Abstract

The previous chapter dealt with the force method, one of two procedures
for analyzing statically indeterminate structures. In this chapter, we
describe the second procedure, referred to as the displacement method.
This method works with equilibrium equations expressed in terms of
variables that correspond to displacement measures that define the posi-
tion of a structure, such as translations and rotations of certain points on
the structure. We start by briefly introducing the method specialized for
frame-type structures and then apply it to truss, beam, and frame
structures. Our focus in this chapter is on deriving analytical solutions
and using these solutions to explain structural behavior trends. We also
include a discussion of the effect of geometrically nonlinear behavior on
the stiffness. Later in Chap. 12, we describe how the method can be
transformed to a computer-based analysis procedure.

10.1 Introduction

The displacement method works with equilibrium equations expressed in terms of displacement
measures. For truss and frame-type structures, which are composed of members connected at node
points, the translations and rotations of the nodes are taken as the displacement measures.

Plane truss structures have two displacement measures per node. For example, the plane truss
shown in Fig. 10.1a has two unknown displacements (u,, v,). The available equilibrium equations are
the two force equilibrium equations for node 2.

Planar beam-type structures have two displacement measures per node, the transverse displace-
ment and the cross-section rotation. The corresponding equations are the shear, and moment equilib-
rium equations for each node. For example, the planar beam shown in Fig. 10.1b has five unknown
displacements (6, 0,, 03, 04, v4).

Plane frame-type structures have three displacement measures per node: two translations and one
rotation. One works with the force and moment equilibrium equations for each unrestrained node. In
general, the number of node equilibrium equations will always be equal to the number of displacements.
For example, the plane frame shown in Fig. 10.1c has six unknown displacements (u5, V5, 05, U3, v3, 03).
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The approach followed to generate equations involves the following steps:

1. Firstly, we decompose the structure into nodes and members. Note that the forces applied by a
member to the node at its end are equal in magnitude but oppose in sense to the forces acting on the
end of the member. The latter are called end actions.

2. Secondly, we relate the end actions for a member to the displacement measures for the nodes at the
ends of the member. We carry out this procedure for each member.

3. Thirdly, we establish the force equilibrium equations for each node. This step involves summing
the applied external loads and the end actions for those members which are incident on the node.

4. Fourthly, we substitute for the member end actions expressed in terms of the nodal displacements.
This leads to a set of equilibrium equations relating the applied external loads and the nodal
displacements.

5. Lastly, we introduce the prescribed values of nodal displacements corresponding to the supports in
the equilibrium equations. The total number of unknowns is now reduced by the number of
prescribed displacements. We solve this reduced set of equations for the nodal displacements
and then use these values to determine the member end actions.

The solution procedure is systematic and is applicable for both statically determinate and statically
indeterminate structures. Applications of the method to various types of structure are described in the
following sections.
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10.2 Displacement Method Applied to a Plane Truss

Consider the truss shown in Fig. 10.2. We suppose nodes 2, 3, and 4 are unyielding. We analyzed this
structure with the force method in Sect. 9.6. We include it here to provide a comparison between the
two approaches. There are two displacement measures, the horizontal and vertical translations for
node 1. The structure is statically indeterminate to the first degree, so it is a trade-off whether one uses
the force method or the displacement method.

The first step is to develop the equations relating the member forces and the nodal displacements.
We start by expressing the change in length, e, of each member in terms of the displacements for
node 1. This analysis is purely geometrical and involves projecting the nodal displacements on
the initial direction of the member. We define an extension as positive when the length is increased.
Noting Fig. 10.3, the extensions of members (1), (2), and (3) due to nodal displacements are
given by:

ey = u;cos@ + vy sing
€p) = Vi (10.1)
e@3) = —u1 cos + vy sind

Next, we express the member force in terms of the corresponding extension using the stress—strain
relation for the material. Noting Fig. 10.3b, the generic equations are:

Fig. 10.2 Truss geometry Vi
and loading

Fig. 10.3 Extension and
force quantities—axial
loaded member
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e
Etotal = €0 +E6:Z

where ¢ is the initial strain due to temperature change and fabrication error. Then,

AE
F= Te — AFE¢g,
(10.2)
A
=—e
L

where FF is the magnitude of the member force due to initial strain.
Substituting for the extensions leads to the desired expressions relating the member forces and the
corresponding nodal displacements.

AE

AE
Foy = i cos Ouy +Ij—] sin Ov; —|—F(Fl)
AE AyE F
Fipy=—"p, =—="_ F 10.3
@ L, . L, sing"! ) (10.3)
AE AE
F3) = _L;l cos Ou; +%1 sin Ov, +F(F3)

We generate the force equilibrium equations for node 1 using the free body diagram shown below.

Y

F :
(1) -
ltl)

Y Fi=0— Pi=cosf(Fu) —F)

(10.4)
S Fy =01 Py=sin0(Fn)+Fg) +Fp
Substituting for the member forces, one obtains a set of uncoupled equations for u; and v;.
2AE
P, = { Li 00529}141 + cosG(F(Fl) —F&)
(10.5)

{ AE 2A(E
P, =

.2 . F F F
Lsind L sin 6}\)1 + smH(F(l) +F(3>) +F(2)
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One solves these equations for #; and v, and then determines the member forces using (10.3).
The resulting expressions are:

P P, L p Ay sinf T
" 2cos@ 7\ Ay/sin@ + 24, sin 20 M

" A, /sin 0
Fo=P { 2/sin } +Fp (10.6)

Y| Ay /sin@ + 24, sin 20

P P, P Aysind L FF
G~ T2cosg Y A, /sin @ + 2A sin 26 &)
where

P.=P — cos¢9<F(F1) _F(F3>)

* - F F F
P =Py~ sin6(FF) + F)) + Fh

For this example, it may seem like more effort is required to apply the displacement method
vs. the force method (Sect. 9.6). However, the displacement method generates the complete solution,
i.e., both the member forces and the nodal displacements. A separate computation is required to
compute the displacements when using the force method.

10.3 Member Equations for Frame-Type Structures

The members in frame-type structures are subjected to both bending and axial actions. The key
equations for bending behavior of a member are the equations which relate the shear forces and
moments acting on the ends of a member to the deflection and rotation of each end. These equations
play a very important role in the analysis of statically indeterminate beams and frames and also
provide the basis for the matrix formulation of the displacement method for structural frames. In what
follows, we develop these equations using the force method.

We consider the structure shown in Fig. 10.4a. We focus specifically on member AB. Both of its
ends are rigidly attached to nodes. When the structure is loaded, the nodes displace and the member
bends as illustrated in Fig. 10.4b. This motion produces a shear force and moment at each end. The
positive sense of these quantities is defined in Figs. 10.4b, c.

We refer to the shear and moment acting at the ends as end actions. Our objective here is to relate
the end actions (V, Mg, Va, M) and the end displacements (vg, fg, va, 84). Our approach is based
on treating the external loading and end actions as separate loadings and superimposing their
responses. We proceed as follows:

Step 1. Firstly, we assume the nodes at A and B are fixed and apply the external loading to member
AB. This leads to a set of end actions that we call fixed end actions. This step is illustrated in
Fig. 10.5.

Step 2. Next, we allow the nodes to displace. This causes additional bending of the member AB
resulting in additional end actions (AVg, AMpg, AV, AM,). Figure 10.6 illustrates this
notation.

Step 3. Superimposing the results obtained in these two steps leads to the final state shown in
Fig. 10.7.
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We determine the fixed end actions corresponding to the first step using the force method. Details
are described in Chap. 9. Fixed end actions for various loading cases are listed in Table 9.1.

For the second step, we visualize the process as consisting of two substeps. First, we displace node
B holding A fixed. Then, we displace node A, holding B fixed. Combining these cases result in the
response shown in Fig. 10.8c. Superposition is valid since the behavior is linear.

These two substeps are similar and can be analyzed using the same procedure. We consider first
case (a) shown in Fig. 10.8a. We analyze this case by considering AB to be a cantilever beam fixed at
A and subjected to unknown forces, AVg™" and AMp" at B (see Fig. 10.9a).

The displacements at B are (see Table 3.1):

AV amMyr?

VB =

3EI 2EI (107
o Aavrr  amMyL
B2k El

We determine AVg" and AMg' by requiring these displacements to be equal to the actual nodal
displacements vg and #g. Solving for AVB(]) and AMB(]) leads to

12EI 6EI
AV]<31) = 3 VB — —2 B

L L

AEI 6EI (108)
AM]<31> = —63 — —VB

L L
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The corresponding end actions at A are determined using the equilibrium conditions for the
member.

S F=0=avy +avy =0
S M=0=amy +amy) +Lavy =0
atA
Then
12EI  6EI
3 BT
6EI  2EI

AME:) = —FVB +TQB

AVl = — On

(10.9)
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Equations (10.8) and (10.9) define the end actions due to the displacement of node B with A fixed.
Case (b) of Fig. 10.8 is treated in a similar way (see Fig. 10.9b). One works with a cantilever fixed
at B and solves for AV,® and AM,®. The result is

o 12EI  6EI

AVA = T VA + F 6A

6EI 4E1 (10.10)
2 _
MM =Tt 0
The end actions at B follow from the equilibrium conditions for the member.
5 12E1 6El
AVy! =~ =

(10.11)

6E1 4EI
AM]<32> = FVA + TQA

Equations (10.10) and (10.11) define the end actions due to the displacement of node A with B
fixed.

The complete solution is generated by superimposing the results for these two loading conditions
and the fixed end actions.

6EI 12E1
Ve =AVY 4 AV 4 vE = =7 (O +0a) + =5 (s —va) + Vi

2EI 6EI
My = AMy) -+ AM) + M§ = + 57 (208 +0A) =5 (v — va) + M}

6E1 12E1
Va= AVI(AI) + Avf) + V£ = +7(9B +9A) _?(VB - VA) + Vﬁ

2E1 6El
My =AML + M + M =+ (65 +26,) — 7 (v —va) + M}

We rearrange these equations according to moment and shear quantities. The final form is
written as

2FI Vg — V
Mg === {29A+03—3( ) A)}+M£B
(10.12a)

MBA:?{QAHGB—s(VB;vA)}JngA
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6EI VB — V
VAB:+7{9A+93—2( P b v

L
o (10.12b)
T T L) Y
M ° Mas
Mk
f\ r 1 l;
\Y% + El
I I\«'AB Via I
L

A B

Equations (10.12a, 10.12b) are referred to as the slope-deflection equations. They are based on the
sign conventions and notation defined above.

10.4 The Displacement Method Applied to Beam Structures

In what follows, we first describe how the slope-deflection equations are employed to analyze
horizontal beam structures, starting with two-span beams and then moving on to multi-span beams
and frames. The displacement measures for beams are taken as the nodal rotations; the transverse
displacements are assumed to be specified.

10.4.1 Two-Span Beams

We consider the two-span beam shown in Fig. 10.10a. One starts by subdividing the beam into two
beam segments and three nodes, as indicated in Figs. 10.10b, c. There are only two rotations
unknowns: the rotations at nodes A and B; the rotation at node C is considered to be zero.
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Next we apply the slope-deflection equations (10.12a) to members AB and BC.

2EI VB — V
MAB:—I 205 + 605 — 3 B A +M/§B
L L,

2E1 Vg — V
Mpa = 13205 + 04 —3(2—2) b + ME,
Ll Ll

- (10.13)
2 Ve — VB F
Mpc =—42605 — 3 M
L { ’ ( Ly ) } e
2E12 Vc — VB F
M =—-965 -3 M
CB L { B ( L ) } + Mcg
Then, we enforce moment equilibrium at the nodes. The corresponding equations are:
MAB =0
(10.14)
Mgpa + Mpc =0
Substituting for the end moments in the nodal moment equilibrium equations yields
4E11 2E11 6E11 VB — VA F
(7 O = -M
L * * L L Ly AB
2FEI 4EI, 4EI 6F1 6EI (10.15)
1 1 2 1 (VB — VA 2 (Vc — VB F F
[ O = — (M M
L A+<L1+L2)B L1<L1 >+L2(L2 ) (Mga + Myc)

Once the loading, support motion, and member properties are specified, one can solve for g and
0. Substituting for the s in (10.13) leads to the end moments. Lastly, we calculate the end shears.
Since the end moments are known, we can determine the end shear forces using either the static
equilibrium equations for the members AB and BC or by using (10.12b).

6E11 12E11 VB — VA F
Vap = ool (0p +05) — L (ZBYA) Ly
AB % (Oa + 6B) 2 < L >+ AB
6EI 12EI; [vg — Vv
VBAZ——21(913+9A)+ 21(B A)—FV]];A
Ly Ly L,
6El 12E1 (10.16)
2 2 (ve — VB E
Vic = Op) — 22 v
BC L% ( B) L% ( L2 ) + BC
6E12 12E12 Vc — VB F
Vae = — 0 Vv
BC 2 (0) + 2 ( L, + Vie

The reactions are related to the end actions by (see Fig. 10.10d)

Ra =Vas
Mpa=Mpg =0
Rp = Vpa + Vae
Rc =Vcp

Mc = Mcp
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AR
0

Fig. 10.11 Beam geometry and support settlements

Suppose the only external action on the above two-span beam is prescribed support settlements v 4,
vg, and vc as shown in Fig. 10.11. We compute the corresponding chord rotation terms and include
these terms in the slope-deflection equations. The chord rotations are

VB — VA
p =
AB Ll

e —va (10.17)
PBC = L

Noting (10.13), the chord rotation terms introduce additional end moments for each member
connected to the support which experiences the settlement. The corresponding expressions for the end
moments due to this support settlement are

2EI
Mg = L—‘ {207 + 05 — 3pp}
1

2EI
Mga = L—I{ZHB +0a —3pas}
1
(10.18)

2EI
Mpc = L—Z{ZQB - 3/)BC}
2

2EI
Mcg = L—Z{QB - 3PBC}
2

Substituting for the support movements, the nodal moment equilibrium equations reduce to

29A -+ HB = 3pAB
2EI 2EI 6El 6EI (10.19)
—1{2913 +0A}+ —2{263} = —lpAB + —2ch
Ly L, Ly Ly

Note that the solution depends on the ratio of EI to L for each span. One specifies p for each
member, solves (10.19) for the s, and then evaluates the end actions.
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Example 10.1

Given: The two-span beam defined in Fig. E10.la. Assume the supports are unyielding.
Take E = 29,000 ksi, / = 428 in.*, and L = 20 ft.

10 kip

1.5 kip/ft l
1L ¢ ¢ I 18 C

WANY

Fig. E10.1a
Determine: The end actions and the shear and moment diagrams due to the applied loading.

Solution: First, we compute the fixed end actions by using Table 9.1.

10 kip

SOkipft 25 kip ft 25 kip 1t
50 kip ft 1.5 kip/ft p
A h A
5 T e | R
( TA BN ) C IB c R )
15 uer {-‘-‘ kip 5 kip . -I».wp
20 fi . 20 1t .
: . - '
1.5(20)* 1.5(20
M, = 15207 _ 50kipft V&, = 20) _ 15kip
12 2
1.5(20
ME, = —50kipft VE, = é ) _ 15kip

10(20 10
ME. = % =25kipft Vi, = - = Skip

10
M&; = —25kipft Vi = - = Skip
We define the relative member stiffness for each member as

EI 29,000(428) 1 .
kmembers AB — kmembers BC — f =k = 20( ) (12)2 = 4310k1p ft

Next, we generate the expressions for the end moments using the slope-deflection equation
(10.12a) and noting that 8, = 0 and the supports are unyielding (v = vg = v¢ = 0).
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Map = 2ki(08) + 50

Mga = 2k;(26g) — 50

Mpyc = 2k;(20g + 0c) + 25

Mcp = 2k (0p + 20c) — 25
Enforcing moment equilibrium at nodes B and C

Max Mpc

SETRAT

-
Mga +Mpc =0
Mg = 0
leads to
20 + 4k, 0c = 25
8k10s + 2k10c = 25
U
k10g = 1.786
k10c = 5.357
4

O = 0.0004rad counter clockwise

Oc = 0.0012rad counter clockwise

These rotations produce the following end moments
Map = 53.57kipft
Mpp = —42.84kipft
Mpc = +42.84kipft
Mcg =0

Since the end moments are known, we can determine the end shear forces either by using the static

equilibrium equations for the members or by using (10.12b).

Mg = 53.57

1.5 kip/ft Mpga = 42.84 Mp- = 42.84

B
L

(11_11111+) (

1 Vas Vm} T G

BC
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Noting (10.12b), we find

6 6
Vap = (kifs) + Vig = 50(1:786) + 15 = 15.53kip

6 6
Vap = — (ki05) + vE = —50(1:786) + 15 = 14.47kip

6

6 F
Vae = Z(kleg +k10c) + Ve = 30

(1.786 + 5.357) + 5 = 7.14kip

6 6
Vap = =7 (ki0s + k16c) + Vg = —5(1786 + 5.357) + 5 = 2.86kip

The reactions are:
Ra =Vag = 15.53kip |
Ma = Mag = 53.57kipft
Rp = Vga + Ve = 21.6kip T
Rc =Vceg =2.86kip T
Mc=Mcg =0

Lastly, the shear and moment diagrams are plotted below.

10 kip
1.5 kip/i
ss.snmn(AlH PR . C

{t 2.86 kip

15.53 kip'I’ {' 21.6 kip

14.46 kip

10.35 ft / 286 kip
i\ 2.
] V{5t

7.14 kip

15.53 kip
26.8 kip ft 28.6 kip ft

ﬂ’\ /N M

42.84 kip ft
53.57 kip ft
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Example 10.2: Two-Span Symmetrical Beam—Settlement of the Supports

Given: The symmetrical beam shown in Fig. E10.2a. Assume EI is constant. Take L = 6 m, [ =
180(10)° mm*, and E = 200 kN/mm?>.

A B C

Fig. E10.2a

Case (i), the middle support settles an amount vg = 40 mm.
Case (ii), the left support settles an amount v4 = 40 mm.

Determine: The end actions, the shear and bending moment diagrams.
Solution:

Case (i): Support settlement at B (Fig. E10.2b)

A B C
5 v .
L

———

Fig. E10.2b Settlement at B

Noting (10.17), the chord rotations due to settlement at B are:

VB—VA VB
Pas = =7

Vc — VB VB
L

Substituting for pag and pgc, the corresponding slope-deflection equation (10.12a) take the form

2EI 6E]
Mag = I (204 + 08) — [ PaB
2FE1 6L
Mpa ==~ (208 +0a) — I PaB
2EI 6E]
Mpc =~ (205 +6c) — —~prc
2FE1 6L]
Mcg = T(ZQC +6g) — — PBc
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We enforce moment equilibrium at nodes A, B, and C.

Mag -0 Mga Mge Mcp-o

- TR

Vac Ve
The corresponding equations are:

MAB:0:>29A+QB:—3VTB
Mga +Mpgc =0 =07 +40g +0c =0
MCBzo:zach:%B

Solving for the s leads to

0g =0
3VB
Or = —— 2
AT oL
3VB
Oc = +2
¢=Tar

The corresponding end moments are:

2EI ( 3vg\ 6EI / g 3EI 3(200)(180)10°
Mpa="-—2)—— () =4+ m=—""—F—(40
BAT L ( 2L> - (-7) MR G
= 120,000kNmm = 120kNm

2EI (3vg\  6El /v 3EI
Mpe = (2B ——(—):—— — _120kN
BCTT (2L> L \L R m

Next, we determine the end shear forces using the static equilibrium equations for the members.

3E[ 3E '*El
A > C c
[ |
Vaed l Vaa ! Vea
L , L

1
| 1 1 T
T T

3EI 3(200)(180)10°
Vap = Ve = +? B —WMO) =20kN 1

3EI
Vea = Ve = 3B = 20kN |
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The corresponding reactions are:
Ra = Vag =20kN 1
Rg = Vga + Vpc =40kN |
Rc =Veg =20kN T

One should expect that g = 0 because of symmetry. The shear and moment diagrams are
plotted below.

A B C
Rp=20kN§ "h"l'll,=40kN }Rrc=20kN
20 kN
+
- v it
20 kN
120kN m
4
M &
Case (ii): Support settlement at A (Fig. E10.2¢c)
A B C
- '
" 5%, %,

| L | L
| | |

Fig. E10.2c Settlement at A

Settlement at A produces chord rotation in member AB only. The chord rotation for member AB
due to settlement of node A is pag = va/L. Substituting for pg, the corresponding slope-deflection
equation (10.12a) take the form

2EI 6E]
Mag = I (204 + 08) — [ PaB
2FE1 6L
Mgpa = T (208 +04) — [ Pas
2EI

MBC - T(ZHB + 0(:)

2EI
MCB == T(ZQC + HB)



668 10 The Displacement Method

Setting Mpag = Mcg = 0 and Mg + Mpc = 0 leads to
20A + 68 = 3pap
20c+6g =0
40 + Oa + Oc = 3pp

Solving for the s leads to

5
Op = 278
1
Op = B PAB
1
Oc = 1 PaB

Finally, the bending moment at B due to support settlement at A is:

2EI (va  5Sva 6EIv 1.5E1 1.5(200)(180)106
Mga=—1[—4+-—"F] — = — = 40
BAT T (L +4L) 2 " GoooE 0
= —60,000kNmm = —60kNm
Mpc = —Mpga = 60kNm  counterclockwise

Next, we determine the end shear forces using the static equilibrium equations for the members.

1.5 El 1.5 El 1.5 El
Ra==T7"A T VA A
Then,
1.5E1 1.5(200)(180)106
Ri— R — — - _ 40) = —10kN
A= R A (6000)° (40)
1.5E1 1.5E1
RB = VA +TVA = +20N

L3
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The shear and moment diagrams are plotted below.

A B C
‘F TR, = 10 kN %Rn:mm -}Rc:l{]k.\-’
10 kN -
~ v ¢
10 kN

60 kN m

Example 10.3: Two-Span Beam with Overhang

Given: The beam shown in Fig. E10.3a. Assume FEI is constant.

40 kN
30 kN/m l 10 kN/m
1L L 11 11 1 I 1111
A7 |
7 I ¥, I 2 | p
B C
| Tm | 4m | Im | Im |
| | ] L

Fig. E10.3a
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Determine: The end actions and the shear and moment diagrams.

Solution: First, we compute the fixed end moments by using Table 9.1.

1225kNm

122.5kN m e
T T T 1 11 5)
C AA B R
—. 7m :
| |
40 kN
20,139 kN m l 3918 kN m

)

NN
-
0
7777

. 4m | 3m
i | i
P 3007
My = +=5—=+122.5kNm
ME, = —122.5kNm
40(4)(3)*
ME. = L(z) = +29.39kNm
(7)
40(4)%(3
ME = — We) _ —39.18kNm

We define the relative member stiffness for each member as

EI
kmember AB = Kmember BC — f =k

Noting that 8, = 0 and the supports are unyielding (vo = vg = v¢ = 0), the corresponding slope-
deflection equation (10.12a) take the form

Mag = 2k (05) + 122.5
Mga = 2k (205) — 122.5

Mgc = 2k (205 + 6c) +29.39
Mcp = 2k (20c + 6) — 39.18
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We enforce moment equilibrium at the nodes B and C.

Mga Mpc Mg 4kNm 45kNm 10kN/m

VMIE £: vql% l') 3’05‘"1“3:'0

30 kN
—2

The corresponding equations are:
Mga + Mgc = 0 = 2k10c + 6k0g = 93.11
Mcg +45=0 = 4k0c + 2k 0 = —5.82

Solving these equations leads to
ki6g = 13.71
ki6c = —8.31
The corresponding end moments are:
Map = +149.9kNm
Mpa = —67.6kNm
Mpgc = +67.6kNm
Mcp = —45kNm

Next, we determine the end shear forces using the static equilibrium equations for the members.

40 kN
7.
1499 kN m winm 6kNm 626 kNm I 10 kN/m
CI T TIT1TTT11 B 111
i 1B 1’ 4—(:
+ I 204kN 49.6 kN

116.75 kN 93.2kN
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The shear and moment diagrams are plotted below.

40 kN
30 kN/m 10 kN/m
I 1T 1T 1T 11 I ctI 113

¢ 1 F o

1499 kN m

116.75 kN 113.62 kN 49.62 kN
93.2 kN
+ 19.62 kN
20.38 30 kN
116.75 kN
774kN m
g 14kNm
\/Av,- M IS
45kN m
67.6 kN m
14999 kN m

10.4.2 Multi-Span Beams

In what follows, we modify the slope-deflection equations for the end members of a multi-span
continuous beam when they have either a pin or roller support. Consider the three-span beam shown
in Fig. 10.12a. There are three beam segments and four nodes. Since the end nodes have zero moment,
we can simplify the slope-deflection equations for the end segments by eliminating the end rotations.
We did this in the previous examples, as part of the solution process. Now, we formalize the process
and modify the slope-deflection equations before setting up the nodal moment equilibrium equations
for the interior nodes.

Consider member AB. The end moment of A is zero, and we use this fact to express @4 in terms of
0. Starting with the expression for M ag,

2E1 -
Mg — 221 (29A+93 —3(VBL VA)) T ME, =0

L, 1

and solving for 04 leads to

1 3 VB — VA Ll F
Or = —=0p += Vi
A 2B+2( L ) 4EL, A8
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YA B e "D
) 1 ) T
A i D
1
A - T
l L I;l L cl‘ Ls 1
1 1 I T
A QMas=o Mga Mic Mg s MI)C?U
.EJ! () 2 ()l 2 Ve wl'g!;
Vas Vga B Vie Ver C Ve D
NN ) A S
A B
Vas Vi v‘IcB . IVCB v Ag “
V[)C

Fig. 10.12 Three-span beam

Then, we substitute for 84 in the expression Mgy,

2EI VB —V
MBA=—1(293+0A—3 £ A)+M§A
Ly Ly

and obtain the following form,

3EI VB — V 1
MBA pirea = L—ll (QB - ( . L A)) + (M]l;A - §M£B> (1020)

Note that the presence of a pin or roller at A reduces the rotational stiffness at B from 4EI/L to
3EI/L. Substituting for €4 in the expression Vap and Vg4 leads to the following expressions,

6EI (1 1 VB — VA 3MF
VABmudlficd = +7 {EGB - E( I ) } + V/EB _ZAB

2 L
6EI (1 1 VB — VA 3MF
VBA it = _F{EHB _5( I )} + V]l;A +E%

For member BC, we use the general unchanged form

2EI Ve — Vv
Mpc =2 (205 + 0c - 32 + ML,
L L

Vc — VB

MCB:—<29C+93—3 )+M§B
L 2
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The modified form for member CD is

Mpc =0

3EI 3 VD — V¢ F 1 F
Mcp = Oc — ME — M
CD L3 < C L3 ) + ( CD 7 DC

Nodal moment equilibrium equations

Now, we return back to Fig. 10.12. If we use the modified form of the moment expressions for
members AB and CD, we do not have to enforce moment equilibrium at nodes A and D since we have
already employed this condition to modify the equations. Therefore, we need only to consider nodes
B and C. Summing moments at these nodes,

Mpa +Mpc =0
Mcg +Mcp =0

and substituting for the end moments expressed in terms of g and ¢ leads to
3El, 4EI 2EI 6El, (ve — v 3EL (vg —vV
On e G 2| 2 (Ye—ve) OB (VB —va
L] L2 L2 L2 L2 Ll Ll
1
+{M};C ¥ (MgA - §M£B> } 0
2EI 4El, 3EI 6El; (ve — v 3El; (vp —v
On 21 4 o 2 BB 2 (Ye—ve) OB (vp — Ve
Ly Ly L L, Ly Ls Ls
1
+{ (M@D ~ EMSC> + MEB} =0

Given the nodal fixed end moments due to the loading and the chord rotations due to support
settlement, one can solve the above simultaneous equations for fg and 6c and determine the end
moments by back substitution. Note that the solution depends on the relative magnitudes of the ratio,
I/L, for each member.

In what follows, we list the modified slope-deflection equations for an end member with a pin or
roller support.

End member AB (exterior pin or roller at A end):

(10.21)

Mg =0
3EI VB —V 1 10.22a
MBA gitea = T{QB - ( B L A)} + (MII;A _§M£B> ( )
3EI Vg — V 3MF
VABmodified = F {QB - (%) } + VEB — 5%
. (10.22b)
SEI VR — V 3M
VBAmodmed = _?{QB - ( B I A)} + V]IS:A +§%
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MAB =0 T e
M ) < & r W B)MBA modified
v [ Vas modified IVAR El Vea | VBA e
L modified

Equations (10.22a, 10.22b) are referred to as the modified slope-deflection equations.
Example 10.4: Two-Span Beam with Moment Releases at Both Ends

Given: The two-span beam shown in Fig. E10.4a. Assume EI is constant.

12 kip
1.4 kip/ft

g

| 20f | 10ft 20/t

Fig. E10.4a

Determine: The end actions and the shear and moment diagrams.

Solution: The fixed end moments are (see Table 9.1):

1.4(20)
12

ME, = —46.67kipft

e _ 12(10)(20)°

F _
MAB*

= 46.67kipft

= 53.33Kkipft
BC (30) lp
12(20)(10)?
ME, = % = —26.67kipft

We define the relative member stiffness for each member as

& b
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EI
kmemberBC = L_C = kl

B

EI
kmemberAB = L_ = 1Skl

AB

Next, we generate the expressions for the end moments using the modified slope-deflection
equation (10.22a).

MABZO

1
M = M, = 3(150) 00) + (M5, = 5 MEy ) = 3158 0n)

1
+ {—46.67 - E(46.67)} = 4.5k,05 — 70

1
Myc = Mpc g5 = 3(k1)(08) + <M§c - EMgB> = 3(k1)(08)

1
+ {+53.33 - E(_26'67)} = 3k6p + 66.66
MCB =0
The moment equilibrium equation for node B expands to

Mgpa +Mpc =0
I
7.5k10g —3.34 =0
U
k16g = 0.4453
Finally, the bending moment at B is
MBA = —68klpft
Mgc = —Mgp = 68klpft

Noting the free body diagrams shown below, we find the remaining end actions.

- i 12 ki
1.4 kip/ft 68 kip ft 68 kip ft p

Ail 1 1 LB,%D <.B C

i 1.73 ki
10.6 kip 17.4 kip ] 10.27 kip “|’ P
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The shear and moment diagrams are plotted below.

12 kip
1.4 kip/ft
1;;” T 1 1 118 C
1 10.6 kip i 27.67 kip .‘]f 1.73 kip
17.4 kip
7.57 ft
+ 1.73 kip
’ i vV T4
10.6 kip J’/ 10.27 kip
40.1 kip ft 34.67 kip ft
68 kip ft
Example 10.5: Three-Span Beam
Given: The three-span beam shown in Figs. E10.5a, E10.5b, E10.5c¢.
w
v N M y ) y ¥
’f‘” I ﬁ’v I ’%r I #’7
B C D
1 | } J
' L, L L
Fig. E10.5a Uniform load
B C D

,;,\.,, 1 ¥y, 1
1,

‘A L
|
|

Fig. E10.5b Settlement at A
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7;>” 1 ; | I 3

Fig. E10.5c Settlement at B
Determine: The end moments and draw the moment diagram for

Case (i): uniform load w. No support settlement.
Case (ii): No loading. Support settlement at A. Consider / and L are constants.
Case (iii): No loading. Support settlement at B. Consider / and L are constants.

Solution:

Case (i): Uniform loading
The supports are unyielding. Therefore v = vg = v¢ = 0. The fixed end moments due to the
uniform loading are (see Table 9.1)

wl? wlL?

ME — W gE W
AB = T+ B BA D
wlL? wl?

ME. — Y2 g W
Bc = T D CB D
wl? wl?

ME — W g W
CD + 12 DC 12

We use (10.22a) for members AB and CD and (10.12a) for member BC.
Mag =0

3EI 1 3EI wlL?
Mgpa = MBAmodified = L—lleB + (M]];A - 5M£B> = L—llgB - ?l

2EI 2EI w2
Mgc = —2{293 + Hc} +M]]3:C = —2{29]3 + GC} +—2
L, L, 12

2EI 2EI wlL?
Mep = =2 {0p +20c} + ME, = =2 {0 + 200} — —2
L2 L2 12

3EI 1 3EI wL?
Mcep = Mcp, 5500 = L—119C + (MgD - EMSC> = L—IIQC + Tl

Mpc =0
The nodal moment equilibrium equations are
Mga +Mpc =0
Mcg +Mcp =0

Substituting for the end moments, the above equilibrium equations expand to
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3El, A4EI 2EI wl?  wL?
93{—1-1-—2} +9(:{—2} =-———+"1

L, L, L, 12 8
2EI 4El, 3EI, wL?  wl3
9 S 9 — _— = — — RN
B{L2}+C{L2+Ll} 8+12
4

3 2

1512‘9 wl} -1 +§(L1/L2)
L, ° 12 )2+3(/L)(L/Ly)

Oc = —0y

The corresponding moments are

M _W_L% (Li/L2)* + (I, /I2) (L2 /Ly)
B¢ Y 1 +3/2( /L) (Lo/Ly)

Mcp = —Mpc

We note that the moments are a function of (/,/I5) and (L;/L,). The sensitivity of My to the ratio
(L{/L,) is plotted below for various values of (/,/1,).

Mpc
wl3 I |
e —=1.5
5 1 L
12 A g
/
1= / . "'l:<5
/ /oh
‘__/! f"
08 | /
06 pmgseven /
L
0.4 . . > —
0.5 1 L

When I and L are constants for all the spans, the solution is

wiL?
On =
BT 120E1
wL3
Oc = —
¢ 120E1

and
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wiL?
Mgy =Mcp = ———
BA CB 10
wiL?
Mgc =Mcp = —
BC cD 10

10 0 10
w w w
A g I B) 61 1 JC.) CCL ¥ ¥p
‘},-1 wlL 6 wL[ SwL 5 H‘L] ] 6wl 4 WL1-

The moment diagram is plotted below.

Aior % éplz t ,é,;c : i

1

=

1
$ 4 wL ? 1.1 wL :F 1.1 wL ? 4 wL

n
wL*

08 wl2

F—*\/ \/r—*m

wL?
10

wl?
10

Case (ii): Support settlement at A, no loading, I and L are constants
The chord rotations are

A
pAB_+L
pag =pPcp =0

Specializing (10.22a) for members AB and CD and (10.12a) for member BC for / and L constant,
and the above notation results in

3EI v
MBAmodiﬁed = T {HB - ZA}
2EI
Myc = —{2913 +6c}
2EI
Mcg = —{GB + 249(3}

MCDmodiﬁed = T {GC}
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The nodal moment equilibrium equations are

3y
Mga +Mpc =0 793+29C:TA
=
Mcg +Mcp =0 20g +70c =0

The solution is

7VA
O = —
P50
2VA
Oc = ——
CT s
and the corresponding moments are
Iy 8EI
= ——V
BA 572 VA
M 2EI
=——=V
CD 5L2 A

We determine the end shear forces using the static equilibrium equations for the members.

SEL, ~ SEL 2EI 2EL
Va
SL2 512 512 R
—_) (3 D C h
8EI 8EI 10EI lDEI 2EI 2El
= VA — VA — Va — VA T VA 3 VA
5L° 517 5L} 5L? SL/ 5L
The moment diagram is plotted below.
A B & D
] w5 1 x5 N
SEI ISEI 12EI K
VA —v i % -
DER B i sLs 1 TERG
| L | L | L |
T 1 1 T
2El
v
5Lzt
| . M
. ! (=)
i
]
1
1
]
1
1
]
]
1
8EI
5 VA
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Case (iii): Support settlement at B, no loading, / and L are constants
The chord rotations are

VB
PAB = I

VB
PBc = T 17
pcp =0

Specializing (10.22a) for members AB and CD and (10.12a) for member BC for / and L constant,
and the above notation results in

MBA it = 3% {HB t (VB) }

L
2EI
Myc === {205+ 0c - 39}
2FE1
Mcp —T{9B+29C _3E }
3EI
CDnodified — 7 {QC}

The nodal moment equilibrium equations are

3v
Mgs +Mpc =0 70 +20c = -2
=

6v
Mcg +Mcp =0 208 +79c=TB

The solution is

VB
O = —
B TsL
4
Oc = =2
. 5L
and the corresponding moments are
u 18EI
=—V
BA =57 VB
12E1
=—V
=52 VB

We determine the end shear forces using the static equilibrium equations for the members.

ml )
ISEL ISEI 2
5[.2 B SLE B 5["
A D
[EEAN i
ISEIl ISEI 6El 6F-1 121.1 § 12El ve
S T SL> L3 L T TE
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Noting the free body diagrams, we find the reactions. The moment diagram is plotted below.

& B C D

r o [ oy 1 By
- "BT’ | ':L_ i 48El ?42}:1
513 7

I 12E
T
I 1

1 | ] I

B

M
" : (=D

12EI
v
L

Ln
[

Example 10.6: Uniformly Loaded Three-Span Symmetrical Beam—Fixed Ends

Given: The three-span symmetrical fixed end beam defined in Fig. E10.6a. This model is representa-
tive of an integral bridge with very stiff abutments at the ends of the beam.

L
$ 4 4 1 L1 1 & I L1 3 I 1% 1 J 1 1

l.| L: L]
Fig. E10.6a

Determine: The end moments.

Solution: The slope-deflection equations for unyielding supports, 85, = 0p = 0 and symmetry
O = —0Oc are

2EI
Map = —Mpc = L—I(QB) + Mg
1
2EI
Mga = L—l(zeB) +ME,
1
2EI
Mpc = —Mcp = L—;(HB) + Mg



684 10 The Displacement Method

where
My = MgD = "‘%
MBFA :Mgc *WI—L;
Mg = +"1—L2%
M(];B = M;—LZ%

Summing end moments at node B

Mpa +Mpc =0

4E1, 2FEI
e
L L,

and solving for O leads to

b — o ((wLi/12) — (wL3/12))
8T TV T ((4EL /L) + (2ELJL2))

Suppose I and L are constants. The end rotations corresponding to this case are
Og =0c =0

It follows that the end moments are equal to the fixed end moments.

Mg = "5
12
Mg = —Mpc = —W—L2
12

The general solution for the moment at B follows by substituting for g in either the expression for
Mg or Mpc. After some algebraic manipulation, the expression for Mg, reduces to

w3 {0 20 /0) /) }
12 (T4 2(0 /D) (L /L))

BA —

We note that the moments are a function of (/,/;) and (L,/L,). The sensitivity of Mg to the ratio
(L{/L,) is plotted below for various values of (/,/1,).
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10.5 The Displacement Method Applied to Rigid Frames

The essential difference between the analysis of beams and frames is the choice of the nodal
displacements. The nodal variables for a beam are taken as the rotations. When there is support
movement, we prescribe the nodal translation and compute the corresponding fixed end moments. In
this way, the equilibrium equations always involve only rotation variables. Rigid frames are consid-
ered to be an assemblage of members rigidly connected at nodes. Since frame structures are formed
by joining members at an arbitrary angle, the members rotate as well as bend. When this occurs, we
need to include the chord rotation terms in the slope-deflection equations, and work with both
translation and rotation variables. Using these relations, we generate a set of equations relating the
nodal translations and rotations by enforcing equilibrium for the nodes. The approach is relatively
straightforward when there are not many displacement variables. However, for complex structures
involving many displacement unknowns, one would usually employ a computer program which
automates the generation and solution of the equilibrium equations.

The term “sideway” is used to denote the case where some of the members in a structure
experience chord rotation resulting in “sway” of the structure. Whether sideway occurs depends on
how the members are arranged and also depends on the loading applied. For example, consider the
frame shown in Fig. 10.13a. Sideway is not possible because of the horizontal restraint. The frame
shown in Fig. 10.13b is symmetrical and also loaded symmetrically. Because of symmetry, there will
be no sway. The frame shown in Fig. 10.13c will experience sideway. The symmetrical frame shown
in Fig. 10.13d will experience sideway because of the unsymmetrical loading. All three members will
experience chord rotation for the frame shown in Fig. 10.13e.

When starting an analysis, one first determines whether sideway will occur in order to identify the
nature of the displacement variables. The remaining steps are relatively straightforward. One
establishes the free body diagram for each node and enforces the equilibrium equations. The essential
difference is that now one needs to consider force equilibrium as well as moment equilibrium. We
illustrate the analysis process with the following example.

Consider the frame shown in Fig. 10.14. Under the action of the applied loading, nodes B and C
will displace horizontally an amount A. Both members AB and CD will have chord rotation. There are
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sideway w

Fig. 10.13 Examples of a l
% « & & | 4 4 3

[

>l l lv
e R B C

‘“Jz \f
three displacement unknowns fg, 6, and A. In general, we neglect the axial deformation. The free
body diagrams for the members and nodes are shown in Fig. 10.15. We take the positive sense of
the members to be from A — B, B — C, and C — D. Note that this fixes the sense of the shear

forces. The end moments are always positive when counterclockwise.
Moment equilibrium for nodes B and C requires

"

ZMB =0= Mga+Mpc=0

(10.23a)
> Mc =0= Mcg +Mcp =0
We also need to satisfy horizontal force equilibrium for the entire frame.
> Fi=0—+=—Vag+Vpc+ Y F.=0 (10.23b)

1
where ZFX =P+ P+ Ewlhl'

The latter equation is associated with sideway.
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Fig. 10.14 (a) Loading.
(b) Deflected shape
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Noting that 05, = 0p = 0, vo = vp = 0, vg = -4, and vc = +A4, the slope-deflection equations

(10.12a, 10.12b) simplify to

2EI —A
Mag = ‘{93 - 3<h>} +ME,

hy 1
2EI —A
Mpa =""3205 —3(-= ) t + ML,
hy hy
2EI
Mgc === {205 +0c} + M}

L

2FEI
Mcp = TS {20c + 0} + M5,

2EI —A
Mcp = =2320c —3(—=) } + M&,
hy hy

2EI —A
Mpc =="290c —3(—— ) ¢ + M}y
h h

(10.24)
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Fig. 10.15 Free body
diagrams for members
and nodes of the frame.

(a) Members. (b) Nodes.

(¢) Reactions
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Substituting for the end moments and shear forces in (10.23a, 10.23b) leads to

4El, n 4EIl;
hy L

Op +——0c +

)

L

6EI, Gl
h

— Loy —
i

2EIl 4El,
O 7

> + (Mg +Mg,) =0

> + (M + M) =0 (10.25)

12E1
——2>A —Vig+Vhe+ > Fo=0

Once the loading and properties are specified, one can solve (10.25) for g, 6¢, and A. The end

actions are then evaluated with (10.24).

10.5.1 Portal Frames: Symmetrical Loading

Consider the symmetrical frame defined in Fig. 10.16. When the loading is also symmetrical, nodes B
and C do not displace laterally, and therefore there is no chord rotation for members AB and
CD. Also, the rotations at B and C are equal in magnitude but opposite in sense (g = —6c). With
these simplifications, the expressions for the end moments reduce to

Fig. 10.16 Portal frame—
symmetrical loading. (a)
Loading. (b) Deflected
shape. (¢) Moment diagram

a W
L 4 1 J L & 1
B C
I
h I| ||
A D
L
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| |
b 6
B ea L& c
98 ec
A gy D
)
e Mpa
P e
M
Y N
+ I | +
R/ N

Mg
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2EI
Mpc = T2(HB) +M§C
2EI
Mpa = T‘(zeg) (10.26)
Mas = - M
AB — ) BA

Moment equilibrium for node B requires
Mpc +Mga =0 (10.27)

Substituting for the moments, the equilibrium equation expands to

L I
2E93{2 - +Z} = Mg

We solve for 0g and then evaluate the end moments.

—1
" 1+ (I/L)]2(1, /h) Mac

Mga = 2M g = —Mpc (10.28)

The bending moment diagram is plotted in Fig. 10.16c.

10.5.2 Portal Frames: Anti-symmetrical Loading

Lateral loading produces anti-symmetrical behavior, as indicated in Fig. 10.17, and chord rotation for
members AB and CD. In this case, the nodal rotations at B and C are equal in both magnitude and
sense (fg = 6¢). The chord rotation is related to the lateral displacement of B by

%
PAB = —WB (10.29)

Note that the chord rotation sign convention for the slope-deflection equations (10.12a, 10.12b) is
positive when counterclockwise. Therefore for this choice of the sense of vg, the chord rotation for
AB is negative. The corresponding expressions for the end moments are

1
Mpc = 2E 22(393)
]1 3VB
Mga = 2E Z(MB + 7) (10.30)
o ]1 3VB
MAB_ZEh(HB+ P )
Equilibrium requires
Mpc +Mpa =0
P (10.31)
—Vap+5=0

2
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Fig. 10.17 Portal frame— a p p
anti-symmetric loading. 3 B c >
(a) Loading. (b) Deflected 1 —> oy
shape. (¢) Moment diagram I,
h
D
s A
L
1
| L)
va w
b — 8y 8¢
B C
A D

v _ Mpa +Map
e h (10.32)
=22 (305 +6°2)
, Mga
Vea ¥
«— B
X
all
y
Vag
«— | A
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Substituting for the moments and shear in (10.31) leads to two equations with two unknowns, 0y
and vg. The solution has the following form

g _ P 1
BT 4EL 1+ 6(I/L)/ (11 /h)
) 10.33
o (12w e
"B 04EL | 1+ (L /h) /612 )L)
We evaluate Mga and M s using (10.30).
Ph 1
Mgp = T i
1+-=(7 I,/L
+eli/h)/(12/L) (10.34)

_ Ph1+1/3(1,/h)/(I/L)
T 4 1+1/6(11/h)/(I/L)

AB

A typical moment diagram is shown in Fig. 10.17c. Note the sign convention for bending moment.
When the girder is very stiff with respect to the column, 7, /L >> I /h the solution approaches

HB —0
n’P
-
24EIL

Ph (10.35)
Mpgp — T

Ph
Map — e

VB

Example 10.7: Frame with No Sideway

Given: The frame defined in Fig. E10.7a.

30 kNm 90kN

Y J, c
> - 3 B 31 [Pas

I 36m

—

Fig. E10.7a
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Determine: The end actions.

Solution: The fixed end moments are (see Table 9.1)

40(1.5)(4.5)

M = CHE
2
mE = 20ESAS) s iNm
CB (6)°
40 kN
33.75 l o
" »
A B C -
) t

The modified slope-deflection equations (10.22a) which account for moment releases at A, C,
and D are

Map = Mpg = Mcg =0

E(3]
Mga = MpA, 50 = 3 % (0s) = ElO

E(I
Mgp = MBDmodified = 3% (GB) = (083)E193
E(3I 1
Mgc = Mpc, s = 3—( c ) (0g) + {Mgc — EMEB} = (1.5)EIf + 39.375

Moment equilibrium for node B requires (Fig. E10.7b)

30 kNm

Roos
N/

Mgp

Fig. E10.7b
Mpa + Mpc + Mpp +30=0
i3
El0g + (0.83)EI0y + (1.5)EIfy +39.375 +30 = 0

(8
Elfg = —20.83


http://dx.doi.org/10.1007/978-3-319-24331-3_9
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The final bending moments at B are
Mga = —20.8 = Mg = 20.8 kN m clockwise
Mgp = —17.3 = Mpp = 17.3kNm clockwise

Myc = 8.1 = Mpc = 8.1kNmcounterclockwise

Noting the free body diagrams below, we find the remaining end actions (Figs. E10.7c and
E10.7d).

40 kN
208kNm 81kNm l
AL ») G 2
'|v' T 173kNm T
231 kN
s , r~ 31.36 kN ?
231kN BETRN | $.64 kKN
B
D
? 33,67 kN
Fig. E10.7c Free body diagrams
40 kN
30kNm
~ | c
\ .
S B —

i 231 kN _‘I. 8.64 kN

gt
} 33.67 kN

Fig. E10.7d Reactions
Example 10.8: Frame with Sideway

Given: The frame defined in Fig. E10.8a.
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9 kip 9 kip
6 kip l l

- B 21 C

10 fi I I
4 A D

Sn 51t

j I +—— 1
20 fi

Fig. E10.8a
Determine: The end actions.

Solution: The fixed end moments are (see Table 9.1)

9(5)(15)*>  9(15)(5)*
Mg = (;(()2) + (ZO>§> = 33.75kipft

MEy = —ME. = —33.75kipft

33.75kip ft g e
. 33.75 kip ft
a3
chR
t

Ctrt—bet

The chord rotations follow from the sketch below (Fig. E10.8b):

y

L.

A
A g
B
X C y
10 ft y<—] ,[
A D
. 2 f |

Fig. E10.8b

A

ﬂ:PAB:PCD:*E

Pec =0


http://dx.doi.org/10.1007/978-3-319-24331-3_9
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Substituting for the chord rotations in the slope-deflection equations [(10.12a, 10.12b) and (10.22a,
10.22b)] results in (Figs. E10.8c and E10.8d)

Mag=Mpc =0

3E(I
MBA = MBAmodiﬁed = %{93 +p} = O3EIGB + 03E[p
2E(21)
Mpc = 20 {20g + Oc} + 33.75 = 0.4El0g + 0.2EI0c + 33.75
2E(21
Mcp = %{93 +20c} —33.75 = 0.2E16g + 0.4E10c — 33.75
3E(I
MCD = MCDmodiﬁed = %{GC +p} = O3EI€C + 03E]p
Mga
',—) Mep
Ven

By ¢— Via —>

b,
o y
10 ft X B 10 ft
al x
y

«Vap Voc —

Fig. E10.8c
Also
Vg = A%
Vpe = —MI—BD

The end actions are listed in Fig. E10.8c.
Enforcing equilibrium at nodes B and C yields two equations,

Mcp +Mcp = 0 — 0.2E18g + 0.7EI0c + 0.3El p — 33.75 =0

Summing horizontal forces for the entire frame leads to an additional equation,

ZFXZO — 4+ —Vag+Vpc+6=0
!
—0.3EI0g — 0.3EI0c — 0.6El p +60 =0

Solving these three equations, one obtains

Elfg = —117.5kip ft?
EIOc = 17.5kip ft?
EI p = 150kip ft?
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and then
Mga = +9.75 Mga = 9.75kipft counterclockwise
Mgc = —9.75 Mpc = 9.75kipft clockwise
Mcg = —50.25 Mcp = 50.25kipft  clockwise
=
Mcp = +50.25 Mcp = 50.25kipft  counterclockwise
VAB = 975 VAB = 975klp «—
Vbc = —5.25 Vbe = 5.25kip —
Noting the free body diagrams below, we find the remaining end actions (Figs. E10.8d and
E10.8e).
9.75 kipft 9.75 kip ft 9kip 9 kip  50.25 kip ft
¥ Y ol CY)e— 50.25 kip ft
6kip|  5025kip ~ 1 5025kip ¥\
0975 kip — 6 kip 12 kip 12 kip
c | — 3.025kip
<— 0975 kip
D 4 «+— 5025 kip
T 6 kip
12 kip ?
Fig. E10.8d Free body diagrams
9kip  9kip
6 kip l

Fig. E10.8e Reactions

10.6 The Moment Distribution Solution Procedure for Multi-span Beams

10.6.1 Introduction

C
D .
&+— 5.025 kip

12 kipff

In the previous sections, we developed an analysis procedure for multi-span beams that is based on
using the slope-deflection equations to establish a set of simultaneous equations relating the nodal
rotations. These equations are equivalent to the nodal moment equilibrium equations. We generated
the solution by solving these equations for the rotations and then, using these values, we determined
the end moments and end shears. The solution procedure is relatively straightforward from a
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Fig. 10.18 Two-span
beam with fixed ends ,/ﬂ— m -

>
JRARNY
9]

mathematical perspective, but it is difficult to gain some physical insight as to how the structure is
responding during the solution process. This is typical of mathematical procedures which involve
mainly number crunching and are ideally suited for computer-based solution schemes.

The Moment Distribution Method is a solution procedure developed by Structural Engineers to
solve the nodal moment equilibrium equations. The method was originally introduced by Cross [1]
and has proven to be an efficient hand-based computational scheme for beam- and frame-type
structures. Its primary appeal is its computational simplicity.

The solution is generated in an iterative manner. Each iteration cycle involves only two simple
computations. Another attractive feature is the fact that one does not have to formulate the nodal
equilibrium equations expressed in terms of the nodal displacements. The method works directly with
the end moments. This feature allows one to assess convergence by comparing successive values of
the moments as the iteration progresses. In what follows, we illustrate the method with a series of
beam-type examples. Later, we extend the method to frame-type structures.

Consider the two-span beam shown in Fig. 10.18. Supports A and C are fixed, and we assume that
there is no settlement at B.

We assume initially that there is no rotation at B. Noting Fig. 10.19, the net unbalanced
clockwise nodal moment at B is equal to the sum of the fixed end moments for the members incident
on node B.

Fig. 10.19 Nodal F \ F
moments M ga C B D BC
+ My =+ My =+My, + My, (10.36)

This unbalanced moment will cause node B to rotate until equilibrium is restored. Using the slope-
deflection equations, we note that the increment in the end moment for a member which is incident on
B due to a counterclockwise rotation at B is proportional to the relative stiffness //L for the member.

The moments acting on the node are of opposite sense, i.e., clockwise, from Newton’s law. The
equilibrium state for the node is shown in Fig. 10.20.

Fig. 10.20 Moment

o Mg, et
equilibrium for node B

AMpgy » AMye

=) (=) ¢ ——
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Equilibrium requires the moment sum to vanish.
AMpa + AMpc + Mp nee = 0
Substituting for the moment increments yields an equation for 6y

4El, 4EI,
— 4+ —10g = —M
( Ll + L2 ) B B, net
J (10.37)
1

Op = ((4EIL,/L,) + (4El> /L))

<_MB,net)

Lastly, we use this value of 05 to evaluate the incremental end moments.

B (4EL /L)) _
AMBA - ((4E[1/L1) —+ (4E]2/L2)) ( MB’nel) (10 38)
AMpe — (4EDL/L,) (—MB net)

((4EL /Ly) + (4ELL /L))

The form of the solution suggests that we define a dimensionless factor, DF, for each member as
follows:

Ii/L
DFpp = 7"
(I1/L1) + (I2/L2) (10.39)
DFpc = 12/#
(I, /L) + (I/Ly)

Note that DFgs + DFgc = 1.0. With this notation, the expressions for the incremental end
moments reduce to

AMga = —DFga (M )

(10.40)
AMgc = —DFpc (Mg pet)

One distributes the unbalanced fixed end moment to the members incident on the node according
to their distribution factors which depend on their relative stiffness.

The nodal rotation at B produces end moments at A and C. Again, noting the slope-deflection
equations, these incremental moments are related to 6y by

2EI 2EI /L, 1
AM o = Op — M — __DFps(M
AR TP T {@EL L) + (4E12/L2)}( Bonet) 2 BA (M, net) (1041)
2EI, 2EL /L, 1 '
AMcp = Op = M — —— DFpc(M
L BT {EL /L) + (4E12/L2)}( Bonet) 2 Be (M, ner)

Comparing (10.41) with (10.40), we observe that the incremental moments at the far end are > the
magnitude at the distributed moments at the near end.
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1
AMap = 5 AMpa

X (10.42)
AMcg = 5 AMgc

We summarize the moment distribution procedure for this example. The steps are:

1. Determine the distribution factors at each free node (only node B in this case)

2. Determine the fixed end moments due to the applied loading and chord rotation for the beam
segments.

3. Sum the fixed end moments at node B. This sum is equal to the unbalanced moment at node B.

4. Distribute the unbalanced nodal moment to the members incident on node B.

5. Distribute one half of the incremental end moment to the other end of each member incident on
node B.

Executing these steps is equivalent to formulating and solving the nodal moment equilibrium
equations at node B. Moment distribution avoids the operation of setting up and solving the equations.
It reduces the effort to a series of simple computations.

Example 10.9: Moment Distribution Method Applied to a Two-Span Beam

Given: The two-span beams shown in Fig. E10.9a.

30 kN/m

o A N e
A~

A
=
TS
@]

3m | 6m

Fig. E10.9a
Determine: The end moments using moment distribution.

Solution: The fixed end moments and the distribution factors for node B are listed below.

F (3 F
My =30~ =22.5kNm  Mjc =0

ME, = —22.5kNm ME =0
I 1 31 5
. L 3 6 6
At joint B 31/3 31/6
DFgs = —-— =04 DFpc=—'"—=10.6
51/6 51/6

It is convenient to list the end moments and distribution factors on a sketch superimposed on the
multi-span beam. A typical sketch is shown below. We distribute the 22.5 kN m unbalanced moment at
B and carry over the moments to A and C. After one distribution, moment equilibrium at B is restored.
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A B C
pFs  [1] [03T0s] |
FEM’s 225 2251 0 0

45 — 9 135 @ —_— 6.75

M 27 135|135 6.75

Since the end moments are known, one can determine the end shear forces using the static
equilibrium equations for the member.

27kNm 13.5kNm 13.5kNm 6.75kN m

A= sgmim - ‘EB) - .
<’$ ! CT i’}

3375 kN

49.5 kN 40.5 kN 3.375kN
Lastly, the reactions are listed below.
27TkNm 30 kN/m ) 6.75kN m
211 1 1 1]
== )

i t t

49.5 kN 43875 kN 3375kN

10.6.2 Incorporation of Moment Releases at Supports

We consider next the case where an end member has a moment release, as shown in Fig. 10.21. We
work with the modified slope-deflection equation for member AB developed in Sect. 10.3. The end
moments are given by (10.22a, 10.22b) which is listed below for convenience.

3El 1 3EI
MBA oitea = L, Op + {Mll;/\ - EM/I:B} - L O + ;:Amodified

Mg =0


http://dx.doi.org/10.1007/978-3-319-24331-3_10
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Fig. 10.21 Two-span

beam with a moment
release at a support
4 1 J

A F C
L B‘;’; I i
L B ia
| \ 1
| | |
Then, the increment in moment for member BA due to a rotation at B is
31
AMgpp =4E|— |6
B <4L1> ? (10.43)

AMag =0

We use a reduced relative rigidity factor (3/4)I;/L; when computing the distribution factor for
node B. Also, we use a modified fixed end moment (see Table 9.2). There is no carry-over moment

to A.
Example 10.10: Two-Span Beam with a Moment Release at One End

Given: The beam shown in Fig. E10.10a.

30 kN/m
g T T .

§|>
=
RN

| 3m 6m

Fig. E10.10a

Determine: The end actions.

Solution: Since member AB has a moment release, we work with the modified slope-deflection

equation for member AB. The computational details are listed below.
The modified fixed end moments (see Table 9.2):

30 kN/m
PR o
| e .
F F 1 F 30(3)2
MBAmodiﬁed = MBA B EMAB = —————=—-3375kNm

MF =0
AB


http://dx.doi.org/10.1007/978-3-319-24331-3_9
http://dx.doi.org/10.1007/978-3-319-24331-3_9
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The modified distribution factors for node B:

1;3%:%(9 i (%> :¥
(3/4)1/3) 1

S ET7 R

2
DFgc = 1 — DFga =3
The distribution details are listed below.

A B

-
DFs  [0] (113273 i
0 0

FEM's |0 -33.75

M 0 225 | 225 11.25

Noting the free body diagrams below, we find the remaining end actions (Figs. E10.10b and
E10.10¢).

' ol
0kN/m  R25kNm  2s5kNm 1125kNm

: f’D s ?

37.5 kN 52.5kN 5.625 kN 5,625 kN

Fig. E10.10b Free body diagrams

30kN/m . 11.25kNm
gy g — 7 ‘}
A C

’ﬁ; z

7.5 kN

37 58.125 kN 5.625 kN

Fig. E10.10c Reactions

10.6.3 Moment Distribution for Multiple Free Nodes

The previous examples have involved only a single free node. We now extend the method for
multiple free nodes. The overall approach is the same. We just have to incorporate an iterative
procedure for successively balancing the nodal moments.
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Consider the three-span beam shown in Fig. 10.22. We assume nodes B and C are fixed, determine
the fixed end moments for the members, and compute the unbalanced nodal moments at nodes B and
C. If these moments are not equal to zero, the nodes will rotate until equilibrium is restored. Allowing
a node, such as B, to rotate produces incremental end moments in members AB and BC equal to

4EI 1
AMgp = L—‘ O AMap = 5 AMp,
4E; 1 (10.44)
AMge = —205 AMcp = — AMpc
L, 2
Fig. 10.22 Three span - B C -
beam AF - D

Similarly, a rotation at node C produces incremental end moments in segment BC and CD.

AET 1
AMcs =~ 0c  AMec =5 AMcs
4E21 1 (10.45)
AMcp = —20c  AMpc = = AMcp
Ls 2

The distribution and carry-over process is the same as described previously. One evaluates the
distribution factors using (10.39) and takes the carry-over factor as /2. Since there is more than one
node, we start with the node having the largest unbalanced moment, distribute this moment, and carry
over the distributed moment to the adjacent nodes. This operation changes the magnitudes of the
remaining unbalanced moments. We then select the node with the “largest” new unbalanced moment
and execute a moment distribution and carry-over at this node. The solution process proceeds by
successively eliminating residual nodal moments at various nodes throughout the structure. At any
step, we can assess the convergence of the iteration by examining the nodal moment residuals.
Usually, only a few cycles of distribution and carry-over are sufficient to obtain reasonably accurate
results.

Example 10.11: Moment Distribution Method Applied to a Three-Span Beam

Given: The three-span beam defined in Fig. E10.11a.

2kip/ft
A+ $ 4 4 b b b b))
1
‘A T
C
]
I

, ofr B 201t
1 I

WLy
O

(=
-

Fig. E10.11a
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Determine: The end actions.

Solution: The sequence of nodal moment balancing is at the following nodes: C, B, C, B, C. We stop
when the unbalanced nodal moment is approximately less than 0.5 kip ft.
The computations and distribution details are listed below.

10)*
ML, = 2—< 12) = 16.67kipft M5, = —16.67kipft
P, (20 . v ,
Mo =22 = 66.67kipft  Mcy = —66.67kipft

F F
Mep =Mpe =0

I 1 31 51

= + —=—
modified L 10 20 20

At joint B or C
1/10

51/20
DFcp = DFpc = 1 — 0.4 = 0.6

DFgap = DFcp = 0.4

DFpc = DFag =1

A B C D
DF's [1] 4].6] [.4 ]6] 1]
FEM's |16.67 -16.67|66.67 -66.67| o 0
20 - 40 |26.67 —> 13.33

-14  «— -28 |-42 —_— 21

6.3 «— 126 | 8.4 —> 4.2
-126 ¢— -2.52|-3.78 —s

-1.89
56 «— 113|715 — .37

-.22|-34
IM |14 -47.4 |+47.4 35.8 | 35.8 17.9

Noting the free body diagrams below, we find the remaining end actions (Figs. E10.11b and
E10.11c¢).
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14
i 47.4 i
2 kip/ft 474 2 kip/ft 358 358 p. 179
QA’EB) (Bf' A S T ' P {-C) Cc|:|
i T T T T 5.37 J;
14.6 20.58
19.42 5.37
14.6 l,%l 20.58 19.421 l 5.37
: s
s 24.79
Fig. E10.11b Free body diagrams
17.9 kip ft

1.4 kip ft 2kip/ft
et L LI I I L 1L 1131

AA B ¥¥x ¥ex C D;)
? t f !

5.4 kip 35.18 kip 24.79 kip 5.37 kip

Fig. E10.11c Reactions

Example 10.12: Example 10.11 with Moment Releases at the End Supports

Given: A three-span beam with moment releases at its end supports (Figs. E10.12a, E10.12b,
E10.12c).

XKip/ft
JRE S T T .
L |
S 3 g six
| on B 201 C 10ft |
! | 1 I

Fig. E10.12a
Determine: The end actions.

Solution: We rework Example 10.11 with moment releases at A and D. We use reduced relative
rigidities for members AB and CD, and a modified fixed end moment for AB. There is no carry-over
from B to A or from C to D. Details are listed below.



10.6  The Moment Distribution Solution Procedure for Multi-span Beams 707

2 kip/t
A L -
10 ft
. ]
! T
F FooloE 2(10)* _
MBAmodiﬁed - MBA - EMAB = 3 = —25kipft
F _
MABmodified - 0
2 kip/ft
A 4 4 4 dd L4 dpC
B~ ;
,
A 20 ft |
I |
P 2(20)° .
Mg = —5— = 66.67kipft
ME, = —66.67kipft
M(IZ:D = Mgc =0
371 3/ 9]
> t=3l1) * (55) =20
modified
joi 31/40 1
At JOlnt B or C DFBAmodiﬁcd = DFCDmodil’icd = 91;% = §
1 2
DFCB :DFBC =1 _§:§

DFpc = DFag =0
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The distribution details and end actions are listed below.

A

B C D
DF's [1] 3123 [23]15] [o]
FEM's (0 -25 |66.67 -66.67 | 0 0
2222 <=  44.44 |22.22
-21.29-4259 —  -21.29
7.1 «— 142 |7.1
236 |-474 — 537
79 «— 1.56 |.79
~26|-52 — .2
.17 [.09
ZM | -48.9 | 48.9 -30.2| +30.2 0
2 kip/ft 48.9 48.9 2 kip/t 3.02 30.2 D
& @BD CBlL, T Y .II-CD CC]:I
5.11 14.89 20.94 19.06 3.02 {

3.02

14.391 l 20.94

’5’_ 19.061;%}[ 3.02
i ;

35.83 22.08

Fig. E10.12b Free body diagrams

2kip/ft
R S S S D

= 555 B 5% C
i i 1 v

5.11 kip 35.83 kip 22.08 kip 3.02 kip

Fig. E10.12c Reactions
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10.7 Moment Distribution: Frame Structures
10.7.1 Frames: No Sideway

Sideway does not occur if there is a lateral restraint. Frames with no sideway are treated in a similar
way as beams. The following examples illustrate the process.

Example 10.13: Moment Distribution Method for a Frame with No Sideway

Given: The frame shown in Fig. E10.13a.

8 kip
1.2 kip/ft l
G e S e L
77 3l B 3l 77
1 12 ft
07»7 —
30 ft 5ft 15 ft

Fig. E10.13a
Determine: The end actions.

Solution: The distribution details and the fixed end moments and end actions are listed below.

1 1.2(30)° '
M]l;Amodiﬁed = M}I;A - E M£B = T =—135 klp ft
MEBmodiﬁed = 0
1.2 kip/ft
" W
? 55’ BN
30N
| |
! T
1 21PL
F _ F ' aF _ _ .
MBCmodil'ied - MBC 2 MCB =+ 128_ =26.25 klp ft
ME -0

Bmodil‘icd
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Z 1_3(3I+3I+ I) 1
efeal 4\30 20 12 4
3/4(31/30
DFBAmodiﬁed = / (1/4/ ): 0.3
At joint B 3/4(31/20)
DFBCmodiﬁed - 1/4 =0.45
3/4(1/12)
DFBCmodiﬁed = 1/4 =0.25
The distribution details are listed in Fig. E10.13b.
U 1024 75.19
32,63 [48.94
FEM's 0 -135 126.25 0
N 3 |45 ~
r .25] 0 7
27.18
\ 27.18
D’;; 0

Fig. E10.13b

Noting the free body diagrams below, we find the remaining end actions (Fig. E10.13c).
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. 8 ki
1.2 kip/ft 102.4 kip ft 75.19 kip ft lp
+ 1 1T1 I T I 1] D B C

r\',;’ B T >

. i 1.76 ki

? 14.58 ki 3 49 ki T 9.76 kip i P
©  diskp 27.18 kip ft
¥
l 31.18 kip
B
D
Fig. E10.13c End actions
Example 10.14: Symmetrical Two-Bay Portal Frame—Symmetrical Loading
Given: The two-bay frame defined in Fig. E10.14a.
30 kN/m
« 4 + 4 4 3 4 4 J L 4 J4 3 &4 JdL 3 4 4
B E
31 C 31
I I I 6 m
A D F
18 m 18 m

Fig. E10.14a
Determine: The bending moment distribution and end actions using moment distribution.

Solution: We use reduced rigidity factors for the column members and no carry-over to the hinged
ends at nodes A, D, and F (Fig. E10.14b).
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Y= (6 ()
(1/6)3/4 3

At n0de B or E DFBAmodiﬁcd = DFEFmodiﬁcd = 1/6)3/4 + (3]/18) - ?

(
3 4
DFBC:DFECZI—?:?
Z1_ I 3+31+3I—”1
L \6/4 18 18 24

1/6)3/4 3
At node C { DF CDnmodified — % 1_
3

1
1
DFcp = DFcg = 1

The fixed end moments are

30(18)2
Mie = —My =M = —Mf. = + (2) = +810kNm
: 4 4 4
- 11 11 7
% B 3 El3
7 11 7
0] A D 0 (0

Fig. E10.14b Distribution factors
The moment distribution sequence is listed in Fig. E10.14c. Note that there is never any redistri-

bution at node C because of symmetry (Fig. E10.14d).

-348.3 348.
Z ﬁli -1040.85 1040.85 3483 3483 6
-348.3 | -461.7 - -230.85 | 230.85 — pr=gm) priey
FEM's ¢ 0 | 810 -810 | 810 810 |0 0
B clo E
A DIo0 F

Fig. E10.14c
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3483 30 kN/m 1040.85 1040 o 30 kN/m 348.3
ngJ-l-lvlr\IvJ- JJJJLJ-D $ 3L I I I I J1 J I 1 ] D
B c CC ET
T B15KN 308.5KN T T3°3-5 kN BLSEN
348.3
2315 1y 348.3 1040.85 1040.85 Clmjm
C | E
o l) C ! | 4 D T 2315kN
2315kN T 085N A 3085KN AU 3483
o 3483 617 kN '
o~ 3483
My 3483 Je J 215k
2 C E
B~L 2315KN
F
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Fig. E10.14d Free body diagram
The final bending moment distributions are plotted in Fig. E10.14e.
44
S441vm 1040.85 kKN m 544 KN'm
3483KNm o rTT 11T . T T T T T~ __, 3483KkNm

>

Fig. E10.14e
Example 10.15: Two-Bay Portal Frame—Support Settlement

Given: The frame shown in Fig. E10.15a. Consider Support D to experience a downward settlement
of 6 = 1in.

B E
31 3]

{ 60 ft i 60 ft i

Fig. E10.15a
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Determine: The end moments. Take E = 29,000 ksi and / = 2000 in#

Solution: We use reduced factors for the column members AB and EF and no carry-over to the
hinged ends. The distribution factors are listed on the following sketch (Fig. E10.15b).

4 11 -

7 3 3 7
3 B Cc|1 E|3
7 3 7
0] A D 1 . 0

Fig. E10.15b Distribution factors

I

L

>

AtnodeBorE { DFg,

modified

1

Z———+—+

L 20 60

Atnode C

DFcp = DFcp = DF

(N3, (3 T
“\20/4 \60/) 80
(1/20)3/4 3
=DFpp =~ 2
EFmodmed 71/80 7
3 4
DFgc =DFgc=1—-=—
BC EC 7 7
3 31 3l
60 20
1/20 1
73120 3

Settlement at D produces chord rotation in members BC and CE. The corresponding rotations for a

1 in. settlement are

0
PBC = L
o

PCcE = ‘f’z

These rotations produce the following fixed end moments (see Table 9.1),

6EI . 6E[
2 (= — * I_
1261 | ‘E j)
F:l L | 1281
% b
ME = s, — OEGDS _ | I8EID _ 1S29,000)(2000)(1D) 1y gy
L L (60) (12)
E(31 18EI
M(}::E:Mgc:_6 f; )62— 8L25=—167.8kipft
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These moments are distributed at nodes B and E. Note that no unbalanced moment occurs at node
C (Fig. E10.15¢).

M 3
0 i'g 119.8 -119.8 719 710 0
719|959 - -47.95 | 47.95 — 959 719
FEM's o 0 1678 167.8 | -167.8 -1678 | 0 0
B clo E
A plo F

Fig. E10.15¢

The final bending moment distributions are plotted in Fig. E10.15d.

=
119.8 kip f
71.9 kip ft - pecannill J [TTTrr —

Fig. E10.15d
Example 10.16: Two-Bay Portal Frame—Temperature Increase

Given: The frame shown in Fig. E10.16a. Consider members BC and CE to experience a temperature
increase of AT.

AT AT
E
- 31 C 31
I I I 20 ft
A D F
60 ft 60 ft

—_
—r

s

Fig. E10.16a

Determine: The end moments.
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Solution: The top members will expand, causing members AB and EF to rotate. Member CD will not
rotate because of symmetry. Noting Fig. E10.16b, the rotations are

u/2
PAB = 7
AB =
u/2
PEF = — 7
EF Lor
u2 AT AT w2
B C E
A D F
.0 .Y

Fig. E10.16b

Assuming a uniform temperature increase over the total span, u is equal to
u=(aAT) L= 120aAT

This motion is symmetrical and known. Therefore, there will be no additional displacement
(therefore no additional sideway).

Noting Table 9.2, the fixed end actions corresponding to the case where there is a hinge at one
end are

3EIA El
I A
L? <‘ ‘D - IA
i | \,%
] 3EIA
e L F 3

3EI 3EI
M}l;Amodified == TMPAB == 20( 12)

3
3aAT) = —— ElaAT

3
M gmodifica = + 30 ElaAT

We assume the material is steel (E = 3 X 10* ksi, a = 6.6 x 10*6/°F), AT = 120 °F, and
I = 2000 in.*.
The corresponding fixed end moments are

Mg modifies = —1782kipin. = —148.5kipft
ME. iiiea = +1782Kipin. = +148.5Kkipft

The distribution factors are


http://dx.doi.org/10.1007/978-3-319-24331-3_9
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At node B or E

DFga, = DFgg

modified

S AN
L \20/4 60

‘modified

_n
~ 80

DFgc = DFgc =1 —-0.43 = 0.57

ZI_ 1 3+3I+3]_111
L \20/4 60 60 80
At node C ([/20)§
4
DFCDmodiﬁed = 1 1[/80 = 028
1-0.28
DFcg = DFcg = —— = 0.36
The distribution factors are listed on the following sketch.
4 4 4 4
7 11 11 7
2B Ccl|3 E|3
11 7
0
0| a D r 10
The distribution details are listed below.
M -84.65 84.65
IM o . 4233 -4233 8465 8465
63.85  84.65 =2 4233 |-42.33 e -84.65  -63.85
FEM's 0 .1485 0 0 o0 0 1485 0
B C E
A D F
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The final bending moment distributions are plotted in the following figure.

42.33kip ft
i e TT T [ T T T :
84.56 kip ft — T I TT o=t 84.56 kip ft

10.7.2 Frames with Sideway

Given a frame structure, one needs to identify whether there will be chord rotation due to lateral
displacement. If sideway is possible, we introduce “holding” forces applied at certain nodes to
prevent this motion and carry out a conventional moment distribution based on distribution and
carry-over factors. Once the fixed end moments are distributed, we can determine the member shear
forces, and using these values, establish the magnitude of the holding forces. This computation is
illustrated in Fig. 10.23. There is one degree of sideway, and we restrain node B. The corresponding
lateral force is H,. Note that we generally neglect axial deformation for framed structures so fixing B
also fixes C.

The next step involves introducing an arbitrary amount of the lateral displacement that we had
restrained in Step 1, computing the chord rotations and corresponding fixed end moments, applying

Fig. 10.23 (a) Frame with g P
sideway. (b) Sideway
restraining force—case 1 ‘L

B C
A
T
7T D
b p P
H
Bl C ‘g | C
v &=
il |
VBa Ven
A iy
D
7T
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the holding force again, and then distributing the fixed end moments using the conventional
distribution procedure. The holding force produced by this operation is illustrated in Fig. 10.24.
One combines the two solutions such that the resulting sideway force is zero.

H
Final solution = case I + (171) case II (10.46)
2
Fig. 10.24 Sideway A A
introduced—case II +—+ —+—t
B c H, B c
Via Vep
A
” D

The fixed end moments due to the chord rotation produced by the horizontal displacement, A, are
(see Table 9.1)

6E] Ap 6EI A

Mgy =M =+ L2, A= impAB
6EIcp 6EIcp
Mpe = Mp = i—Lz A==+ Lo Pco
CD

where moment quantities are counterclockwise when positive. Following this approach, one works
only with chord rotation quantities and converts these measures into equivalent fixed end moments.
The standard definition equations for the distribution and carry-over factors are employed to distrib-
ute the moments.

Example 10.17: Portal Bent—Sideway Analysis

Given: The portal frame defined in Fig. E10.17a.

10 kip

10 ft I

Fig. E10.17a
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Determine: The end actions.

Solution: Since the loading is not symmetrical, there will be lateral motion (sideway). We restrain
node B as indicated in Fig. E10.17b. The distribution factors are also indicated in the sketch.

Fig. E10.17b
We compute the fixed end moments due to the 10 kip load.

10(5)(15)
i, = 10O g 13kiph
20
10(15)(5)
Mg = _% = —9.38kipft

Details of the moment distribution and the end moments for case I are listed below (Fig. E10.17c¢).
The holding force is determined by summing the shear forces in the columns and is equal to 1.1 kip.

M -8.06 .16.23]16.25 -8.73 871 4.36
12 [-12 o [
25 «— 5l Sl — 25

205 — -1.03
410 «— 820 |8.20 — +4.10

7103 — _14.06 |-14.06 — -7.03

.1.03 «— -2.05

FEM’s 0 0 | 28.13 938 0 0
A B C D
Hy=llke  okipn  87kipf flij 87
.« Kip It Jkip It
- 7187 ki ¥
16.2 kip fi[B c|®7kie R “—In
24 —|C
' 13
24kip 1.3 ki , 24 13
8.06 kip ft| _~" p L2 KIP 1436 kip ft Al ol
. e J N,
8.06 436

Fig. E10.17c Case I—end moments and column shear
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Next, we introduce a lateral displacement to the left equal to A. Figure E10.17d shows this
operation.

A A
—t —
C
- A A
A D
Fig. E10.17d Case II—sideway introduced
The chord rotations and corresponding fixed end moments are
6EIA

F F F F
Mgy =Mpg =Mpe =Mcp = _7

Since we are interested only in relative moments, we take EIA/W? = 1. Details of the moment
distribution and the end moments for case II are listed below (Fig. E10.17e).

1 03 |-03
— .07
07 —— 0.14]| 0.14
28 «— -56 |-.56—-28
1.13 «— 225|225 — 1.13
15 «—30(30— 15
FEM's -6.0 -6.0| 0.0 00]-60 -60
A B C D
. . 3.6 36
36kpft. -3.6 kip ft
H2=168kip « - 3.6 kipft oy ~y
B C <— |B «— |C
0.84 0.84
L. 0.84kip _ 0.84
4skpt | 08P | 48kipf Al o084 —ID
G P s as

Fig. E10.17e Case Il—end moments and column shear

We scale this solution by H/H, = —1.1/1.68 and then combine these scaled results with the results
for case 1.
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Final end moments = end moments case I + end moments case II (H/H>).
The final moments are summarized in Fig. E10.17f followed by free body diagrams.

13.7 kip ft 1.1
13.7 kip ft [B c | kip
49kip ft |A D |7.5 kip it

Fig. E10.17f Final end moments

Using these moments, we find the axial and shear forces.

10 kip
13.7 kip fi l

1.86 kip
(>

T?‘63 kip 237 kipT

111 kip ft

1.86 kip
H

B7kipft /), < ) L1 kip ft

7.63 kip 237k
1.86 kipé— | B 1.86 kip _3y | C
1.86 kip 186 kip |
A'— —
T Tz‘:n kip
7.63 kip
kphA_) 2 75 kip t

Example 10.18: Frame with Inclined Legs

Given: The frame shown in Fig. E10.18a.

45 kN
3 B C

Fig. E10.18a
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Determine: The end actions.

Solution: The distribution factors are listed in the sketch below (Fig. E10.18b).

Fig. E10.18b

There are no fixed end moments due to member loads. However, we need to carry out a sideway
analysis (case II). We introduce a horizontal displacement at B and compute the corresponding
rotation angles.

The rotation of members BC and CD is determined by requiring the horizontal displacement of
node C to be equal to A. The angles follow from the above sketch

_A

U/AB—g
3/44 A
V=TT TG
5/44 A
l//Dc:ﬁzg

Finally, the chord rotations are (note: positive sense is counterclockwise)
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_ A
PAB = *g
A

PBC = +Z
A

Ppc = 6

Using these values, we compute the fixed end moments due to chord rotation.

6(El (A 2
MXB = MII;A = (_ (‘) = +_(EIA)

(3) \3 3
Mo =ty =~ %5 (3) = -5te)
MEy=ME5. = % (%) = +%(EIA)

Since we need only relative moments, we take EIA = 90
Then

MYy =Mg, = +60kNm

ME = M. = —45kNm

MPc = M{, = +30kNm
Next, we distribute the moments as shown below

-.14 |1-.14
29 ¢ 58|58 — 29

.17 -2.34 |-2.34 > -1.17

468 €038 9038 — 4.68

3.75¢ -1.5|-7.5 2> 375

FEM's 60 60 |-4s 45| 30 30
A B C D
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The end moments values are

50 40
+50 +40
B C
+55 A

+35
D
Using these moments, we find the axial and shear forces.
S50 kN m
B C 35
KN —>ip o . Cc —> 35 kN
kN 30 kN ot L
A e 35kN
30 kN
35 kN m
55 kN m 35 kN I;)

30 kN

Note that one needs the axial force in member BC in order to determine H,.
Summing horizontal force components at B leads to H,.

30 kN

50 kN
WD
—

H
272 [ Hin

Therefore
H, =35+ 35 ="70kN

Given that the actual horizontal force is 45 kN, we scale the sideway moments by H/H, =
45/70 = 9/14.
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. H
Final end moments = end moments case II (—1)
2
The final end moments (kN m) are listed below (Fig. E10.18c).
32.1 -25.7
257
321
354
22.5
D
Fig. E10.18c Final end moments
Using these moments, we find the axial and shear forces.
321 kN m 121 kN m wIkNm 1927 kN
y B C 225K
nsN—lg Czsml Tt_ 9 G NG
1927 kN 1927 kN il
Ale—225kN
1927 kN 73 kN o
35.4kNm IESKN‘—ID““
19.27 kN

Example 10.19: Computer-Based Analysis—Frame with Inclined Legs
Given: The frame shown in Fig. E10.19a.
5ki
10kip, 3,[. P

151

Fig. E10.19a
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Determine: The displacement components at nodes 2 and 3, the bending moment distribution, and
the reactions. Consider a range of values for / (I = 100, 200, and 400 in.4). Take A = 20 in.%. Use
computer software.

Solution: The computer generated deflection profiles and the reactions and moment diagram are
listed below (Figs. E10.19b, E10.19¢c, E10.19d, E10.19¢, E10.19f). Hand computation is not feasible
for this task.

1.07 in 1.07 in
+—t S ——
35 in
35inf 2 3 I
[
4

Fig. E10.19b Deflection profile—/ = 100 in.*

54 in
P —

A8 inf 2

Fig. E10.19c Deflection profile—/ = 200 in.*
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27 in 27 in
+—t s e

09 inf 2 A

3

Fig. E10.19d Deflection Profile—I = 400 in.*

40.6 kip ft

Fig. E10.19e Moment diagram
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3.68 kip
4\ —

8.82 kip I

Fig. E10.19f Reactions

Note that the member forces are invariant since the relative stiffness of the members is the same.
Also, the displacement varies linearly with /.

10.8 Plane Frames: Out of Plane Loading

We discussed this case briefly in Chap. 4 when we dealt with statically determinate plane frame
structures loaded normal to the plane such as highway signs. We extend the analysis methodology
here to deal with statically indeterminate cases. Our strategy is based on the displacement method,
i.e., we use generalized slope-deflection equations for the members and enforce equilibrium at the
nodes. This approach is more convenient than the force method and has the additional advantage that
it can be readily adopted for digital computation.

10.8.1 Slope-Deflection Equations: Out of Plane Loading

Consider the prismatic member shown in Fig. 10.25a. We assume that the member is loaded in the
X—Z plane (note that all the previous discussions have assumed the loading is in the X-Y plane).
The relevant displacement measures for this loading are the rotation 6,, the rotation 6, and the
transverse displacement v,. Figure 10.25b defines the positive sense for these quantities and the
corresponding end actions at B.

Following the procedure described in Sect. 10.3, one can establish the equations relating the end
actions at A and B to the end displacements at A and B. Their form is


http://dx.doi.org/10.1007/978-3-319-24331-3_4
http://dx.doi.org/10.1007/978-3-319-24331-3_10
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Fig. 10.25 (a) Prismatic a
member (b) Positive sense

6E1 12E1
Viae = L—zy (Opy + Oay) — Ty (VB2 — vas) + Vi,
GJ
Miax = _T(HBX — Oax) + M},
2E1 6EIl
MlAy = Ty (aBy + 20Ay) - L—zy(vBZ - VAZ) +Mlll:\y
10.47
6Fl, 12E1, F ( )
Vig, = — 5z (Opy + Oay) + N (VB2 — vaz) +Vig,
GJ
MIBX - T(QBX - eAx) +M111:3x
2FEI 6E]
Mpy, = Ty (20gy + Oay) — sz (VBz — vaz) + M};ay

where GJ is the torsional rigidity for the cross section, and /, is the second moment of area with
respect to y-axis.

I, = Jzsz (10.48)
A

The remaining steps are essentially the same as for the planar case. One isolates the members and
nodes and enforces equilibrium at the nodes. In what follows, we illustrate the steps involved.

Consider the structure shown in Fig. 10.26. We suppose the supports are rigid. There are three
unknown nodal displacement measures, 6,, 6,, and v, at node 1.
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'/

Fig. 10.26 Plane grid

731

Free body diagrams for the members incident on node 1 are shown below in Fig. 10.27. Requiring

equilibrium at node 1 leads to the following equations:
Ve + Ve +P=0
M~ =0
My + Mg =0

Noting the relationship between the variables,

05 = o,
6%32,3 =0y
Oy, = 0
05, = 01

vl = vy =i

the member equations take the following form,

n  GJy
My = I,
1) 4El, , 6EI
My, Tely + T%Vu
a 12EL,  6EI
VB: = L—?‘}lz - L—%gly
and
@ _ Gl
My, = L_291>
@) 4EI, 6EIl,
MBy L, (=01 % Viz
12E1 6EI
@ = 2vi: ——52 (—01)

L

(10.49)

(10.50)

(10.51)
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Fig. 10.27 Free body

diagrams 2
k '

© Mg,
A7
P g
V|(31z) Vv\l \I'P
w 1
w l\u
@

Lastly, we substitute for the end actions in the equilibrium equations (10.49) leading to

L1 6EL 6El
1215(1 2>v12+20u —L0,+P=0

L L3 L3 L
6El, GJ, 4EI
-+ —— 6, =0 .
2 V1‘+<L1 + L2> 1 (10.52)
6EI GJ, 4EI
i+ [ 6, =0
L% VL+<L2 + I ) 1y
The solution is
0 6EI, /L3
WG Ly + 4EL L) ' -
p —6EI, /L2
Y TGl + 4EL L)) ¢ (10.53)

e GJ2/Ly + 4EL /L) ' (GJ, /Ly + 4EL,/L,)

2 2
{le(ll 12>+( (6E1,/L?) . (6E1,/L3) }Vlz:_P
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When the member properties are equal,

L=1
Li=L,
Ji=J»
the solution reduces to
B -P
Vi = 12ET
6E] L2
= 14— L~
( L’ ) + (GJ + 4EI)
1y = —Uix = Vi =
i GJ + 4EI 12E1
( ) (GJ +4EI) + (LZ)
P
end shear forces ng) = Vl(gzz) =3

Note that even for this case, the vertical displacement depends on both / and J. In practice, we
usually use a computer-based scheme to analyze grid-type structures.

Example 10.20: Grid Structure

Given: The grid structure defined in Fig. E10.20a. The members are rigidly connected at all the
nodes. Assume the members are steel and the cross-sectional properties are constant. / = 100 in.*,
J =160 in.*.

Fig. E10.20a
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The nodal displacement restraints are as follows:

Node 1: x, y, z translation

Node 2: z translation

Node 3: z translation

Node 4: y, z translation

Determine: The displacement measures and member end forces at node 9. Use computer software.

Solution: The computer output data for this structure is
Displacement measures at node 9:

w = 0.189in.
Nade 9<¢ 6, = 0.00051rad
6, = 0.00192rad

Member end forces at node 9:

Vz = 1.31kip Vz = 5.2kip
Member (9) M, = 0.25kipft Member (10) M, = 0.55kipft
M, = 14.5Kipft M, = —16.6kipft
V, = 8.2kip V, = 5.3kip
Member (11) M, =0.86kipft Member (12) M, = 1.2kipft
M, = 2Tkipft M, = —26.2Kipft

One checks the results by noting that the sum of the end shears at node 9 must equal the applied
load of 20 kip.

10.9 Nonlinear Member Equations for Frame-Type Structures
10.9.1 Geometric Nonlinearity

Although we did not mention it explicitly, when dealing with equilibrium equations, we always
showed the forces acting on the initial geometry position of the structure. However, the geometry
changes due to deformation under the action of the loading, and this assumption is justified only when
the change in geometry (deformation) is negligible. This is true in most cases. However, there are
exceptions, and it is of interest to explore the consequence of accounting for geometric change when
establishing the equilibrium equations. This approach is referred to as geometric nonlinear analysis
since the additional geometric terms result in nonlinear equations. In what follows, we illustrate this
effect for different types of structures.

Consider the two-member truss shown in Fig. 10.28a. We suppose the angle 0 is small, say about
15°. When a vertical force is applied, the structure deforms as shown in Fig. 10.28b. The load is
resisted by the member forces generated by the deformation resulting from the displacement, v.

Due to the displacement, the angle changes from 6 to 8, where f is a function of v.
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a

7’ (4

deformed

Fig. 10.28 Nonlinear truss example

h—

tanfp == Y (10.55)
The equilibrium equation also depends on v.

P =2Fsinp (10.56)
When v is small with respect to 4, # can be approximated as

h
tan § ~ Eztane (10.57)

and it follows that

P ~ 2Fsin (10.58)

which is the “linearized” form of the equilibrium equation. One cannot neglect the change in angle
when /£ is also small which is the case when 6 is on the order of 15°.

Another example of geometric nonlinearity is a beam subjected to axial compression and trans-
verse loading. Fig. 10.29 shows the loading condition and deformed geometry.
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Fig. 10.29 Nonlinear a w
beam example
P y 47 N p
1 1
¥ b ' _i_ ‘ L
] L i
b
P L w P
—+—> <+
wL lu‘L
l g =z
Cc
w
s m §
)b
u‘Ll
i
—_
X

Noting Fig. 10.29¢, the bending moment at location x is

L 2
M= (%)x—%—l—Pv (10.59)

The last term is due to accounting for the displacement from the initial position of the beam. We will
show later that this term has a destabilizing effect on the response, i.e., it magnifies the response.

Up to this point in the text, we have neglected the geometric term and always worked with the
initial undeformed geometry. For example, we have been taking M as

L 2
M~ (W?)x—% (10.60)

When P is compressive, and the beam is flexible, this linearized expression is not valid and one needs
to use the nonlinear form, (10.59). If P is a tensile force, the free body diagram shown in Fig. 10.30
now applies and the appropriate expression for M is

Fig. 10.30 Nonlinear
beam — axial tension

P 4——

wL
> 3

[T ;[
l

| x > X
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2
M= (%)x—%—Pv (10.61)
In this case, the nonlinear contribution has a stabilizing effect.

Generalizing these observations, whenever a member is subjected to a compressive axial load, one
needs to consider the potential destabilizing effect of geometric nonlinearity on the axial stiffness of
the member. This type of behavior is usually referred to as “buckling.” From a design perspective,
buckling must be avoided. This is achieved by appropriately dimensioning the cross section and
providing bracing to limit transverse displacement.

In what follows, we extend the planar beam bending formulation presented in Sects. 3.5 and 3.6 to
account for geometric nonlinearities. This revised formulation is applied to establish the nonlinear
form of the member equations described in Sect. 10.3. Lastly, these equations are used to determine
the nonlinear behavior of some simple frame structures.

10.9.2 Geometric Equations Accounting for Geometric Nonlinearity

Figure 10.31a shows the initial and deformed position of a differential element experiencing planar
bending in the x—y plane. The geometric variables are the axial displacement, u; the transverse
displacement, v; and the rotation of the cross section, £.

Fig. 10.31 (a) Initial a y.v
and deformed positions
(b) Position of tangent
dx a
o
4 a  centroidal axis
6 X: U
u
f f
i i L}
b (1+g) dx  a
v, dx
a' 6
(1+2,) dx

Figure 10.31b defines the deformed position of line a-a; § denotes the rotation of the centroidal
axis. Assuming € = 0 leads to the linearized expression for the strain, &.

0~0=¢ey=u, (10.62)


http://dx.doi.org/10.1007/978-3-319-24331-3_3
http://dx.doi.org/10.1007/978-3-319-24331-3_3
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The next level of approximation is based on assuming 6 is sufficiently small such that 6> < 1. This
leads to

tanf ~ sind ~ @

(10.63)
cosf ~1
Then, the exact expressions for g, and tan 6
(1+ 50)2 =1+ “,x)z + (V,X)Z
! 10.64
tan§ = —* ( )
14 u,
reduce to
_ Lo
€=U+ E(V,x) (10.65)
O~ v,

Equation (10.65) applies for small strain, i.e., ¢ < 1. Note that the nonlinearity involves the rotation
of the centroidal axis.

The remaining steps are similar to those followed for the linear case. We assume the cross section
remains a plane and neglect the transverse shear deformation. These assumptions lead to
(see Fig. 10.32):

dv
=0 ~O=—
v = p p
and
(10.66)
£=€& — Y
_dp_do_d

& T & ol
Given the strains, one can determine the internal axial force and moment using the linear elastic

Fig. 10.32 Orientation of

M
deformed cross section v r\ (:]
F

N

— X

deformed cross section

stress—strain relations.

F= JadA = AE¢g
(10.67)
M= J—yadA =Ely

Note that F acts at an angle 6 with respect to the x-axis. Since we have neglected the transverse shear
deformation, V has to be determined using an equilibrium requirement.
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a by dx ,
}T Pﬁ%% M+ dM dx
| ') a2
d = napg

Fig. 10.33 (a) Differential element (b) Cartesian components
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The last step involves enforcing the equilibrium condition. We work with the differential element
shown in Fig. 10.33a; b, and b, are the loads per unit length. The Cartesian components are related to

the internal forces in terms of the rotation angle, 6.

P, =Fcosf — Vsinf
Py, =Fsinf+Vcosd
Noting Fig. 10.33b, it follows that
F = P,cos@+ Pysin6
V = —P,sin@ + P,cos
Assuming 6 is small, we simplify Eq. (10.68) to
P.=F

Py~F-0+V=Fv,+V

(10.68)

(10.69)
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The equilibrium equations for the element are

d

—P,+b,=0

dx -~ +

d

TPy +b, =0 (10.70)
am

a—&—Py—v,XPX:O

Substituting for P, and P,, Equation (10.70) reduce to
dF

d/ _dv dv

—| F— —4+b,=0 10.71
dM

—+V=0

dx+

The nonlinearity is present in the transverse equilibrium equation in the form of a coupling between
axial and bending actions. Lastly, the boundary conditions are:

uorpP,=F prescribed
v or P, =Fv,+V prescribed pateachend (10.72)
0 or M prescribed

We illustrate the boundary condition for various types of supports.

Case 1: Free end

P,=P,=M=0=F=V=M=0

Case 2: Axial load

!

Case 3: Roller support
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Case 4: Rotation restraint

—P
0
0

—P

o
Il

F
= Vv
0

D =
1
o O

10.9.3 Solution for Compressive Axial Load

We consider here the case where the axial load is compressive (e.g., see Fig. 10.29). Taking
F = —P = constant (10.73)

the remaining equations in (10.71) reduce to

_daM
=
. t (10.74)
d‘M dov
e TP =h
The corresponding boundary conditions are:
d
vorV — P d—‘; prescribed
d at each end (10.75)
v
—orM ibed
i prescribe
Noting (10.67), the expression for M expands to
dy

Integrating the second equation in (10.74) leads to

M+ Pv = Jjbydx—l— Ci1x+
X X
where ¢ and ¢, are integration constants. Then, substituting for M, we obtain the governing equation for v.

d%v
E[@—i—Pv: Jbedx—l—clx—i—cz (10.77)

X X
We suppose b, and EI are constant. For this case,

1 1
Jbedx = zbyxzzibx2 (10.78)

X X
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and the corresponding solution of (10.77) is:

Lfb(, 2 1
w2 2E\" ) TETTC ‘ i 10.79
% ﬂz{ZEI(X Iu2>+E[(Clx+62)}+C3COS/1X+C4sm'ux ( )
where
P
2__
W= E

The integration constants are determined using the boundary conditions, (10.75).

Example 10.21

Given: The axially loaded member shown in Fig. E10.21a.

b
¥ 3 T T 117 373
A @ J
—s X
L .

Fig. E10.21a
Determine: The transverse displacement as a function of the axial load, P.

Solution: The boundary conditions for the simply supported axially loaded member shown in
Fig. E10.21a are

Substituting for v in (10.76) leads to

b
M = —p*{c 4 i =
u{c3cos px + cqasinpx} + 2E]

Enforcing the boundary conditions, the corresponding integration constants are:

bL
c]p = —7
(,2—0

b
cr —
3T AEL

b (1 — cosuL
4 =—F|—
YT WAEI\ sinuL

Using these values, the solution for v expands to
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b e 1 — cospuL n b 1/, 2 xL
v=——1 cospux + sinux| ———— (- ) =
el X\ sinpL W2EIN 2 i2) 2

The nonlinear behavior is generated by the axial force parameter, p.To illustrate this effect, we
evaluate v at x = L/2.

LY _ b [ KL gapL(Lzcosul\Y b [ 1 L
"\2) T E 2 2\ sinuL WREI 12 8
The linear (i.e., P = 0) solution is
L\ 5 bt
"\2) T 384 EI

Figure E10.21b shows the variation of the ratio —— vs. £

Vlinear t P’

where P, is the value of P for which
sinul = 0.

sinuyL=0=uL=nx
1
i = ()L~

m2El

Pcr: L2

The effect of axial load becomes pronounced when P approaches P.,.

30 T T 13 T T T T T T

25} f-
201 .

151 4

10 / =

dimensionless displacement

- —

0 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

dimensionless loading parameter

Fig. E10.21b
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10.9.4 Nonlinear Member End Actions-End Displacement Equations

In order to deal with framed structures, one needs the set of equations relating the forces acting on the
ends of a member and the displacement measures for the ends. The linear form of these equations is
developed in Sect. 10.3. We derive the nonlinear form here using the general solution represented by
(10.79).

Figures 10.34a, b define the notation for the displacement measures and the end actions. The only
difference for the nonlinear case is the presence of the axial load, P. All quantities are referred to the
local member frame. Note that the end actions act on the deformed configuration.

Equation (10.79) defines the solution for the case of a uniform load. To allow for an arbitrary load,
we express the solution as

Fig. 10.34 Notation a Y. v
for nonlinear case.
(a) Displacements.
(b) End actions

A’ B:&
91\
T 'B
6 XU
A B
o e—
' u, “B
b
M
S B =
A . > «— P
F
A . V
# ;
v:v,,—i—L(Clx—l—Cz)+C3cosyx+C4sinﬂx (10.80)

WAEI

The boundary conditions now involve the displacement measures at x = 0 and L.
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V(O) = VA %(0) = WA
y (10.81)
v(L) =vp d—: (L) =ws

Specializing (10.80) for these conditions leads to expressions for the integration constants.
Cir = wa —wap —pCy
Co=up —uyp —Cs

1-— COSﬂL Wp — WA — WB p + wa,p

C; =—-C
’ 4 sinulL pusinpulL

1 ) (10.82)
Cy = l_){ [uB —ugp — g +Up, — (wA + a)A,p)L} sin uL

D =2(1 — cospuL) — puLsin uL

Note that D — 0 as uL. — 2z. Then C4 — oo and it follows that v — oo for any arbitrary loading.
The limiting value of P is

47El
P max — Pcr = T (1083)
Given v, one can evaluate the end actions. The bending moment is defined as
d*v
M =El— 10.84
dx2 ( )
Noting Fig.10.34b, the end actions are related to the bending moment by
-1 (VB — VA)
Vg =—(Mp+ M) — P—=
= (Ma+Ms) L (10.85)
Va=-Vp

The second term in the expression for Vy is due to the rotation of the chord connecting A and B. This
term is neglected in the linear formulation. We will show later that it leads to a loss in lateral stiffness
(commonly referred to as the P-delta effect).

Using the above equations, we express the final equations as:

EI
My = M}i —+ f |:¢1wA —+ ¢2wB — %(VB — VA):|

El
Mp = M§ +— [(1716013 + pr0n — %(VB - VA):l

L
o ) (10.86)
VA = VK + ¢ZZ l:a)B 4+ wp — Z(VB — VA):| +Z(VB - VA)

El 2 P
Vg = V}; - % {G)B + wp — Z(VB - VA):| - Z(VB —va)
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where
D¢y = pL(sinpuL — puL cos uL)
D¢, = pL(uL — sinul) (10.87)
b3 =1+ ¢,
The ¢ functions were introduced by Livesley [2]. Figure 10.35 shows the variation with puL.

For small uL, the coefficients reduce to the corresponding linear values

Fig. 10.35 ¢ functions

_(PL?
\E)

ul

uL — 0
¢ —4
$hy — 2
3 — 6

For large uL, the functions behave in a nonlinear manner

(10.88)

ul — 2w

ZI - :Lz (10.89)
b —

$;—0
One can assume linear behavior and use these results to obtain an initial estimate for the axial load.
Equations (10.86) are applicable for those members which have a compressive axial load. As the
external loading is increased, the internal axial loads also increase, resulting in a reduction in stiffness
and eventually to large displacements similar to the behavior shown in Fig. E10.21b. This trend is

clearly evident in the expressions for V4 and Vg listed in (10.86). As P increases, ¢; decreases, and
the overall stiffness decreases. The following examples illustrate this effect.

Example 10.22

Given: The portal frame shown in Fig. E10.22a.
Determine: The effect of axial load on the lateral stiffness.

Solution: We assume I, > I so that member BC just translates under the action of the horizontal
load. We also assume there is a gravity loading which creates compression in the columns. Of interest
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is the interaction between the gravity loading and the lateral loading. Due to the compressive nature of
the gravity loading, we should expect a reduction in lateral stiffness, leading eventually to an unstable
condition.

w W
" le =
H —_— —_—
I g
I, I, h
A 4 D
1 L L
T
Fig. E10.22a v
—
l W
_+H
X B
I h
A
Fig. E10.22b

Noting the free body diagram shown in Fig. E10.22b, the end conditions for member AB are

QAZVA:O 9]3:0 VBZ—H

vg=-v P=W
Using these values, the expression for Vg follows from Equation (10.86).
—2EIl ¢4 P
VB = T v+ Z v

Then

2El.¢s P\ _
H = { h3 — h}v:kv

Figure E10.22¢ shows how k degrades with increasing P. The P-delta term dominates this process; it
leads to an 80 % reduction at the critical loading, @ = 1. As the load approaches this load level, the
lateral stiffness approaches zero, resulting in large displacement, and eventual failure due to exces-
sive inelastic deformation.
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12 T :
modified linear
1. +  net nonlinear
—_—
+ o —
+ —
08f 5 S
@ +
o +
b= +
w 06 T .
@ +
o +
[= +
S ! + .
g 04 N .
S ¥
02t + 4
+
+
+
oF -
-0'20 0.1 02 03 04 05 06 07 08 09 1
dimensionless loading parameter ,alpha
Fig. E10.22c
Example 10.23
Given: The pin-ended portal frame shown in Fig. E10.23a.
W W
H B l C H
— | [
x rigid
h
| I, I,
y
A D
A
L

Fig. E10.23a

Determine: (a) The effect of axial load on the lateral stiffness. (b) The additional stiffness provided

by diagonal bracing (Fig. E10.23c).

Solution:

Part(a)

The response is anti-symmetrical so one has only to analyze member AB. Noting Fig. E10.23a, the

end conditions are
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VA = MA =0 P=W
g =0 Vg=+H

Setting Ma = 0 leads to
El,

[¢10A + ¢208 — ¢3( A VA)} =0

Then, noting the end conditions, and solving for 8, yields

=Bt

Substituting for 4, the expression for Vg becomes

Lastly, we require Vg = +H.
Then

El. P
5[l

We express H as

H kVB
3EL ¢;\ ar?]  3EL
k= - ki —k
7l (e-5) T e
where
P P
*=p T ZE.
T
Ph?
k =
27 3EL

Note that k, represents the P-delta effect on stiffness. Figure E10.23b shows that k, dominates the
stiffness reduction due to the axial compression in the columns.
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12 T T T T T T T T I
modified linear
+ P delta reduction
— — net nonlinear
M =1
08 )
+
+
£ "
= 06+ . —
= +
] +
g +
£ o4 + ]
E ~
+
02 + -
+ .
+
+
- -
02 I I 1 I I I I 1 I
0 01 02 0.3 04 05 06 07 08 039 1

Fig. E10.23b

Part(b)

axial loading pérarmlzer_a!pha

Suppose the diagonal braces shown in Fig. E10.23c are added. They provide additional stiffness
which offsets the loss in stiffness due to P-delta effect. Noting the expression for Vg derived above,
the force H is now equal to the sum of Vg and the horizontal component of the bracing force.

H= VB + Fbrace cosf = (k + kbrace)vB

where
Abprace E Abrace E
Kbrace = Cbrace ™ (cos 9)2 — [hrace™ (cos 6)2 sin @
Lbrace h
One selects kypace sSuch that
A raceE . 3EI c
korace = bh (cos 6’)2 sinf = 3= Klp—o
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P P
H B lC H
e : .
"
" AE
L0 D
A'-A_
L

Fig. E10.23c

10.10 Summary
10.10.1 Objectives

» To describe the displacement method of analysis specialized for frame-type structures.

» To develop the slope-deflection equations for planar bending of beams

+ To illustrate how to apply the displacement method for beams and rigid frame systems using the
slope-deflection equations.

» To formulate the moment distribution procedure and demonstrate its application to indeterminate
beams and rigid frames.

» To determine the effect of geometric nonlinearity and to formulate the geometric nonlinear form of
the slope-deflection equations.

10.10.2 Key Factors and Concepts

» The displacement method works with nodal Force Equilibrium Equations expressed in terms of
displacements

» The slope-deflection equations relate the end shears and moments to the end translations and
rotations. Their general linear form for planar bending of a prismatic member AB is

2EI 6EI VA — VB F
Mg = =2 {204 + 0 —( ) M
AB =" {20A + 68} + 7 2 + Mpp
_2FI 6El /vpo — VB F
Mua =200 +0a} = (F7) + My
6El 12E1
VAB:?(0A+9B)+T(VA_VB)—’_VEB

6E1 12E1
Vea = —7(93 +0n) — & (va — vB) +VBFA

*  Moment distribution is a numerical procedure for distributing the unbalanced nodal moments into
the adjacent members based on relative stiffness. If one continued the process until the moment
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residuals are reduced to zero, one would obtain the exact solution. Normally, the process is
terminated when the residuals are relatively small.

» The slope-deflection equations provide the basis for the computer-based analysis procedure
described in Chap. 12.

» Geometric nonlinear behavior is due to the coupling between compressive axial load and trans-
verse displacement. It results in a loss of stiffness and leads to unstable behavior.

10.11 Problems

Problem 10.1 Determine the displacements and member forces for the truss shown. Consider the
following values for the areas:

(a) A] = %A
(b) A, =2A
(c) Check your results with computer-based analysis.

Take E = 200 GPa and A = 2000 mm?

90 kN
A
) —> 45kN
A
3m A
A
— 450 303

S

Problem 10.2 For the truss shown below, determine the member forces for:

(a) The loading shown

(b) Support #1 moves as follows: u = % in.— andv = % in. T

Take A = 0.1 in.%, A; = 0.4 in.%, and E = 29,000 ksi.


http://dx.doi.org/10.1007/978-3-319-24331-3_12
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10 ft A

20 ft

5 15 ft ,
I I |

For the following beams and frames defined in Problems 10.3—10.18, determine the member end
moments using the slope-deflection equations.

Problem 10.3 Assume £ = 29,000 ksi, / = 200 in.4, L =30ft,vc = 0.61in. |, and w = 1.2 kip/ft.

-
2
-

Problem 10.4

(@ I)=LandL, =L,
(b) 11 = 2]2 and L1 = L2
(C) ]1 = 2]2 and L1 =2 L2
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45 kN
22 kN/m
B l -
JR R S S Ao
A
1 I] ’%‘ 12 4
L, L,
L o s
| : | 2 2
| | [ [
Assume E = 200 GPa, I, = 80(10)° mm*, and L, = 6 m.
Problem 10.5
10 kip
1.5 kip/ft 0.5 kip/ft
I I I I [Tl ] L1111
A4 ]
7 l 5 I B»s 1 D

20 ft [Ii 10 ft 10 ft C; 10 ft
1 1

E = 29,000 ksi and I = 300 in.*
Problem 10.6 Assume E = 200 GPa, I = 80(10)° mm*, P = 45kN, h =3 m, and L = 9 m.
D P
[
A[ E |

< Yrr- I
B
| l

| L
|

-
A 1 o I e I ax
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Problem 10.8 Assume E = 200 GPa and / = 80(10)° mm®.

OkNm O [ N 30 kN/m
e g—A m-ﬁ D
& 1 o I o I ¥
B C
12m 9m 9m 12m
t t t t :
Problem 10.9 Assume E = 29,000 ksi and I = 400 in.*
l 1.2 kip/ft l
X C T T T T T T3 v
L [ D
= 1 o 1 »r I 5
L 1ofe  1of B 30 ft C on , 98
1 I 1 I I 1
Problem 10.10 Assume E = 200 GPa and / = 100(10)® mm®*.
90 kN 45 kN
A l 30 kN/m l
o4 2 L 1 11 11 1
4 ]
2 i % i By 1"
B C
6m Im 9m im |

Problem 10.11 Assume E = 29,000 ksi and / = 100 in#

12 kip ft
A C

C
e 41 B 41 sy |

I 10 ft

20 ft 20 ft |
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Problem 10.12

(@ Ihy=1
(b) I = 1.5I,
p B Iy o
—— % .E
h I
o 8 A Iy D

Assume E = 200 GPa, I, = 120(10)° mm*, L = 8 m, h» = 4 m, and P = 50 kN.

Problem 10.13 Assume E = 29,000 ksi and / = 200 in*

10 ki
+ -

10 ft

Problem 10.14 Assume E = 200 GPa and / = 80(10)® mm®.

45 kN
L T

5m |
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Problem 10.15 / = 600 in.*
E = 29,000 kip/in.?

10 ft

9 kip
) v 2 kip/ft
Skip 11T}
l -
I
F7’T
1 of

Problem 10.16 Assume E = 200 GPa and / = 120(10)® mm®.

45kN A
—

6m

24 m

Problem 10.17 Assume E = 29,000 ksi and / = 200 in.*

10 kip _ )
7 l 7%7
|

6 ft 10 ft
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Problem 10.18 Assume £ = 200 GPa and / = 80(10)® mm*.

30 kN/m
| i A T

71 4m

Problem 10.19 For the frame shown below, use computer software to determine the moment
diagram and displacement profile. Assume E = 29,000 ksi and / = 200 in.*

1 kip/ft

20 fi

For the following beams and frames defined in Problems 10.20-10.34, determine the member end
moments using moment distribution.

Problem 10.20 The loading shown

(a) A support settlement of .5 in. downward at joint B in addition to the loading
(b) Check your results with computer-based analysis.

E = 29,000 ksi,
[ = 300 in.*
10 kip
2 kip/ft
- l 1.0 kip/ft
L 4 41 L 1 J,
A4

Z: ‘D

30 ft 30 ft 45t |

I o I oy I 4
i q
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Problem 10.21 Compute the end moments and reactions. Draw the shear and moment diagrams.
Check your results with computer analysis. Assume E = 200 GPa and I = 75(10)° mm*.

90 kN
24 kN/m 20 kN/m
4 & 4 1 Lt J N
I |
s . iy . - 1 oy
| Tm l Sm " Sm | 10 m |

Problem 10.22 Determine the bending moments and the reactions for the following cases. Assume
El is constant

a 12 kip

1.4 kip/ft J
A g +T I T I L I LB

- -9

| 20 ft | sft | 16 fi |
| | 1 I
b 12 kip
1.4 kip/ft l
AT L L 33 % T 3B
L

i 20 ft ] 8 ft 16 fi
| 1

C
.= 2 -8

Problem 10.23 Determine the bending moment distribution for the beam shown below. Assume ET/
is constant.

45 kN
20 kN/m 10 kN/m
P ¢ o O
Al 1|
i P P D
B C

6m Sm 2m 3im
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Problem 10.24 Determine the bending moment distribution. Assume /; = 1.4/,.

12 kip
1.2 kip/ft
11 1 g 7
A VN ; c
-
# I BQF- I
| 20 fi o B s
I | I 1
Problem 10.25 Determine the bending moment distribution.
45 kN
30 kN/m
e & L 1 L1 L L 1 lLl 1L 1 l ”
A I ors 3 o I 7

Problem 10.26 Solve for the bending moments. 6g = 0.4 in. |, £ = 29,000 ksi, and I = 240 in%,

20 kip 10 kip

A 1 kip/it 1
e ke de b b b )

4
=¥
oy

O

| 20 ft ; 10ft 30 fi

Problem 10.27 Determine the bending moment distribution and the deflected shape. E = 29,000 ksi

(a) Takel; = I, = 1000 in.*
(b) Take I; = 1.51,. Use computer analysis.
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Discuss the difference in behavior between case (a) and (b).

I kip/ft

d il b L 4 14 3 b Lobdd
i I, 1,"’5”1 l,’i’;

‘ 70 fu . 70 ft

Problem 10.28 Determine the axial, shear, and bending moment distributions. Take I, = 2/,

30 kN/m
T B C
Iy
5m
IC IC
A D
- 7T 7777
I 5m | Sm I

Problem 10.29 Determine the member forces and the reactions.

(a) Consider only the uniform load shown
(b) Consider only the support settlement of joint D (6 = 0.5 in. |)
(c) Consider only the temperature increase of AT = 80 °F for member BC.

E = 29,000 ksi
]AB = ICD = 100 in.4
Igc = 400 in.*
a=65x 107°°F
2kip/ft
€+ 4 4 4 o) [
B =T C
12 fi
A D

, 24 ft Ts
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Problem 10.30 Determine the bending moment distribution for the following loadings. Take

I, = 5.

a b 30 kN/m
40KN 3 i 3 1T 1711
c B c
Iy Iy
6m Ic Ic 6m IC IC
" D & D
| 12m | | 12m |
I ] I |
c SOKN  S0kN d S8OKN 80 kN
Ll Lt
B B
Ig Ig
6 m IC If." 6 m Ic IC
A D A D

Problem 10.31 Solve for the bending moments.

2 kip/ft
i3 ¢ ¢ & 1 33
1
8fl I
21 12 ft
20 ft

Problem 10.32 Determine the bending moment distribution.
10 kip
6 kip

-

B 21

—

10 ft I

STt 15 ft
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Problem 10.33 Solve for the bending moments.

11 ,I.“ P 7
o B C ll =200 lﬂ"
I I, =400 in*
h ]l l] L=241t
h=1611
1l A D w = 1.6 kip/ft
| L |

Problem 10.34 For the frame shown, determine the end moments and the reactions. Assume
E = 200 GPa and I = 40(10)° mm*.

24 kN/m
A‘l' I I _C
rbr 41 B 41 rbp
| im
D .
| 6m | 6 m

Problem 10.35 Determine analytic expression for the rotation and end moments at B. Take
I = 1000 in.*, A = 20 in.? for all members, and @ = 1.0, 2.0, 5.0. Is there an upper limit for the
end moment, Mgp?

E ,—> 12kip 4

20n . 20Mn
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Problem 10.36 Compare the end moments and horizontal displacement at A for the rigid frames
shown below. Check your results for parts (c) and (d) with a computer-based analysis. Take £ = 200
GPa and I = 120(10)° mm*. A = 10,000 mm? for all members.

9 A
40 kN =
21
rJ’l | 6m
Y
24m
i i
b
A
40 kN >
21
ll/ | 6m
| 24 m
1 f
c
KN — A
21
6
/ \” )
;| 6m | 12 m . em. 4
] | | 1
d
40 KN —s A
21
6m I2m 6 m

1 1 i

[l
1 I I 1

Problem 10.37 Compute displacement at node C for

(a) No P-delta effect
(b) With P-delta effect included
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Take I; = 88lin, A, =24in2, I, =2960in.*, A, =35.9in.2, H = 100 kip, P = 200 kip,
E = 29,000 ksi, L = 20ft, and & = 10ft.

Problem 10.38 Generate the plots of P vs. u for various values of 7. Starting at 7 =0 and increasing
to T =ZEL Take I; = 400in*, I, = oo, and h = 10 ft.

402
. m—> P.u
h I
I I,
l o
h T 1 &
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