W) B) | + | (ec (t24) B) (e (¥)ex) []
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Table 6.5 Transfer-term contributions to ' A; — ' E CT transitions, with ¥ and yx acceptor or-
bitals

Y ligand orbitals x ligand orbitals

YE(ar — e(y)) 0 YE(a) — e(x)) V2!
YE(e — ax(¥)) 3k YE(e — ai(x)) 7
'E(e > e(¥)) 3k TE(e = e(x)) %K’

The resulting state transition-moments are then expressed in terms of orbital
transition-moments as:

('Arlel' Eo(e > a2)) = V2ec (128) Imlaz (V) = v/3/2k

1 1 (6.108)
("Arlrl Eg(e — ) =2(eg(128) Ilen (V) = /3/2K

On the other hand, the aj(#;¢) orbital does not delocalize over the ligands. As a
result, there can be no transfer term associated with transitions from this orbital. One
expects only a weak contact term. The lowest transition corresponds to aj(t2g) —
az (). The only non-zero coupling coefficient for this transition is (A1|A2A3). This
transition will thus be dipole allowed under p,/. Polarized absorption spectra are
in line with this analysis: the spectral onset of the CT region is characterized by
a weak absorption band in parallel polarization, followed by two strong absorption
bands in perpendicular polarization. This assignment is based on the assumption that
the vertical Franck—Condon excitations reach delocalized charge-transfer states. At
least in the case of Ru(bipy)?r, this is supported by detailed spectral measurements
[18]. An entirely similar analysis can be performed in the case when the ligand
orbital is of x-type. The transition-moments are collected in Table 6.5. In this case,
the ligand and metal part both transform as a; + e (see Table 6.4). As a result, three
transitions are found to carry transfer-term intensity, as indicated in Fig. 6.6.

Circular Dichroism

The tris-chelate compounds are chiral compounds, with an apparent helical struc-
ture, which can easily be related to their circular-dichroic properties by use of
symmetry selection rules. The CT transitions that we have just discussed cannot
be responsible for the primary CD strength, since they are in-plane polarized, and
thus do not carry intrinsic helicity. Instead, the prominent peaks in the CD spec-
trum are observed at higher energies, and are associated with the intra-ligand 7 77 *-
transitions. These transitions take place between occupied and virtual ligand-centred
orbitals which are of opposite signature, and hence are of type v — x or vice-versa.
Such transitions are long-axis polarized, i.e. the transition dipole moment is oriented
along the ligand bridge as shown in Fig. 6.7.
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Fig. 6.7 Allowed intra-ligand transitions from x- to ¥ -type ligand orbitals for tris-chelate com-
plexes with D3 symmetry. The circular dichroism has a lower right-circularly polarized (rcp) band
and an upper left-circularly polarized (Icp) band. This gives the CD spectrum the appearance of the
first derivative of a Gaussian curve, with a negative part at longer wavelength and a positive part at
shorter wavelength

We designate these dipole moments as ulf“, [Lll_!;, [LC These vectors can be ex-

pressed in a row notation for the primed x’, y’, z’ coordinate system as follows:

o)

N TE ﬁ) 6.109
o= (2’ 23" V3 (€10

drliss P

The scalar products between these orientations are equal to 1/2, which corresponds
to angles of 60°. Each of the three transitions gives rise to an excited state. In D3
symmetry these states transform as A, + E. The composition of these exciton states®
is as follows:

|'Az) = 7[(}(/4 ¥+ (s = ¥ + (e > vo)']
1
|1E9>=E[—(xBe v + (xc = vo)'] (6.110)
I'"E)= i[z(m =¥ = (s = ¥B)' — (xc > vo)']
V6

8The excitation creates an electron-hole pair, which can move from one ligand to another. This is
called an exciton.
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Here, the notation refers to a singlet orbital transition, which can be written in de-
terminantal form as:

1
(xa—¥a)' = ﬁ[|(XAa)(1ﬁAﬂ)| —|(xaB)Waa)|] (6.111)

To first approximation, the metal centre is not taking part in the electronic proper-
ties, but merely serves as a structural template which keeps the ligands in place.
Distant interactions between the three transitions can be described by a simple
exciton-coupling model. In this model, the interaction between transitions is approx-
imated by the electrostatic interaction potential between the corresponding transi-
tion dipoles. This potential is given by:

6.112)

! <ui w3 Rij) (! ~Rij>>
Vij -

= 3 5
dre Rl.j R; ;

where R;; is the distance between the dipoles, and R;; = R; — R;. The length of the
distance vector is thus +/3p. The energies of the exciton states are then given by:

2

1 1 (") 1

AV Ap) = —
PV )= e 67 .

2 '
1 1 (") 1
ElVI'E)=———— ——
(EIVIE] 4reg/3p3 1243

The ' A, state thus goes up in energy twice as much as the ' E state goes down,
thus keeping the barycentre energy at the zeroth-order position. Now, in order to
determine the CD strength, we need for the two states both the electric and the
magnetic transition dipoles from the ground state. The electric dipoles are easily
obtained by combining the state vectors:

1
p(*Ar = 1Ay) = —(ph + } + nl) =v2110.0,1)
V3
1 1
u(lAwlEe)zﬁ(zu',k—ul—uﬁ)zﬁu”w,l,m (6.114)
1 1
lA lE —_ (— I I - 1 1’0’0
n('Ar — 'Ep) ﬁ( pp+ i) S 1,00

The calculation of the magnetic transition dipoles requires a preamble. The magnetic
moment was already defined in Eq. (4.128) of Chap. 4. By explicitly writing the
angular momentum operator in terms of the linear momentum operator as r X p one
obtains:

e e

m:—%lz—%rxp (6.115)
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The commutator of the one-electron Hamiltonian with the position operator is given
by:

[H,r]=[<u+V(r)),r}=—@P (6.116)
2m m

Here, we used the Heisenberg commutator relation between the conjugate position
and momentum operators: [x, p,] = ih. The magnetic moment matrix element of
the intra-ligand transition with respect to the common origin of the coordinate sys-
tem is given by:

e e
my = (Yalm|xa) = —>—(Yal(Ra +7) X plxa) = —5—Ra x (Yalplxa)
2m 2m
(6.117)
where it was assumed that the chromophore has no intrinsic magnetic transition-

moment. The momentum matrix element in this equation can now be evaluated with
the help of Eq. (6.116):

(Walplxa) = %mmr — rH]xa)
im
= S ((Hyalrlxa) = (WalrHixa)

im
= f(Ew — Ex){(Yalrixa)
=2mimv{Yalrixa) (6.118)

Here, v is the frequency of the intra-ligand transition. The combination of this result
with Eq. (6.117) yields:

ﬁl)

my =imv(Ry x ;L!L) =imvpul (0, -,

3 V3
mp = imv(Ry x ply) = imvppl (=, L (6.119)
B B ILB) ITVpou \/5’«/3’\/5 .
mc =inv(Re x pp) =imvpp VAN NG

As we indicated the above formalism applies to chromophores that have no intrinsic
magnetic moment.

m(' A1 =" 4)) = —(m} +m) + ml) = izvoul 0,0, 1)

m('A; > E)=—(2m!, —ml, —ml) = —izvpul0,1,0) (6.120)

m('A; = Eg) = —(-m} +m}) = —izvoul (1,0,0)

Sl &= 6l
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A transition will be characterized by a helical displacement of the electron if the
magnetic and electric transition dipoles are aligned. This is reflected in the Rosen-
feld equation for the CD intensity or rotatory strength, R, ;, for a transition from a
ground state a to an excited state j in a collection of randomly-oriented molecules:

Raj=Im{(alplj) - (jlmla)} (6.121)

Straightforward application to the exciton bands yields:
R(lAl — 1Ag) = x/irrv,o(u”)z
1 2
1 1 _ I
A E)=——
R( A1 = Ee) = =5 () (6.122)
1 2
R('A; = "Eg) = ———=mvp(u!
( )=o)

The out-of-plane polarized transition to the ' A, state, which lies at higher energy,
has a positive CD signal, while the in-plane polarized transition to the lower ' E state
has a negative CD signal. The latter transition consists of two components along the
two in-plane directions. Summing over the three components in Eq. (6.122), shows
that the total rotatory strength, for randomly-oriented molecules, is exactly zero.
This is a general sum rule for CD spectra. If one now takes the spectrum of the chiral
antipode, the A tris-chelate complex, the spectra are exactly the same but the signs
are reversed. Mirror image in actual geometry thus becomes reflection symmetry in
the spectrum.

6.9 Induction Revisited: The Fibre Bundle

In Chap. 4 we left induction after the proof of the Frobenius reciprocity theorem.
In that proof the important concept of the positional representation was introduced.
This described the permutation of the sites under the action of the group elements.
Further, we defined local functions on the sites which transformed as irreps of the
site symmetry. As an example, if we want to describe the displacement of a cluster
atom in a polyhedron, two local functions are required: a totally-symmetric one for
the radial displacement and a twofold-degenerate one for the tangential displace-
ments. In cylindrical symmetry, these are labelled o and 7, respectively. The me-
chanical representation, i.e. the representation of the cluster displacements, is then
the sum of the two induced representations:

Ineen=T(H1G)+T'(wH1G) (6.123)
As an example using the induction tables in Sect. C.2 for an octahedron, we have:

Inech = (A1g + Eg + T1y) + (Thg + Tog + T1y + T2y) (6.124)
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This is precisely the set of fluorine displacements that we constructed in Sect. 4.8 in
order to describe the vibrational modes of UFg. One remarkable result of induction
theory is that the mechanical representation can also be obtained as the direct prod-
uct of the positional representation and the translational representation, 77, ; this is
the representation of the three displacements of the centre of the cluster.

TInech = T1y X (A1g + Eg + Thu)
=Ty + (T + Tou) + (Alg + Eg + Tlg + TZg) (6125)

It is as if the displacements of the central point of the octahedron were relocated to
every ligand site. The elementary function space of the displacements of the central
atom, which transforms as the translational irrep, Ty, is called the standard fibre.
This fibre is attached to every site of the cluster, and the set of these fibres is the
fibre bundle. The action of the group permutes fibres of the bundle. The following
induction theorem holds:

Theorem 14 Consider a standard fibre, consisting of a function space that is in-
variant under the action of the group. In a cluster of equivalent sites, we can form
a fibre bundle by associating this standard fibre with every site position. The in-
duced representation of the fibre bundle is then the direct product of the irrep of the
standard fibre with the positional representation.

For V being the representation of the standard fibre, 77, in our example, and P
the positional representation of the set of equivalent sites in the molecule, one has
for the induced representation:

I'({(VIH1+G)=V xP(H 1 G) (6.126)

For a proof of this theorem, we refer to the literature [19, 20]. The theorem is not
only applicable to molecular vibrations but is also directly in line with the LCAO
method in molecular quantum chemistry. In this method the molecular orbitals
(MOs) are constructed from atomic basis sets that are defined on the constituent
atoms. An atomic basis set, such as 3d or 4 f, corresponds to a fibre, emanating, as
it were, from the atomic centre. Usually, such basis sets obey spherical symmetry,
since they are defined for the isolated atoms. As such, they are also invariant under
the molecular point group [21]. As an example, a set of 4 f polarisation functions on
a chlorine ligand in a RhClg_ complex is itself adapted to octahedral symmetry as
azy, + t1y + 12, This representation thus corresponds to V. In the Cy, site symmetry
these irreps subduce: aj + by + by + 2e. According to the theorem, the LCAOs based
on the 4 f orbitals thus will transform as:

I'({a1 + by + by + 2e}Cyy 1 Op)

= (a +tu +t2y) X (a1g +eg +11y)

=aig+axy+ 2€g + Zl‘lg + 3t2g + ax, + e, +3t1, + 32,  (6.127)
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In this LCAO space several irreps occur multiple times, but they can all be distin-
guished by the specific direct product from which they originated.

6.10 Application: Bonding Schemes for Polyhedra

Leonhard Euler dominated the mathematics of the 18th century. One of his famous
discoveries was the polyhedral theorem, which marks the beginning of topology.
A polyhedron has three structural elements: vertices, edges, and faces.” The num-
bers of these will be represented as v, e, and f, respectively. Then, for a polyhedron,
the following theorem holds:

Theorem 15 In a convex polyhedron the alternating sum of the numbers of vertices,
edges, and faces is always equal to 2.

v—e+ f=2 (6.128)

As an example,inacubeonehasv =8,e =12, f =6,and hence 8§ — 12+ 6 =2.
The 2 in the right-hand side of Eq. (6.128) is called the Euler invariant. It is a fopo-
logical characteristic. Topology draws attention to properties of surfaces, which are
not affected when surfaces are stretched or deformed, as one can do with objects
made of rubber or clay. Topology is thus not concerned with regular shapes, and in
this sense seems to be completely outside our subject of symmetry; yet, as we intend
to show in this section, there is in fact a deep connection, which also carries over to
molecular properties. The surface to which the 2 in the theorem refers is the surface
of a sphere. A convex polyhedron is indeed a polyhedron which can be embedded
or mapped on the surface of a sphere. Group theory, and in particular the induction
of representations, provides the tools to understand this invariant. To this end, each
of the terms in the Euler equation is replaced by an induced representation, which
is based on the particular nature of the corresponding structural element. In Fig. 6.8
we illustrate the results for the case of the tetrahedron.

e The vertices, being zero-dimensional points, form a set of nodes, {(u)}, which are
permuted under the symmetry operations of the polyhedron. The representation
of this set is the positional representation, I, (v). The o here refers to the fact that
the sites themselves transform as totally-symmetric objects in the site group. If
the cluster contains several orbits, the induced representation is of course the sum
of the individual positional representations. In Fig. 6.8 the vertex representation is
A1+ T». In Sect. 4.7 we have already encountered these irreps, when discussing
the sp> hybridization of carbon.

T,(W)=T@Cu 1 T)=A1+ T (6.129)

°In geometry a vertex is a point were two or more lines meet.
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Fig. 6.8 Face, edge and vertex SALCs for a tetrahedron. The § symbol denotes taking the bound-
ary, from faces to edges, and from edges to vertices (see text). The two topological invariants are
the A, face term and the A vertex term

e The edges are one-dimensional lines. They form a set of ordered pairs, {(«, v)}.
Each of these can be thought of as an arrow, directed along the edge. The sym-
metry operations will interchange these arrows, but may also change their sense.
The corresponding representation is labelled as I (e). This symbol indicates that
the basic objects on the edge sites are not symmetric points but directed arrows.
The site group through the centre of an edge has maximal symmetry C», and in
this site group the arrows transform as the b; irrep, which is symmetric under
reflection in a plane containing the edge and antisymmetric under the symme-
try plane perpendicular to the edge. For a tetrahedron there are six edge vectors,
transforming as 71 + 7.

Ne)=rbiCawtTy="T~+1 (6.130)

The faces may be represented as closed chains of nodes, which are bordering
a polyhedral face, {{(u, v, w,...)}. The sequence forms a circulation around the
face, in a particular sense (going from (1) to (w) over (v), etc.). The set of face
rotations forms the basis for the face representation, which is denoted as I'((f).
In a polyhedron the maximal site group of a face is C,,, and in this site group
the face rotation transforms as the rotation around the é‘n axis, i.e. it is symmetric
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under the axis and antisymmetric with respect to the vertical 6, planes, which
invert the sense of rotation. For the tetrahedron, the face circulations transform as
Ay + T, as shown in Fig. 6.8.

I =TaC3 1Ty =A2+T (6.131)
The following theorem [22] applies:

Theorem 16 The alternating sum of induced representations of the vertex nodes,
edge arrows, and face rotations, is equal to the sum of the totally-symmetric repre-
sentation, 17, and the pseudo-scalar representation, I'c. The latter representation
is symmetric under proper symmetry elements and antisymmetric under improper
symmetry elements.

Iy (v) = Tj(e) + T (f) = Ty + I (6.132)

The Euler theorem may be considered as the dimensional form of this theorem,
which states that the alternating sum of the characters of the induced representations
under the unit element, E is equal to 2, but the present theorem extends this char-
acter equality to all the operations of the group. The theorem silently implies that
irreps can be added and subtracted. In the example of the tetrahedron, the theorem
is expressed as:

Icw)y—Lie)+I(f)=A1+0)—(T1+T2)+ (A2 + 1) = A1 + Ay (6.133)

A straightforward interpretation of the theorem is possible in terms of fluid flow
on the surface of a polyhedron.'” Suppose observers are positioned on the vertices,
edge centres and face centres, and register the local fluid flow. When the incoming
and outgoing currents at a node are not in balance, the observers located on these
nodes will report piling up or depletion of the local fluid level. This is the scalar
property represented by the vertex term. The corresponding connection between
edge flow and vertex density is expressed by the boundary operation, indicated by
8 in Fig. 6.8. Taking the boundary of an edge arrow means replacing the arrow by
the difference of two vertex-localized scalars: a positive one (indicated by a white
circle in the figure) at the node to which the arrow’s head is pointing, and a negative
one (indicated by a black circle) at the node facing the arrow’s tail. This projection
from edge to vertex will not change the symmetry. Hence, in this way, the boundary
of the T edge irrep is the 7> vertex SALC, as illustrated in the figure. Similarly,
observers in face centres will notice the net current that is circulating around the
face. Such a circular current through the edges does not give rise to changes at the
nodes (indeed the incoming flow at a node is also leaving again), but is observable
from the centre of the face around which the current is circulating. The boundaries

19This flow description provides a simple pictorial illustration of the abstract homology theory.
The standard reference is: [23].
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of circular currents around face centres are thus chains of arrows on the edges,
which again conserve the symmetry. In Fig. 6.8 the boundary of the 7} face term is
thus the 77 edge term. Clearly, the sum of the vertex and face observations should
account for all currents going through the edges, except for two additional terms
which escape edge observations. These are the two Euler invariants: the totally-
symmetric Iy component corresponds to a uniform change of fluid amplitude at all
vertex basins. This does not give rise to edge currents, since it creates no gradients
over the edges. The other is the I'. component. It corresponds to a simultaneous
rotation around all faces in the same sense. Again, such rotor flows do not create net
flows through the edges, because two opposite currents are flowing through every
edge. The Euler invariant thus points to two invariant characteristic modes of the
sphere. They are not boundaries of a mode at a higher level, nor are they bounded
by a mode at a lower level. The phenomena, that these two terms describe, might
also be referred to in a topological context as the electric and magnetic monopoles.

Because of this connection to density and current, this theorem may be applied in
various ways to describe chemical bonding, frontier orbital structure, and vibrational
properties. The applications of this theorem can be greatly extended by introducing
fibre representations, as is shown below.

Taking the Dual To take the dual of a polyhedron is to replace vertices by faces
and vice-versa, as was already mentioned in Sect. 3.7 in relation to the Platonic
solids. The dual has the same number of edges as the original, but every edge is
rotated 90°. Hence the relations between v?, e?, f D for the dual and v, e, f for the
original are:

szf
P =e (6.134)
fP=v

As a result the Euler formula is invariant under the dual operation.
v—e+ f=vP —eP 4+ fP =2 (6.135)

A similar invariance holds for the symmetry extension, but in this case “to take the
dual” corresponds to multiplying all terms by the pseudo-scalar irrep I. The terms
are then changed as follows:

Iy (v) x Ie = T's() = I (fP)
i(e) x I = I’ (e) = I (e)

Io(f) x Te = o (f) = I, (vP)
To+T) xTe=Ty+ I

(6.136)

Hence, if the theorem holds for the original, it also holds for the dual.

(T @ =@+ T () x Te = T (vP) = 1(eP) + To (fP) = To+ e (6.137)
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Note especially the fibre modification of the edge term. The maximal local sym-
metry of an edge is Cy,. The arrow along the edge transforms as b;, while the
pseudo-scalar irrep in Cy, is ap. The product by x a; produces b,, which is precisely
the symmetry of an arrow, tangent to the surface of the polyhedron, but directed
perpendicular to the edge. Multiplication with the pseudo-scalar irrep thus has the
effect of rotating the edges through 90°. In Eq. (6.136) the resulting representation
is denoted as I'| (e).

Deltahedra Deltahedra are polyhedra that consist entirely of triangular faces.
Three of the Platonic solids are deltahedra: the tetrahedron, the octahedron and
the icosahedron. In a convex deltahedron the bond stretches (i.e. stretchings of the
edges) span precisely the representation of the internal vibrations. In other words,
a convex deltahedron cannot vibrate if it is made of rigid rods. This is the Cauchy
theorem:

Theorem 17 Convex polyhedra in three dimensions with congruent corresponding
faces must be congruent to each other. In consequence, if a polyhedron is made up
of triangles with rigid rods, the angles between the triangular faces are fixed.

This result can be cast in the language of induced representations. The stretchings
of the edges correspond to scalar changes of edge lengths and transform as o -type
objects, and hence will correspond to I, (¢). On the other hand, the internal vibra-
tions span the mechanical representation, which can be written as a bundle of the
translation, minus the spurious modes of translation and rotation. The symmetries
of these will be denoted as I'r and I'g, respectively. One thus has:

Deltahedron: I,(v) x I'r — 't — I'r = I'x(e) (6.138)

Trivalent Polyhedra The dual of a deltahedron is a trivalent polyhedron, meaning
that every vertex is connected to three nearest neighbours. The fullerene networks of
carbon are usually trivalent polyhedra. This reflects the sp? hybridization of carbon,
which can form three o-bonds. Also in this case several specialized forms of the
Euler symmetry theorem can be formulated. We may start from Eq. (6.138) and
replace vertices by faces. The edge terms remain the same since they are totally
symmetric under the local symmetries of the edges. Rotations of the edges by 90°
will thus not affect these terms.

Trivalent: I, (f) x It —I't —IrR=14(e) (6.139)

Furthermore, by multiplying the vertices in a trivalent polyhedron by three, we have
accounted for all the edges twice, since each edge is linked to two vertices, hence:

Trivalent: 3v=2e (6.140)

The 3v in this formula suggests once again taking the fibre representation
I';(v) x I'r. In doing so we have considered on each vertex one o and two &
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Fig. 6.9 Edge bonding in electron-precise trivalent cages. The valence shell splits into an occupied
set of localized edge-bonds, and a matching virtual set of edge-anti-bonds. The sets may be further
differentiated by use of the symmetry theorems

objects. Hence, this is not only the mechanical representation with three displace-
ments on each vertex, but it is equally well the symmetry of a set of sp? hybrids on
every vertex, directed along the three edges. Along each edge the hybrids at either
end can be combined in a local bonding and anti-bonding combination. The cor-
responding induced representations are respectively: I, (e) and I (e); hence, the
symmetry extension of Eq. (6.140) reads:

Trivalent: I, () x I't =1T5(e) + I(e) (6.141)

Edge Bonding in Trivalent Polyhedra

The understanding of the bonding schemes in polyhedra is based on the correct
identification of the local hybridization scheme on the constituent fragments. Triva-
lent polyhedra are often electron-precise: this means that the fragment has three
electrons in three orbitals, which are available for cluster bonding and give rise to
edge-localized o -bonds. Such is the case for the methyne fragment, CH, forming
polyhedranes, but equally well for the isolobal [24] organo-transition-metal frag-
ments such as M(CO)3, where M is a d° metal such as Co, Rh or Ir. Figure 6.9
shows the bonding pattern based on such electron-precise fragments. As indicated
before, the orbital basis corresponds to the fibre representation I, (v) x I'r, and con-
tains 3n orbitals. Local interactions along the edges will split this orbital basis into
an occupied o -bonding half and a virtual o -anti-bonding counterpart, transforming
as I';(e) and I (e), respectively. This is precisely the result of Eq. (6.141). Now,
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for each half, a more detailed pattern can be discerned [25]. For the anti-bonding
orbitals, the general theorem, Eq. (6.132), can be applied directly. The result is il-
lustrated in Fig. 6.9. By this theorem, the 3n/2 edge anti-bonds are split into two
subsets containing (1 + n/2) and (n — 1) orbitals. The former, higher lying, sub-
set transforms as Iy — I'¢. These terms correspond to circulations around the faces,
which means that these levels will be highly anti-bonding. In fact, they are always at
the top of the skeletal spectrum. Note that the pseudo-scalar term, I, does not take
part. This is because a uniform circulation around all faces in the same sense has no
contribution on the edges. Below this is a subset of weakly anti-bonding orbitals,
transforming as I'; (v) — . These orbitals are more localized on the vertices. The
Iy term is not included since this is the totally-symmetric molecular orbital which
is completely bonding, and thus will appear in the lower half of the diagram.
Furthermore, the edge-bonding half can be analysed with the help of Eq. (6.139).
The 3n/2 edge bonds split into two subsets of dimension (n — 2) and (2 + n/2).
This analysis involves the fibre representation I, (f) x I'r, which can be decom-
posed into aradial o - and tangential r -part. The o -part corresponds to cylindrically-
symmetric bonds around the faces, and will thus be strongly bonding. For the 7 -part
the face terms contain a nodal plane through the faces, and thus will be less bonding.

Frontier Orbitals in Leapfrog Fullerenes

Fullerenes are trivalent polyhedra of carbon, consisting of hexagons and pentagons.
The following relations hold:

v—e+ f=2

3v=2e
(6.142)

fs+fe=1f

5fs+6fs=3v

The first two relationships are from Eqgs. (6.128) and (6.140). The third expresses
that the total number of the faces is the sum of the number of pentagons ( fs5), and
hexagons ( fg). The final equation indicates that by counting the hexagons six times,
and the pentagons five times, we have counted all vertices three times, since ev-
ery vertex is at the junction of three faces. Even though there are fewer equations,
here, than unknowns, it can easily be seen by manipulation of Eq. (6.142) that the
only value that the number of pentagons, fs, can take on is 12. Hence, the smallest
fullerene is the dodecahedron C»q, which only consists of pentagons. Also note that
the number of atoms in a fullerene must be even, since 3v must be divisible by 2, as
e is an integer. Taking the leapfrog, L, of a primitive fullerene, P, is an operation of
cage expansion, which yields a fullerene with three times as many atoms [26]. This
procedure is described by the following rule:

L = Dual(OmnicapP) (6.143)
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Fig. 6.10 The leapfrog
extension consists of two
operations: first, place an
extra atom in the centres of
all the polygons (middle
panel), then, take the dual.
The result is indicated by the
solid lines in the right panel

P -> omnicap - O(P) -> dualize - L

It involves two operations, which are carried out consecutively, as illustrated in
Fig. 6.10. One first places an extra capping atom on all pentagons and hexagons.
This leads to a cage which consists only of triangles, and this is a deltahedron. By
taking the dual one restores a trivalent cage. As can be seen, all vertices of the prim-
itive have been turned into hexagons, while the original pentagons and hexagons
are recovered, but in a rotational stagger. The edges of the primitive are also re-
covered, but rotated 90°. In summary, the leapfrog operation inserts 6 vertices in
the hexagons of P, and 5 vertices in the pentagons, which, according to the final
expression in Eq. (6.142), multiplies the number of atoms by 3. The first and best
known leapfrog is Buckminsterfullerene, Cgg, which is the leapfrog of the dodec-
ahedron itself. Each carbon atom contributes, besides the sp2 orbitals, which build
the o -frame, one radial p,-orbital. These orbitals form 7-bonds which control the
frontier orbitals of fullerenes. In the case of the leapfrog, this frontier MO region
is always characterized by six low-lying almost non-bonding orbitals, which, more-
over, always transform as I'r 4+ I'g. This can be explained with the help of the Euler
rules [27].

As in the case of Cg, all leapfrogs can be considered to be truncations of the
primitive fullerenes, in the sense that all the faces of the primitive have become iso-
lated islands, surrounded by rings of hexagons. With every bond of the primitive
is associated a perpendicular bond, which always forms a bridge between these is-
lands. Based on this neat bond separation, two canonical valence-bond frames can
be constructed for the leapfrog, which in a sense are the extremes of a correlation
diagram, with the actual bonding somewhere in between. These bond schemes are
known as the Fries and the Clar structures. The Fries structure is an extreme case
where all bridges are isolated 7 -bonds. The induced representation for these bonds
corresponds to I, (ef). On the other hand, in the Clar structures the bonding is
completely redistributed to aromatic sextets on the hexagonal and pentagonal is-
lands. The corresponding representation is the fibre bundle I, (f ) x I'r. We now
compare the representations of both bonding schemes, using the symmetry theo-
rems. We start with the main theorem, applied to the primitive P, and multiply left
and right with I'g.

Ly (vP) x Tp = (") x Tr + T (f7) x TR =Tr + Ik (6.144)
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Fries - structure Clar - structure

1

30 edge I+ 1% 24 face &

- antibonds antibonds
4
24 facen
bonds
30 edge
n- bonds

12 face o bonds

Fig. 6.11 Correlation diagram for Cep. The Fries and Clar structures are bonding extremes, where
double bonds are either localized on the 30 bonds between the pentagons (Fries), or form isolated
aromatic sextets on the twelve pentagons. The true conjugation scheme is found in between, and is
characterized by six unoccupied levels, which are anti-bonding in the Fries structure and bonding
in the Clar structure, and which transform as rotations and translations. Buckminsterfullerene has
low-lying LUMO and LUMO+1 levels of t1,(I'r) and t14(I'r) symmetry

Since I'g = I't x I'¢, we could already simplify the face term to a form which
precisely corresponds to the Clar representation:

Is(f7) x Tr=To (£7) x I'r = Iotar (6.145)
The vertex term can be expressed with the help of Eq. (6.141):

Trivalent: I, (v7) x I'g = Iy (e”) x It + I(e”) x I'e = I's(eF) + I (eF)
(6.146)

where the pseudo-scalar irrep turns a o -object into a circular current, and rotates the
parallel edge current over 90°. Note that this is applied in the primitive cage, to the
edges of P only. To complete the derivation one final fibre bundle is needed, which
applies to all convex polyhedra:

Iy(e) x Iy = Ty(e) + (&) + T (e) (6.147)

This result is based on the Cy, site-symmetry of an edge. The translation in this
site has a radial o-component of a; symmetry, and two tangential 7 -components
of b1 4+ by symmetry. The fibre bundle will thus correspond to the induction of
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ai + by + b, which is precisely the meaning of the three terms on the right-hand
side of Eq. (6.147). This expression may be transformed in two steps to the term
which is required in the derivation. One first changes the substrate of the fibre from
I (e) to I(e). This associates the edges with by objects, and combination with
ai + by + by will thus yield by + aj + ap, or:

Ii(e) x I'r =T (e) + I5(e) + I (e) (6.148)
Finally, multiply this result by I:
LNi(e) x I'r=T"1(e) +Tx(e) + I, (e) (6.149)
We now combine Eqgs. (6.146) and (6.149), and find:
Trivalent:  Ij(e”) x I'g — I, (v") x Tk = Iy (") = Tries (6.150)

This is precisely the representation of the Fries bonds. We can thus compare the
Fries and Clar structures in a general leapfrog, and find from Eq. (6.144):

IClar — TFries = I'T + IR (6.151)

The Clar structure thus has six extra bonding orbitals as compared with the Fries
structure. When both bonding schemes are correlated, as illustrated in Fig. 6.11,
this sextet must correlate with the anti-bonding half of the Fries structure. It will
thus be placed on top of the Clar band, and actually be nearly non-bonding, forming
six low-lying virtual orbitals, which explains the electron deficiency of the leapfrog
fullerenes. Moreover, as the derivation shows, they transform exactly as rotations
and translations.

6.11 Problems

6.1 A three-electron wavefunction in an octahedron is given by:
¥ = |(t1ux0) (t1,ya) (t1,20) | (6.152)

The vertical bars denote a Slater determinant. Determine the symmetry of this
function, starting from parent two-electron coupled states, to which the third
electron is coupled. Make use of the coupling coefficients in Appendix F.

6.2 Write the Jahn-Teller matrix for a threefold degenerate 77, level in an icosahe-
dral molecule. How many reduced matrix elements are needed?

6.3 Do you expect octahedral e, orbitals to show a magnetic dipole moment?

6.4 Binaphthyl consists of two linked naphthalene molecules. The dihedral angle
between the two naphthyl planes is around 70°, and can be stabilized by bulky
substituents on the naphthyl units, as indicated below for the case of 2, 2’-di-
biphenylphosphine-1, 1’-binaphthyl. A circular dichroism signal is detected in
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the UV region, corresponding to the long-axis polarized transitions of the naph-
thyl units (indicated by the arrows in the figure). Construct the appropriate ex-
citon states and determine the CD profile of the two enantiomers of binaphthyl.

= C

R) PPh, PPh,

PPh, () PPh,
a ‘

6.5 A diradical is a molecule with two open orbitals, each containing one electron.
Consider as an example twisted ethylene (Dy; symmetry, see Fig. 3.9). The
HOMO is a degenerate e-orbital, occupied by two electrons. Construct the ¢?
diradical states for this molecule, and determine their symmetries.

6.6 Planar trimethylenemethane (TMM), C4 Hg, is a diradical with trigonal symme-
try. Determine the Hiickel spectrum for the four carbon p,-orbitals perpendic-
ular to the plane of the molecule. The HOMO in D3, has ¢” symmetry and is
also occupied by two electrons. Determine the corresponding diradical states,
and compare with the results for twisted ethylene. How would you describe the
valence bond structure of this molecule?

H\C/H

c
H\T/ \cl/H

H H
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