Chapter 20

Paired Analysis of Variance

1 General Purpose

Paired t-tests are for assessing the effect of two treatments in a single group of
patients. However, if you wish to compare three treatments, the paired t-tests can no
longer be applied. Instead, paired analysis of variance (ANOVA), otherwise called
repeated-measures ANOVA must be used for analysis.

2 Schematic Overview of Type of Data File
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108 20 Paired Analysis of Variance
3 Primary Scientific Question

How can repeated-measures ANOVA evaluate the different effect of three different
treatments.

4 Variations Expressed as the Sums of Squares

With paired ANOVA of three treatments every single patient is treated three times.
The data are split:

Total variation
| |
Between-subject variation Within-subject variation
| I
Between-treatment variation Residual variation (random)

Variations is expressed as the sums of squares (SS), and can be added up to obtain
the total variation in the data. We will assess, whether the between-treatment variation
is large compared to the residual variation. Repeated-measure ANOVA is sometimes
called two-way ANOVA (balanced, without replications), (SD = standard deviation).

Subject Treatment 1 Treatment 2 Treatment 3 SD?
1 — _ — -

2 _ _ — _

3 _ _ _ _

4 _ _ _ _
Treatment mean — - -

Grand mean = (treatment mean 1 +2+3) /3 =.....

SS within-subject = SD;? + SD,* + SD;?
SS treatment = (treatment mean 1—grand mean) + (treatment mean 2—grand

mean)2+ e
SS residual =SS within-subject — SS treatment

The F-test (Fisher-test) is used for testing (dfs = degrees of freedom):

_ SStreatment /dfs ~ SStreatment /(3 — 1)
~ SSresidual /dfs ~ SSresidual / (3 —1)(4 — 1)

The F-table gives the P-value.
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5 Real Data Example

The effect of 3 treatments on vascular resistance is assessed in four persons.

Person Treatment 1 Treatment 2 Treatment 3 SD?

1 22.2 54 10.6 147.95
2 17.0 6.3 6.2 77.05
3 14.1 8.5 9.3 18.35
4 17.0 10.7 12.3 21.45
Treatment mean 17.58 7.73 9.60

Grand mean=11.63

SS within-subject = 147.95+77.05 +..

SS treatment = (17.58 — 11.63)*+(7.73 — 11.63)* +..

SS residual =SS within-subject — SS treatment.

F=14.31.

This value is much larger than the critical F-value producing a p < 0.05, because
with 2 (numerator) degrees of freedom and 2 x 3 =6 (denominator) degrees of
freedom the critical F-value should be around 7.26. The difference between the
effects of the three treatments is, thus, very significant. The table of critical F-values
is given on the next page. The internet provides, however, many critical F-value
calculators, that are more precise than the table given.

We should add that, in case of 2 treatments the F-value produced by the ANOVA
equals the t-value squared (F = tz). T-statistics is, indeed, a simple form of analysis
of variance.



20 Paired Analysis of Variance

110

8l
wW0'T
£6'l
81Z
£0°T
(44
91¢
1T
st
LLt
L
90°E
86°C
TLE
PlE
96'€
SEE
Oty
FoE
ar
90y
9's
vy
99
96°S
ve'g
6L'8
'l
nv'al
0r'6¢
6192
9'896

ol

6

A0jRIaWINU 34} Jo (fp) wopaal) jo saaidag

9¢l

Se6l

9¢'6E

89T

101
i

£’rl

EE'6E
0ped
I'LE6

9

[rard
BS'T
1£7
0Lt
(14
j1:4
£5C
£
ILe
67°%
85°¢
£E'e
Yo'y
8t'c
#r
GYU't
8t
L6t
(141
6EF
66
S0
STL
9z9
96
106
8E¥FI
0gsl
0t'6t
TOET
8176
s

19T

00e
OL'E

SO0 oro
§T00 §0°0
500 oo
ST00 §0°0
s0o [R1]
ST00 500
SO0 oro
§T0°0 s0°0
SO0 01
ST00 00
S00 ore
sToo §0°0
S00 oro
sT00 §0°0
s0°0 oro
§200 500
s0°0 oro
ST0°0 50°0
00 oro
ST00 S0°0
SO0 010
ST0°0 S0°0
S00 oro
§T0°0 S0°0
SO0 010
STO0 SO0
SO0 orn
ST00 S0°0
SO0 010
ST00 <00
SO0 oro
ST00 $0°0

anfea-4  an[eA-4
papErl  papelg

ot

A R B BT T Y- IRV S - - ]
=1

JojeuiuouIp
jofp




7 Note 111
6 Conclusion

The above examples show how repeated-measures ANOVA can be used to test the
significance of difference between three treatments in a single group of patients.
However, it does not tell us whether treatment 1 is better than 2, treatment 2 better
than 3, or treatment 1 better than 3, or any combinations of these effects. For that
purpose post hoc tests are required, comparing the treatments one by one. Paired
t-tests should be appropriate for the purpose.

7 Note

More background, theoretical and mathematical information of unpaired and paired
ANOVA is given Statistics applied to clinical studies Sth edition, Chap. 2, Springer
Heidelberg Germany, 2012, from the same authors.
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