
Chapter 2

Single-Particle Motions

2.1 Introduction

What makes plasmas particularly difficult to analyze is the fact that the densities

fall in an intermediate range. Fluids like water are so dense that the motions of

individual molecules do not have to be considered. Collisions dominate, and the

simple equations of ordinary fluid dynamics suffice. At the other extreme in very

low-density devices like the alternating-gradient synchrotron, only single-particle

trajectories need be considered; collective effects are often unimportant. Plasmas

behave sometimes like fluids, and sometimes like a collection of individual parti-

cles. The first step in learning how to deal with this schizophrenic personality is to

understand how single particles behave in electric and magnetic fields. This chapter

differs from succeeding ones in that the E and B fields are assumed to be prescribed
and not affected by the charged particles.

2.2 Uniform E and B Fields

2.2.1 E¼ 0

In this case, a charged particle has a simple cyclotron gyration. The equation of

motion is

m
dv

dt
¼ qv� B ð2:1Þ

Taking ẑ to be the direction of B (B¼B ẑ ), we have
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m _vx ¼ qBvy m _vy ¼ �qBvx m _vz ¼ 0

€vx ¼ qB

m
_vy ¼ � qB

m

� �2

vx

€vy ¼ � qB

m
_vx ¼ � qB

m

� �2

vy

ð2:2Þ

This describes a simple harmonic oscillator at the cyclotron frequency, which we

define to be

ωc� qj jB
m

ð2:3Þ

By the convention we have chosen, ωc is always nonnegative. B is measured in

tesla, or webers/m2, a unit equal to 104 G. The solution of Eq. (2.2) is then

vx, y ¼ v⊥exp �iωctþ iδx, y
� �

the � denoting the sign of q. We may choose the phase δ so that

vx ¼ v⊥e
iωct ¼ _x ð2:4aÞ

where v⊥ is a positive constant denoting the speed in the plane perpendicular to B.

Then

vy ¼ m

qB
_vx ¼ � 1

ωc
_vx ¼ �iv⊥e

iωct ¼ _y ð2:4bÞ

Integrating once again, we have

x� x0 ¼ �i
v⊥
ωc

eiωct y� y0 ¼ � v⊥
ωc

eiωct ð2:5Þ

We define the Larmor radius to be

r L � v⊥
ωc

¼ mv⊥
qj jB ð2:6Þ

Taking the real part of Eq. (2.5), we have

x� x0 ¼ rL sinωct y� y0 ¼ � r L cosωct ð2:7Þ

This describes a circular orbit around a guiding center (x0, y0) which is fixed

(Fig. 2.1). The direction of the gyration is always such that the magnetic field
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generated by the charged particle is opposite to the externally imposed field. Plasma

particles, therefore, tend to reduce the magnetic field, and plasmas are diamagnetic.
In Fig. 2.1, the right-hand rule with the thumb pointed in the B direction would give

ions a clockwise gyration. Ions gyrate counterclockwise to generate an opposing B,

thus lowering the energy of the system. In addition to this motion, there is an

arbitrary velocity vz along B which is not affected by B. The trajectory of a charged

particle in space is, in general, a helix.

2.2.2 Finite E

If now we allow an electric field to be present, the motion will be found to be the

sum of two motions: the usual circular Larmor gyration plus a drift of the guiding

center. We may choose E to lie in the x–z plane so that Ey¼ 0. As before, the

z component of velocity is unrelated to the transverse components and can be

treated separately. The equation of motion is now

m
dv

dt
¼ q Eþ v� Bð Þ ð2:8Þ

whose z component is

dvz
dt

¼ q

m
Ez

or

vz ¼ qEz

m
tþ vz0 ð2:9Þ

This is a straightforward acceleration along B. The transverse components of

Eq. (2.8) are

Fig. 2.1 Larmor orbits

in a magnetic field

2.2 Uniform E and B Fields 21



dvx
dt

¼ q

m
Ex � ωcvy

dvy
dt

¼ 0� ωcvx

ð2:10Þ

Differentiating, we have (for constant E)

€vx ¼ �ω2
cvx

€vy ¼ �ωc
q

m
Ex � ωcvy

� �
¼ �ω2

c

Ex

B
þ vy

� �
We can write this as

d2

dt2
vy þ Ex

B

� �
¼ �ω2

c vy þ Ex

B

� �
ð2:11Þ

so that Eq. (2.11) is reduced to the previous case (Eq. (2.2)) if we replace vy by

vy + (Ex/B). Equations (2.4a) and (2.4b) are therefore replaced by

vx ¼ v⊥e
iωct

vy ¼ �iv⊥e
iωct � Ex

B

ð2:12Þ

The Larmor motion is the same as before, but there is superimposed a drift vgc of the

guiding center in the �y direction (for Ex> 0) (Fig. 2.2).

To obtain a general formula for vgc, we can solve Eq. (2.8) in vector form.

We may omit the m dv/dt term in Eq. (2.8), since this term gives only the circular

motion at ωc, which we already know about. Then Eq. (2.8) becomes

E þ v � B ¼ 0 ð2:13Þ

Fig. 2.2 Particle drifts in crossed electric and magnetic fields
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Taking the cross product with B, we have

E� B ¼ B� v� Bð Þ ¼ vB2 � B v � Bð Þ ð2:14Þ
The transverse components of this equation are

v⊥gc ¼ E� B=B2 � vE ð2:15Þ

We define this to be vE, the electric field drift of the guiding center. In magnitude,

this drift is

vE ¼ E V=mð Þ
B teslað Þ

m

sec
ð2:16Þ

It is important to note that vE is independent of q, m, and v⊥. The reason is

obvious from the following physical picture. In the first half-cycle of the ion’s orbit
in Fig. 2.2, it gains energy from the electric field and increases in v⊥ and, hence,

in rL. In the second half-cycle, it loses energy and decreases in rL. This difference
in rL on the left and right sides of the orbit causes the drift vE. A negative electron

gyrates in the opposite direction but also gains energy in the opposite direction; it

ends up drifting in the same direction as an ion. For particles of the same velocity

but different mass, the lighter one will have smaller rL and hence drift less per

cycle. However, its gyration frequency is also larger, and the two effects exactly

cancel. Two particles of the same mass but different energy would have the same

ωc. The slower one will have smaller rL and hence gain less energy from E in a half-

cycle. However, for less energetic particles the fractional change in rL for a given

change in energy is larger, and these two effects cancel (Problem 2.4).

The three-dimensional orbit in space is therefore a slanted helix with changing

pitch (Fig. 2.3).

Fig. 2.3 The actual orbit of a gyrating particle in space
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2.2.3 Gravitational Field

The foregoing result can be applied to other forces by replacing qE in the equation

of motion (2.8) by a general force F. The guiding center drift caused by F is then

v f ¼ 1

q

F� B

B2
ð2:17Þ

In particular, if F is the force of gravity mg, there is a drift

vg ¼ m

q

g� B

B2
ð2:18Þ

This is similar to the drift vE in that it is perpendicular to both the force and B, but it

differs in one important respect. The drift vg changes sign with the particle’s charge.
Under a gravitational force, ions and electrons drift in opposite directions, so there

is a net current density in the plasma given by

j ¼ n M þ mð Þ g� B

B2
ð2:19Þ

The physical reason for this drift (Fig. 2.4) is again the change in Larmor radius as

the particle gains and loses energy in the gravitational field. Now the electrons

gyrate in the opposite sense to the ions, but the force on them is in the same

direction, so the drift is in the opposite direction. The magnitude of vg is usually

negligible (Problem 2.6), but when the lines of force are curved, there is an effective

gravitational force due to centrifugal force. This force, which is not negligible, is
independent of mass; this is why we did not stress the m dependence of Eq. (2.18).

Centrifugal force is the basis of a plasma instability called the “gravitational”

instability, which has nothing to do with real gravity.

Fig. 2.4 The drift of a gyrating particle in a gravitational field
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Problems

2.1. Compute rL for the following cases if vk is negligible:

(a) A 10-keV electron in the earth’s magnetic field of 5� 10�5 T.

(b) A solar wind proton with streaming velocity 300 km/s, B¼ 5� 10�9 T.

(c) A 1-keV He+ ion in the solar atmosphere near a sunspot, where

B¼ 5� 10�2 T.

(d) A 3.5-MeV He++ ash particle in an 8-T DT fusion reactor.

2.2. In the TFTR (Tokamak Fusion Test Reactor) at Princeton, the plasma was

heated by injection of 200-keV neutral deuterium atoms, which, after entering

the magnetic field, are converted to 200-keV D ions (A¼ 2) by charge

exchange. These ions are confined only if rL� a, where a¼ 0.6 m is the

minor radius of the toroidal plasma. Compute the maximum Larmor radius

in a 5-T field to see if this is satisfied.

2.3. An ion engine (see Fig. 1.6) has a 1-T magnetic field, and a hydrogen plasma is

to be shot out at an E�B velocity of 1000 km/s. How much internal electric

field must be present in the plasma?

2.4. Show that vE is the same for two ions of equal mass and charge but different

energies, by using the following physical picture (see Fig. 2.2). Approximate

the right half of the orbit by a semicircle corresponding to the ion energy after

acceleration by the E field, and the left half by a semicircle corresponding to

the energy after deceleration. You may assume that E is weak, so that the

fractional change in v⊥ is small.

2.5. Suppose electrons obey the Boltzmann relation of Problem 1.5 in a cylindri-

cally symmetric plasma column in which n(r) varies with a scale length λ; that
is, ∂n/∂r’�n/λ.

(a) Using E ¼ �∇ϕ, find the radial electric field for given λ.
(b) For electrons, show that finite Larmor radius effects are large if vE is as

large as vth. Specifically, show that rL¼ 2λ if vE¼ vth.
(c) Is (b) also true for ions?

Hint: Do not use Poisson’s equation.
2.6. Suppose that a so-called Q-machine has a uniform field of 0.2 T and a

cylindrical plasma with KTe¼KTi¼ 0.2 eV. The density profile is found

experimentally to be of the form

n ¼ n0exp exp �r2=a2
� �� 1

� 	
Assume the density obeys the electron Boltzmann relation n¼ n0
exp (eϕ/KTe).

(a) Calculate the maximum vE if a¼ 1 cm.

(b) Compare this with vg due to the earth’s gravitational field.
(c) To what value can B be lowered before the ions of potassium (A¼ 39,

Z¼ 1) have a Larmor radius equal to a?
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2.7. An unneutralized electron beam has density ne¼ 1014 m�3 and radius a¼ 1 cm

and flows along a 2-T magnetic field. If B is in the +z direction and E is the

electrostatic field due to the beam’s charge, calculate the magnitude and

direction of the E�B drift at r¼ a (See Fig. P2.7).

Fig. P2.7

2.3 Nonuniform B Field

Now that the concept of a guiding center drift is firmly established, we can discuss

the motion of particles in inhomogeneous fields—E and B fields which vary in

space or time. For uniform fields we were able to obtain exact expressions for the

guiding center drifts. As soon as we introduce inhomogeneity, the problem becomes

too complicated to solve exactly. To get an approximate answer, it is customary to

expand in the small ratio rL/L, where L is the scale length of the inhomogeneity.

This type of theory, called orbit theory, can become extremely involved. We shall

examine only the simplest cases, where only one inhomogeneity occurs at a time.

2.3.1 ∇B⊥B: Grad-B Drift

Here the lines of force1 are straight, but their density increases, say, in the

y direction (Fig. 2.5). We can anticipate the result by using our simple physical

picture. The gradient in jBj causes the Larmor radius to be larger at the bottom of

the orbit than at the top, and this should lead to a drift, in opposite directions for ions

and electrons, perpendicular to both B and∇B. The drift velocity should obviously
be proportional to rL/L and to v⊥.

Consider the Lorentz force F¼ qv�B, averaged over a gyration. Clearly,

Fx ¼ 0; since the particle spends as much time moving up as down. We wish

to calculate Fy; in an approximate fashion, by using the undisturbed orbit of the
particle to find the average. The undisturbed orbit is given by Eqs. (2.4a),

1 The magnetic field lines are often called “lines of force.” They are not lines of force. The

misnomer is perpetuated here to prepare the student for the treacheries of his profession.
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(2.4b), and (2.7) for a uniform B field. Taking the real part of Eqs. (2.4a) and

(2.4b), we have

Fy ¼ �qvxBz yð Þ ¼ �qv⊥ cos ωctð Þ B0 � rL cos ωctð Þ∂B
∂y


 �
ð2:20Þ

where we have made a Taylor expansion of B field about the point x0¼ 0, y0¼ 0 and

have used Eq. (2.7):

B ¼ B0 þ r � ∇ð ÞBþ � � � ð2:21Þ
Bz ¼ B0 þ y ∂Bz=∂yð Þ þ � � �

This expansion of course requires rL/L� 1, where L is the scale length of ∂Bz/∂y.
The first term of Eq. (2.20) averages to zero in a gyration, and the average of cos2

ωct is ½, so that

Fy ¼ �qv⊥rL
1

2
∂B=∂yð Þ ð2:22Þ

The guiding center drift velocity is then

vgc ¼ 1

q

F� B

B2
¼ 1

q

Fy

Bj jx̂ ¼ � v⊥rL
B

1

2

∂B
∂y

x̂ ð2:23Þ

where we have used Eq. (2.17). Since the choice of the y axis was arbitrary, this can
be generalized to

v∇B ¼ �1

2
v⊥rL

B� ∇B
B2

ð2:24Þ

This has all the dependences we expected from the physical picture; only the factor

½ (arising from the averaging) was not predicted. Note that the� stands for the sign

of the charge, and lightface B stands for jBj. The quantity v∇B is called the grad-B
drift; it is in opposite directions for ions and electrons and causes a current

transverse to B. An exact calculation of v∇B would require using the exact orbit,

including the drift, in the averaging process.

Fig. 2.5 The drift of a gyrating particle in a nonuniform magnetic field
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2.3.2 Curved B: Curvature Drift

Here we assume the lines of force to be curved with a constant radius of curvature

Rc, and we take jBj to be constant (Fig. 2.6). Such a field does not obey Maxwell’s
equations in a vacuum, so in practice the grad-B drift will always be added to the

effect derived here. A guiding center drift arises from the centrifugal force felt by

the particles as they move along the field lines in their thermal motion. If v2k denotes
the average square of the component of random velocity along B, the average

centrifugal force is

Fcf ¼
mv2k
Rc

r̂ ¼ mv2k
Rc

R2
c

ð2:25Þ

According to Eq. (2.17), this gives rise to a drift

vR ¼ 1

q

Fc f � B

B2
¼

mv2k
qB2

Rc � B

R2
c

ð2:26Þ

The drift vR is called the curvature drift.
We must now compute the grad-B drift which accompanies this when the

decrease of jBj with radius is taken into account. In a vacuum, we have ∇�B¼ 0.

In the cylindrical coordinates of Fig. 2.6, ∇�B has only a z component, since B has

only a θ component and ∇B only an r component. We then have

Fig. 2.6 A curved

magnetic field
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∇ � Bð Þz ¼
1

r

∂
∂r

rBθð Þ ¼ 0 Bθ / 1

r
ð2:27Þ

Thus

Bj j / 1

Rc

∇ Bj j
Bj j ¼ �Rc

R2
c

ð2:28Þ

Using Eq. (2.24), we have

v∇B ¼ � 1

2

v⊥rL

B2
B� Bj jRc

R2
c

¼ � 1

2

v2⊥
ωc

Rc � B

R2
cB

¼ 1

2

m

q
v2⊥

Rc � B

R2
cB

2
ð2:29Þ

Adding this to vR, we have the total drift in a curved vacuum field:

vR þ v∇B ¼ m

q

Rc � B

R2
cB

2
v2k þ 1

2
v2⊥

� �
ð2:30Þ

It is unfortunate that these drifts add. This means that if one bends a magnetic

field into a torus for the purpose of confining a thermonuclear plasma, the particles

will drift out of the torus no matter how one juggles the temperatures and magnetic

fields.

For a Maxwellian distribution, Eqs. (1.7) and (1.10) indicate that v2k and
1
2
v2⊥ are

each equal to KT/m, since v⊥ involves two degrees of freedom. Equations (2.3) and

(1.6) then allow us to write the average curved-field drift as

vRþ∇B ¼ � v2th
Rcωc

ŷ ¼ �rL
Rc
vth ŷ ð2:30aÞ

where ŷ here is the direction of Rc�B. This shows that vRþ∇B depends on the

charge of the species but not on its mass.

2.3.3 ∇BjjB: Magnetic Mirrors

Now we consider a magnetic field which is pointed primarily in the z direction and

whose magnitude varies in the z direction. Let the field be axisymmetric, with

Bθ¼ 0 and ∂/∂θ¼ 0. Since the lines of force converge and diverge, there is

necessarily a component Br (Fig. 2.7). We wish to show that this gives rise to a

force which can trap a particle in a magnetic field.
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We can obtain Br from ∇ ·B¼ 0:

1

r

∂
∂r

rBrð Þ þ ∂Bz

∂z
¼ 0 ð2:31Þ

If ∂Bz/∂z is given at r¼ 0 and does not vary much with r, we have approximately

rBr ¼ �
ð r
0

r
∂Bz

∂z
dr ’ �1

2
r2 ∂Bz

∂z

h i
r¼0

Br ¼ �1

2
r ∂Bz

∂z

h i
r¼0

ð2:32Þ

The variation of jBj with r causes a grad-B drift of guiding centers about the axis of

symmetry, but there is no radial grad-B drift, because ∂B/∂θ¼ 0. The components

of the Lorentz force are

Fr = q(vq Bz − vz Bq )

Fz = q(vr Bq − vq Br)

Fq = q(−vr Bz + vz Br ) ð2:33Þ

Two terms vanish if Bθ¼ 0, and terms 1 and 2 give rise to the usual Larmor

gyration. Term 3 vanishes on the axis; when it does not vanish, this azimuthal

force causes a drift in the radial direction. This drift merely makes the guiding

centers follow the lines of force. Term 4 is the one we are interested in. Using

Eq. (2.32), we obtain

Fz ¼ 1

2
qvθr ∂Bz=∂zð Þ ð2:34Þ

Fig. 2.7 Drift of a particle in a magnetic mirror field
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We must now average over one gyration. For simplicity, consider a particle whose

guiding center lies on the axis. Then vθ is a constant during a gyration; depending on
the sign of q, vθ is � v⊥. Since r¼ rL, the average force is

Fz ¼ �1

2
qv⊥rL

∂Bz

∂z
¼ �1

2
q
v2⊥
ωc

∂Bz

∂z
¼ �1

2

mv2⊥
B

∂Bz

∂z
ð2:35Þ

We define the magnetic moment of the gyrating particle to be

μ � 1

2
mv2⊥=B ð2:36Þ

so that

Fz ¼ �μ ∂Bz=∂zð Þ ð2:37Þ

This is a specific example of the force on a diamagnetic particle, which in general

can be written

Fk ¼ �μ∂B=∂s¼� μ∇kB ð2:38Þ

where ds is a line element along B. Note that the definition (2.36) is the same as the

usual definition for the magnetic moment of a current loop with area A and current

I: μ¼ IA. In the case of a singly charged ion, I is generated by a charge e coming

around ωc/2π times a second: I¼ eωc/2π. The area A is πr2L ¼ πv2⊥=ω
2
c . Thus

μ ¼ πv2⊥
ω2
c

eωc

2π
¼ 1

2

v2⊥e

ωc
¼ 1

2

mv2⊥
B

:

As the particle moves into regions of stronger or weaker B, its Larmor radius

changes, but μ remains invariant. To prove this, consider the component of the

equation of motion along B:

m
dvk
dt

¼ �μ
∂B
∂s

ð2:39Þ

Multiplying by vk on the left and its equivalent ds/dt on the right, we have

mvk
dvk
dt

¼ d

dt
1

2
mv2k

� �
¼ �μ

∂B
∂s

ds

dt
¼ �μ

dB

dt
ð2:40Þ

Here dB/dt is the variation of B as seen by the particle; B itself is constant.

The particle’s energy must be conserved, so we have
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d

dt
1

2
mv2k þ 1

2
mv2⊥

� �
¼ d

dt
1

2
mv2k þ μB

� �
¼ 0 ð2:41Þ

With Eq. (2.40) this becomes

�μ
dB

dt
þ d

dt
μBð Þ ¼ 0

so that

dμ=dt ¼ 0 ð2:42Þ

The invariance of μ is the basis for one of the primary schemes for plasma

confinement: the magnetic mirror. As a particle moves from a weak-field region to

a strong-field region in the course of its thermal motion, it sees an increasing B, and
therefore its v⊥must increase in order to keep μ constant. Since its total energy must

remain constant, vk must necessarily decrease. If B is high enough in the “throat” of

the mirror, vk eventually becomes zero; and the particle is “reflected” back to the

weak-field region. It is, of course, the force Fk which causes the reflection. The

nonuniform field of a simple pair of coils forms two magnetic mirrors between

which a plasma can be trapped (Fig. 2.8). This effect works on both ions and

electrons.

The trapping is not perfect, however. For instance, a particle with v⊥¼ 0 will

have no magnetic moment and will not feel any force along B. A particle with small

v⊥=vk at the midplane (B¼B0) will also escape if the maximum field Bm is not large

enough. For given B0 and Bm, which particles will escape? A particle with v⊥¼ v⊥0

and vk¼ vk0 at the midplane will have v⊥ ¼ v
0
⊥ and vk¼ 0 at its turning point. Let

the field be B0 there. Then the invariance of μ yields

1

2
mv2⊥0=B0 ¼ 1

2
mv

02
⊥=B

0 ð2:43Þ

Conservation of energy requires

Fig. 2.8 A plasma trapped between magnetic mirrors
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v
02
⊥ ¼ v2⊥0 þ v2k0 � v20 ð2:44Þ

Combining Eqs. (2.43) and (2.44), we find

B0

B
0 ¼ v2⊥0

v02
⊥

¼ v2⊥0

v20
� sin 2θ ð2:45Þ

where θ is the pitch angle of the orbit in the weak-field region. Particles with

smaller θ will mirror in regions of higher B. If θ is too small, B0 exceeds Bm; and

the particle does not mirror at all. Replacing B0 by Bm in Eq. (2.45), we see that the

smallest θ of a confined particle is given by

sin 2θm ¼ B0=Bm � 1=Rm ð2:46Þ

where Rm is the mirror ratio. Equation (2.46) defines the boundary of a region in

velocity space in the shape of a cone, called a loss cone (Fig. 2.9). Particles lying
within the loss cone are not confined. Consequently, a mirror-confined plasma is

never isotropic. Note that the loss cone is independent of q orm. Without collisions,

both ions and electrons are equally well confined. When collisions occur, particles

are lost when they change their pitch angle in a collision and are scattered into the

loss cone. Generally, electrons are lost more easily because they have a higher

collision frequency.

The magnetic mirror was first proposed by Enrico Fermi as a mechanism for the

acceleration of cosmic rays. Protons bouncing between magnetic mirrors

approaching each other at high velocity could gain energy at each bounce

(Fig. 2.10). How such mirrors could arise is another story. A further example of

the mirror effect is the confinement of particles in the Van Allen belts. The

magnetic field of the earth, being strong at the poles and weak at the equator,

forms a natural mirror with rather large Rm.

Fig. 2.9 The loss cone
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Problems

2.8. Suppose the earth’s magnetic field is 3� 10�5 T at the equator and falls off as

1/r3, as for a perfect dipole. Let there be an isotropic population of 1-eV

protons and 30-keV electrons, each with density n¼ 107 m�3 at r¼ 5 earth

radii in the equatorial plane.

(a) Compute the ion and electron ∇B drift velocities.

(b) Does an electron drift eastward or westward?

(c) How long does it take an electron to encircle the earth?

(d) Compute the ring current density in A/m2.

Note: The curvature drift is not negligible and will affect the numerical

answer, but neglect it anyway.

2.9. An electron lies at rest in the magnetic field of an infinite straight wire

carrying a current I. At t¼ 0, the wire is suddenly charged to a positive

potential ϕ without affecting I. The electron gains energy from the electric

field and begins to drift.

(a) Draw a diagram showing the orbit of the electron and the relative

directions of I, B, vE, v∇B, and vR.

(b) Calculate the magnitudes of these drifts at a radius of 1 cm if I¼ 500 A,

ϕ¼ 460 V, and the radius of the wire is 1 mm. Assume that ϕ is held at

0 V on the vacuum chamber walls 10 cm away.

Hint: A good intuitive picture of the motion is needed in addition to the

formulas given in the text.

2.10. A 20-keV deuteron in a large mirror fusion device has a pitch angle θ of 45	

at the midplane, where B¼ 0.7 T. Compute its Larmor radius.

2.11. A plasma with an isotropic velocity distribution is placed in a magnetic

mirror trap with mirror ratio Rm¼ 4. There are no collisions, so the particles

in the loss cone simply escape, and the rest remain trapped. What fraction is

trapped?

2.12. A cosmic ray proton is trapped between two moving magnetic mirrors with

Rm¼ 5 and initially has W¼ 1 keV and v⊥¼ vk at the midplane. Each mirror

moves toward the midplane with a velocity vm¼ 10 km/s (Fig. 2.10).

Fig. 2.10 Acceleration of cosmic rays
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(a) Using the loss cone formula and the invariance of μ, find the energy to

which the proton will be accelerated before it escapes.

(b) How long will it take to reach that energy?

1. Treat the mirrors as flat pistons and show that the velocity gained at

each bounce is 2vm.
2. Compute the number of bounces necessary.

3. Compute the time T it takes to traverse L that many times. Factor-of-

two accuracy will suffice.

2.4 Nonuniform E Field

Now we let the magnetic field be uniform and the electric field be nonuniform. For

simplicity, we assume E to be in the x direction and to vary sinusoidally in the

x direction (Fig. 2.11):

E � E0 cos kxð Þx̂ ð2:47Þ

This field distribution has a wavelength λ¼ 2π/k and is the result of a sinusoidal

distribution of charges, which we need not specify. In practice, such a charge

distribution can arise in a plasma during a wave motion. The equation of motion is

m dv=dtð Þ ¼ q E xð Þþv� B½ 
 ð2:48Þ

whose transverse components are

_vx ¼ qB

m
vy þ q

m
Ex xð Þ _vy ¼ � qB

m
vx ð2:49Þ

€vx ¼ �ω2
cvx � ωc

_Ex

B
ð2:50Þ

Fig. 2.11 Drift of a gyrating particle in a nonuniform electric field
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€vy ¼ �ω2
cvy � ω2

c

Ex xð Þ
B

ð2:51Þ

Here Ex(x) is the electric field at the position of the particle. To evaluate this, we

need to know the particle’s orbit, which we are trying to solve for in the first place.

If the electric field is weak, we may, as an approximation, use the undisturbed orbit
to evaluate Ex(x). The orbit in the absence of the E field was given in Eq. (2.7):

x ¼ x0 þ rL sin ωct ð2:52Þ

From Eqs. (2.51) and (2.47), we now have

€vy ¼ �ω2
cvy � ω2

c

E0

B
cos k x0 þ rL sin wctð Þ ð2:53Þ

Anticipating the result, we look for a solution which is the sum of a gyration at ωc

and a steady drift vE. Since we are interested in finding an expression for vE, we take
out the gyratory motion by averaging over a cycle. Equation (2.50) then gives

vx ¼ 0. In Eq. (2.53), the oscillating term €vy clearly averages to zero, and we have

€vy ¼ 0 ¼ �ω2
cvy � ω2

c

E0

B
cos k x0 þ rL sinωctð Þ ð2:54Þ

Expanding the cosine, we have

cos k x0 þ rL sin ωctð Þ ¼ cos kx0ð Þ cos krL sinωctð Þ
� sin kx0ð Þ sin krL sin ωctð Þ

ð2:55Þ

It will suffice to treat the small Larmor radius case, krL� 1. The Taylor expansions

cos ε ¼ 1� 1

2
ε 2 þ � � �

sin ε ¼ εþ � � �
ð2:56Þ

allow us to write

cos k x0 þ rL sinωctð Þ � cos kx0ð Þ 1� 1

2
k2r2L sin

2ωct
� �

� sin kx0ð ÞkrL sin ωct

The last term vanishes upon averaging over time, and Eq. (2.54) gives

vy ¼ �E0

B
cos kx0ð Þ 1� 1

4
k2r2L

� �
¼ �Ex x0ð Þ

B
1� 1

4
k2r2L

� �
ð2:57Þ
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Thus the usual E�B drift is modified by the inhomogeneity to read

vE ¼ E� B

B2
1� 1

4
k2r2L

� �
ð2:58Þ

The physical reason for this is easy to see. An ion with its guiding center at a

maximum of E actually spends a good deal of its time in regions of weaker E. Its

average drift, therefore, is less than E/B evaluated at the guiding center. In a linearly

varying E field, the ion would be in a stronger field on one side of the orbit and in a

field weaker by the same amount on the other side; the correction to vE then cancels

out. From this it is clear that the correction term depends on the second derivative of
E. For the sinusoidal distribution we assumed, the second derivative is always

negative with respect to E. For an arbitrary variation of E, we need only replace ik
by ∇ and write Eq. (2.58) as

vE ¼ 1þ 1

4
r2L∇

2
� �E� B

B2
ð2:59Þ

The second term is called the finite-Larmor-radius effect. What is the significance of

this correction? Since rL is much larger for ions than for electrons, vE is no longer

independent of species. If a density clump occurs in a plasma, an electric field can

cause the ions and electrons to separate, generating another electric field. If there is a

feedback mechanism that causes the second electric field to enhance the first one,

E grows indefinitely, and the plasma is unstable. Such an instability, called a drift
instability, will be discussed in a later chapter. The grad-B drift, of course, is also a

finite-Larmor-radius effect and also causes charges to separate. According to

Eq. (2.24), however, v∇B is proportional to krL, whereas the correction term in

Eq. (2.58) is proportional to k2r2L. The nonuniform-E-field effect, therefore, is

important at relatively large k, or small scale lengths of the inhomogeneity. For

this reason, drift instabilities belong to amore general class calledmicroinstabilities.

2.5 Time-Varying E Field

Let us now take E and B to be uniform in space but varying in time. First, consider

the case in which E alone varies sinusoidally in time, and let it lie along the x axis:

E ¼ E0e
iωtx̂ ð2:60Þ

Since _Ex ¼ iωEx, we can write Eq. (2.50) as

€vx ¼ �ω2
c vx � iω

ωc

eEx

B

 !
ð2:61Þ

Let us define
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ev p � � iω

ωc

eEx

B

evE �
eEx

B

ð2:62Þ

where the tilde has been added merely to emphasize that the drift is oscillating. The

upper (lower) sign, as usual, denotes positive (negative) q. Now Eqs. (2.50) and

(2.51) become

€vx ¼ �ω2
c vx � ev p

� �
€vy ¼ �ω2

c vy � evE� � ð2:63Þ

By analogy with Eq. (2.12), we try a solution which is the sum of a drift and a

gyratory motion:

vx ¼ v⊥e
iωct þ ev p

vy ¼ �iv⊥e
iωct þ evE ð2:64Þ

If we now differentiate twice with respect to time, we find

€vx ¼ �ω2
cvx þ ω2

c � ω2
� �ev p

€vy ¼ �ω2
cvy þ ω2

c � ω2
� �evE ð2:65Þ

This is not the same as Eq. (2.63) unless ω2 � ω2
c . If we now make the assumption

that E varies slowly, so thatω2 � ω2
c , then Eq. (2.64) is the approximate solution to

Eq. (2.63).

Equation (2.64) tells us that the guiding center motion has two components. The

y component, perpendicular to B and E, is the usual E�B drift, except that vE now
oscillates slowly at the frequency ω. The x component, a new drift along the
direction of E, is called the polarization drift. By replacing iω by ∂/∂t, we can

generalize Eq. (2.62) and define the polarization drift as

v p ¼ � 1

ωcB

dE

dt
ð2:66Þ

Since vp is in opposite directions for ions and electrons, there is a polarization
current; for Z¼ 1, this is

j p ¼ ne vi p � ve p
� � ¼ ne

eB2
M þ mð Þ dE

dt
¼ ρ

B2

dE

dt
ð2:67Þ

where ρ is the mass density.
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The physical reason for the polarization current is simple (Fig. 2.12). Consider

an ion at rest in a magnetic field. If a field E is suddenly applied, the first thing the

ion does is to move in the direction of E. Only after picking up a velocity v does the

ion feel a Lorentz force ev�B and begin to move downward in Fig. (2.12). If

E is now kept constant, there is no further vp drift but only a vE drift. However,

if E is reversed, there is again a momentary drift, this time to the left. Thus vp is a

startup drift due to inertia and occurs only in the first half-cycle of each gyration

during which E changes. Consequently, vp goes to zero with ω/ωc.

The polarization effect in a plasma is similar to that in a solid dielectric, where

D ¼ ε0Eþ P. The dipoles in a plasma are ions and electrons separated by a distance

rL. But since ions and electrons can move around to preserve quasineutrality, the

application of a steady E field does not result in a polarization field P. However, if

E oscillates, an oscillating current jp results from the lag due to the ion inertia.

2.6 Time-Varying B Field

Finally, we allow the magnetic field to vary in time. Since the Lorentz force is

always perpendicular to v, a magnetic field itself cannot impart energy to a charged

particle. However, associated with B is an electric field given by

∇�E¼� _B ð2:68Þ

and this can accelerate the particles. We can no longer assume the fields to be

completely uniform. Let v⊥¼ dl/dt be the transverse velocity, l being the element of

path along a particle trajectory (with vk neglected). Taking the scalar product of the
equation of motion (2.8) with v⊥, we have

d

dt
1

2
mv2⊥

� �
¼ qE � v⊥ ¼ qE � dl

dt
ð2:69Þ

Fig. 2.12 The polarization

drift
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The change in one gyration is obtained by integrating over one period:

δ
1

2
mv2⊥

� �
¼
ð2π=ωc

0

qE � dl
dt
dt

If the field changes slowly, we can replace the time integral by a line integral over

the unperturbed orbit:

δ
1

2
mv2⊥

� �
¼
þ
qE � dl ¼ q

ð
s

∇�Eð Þ � dS

¼ �q

ð
S

_B � dS
ð2:70Þ

Here S is the surface enclosed by the Larmor orbit and has a direction given by the

right-hand rule when the fingers point in the direction of v. Since the plasma is

diamagnetic, we have B · dS< 0 for ions and >0 for electrons. Then Eq. (2.70)

becomes

δ
1

2
mv2⊥

� �
¼ �q _Bπr2L ¼ �qπ _B

v2⊥
ωc

m

�qB
¼

1
2
mv2⊥
B

� 2π
_B

ωc
ð2:71Þ

The quantity 2π _B=ωc ¼ _B= f c is just the change δB during one period of gyration.

Thus

δ
1

2
mv2⊥

� �
¼ μδB ð2:72Þ

Since the left-hand side is δ(μB), we have the desired result

δμ ¼ 0 ð2:73Þ

The magnetic moment is invariant in slowly varying magnetic fields.
As the B field varies in strength, the Larmor orbits expand and contract, and the

particles lose and gain transverse energy. This exchange of energy between the

particles and the field is described very simply by Eq. (2.73). The invariance of μ
allows us to prove easily the following well-known theorem:

The magnetic flux through a Larmor orbit is constant.

The flux Ф is given by BS, with S ¼ πr2L Thus

Φ ¼ Bπ
v2⊥
ω2
c

¼ Bπ
v2⊥m

2

q2B2
¼ 2πm

q2

1
2
mv2⊥
B

¼ 2πm

q2
μ ð2:74Þ

Therefore, Ф is constant if μ is constant.

This property is used in a method of plasma heating known as adiabatic
compression. Figure 2.13 shows a schematic of how this is done. A plasma is

injected into the region between the mirrors A and B. Coils A and B are then pulsed
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to increase B and hence v2⊥. The heated plasma can then be transferred to the region

C–D by a further pulse in A, increasing the mirror ratio there. The coils C and D are

then pulsed to further compress and heat the plasma. Early magnetic mirror fusion

devices employed this type of heating. Adiabatic compression has also been used

successfully on toroidal plasmas and is an essential element of laser-driven fusion

schemes using either magnetic or inertial confinement.

2.7 Summary of Guiding Center Drifts

General force F : v f ¼ 1

q

F� B

B2
ð2:17Þ

Electric field : vE ¼ E� B

B2
ð2:15Þ

Gravitational field : vg ¼ m

q

g� B

B2
ð2:18Þ

Nonuniform E : vE ¼ 1þ 1

4
r2L∇

2
� �E�B

B2
ð2:59Þ

Nonuniform B field

Grad � B drift : v∇B ¼ � 1

2
v⊥rL

B� ∇B
B2

ð2:24Þ

Curvature drift : vR ¼
mv2k
q

Rc � B

R2
cB

2
ð2:26Þ

Fig. 2.13 Two-stage adiabatic compression of a plasma
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Curved vacuum field : vR þ v∇B ¼ m

q
v2k þ 1

2
v2⊥

� �Rc � B

R2
cB

2
ð2:30Þ

Polarization drift : v p ¼ � 1

ωcB

dE

dt
ð2:66Þ

2.8 Adiabatic Invariants

It is well known in classical mechanics that whenever a system has a periodic

motion, the action integral

þ
pdq taken over a period is a constant of the motion.

Here p and q are the generalized momentum and coordinate which repeat them-

selves in the motion. If a slow change is made in the system, so that the motion is

not quite periodic, the constant of the motion does not change and is then called an

adiabatic invariant. By slow here we mean slow compared with the period of

motion, so that the integral

þ
pdq is well defined even though it is strictly no longer

an integral over a closed path. Adiabatic invariants play an important role in plasma

physics; they allow us to obtain simple answers in many instances involving

complicated motions. There are three adiabatic invariants, each corresponding to

a different type of periodic motion.

2.8.1 The First Adiabatic Invariant, μ

We have already met the quantity

μ ¼ mv2⊥=2B

and have proved its invariance in spatially and temporally varying B fields. The

periodic motion involved, of course, is the Larmor gyration. If we take p to be

angular momentum mv⊥r and dq to be the coordinate dθ, the action integral

becomes þ
pdq ¼

þ
mv⊥rLdθ ¼ 2πrLmv⊥ ¼ 2π

mv2⊥
ωc

¼ 4π
m

qj j μ ð2:75Þ

Thus μ is a constant of the motion as long as q/m is not changed. We have proved

the invariance of μ only with the implicit assumption ω/ωc� 1, where ω is a

frequency characterizing the rate of change of B as seen by the particle. A proof

exists, however, that μ is invariant even when ω�ωc. In theorists’ language, μ is

invariant “to all orders in an expansion in ω/ωc.” What this means in practice is that

μ remains much more nearly constant than B does during one period of gyration.
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It is just as important to know when an adiabatic invariant does not exist as to
know when it does. Adiabatic invariance of μ is violated when ω is not small

compared with ωc. We give three examples of this.

(A) Magnetic Pumping. If the strength of B in a mirror confinement system is

varied sinusoidally, the particles’ v⊥ would oscillate; but there would be no

gain of energy in the long run. However, if the particles make collisions, the

invariance of μ is violated, and the plasma can be heated. In particular, a

particle making a collision during the compression phase can transfer part of its

gyration energy into vk energy, and this is not taken out again in the expansion
phase.

(B) Cyclotron Heating. Now imagine that the B field is oscillated at the frequency

ωc. The induced electric field will then rotate in phase with some of the

particles and accelerate their Larmor motion continuously. The condition

ω�ωc is violated, μ is not conserved, and the plasma can be heated.

(C) Magnetic Cusps. If the current in one of the coils in a simple magnetic mirror

system is reversed, a magnetic cusp is formed (Fig. 2.14). This configuration

has, in addition to the usual mirrors, a spindle-cusp mirror extending over 360	

in azimuth. A plasma confined in a cusp device is supposed to have better

stability properties than that in an ordinary mirror. Unfortunately, the loss-cone

losses are larger because of the additional loss region; and the particle motion is

nonadiabatic. Since the B field vanishes at the center of symmetry, ωc is zero

there; and μ is not preserved. The local Larmor radius near the center is larger

than the device. Because of this, the adiabatic invariant μ does not guarantee

that particles outside a loss cone will stay outside after passing through the

nonadiabatic region. Fortunately, there is in this case another invariant: the

canonical angular momentum pθ¼mrvθ� erAθ. This ensures that there will be

a population of particles trapped indefinitely until they make a collision.

Fig. 2.14 Plasma confinement in a cusped magnetic field
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2.8.2 The Second Adiabatic Invariant, J

Consider a particle trapped between two magnetic mirrors: It bounces between

them and therefore has a periodic motion at the “bounce frequency.” A constant of

this motion is given by

þ
mvkds, where ds is an element of path length (of the

guiding center) along a field line. However, since the guiding center drifts across

field lines, the motion is not exactly periodic, and the constant of the motion

becomes an adiabatic invariant. This is called the longitudinal invariant J and is

defined for a half-cycle between the two turning points (Fig. 2.15):

J ¼
ð b
a

vjj ds ð2:76Þ

We shall prove that J is invariant in a static, nonuniform B field; the result is also

true for a slowly time-varying B field.

Before embarking on this somewhat lengthy proof, let us consider an example of

the type of problem in which a theorem on the invariance of J would be useful. As

we have already seen, the earth’s magnetic field mirror-traps charged particles,

which slowly drift in longitude around the earth (Problem 2.8; see Fig. 2.16). If the

magnetic field were perfectly symmetric, the particle would eventually drift back to

the same line of force. However, the actual field is distorted by such effects as the

solar wind. In that case, will a particle ever come back to the same line of force?

Since the particle’s energy is conserved and is equal to 1
2
mv2⊥ at the turning point,

the invariance of μ indicates that jBj remains the same at the turning point.

Fig. 2.15 A particle

bouncing between turning

points a and b in a magnetic

field

Fig. 2.16 Motion of a charged particle in the earth’s magnetic field
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However, upon drifting back to the same longitude, a particle may find itself on

another line of force at a different altitude. This cannot happen if J is conserved. J
determines the length of the line of force between turning points, and no two lines

have the same length between points with the same jBj. Consequently, the particle
returns to the same line of force even in a slightly asymmetric field.

To prove the invariance of J, we first consider the invariance of vkδs, where δs is
a segment of the path along B (Fig. 2.17). Because of guiding center drifts, a

particle on s will find itself on another line of force δs0 after a time Δt. The length of
δs0 is defined by passing planes perpendicular to B through the end points of δs. The
length of δs is obviously proportional to the radius of curvature:

δs

Rc
¼ δs

0

R
0
c

so that

δs
0 � δs

Δtδs
¼ R

0
c � Rc

ΔtRc
ð2:77Þ

The “radial” component of vgc is just

vgc � Rc

Rc
¼ R

0
c � Rc

Δt
ð2:78Þ

From Eqs. (2.24) and (2.26), we have

vgc ¼ v∇B þ vR ¼ � 1

2
v⊥rL

B� ∇B
B2

þ
mv2k
q

Rc � B

R2
cB

2
ð2:79Þ

The last term has no component along Rc. Using Eqs. (2.78) and (2.79), we can

write Eq. (2.77) as

1

δs

d

dt
δs ¼ vgc � Rc

R2
c

¼ 1

2

m

q

v2⊥
B3

B� ∇Bð Þ � Rc

R2
c

ð2:80Þ

This is the rate of change of δs as seen by the particle. We must now get the rate of

change of vk as seen by the particle. The parallel and perpendicular energies are

defined by

Fig. 2.17 Proof of the

invariance of J
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W � 1

2
mv2jj þ 1

2
mv2⊥ ¼ 1

2
mv2jj þ μB � Wjj þW⊥ ð2:81Þ

Thus vk can be written

vjj ¼ 2=mð Þ W � μBð Þ½ 
1=2 ð2:82Þ

Here W and μ are constant, and only B varies. Therefore,

_vjj
vjj

¼ �1

2

μ _B

W � μB
¼ �1

2

μ _B

Wjj
¼ � μ _B

mv2k
ð2:83Þ

Since B was assumed static, Ḃ is not zero only because of the guiding center

motion:

_B ¼ dB

dr
� dr
dt

¼ vgc � ∇B¼
mv2jj
q

Rc � B

R2
cB

2
� ∇B ð2:84Þ

Now we have

_vjj
vjj

¼ �μ

q

Rc � Bð Þ � ∇B
R2
cB

2
¼ �1

2

m

q

v2⊥
B

B� ∇Bð Þ � Rc

R2
cB

2
ð2:85Þ

The fractional change in vk δs is

1

vjjδs
d

dt
vjjδs
� � ¼ 1

δs

dδs

dt
þ 1

vjj

dvjj
dt

ð2:86Þ

From Eqs. (2.80) and (2.85), we see that these two terms cancel, so that

vjjδs ¼ constant ð2:87Þ

This is not exactly the same as saying that J is constant, however. In taking the

integral of vkδs between the turning points, it may be that the turning points on δs0

do not coincide with the intersections of the perpendicular planes (Fig. 2.17).

However, any error in J arising from such a discrepancy is negligible because

near the turning points, vk is nearly zero. Consequently, we have proved

J ¼
ð b
a

vjjds ¼ constant ð2:88Þ

An example of the violation of J invariance is given by a plasma heating scheme

called transit-time magnetic pumping. Suppose an oscillating current is applied to

the coils of a mirror system so that the mirrors alternately approach and withdraw
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from each other near the bounce frequency. Those particles that have the right

bounce frequency will always see an approaching mirror and will therefore gain vk.
J is not conserved in this case because the change of B occurs on a time scale not

long compared with the bounce time.

2.8.3 The Third Adiabatic Invariant, Ф

Referring again to Fig. 2.16, we see that the slow drift of a guiding center around the

earth constitutes a third type of periodic motion. The adiabatic invariant connected

with this turns out to be the total magnetic flux Ф enclosed by the drift surface. It is

almost obvious that, as B varies, the particle will stay on a surface such that the total

number of lines of force enclosed remains constant. This invariant, Ф, has few

applications because most fluctuations of B occur on a time scale short compared

with the drift period. As an example of the violation of Ф invariance, we can cite

some recent work on the excitation of hydromagnetic waves in the ionosphere.

These waves have a long period comparable to the drift time of a particle around the

earth. The particles can therefore encounter the wave in the same phase each time

around. If the phase is right, the wave can be excited by the conversion of particle

drift energy to wave energy.

Problems

2.13. Derive the result of Problem 2.12b directly by using the invariance of J.

(a) Let

ð
vkds ’ vkL and differentiate with respect to time

(b) From this, get an expression for T in terms of dL/dt. Set dL/dt¼�2vm to

obtain the answer.

2.14. In plasma heating by adiabatic compression the invariance of μ requires that

KT⊥ increase as B increases. The magnetic field, however, cannot accelerate

particles because the Lorentz force qv�B is always perpendicular to the

velocity. How do the particles gain energy?

2.15. The polarization drift vp can also be derived from energy conservation. If E is

oscillating, the E�B drift also oscillates; and there is an energy 1
2
mv2E

associated with the guiding center motion. Since energy can be gained from

an E field only by motion along E, there must be a drift vp in the E direction.

By equating the rate of change of 1
2
mv2E with the rate of energy gain from

vp ·E, find the required value of vp.
2.16. A hydrogen plasma is heated by applying a radiofrequency wave with

E perpendicular to B and with an angular frequency ω¼ 109 rad/s. The

confining magnetic field is 1 T. Is the motion of (a) the electrons and

(b) the ions in response to this wave adiabatic?
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2.17. A 1-keV proton with vk¼ 0 in a uniform magnetic field B¼ 0.1 T is accel-

erated as B is slowly increased to 1 T. It then makes an elastic collision with a

heavy particle and changes direction so that v⊥¼ vk The B-field is then

slowly decreased back to 0.1 T. What is the proton’s energy now?

2.18. A collisionless hydrogen plasma is confined in a torus in which external

windings provide a magnetic field B lying almost entirely in the ϕ direction

(Fig. P2.18). The plasma is initially Maxwellian at KT¼ 1 keV. At t¼ 0, B is

gradually increased from 1 T to 3 T in 100 μs, and the plasma is compressed.

(a) Show that the magnetic moment μ remains invariant for both ions and

electrons.

(b) Calculate the temperatures T⊥ and Tk after compression.

Fig. P2.18

2.19. A uniform plasma is created in a toroidal chamber with square cross section,

as shown. The magnetic field is provided by a current I along the axis of

symmetry. The dimensions are a¼ 1 cm, R¼ 10 cm. The plasma is Maxwel-

lian at KT¼ 100 eV and has density n¼ 1019 m�3. There is no electric field.

Fig. P2.19
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(a) Draw typical orbits for ions and electrons with vk¼ 0 drifting in the

nonuniform B field.

(b) Calculate the rate of charge accumulation (in coulombs per second) on

the entire top plate of the chamber due to the combined v∇B and vR
drifts. The magnetic field at the center of the chamber is 1 T, and you

may make a large aspect ratio (R
 a) approximation where necessary.

2.20. Suppose the magnetic field along the axis of a magnetic mirror is given by

Bz¼B0(l + α
2z2).

(a) If an electron at z¼ 0 has a velocity given by v2 ¼ 3v2jj ¼ 1:5v2⊥, at what

value of z is the electron reflected?

(b) Write the equation of motion of the guiding center for the direction

parallel to the field.

(c) Show that the motion is sinusoidal, and calculate its frequency.

(d) Calculate the longitudinal invariant J corresponding to this motion.

2.21. An infinite straight wire carries a constant current I in the +z direction.

At t¼ 0, an electron of small gyroradius is at z¼ 0 and r¼ r0 with

v⊥0¼ vk0· (⊥ and k refer to the direction relative to the magnetic field.)

(a) Calculate the magnitude and direction of the resulting guiding center

drift velocity.

(b) Suppose that the current increases slowly in time in such a way that a

constant electric field in the �z direction is induced. Indicate on a

diagram the relative directions of I, B, E, and vE.

(c) Do v⊥ and vk increase, decrease, or remain the same as the current

increases? Why?
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