
Chapter 8

Linear Regression (Regression Coefficient,
Correlation Coefficient and Their Standard
Errors)

1 General Purpose
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Similarly to unpaired t-tests and Mann-Whitney tests (Chap. 7), linear regression

can be used to test whether there is a significant difference between two unpaired

treatment modalities. To see how it works, picture the above linear regression of

cholesterol levels and diameters of coronary arteries. It shows that the higher the

cholesterol, the narrower the coronary arteries. Cholesterol levels are drawn on the

x-axis, coronary diameters on the y-axis, and the best fit regression line about the

data can be calculated. If coronary artery risk is measured on the y-axis instead of

coronary artery diameter, then a positive correlation will be observed (right graph).

Instead of a continuous variable on the x-axis, a binary variable can be adequately

used, such as two treatment modalities, e.g. a worse and better treatment. With

hours of sleep on the y-axis, a nice linear regression analysis can be performed: the

better the sleeping treatment, the larger the numbers of sleeping hours. The treat-

ment modality is called the x-variable. Other terms for the x-variable are indepen-

dent variable, exposure variable, and predictor variable. The hours of sleep is called
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the y-variable, otherwise called the dependent or outcome variable. This chapter is

to show how a linear simple linear analysis works.

2 Schematic Overview of Type of Data File

Outcome binary predictor
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3 Primary Scientific Question

Can linear regression be applied to demonstrate, whether, in an unpaired two group

study, one treatment is significantly more efficaceous than the other treatment.

4 Data Example

In a parallel-group study of 20 patients 10 are treated with a sleeping pill, 10 with a

placebo. The data file is given underneath.

Outcome group (1, 2)

6.0 1

7.1 1

8.1 1

7.5 1

6.4 1

7.9 1

6.8 1
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6.6 1

7.3 1

5.6 1

5.1 2

8.0 2

3.8 2

4.7 2

5.2 2

5.4 2

4.3 2

6.0 2

3.7 2

6.2 2

The group variable has 1 for sleeping pill group, 2 for the placebo.

The outcome variable is hours of sleep after treatment.

5 Analysis: Linear Regression

The equation of a linear regression model is given by

y ¼ a þ bx;

with y named the dependent variable and x the independent variable.

The line drawn from this linear function provides the best fit line for the data

given, where y¼ socalled dependent, and x¼ independent variable, b¼ regression

coefficient, a ¼ intercept:

a and b from the equation y ¼ a+bx can be calculated.

b ¼ regression coefficient ¼
X

x-xð Þ y-yð ÞX
x-xð Þ2

a ¼ intercept ¼ y-bx

r ¼ correlation coefficient ¼ another important determinant and looks a lot like b.

r ¼
X

x-xð Þ y-yð ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
x-xð Þ2

X
y-yð Þ2

q

r¼measure for the strength of association between the y and x-data. The stronger

the association, the better y predicts x, with +1 and -1 as respectively maximal and

minimal r-values.

If b and r are statistically significantly larger than 0, then x is a significant

predictor of y, and in the example given, this would mean, that there is a significant
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difference between the groups 1 and 2. One group performs better than the other,

and, so, one treatment is better than the other.

6 Electronic Calculator for Linear Regression

We will use Electronic Calculator (see Chap. 1) for computations. First, we will

calculate the b and r values.

Command:

click ON....click MODE....press 3....press 1....press SHIFT, MODE,

and again 1....press ¼....start entering the data. . .. [1, 6,0]. . ..[1,

7,1]. . ..[1, 8,1] etc.. . .

In order to obtain the b value, press: shift, S-VAR, ►, ►, 2, ¼ .

In order to obtain the r value, press: shift, S-VAR, ►, ►, 3, ¼ .

The b value equals 1.70, the r value equals -0.643.

We wish to assess whether these two values are significantly larger than 0.

The standard error of r ¼ (1� r2) / √ (n� 2)

The r-value is a kind of summary-value of data, and follows a t-distribution, and

can, thus, be tested with a t-test.

t¼ | r / (its standard error) |

t¼ 0.643� 5.539

t¼ 3.56

This value is much larger than 1.96, and, thus, r is significantly larger / smaller

than 0. The t-value of b can be demonstrated to be equally 3.56.

7 T-Table

In the above study we have 20 outcome values and 2 groups. According to the

underneath t-table, with 20-2 degrees of freedom (see 18th row of t-values), a

t-value of 3.56 will be close to 3.610. This means, that the treatment 1 is better than

the treatment 0 at a p-value close to 0.002. The t-table is briefly explained in the

legends underneath the t-table. It is more fully explained in the Chaps. 4, 5, 6 and 7.
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The t-table has a left-end column giving degrees of freedom (� sample sizes),

and two top rows with p-values (areas under the curve ¼ p - values), one-tail

meaning that only one end of the curve, two-tail meaning that both ends are

assessed simulataneously. The t-table is, furthermore, full of t-values, that, with

1 degrees of freedom, are equal to z-values (Chap. 36). The t-values are to be

understood as mean results of studies, but not expressed in mmol/l, kilograms, but

in so-called SEM-units (Standard error of the mean units), that are obtained by

dividing your mean result by its own standard error. With many degrees of freedom

(large samples) the curve will be a little bit narrower, and more in agreement with

nature.
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8 Conclusion

We can conclude that the correlation and regression coefficients, r and b, are very

significant with p-values close to 0.002. This demonstrates that the sleeping scores

after active treatment are generally larger than after placebo treatment. The signif-

icant correlation between the treatment modality and the numbers of sleeping hours

can be interpreted as a significant difference in treatment efficacy of the two

treatment modalities. An interesting thing about linear regression is that the linear

regression equation can be used for estimating from future x-values the best fit

predictions of y-values. In our example we only have two x-values, but if you have

more of them, the size of your dependent variable can pretty well be predicted from

measured x-values, particularly, if your level of statistical significance is very high

(r values close to +1 or -1). R values > 95 % are, actually, applied for validating

quantitative diagnostic tests (see also Chap. 25).

9 Note

More examples of linear regression analyses are given in Statistics applied to

clinical studies 5th edition, Chaps. 14 and 15, Springer Heidelberg Germany,

2012, from the same authors.
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