
Chapter 35

Data Spread: Standard Deviations, One
Sample Z-Test, One Sample Binomial Test

1 General Purpose

With continuous outcome data (Chap. 1), the standard deviation is generally used to

estimate the spread in a data sample. The standard deviation is, then, used for multiple

purposes like null-hypothesis testing and the computation of confidence intervals.

With binary outcome data things are different. Instead of a mean value the number of

responders is calculated as a “kind of” mean value. In a data sample with binary

outcome (yes-no outcome), the spread is estimated with the equation, √(p(1� p),

where p¼ the proportion of responders, otherwise called the (yes-data fraction versus

all data). This chapter assesses how these estimators can be used in practice for

testing null-hypotheses and confidence intervals of binary outcome data.

2 Schematic Overview of Type of Data File

Outcome binary
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3 Primary Scientific Question

How do we compute the standard deviation of a binary data set.

4 The Computation of the Proportion of Responders
and Its Standard Deviation (SD)

Why is SD of the proportion responders¼ √(p(1� p)? The proportion of responders

can be looked at as the “mean” of a yes/no data set.

Proportion¼mean of yes/no data.

For example, mean of the 6 values [1, 0, 1, 0, 0, 1] is 3/6 yes¼ 50 %¼ proportion p.

SD of continuous data ¼ √ [Σ (a� ā)2/n, where n¼ sample size.

SD of proportional data ¼ √ [p(1� p)], where p¼ proportion, e.g., 5/15

What does SD of proportion¼ √[p(1� p)] mean in practice?

We assume for example: on average 10/15 in a random population say yes to the

question, are you sometimes sleepy through the day. Then, 10/15 saying yes will be

encountered most frequently.

The chance to find answer<10/15 or >10/15 gets gradually smaller.

5 10 15

The above graph has on the x-axis the numbers of patients saying yes, and on the

y-axis the chance of finding this number. The chance of 8/15 or less is only 15 %, the

chance of 7/15 or less only 2.5 %, the chance of 5/15 or less is only 1 %. With many

samples the above graph follows a normal frequency distribution, where the equation [√
[p(1� p)] is a very good approximation of its standard deviation. This is how nature

works, and it can even be proven to be true with the one sample binomial formula

requiring a hypergeometric distribution, but this is beyond the scope of the currentwork.

5 One Sample Z-Test

Out of a sample of 100 patients only 10 patients were yes-responders. And, so, the

proportion of yes responders is 10 %¼ 0.1. For testing, whether this is significantly

different from 0 responders, a standard error of the response is required.
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The standard error (SE) can be calculated from the standard deviation according to:

SE ¼ SD/n, where n ¼ sample size.

SE ¼ √[p(1� p)]/√100
¼ √(0.1� 0.9)/10

¼ 0.03

the z-value is the test statistic and equals [proportion/(its SE)]¼ 0.1/0.03¼ 3.33

The bottom row of the underneath t-table gives p-values from the z-values. With a

z-value of 3.33, the p-value, two-tail as usual, should be<0.001. This would mean that

the 10 % yes responders is significantly better than a zero response would have been.
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The t-table has a left-end column giving degrees of freedom (� sample sizes),

and two top rows with p-values (areas under the curve¼ p-values), one-tail mean-

ing that only one end of the curve, two-tail meaning that both ends are assessed

simultaneously. The t-table is, furthermore, full of t-values, that, with1 degrees of

freedom, are equal to z-values. The z-values and t-values are to be understood as

mean results of studies, but not expressed in mmol/l, kilograms, or proportions of

responders, but in so-called SEM-units (Standard error of the mean units), that are

obtained by dividing your mean result by its own standard error. For continuous

outcome data, with many degrees of freedom (large samples) the curve will be a

little bit narrower, and more in agreement with nature. For binary outcome data,

nature has determined that the curves will always be as narrow as can be, according

to the row at the bottom.

6 Computing the 95 % Confidence Intervals of a Data Set

The example is taken from the Chap. 13. What is the standard error (SE) of a study

with events in 10 % of the patients, and a sample size of 100 (n). Ten percent events

means a proportion of events of 0.1. The standard deviation (SD) of this proportion

is defined by the equation

√ [proportion� (1� proportion)] ¼ √ (0.1� 0.9)¼ √ 0.09¼ 0.3,

the standard error ¼ standard deviation / √n,
¼ 0.3 / 10¼ 0.03,

the 95 % confidence interval is given by

proportion given � 1.960� 0.03 ¼ 0.1� 1.960� 0.03,

¼ 0.1� 0.06,

¼ between 0.04 and 0.16.

The 95 % confidence intervals can be used for multiple purposes, for example

for noninferiority testing (Chap. 15), and equivalence testing (Chap. 14).

7 Conclusion

With binary outcome data, instead of a mean value the number of responders is

calculated as a “kind of” mean value. The spread is estimated with the equation, √(p
(1� p), where p¼ the proportion of responders, otherwise called the (yes-data

fraction from all data), in a data sample. This chapter assesses how these estimators

can be used in practice for testing null-hypotheses and confidence intervals of

binary data.
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8 Note

More background, theoretical and mathematical information of standard deviations

of binary data is given in Statistics applied to clinical studies 5th edition, Chap. 3,

Springer Heidelberg Germany, 2012, from the same authors.
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