Abstract

Our focus in this chapter is on describing how beams behave under
transverse loading, i.e., when the loading acts normal to the longitudinal
axes. This problem is called the “beam bending” problem. The first step in
the analysis of a statically determinate beam is the determination of the
reactions. Given the reactions, one can establish the internal forces using
equilibrium-based procedures. These forces generate deformations that
cause the beam to displace. We discuss in detail the relationship between
the internal forces and the corresponding displacements and describe two
quantitative analysis procedures for establishing the displacements due to
a particular loading. The last section of the chapter presents some basic
analysis strategies employed in the design of beams such as influence lines
and global envelopes.

3.1 Definition of a Prismatic Beam

Beams are used extensively in structures, primarily in flooring systems for buildings and bridges.
They belong to the line element category, i.e., their longitudinal dimension is large in comparison to
their cross-sectional dimensions. Whereas truss members are loaded axially, beams are loaded normal
to the longitudinal direction, and carry the loading by bending and twisting action. This mode is
illustrated in Fig. 3.1. The transverse loading produces transverse deflection, which results in a
nonuniform distribution of stress throughout the body.

Most of the applications of beams in building structures involve straight beams with constant
cross-section. We refer to this subgroup as prismatic beams. Figure 3.2 defines the geometrical
parameters and notation used for prismatic beams. The longitudinal axis-X passes through the
centroid of the cross-section, and the Y, Z axes are taken as the principal inertia directions.
The relevant definition equations are
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These conditions ensure that when the applied loads are in the X — Y plane, points on the
longitudinal axis will not displace in the Z direction. Figure 3.3 illustrates this mode of behavior,
the longitudinal axis-X becomes a curve v(x) contained in the X — Y plane. This type of behavior is
Stabilitycalled planar bending.

There are cases where the line of action of the loading does not pass through the X-axis, such as
illustrated in Fig. 3.4. The eccentricity produces a torsional moment about the X-axis, and the cross-
section will rotate as well as deflect. This behavior is called “combined bending and torsion.” A
prismatic member acted upon by just a torsional moment will experience only torsional behavior, i.e.,
the cross-section will just twist.

Mechanics of Solids texts deal with stresses and strains in beams. Our objective here is not to
redevelop this material but rather to utilize it and formulate a structural theory for beams that will
provide the basis for analyzing the behavior of structures composed of beam elements. Since
structural theory is founded on Engineering Mechanics Theory, at least one subject dealing with
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Fig. 3.2 Notations for a Y
prismatic beam—
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Engineering Mechanics is usually required before studying Structural Theory. We assume that the
reader has this level of exposure to Engineering Mechanics.

3.2  Stability and Determinacy of Beams: Planar Bending

We presented the general concept of stability of a rigid body in Chap. 1 and used the general concept
to develop stability criteria for truss-type structures in Chap. 2. In what follows, we examine the
stability question for beam-type structures and develop similar criteria. For completeness, we first
briefly review the basis for stability discussed in Chap. 1.

Consider the rigid body shown in Fig. 3.5. Assume the body can move only in the X — Y plane.
There are three types of planar motion for a rigid body: translation in the x direction, u, translation in
the y direction, v,, and rotation about an axis normal to the X — Y plane, w,. A body is said to be
stable when rigid body motion is prevented. Therefore, it follows that one must provide three motion
constraints to restrain motion in the X — Y plane.
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Fig. 3.3 Planar Y
bending mode

Fig. 3.4 Combined bending and torsion

One needs to be careful in selecting the orientation of the three translation constraints. Consider
Fig. 3.6. We first choose two directions, “a” and “b” in the X — Y plane. They intersect at point o.
With these two constraints, the only possible rigid body motion is rotation about point o. If we take
the third direction as “c,” this rotation is not prevented. Therefore, it follows that the three directions
must be nonconcurrent as well as coplanar, i.e., they cannot intersect at a common point. This implies
that they must not be parallel. Any other direction, such as “d’” is permissible.
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Fig. 3.5 Planar rigid body
motions

Fig. 3.6 Concurrent
displacement constraints

When the loading is arbitrary, the body needs to be constrained against motion in any plane. This
requires six constraints, three with respect to translation and three with respect to rotation about the
X, Y, and Z direction. The strategy for selecting restraints is similar to the treatment of 3-D truss
structures. We point out that for pure rotational loading only one rotational restraint is required.

Z
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Motion constraints produce reaction forces when the body is loaded. The nature of the reaction

forces depends on the constraints. Various types of supports for beams subjected to planar bending are
illustrated below.

3.2.1 Fixed Support: Planar Loading

The beam is embedded at point A in such a way that the end is prevented from translating or rotating.
We say the member is “fixed” at A. The reactions consist of two forces and one moment.

WELEI] A |
T {

T

k=l

—»

.

A |

-
v

3.2.2 Hinged Support: Planar Loading

Suppose A is to be fully restrained against translation. This can be achieved by pinning the member.
Horizontal and vertical reactions are produced.

A
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3.2.3 Roller Support: Planar Loading

Suppose A is to be restrained against motion perpendicular to the surface of contact. We add a
restraint to A by inserting a device that allows motion parallel to the surface of contact but fully
restrains motion in the direction perpendicular to the surface. We refer to this device as a roller. This
restraint produces a reaction force perpendicular to the surface of contact.

A
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When the loading is three dimensional, additional restraints are required. The supports described
above needs to be modified to deal with these additional restraints. Typical schemes are shown below.
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3.2.4 3-D Fixed Support
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3.2.5 3-D Hinged Support
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3.2.6 3-D Roller Support: Z Direction
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3.2.7 Static Determinacy: Planar Beam Systems

In general, a body restrained with three nonconcurrent coplanar displacement constraints is stable for
planar loading. When loading is applied, the only motion that occurs is due to deformation of the body
resulting from the stresses introduced in the body by the loading. The motion restraints introduce
reaction forces. Since there are three equations of force equilibrium for a body, and only three
unknown forces, one can determine these force unknowns using only the force equilibrium equations.
In this case, we say that the structure is stable and statically determinate. If a body is over restrained,
i.e., if there are more than three nonconcurrent displacement restraints, we say that the structure is
statically indeterminate. This terminology follows from the fact that now there are more than three
force unknowns and consequently one cannot uniquely determine these unknowns with only the three
available force equilibrium equations. Statically indeterminate structures require a more rigorous
structural theory and therefore we postpone their treatment to part II of the text. In what follows, we
present some examples of statically determinate and statically indeterminate planar beams.

3.2.8 Unstable Support Arrangements

A B &

. = -

The beam shown above has the proper number of constraints, but they are all vertical. There is no
constraint against horizontal motion, and therefore the beam is unstable.

A B
= o

The beam shown above is unstable. The roller support at B constrains motion in the horizontal
direction but does not prevent rigid body motion about point A.

3.2.9 Beam with Multiple Supports

There are three vertical restraints and one horizontal restraint. These restraints produce the four
reaction forces shown below.

A B C
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Fig. 3.7 Two-span beam A B
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One of the vertical restraints is redundant, i.e., is not needed for stability and therefore can be
deleted. Deleting the support at B results in the structure shown below.

A C
Ray
—p | ]
Ra ¥y R¢
A beam supported only at its ends in a minimal way is referred to as a simple supported beam.
A C
A -

The beam depicted in Fig. 3.7 is called a two-span continuous beam. This beam is statically
indeterminate to the first degree. We will show later that multi-span continuous beams are more
structurally efficient than simply supported beams in the sense that they deflect less for a given design
loading.

3.2.10 Beam with a Moment Release

Suppose we cut the beam shown in Fig. 3.8 at point D and insert a frictionless hinge. We refer to the
hinge as a moment release since the moment is zero. The hinge does not restrain rotation at D, and
member DC is free to rotate about D. The beam is now statically determinate. The corresponding
reaction forces are listed below on the free body diagrams (Fig. 3.9).
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Member DC is statically determinate since there are only three reaction forces. Once the forces at
D are known, the remaining reactions for member ABD can be determined. Therefore, it follows that
inserting a hinge at D reduces the static indeterminacy by 1°.

We consider next the three-span continuous beam shown in Fig. 3.10. This structure is indetermi-
nate to the second degree since there are two extra vertical supports. One can reduce the structure to a
statically determinate structure by inserting two moment releases. Various possibilities are listed in
Fig. 3.11. The optimal location of moment releases is illustrated in Examples 3.33 and 3.34.

3.3  Reactions: Planar Loading

When a structure is subjected to external loads, the displacement restraints develop reaction forces to
resist the tendency for motion. If the structure is statically determinate, we can determine these forces
using the three global force equilibrium equations for planar loading applied to a body. One selects a
set of directions n—n and s—s, where s—s is not parallel to n—n. The steps are

(i) Summationof forcesindirection n —n =0
(ii) Summation of forcesindirection s —s =0
where direction s — sisnotparalleltodirectionn — n
(iii) Summation of moments aboutan arbitrary point, A = 0
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One constructs a free body diagram of the structure and applies these equations in such a way as to
obtain a set of uncoupled equations, which can be easily solved.

When a statically indeterminate structure has a sufficient number of releases such that it is reduced
to being statically determinate, we proceed in a similar way except that now we need to consider more
than one free body. The following series of examples illustrate the strategy for computing the
reactions.

Example 3.1 Beam with Two Over Hangs

Given: The beam shown in Fig. E3.1a.
Determine: The reactions.

1.2 kip/ft 10 kip ft e
N B/L/ r

EN C )

8 fi 10 ft 10 ft | 8 ft

—f
—
—
-

Fig. E3.1a
Solution: Summing moments about B leads to the vertical reaction at A.

> Mg =0
RA(20) + 10 + %(1.2)(8)%(8) -12 @) (20 + %8) =0
CRa=431

Summing the vertical forces,
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> Fy=0 Rg+43- 1.2(%)(2) =0
~Rg =531

The reactions are listed below.

1.2kip/ft

1.2kip/ft 10 kip ft i
j\[\ 3

C

13

R = 5.3 kip

R, = 4.3 kip

Example 3.2 Simply Supported Beam

Given: The beam shown in Fig. E3.2a.
Determine: The reactions.

S

Fig. E3.2a

Solution: As a first step, we construct the free body diagram for the beam. The reaction at B is normal
to the inclined surface. We resolve it into horizontal and vertical components using (Fig. E3.2b)

Ry, A B AT T3 Ry ~Rysina
e R_» -
? x e Ax * Au1
RH

R"\.\ R"" - R“ COs O

Fig. E3.2b
Rpy, = Rgcosa Rp, =Rpsina

Summing moments about A leads to the vertical reaction at B.
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ZMA:O

L
wL (5> — LRy, =0

wL
. RBy ZTT

Given Rg,, we find the reaction Ry

RBy o wL

Rg = =
cosa 2cosa

The corresponding horizontal component is
. wL
Rp, = Rpsina = - tan o «—
We determine the reactions at A using force summations.

L
Y F.=0 Rsz—RBx:w?tanaH
wL

> Fy=01" Ray+Rpy,—wL=0 R, =1

Suppose w = 30 kN/m, @ = 30° and L = 10 m. The reactions are listed below.

30 kN/m
Al T T r it
86.6 kN ’ﬁ 2
30
150 kN 173.2 kN
10m

—
-

Example 3.3 Two-Span Beam with a Moment Release

Given: The beam shown in Fig. E3.3a. There is a moment release at D.
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Determine: The reactions.
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Fig. E3.3a
Solution: The most direct way of analyzing this structure is to first work with a free body diagram of
beam segment DC.

Applying the equilibrium conditions to this segment results in
L
Y Mp=0 Re="1
4
L
SFy=0 Vvp="21
4
E F,=0 Hp=0

With the internal forces at D known, we can now proceed with the analysis of segment ABD.

W
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Summing moments about A leads to Ry
> Ma=0 (0.75L)(1.5wL) + (1.5L)(0.25wL) — LRg = 0
Rg=1.5wL ]

Summing the vertical and horizontal forces,

> Fy=0 Ray=175wL—Rp=025wL |

Zszo Ray =0

The reactions are listed below.

“L{G{}&&{'vl»{lg]&&&

4 ¥ > 3

1.5wl 0.25 wl

C

0.25 wl
If the hinge was placed at point B, the structure would act as two simply supported beams, and the

reactions would be as shown below.
W

w
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Example 3 .4

Given: The beam shown in Fig. E3.4a.
Determine: The reactions.
20 kN/m 18 kN m 15 kKN/m
DD.:; Y [
L 1
A #":‘ C #E E
B D

1 3m 1 3m 3m 1 3m 1
T T | I

Fig. E3.4a
Solution: Summing moments about B leads to the vertical reaction at D.
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> Mg =0
Ro(6) + 20 @ (2) £ 18— 15(3)(7.5) =0 “.Rp = 43.25 |

Summing the vertical forces,

3
D> Fy=0 Rg+43.25-1503) - 2o(§> =0
~Rg=31.751

The reactions are listed below.

20 kN/m 18 kN 15 KN/m

J:D:g,g Y ) .
’ I :

Ry = 3175kN Rp =43.25kN

Example 3.5 Three-Span Beam with Two Moment Releases

Given: The beam shown in Fig. E3.5a.
Determine: The reactions.

P
A B E 'L F C D
[ i L - A
nz o hinge hinge - R e
l L l L L"r: L-’f‘ L L

—

Fig. E3.5a
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Solution: We first work with a free body diagram of beam segment EF. Then, with the internal forces
at E and F known, we precede with the analysis of segment ABE and FCD.

m
‘_"'ﬂ

» r
P2 PQT
A B E ‘I C D
P P
P2 P/2 P/2 P/2

The reactions are listed below.

P
A B & ¢ F C D

[ - B
=)= e hinge hinge "‘"

Example 3.6 Horizontal Beam Supporting a Vertical Sign

Given: The structure defined in Fig. E3.6a. Member BED is rigidly attached to the beam, ABC.
Member FG is simply supported on member BED. Assume member FG has some self-weight, W and
is acted upon by a uniform horizontal wind load p. This structure is an idealization of a highway sign

supported on a beam.
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Determine: The reactions.

F
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Fig. E3.6a

Solution: We work with two free body diagrams, one for member FG and the other for the remaining
part of the structure.

, 1 8
Vi '
‘ HF ?]-
p

‘—“(3 —
Hg ¢(;
w

A _I B
Rax =91

—+>
L —+pHn

Consider first member FG. Enforcing equilibrium leads to:

V=W
h
Hyp=Hg = ’)Z
Next, we apply these forces to the structure composed of member ABC and member BED. The
free body diagram is shown below.
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W
l ph
T D e T
h/2 @
—f E||e— 4
2h
Rax A
X : | | B (]
Ra, ? f R¢
L2 | L2

Summing moments about A leads to R¢

ZMAzo

L ph ph
—=—(2h) +—(2.5h) + RcL
~=n) +Bl2.5h) + Re

W h
S Rc=——ph| 1.125—
C ) P( L)

The horizontal and vertical reactions at A are

_ph
2

14 h
Ray=" +ph<1.125L>

Rax

Note that the vertical reaction at C may become negative if p/ is large with respect to W and 4 is of
the order of L.

3.4 Internal Forces: Planar Loading

We have shown that external loads produce reaction forces. The next question we need to address is:
What is the effect of this combination of external loads and reaction forces on the body? We answer
this question by examining the equilibrium of an arbitrary segment of the body.

Consider the uniformly loaded, simply supported beam shown in Fig. 3.12a. We pass a cutting
plane a distance x from the left end and consider either the left or right segment.

The external loads create a force unbalance. To maintain equilibrium, a vertical force, V(x), and a
moment, M(x), are required at the section. We refer to these quantities as the internal shear force and
bending moment. The magnitudes of V(x) and M(x) for this section are
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Fig. 3.12 Internal shear a
and moment. (a) beam. [
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Fig. 3.13 Sign convention Y
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M A% M
F F
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v positive face
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V(x)=— W—ZL + wx
5 (3.3)
M(x) = W—Lx e
2 2

We need to first define a sign convention for the positive directions of the internal force quantities.
This notation is shown in Fig. 3.13 for a positive face, i.e., a face whose outward normal points in the
+ X direction. The shear force is positive when it points in the + Y direction, and the positive sense for
moment is from X to Y. Depending on the external loading, there may also be an axial force.
The positive sense for the axial force is taken as the + X direction. These directions are reversed
for a negative face.

This sign convention is also used in the matrix formulation of the beam bending problem which is
the basis for computer-based analysis software. Historically, some authors use a sign convention for
shear which is opposite to this choice. We prefer to employ the above convention since it is consistent
with the output of structural software systems and therefore allows the reader to transition easily from
analytical to digital computation schemes.
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Fig. 3.14 Shear and w
moment diagrams Crt ittt 11

Figure 3.14 shows the variation of these quantities for the beam defined in Fig. 3.12. The shear
varies linearly, with maximum values at the supports. The moment varies parabolically, and the
maximum value occurs at mid-span. These plots are called “shear” and “moment” diagrams. Positive
moment is plotted on the top face in the USA. In the UK, positive moment is plotted on the bottom
face. Again, it is a question of what convention one is most comfortable with.

The maximum bending moment and shear force are used to determine the dimensions of the cross-
section. The specific design procedure depends on the material selected, such as wood, steel, or
concrete, and the design code adopted.

One constructs the internal force distributions by selecting various cutting planes, evaluating the
corresponding values, and then extrapolating between the sections. With some experience, one can
become very proficient at this operation. We illustrate the process with the following examples.

Example 3.7 Cantilever Beam with Multiple Concentrated Loads

Given: The cantilever beam with two concentrated loads shown in Fig. E3.7a.
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Determine: The shear and moment diagrams.

20 kN 40 kN

L

=7y B S

.'*—Sm —t—3m —

Fig. E3.7a

Solution: We first determine the reactions at A by enforcing the equilibrium equations.

> Fy=0 Ra—20-40=0=> Ry = 60kN

D> Ma=0 Ma—20(3)—40(6) =0 = Ma = 300kNm

20 kN 40 kN

= 300 kN-m ‘ ¢
)

? B ¢

Ry = 60 kN

Then, we pass a cutting plane between points A and B

0<x<3 V(x)=-60
M(x) = —300 + 60x

300 kN-m

[ | M (x)

60 kN V(x)

\

185
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Lastly, we cut between B and C.

3<x<6 V(x)=-40
M(x) = =300 4+ 60x — 20(x — 3) = 40x — 240

20kN
300 kKN-m
vy
( IT 3 M (x)
B

? 60 kN

i Im 1 Vi(x)

! > X

The distributions are plotted below.
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There are some features that we want to point out. Firstly, a concentrated load produces a
discontinuity in the form of a “jump” in the shear force, such as at points B and C. Secondly, when
the loading consists only of concentrated loads, the shear diagram consists of segments having
constant values, and the moment diagram is composed of a set of straight-line segments. We have
demonstrated these features here. Later in the next section, we will establish a proof based on
equilibrium considerations. A thought question: When would the moment diagram have a jump in
the moment value? Hint: Consider Example 3.15.

Example 3.8 Cantilever Beam with Uniform Loading

Given: The uniformly loaded cantilever beam shown in Fig. E3.8a.
Determine: The shear and moment distributions.

_J@lﬁl:L“lLlliiLliL

Fig. E3.8a

Solution: We pass a cutting plane between points A and B. Then, we can consider either segment
shown below.

W w

‘ M(x) M)
;CAE) CE&LILILL&L«LIL«L*

..: i V(x) ¢ Vi(x) -
L — i t

B

The shear and moment required for equilibrium are

0<x<L V() =-wl-x)
M) = —3(L -}

These functions are plotted below. Note that the maximum moment varies as L.
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Example 3.9 Beam with an Eccentric Lateral Load

Given: The structure defined in Fig. E3.9a. Member BC is rigidly attached to member AB at B.
Determine: The axial, shear, and moment diagrams.

C ‘_PT
h
" . 4

Y

Fig. E3.9a

Solution: Member BC is rigidly attached to the beam, AB, and has a horizontal load applied at its
end. The effect of this force is to apply a bending moment at B, which causes beam AB to bend.
Figure E3.9b illustrates the deflected shape.

\ deflected shape

Fig. E3.9b
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We determine the reactions first. The free body diagram is shown below.

Moment summation about A leads to

ZMA:O
h

h
RgL+Ph=0 = Rp :_ZP = Rp :Zpl
The reactions at A required for equilibrium are

h h
> Fy,=0 Ray=-Ve=7P = Ry=7P]

ZFX:O = Ra=P—

Next, we pass a cutting plane at D, isolate the left segment, and enforce equilibrium.

B 1
P —p | > ] 4— P
\
Ph P
L L
—x—
VIX)  M(X)

d —'—PA I—(JT 3-’ F (x)

? D
Ph

b
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The results are

V(x)=—Ph/L
M(x) = (Ph/L)x
F(x)=—-P

The beam is subjected to combined compression and bending: The maximum moment is equal to
Ph and occurs at B. This is the critical section for design. Plots of F, V, and M for member AB are
shown below.

£
A
L.
F e ->F X
-P
Vi
v {&3t L
a X
Ph _
I
M
Ph
M TS
/:/-|
) 5 X
L

3.5 Differential Equations of Equilibrium: Planar Loading

The strategy described in the previous section was based on working with a free body diagram of a
large segment of the beam and determining the shear and moment by applying the equilibrium
equations. We generate the distributions of these quantities by selecting various free body diagrams.
This approach is convenient when the loading is fairly simple, i.e., it consists of a combination of
concentrated forces and uniformly distributed loadings. For complex distributed loadings expressed
as analytic functions, one needs a more systematic approach for enforcing the equilibrium conditions.
In what follows, we describe an approach based on applying the equilibrium conditions to a
differential element of the beam, resulting in a set of differential equations relating the shear force
and moment to the applied distributed loading.
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Consider the beam and the differential element shown in Fig. 3.15. We use the same sign
convention for V and M as defined in Sect. 3.4. We take the positive sense of the distributed loading
to be “downward” since these loadings are generally associated with gravity. Considering V and M to
be functions of x, expanding these variables in terms of their differentials, and retaining up to first-
order terms results in the forces shown in Fig. 3.15b.

Summing forces in the Y direction,

dV dx dV dx
V—‘ra?— (V-a;) —wdx—O

and combining terms leads to

Lastly, since this equation must be satisfied for arbitrary dx, it follows that

dv
In words, “the rate of change of the shear force is equal to the applied distributed loading.”

Repeating this analysis for moment summation about point o, the steps are

Fig. 3.15 Beam with a w(x)
arbitrary distributed -
loading. (a) Beam. (b)
Differential beam element l W

I - > ‘ X : - -

I% ({] I "
| X dx
. ~+—tp
w dx
b dV dx dVv dx
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U (3.5)

an _

-V
dx

Equation (3.5) states that “the rate of change of the bending moment is equal to minus the shear
force.”

These two relations are very useful for checking the consistency of the shear and moment diagrams.
One can reason qualitatively about the shape of these diagrams using only information about the loading
on a segment of the beam. For example, if w = 0, the shear is constant and the moment varies linearly.
If w = constant, the shear varies linearly and the moment varies quadratically.

One can establish a set of integral equations by integrating the derivative terms. Consider two
points, x; and x,, on the longitudinal X-axis. Integrating (3.4) and (3.5) between these points leads to

X3

V2 - Vl = J wdx (36)

X1

X2
My — M, = —J V dx (3.7)

X1

Equation (3.6) can be interpreted as: “The difference in shear between two points is equal to the
area under the distributed loading diagram included between these points.” Equation (3.7) relates the
change in moment to the area under the shear diagram between these points. Figure 3.16 illustrates
these interpretations.

The integral forms are useful if one wants to either compute values at discrete points or determine
analytical solutions. The differential forms are more convenient for qualitatively reasoning about the
shape of the diagrams. We generally use both approaches to construct shear and moment diagrams.

Another useful property that can be established from (3.5) relates to the maximum values of the
moment. We know from calculus that extreme values of a continuous function are located at points
where the first derivative is zero. Applying this theorem to the moment function, M(x), the location
x*, of an extreme value (either maximum or minimum) of moment is found by solving:

e (3.8)

Noting (3.5), it follows that extreme values of moment occur at points where the shear force is
zero. One first generates the shear diagrams from the applied loading. This process identifies the
points of zero shear. If only peak values of moment are of interest, one selects free body diagrams by
passing cutting planes through these locations and applies the equilibrium conditions. This approach
is the most direct procedure.
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Fig. 3.16 Interpretation of ¥
shear and moment in terms
of segmental loadings
distributed load

A%
Vi ] Vy= Vl o IX: w dx
n

§1 \:‘ 'X
v
M; shear M2 "
CE D e
X
*‘C| \* x

When the loading consists of concentrated forces, the shear diagram has a discontinuity at the
point of application of each concentrated force. By considering the equilibrium of a differential
element at the point (see Fig. 3.17), one can establish that the “jump” in shear is equal to the applied
load. Similarly, the jump in moment is equal to the applied external moment, M.

V+face - V7face =P (39)
M+face - M—face =-M (310)

One applies (3.6) and (3.7) to generate solutions for the segments adjacent to the discontinuities and
uses (3.9) and (3.10) to connect the solutions.

In what follows, we illustrate the application of the differential/integral equation representation to
generate shear and moment diagrams. This material overlaps slightly with the material presented in
the previous section. Some repetition is useful for reinforcing basic concepts.

Example 3.10 Cantilever Beam—Triangular Loading

Given: A cantilever beam with a triangular distributed loading (Fig. E3.10a).
Determine: V(x) and M(x).

Fig. E3.10a
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Fig. 3.17 Jump a P b M

conditions. (a) Shear. (b)
| a
Viface M_face M
V-face\l/ ET +ice

Moment
Solution: First, we determine the reactions at A (Fig. E3.10b)

wgL
ZFYZO RA:%T
L2
S Ma=0 My="%
‘I'B
ml?
MA" 3
A
L
B
Ra-2t]

+—> X

Fig. E3.10b Reactions

y X
W —TT)
B w(x)=wn —

M, = ;C L
A ‘T_()M(x)

I V(x)

| - x

Fig. E3.10c Internal shear and moment
Next, we determine the shear, V(x), with (3.6) (Fig. E3.10c). Integrating between points A and x

x x 2% 2
WX WBX WBX
V(x) =V = dv=| —dx= =
(9~ Va= [ wiae=] ac="p =0
. wpL .
Noting that VA = —Ra = — ——, the solution for V(x) reduces to

2
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Vi) =2 <—L + x;)

We determine the moment, M(x), with (3.7)

195

2

. wgL .
Noting that Mp = — , one obtains

¥ Lx L?
M(x) = -t ———
(x) =wsp ( 6L + ) 3 )
The shear and moment distribution are plotted below. Note that the peak values of shear and

moment occur at x = (. Also note that the boundary conditions at B are Vg = My = 0 since this
cross-section is free, i.e., unrestrained and unloaded.

| |L . 14
e JEERNnnEEE:

Example 3.11 Distributed and Concentrated Loads

Given: The beam and loading defined in Fig. E3.11a.
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Determine: V(x) and M(x).

| ¢——
=

—
-
—
—
—
4
]
—
]
]
—
-
-
@]

+ e

Fig. E3.11a

Solution: This example illustrates how to deal with a combination of distributed and concentrated
loads. We separate the distributed and the concentrated loads and then superimpose the results

(Fig. E3.11b).

T vk v ¥ v ¥ ¥ b v k¥ vt [ .
Aj R = B E S
= £ pre-o Pa |
1 E L ;

2 a ) L-a '

P
Y _* bk ¥ % v v ¥ ¥ v k ¥ ¥ ¥ ke
S B 2
wp  P(L-a) wr  Pa
T+ } a L-a ,} 2 L

Fig. E3.11b Reactions

We consider first the segment AB. Applying (3.6) and (3.7), and noting the boundary conditions at
x = 0, the distributions for 0 < x < g are

L (L—a)P
V(x) = _w2 _{ La) + wx
L P(L - 1
M(x):%x+ ( 7 a)xffwx2

The values of V and M just to the left of point B are

L P(L —
VB,:_WT“FWH—%
y _wL 1 2_’_P(Lfa)

B = 2a 2wa 7 a

Applying (3.9) and (3.10) for the jump conditions at B, and noting signs, the quantities just to the
right of B are
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wL Pa
VB+:P+VB_:—7+W(1—T
wL 1 P(L—a)
Mg, =Mp_ =—a—-wa*+—— "/
B+ B 261 2W(l + 2 a

Note that there is no jump in moment for this example.
Applying (3.6) and (3.7), these expressions for a < x < L expand to

Vi) =T =5+

Pax wLx wx?
M(x)=Pa—— 4+
() =Pa——=+—-—=

The approach we followed here is general and applies for all loadings. It is fairly straightforward to
establish the expressions for the regions 0 < x < aanda < x < L. An easier way to obtain the shear
and moment diagrams for this example would be to generate separate diagrams for the two types of
loadings and then superimpose the results. The individual shear and moment diagrams are plotted
below (Figs. E3.11c and E3.11d).

AL »
;:]_;: L =
wL " P(L—a) { } LL ¥ ..P_E'..
2 L x 2 L
; L/2 J L2 .
T Ll V
+
+ 1_1
+ |Ea
P(L-a) _ L
L

L 4 Il L" a

Fig. E3.11c Shear diagrams
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198
P
l W
Y v v v v v v v v vy ¥ v v v vC
AI
E‘g‘: B =] /=]
WL - P(I-‘_a){ “.'ZL 1 u" + P_ﬂ
2 L x 3 2 L
+
: L2 : L/2 ;
T T T
+ M
1)
Pa(L- a)
L
/\
f
I 4 Il L_a ]

Fig. E3.11d Moment diagrams ~ Suppose P = 15 kip, a = 12 ft, L = 36 ft, and w = 1.2 kip/ft. The
combined shear and moment diagrams are plotted below.
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12 ft 24 fi

[ =1 T 2178
31.6 kip 17.2 4

Example 3.12  Uniform Loading Combined with End Moments

M

[§=a)s

Given: A simply supported beam subjected to a uniform loading and bending moments at the ends.
This is a typical case for a floor beam in a rigid building frame, i.e., where the beam-column

connections apply moment to the ends of the beam (Fig. E3.12a).
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Mj

W
@ ===wwew BD

—>X

I L

Fig. E3.12a

Determine: The location and magnitude of the maximum moment.
Solution: We consider separate loadings and then superimpose the results. The solution due to the

end moment is (Fig. E3.12b)

* *
MA MB
CA L IBD
L L
M* +M7 ‘
L A"
+ 1<t
*x
M
A +
M
— (3
*
Mg

Fig. E3.12b
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The uniform loading provides the following distribution (Fig. E3.12c):

w
A+ T Y Y VY v v ¥ -

wL] lﬁ
2 2

2z w L2
8

Fig. E3.12c

Combining these solutions leads to the analytical solution

wL M, + M;
Vi) = 2= ATV
(x) 7 twrt——
. M+ M wL wa?
M) =My = =5 =Pt e =

wL
2 v
| Jeal

M
QR Y|
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These functions are plotted below (Figs. E3.12d and E3.12e).

V(x)

1=t

(-= L : :
<
(L M +M, )
2 w L
Fig. E3.12d
M (x)
M
ey
/7\
M *
A Mmax | +
J L
0 v . X
+—t %
Mg
(L_My+tMs,
2 w L
Fig. E3.12e

The peak moment occurs where the shear is zero. Noting the plot of V(x), the shear is zero at x,x.

V=0
L M, + My
T ST T WL

The form of the solution suggests that we express the sum of the end moments as

M, + M}, = ngZ
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where a is a dimensionless parameter. Substituting for this term, the equation simplifies to
L
Xmax = 5 (1 - (1)

Lastly, we determine M, using this value for x.

% wlL?
Moax = M, +T(1 —a)’

Given w and the end moments, one evaluates «,

. M, + My
WiZ
2
and then M,,,.. When o = +1, the peak moment occurs at an end point and equals the applied end
moment.

The case where the end moments are equal in magnitude but opposite in sense is of considerable
interest. One sets M, = —My = —M", and it follows that @ = 0. The moment diagram is symmetri-
cal with respect to the centerline. The peak negative values of moment occur at the end points; the
peak positive moment occurs at the center point of the span (Fig. E3.12f).
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M M
-
JRG T BD
4 4
wL Lt
2 -
. LB, LB
I | |
wL

(]

a7

M
fERY

+ wL?
M max = (= -M)

Fig. E3.12f

When there is no end restraint, M* = 0. Then, MI;aX = wl? /8. The effect of end restraint is to
reduce the positive moment and introduce a negative moment at the ends. This behavior is typical for
rigid frames such as building frames subjected to gravity loading. We examine this behavior in more
detail in Chap. 15.

Example 3.13


http://dx.doi.org/10.1007/978-3-319-24331-3_15
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Given: The beam shown in Fig. E3.13a

2kp/ft . 2kip/f

Fig. E3.13a

Determine: The reactions, shear, and bending moment distributions.

Solution: We draw the free body diagram of beam segment AB. Applying the equilibrium conditions
to this segment results in (Fig. E3.13b)

SF, =0 RA—(z)@w:o Rx = 16kip
2 kip/ft N
A ’ I B e g
R, = 16 kip I I Vg = 8 kip
24 ft

Fig. E3.13b Segment AB
With the internal force at B known, one can now proceed with the analysis of segment BC
(Fig. E3.13c).

ZFYzOf(Z)@78+RC:O = Rc=32kip |
ZMC =0—Mc+8(24)+(2) @@ =0 = M =384kipftclockwise
2 kip/ft
B /”FJMT##’I{L CD M. = 384 kip ft
| LN
Vg = 8 ki J, I :
B P R =32ki

24 ft ¢ d

il l
I T

Fig. E3.13c Segment BC
The peak moment occurs where the shear is zero.
Segment AB:
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Ny
‘M max 12
Cl y— B
Vx1=0‘l 1VB=81dp
X, ¢ }

N F=0 8—%()(—1))(1:0 — X = 13851t

12
. 13.85\1/13.85 .
S Mmax = 8(13.85) — (13.85) (T)E(T) = +73.9kipft
Segment BC:
2 3
X
12 M, =—8x2——( 2)
72
B //f'l,l D
t X,

1/x
S F=0 v, =8+5(é)xﬁéo

Therefore, there is no peak moment between B and C.
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The shear and bending moment diagrams are listed below (Fig. E3.13d).

2 kip/ft 2 kip/ft
l 384 kip ft
16 lqu 32 klp
| 24 ft k 24 ft .
T T T
M ; ldp !
. =1
) LAL-L_'W
16 kip | 13.85 ft ,
M
73.9 kip ft 3
e T T T T OT T T T T o W —3
384 kip ft
Fig. E3.13d

Example 3.14

Given: The beam shown in Fig. E3.14a
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Determine: The reactions, and the shear and bending moment distributions.

10 kip
2kip/t 8kip ft
A B
ffﬁxfffffji sl v .
L e D E &

12 ft 10ft |, 10ft 2f

Fig. E3.14a

Solution: We first determine the reaction at B using ) M4 = 0. We then compute the reaction at A by
summing forces in the Y direction (Fig. E3.14b).

> MaA=0 —RB(44)+(2)(E)§(12)+8+10(32):0 Rg =9.64 1

2
12
> Fy=0 Ra-2 o) —10+9.64=0 Ra=12.361
10 kip
2kip/ft 8 kip fi
f 5 B
%f ki v :
R 4 =12.36kip o o - ¥RB = 9.64 kip
121t . 0f 10ﬁ+ 12 ft |

Fig. E3.14b

We determine the shear, V(x), with (3.6) (Fig. E3.14c). Integrating between points A and x

X X 2% 2
X X X
— = dx=| —dvr=—| =— <x<12
V(x) = Va Jow(x) ,[06 2, "1 0<x<
Noting that V4 = —12.36, the solution for V(x) reduces to
2
X
V(x) =—=-—12.36

We determine the moment M(x), with (3.7) (Fig. E3.14c). Integrating between points A and x

3

T X X
V(x)dx = — — — 1236 |dx=——+41236x 0<x <12
() Jo (12 ) 36+ x 0<x<

X

M(x) —Ma = —JO

Noting that M s = 0, one obtains
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3
M(x) = ——+12.36x

36
X
A e My
==L 9
RA=12.36kjp¥ T,
t 25X
Fig. E3.14¢
Note that there is a jump in the shear at E.
10 kip

l

VE_ face l?T VE+face =9.64

D> Fy=0 Vi e =9.64+10=0 Vg e =036 Vi face = 0.36 T kip

Applying (3.7) to the different segments results in:
Segment EB

Mg — Mg = —J Vdx = —9.64(12) = —115.68
E—B
Mg =0 . .Mg=115.68kipft

Segment DE

Mg — Mp = _J Vdr = —(~0.36)(10) = 3.6

E—B
Mg = 115.68 . .Mp = 112kipft

Note that there is a jump in the bending moment at D.

8 kip ft

- N
D-face C ? >MD+face =112
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> M=0 Mp e +8—112=0 Mp_gue = 104kipft

Segment CD

Mp — Mc = ,J Vdr = —(~036)(10) = 3.6

E—B
Mp=104. . .Mc = 100.4kipft

The reactions, shear, and bending moment distributions are listed below (Fig. E3.14d).

10 kip
2kip/ft 8kipft '
A [ B
. /r/f'ﬂﬂ N Vi
D E T X
RA=12.36kip1 ¢ L Rpg= 9.64 kip
| 12 ft | 10ft |, 10ft 12 ft !
% I ¥ T T
9.64 Y
u } =t
12.36 kip
112 115.68
100.4
104 I
I == | |

L )

Fig. E3.14d

3.6 Displacement and Deformation of Slender Beams: Planar Loading

Fig. 3.18 Slender beam.

(a) Initial. (b) Deformed " b (T,_m
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Fig. 3.19 Definition of Y
displacement components A

Figure 3.18 shows how a slender beam responds to a transverse planar loading. The geometric
quantities that define the movement of the beam from its unloaded position due to an applied loading
are defined as the displacements. Displacements are also referred to as deflections. Consider the
segment of a homogeneous beam shown in Fig. 3.19. We take the X-axis to coincide with the initial
position of the centroidal axis and the Y-axis to be 90° counterclockwise from the X-axis. When the
loading is applied in the X — Y plane, points on the centroidal axis move horizontally and vertically.
We assume the cross-section, which is initially normal to the centroidal axis, remains normal to the
curve connecting the displaced points. This is a standard assumption for beams known as
“Kirchoff’s” hypothesis and implies that the cross-section rotates through the same angle as the
tangent to the centroidal axis. Kirchoff’s hypothesis is valid for slender beams, i.e., beams having a
depth to span ratio less than about 0.1. With this assumption, the independent geometric measures are
the two displacement components, u(x) and v(x), which are functions of x for static loading. Given
v(x), we find the cross-sectional rotation, 8(x), with the geometric relation.

The next assumption that we introduce concerns the magnitude of 8. We assume here that 6> is small
in comparison to unity, which implies that the tangent is essentially equal to the angle in radians:

tan 6 ~ 6 (3.11)
Then, the expression for € reduces to
dv
0~ +— 3.12
+< (3.12)
Fig. 3.20 Differential
beam elements. (a) Initial. a b
(b) Deformed
c d
-]‘
afp-—-—-- b
dx
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Deformations are dimensionless strain measures resulting from displacements. Consider the
differential elements shown in Fig. 3.20. The initial rectangular shape is transformed to a quadrilat-
eral shape with curved upper and lower edges. Adjacent cross-sections experience a relative rotation
equal to (df/dx)dx, which causes line elements parallel to the centroidal axis to either elongate or
contract. These changes in length produce extensional strains. A line element located y units above
the centroidal axis experiences a strain £(y) equal to

€)= vy (313)

According to this model, the strain varies linearly over the cross-section and the peak strain values
occur at the upper and lower surfaces; the centroidal axis is not strained.

At this point, we introduce some standard notation for the derivative of the cross-section rotation
angle, 6.

d%v

de
¥ = curvature= e (units of radians /length)
(3.14)

1
p = radius of curvature = —(units of length)
V4

We prefer to work with the curvature and express the extensional strain as

e=—yy (3.15)

Given y, one can establish qualitatively the shape of the curve defining the displaced centroidal axis.
An analytical solution for the displacement, v, can also be determined by integrating (3.14). We will
illustrate both procedures in later sections.

3.6.1 Moment: Curvature Relationship

We have demonstrated how to establish the bending moment distribution corresponding to a given
loading. We have also showed how the displacement field can be generated once the curvature is
known. To find the displacements due to a given loading, we need to relate the moment and the
corresponding curvature along the centroidal axis. Given this relationship, it is a fairly straightfor-
ward process to move from prescribed loading to the resulting displacement.

The positive sense of the bending moment on a positive cross-section is defined as counterclock-
wise. Then noting Fig. 3.21, the moment and normal stress are related by

Fig. 3.21 Definition of Y

normal stress and moment
c M
.‘-
— —— - — X
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M= L ~ yodA (3.16)

We determine the stress using the stress—strain relation. In what follows, we assume the material
behavior is linear elastic. The stress is a linear function of the strain in this case.

0 =FEe=—yEy (3.17)
where E is Young’s modulus for the material. Substituting for ¢ in (3.16) leads to
M = Ely (3.18)

where [ = J y*dA. Given M and EI, one finds the curvature (y) with

M

=— 3.19
X =g (3.19)
and then the displacement v by integrating
d*v M
= 3.20
il s (3.20)
The complete solution of (3.20) consists of a homogeneous term and a particular term,
v=co+tcx+v (3.21)

where v}, is the particular solution corresponding to the function, M/EI, and c, ¢, are constants. Two
boundary conditions on v are required to determine ¢, and c;.

3.6.2 Qualitative Reasoning About Deflected Shapes

Noting (3.18) and the fact that EI is always positive, it follows that the sense of curvature y is the same
as the sense of M. The deflected shapes corresponding to positive and negative curvature are shown in
Fig. 3.22. It is more convenient to interpret these deflected shapes as the result of applying positive
and negative moments. Figure 3.23 illustrates this interpretation.

We divide the moment diagrams into positive and negative moment zones and identify, using
Fig. 3.23, the appropriate shape for each zone. Points where the moment changes sign are called
inflection points. The curvature is zero at an inflection point, which implies that the curve is locally
straight. We deal with inflection points by adjusting the orientation of adjoint shapes such that their
tangents coincide at the inflection point. Figure 3.24 illustrates this process.

Fig. 3.22 Deflected Y
shapes for positive and a b X

negative curvature \x/ /—\

X

positive curvature negative curvature
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Fig. 3.23 Deflected shape
for positive and negative

L 0 v 9 ( N

pO\l.lI\ ¢ moment ncg;ni\c moment

Fig. 3.24 Shape transition
at an inflection point

(-x)

N

(+%)

The last step involves enforcing the displacement boundary conditions associated with end
conditions. Figure 3.25 shows four types of end conditions (full fixity, hinge, roller, and free) with
their corresponding displacement measures that are constrained by these conditions.

d‘
I Fied u=0,v=0 8=9gs =0 f——S

o

2. Hinge u=0,v=0

3. Roller v=20

4. Free ux0,v=20,0=0 . \

Fig. 3.25 Types of end conditions—displacement measures
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The deflected shape must pass through a support. If an end is fixed, the cross-section cannot rotate
at that point. We need to orient the deflected shape such that the tangent coincides with the initial
centroidal axis. In what follows, we present a series of examples which illustrate the process of
developing qualitative estimates of deflected shapes given the bending moment distribution.

Example 3.15 Deflected Shape—Uniformly Loaded, Simply Supported Beam
Given: The uniformly loaded, simply supported beam shown in Fig. E3.15a.

Determine: The deflected shape.

w

IR IR
A j_B

—

—

Fig. E3.15a

Solution: The moment is positive throughout the span so Fig. 3.23a applies. The displacement
boundary conditions require

One starts at the left end, sketches a curve with increasing positive curvature up to mid-span and
then reverses the process. The deflected shape is symmetrical with respect to mid-span since the
moment diagrams and support locations are symmetrical (Figs. E3.15b and E3.15¢).

wl.?
8
A B g4 )
L/2 L/2

e

Fig. E3.15b Moment diagram

=
—
-

Fig. E3.15¢ Deflected shape
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Example 3.16 Deflected Shape—Cantilever Beam

Given: The cantilever beam defined in Fig. E3.16a.
Determine: The deflected shape.

—— T

Fig. E3.16a

Solution: We note that the moment is negative throughout the span. Point A is fixed and therefore the
tangent must be horizontal at this point. The displacement boundary conditions require

v(0) = 0(0) =0

We start at point A and sketch a curve with decreasing negative curvature up to x =L
(Figs. E3.16b and E3.16c¢).

A M

/ 14)

PLr—

Fig. E3.16b Moment diagram

v

AT B
_‘“hﬁ“\\\J

Fig. E3.16c Deflected shape

Example 3.17 Deflected Shape of a Beam with an Overhang

Given: The beam with overhang shown in Fig. E3.17a.
Determine: The deflected shape.
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t_+ 4 ¥ ¥ + ¥ 4 ¥ v + ¥
e & C
o B

.
L : L2 |
1 1

Fig. E3.17a
Solution: We note that Fig. E3.17b shows that the moment diagram has both positive and negative
regions with an inflection point at x = 0.75L. Therefore, it follows that the left segment has positive
curvature and the right segment has negative curvature. We need to join these shapes such that the
tangent is continuous at point D and the deflections are zero at points A and B (Fig. E3.17c).

n
wlL~
56 —
8 M
D B C
" J5L !

wl.2
8

Fig. E3.17b Moment diagram

Vv

T D B C
A i |
5L \l

L i
Ll 1

Fig. E3.17c Deflected shape

Example 3.18 Deflected Shape—Beam with a Moment Release

Given: The beam shown in Fig. E3.18a.
Determine: The deflected shape.

P
25L
: L¢3,
Q&J.' ﬂ?i’ hinge e
| L ;L { AL,

| |

Fig. E3.18a



218 3 Statically Determinate Beams

Solution: Member CD is connected to member ABC with a hinge at point C. A hinge is a physical
artifact that allows the members connected to it to rotate freely, i.e., no moment is introduced. A hinge
point is different from an inflection point. Although the moment is zero for both hinge and inflection
points, the cross-sectional rotation is discontinuous at a hinge, whereas it is continuous at an inflection
point. This feature is illustrated in the displacement sketch shown below. The left segment (ABC) has
negative curvature. The right segment (CD) has positive curvature (Figs. E3.18b and E3.18c).

Fig. E3.18b Moment diagram

A e

Fig. E3.18c Deflected shape

3.6.3 Moment Area Theorems

The starting point for quantitative analysis is the set of differential equations relating the moment, the
cross-sectional rotation, and the deflection.

0 M(x)
3’( El (3.22)
a = G(X)

Given M(x)/EI, we integrate df/dx between two points x; and x, on the x-axis and write the
result as

0(x2) — O(x1) = J ME(;C)

X1

dx (3.23)

We interpret (3.23) as “The difference in rotation between 2 points is equal to the area of the M/EI
diagram included between these points.” This statement is referred to as the “First Moment Area”
theorem. Taking x, as x in (3.23), we can express 6(x) as

0(x) = O(x1) + J Agf) dx (3.24)
Given 6(x), we solve for v(x,).
v(6) = v(x1) + J 0(x)dx (3.25)

Evaluating (3.24) first, and then substituting for 8(x) in (3.25) leads to
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V() = v() = (e — x1)0(x1) + J {J M (x)dx}dx (3.26)

X1 X1 E[

The double integral in (3.26) can be evaluated using integration by parts. First, we note the
following identity,

d(uv) = udv + vdu (3.27)
Integrating between x; and x5,
X2 X2
J d(uv) :J (udv + vdu) (3.28)
and rearranging terms leads to
X2 X2
J udv = uv[}? — J vdu (3.29)
X1 M X1
We take
M
=] —dx
“ J El (3.30)
dv=dx

in (3.26). Using (3.29), the double integral can be expressed as

[t ][

o EIM( : w M (3.31)
X2 X
= — dx
L (e =) =5
Finally, an alternate form of (3.26) is
2 M (x
v(x) —v(x)) = (x —x1)0(x1) + J (2 — x) E(I)dx (3.32)
X1

This form is referred to as the “Second Moment Area Theorem.” Figure 3.26 shows that the last term
can be interpreted as the moment of the M/EI diagram with respect to x,. It represents the deflection
from the tangent at point 1, as indicated in Fig. 3.27.
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Fig. 3.26 Area and M
moment of area T A
I M dx
El
3
A
- >
X dx 5
x (x: o X)
! o >
M
Area = [ —dv= A0
JEI
r M
Moment of Arca = I(xl - x)ad.\' = Av
l|
Fig. 3.27 Graphic Vix)
interpolation of (3.26) L 3
Vi)
[ (x2- x) M 4
i, El
B(x Mxz - x1)
I" ,\'J-}
» X
Using the Moment Area theorems, one has to evaluate only two integrals,
t M(x)
= dx
J(x) Ll i
C M) (3.33)
X
H(x)= dx
=] 5
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When [ is a complicated function of x, these integrals can be evaluated using a symbolic integration
scheme or the numerical integration scheme described in Sect. 3.6.5. The final expressions for v(x)
and 6(x) in terms of v(x), 8(x;) and these integrals are (we take x, = x in (3.23) and (3.32))

0(x) = 0(xy) +J(x)

(3.34)
v(x) = v(xy) + (x —x1)0(xy) + xJ (x) — H(x)

Example 3.19 Deflected Shape—Cantilever Beam

Given: The cantilever beam shown in Fig. E3.19a. Consider EI is constant.

Va

5

A . B

—
——

Fig. E3.19a

Determine: The deflected shapes for various loadings: concentrated moment, concentrated force, and
uniform load.

Solution: We measure x from the left support. The displacement boundary conditions are
va=v(0)=0
0r=06(0)=0

Taking x; = 0 and noting the boundary conditions at x = 0, (3.34) reduces to

0<x<L
X M(X)
0(x) = dx
0= %5
"M(x) t M)
= ——=dx — ——=dx
v(x) xJO I Jox I
Solutions for various loadings are listed below.
1. Concentrated moment (Fig. E3.19b)
M*

5

M B

Fig. E3.19b
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The expressions for M(x), 8(x), and v(x) for a concentrated moment are as follows:

i(-—-v

B

El), El
x [* 1(* M'x* M'¥? M ¥?
— 2 M)de— —| xM(x)dx = . -
V() EIJO () EIJO M () B 2E ' 2E

Specific values are

ML
Op — ——
BT

 ML?
VBT HEr

2. Concentrated Force (Fig. E3.19¢)

i(-—-g

B

—— Th&
~

Fig. E3.19¢

The expressions for M(x), 8(x), and v(x) for a concentrated load are as follows:

ST
hi

—x
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1 P /2
® EIL () El\2 ™
* 1(* P 3 L 2
e N Tt G
El ), El), EI\6 2
Specific values are
PL?
O — -
BT T 2E
pL?
VBT T3

3. Uniform Loading (Fig. E3.19d)

i B

Fig. E3.19d

The expressions for M(x), 8(x), and v(x) for a uniform load are as follows:

F— x
2 L2
M(x)= —%—FWLX—WT 0<x<L
0(x) = iJxM(x)dx = (= 4 3L — 3L%)
El), GEI

X 1 X
v(x) = ij M(x)dx — EL XM (x)dx = 2 (=t 4 4Lx" — 6177

Specific values are

wlL?
Og = ——
B T 6El
wL*

VB =

- 8EI
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Example 3.20 Deflected Shape—Simply Supported Beam

Given: The simply supported beam shown in Fig. E3.20a. Consider EI is constant.

\/‘\

f\ \x

Fig. E3.20a

Determine: The deflected shape under different load conditions.
Solution: We measure x from the left support. The displacement boundary conditions are

v(0) =
V(L) =
(0) #
(L) #

0
o(L

Noting the boundary conditions at x = 0, the general solution (3.34) for constant £/ is given by

0<x<L
0(x) = 0(0) + J:%dx
v(x) = x6(0) +xjj%dx - J:xA%dx

We determine €(0) using the remaining boundary condition, (L) = 0. Evaluating v(x) at x = L
and equating the result to 0 leads to

L M(x) IJLde.X

0(0) = —| —Zdrx+-
©0) L i CTL), E

Various loading cases are considered below. We omit the integral details and just present the final
solutions.
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1. Concentrated Moment (Fig. E3.20b)

M*
B

£ ;

——
—4—

Fig. E3.20b

The expressions for M(x), 6(x), and v(x) for a concentrated moment are as follows:

)

-

M M
L X v
M*
M(X)ZTX 0<x<L
Epm(x) 1 M(x) “M(x)
9(x)——JO il dx—l—ZJOx & dx+J0 o

v(x) = XJLM(X) der{JLxmdx +xrﬂ@dx - JXxM(x) dx

o EI L), EI o EI o EI
ML (P x
6EI \L* L
Specific values are
ML
Op = — ——
’ o ML? L
0y = 1L at x = ~0.58L
3EI _ EI 3
V3
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2. Concentrated Force (Fig. E3.20c)

-

1 a 1 I.-i! 1

Fig. E3.20c

The expressions for M(x), (x), and v(x) for a concentrated load are as follows:

P

A B

Segment ACO < x < a

(M) 15 M(x) * M(x)
9()6) = —JO Fdx—f'zjo XFdX-‘r Jo Fdx

A CHIE ORI
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v(x) = —xj:%dx—l—%ﬁx%dx—kxﬁﬂ%dx— J:xA%dx

_%3 (1-9) [—é(%f +i2(2 ‘%ﬂ

Segment CBa < x <L

Specific values are

Pa(2L* — 3aL + a*)

O = —
A 6EIL
_ Pa 2 2
bs =L — )
_ Pd(L-— a)?
ve= 3EIL

The maximum deflection occurs at the point, where 8(x) = 0. This location depends on a. When

a < L/2 the peak displacement occurs in segment CB. The location reverses when a > L/2.
Special case: a = L/2

X
L L
| 2 A - [
I T ¥
pL?
emax - QB - _HA - @
Oc=0
PL? L
Vmax at
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3. Uniform Loading (Fig. E3.20d)

[T I T T T 113

- =

L |
|

— X

Fig. E3.20d

The expressions for M(x), (x), and v(x) for a uniform load are as follows:

L
“_ f wlL
2 2
L x
wx?  wL
M(X):—T+7X OSXSL

(M) 1[5 M(x) *M(x)
6(x)——JOﬁdx+ZLx?dx+L T

L3 3 2
ia (—4x r6l 1)

TuEl\ T2
Lpm(x) x[F M(x) “M(x) * M(x)
= dr+= dx —dx— dx
V) XJO El +LL “TEI +xj0 El L “TEI
- wL* x* n 3 ox
C24EI\ L* TP L

Specific values are
wL?
Op=—-0g=———
A 8 T 24E]
SwL* . L

Vmax = Taeapr & YT

Note that the rotation is zero at mid-span since the loading and the structure are symmetrical.
For future reference, the end displacements corresponding to typical loading condition are
summarized in Table 3.1. We utilize these results in formulating the Force method to be presented

in Chap. 9.


http://dx.doi.org/10.1007/978-3-319-24331-3_9
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14T ! 1 o —
o “ v
Tl
s 1 @ AI
= (x)a —— = fgx— = (X)§
XN ®) TN O ® o7
T 7 4
14T w—oi
1€ — = dp a v
{1d— ol R |
149 _C\d _
(16 — m»\vw = (x)a A»d Nav 7= (¥)e .__
A uornejsuelr ASIMYI0[D JUNOD uornejo Suipeo
| {4 uonersueiy, IMYO0] L0 uoneioy Ipeo]
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3.6.4 Computing Displacements with the Method of Virtual Forces

The procedures described in the previous section are intended to generate analytical solutions for the
displacement and rotation. In many cases, one is interested only in the motion measures for a
particular point. Rather than generate the complete analytical solution and then evaluate it at the
point of interest, one can apply the Method of Virtual Forces. The Method of Virtual Forces
specialized for bending of slender beams is defined in [1]. We express the principle as

d-5P = J (bending deformation) (6M (x))dx (3.35)
L
where d is the desired displacement measure, 6P is the virtual force in the direction of d, and SM(x) is
the virtual moment due to §P. The deformation due to transverse shear is not included since it is
negligible for slender beams. When the behavior is linear elastic, the bending deformation is related
to the moment by

. . do  M(x)
bending def tion=— =
ending deformation ™ I
and (3.35) takes the form
M
d.5P = J M) a1 (1) (3.36)
. EI

The steps involved in applying the principle are as follows. We use as an example, the beam shown
in Fig. 3.28. To determine a desired vertical displacement or rotation such as v, or fg, one applies the
corresponding virtual force or virtual moment in the direction of the desired displacement or rotation,
determines the virtual moment 6M,(x) or 6My(x), and then evaluates the following integrals.

VA = L ME(;() M, (x)dx

Fig. 3.28 Actual and a W b

virtual loads moments. (a)

Actual load M(x). (b) m

Deflected shape. (c) Virtual ¢ m .A.B = !_\\,Ll_\_ o " _A_

load 6M, for v4. (d) Virtual ~“"'* O

load 6My(x) for Oy
i L 1 } L }
T T I 1
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Just as we did for truss structures in Chap. 2, one takes 6P to be a unit value. We illustrate the
application of this procedure with the following examples.

Example 3.21 Deflection Computation—Method of Virtual Forces

Given: A uniformly loaded cantilever beam shown in Fig. E3.21a.

B e B

4
-

Fig. E3.21a

Determine: The vertical displacement and rotation at B. Take EI as constant.

Solution: We start by evaluating the moment distribution corresponding to the applied loading. This
is defined in Fig. E3.21b. The virtual moment distributions corresponding to vg, fg are defined in
Figs. E3.21c and E3.21d. Note that we take 6P to be either a unit force (for displacement) or a unit
moment (for rotation).

wl.?
2 d

T T T T T T1
G B

Fig. E3.21b M(x)

The actual moment M(x) is

2 L2
0<x<L M(x):wfow%fWT:fg(fo)z

Vertical deflection at B: We apply the virtual vertical force, 5P = 1 at point B and compute the
corresponding virtual moment.

0<x<L &M, (x)=x—L


http://dx.doi.org/10.1007/978-3-319-24331-3_2
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oP=1

B

Fig. E3.21c oM, (x)
Then, noting (3.36)

T T A R tart
L

El “El), 2
1 w 3
=—| ——=(x-L)dx
EIL b
Integrating leads to

wL*
Vg = ——
B 8EI

Rotation at B: We apply the virtual moment, 5P = 1 at point B and determine SM(x).
This loading produces a constant bending moment,

0<x<L 6&My,(x)=—-1

Fig. E3.21d M, (x)

Then, noting (3.36)

O — LAZ(;‘) My, (x)dx = —J e L (1)

Finally, one obtains

3

O = %clockwise
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Ll 1 1 1 1 1 1l 1 IR

=
|

]
63
Fig. E3.21e Deflected shape

Example 3.22 Deflection Computation—Method of Virtual Forces

Given: The simply supported beam shown in Fig. E3.22a.

VS S P P S A A
AE = 1.8
L

Fig. E3.22a

Determine: The vertical deflection and rotation at point C located at mid-span. Take EI is constant.
Solution: We start by evaluating the moment distribution corresponding to the applied loading. This
is defined in Fig. E3.22b. The virtual moment distributions corresponding to v, f¢ are defined in
Figs. E3.22¢ and E3.22d. Note that we take 6P to be either a unit force (for displacement) or a unit
moment (for rotation).

A = C

wlL wL
—_— )
2 ol Xpe— ~
L?

L2
. yp) 2
}

4
.

Fig. E3.22b M(x)

The actual moment is

L 2
0<x <L M(xl)zw—)n—m
2 2
L 2
0<x <L M(xz):w—b—@

2 2
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Vertical displacement at C: We apply a unit virtual load at point C and determine dM(x).

[

[ 1R
Ade C £
n? T
— 1 X
L2 L2
| : :
Fig. E3.22c &M, c(x)
L 1
0<x <§ 5MVC(X1) :le
L 1
0<x <§ 5MVC(X2) :EXZ

Then, evaluating the integral in (3.36), we obtain

e+ (4o

EI

1
T El

_ SwL?
T 384FE]

!

Rotation at C: We apply a unit virtual moment at point C and determine 6M(x).

oP=1
[ 1 B
A din C oy
1 i |
Tt 2
- x, | 2
L2 L2
Fig. E3.22d SMyc(x)
L
0 < x <§ 6M9C(x1):%1
L
0<x< E 5M9C(X2) = —%

r/z L) (o mwety g +JL/2 L) (e _ws
o 2\ 2 2 ), \2)\ 2 2

)
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Then, evaluating the integral in (3.36), we obtain

e (oo | (o

:i JL/Z (x_1> wlLx; _w_x% ax, +JL/2 (__xZ) wLXz_W_x% dn b =0
El'l )o L 2 2 0 L 2 2

SO R Y AP "N " P R A

Ve
Fig. E3.22e Deflected shape

Example 3.23 Deflection Computation—Method of Virtual Forces

Given: The beam shown in Fig. E3.23a.

10 kip

0n : 10 ft

1 -
Ar x .

Fig. E3.23a

Determine: Use the virtual force method to determine the vertical deflection and rotation at C. E
= 29,000 ksi and / = 300 in.*

Solution: We start by evaluating the moment distribution corresponding to the applied loading. We
divide up the structure into two segments AB and CB.

10 kip

lkipfl B l
A % | M LJIJ.sL\it :

11.67 kip L) X 2833 kip 1 ]

Fig. E3.23b M(x)

fe

2
0<x <30 M(x)=1167x —%

0<x <10 M(XZ) = —10x,
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Vertical deflection at C: We apply a unit virtual load at point C and determine SM(x).

P =1

1—’ J =

Fig. E3.23¢c 6M,c(x)

1
3

X1

0<x <30 5MVC()C1) = —?

0<x <10 5MVC()C2) = —X7

Then, noting (3.36), we divide up the structure into two segments AB and CB and integrate over
each segment. The total integral is given by

e (o ] ()

El
1 (20 02\ x L
——| (11.67x -2 (——)dx 71 A
EIJO ( o 2) 3 1+EIJ0( e
2073.33kipft’  2073.33(12)°
_ [ 207333kipfe  2073.33(12)° o

B El ~29,000(300)
The positive sign indicates that the vertical displacement is in the direction of the unit load.

Jve=041in. |

Rotation at C: We apply a unit virtual moment at point C and determine M (x).

SP =1

5 )
P n e

xX)

| 1
E 30

Fig. E3.23d sM,c(x)
X1

0<x <30 5M9C(x) = —%

0<x2<10 Mg (x)=—1
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Then, noting (3.36)

e (o (o

1 30 .X2 X 1 10
—— | (11676 =) (2L | (=10m)(=1
EIJO ( 67x 2)( 30)dxl+EIL (=10x)(~1)dx,

 374kipf®  374(12)°
- EI 29,000(300)

= 40.0063 rad

The positive sign indicates that the rotation is in the direction of the unit moment.

..Oc = 0.0063 rad clockwise

10 kip
1 kip/ft L

A { A i B A L C

Fig. E3.23e Deflected shape

Example 3.24 Deflection Computation—Method of Virtual Forces

Given: The beam shown in Fig. E3.24a.

2 kN 16 kN

l 30 kN/m l
a4 X 1 1 1l 2 1 1 J

L

I
A '# F *J D

2m 4m 4m Im

t
Fig. E3.24a

Determine: Use the virtual force method to determine the vertical deflection at F, rotation at B, and
rotation at D. Assume £ = 200 GPaand [ = 120(10)6 mm®*.
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Solution: We start by evaluating the moment distribution corresponding to the applied loading.

20 kN 16 kN
l 30 kN/m C l
. PR Y P S R I S A y

! E. D

A

;

Rp= 139 kN Re= 137kN
im

2m 4m 4m

I
1 1

Fig. E3.24b M(x)
0<x; <8 M(x;) =—15x3 + 139x; —20(x; +2) =

0<x, <8 M(xy) =—152 + 137x, — 16(xs 4+ 3) = —1522 + 121x, — 48

0<x3<3 M(X3) = —16x3

—15x7 + 119x; — 40

Vertical deflection at F: We apply a unit virtual load at point F and determine 6M.
P =1

}.'

B @
e &H

c-

o | —
19 | -

m 4m 3m l

t
Fig. E3.24c oM, (x)

1
O0<x <4 5MVF()C1) :Exl

1
O<x<4 5MVF(X2) = EXQ

Then, noting (3.36)
_ (x1) M(x2)
VE = JBF< I M, (x )) dx; + JCF< I §M‘,F(xz)>dxz

4
L{J (—15x3 4+ 119x; — 40)( )dx1+J( 15x§+121x2_48)<%2>dx2}

T E

_ 1248kNm’ 1248(10)°
¢ = 52mm
El 200(120)(10)
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The positive sign indicates that the vertical displacement is in the direction of the unit load.

Vg =52mm |

Rotation at B: We apply a unit moment at point B and determine 6M(x).

oP =1

¢

Al

)
o

2m

i i

4m

Fig. E3.24d My, (x)

Then, noting (3.36)

0<x <8 5M93(X2)

=0

M(x2) 1® 2 X2
Op = oM doy = —| (=152 + 121xy — 48) (22)dx
B LB g OMnlw)de EIL( o+ el )(8) 2
469.3kNm?  469.3(10)°
_ 469.3kNm® _ _ 469.3(10) == +0.0195rad
EI 200(120)(10)

The positive sign indicates that the rotation is in the direction of the unit moment.

..0g = 0.0195rad clockwise

Rotation at D: We apply a unit moment at point D and determine 6M(x).

oP =1
B C
L J
A nﬁﬁ F ‘* D
Xa
l ?—) X . J 1 X Q—I
ry 8
2m 4m 4m Im

Fig. E3.24e My, (x)

1
0<x <8 5M5D()C]) = gxl

0<x3<3 8Mpy(x3)=1
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Then, noting (3.36)

5M.9D ()C3 )dX3

M(xy) J M(x3)
Op = Mg (x1)dx; +
v JBC EI oo ( ! ) ! DC El

18 X1 10
= | (=152 + 119x, — 40 (—)dx *J —16x3)(1)dx
EIJO( Xy + 119x ) 3 1+E1 0( x3) (1)dx;

386.7kNm?  386.7(10)°
+ = -
El 200(120)(10)

=0.016rad

The positive sign indicates that the rotation is in the direction of the unit moment.

.".0p = 0.016rad counterclockwise

20kN 16 kN
30 kN/m l
Op _z=
‘I\JJAJ.LJ‘.LJ,\LJ.Ji—F"#,
W

Vg

Fig. E3.24f Deflected shape

3.6.5 Computing Displacements for Non-prismatic Members

When the member is non-prismatic, / is a function of x and it may be difficult to obtain a closed form

solution for the integral involving 1/I. In this case, one can employ a numerical integration scheme. In

what follows, we describe a numerical integration procedure which can be easily programmed.
Consider the problem of evaluating the following integral

XB
J :J f(x)dx (3.37)
XA
We divide the total interval into n equal segments of length 4
p="2""A (3.38)
n

and denote the values of x and f at the equally spaced points as

X1, X2, X3, « .5 Xpt1

Fvfafss o ofum

This notation is illustrated in Fig. 3.29.
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Fig. 3.29 Piecewise flx)

function approximation
}\""‘“—H

|
(.
. I
II'-_. Iﬁ_ rﬁ rﬂ!l
" |
[
| I

|
|
|
i
|
A l 1 { B
X1 X3 x3 ! N Xa  Xnsl
h l
Fig. 3.30 Notation f(x)
—
i B
rlhl frloz
fa
X
Xn Xnel Xn+2
h h
+—

The simplest approach is based on approximating the actual curve of f(x) with a set of straight lines
connecting (fy,, fu+1)> (fus1, fns2), €tc. as shown in Fig. 3.30.
The incremental area between x,, and x,,, is approximated as

X1

AJn,rH—l = J

Xn

h
flodes 3 (Fo+Fui1) (3.39)
Also, the area between x; and x,, is expressed as

Iy = J F(x)dx (3.40)

X1
Starting with J; = 0, one generates successive areas with

Jo=J1+AJ12=AJ1,
J3 :J2+A]2,3

: (3.41)
Jn :Jn—l +AJn—1,n
Jn+1 :Jn +Mn,n+l
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Fig. 3.31 Moment distribution

The total integral, J,.,; expands to

Xnt1
Ty = j f(x)dx h{%(fl OEDY f—zf,} (342)
X1

Equation (3.42) is known as the “Trapezoidal” Rule. One uses (3.41) to evaluate the intermediate
integrals when applying the Moment Area Theorems such as (3.33) and (3.34). Equation (3.42) is also
used with the Virtual Force Method.

We illustrate the application of this approach defined by (3.36) to the beam defined in Fig. 3.31.
Suppose the vertical displacement at point Q is desired. Given M(x) and /(x), we subdivide the X-axis
into n equal intervals and evaluate M/I and SM(x) at each point.

h==
n

x=k-1Dh k=12,...,n+1

SM(xy) = (1 —%)xk X < xq

SM(xy) = (L — xk)xL—Q X > xq
Lastly, we take f = (%) O6M in (3.42) and evaluate the summation. The choice of / depends on the
“smoothness” of the function M/I; a typical value is L/20. One can assess the accuracy by refining the

initial choice for & and comparing the corresponding values of the integral.
Suppose the deflection at x = L/2 is desired. The virtual moment for this case is

1 1 L
5M(x)<12>xk2xk for xk<§

1 L
6M(x) = (L — x¢)= for x> —.
2 2
We also suppose the loading is uniform and the variation of / is given by

1—10{1+4t— (2)2”

where I is constant.
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The corresponding moment is

oWl e L [T (&)’
R R T N AV

Substituting for M, 6M, and I, the virtual force expression for the displacement takes the form

V<X_L>_WL4J1 4[%_(%)2_% de)_Lﬁa
- 2)  8ElLy), 1+4{%_®2} ~ 8EI,

where « is a dimensionless coefficient that depends on the interval size.
We subdivide the interval 0—1 into n such intervals. Applying Equation (3.42) and taking a range
of values for n leads to

n=10 a=0.065
n=20 a=0.0559
n=30 a=0.0559

We note that taking n = 20 is sufficiently accurate. We used MATLAB [2] to program the computa-
tion associated with Equation (3.42).

3.7 Deformation-Displacement Relations for Deep Beams: Planar Loading

When the depth to span ratio is greater than 0.1, the theory presented in Sect. 3.6, which is based on
Kirchhoff’s hypothesis, needs to be modified to include the transverse shear deformation. Figure 3.32
illustrates this case: the cross-section remains a plane but is no longer normal to the centroidal axis.
Defining  as the rotation of the cross-section, and y as the transverse shear strain, it follows that

dv
=0—-fr~—— 3.43
v pr b (3.43)
The extensional strain now involves f rather than 0.

dp
=—y— 3.44
e(y) y i ( )
Expressions for the internal force variables, V and M, in terms of the deformation measures are

derived in a similar way as followed in Sect. 3.6.1. We express them as:
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Fig. 3.32 Deformation
with transverse shear

deformation Y
Co
y
HI Y ® X
b
Fig.3.33 Cantilever beam w
| I R
A 5.&_4 +
/ B I,Ag constant
—X
M L |
L 1
dp
M= EI (3.45)
V =GAyy

where G is the material shear modulus and A, is the effective shear area, i.e., the cross-sectional area
over which the shear stress is essentially uniformly distributed. For an I shape steel section, Ay is taken
as the web area.

Given M and V, one first determines f by integrating between two points, x5 and x

JCM

pla) = plxs) = | e (3.46)

If A is a fixed support, f(xs) = 0. Once f is known, we find v by integrating

9—‘54_ V
dxe GA,

This leads to

V(x) — v(xa) = J (ﬂ + G‘;) d (3.47)

In general, two boundary conditions are required to specify the two integration constants.
For example, consider the structure and loading defined in Fig. 3.33.
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The transverse shear force and moment expressions are

p= J YL - ) dx
o 2EI
=2 _li P R
~ 6EI 6EI

Substituting for £ in (3.47) leads to

X

v(x) = [ =27

w 2 9 w 1 4 .3 L
- Lo —12) + 2t — s &
2GAS(( 0= 1) +6E1< L=~ L 4>

w 4 w 3 .
+ [_24EI(L —x) - @Lgx] 0
(3.48)

Specializing for x = L, the end displacement is equal to

wL* 4EI
+ T V(L) = —@ (1 —‘rm)

The effect of shear deformation is to “increase” the displacement by a dimensionless factor which
is proportioned to the ratio EI/GA(L?. This factor is usually small with respect to 1 for a homogeneous
cross-section. It may be large for composite beams that have a “soft” core, i.e., where G < E.

Rather than work with the deformation—displacement results, one can apply an extended form of
the Principle of Virtual Forces. We add the shear deformation term to the integral and also introduce
the virtual shear force V. Then, (3.36) expands to

d-5P:J

(M SM(x) + @(W(x)) dx (3.49)
L

El GA;

The steps involved are the same as for slender beams. One now has to determine oV as well as oM
for a given 6P. Revisiting the previous example defined in Fig. 3.33, we compute v(L). The details are
as follows.

—

—sX L

-
——

§V(x) = —1
SM(x) = —(L — x)
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Ly, 5 L
+ | v(L) :JO ﬁ(L—x) (L—x)dx+J0 GA. (L —x)(—1)dx
L L
= [ae -0+ e -7,
_ W4 Ly
_8EIL +2GAS

Applying the Principle of Virtual Forces for this example involves less algebra than required for
integration.

3.8 Torsion of Prismatic Members

Consider the prismatic member shown in Fig. 3.34. Up to this point, we have assumed the line of
action of the external loading passes through the centroidal axis, and consequently the member just
bends in the X — Y plane. This assumption is not always true, and there are cases where the loading
may have some eccentricity with respect to the X-axis. When this occurs, the member twists about the
X-axis as well as bends in the X — Y plane.

We deal with an eccentric load by translating its line of action to pass through the X-axis. This
process produces a torsional moment about X as illustrated in Fig. 3.34.

The torsional moment is resisted by shearing stresses acting in the plane of the cross-section,
resulting in shear strain and ultimately rotation of the cross-section about the X-axis. Mechanics of
Solids texts such as [1] present a detailed theory of torsion of prismatic members so we just list the
resultant equations here. First, we introduce the following notation listed in Fig. 3.35

Fig. 3.34 Prismatic Y
member—eccentric load

P
__l_____ Kcentroidalaxis

-
-

P

4 T\\ T
Y
A
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Fig. 3.35 Notation Y

M, = moment vector about the X-axis (positive sense from Y toward Z)
p; = rotational vector about the X-axis

m, = distributed external torsional moment loading

J = torsional cross-sectional property (similar to / for plane bending)

The differential equation of equilibrium for torsion has the form

M.
Et +m =0 (3.50)

One needs to restrain the member at one point for stability. A free end has M, = 0. Given M,, one
determines the rotation with
dg
M, =GJ E’ (3.51)

Note the similarity between the expression for bending and twisting. We find S, by integrating (3.51).

M
P~ = | G (352)
A boundary condition on f, is required to determine j3,(x). Typical boundary conditions are illustrated below.
/]
7 |
A
B=10 B#0
Ml #0 M L= 0

The principle of Virtual Forces can be extended to deal with combined bending and twisting by
adding the twist deformation term to the integration. The general expression which includes all
deformation terms is

M 1% M,
Pa=| (=om —L5M, ) dx .
d5Py L(Ela TR ,) (3.53)

where 0M, is the virtual torsional moment.
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Fig. 3.36 Eccentrically loaded member

When bending and twisting are coupled because of eccentric loading, it is convenient to solve the
bending and twisting problems separately, and then combine the solutions.

In what follows, we illustrate this approach.

The eccentric load shown in Fig. 3.36 produces the distributed torsional loading equal to we, and
the planar loading w. Noting (3.50), the torsional moment is

M, = we(L — x)

We determine the twist with (3.52). The left end is fixed, so #,(0) = 0. Then,

1 we
Pl = || gwelt =01 = 5L -7
B.(x) = %(ZLX — %)

The solution for plane bending is generated with (3.22)

d9_ w
dx  2FEI

N N 3'r:1 _ 3=
0x) = [6E1(L X) }0 eEl L =Y ~ 6

w 4 wL3x X w 1 4 3 L
v(x) = [ x| = @{—Z(L —x) —L*x+z}

(L —x)?

The solution for a cantilever beam subjected to a concentrated torsional moment at the free end is

needed later when we deal with plane grids.
Noting Fig. 3.37, the torsional moment is constant,

M, =M

and the twist angle varies linearly with x

B, =—x (3.54)
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Fig. 3.37 Pure torsion
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3.9 Symmetry and Anti-symmetry
3.9.1 Symmetry and Anti-symmetry: Shear and Moment Diagrams

This section discusses the relationship between certain properties of the shear and moment diagrams
and the nature of the loading distribution and support locations. We first introduce some background
material on symmetrical and anti-symmetrical functions.

Consider the function f{x) shown in Fig. 3.38. We say the function is symmetrical with respect to
x = 0 when f{(—x) = f(x) and anti-symmetrical when f(—x) = —f(x). Symmetrical functions have
dffdx = 0 at x = 0. Anti-symmetrical functions have f = 0 at x = 0. One can establish that the
derivative of a symmetrical function is an anti-symmetrical function. Similarly, the derivative of an
anti-symmetrical function is a symmetrical function. If we know that a function is either symmetrical
or anti-symmetrical, then we have to generate only one-half the distribution. The shape of the other
half follows by definition of the symmetry properties.

a f(x)
N
——
f(-x) f(x)
0 ke
An arbitrary function
f(x)
b fix) “
1\ Anti-Symmelrical lunclion
Symmetrical function
}- X =X
0 0
Symmetrical function anti-Symmetrical function

Fig. 3.38 Symmetry and anti-symmetry properties
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Starting with the basic differential equations relating the shear, moment, and applied distributed
loadings:

w_,
v _

dM
el v
dx

dm

& tm=0

we can deduce the following properties for V, M, and M,, given the nature of the loading

1. wisasymmetrical function
e Visanti-symmetrical
e  Missymmetrical

2. wisananti-symmetrical function
e Vissymmetrical
e Misanti-symmetrical

3. m,isasymmetrical function
e M,isanti-symmetrical

4.  myisananti-symmetrical function
e M,issymmetrical

(3.55)

The following cases illustrate these rules.

Symmetrical—planar loading:

Case (a) (Fig. 3.39):

Case (b) (Fig. 3.40):

Note that the center section is in pure bending, i.e., the shear force is zero. This loading scheme is
used to test beams in bending

Anti-symmetry—planar loading:

Case (a) (Fig. 3.41):

Case (b) (Fig. 3.42):

We use the concept of symmetry to represent an arbitrary loading as a superposition of symmetri-
cal and anti-symmetrical loadings. Then, we generate the individual shear and moment diagrams and
combine them. As an illustration, consider a simply supported beam with a single concentrated force
shown in Fig. 3.43a. We replace it with two sets of forces, one symmetrical and the other anti-
symmetrical, as shown in Fig. 3.43b. Then, we use the results shown in Figs. 3.40 and 3.42 to
construct the shear and moment diagrams.
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Fig. 3.39 Symmetrical
uniform loading

Fig. 3.40 Symmetrical
2-point loading p p

M



Fig. 3.41 Anti- W
symmetrical uniform

loading 11 I_l

a' =

Fig. 3.42 Anti- P P
symmetrical 2-point

loading l T




254 3 Statically Determinate Beams

Fig. 3.43 Representation a P
of an arbitrary loading by
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3.9.2 Symmetry and Anti-symmetry: Deflected Shapes

A structure is said to be geometrically symmetrical with respect to a particular axis when, if one
rotates the portion either to the right or to the left of the axis through 180°, it coincides identically with
the other portion. Figure 3.44 illustrates this definition. If we rotate A-B about axis 1-1, it ends up
exactly on A-C. A mathematical definition of geometric symmetry can be stated as follows: for every
point having coordinates X, Y, there exists a corresponding point with coordinates —X, Y.

In addition to geometric symmetry, we also introduce the concept of support symmetry. The
supports must be located symmetrically with respect to the axis of geometric symmetry and be of the
same nature, e.g., vertical, horizontal, and rotational constraints. Consider Fig. 3.45. There are four
vertical restraints at points A, B, C, and D. The geometric symmetry axis, 1-1, passes through
mid-span. For complete symmetry, the pin support at point D needs to be shifted to the end of the
span. Another example is shown in Fig. 3.46.
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We say a structure is symmetrical when it has both geometric and support symmetry. The
symmetry property is very useful since it leads to the following conclusions:

When a symmetrical structure is loaded symmetrically, the resulting deflected shape is also
symmetrical. Similarly, a symmetrical structure loaded anti-symmetrically has an anti-symmetric
deflected shape.

These conclusions follow from the differential equations listed below and the properties of
symmetrical and anti-symmetrical functions:

av_
dx—W

dM v

5}"‘4_

o =0

i M (3.56)
dx  EI

d_v—ﬁ_;’_L

dx GJ

dp, _ M:

dx ~ GJ

If f(x) is symmetrical, df/dx is anti-symmetrical; if f(x) is anti-symmetrical, df/dx is symmetrical.
Using these properties, we construct the following table relating the response variables to the
loading for a symmetrical structure (Table 3.2).

Table 3.2 Loading response relationships—

- Loading Response variables
symmetrical structure

w symmetrical V anti-symmetrical
M symmetrical

f anti-symmetrical

v symmetrical

w anti-symmetrical V symmetric

M anti-symmetrical
f symmetrical

v anti-symmetrical

m, symmetrical M, anti-symmetrical
P, symmetrical
m, anti-symmetrical M, symmetrical

P, anti-symmetrical

We have placed a lot of emphasis here on symmetry because it is useful for qualitative reasoning.
It also allows us to work with only one-half the structure provided that we introduce appropriate
boundary conditions on the axis of symmetry. The boundary conditions for the symmetrical case
follow from the fact that V, B, and M, are anti-symmetric functions and therefore vanish at the

Fig. 3.47 Symmetrical

boundary conditions on a J__AXlS of Symmeh'y

symmetry axis
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Fig. 3.48 Boundary conditions on symmetry axis—symmetrical planar loading. (a) Symmetrical load. (b) Left
segment. (c¢) Right segment

symmetry axis. We introduce a new support symbol shown in Fig. 3.47, which represents these
conditions. The roller support releases V and M,; the rigid end plate eliminates /.

For example, consider the symmetrically loaded simply supported beam shown in Fig. 3.48a. We
can work with either the left or right segment. We choose to work with the left segment, with an
appropriate support at ¢ on the axis of symmetry. The displacement boundary conditions for this
segment are

va=0, 0,#£0
Ve £0, 0.=0

The solution generated with this segment also applies for the other segment (the right portion).

When the loading is anti-symmetrical, the bending moment and displacement are also anti-
symmetric functions which vanish at the symmetry axis. For this case, the appropriate support on
the axis of symmetry is a roller support. We replace the full beam with the segments shown in
Fig. 3.49b, c. We analyze the left segment, and then reverse the sense of the response variables for the
other segment.
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Fig. 3.49 Bending conditions on symmetry axis—anti-symmetrical planar loading. (a) Anti-symmetrical planar load.
(b) Left segment. (c) Right segment

3.10 Influence Lines and Force Envelopes for Statically Determinate Beams
3.10.1 The Engineering Process

The Force envelopesInfluence linesobjective of the engineering process is to define the physical
makeup of the beam, i.e., the material, the shape of the cross-section, and special cross-section
features such as steel reinforcement in the case of a reinforced concrete beam. Cross-sectional
properties are governed by the strength of the material and constraints associated with the specific
design codes recommended for the different structural materials such as concrete, steel, and wood.
Given the maximum values of shear and moment at a particular location, the choice of material, and
the general shape of the cross-section, the determination of the specific cross-sectional dimensions at
that location involves applying numerical procedures specific to the associated design code. This
computational aspect of the engineering process is called design detailing. There are an extensive set
of computer-aided design tools available for design detailing. Therefore, we focus here mainly on that
aspect of the engineering process associated with the determination of the “maximum” values of
shear and moment for statically determinate beams. Parts II and III extend the discussion to statically
indeterminate structures.

Shear and bending moment result when an external loading is applied to a beam. We described in
Sect. 3.4 how one can establish the shear and moment distributions corresponding to a given loading.
For statically determinate beams, the internal forces depend only on the external loading and
geometry; they are independent of the cross-sectional properties. Now, the loading consists of two
contributions: dead and live. The dead loading is fixed, i.e., its magnitude and spatial distribution are
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constant over time. Live loading is, by definition, time varying over the life of the structure. This
variability creates a problem when one is trying to establish the maximum values of shear and
moment needed to dimension the cross-section. If the cross-section is allowed to vary, one needs the
absolute maximum positive and negative values at discrete points along the axis. This information is
essential for reinforced concrete beams in order to specify the steel reinforcement.

3.10.2 Influence Lines and Force Envelopes

In what follows, we describe two approaches for treating live loadings. In the first approach, we select
a particular location on the longitudinal axis, and determine analytically how the internal forces
(shear and moment) vary as the live load is positioned at different points along the span. The analysis
is usually carried out for a single concentrated load, and the force magnitude is plotted vs. the load
location along the span. This plot is referred to as an influence line, and allows one to easily identify
the position of the live load which produces the maximum value of the force quantity at the particular
section on the span. By scanning the influence line plot, one can establish the absolute maximum and
minimum value for this particular section. This information is sufficient for detailed design of the
cross-section at that location.

However, in order to dimension the complete beam, one also needs similar information at other
locations along the beam. This data is generated by repeating the influence line process at discrete
points along the span, and determining the absolute max/min values from the corresponding influence
lines. The results (positive and negative values) are plotted at each discrete point. Plots of this type are
called force envelopes. Given the force envelope, one can readily establish the design force require-
ment at an arbitrary discrete point.

It is important to distinguish between influence lines and force envelopes. An influence line
provides information about forces at a particular section due to live loading passing along the span.
A force envelope presents information about the extreme force values at discrete points along the
span due to live loading passing along the span. Constructing a force envelope based on n discrete
points along the span requires n separate analyses. Most commercial civil structural software has the
ability to generate force envelope for various live load configurations.

Consider the simply supported beam shown in Fig. 3.50a. Suppose the influence line for the
positive moment at A is desired. We apply force P at location x, and evaluate the moment at A. This
quantity is a function of x.

My :PL(I J%)% for x < xa

X\ X
MA:PL(l—Z)fA for x> xa

(3.57)
Letting x range from O to L leads to the plot shown in Fig. 3.50c. The maximum value of M s occurs
when the load is acting at point A.
- (-2
B L)L

max
This value provides input for the moment envelope. We repeat the computation taking different
points such as xa, x5, and x.. The conventional way of representing this data is to show the discrete
points along the span and list the corresponding absolute values at each point. Figure 3.50d illustrates
this approach.

M
PL
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Fig. 3.50 (a) Beam. (b) Loading patterns — Concentrated load P at x < x4 and x > x4. (¢) Moment diagram.
(d) Different load patterns. (¢) Moment diagram. (f) Shear diagrams for concentrated load P at x < x4 and x > x,.
(g) Influence line for shear at location x,4. (h) Maximum and minimum shear. (i) Shear force envelope
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Location Maximum positive moment

a PL(1— ) = M,

B PL(1—%)% = py

L)L B
. PL(1 %)% = M

One selects a sufficient number of points so that the local extremities are identified. The limiting

form of the force envelope based on many points is a parabola.
We proceed in a similar manner to establish the influence line and force envelope for the shear

force. The shear diagram for a single concentrated force applied at x is shown in Fig. 3.50f.
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Suppose we want the influence line for the shear at location x . Noting Fig. 3.50f, the shear force at
x4 for the different positions of the load is

Px
X < Xa V|A = +f
(3.58)

by
x>xpn Via=-P (1 — —)
A |A I
These functions are plotted in Fig. 3.50g. At point x,, there is a discontinuity in the magnitude of
V equal to P and a reversal in the sense. This behavior is characteristic of concentrated forces.

To construct the force envelope, we note that maximum and minimum values of shear at
point A are

These values are plotted on the span at point A (Fig. 3.50h).
Repeating the process for different points, one obtains the force envelope shown in Fig. 3.50i.

Example 3.25 Construction of Influence Lines

Given: The beam shown in Fig. E3.25a.

1 2
B ' ! C D
’\r t t 1
T |
St . 3N
I 6t , 16 1t . 81t

—te

Fig. E3.25a

Determine: The influence lines for the vertical reactions at B and C, moment at section 2-2, and the
moment and shear forces at section 1-1. Suppose a uniformly distributed live load of w;, = 1.2 kip/ft
and uniformly distributed dead load of wp = 0.75 kip/ft are placed on the beam. Using these results,
determine the maximum value of the vertical reaction at B and the maximum and minimum values of
moment at section 2-2.

Solution: Note that the influence lines are linear because the equilibrium equations are linear in the
position variable (see Fig. E3.25b).
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The influence lines corresponding to the force quantities of interest are plotted in Fig. E3.25c.
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Fig. E3.25¢ Influence lines for Rg, Rc, V.1, M5, and M
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Then, the peak value of Ry is determined using data shown in Fig. E3.25d.

"D

H'l

N F=c b

"D

A 2= B %!L‘;,c D

@)

I.L for RB

Fig. E3.25d Maximum and minimum values of Ry

Rp,.. = 1.2(15.125) + 0.75(15.125 — 2) = 28kip

Similarly, the peak values of moment at section 2-2 are generated using the data shown in
Fig. E3.25¢.
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Mpmax at 2-2 =1.2(32) +0.75(32 — 9 — 16) = 43.65kipft
Mpin at 2-2 =1.2(-9 — 16) + 0.75(32 — 9 — 16) = —24.75kipft
Example 3.26

Given: The two-span beam shown in Fig. E3.26a. There is a hinge (moment release) at the midpoint
of the second span.

A E B "5 D
[ X ]
s I‘ﬂ hmnge (b
L L L L
3 B Ej 2

Fig. E3.26a

Determine: The influence line for the bending moment at E and the moment force envelope.
Solution: We consider a unit vertical load moving across the span and use the free body diagrams to
determine the moment diagrams. Figure E3.26b shows that the reaction at D equals zero when the
load is acting on member ABC.

Rg =
for 0 <x<1.5L

— =

Ra =

o~ =
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P=1
. X I
| }
* - : ff
Ra=(l lil1 R R“i1 *R,,u
L L L L
£ 2 . z z
[ ! | I t
P=1
X
|
A B C D
[ X |
Ro=(l |1|$ E 1 Rp=0
L L L L
2 2 Z . 2
Y | I |
P=1
. X I
I
A B l D
[ K ]
RA:(%Q)? E Rg=32 _;5[ fe 1
Rp=2(-1.5+=)
L L L L :
) 2 2 2 2

Fig. E3.26b

The behavior changes when the loading passes to member CD. Now there is a reaction at D which
releases some of the load on member ABC.

X
Rp = 2(—1.5 +Z>

RB:3(2—£) for 1.5L < x<2L

03
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The moment distribution corresponding to these loading cases are plotted in Fig. E3.26c.

A E B C D
X 1
X P=1
=
X X
M (l_f)f]./\\. |
PL i
) X 'P=1
I
M | !
1
PL _ | T
s E=1)
L P=1
. x ]
I
M . , , J///'*\Il—(i-l.s)
PL l — i ' 2L
[
L
Fig. E3.26¢

We note that the moment at E is positive when the load is on span AB, and switches to a negative
value when the load moves on to span BCD. The influence line for the bending moment at E is plotted

in Fig. E3.26d.

A E B C D
[ X |
(- ) ofn hinge "R
PL
Y

Fig. E3.26d

The moment force envelope is constructed using Fig. E3.26c. Span AB has both positive and
negative components; span BC has a negative component; and span CD has a positive component.
These segments are plotted in Fig. E3.26e.
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M
PL ! max
1
2
Fig. E3.26e

Example 3.27 Cantilever Construction-Concentrated Loading

Given: The three-span symmetrical scheme shown in Fig. E3.27a. There are two moment releases
located symmetrically with respect to the centerline of the center span. This structure is statically
determinate: Member cd functions as a simply supported member; segments bc and de act as
cantilevers in providing support for member cd. The structural arrangement is called cantilever
construction and is used for spanning distances which are too large for a single span or a combination
of two spans.

Determine: A method for selecting L; and the location of the moment releases corresponding to a
concentrated live loading P for a given length, given Lr.

Solution: The optimal geometric arrangement is determined by equating the maximum moments in
the different spans. Given the total crossing length, Ly, one generates a conceptual design by selecting
L,, and o which defines the location of the hinges. The remaining steps are straightforward. One
applies the design loading, determines the maximum moments for each beam segment, and designs
the corresponding cross-sections. The local topography may control where the interior supports may
be located. We assume here that we are not constrained in choosing L, and describe below how one
can utilize moment diagrams to arrive at an optimal choice for L, and a.

We consider the design load to be a single concentrated force that can act on any span. The
approach that we follow is to move the load across the total span and generate a sequence of moment
diagrams. This calculation provides information on the location of the load that generates the
maximum moment for each span.
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270
a b hinge hinge e f
[ 0] 10} ]
@E i#ﬁ C d ﬂhl 5&1
al, (1 2a)l, al,
f f f f
| L, L
| : ] = 1 : 1
1 I L I
| Ly !
I 1
Fig. E3.27a

When the load is on ab, member ab functions as a simply supported beam, and we know from the
previous example that the critical location is at mid-span. As the load moves from b to c, bc acts like a
cantilever, and the critical location is point c. Lastly, applying the load at the midpoint of c, d
produces the maximum moment for cd. Since the structure is symmetrical, we need to move the load
over only one-half the span. Moment diagrams for these cases are shown in Figs. E3.327b, E3.327c,

and E3.327d.

l— =

' &= . =\
t

2 2
l 1
' 1
PL,
4
+
T t + + + |
b d e

Fig. E3.27b Moment diagram—Iload on member AB
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3.10
p
a b l d e f
I I = 1]
a -
P C(L3 “ —— }P
L
L
! L] al,
| | -
I I I
! ® c d e f
!\!/ ! | l
PC(L:
Fig. E3.27c Moment diagram—Iload on member BC
P
a b C l d [ f
L0J ]
£ aty

= &3
I— Cth—f— {l- 2(1]]_2 —|—(1L2—}-
SO g r

d
= ' ¢ d
Mp -

Fig. E3.27d Moment diagram—Iload on member CD  Based on these analyses, the design moments for the

individual spans are
PL,
Ml =~

]W|bc:PaL2 Mled:M|bC

PL2(1 — 261)
Ml =220

M|fe = M|ab

P
Mb = EaLz Me = Mb

From a constructability perspective, a constant cross-section throughout the total span is desirable.
This goal is achieved by equating the design moments and leads to values for L, and a. Starting with

M, = Ml.4, one obtains
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PL,(1 -2

(8 lla:g
a_(l—Za)
T4

Next, we equate Ml,, and Mk, resulting in

PL, Pol.
= — Pa
1 2
I
2
L] = §L2
The “optimal” center span is
2L+ Ly =Ly
¢

3
L, = §LT =0.429Ly

If the interior supports can be located such that these span lengths can be realized, the design is
optimal for this particular design loading. We want to emphasize here that analysis is useful for
gaining insight about behavior, which provides the basis for rational design. One could have solved
this problem by iterating through various geometries, i.e., assuming values for o and L, but the
strategy described above is a better structural engineering approach.

Example 3.28 Cantilever Construction—Uniform Design Loading

Given: The three-span symmetrical structure shown in Fig. E3.28a.

a b hinge hinge ¢ f
[ (0] (0] ]
= E = =3

al., (1- 2a)L, al.,
' t i t
| |
| : ] L2 1 : 1
| 1 f I
] LT ]
| 1
Fig. E3.28a

Determine: The optimal values of L; and a corresponding to a uniform live loading w.

Solution: Using the results of the previous example, first, we establish the influence lines for the
moment at mid-span of ab (M/_;), at point b (My,), and at mid-span of member cd (M,.,). They are
plotted in Fig. E3.28b.
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(3]

o
Lr]
(=9
Lr]
-

(5]

g
™
L
g

f t + ; + Influence Line M,
I —_
|

Influence Line My

a b /.\
1 t t t+ [Influence Line M, ,

Fig. E3.28b Influence lines

We suppose that the uniformly distributed loading can be applied on an arbitrary segment of a
span. We start with the side span, ab. Based on the influence line, we load span ab (Fig. E3.28c¢).

Next, we load the center span. Loading the segment bed produces the maximum values for My, and
M4 (Fig. E3.28d). The third option is to load the center span (Fig. E3.28e).

The peak values for these loading schemes are

wL?
Mo =g
wL?
Mg = ?2 (1—2a)*
L

My, = = [a2 +a(l — 205)]
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Fig. E3.28c Moment diagram
w
a 'R lé EEXE Jca
| |
£ o ; P e
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+ M cd .
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- T EEEERL
I 1] = ]
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a

5
w(1-20) al’, -
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Fig. E3.28e Moment diagram

The remaining steps are the same as for the previous example. We want to use a constant cross-
section for the total span and therefore equate the design moments. This step results in values for a
and L;.
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Setting My, = M4 results in

1

8

Setting M, = M4 leads to

WL% B WL% B wL% (\/5)2
2) L,=0707L,

22 T2 01— 0g)? =
g g T2 =7

o5

oLy =

Lastly, L, is related to the total span by
2L+ Ly, =Ly
I
(1 + \/E)Lz =Ly
I
Ly, =0.414Ly

These results are close to the values based on using a single concentrated load.

(1-2a)* = [a2+a(1—2a)}8a2—8a+1=0l}a:;(1—\f> — 0.147
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Examples 3.27 and 3.28 illustrate an extremely important feature of statically determinate
structures. The reactions and internal forces produced by a specific loading depend only on the
geometry of the structure. They are independent of the properties of the components that comprise
the structure. This fact allows one to obtain a more favorable internal force distribution by adjusting

the geometry as we did here.

These examples also illustrate the use of cantilever construction combined with internal
moment releases. In Part II of the text, we rework those problems using beams which are continuous
over all three spans, i.e., we remove the moment releases. The resulting structures are statically

indeterminate.

3.10.2.1 Multiple Concentrated Loads

We consider next the case where there are two concentrated forces. This loading can simulate the load

corresponding to a two axle vehicle. The notation is defined in Fig. 3.51.

Fig. 3.51 Two
concentrated forces
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The resultant force R = P, + P, is located e units from the line of action of P5.

P, | P
¢ d| -C
t t t
where P,
e = 1
P+ P

The moment diagram for a set of concentrated forces is piecewise linear with peak values at the
points of application of the forces. Figure 3.52 shows the result for this loading case. Analytical
expressions for the reactions and the moments at points @ and @) are

1 d
Ra = (Py+Pa); (L~ ) - Plfl
X d
Rp = (Pl +P2)Z+P1ZI
J (3.59)
X
M, = (P, +P2)Z(L—x—d1) —‘y—Plzl(L—X—dl)
X d
M, = (P, +P2)Z(L —Xx) — P]flx

Fig. 3.52 Moment P, Py
diagram—arbitrary =

position of loading l l
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These moments are quadratic functions of x. One can compute M; and M, for a range of x values
and determine the values of x corresponding to the peak values. Alternatively, one can determine the
value of x corresponding to a maximum value of a particular moment by differentiating the
corresponding moment expression with respect to x and setting the result equal to zero.

Maximum value of M,

oM,
72 _ o
0x
(P, +P )(1—25)—P h_y (3.60)
1+ P2 7 7= .
LA Py L e
Mem =3 "2 \P +P,) 2 2
Maximum value of M,
oM,
o0
0x
(Py+Py)(L—2x—dy)—Pid; =0 (3.61)
L dl e

We can interpret the critical location for the maximum value of M, from the sketch shown in
Fig. 3.53a. The force P, is located e/2 units to the left of mid-span and the line of action of the
resultant is e/2 units to the right of mid-span. A similar result applies for M. P is positioned such that
P and R are equidistant from mid-span as shown in Fig. 3.53b.

The absolute maximum live load moment is found by evaluating M; and M, using the
corresponding values of x|y, and x‘ My, - 1IN Most cases, the absolute maximum moment occurs
at the point of application of the largest force positioned according to (3.60) and (3.61).

Example 3.29 Illustration of Computation of Maximum Moments for Two-Force Loading

Given: The beam shown in Fig. E3.29a and the following data

R=W P, =02W P, =08W d,=14ft L =40ft

@‘_‘If_ _"O

Fig. E3.29a

Determine: The maximum possible moment in the beam as the two-force loading system moves
across the span.
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Fig. 3.53 Critical location i
. . a

of loading for maximum

bending moments. (a)

X|M2max . (b) 'lelmax

A B
A 2 - &
] X |f€l?‘-~.d]'c|
| L2 . L»2 |
M,
M,
|
' (+9
: ;
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Using (3.60)

=20- 1.4 =18.6ft

X Momax =

|~
NSRS

Using (3.59) and the above value for x, the reactions and bending moments are

Ra = 0.465W
Rp = 0.535W
M, =3.96W
M, = 8.69W

The critical loading position for M, is shown in Fig. E3.29b.

P, = .8W = 2W

®
g %B

18.6 i1,4 : 1.4 112 74

Fig. E3.29b

We compute M, in a similar way. The critical location is found using (3.61).

XMy =I§—C;—1—§= 20—7—1.4=11.6ft
Next, we apply (3.59).
Ra = 0.64W
Ry = 0.36W
M, =5.184W

M, = 7.424W
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The critical loading position for M, is shown in Fig. E3.29c.

11.6 28 : 56 5.6 I 14.4
1

Fig. E3.29¢

It follows that the absolute maximum live load moment occurs when P; is positioned 18.6 ft from
the left support. This point is close to mid-span (Fig. E3.29d).

P, = 8W
2 P, = 2W

l

) ®

18.6 ft 14 ft 74 ft

+ ]
I I I 1

Fig. E3.29d

The analysis for the case of three concentrated loads proceeds in a similar way. Figure 3.54 shows
the notation used to define the loading and the location of the resultant force. The moment diagram is
piecewise linear with peaks at the point of application of the concentrated loads.

We generate expressions for the bending moments at points @, @, and D for an arbitrary position
of the loading defined by x and then determine the locations of maximum moment by differentiating
these expressions. First, we locate the resultant force

R=Pi+P,+P;
it s (dy 4 d2)P, (3.62)
B R
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Fig. 3.54 Notation and P P, P
moment diagram—three d d
|

concentrated loads 2 I
v v
@

8 »°

X

| |
' v
A
A 0O
|

ES ES

M

ey

The moments at locations 1, 2, and 3 are functions of x.

R
M; :Z(L—x—e)x
R
M, ZZ(L—X—e)(X+d2) — P3d, (363)

R
M1 ZZ(L—x—dz—dl)(X+€)

Differentiating each expression with respect to x and equating the result to zero leads to the
equations for the critical values of x that correspond to relative maximum values of the moments.

For Mi|mex x= %(L —e)
For Mj|max x= %(L —e—dy) (3.64)
For M]}max X = %(L— dy —d, —e)

The positions of the loading corresponding to these three values of x are plotted in Fig. 3.55. Note

that the results are similar to the two concentrated load case. We need to evaluate (3.63) for each
value of x in order to establish the absolute maximum value of the bending moment.
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Fig. 3.55 Possible
locations of loading for a
maximum moment

e d,
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Example 3.30

Given: The beam shown in Fig. E3.30a.

32 kip 32 kip Eikip
‘O—Ob w= 2.4 kip/ft
Al T T 1B
> .

60 ft

Fig. E3.30a
Determine: The maximum possible moment in the beam caused by

1. A truck moving across the span (Fig. E3.30b).
R= 72 kip
I

I
R2kip V 2kip 8 kip

Vv

467 ft
—
40, 141t

1
T T

Fig. E3.30b

2. A uniformly distributed dead load of w = 2.4 kip/ft in addition to the truck loading.

Solution:

Part (1): The critical truck loading position is defined by Fig. E3.30c. The corresponding bending
moment diagram is plotted below; the maximum moment occurs 2.3 ft from the center of the span.
M .x = 806.7 kip ft.

Part (2): The bending moment diagram for uniform loading is parabolic, with a maximum value at
mid-span.

Mgeaa(x) = 72x — 1.2¢* 0 < x < 60

We estimate the peak moment due to the combined loading by adding corresponding moment
values from Figs. E3.30c and E3.30d.
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Mcombined = (Mdead + M[ruck)au:32.33 ft — 1073.5 + 806.7 ~ 1880 kip ft ]
Minax = 1880kipft

M combined = (Mdead +Mll'“Ck)atx:30ft = 1080 4+ 791 =~ 1871klpft

32 kip 8 kip

38.8 kip? 1834 933233233 14 | 13.67 ?333 kip
T T T T T T

Fig. E3.30c Moment distribution for moving truck load

w= 2.4 kip/ft

A§ I T 1 B
- Y
Zkp ; 72 kip
= X 60 ft

1080 kip ft 1073.5 kip ft
E+ : M
L T ‘+5

30 3

=

Fig. E3.30d Moment distribution for dead load =~ When there are multiple loadings, it is more convenient
to generate discrete moment envelope using a computer-based analysis system. The discrete moment
envelope for the combined (dead + truck) loading is plotted below (Fig. E3.30e). Scanning the
envelope shows that the maximum moment occurs at x = 30.9 ft and M,,,,x = 1882.6 kip ft. This
result shows that it was reasonable to superimpose the moment diagrams in this example.
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32 kip 32 kip 8 kip

l

24 kip/ft
AJ I I T I I I 1B
-
— X
i 60 fi .
I T
1882.6 kip

g .

Fig. E3.30e Discrete moment envelope for the combined (dead + truck) loading

3.11 Summary
3.11.1 Objectives of the Chapter

» To develop analytical and computational methods for quantifying the behavior of beams subjected
to transverse loading. Of particular interest are the reactions, the internal forces (shear, bending,
and twisting moments), and the displacements.

» To introduce the concepts of influence lines and force envelopes which are needed to establish
design values for beam cross-sections.

3.11.2 Key Facts and Concepts

» A stable statically determinate beam requires three nonconcurrent displacement restraints. There
are three reaction forces which are determined using the static equilibrium equations.

» External loads are resisted by internal forces acting on a cross-section. For planar loading, these
quantities consist of an axial force, F, a transverse shear force, V, and a bending moment, M. One
can establish the magnitude of these variables using the static equilibrium equations. Alterna-
tively, one can start with the following differential equilibrium equations,

v_,
v
dM
i v
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Integrating between points 1 and 2 leads to

%)
Vz —V1 :J wdx

Xp
X2

M, —M, = —J Vdx
X1
The first equation states that the difference in shear is equal to the area under the loading diagram.
The second equation states that the change in moment is equal to minus the area under the shear
diagram.
* Planar bending results in a transverse displacement, v(x). When the beam is slender, these
variables are related by

& _M
dx2  EI

where [ is the second moment of area for the section. Given M(x), one determines v(x) by integrating

this expression and noting the two boundary conditions on v.

» The transverse displacement at a particular point can also be determined using the Principle of
Virtual Forces specialized for planar bending of slender beams.

d5P:J
L

M oM dx

El
Here, d is the desired displacement, oP is a virtual force in the direction of d, and M is the virtual
moment corresponding to 6P. One usually employs numerical integration when the integral is
complex.

* An influence line is a plot of the magnitude of a particular internal force quantity, say the bending
moment at a specific location, vs. the position of a unit concentrated load as it moves across the
span. It is useful for establishing the peak magnitude of the force quantity at that location.

» A force envelope is a plot of the maximum positive and negative values of a force quantity, say the
bending moment, at different sections along the beam. This data is used to determine cross-
sectional properties.

3.12 Problems

For the beams defined in Problems 3.1-3.20, compute the reactions and draw the shear and moment
diagrams.

Problem 3.1

10 kip

2 kip/ft l
A s I " | D

2011 10 fi : 10 fit

?4—
»
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Problem 3.2
4 kip/ft 10 kip
. l, D
A - ]
wﬁ! B C LEEE
20 fi 10 fi 10 fi
| . . |
1 1 | '
Problem 3.3
75 kN
30 kN/m
£ N | ¥ T 3L ¥ Jr
AL |
e E N C
B
10m 2m
1 1 1
I | I
Problem 3.4
2 kip/ft
¥ she al o m 7 sk o N
A L |
An kS .
B
30 fi 6 fi
1 1 1
T I I
Problem 3.5
40 kN
30 kN/m J/
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Problem 3.6
60 kN/m
40 kN
D
A L J
dﬂﬂ! B C lEﬂE
6m Im 3m
l L I |
T | | v
Problem 3.7

}')
A B D & C

2L 1 L2 L2
| | 2 .
T | I 1 T
Problem 3.8
1.8 kip/ft
l .6 kip/ft
B

2011
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Problem 3.9
60 kN/m
14 kKN-m
i /A D
‘i G
C
B @ﬁg
l 6m - Iim 2 Iim |
T 1 | !
Problem 3.10

1.2 kip/fh 10 kip ft I kip/ft
O " o

R 8N . 10 1 : 10 1 l g1 L
L T || L L
Problem 3.11
27 kN/m
9 kN/m 9 kN/m
e
1 bm , 6m l
T | N
Problem 3.12
25 kip 10 kip

2kip/nt 3 J’
| p— o o ' 3

10 f 10 fi 10 fi | 10 ft |
1 1 +
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Problem 3.13
30 kN/m
hin 15 kN/m
A m. - £ r 2 I I 3 .
B ‘
C
} 6m ! Im | 9m !
Problem 3.14
1.8 kip/ft

20 fi 20 fi
| | |
T T T
Problem 3.15
70 kN
30 kN/m l B
A £ I X 1 1
L hinge ‘ D *
B C
5m 5m im im
: ! : : !
Problem 3.16
10 kip
1.4 kip/ft l _ 1.4 Kip/ft
E F
r 1 E
o E’E hinge hinge L;;& 3,1 =
A B C D
| 18 ft | 18 fi 6 1t 6 1t i 181 18 1t
T T T T f t
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Problem 3.17
40 kN
30 kN'm
hinge ‘
.* ' X - 't
& w . o 2
A B F
8Sm 4m 2m 2m
| } ; } ;
Problem 3.18
10 kip
1.4 kip/ft ‘ 5 1.4 kip/ft
 — ——— S A A |
[ A [ ]
_‘1_ _.__ hinge hinge |!';.lf' U"J‘r
A B C D
| 18 It | 18 11 | 6 fi A 6 M 18 1t ! 18 1
T 1 T T t t
Problem 3.19
J0kN 30 kN
\ 20 kN/m
‘ £ I T 3 5
C 3 1 |
Ftr" hinge J%g WUE  hinge i
B C
im 2m 2m 6m 2m 2m  3m
; —t—t ——t—|
Problem 3.20 Member BD is rigidly attached to the beam at B.
D« 10kip
_
10 f 1.2 kip/ft e
d + S v \I’
I 1 C
A
P B
| 25 ) 20 1 | 2011 |
1 ]
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Problem 3.21 Determine the maximum bending moment. Assume EI is constant.

60 kN
30 kN/m l
n i o I 1 L I
( . 1 D
-Qr 'ﬁl hinge 'ﬁ
B C
9m Sm 5m

Problem 3.22 Determine the maximum bending moment. Does the bending moment distribution
depend on either E or I? Justify your response.

2.4 kip/It 12 kip

A]B | ‘
B I AB 'A’ 8N I'nc ’&’(

|
T

8f 241

-

For the beams defined in Problems 3.23-3.26, use the Table 3.1 to determine the vertical deflection
and rotation measures indicated. Assume EI is constant.

Problem 3.23
g, vsl = 200in.*, E = 29,000kip/in>

9 kip ft
/A

A C B
10 ft : 81

-+~

-
——
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Problem 3.24
Og,vgl = 200in.*, E = 29,000ksi
10 kip
y |
A7 ]
A C B
10 f in
1 [ 1
. + 1
Problem 3.25 p s
On,vcl = 80(10 )mm , E =200GPa
30kN 20 kN
A l l B
A c K.
2m 4m 2m
Il L L 2
T T T T
Problem 3.26

Op,vel = 200in.*, E = 29,000ksi

6 kip

8 10 1t §n

For the beams defined in Problems 3.27-3.35, use the virtual force method to determine the
vertical deflection and rotation measures indicated.
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Problem 3.27 .
Op,vel = 80(10°)mm*, E =200GPa
20 kN 10 kN
12 kN-m
A |
A b B
D
3
. Jm : 4m : Im . 2m A
T 1 1 ] ]
Problem 3.28
0s,vpl = 120(10°)mm*, E =200GPa
80 kN
35kN
A 1
A B & D
C
Im
| 6m | Sm I i
| T T T
Problem 3.29
Oa,vel =300in.*, E = 29,000ksi
8 kip
0.5 kip/ft JI
! S T— I T N Y
) |

A ¢ _
3 (¢

on 10
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Problem 3.30 .
Oc,vpl = 120(10°)mm*, E =200GPa
90 kN
30 kN/m
4
e L N N 3L ¥ 3
A 1 ) J
i) D E A c
B
5m Sm Im
1 L 1 i
I T T |
Problem 3.31 .
Oc,vel =200in.%, E =29,000ksi
8 kip ft
0.8 kip/ft
+ sle | o 1 | -
A [
o 21 B ; 1 €
30ft 10 ft
L | 1
L] ] bl
Problem 3.32
Oc,vcl = 100(10°)mm*, E =200GPa
12 kN-m
18 KN/m 3 18 KN/m
L 1T T1 S S A .
A I 1, 21 C 21 ,g I E
B D

2m Im Im 2m
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Problem 3.33
Op,vel = 300in.*, E = 29,000ksi
4 kip 4 kip
l 2kip/ft
Bf—I—T % T x 3 C l
Al I D
Y E ‘
: 6 ft | 121t ! 12 ft | 6t !
Problem 3.34
Oc, 0k, and vgl = 160(10°)mm*, E =200GPa
50 kN
18 kN/m l 18 kN/m
111 111
A L ; |
An c & E
B D
2m Im Im 2m
I I 1 1
Problem 3.35
O, vl = 120in.*, E = 29,000ksi
1 ,2kipr"‘l

=
ol =11 =18
LI:L;“IF A B

UK

S
} 201 |

Determine the analytical solutions for the deflected shape for the beams defined in Problems
3.36-3.39. Assume FEI is constant.
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Problem 3.36

Problem 3.37

Problem 3.38

Problem 3.39

Wy

W

in -
Wi SIN e—
il

-



298 3 Statically Determinate Beams

Problem 3.40 Determine the value of [ require to limit the vertical deflection at B to 1/2 in.
E = 29,000 ksi.

1.2kip/ft

SSUSAS

-
-

Problem 3.41

(a) Solve Problem 3.39 using computer software. Consider different sets of values for EI. Show that
the magnitude of the deflection varies as 1/El. Assume P = 100 kN, and L = 8 m.
(b) Suppose the peak deflection is specified. How would you determine the appropriate value of I?

Problem 3.42 Utilize symmetry to sketch the deflected shape. EI is constant. Assume £ = 200 GPa
and I = 160(10)® mm*.

40 kN
20 kN 20 kN
l l;l2 kN/m
: E 111 L I v
B D
3m Sm Sm | 3m

Problem 3.43 Determine the vertical deflection of point A. Sketch the deflected shape of the beam.
EI is constant.

3/4L

L ML, L2, » ML
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Problem 3.44 Determine the vertical deflection of point A. Sketch the deflected shape of the beam.
EI is constant.

L2 L2 3/4L

3/4L

Problem 3.45 Determine the vertical deflection of point A. Sketch the deflected shape. EI is
constant.

l B l C l
A
f ; D
; 34L | L2 . L2 ’ 3/4L I

Problem 3.46 Consider the cantilever beam shown below. Determine the displacement at B due to
the loading. Use the principle of Virtual Forces and evaluate the corresponding integral with the
trapezoidal rule.

Take wo = 10kip/ft, L =20ft, I, = 1000in.*, E = 29,000ksi, [ = 10(1 + cos%).

/“'ﬂ
/] ¥
A 7
. I B
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Problem 3.47 Assume AB is a “deep” beam. / and A are constant. Determine the analytical solution
for S (the rotation of the cross-section) and v.

'Y= Wa &1 H
/KI/NII :
B

5 — .

Problem 3.48

Y GJ constant

1. Determine S, (the rotation of the cross-section about the longitudinal axis) at B due to the
concentrated torque at C.

2. Suppose a distribution torque, n1,, is applied along A-B. Determine. M,(x). Take m, = sin 37

3. Determine f, at B due to the distributed torsional loading.

Problem 3.49 Draw the influence lines for:
(a) Reaction at A

(b) Moment at E
(c) Shear at D

e

5 5 {
l ! S 10 fi 10 fi

e

e
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Problem 3.50
Draw the influence lines for the moment and shear at E.
A B E C D
L3 E S
l 2m | 2m | 6m ' Im |
T 1 T + .
Problem 3.51

For the beams shown, determine the moment envelope corresponding to a single concentrated load
moving across the span.

& X
| 20ft | 0ft

Problem 3.52
(a) Draw the influence lines for moment at F and moment at B.
(b) Draw the moment envelope.

A F B C D E
I I 1]
-ﬂn * hinge A
S5m 5m 4m 4m 3m

Suppose a uniformly distributed dead load of 18 kN/m and uniformly distributed live load of
30 kN/m are placed on the beam. Use the above results for influence lines to determine the maximum
values for the moment at point F and point B. Also show the position of the live load on the beam for
these limiting cases.

Problem 3.53 Suppose a uniformly distributed live load of 1.2 kip/ft and uniformly distributed dead
load of 0.8 kip/ft are placed on the beam. Determine the critical loading pattern that results in the
maximum and minimum values of moment at E.

A #m B E & C D

6 fit 16 ft 4 ft 6 ft

-+
-
-
-
—
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Problem 3.54 For the beams shown, determine the moment envelope corresponding to a single
concentrated load moving across the span.

2m 6m im |

Problem 3.55 Determine the maximum possible moment in the 40 ft span beam as the loading
system shown moves across the span. Use either the analytical approach or the moment envelope
corresponding to the loading.

25 kip 5 kip 25 kip
+— I
- Ar P
6 o6n 40 1

Problem 3.56 Determine the location of the maximum possible moment in the 20 m span beam as
the loading system shown moves across the span.

80 kN 40 kN
|

} 2m e o

1 20 m
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Problem 3.57 Determine the maximum possible moment in a 80 ft span beam as the loading system

shown moves across the span. Assume a uniform load of 2 kip/ft also acts on the span. Use computer
software.

15 kip 10kip 25 kip 15 kip
y 4 4 4

L6ft 40, SNy P -
X ' . . L 80 fit

Problem 3.58 For the beam shown:

(a) Draw the influence lines for the vertical reaction at support D, and the moment at point F.

(b) For a uniformly distributed live load of 20 kN/m, use the above results to determine the
maximum values of the reaction at D, and the moment at F. Also show the position of the live
load on the beam.

(c) Establish the moment envelope corresponding to a single concentrated vertical load.

: 2m | Im | 4m | Im I 3m

Problem 3.59 For the beam shown below

B D
L (.,
A . .,
g
1l L
| ||
8N 26 ft

—

Determine the influence line for:

(a) The vertical reaction at C
(b) The moment at D
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If a uniformly distributed live load of 1.8 kip/ft and uniformly distributed dead load of 1.4 kip/ft
are placed on the beam, use the above results to determine the maximum and minimum values of

(a) The vertical reaction at C
(b) The moment at D

Problem 3.60 Using computer software, determine the influence line for the vertical displacement at
x = 5 m. Assume EI is constant.

P=1kN

| 10 m | Im |
| I |

Hint: Apply a unit load at x = 5 m and determine the deflected shape. This is a scaled version of
the influence line. Verify by moving the load and recomputing the displacement at x = 5 m.
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