Abstract

Up to this point, we have focused on the analysis of statically determinate
structures because the analysis process is fairly straightforward; only the
force equilibrium equations are required to determine the member forces.
However, there is another category of structures, called statically indeter-
minate structures, which are also employed in practice. Indeterminate
structures require another set of equations, in addition to the force equi-
librium equations, in order to solve for the member forces. There are two
general methods for analyzing indeterminate structures, the force (flexi-
bility) method and the displacement (stiffness) method. The force method
is more suited to hand computation whereas the displacement method is
more procedural and easily automated using a digital computer.

In this chapter, we present the underlying theory of the force method
and illustrate its applications to a range of statically indeterminate
structures including trusses, multi-span beams, arches, and frames. We
revisit the analysis of these structures in the next chapter using the
displacement method, and also in Chap. 12, “Finite Element Displace-
ment Method for Framed Structures,” which deals with computer-based
analysis.

9.1 Introduction

The force method is a procedure for analyzing statically indeterminate structures that works with
force quantities as the primary variables. It is applicable for linear elastic structures. The method is
based on superimposing structural displacement profiles to satisfy a set of displacement constraints.
From a historical perspective, the force method was the “classical” analysis tool prior to the
introduction of digital-based methods. The method is qualitative in the sense that one reasons
about deflected shapes and visualizes how they can be combined to satisfy the displacement
constraints. We find the method very convenient for deriving analytical solutions that allow one to
identify key behavior properties and to assess their influence on the structural response. The key step
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is establishing the displacement constraints which are referred to as the geometric compatibility
equations.

Consider the structure shown in Fig. 9.1. Since there are four displacement restraints, the structure
is indeterminate to the first degree, i.e., one of the restraints is not needed for stability, and the
corresponding reaction force cannot be determined using only the force equilibrium equations.

The steps involved in applying the force method to this structure are as follows:

1. We select one of the force redundants and remove it. The resulting structure, shown in Fig. 9.2, is
called the primary structure. Note that one cannot arbitrarily remove a restraint. One needs to
ensure that the resulting structure is stable.

2. We apply the external loading to the primary structure and determinate the displacement at C in
the direction of the restraint at C. This quantity is designated as Ac, o. Figure 9.3 illustrates this
notation.

3. Next, we apply a unit value of the reaction force at C to the primary structure and determine the
corresponding displacement. We designate this quantity as dcc (see Fig. 9.4).

4. We obtain the total displacement at C of the primary structure by superimposing the displacement
profiles generated by the external loading and the reaction force at C.

AC primary structure — AC, o+ 5CCRC (91)

5. The key step is to require the displacement at C of the primary structure to be equal to the
displacement at C of the actual structure.

Fig. 9.1 Actual structure

Fig. 9.2 Primary structure
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Fig. 9.3 Displacements
due to the external loading \ B o /

Fig. 9.4 Displacement — e SN S

due to unit value of R¢ / a\
{ \

Ac |actual = Ac primary — AC,O + éccRe (92)

Equation (9.2) is referred to as the “geometric compatibility equation.” When this equation is
satisfied, the final displacement profiles for the actual and the primary structure will be identical. It
follows that the forces in the primary structure and the actual structure will also be identical.

6. We solve the compatibility equation for the reaction force, Rc.

Rc = % (Acactuat — Ac,o) (9.3)
cC
Note that Ac|sctual = O when the support is unyielding. When R is negative, the sense assumed in
Fig. 9.4 needs to be reversed.
7. The last step involves computing the member forces in the actual structure. We superimpose the
member forces computed using the primary structure according to the following algorithm:

Force = Force|exiernal load + Rc (Force|g.—1) (9.4)

Since the primary structure is statically determinate, all the material presented in Chaps. 2, 3, 4, 5,
and 6 is applicable. The force method involves scaling and superimposing displacement profiles. The
method is particularly appealing for those who have a solid understanding of structural behavior. For
simple structures, one can establish the sense of the redundant force through qualitative reasoning.
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Fig. 9.5 Actual structure \ /

D B

Essentially, the same approach is followed for structures having more than one degree of
indeterminacy. For example, consider the structure shown in Fig. 9.5. There are two excess vertical
restraints.

We obtain a primary structure by removing two of the vertical restraints. Note that there are
multiple options for choosing the restraints to be removed. The only constraint is that the primary
structure must be “stable.” Figure 9.6 shows the different choices.

Suppose we select the restraints at C and D as the redundants. We apply the external loading to the
primary structure (Fig. 9.7) and determine the vertical displacements at C and D shown in Fig. 9.8.

The next step involves applying unit forces corresponding to Rc = 1 and Rp = 1 and computing
the corresponding displacements at C and D. Two separate displacement analysis are required since
there are two redundant reactions (Fig. 9.9).

Combining the three displacement profiles leads to the total displacement of the primary structure.

AC |primary structure — AC,O + 6CCRC + 5CDRD (9 5)
Ap |primary structure — AD,O + dpcRc + dppRp

The coefficients of Rc and Ry, are called flexibility coefficients. It is convenient to shift over to
matrix notation at this point. We define

Ac,o Rc
Ao - X=
Ap, o Rp

(9.6)
. R . §CC §CD
flexibility matrix = & =
dpc  Opp
Using this notation; the geometric compatibility equation takes the form
A actual structure — éo + §§ (97)

Note that A |scwalstructure = 0 When the supports are unyielding. Given the choice of primary
structure, the flexibility coefficients are properties of the primary structure whereas A, depends on
the both the external loading and the primary structure. We solve (9.7) for X,
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Fig. 9.6 Choices for
primary structure. (a)
Option 1. (b) Option 2.
(c) Option 3

Fig. 9.7 Primary structure

restraint direction at C

restraint direction at D
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Fig. 9.8 Displacements
due to external loading

Fig. 9.9 Displacement
due to unit values of the
redundant. (a) Rc = 1.
(b)Rp =1
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Rp =l -75;_‘-

§ = §_l (A’actual structure Ao) (98)

and then determine the member forces by superimposing the individual force states as follows:

E = E external load 1 (E|RC:1)RC + (E|RD:1)RD (99)

The extension of this approach to an nth degree statically indeterminate structure just involves
more computation since the individual matrices are now of order n. Since there are more redundant
force quantities, we need to introduce a more systematic notation for the force and displacement

quantities.

Consider the frame structure shown in Fig. 9.10a. It is indeterminate to the third degree. One
choice of primary structure is shown in Fig. 9.10b. We remove the support at D, take the reactions as
the force redundants, and denote the jth redundant force as X; and the corresponding measure as 4;.
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Fig. 9.10 (a) Actual a ¢ b B e
structure. (b) Primary
structure—redundant
reactions

Xys 8y «+lp )X A

f i

The resulting displacements of the primary structure due to the external loading and the three force
redundants are expressed as

Al |primary structure — Al, o+ 511X1 + 512X2 + 613X3
43 |primary structure = 42,0 + 021X1 + 022X + 523X3 (9.10)
43 |primary structure — A3, 0+ 031X1 + 832Xz + 633X3

The matrix form of (9.10) is

A primary structure — AO + §X (91 1)
where
o 612 613 Ao X,
0= [0 On 6| Ay=14 420 X=¢X
031 63 033 430 X3

Note that the displacement measures may be either a translation or a rotation. A major portion of
the computational effort is involved with computing the flexibility coefficients using the Principle of
Virtual Forces. The matrix form of the geometric compatibility equation (9.7) is generic, i.e., it is
applicable for all structures. One just has to establish the appropriate form for A, and 8.

Other possible choices of primary structures are shown in Fig. 9.11. We can retain the two fixed
supports, but cut the structure at an arbitrary interior point (Fig. 9.11a). The redundants are taken as
the internal forces (axial, shear, and moment) at the point. The flexibility coefficients are now
interpreted as the relative displacements of the adjacent cross sections (e.g., spreading, sliding,
relative rotation). Another choice involves removing excess reactions as in Fig. 9.11b.

For multi-bay multistory frames, one needs to work with internal force redundants since removing
fixed supports is not sufficient to reduce the structure to a statically determinate structure. Figure 9.12
illustrates this case.

Multi-span beam-type structures are handled in a similar way when choosing a primary structure.
Consider Fig. 9.13. One can either select certain excess reactions or work with bending moments at
interior points. We prefer the latter choice since the computation of the corresponding flexibility
coefficients is simpler due to the fact that the deflection profiles associated with the redundant
moments are confined to adjacent spans.

For truss-type structures, various cases arise. The truss may have more supports than needed, such
as shown in Fig. 9.14a. One choice would be to remove sufficient supports such that the resulting
structure is statically determinate (Fig. 9.14b).

We can also keep the original restraints, and remove some members, as indicated in Fig. 9.14c.

Another example is shown in Fig. 9.15a. The truss has too many members and therefore the only
option is to remove some of the diagonals. Figure 9.15b illustrates one choice of redundants.
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Fig. 9.11 (a) Primary
structure—redundant
internal forces. (b) Primary
structure—redundant
reactions

Fig. 9.12 (a) Actual
structure. (b) Primary
structure

Fig. 9.13 Multi-span
beam. (a) Actual structure.
(b) Primary structure—
redundant reactions. (c)
Primary structure—
redundant moments
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Fig. 9.14 (a) Actual a
structure. (b) Primary
structure—redundant
reactions. (¢) Primary
structure—redundant

internal forces ; i
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i
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Fig. 9.15 (a) Actual a
structure. (b) Primary

structure—redundant

internal forces
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9.2 Maxwell’'s Law of Reciprocal Displacements

The geometric compatibility equations involve the flexibility matrix, §. One computes the elements of
d using one of the methods described in Part I, such as the Principal of Virtual Forces. Assuming there
are n force redundants, 8 has n® elements. For large n, this computation task becomes too difficult to
deal with manually. However, there is a very useful relationship between the elements of §, called
“Maxwell’s Law,” which reduces the computational effort by approximately 50 %. In what follows,
we introduce Maxwell’s Law specialized for member systems.

We consider first a simply supported beam on unyielding supports subjected to a single
concentrated unit force. Figure 9.16a defines the geometry and notation. The deflected shape due to
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Fig. 9.16 Reciprocal
loading conditions. (a)
Actual structure. (b) Actual
loading (M ). (¢) Virtual
loading (6Mp). (d) Actual
loading (Mp). (e) Virtual
loading (6M )
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the unit force applied at A is plotted in Fig. 9.16b. Suppose we want to determine the deflection at B
due to this load applied at A. We define this quantity as dgs. Using the Principle of Virtual Forces
specialized for beam bending; we apply a unit virtual force at B (see Fig. 9.16¢) and evaluate the

following integral:

dx
Oga = | MaASMp — 12
on = [ Madta 9.12)

where M, is the moment due to the unit load applied at A, and M3y is the moment due to the virtual

unit load applied at B.
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Now, suppose we want the deflection at A due to a unit load at B. The corresponding virtual force
expression is

dx
oA = | MpoMa — 9.13
= [ Muos 913)

where 6M 4 is the virtual moment due to a unit force applied at A and My is the moment due to the
load at B. Since we are applying unit loads, it follows that

Mp = Mp
(9.14)
Mg = 6My
and we find that the expressions for 55 and g4 are identical.
5AB56BA (915)

This identity is called Maxwell’s Law. It is applicable for linear elastic structures [1]. Returning
back to the compatibility equations, defined by (9.7), we note that the coupling terms, d; and 6;;, are
equal. We say the coefficients are symmetrical with respect to their subscripts and it follows that §
is symmetrical. Maxwell’s Law leads to another result called Miiller-Breslau Principle which is
used to establish influence lines for indeterminate beams and frames. This topic is discussed in
Chaps. 13 and 15.

9.3  Application of the Force Method to Beam-Type Structures

We apply the theory presented in the previous section to a set of beam-type structures. For
completeness, we also include a discussion of some approximate techniques for analyzing partially
restrained single-span beams that are also useful for analyzing frames.

Example 9.1

Given: The beam defined in Fig. E9.la. Assume [ = 120(10)6 mm*, L =6 m, w = 30 kN/m,
vg = 40 mm, and £ = 200 GPa

A W
v Vv Vv Vv Vv VvV VB

2 )

SN

Fig. E9.1a

Determine: The reactions for the following cases:
1) w=30kN/m,vg =0

(i) w =0, vg = 40 mm

@iii)) w = 30 kN/m, vg = 40 mm


http://dx.doi.org/10.1007/978-3-319-24331-3_13
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Solution: The beam is indeterminate to the first degree. We work with the primary structure shown
below (Fig. E9.1b).

A 7
/

Fig. E9.1b Primary structure

Applying the external loading and the unit load results in the following deflected shapes
(Figs. E9.1c and E9.1d):

w

VI R I R
B

1

NN

AB

Fig. E9.1c Displacement due to external loading

-

Fig. E9.1d Displacement due to the unit values of Ry~ The deflection terms are given in Table 3.1.

S

wL*
An g — o
B0 = gy |
13
Snp — ——
BB = 3r T

Then

+ 1 Alacwa = 45,0 + SBRE

\
_ WL4 L? . o Ap |actual + (WL4/8E[)
AB|actual = _@ +ERB " Rp = (L3/3E])
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Case (i): For Ap|uctuat = 0

Ry = ((wL*/8EI)/(L*/3EI)) = %wL =2(30)(6) = 67.5kN |

oo W

Knowing the value of Rg, we determine the remaining reactions by using the static equilibrium
equations.

5 5
S Fy=0 Ra= L =5(30)(6) = 112.5kN |

wL

ZM@A =0 Mp=—=135kNm counterclockwise
30 kN/m
M, = 135 kN-m ***W¢¢**}f
B
= 12.5kN Ry = 67.5 kN
Case (ii): For w = 0, Aglaciual = —VB
(—vg) 3EI 3(200)(10)°120(10) ¢
Rp=-5—v = ——yp= — 0.040) = —13.33kN .. Rg = 13.33kN
BT (L 3E R (6) (0.040) ? :

The reactions are
3EI
E Fy:() RA :FVB:1331(NT

3EI
ZM@A =0 M, :?VB = 80kNm counterclockwise

M, =80 kN-m

A [ 1B W
f ¢ vg = 40 mm
Ry = 1333 kN
R, =333 kN
Case (iii): For w # 0 and Ag |amual = —vg

—Vvg + (WL4/8EI)
(L*/3EI)

3 3EI
= —l—ng — L—3vB =675—-1333 =542kN T

Rg =
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The reactions are as follows:

30 kN/m
215 kN-m A : Y V¥ ¥ ¥ V¥ ¥ v \Iy "
4 4 40 mm
125.83 kN Ry = 542 kN

Note that since the structure is linear, one can superimpose the solutions for cases (i) and (ii).

Example 9.2

Given: The beam and loading defined in Fig. E9.2a. Assume I = 400 int, L =54ft,w=2.1 kip/ft,
6p = 2.4 in., and E = 29,000 ksi.

5-‘\T rf»r I o I

Fig. E9.2a

Determine: The reactions due to
(i) The distributed load shown
(i) The support settlement at A

Solution: The beam is indeterminate to the first degree. We take the vertical reaction at B as the force

unknown and compute the deflected shapes due to w and Rg = 1 applied to the primary structure
(Figs. E9.2b and E9.2¢).

Ao

Fig. E9.2b Deflected shape due to w

Ar ™B ,h
A C
Rg =1

Fig. E9.2c Deflected shape due to unit value of Rp
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Case (i): The distributed load shown

+ 1 ABlacwa = 45,0 + S5BRE
I

A
Ago+0geRg =0 .. Rg = _~2B,0
OBB
The deflection terms can be determined using (3.34).
4wlL?
A = —-——
B0 T 700E]
S — 413
B8 = 243E1
Then
A 4wL* J729EI L
Ry = An0_ (BWLTOED) WLy gy

Spp (4L°/243EI) 3

Knowing the value of Rg, we determine the remaining reactions by using the static equilibrium
equations.

2.1 kip/ft

_f—-—"""ﬂﬂy I,/ \[ W
B

6.3 kip i 11{3 =37.8 kip i -
|
|

iz O
(§]
7
E

| 18 ft 36 ft

Case (ii): The support settlement at A (Fig. E9.2d)

A B

7

51\

Ao = -‘;—6,\

Fig. E9.2d Displacement due to support settlement at A

+ 1 Aplacwa = 45,0 + OBRE
where

arr  4(s4)’(12)°

_ _ = 0.386in.
243E1 ~ 243(29,000)(400) n

OBB

2
AB’Q = §5A = —1.6in.
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Therefore

4go  (—1.6)

Rp = —
B S8B 0.386

= 4.14kip 1

We determine the remaining reactions using the static equilibrium equations.

‘ I_ \[ l(w
A = l
..-‘b kll' | RH —4'4 kl[) t I._\‘. kl[

i 18 1 ' 36 1t I
T T T

Example 9.3

Given:
The three-span beam defined in Fig. E9.3a. Assume EI is constant, L = 9 m, and w = 20 kN.

Awlf ¥ N & N ¥ ¥ D
mr P 1 o I

B C
L | L 5 -

Fig. E9.3a

Determine: The reactions

Solution: The beam is indeterminate to the second degree. We remove the supports at B and C, take
the vertical reactions at B and C as the force redundants, and compute the deflected shapes due to w,
X, =1, and X, = 1 applied to the primary structure (Figs. E9.3b, E9.3c, E9.3d).

w

ad T T T . I 1o
— 0 T
Ao A2

Fig. E9.3b Deflected shape due to external loading

3y
821
A
D
A BT C
X =1

Fig. E9.3c Deflected shape due to X; = 1
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B
d12 -
.
W\ D
B c1 s
X5 =1

Fig. E9.3d Deflected shape due to X, = 1

The displacements of the primary structure due to the external loading and the two force
redundants are expressed as:

Alo+61uXi +612X,=0
Az o+ 00X+ 00X =0

Noting symmetry and the deflection results listed in Table 3.1, it follows that:

X=X,
A1 0=12420 = _1112_145
611 =6n = ;%
G231 =612 = 178—1;531
Then
Ximxp— Awo o (YRR 1.1(20)(9) = 198kN

2T 51 61 (AL7/9EI) + (7L7/18EI)
Lastly, we determine the remaining reactions

> Fy=0 Rx=Rp=04wL=T72kN1

20 kN/m
A J J J J 3£ ¥ D
P ’%,7 B C o3y, o,
72 kN *mg KN ?1‘}8 kN *7,, i
! Om | 9m i 9m z

9.3.1 Beam with Yielding Supports

We consider next the case where a beam is supported by another member, such as another beam
or a cable. Examples are shown in Fig. 9.17. When the beam is loaded, reactions are developed,
and the supporting members deform. Assuming linear elastic behavior, the supporting members


http://dx.doi.org/10.1007/978-3-319-24331-3_3
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Fig. 9.17 Beam on a
flexible supports. (a) Beam.
(b) Cable. (¢) Column

Fig. 9.18 Beam supported L
by another beam ! ab

L 1T \;» X
C’A, = 1-#1[)

|
|

Lcd

behave as linear elastic restraints, and can be modeled as equivalent spring elements, as indicated in
Fig. 9.17.

We consider here the case where a vertical restraint is provided by another beam. Figure 9.18
illustrates this case. Point B is supported by beam CD which is parallel to beam AB. In this case, point
B deflects when the load is applied to beam AB. One strategy is to work with a primary structure that
includes both beams such as shown in Fig. 9.19. The force redundant is now a pair of self-
equilibrating forces acting at B, and the corresponding displacement measure is the relative displace-
ment apart between the upper and lower contact points, designated as B and B'.
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Fig. 9.19 Choice of force a =T —T
redundant and T I T ] \\L
displacement profiles. (a) A o
Primary structure—force T X,

redundant system. (b) A
Deflection due to external X I
loading. (c) Deflection due l 1

to redundant force at B Cr ]

C
B D
8I Ilhcum .
D

The total displacement corresponding to X; = 1 is the sum of two terms,

811 = 11|as + 11 |ep
3

= % + 811 cp
Beam CD functions as a restraint on the movement of beam AB. The downward movement of B’ is
resisted by the bending action of beam CD. Assuming linear elastic behavior, this restraint can be
modeled as a linear spring of stiffness k. One chooses the magnitude of k such that the spring
deflection due to the load P is the same as the beam deflection.
Then, it follows from Fig. 9.20 that

1

11’CD = E (9.16)

Assuming the two beams are rigidly connected at B, the net relative displacement must be zero.

A=A o +X L+L—3 -0 (9.17)
R VNV :
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I) ["
C ¥ D T 1
5 S T— wu*t ! u* = P
o o kep ke
I"
u*= 94 |
Hep

Fig. 9.20 Equivalent spring

Solving (9.17) for X, leads to

—1
e {(L3/3E1) + (1//<CD)}AL0 (9.18)

Note that the value of X; depends on the stiffness of beam CD. Taking kcp = oo corresponds to
assuming a rigid support, i.e., a roller support. When kcp = 0, X; = 0. It follows that the bounds
on X, are

3EI
0<X < <F>Al’0 (919)

When the loading is uniform,

wL?

SEL

A=

Another type of elastic restraint is produced by a cable. Figure 9.21 illustrates this case. We replace
the cable with its equivalent stiffness, k¢ = A‘hEC and work with the primary structure shown in
Fig. 9.21b.

Using the results derived above, and noting that A; = 0, the geometric compatibility equation is

Ay =410+ (811 |a + 611 sc) X1 =0

For the external concentrated loading,

P (d’L &
Mo=7 |55
EI\ 2 3
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Fig. 9.21 (a) Actual a 6 L
structure. (b) Primary C N
structure—force redundant
system. (c¢) Deflection due “able
to applied load S .
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Substituting for the various flexibility terms leads to

-1
ne [(ﬁ/ 3Eply) + (1 /kc)]Al’O (9.20)

It kl is small with respect to ﬁ, the cable acts like a rigid support, i.e., X; approaches the value

for a rigid support. When ki is large with respect to ﬁ, the cable is flexible and provides essentially
no resistance, i.e., X; = 0. The ratio of cable to beam flexibilities is a key parameter for the behavior
of this system.

Cable-stayed schemes are composed of beams supported with inclined cables. Figure 9.22a shows
the case where there is just one cable. We follow essentially the same approach as described earlier
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Fig. 9.22 (a) Cable-
stayed scheme. (b) Force
redundant. (¢) Deflection
due to applied load. (d)
Deflection due to X; = 1.
(e) Displacement
components
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except that now the cable is inclined. We take the cable force as the redundant and work with the
structure defined in Fig. 9.22b.

Note that A, is the relative movement together of points B and B’ along the inclined direction. Up
to this point, we have been working with vertical displacements. Now we need to project these
movements on an inclined direction.

We start with the displacement profile shown in Fig. 9.22c. The vertical deflection is vgy.
Projecting on the direction of the cable leads to
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P 2L 3
Ao = —sinbvgy = — sinH{EBlB <a ZB - %) } (9.21)

Next, we treat the case where X; = 1 shown in Fig. 9.22d. The total movement consists of the
elongation of the cable and the displacement of the beam.

811 = 811 |sc + 811 as
The elongation of the cable is

Lo 1
AcEc ke

S |pc =
The beam displacement follows from Fig. 9.22e.

in 0L’ L3
S11|aB = vB,1 SIn@ = sine{ ZIII;BIBB} = (sinf)’ <3E:IB>

Requiring A; = 0 leads to

= 1 Psin@ (a*Lg B £
= (sine)z(L§/3EBIB) + (1/kc) [EB]B < ) 6)} (9.22)

Finally, we express X; in terms of the value of the vertical reaction corresponding to a rigid
support at B.
sin @

e Rlrigia su 9.23
: (Sina)z+3(EBIB/L133)(LC/ECAC) |rgldspp0rtatB ( )

There are two geometric parameters, 0, and the ratio of I5/Lg> to Ac/Lc. Note that X, varies with
the angle 6. When cables are used to stiffen beams, such as for cable-stayed bridges, the optimum
cable angle is approximately 45°. The effective stiffness provided by the cable degrades rapidly with
decreasing 6.

Example 9.4
Given: The structure defined in Fig. E9.4a.

Assume I = 400 in.*, L = 54 ft, w = 2.1 kip/ft, k, = 25 kip/in., and E = 29,000 ksi.

Determine: The reactions, the axial force in the spring, and the displacement at B.

—
-
Al

Fig. E9.4a



584 9 The Force Method

Solution: The structure is indeterminate to the first degree. We take the axial force in the spring at B
as the force unknown.
The geometric compatibility equation is

1
Ahm+<&ﬂwc+;)X1=0
v

The deflection terms can be determined using (3.34).

4wL*
MO T 70E1 "
4L .
511‘ABC = m = 0.386in.
3 IABC
/T\
A = ] C
a— B A ¥33
X =1
X=1
Kyl K,
Fig. E9.4b Deflected shape due to X; = 1
w
Ar C
F——

Fig. E9.4c Deflected shape due to external loading

Solving for X;, leads to:


http://dx.doi.org/10.1007/978-3-319-24331-3_3
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Ao 14.6

X1 = ¥ (1/ky) 0386+ (1/25)

5 = 34.26kip |
11’ABC

X, = 34.26 kip

ky

The displacement at B is

X1 34.26
VB :k_j:?: 1.37in. i

Next, we determine the remaining reactions by using the static equilibrium equations.

2.1 kip/ft

B c
3.94 kip k I:mn kip

I8 fi 6n

Example 9.5

Given: The structure defined in Fig. E9.5a. Assume [ = 200(10)6 mm4, L =18 m, P = 45 kN,
Ac = 1300 mm?, and E = 200 GPa.

Fig. E9.5a

Determine: The forces in the cables, the reactions, and the vertical displacement at the intersection of
the cable and the beam.
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(a) 0 = 45°
(b) 6=15°

Solution: The structure is indeterminate to the second degree. We take the cable forces as the force
redundants and work with the structure defined below (Fig. E9.5b).

| L4 | L4

Fig. E9.5b Primary structure

Next, we compute the deflected shapes due to external loading P, X; = 1, and X, = 1 applied to
the primary structure (Figs. E9.5¢, E9.5d, E9.5¢).

P
‘T 1 D
% e b

VBo co

Fig. E9.5c External loading P

A '[ s

sin O

Fig. E9.5d X, = 1

C2
A D

e T 4

Fig. E9.5e X, =1

The displacements of the primary structure due to the external loading and the two force
redundants are expressed as
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Al,() + 611 X1 + 612X, =0
Az o+ 00X + 00X, =0

where
o1 =0n |Beam +6n |cable
522 - 522|Beam + 522|cable
812 = 12|peam
021 = 621 |Beam

also

AI,O = VB,0 sin @
AZ,O =VC,0 sin @
5]1 |Beam = VB,1 sin @
81| geam = Ve, 1806
521 |Beam = VB,2 sin @

522|Beam =Vvc,2 sin 0

Because of symmetry:

3sin 0*L3
6 cam = O eam — mf =—M
b 22[Bean = V8,180 ==y
. 7 sin 0°L>
612|Beam = Oy |Beam = VB,2 sin@ = W
11sin6PL?
A g=450= ing—_—— "%~
Lo A0 T R0 763E]
Lc L

6 = 6 =
11 |Cable 22 | Cable AcE 4 cos GAcE
X =X
Lastly, the redundant forces are

Ao

Xi=Xp=
: ? (511|Beam +511|Cable) +512}Beam

2X,sin@

587
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(a) For # = 45°

Ay
(811]Beam + 811 | cavte) + 812 |Beam
J. 2X;sin@ = 2(43) sin45 = 60.8kN

Xl :X2: :43kN

The remaining reactions are determined using the static equilibrium equations.

R = 60.8 kKN

5 4
A B (45 45 M C D
> I P

79kn § " t 7ok
I 18 m '
(b) For g = 15°
A0

= 109.8kN

X=X, =
! 2 (811]Beam + 811 |cavte) + 812|Beam

J. 2X ) sin@ = 2(109.8) sin 15 = 56.9kN

The remaining reactions are determined using the static equilibrium equations.

Rg = 56.9 kN
E 45~
A B ) i C D
= [ o
595 kN § o b ososin

18 m

9.3.2 Fixed-Ended Beams

We treat next the beam shown in Fig. 9.23a. The structure is fully restrained at each end and therefore
is indeterminate to the second degree. We take as force redundants the counterclockwise end
moments at each end. The corresponding displacement measures are the counterclockwise end
rotations, 8, and Og.

We write the general form of the compatibility equations as (we use € instead of A to denote the
displacement measures and M instead of X for the force measures):
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Fig. 9.23 (a) Beam with a

full end restraint. (b) Ma m My
Primary structure. (c)

External loading— g AR LB }

displacement profile. (d) /4

Displacement profile for -f R

M, = 1. (e) Displacement A
t

L
profile for Mg =1
b A B
THn £
| L I
[ |
. SN
A = — 9
0r0 050
| L |
[ |
d
g A B
= — %
Ma =1 0_.\__.\ Oll_.-\
€A B 5 Mg =1
| |
,ﬁn‘d-_._____________________..-“",gy
O Oy

Oa = Oa,0 + MAOAA + MpOag
(9.24)
O = 0,0 + MaAOga + MpOgg

where 04 o and g o depend on the nature of the applied loading, and the other flexibility coefficients
are

L
Oan = 3E]
o L
B8 3Kl
Oap = Opa = Sl
We solve (9.24) for M and My
2EI
My = T{Z(GA —0a,0) + (08 —6B0)}
(9.25)
2EI

Mg = T{2(5’B —0g,0) + (0a — Oa,0)}

When the ends are fixed, 5, = 0 = 0, and the corresponding values of M, and My are called the
fixed end moments. They are usually denoted as M, and Mg"
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2EI
ML =— I {20a,0 + 08,0}
(9.26)
F 2EI
Mg = — T {2080 +0a.0}
Introducing this notation in (9.25), the expressions for the end moments reduce to
2EI
My = T{Z9A + 0} +M£
(9.27)

2EI
We will utilize these equations in Chap. 10.

Example 9.6 Fixed End Moments for Uniformly Distributed Loading

Given: The uniform distributed loading applied to a fixed end beam (Fig. E9.6a).

W
PP A N A - T
A N

Fig. E9.6a
Determine: The fixed end moments.

Solution: We take the end moments at A and B as force redundant (Fig. E9.6b).

A B
77 = -
| L ]

| |
Fig. E9.6b Primary structure
Noting Table 3.1, the rotations due to the applied load are (Fig. E9.6¢)

wL? wL?
EIQA,O - _ﬁ EI@B,O = H


http://dx.doi.org/10.1007/978-3-319-24331-3_10
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w
J J 4 ) 1 1

Oa0 Opo
Fig. E9.6c Deformation of primary structure due to applied load

Substituting their values in (9.26) leads to

2EI wl?  wL?>  wL?
Mj=-—"{26 Opo} =————5=—5
A L 120a0+ 080} 6 12 12
2FI wL wL wL
Mg =—-=—"{20 Orof=——+—F=——
B L {208.0+ 0a0} 6 12 12

wL?
ME =
D) <>

L2
ME =Y )
12

The shear and moment diagrams are plotted in Fig. E9.6d.

“'“(}A; LIl L1 g vt

12 ; 12
wL WLT
2 R

wL ' _ IS Y LET

2

wlL-
24

| X A“ | X |

' ‘ m (&)
wL? \J wL?
12

Fig. E9.6d

591

Note that the peak positive moment for the simply supported case is +(wL?/8). Points of inflection

are located symmetrically at
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x:é(l—i> ~0.21L
V3

This solution applies for full fixity. When the member is part of a frame, the restraint is provided
by the adjacent members, and the end moments will generally be less than the fully fixed value.

Example 9.7 Fixed End Moment—Single Concentrated Force

Given: A single concentrated force applied at an arbitrary point x = a on the fixed end beam shown
in Fig. E9.7a.

p
}Li
2 .’/
A 7 j B
4 2
F— x
1 L ]
| |
Fig. E9.7a
Determine: The fixed end moments.
Solution: We work with the primary structure defined in Fig. E9.7b.
A B
T %
l L l

| |

Fig. E9.7b Primary structure

Using the results listed in Table 3.1, the rotations are given by (Fig. E9.7¢)

Pa(L — a)(2L — a)
6L

Pa(L — a)(L + a)

6L

Elf o = —

Elfg o =

Fig. E9.7c Deformation of primary structure due to external loading


http://dx.doi.org/10.1007/978-3-319-24331-3_3
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Substituting into (9.26) leads to

¢ Pa(lL— a)’
M, = I
ME = _P(L —za)az
L

The critical location for maximum fixed end moment is a = L/2; the corresponding maximum
values are Mk = —ML = %. The shear and moment diagrams are plotted below.

p
PL
A l B _ g
b g [ ) )
P
JE > {
- L2

1 ' f

v &St

o
&\/ \lPLMfEE
8 8

Note that there is a 50 % reduction in peak moment due to end fixity.
Results for various loadings and end conditions are summarized in Tables 9.1 and 9.2.
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Table 9.1 Fixed end actions for fully fixed

T o i s - r ?
12 12 a
(o s ) G : i
| R A T B
wL wL
{T L Tl Pb’(!l+b) T . . I P.l’(:h+ a)
I 4 T '

S ] | e, g -5 s
C“_‘D C h* D

u|-u
uj-u

X
2

|

GBIA
wL? e enm
30 20
Q- )
3wl TwL I ELIY IZEIA

20
) L 20
11wL? w swi? Mb(z._b; M.(zh a)
(G s ) G FJ_I )
I‘ 13wL 3wL 'I‘ ‘“"' sMab_
32 L L 32 "
2 | 2 N : s .
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Table 9.2 Fixed end actions for partially fixed
w wi? P
EL 1T 1 & T 1 I3 | Pabse1)
ISR R ARt PR —
A BD
Swi
%T + T Pbi(a+ ZL)T T Pa(L? - 2%
. L : | . > T
: '. -
w P
SwL? 3PL
m - i l D 16
“.—B Y . I
21 L L T ue
i, T S S S L
. F] | 2 :
* 5 A 7 BD %ﬁ
wL
m 15 nl szl 3EIA f
“.—B‘) R T
L .
wL 4wL '
= |
L L 1
w gwL? M, 3a?
S s . D
" —BD A#D
; : aM 3
slo:al_T 1 25wL %U‘%ﬂl HMa-n

9.3.3 Analytical Solutions for Multi-Span Beams

Consider the two-span beam shown in Fig. 9.24a.
moments of inertia for the spans. Our objective here

We allow for different lengths and different
is to determine analytically how the maximum

positive and negative moments vary as the load moves across the total span. We choose the negative
moment at B as the redundant. The corresponding primary structure is shown in Fig. 9.24b. Here, Afg
is the relative rotation together of adjacent cross sections at B.

The geometric compatibility equation involves the relative rotation at B.

Afg = ABg o + 50psMp = 0

The various rotation terms are given in Table 3.1.

applied loading.

1
00pp = 3E

When the loading is on span AB (see Table 3.1),

L1+
I

Note that the 60gp term is independent of the

L,
I
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Fig. 9.24 (a) Actual a P
structure—notation for
a two-span beam. (b)
Primary structure— A D B C
redundant moment. (c)
Displacement due to a unit I I,
value of the redundant | i
moment. (d) Rotation due L L
to external loading ! 1 } 2 }
b M B 3(3"
YR I —
L, L,
| : % i
¢ My =1
L,2I
) 2 2
I L,: I, | i |
t i T 1
d P

N

] L, | } L

Then

_ —Afgo (L /) 1 2
Ms = 59;. = {(L1/11)1+ (1L2/12)}§Pa<1 —L—lz> (9.28)

Given the value of Mg, we can determine the reactions by using the static equilibrium equations.
Noting (9.28), the peak moments are given by:

PL, a a2
Negative moment Mg = —f—(l — —)
g B 2L\ L2

2 2
Positivemoment Mp = PL, 4 1-& _]_”a_z 1— a_z
L Ly 2Ly Ly

1
L+ (I1/Ly)(Ly /1)

(9.29)

where

f=
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Fig. 9.25 Bending P
moment distribution
for load on span AB

A g M (E)

Mg

We define the ratio of I to L as the “relative stiffness” for a span and denote this parameter by r.

r=— (9.30)

With this notation, f takes the form

T =1 /)

The typical bending moment diagram is plotted in Fig. 9.25.
When the load is on span BC, one just has to use a different expression for Afg (. Redefining the
location of P as shown in Fig. 9.26a, the solution takes the following form:

m(-2)-2)
Ao = = 6EI,

Then

My =g = e @) () 1) 531

Given Mg, one can construct the moment diagram. It is similar to Fig. 9.25, but rotated 180°.

Example 9.8

Given: The two-span beam shown in Figs. E9.8a and E9.8ab.
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9 The Force Method

Fig. 9.26 (a) Actual
structure—loading on span
BC. (b) Primary
structure—redundant
moment. (¢) Rotation due
to external loading. (d)
Bending moment
distribution for load on
span BC

I)
A B \l E C
I b I
+—t
L; L,

.

——
-

I b
! ! _t L,
T % = %
P
A B C
I| E I
R.f R ! R¢
l L l L )
T T I
Mg
/\—
' ' ' M

M B
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Determine: The variation of the bending moment at B with relative stiffness of the adjacent spans (r/
r, = 0.1, 1, and 10).

A
75; D -
" I ¥, I
—
L, Ly
L L 1
T T 1
Fig. E9.8a
P
A B l C
- L
7 Lo L E b ¥y,
—
L, L
1 1 1
T T T
Fig. E9.8b

Solution: We determine the variation of the moment at B for a range of relative stiffness ratios
covering the spectrum from one span being very flexible to one span being very rigid with respect to
the other span using (9.29) and (9.31). Results for the individual spans are plotted in Figs. E9.8c and
E9.8d.

Myl
112PL,
5 1
T b
curve r_; (1 +H 1
35 g n=q-
T curve(a) @ | o1 09 1
(b) 1 5 5 _ b
T @] 0] » L

curve(c)

w
|u

A B R B

Fig. E9.8c Load on the left span (9.29)
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[Mp|

112PL,
1 1
r I
curve }% U r_;)
1 35 @ | 01| 09
] (b) 1 S5
' curve(c) (<) 10 9
19 curve(b)
'
1
1
]
!
| 035 curve(a)
: I_'_'_""—-—-._ = b
B 0.433 C L

"

Fig. E9.8d Load on the right span (9.31)

Example 9.9 Two-Span Continuous Beam—Uniform Loading

Given: The two-span beam shown in Fig. E9.9a.

“.‘I Wa

9 The Force Method

"

rrrrrrryl bbbl

A ¥t
50 B .

Ly
Fig. E9.9a

Determine: The bending moment at support B.

Solution: We take the negative moment at the interior support as the force redundant. The solution
process is similar to that followed for the case of a concentrated load. One determines the relative

rotations at B, and then enforces continuity at B (Fig. E9.9b).

Mp  A6g

16
.=

Fig. E9.9b
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The various terms are (see Table 3.1)
wild  woL3
24E1, 24EI,

L L
S0pg = —— + 2
BB = 357, 3R

Afg o =

Requiring the relative rotation at B equal to zero leads to

—Afgo (wlL?> L+ (wa/w1)(La/L1)* (r1/r2)

M =
B 508, 8 1+ (ri/r)
where
I I,
r=-—, Iy;=-—
1 L 2 L

Suppose the loading and span lengths are equal. In this case,

wil?
My =5~

for all combinations of /; and /. The moment diagram is plotted below (Fig. E9.9¢).

M 4
3 W= wyow
Lj=L,-L
2
16 [~ >~ ! ;
A A L -
C

Fig. E9.9¢
Another interesting case is where w, = 0 and /; = I,. The solution depends on the ratio of span

lengths.
M _W1L12 1
T8 14 (/L)
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Suppose L, = L; and I; = I, then
Mo — 1 W1L12
AU

Example 9.10 Two-Span Continuous Beam with Support Settlement

Given: The two-span beam shown in Fig. E9.10a. The supports at B or A experience a vertical
displacement downward due to settlement of the soil under the support.

A B C
| ]
< 5. . .
% i %
L, L,
Fig. E9.10a
Determine: The bending moment at B.
Solution: We work with the primary structure shown in Fig. E9.10b.
M B Aeu
C
A K 1 B D g J: :
L0 1L | L, I,
| 1 4
I 1 I T

Fig. E9.10b Primary structure—redundant moment

If the support at B moves downward an amount vg, the relative rotation of the section at B is

VB VB
Abgog=—+—
B,0 L +L2

A B C

#7 I, "nI !ﬁ L ’%

| | }
T T T
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Compatibility requires the moment at B to be equal to

My = 200 ve((1/Ly) + (1/L2))

00sB (1/3E)((L1/11) + (L2/12))

The minus sign indicates that the bending moment is of opposite sense to that assumed in
Fig. E9.10b.

A B C
R, ¥ DRSS R,
Mg

//4\4
b l =y

When the properties are the same for both spans (/; =1, and L; = L,), My reduces to
3El,

B = —
L
When the support at A moves downward an amount v,, the behavior is reversed.

VB.

A B B

T S 1, £ I .3

A L e
L 1 2
T

—4—

VA/Ll

In this case, Afg o = —va/L; and Mp = (3B (L /1) + (Ta/1)

A B

: ¢
Wl e, fr, Ir

C

=

When the properties are the same for both spans (/; =1, and L; = L,;), Mg reduces to
3EI,

Mg =—5v
B2

A-
9.4  Application to Arch-Type Structures
Chapter 6 introduced the topic of arch structures. The discussion was concerned with how the

geometry of arch structures is defined and how to formulate the equilibrium equations for statically
determinate arches. Various examples were presented to illustrate how arch structures carry


http://dx.doi.org/10.1007/978-3-319-24331-3_6
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Fig. 9.27 (a) Actual
structure—geometry. (b)
Primary structure—
redundant reaction

9 The Force Method

LAE hy
tanQl = —
|
B
Ay e
e hg
__— I xtana
O X
e
l X o
™~ “1
L
|
B
<« X4
A

transverse loading by a combination of both axial and bending actions. This feature makes them more
efficient than beam structures for long-span applications.

In what follows we extend the analytical formulation to statically indeterminate arches. We base
our analysis procedure on the force method and use the principle of virtual forces to compute
displacement measures. One of our objectives here is to develop a strategy for finding the geometry
for which there is minimal bending moment in the arch due to a particular loading.

We consider the two-hinged arch shown in Fig. 9.27a. This structure is indeterminate to the first
degree. We take the horizontal reaction at the right support as the force redundant and use the
Principle of Virtual Forces described in Sect. 6.5 to determine A o, the horizontal displacement due to
loading, and &, the horizontal displacement due to a unit value of X.

The general expressions for these displacement measures follow from (6.9)

F() V()(X) M()(X)

Ao = | {2%F 5V oM \ds
Lo L{AE toa T TE ’
SFY  (8V)*  (8M)*

511 = (6F)"  (oV) +( ) ds
| AE T GA EI

(9.32)

We usually neglect the shear deformation term. Whether one can also neglect the axial deforma-
tion term depends on the arch geometry. For completeness, we will retain this term. The two internal
force systems are summarized below. We assume the applied load is uniform per projected length

(Fig. 9.28).

Substituting for the force terms leads to the following expressions for the displacement measures:

L 1
A= -
ho JO {AE cos @

— — WX

> sin@( cos @ + tanasin6) — <

(Ay)?

0

JL (cosf + tanasin )
AEcos@

El cos@

2)(

wL WX

Ay
dxs
) El cos 0} "

(9.33)
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Fig. 9.28 (a) Force dueto a W

applied loading (Fo, My). v ¥ & A ¥
(b) Force due to X; = 1
(6F, 5M)

h
M =-y + —Lﬂ.\' =-Ay
: hg .
OF = —cosO - T sin@

h
IanC!:l—B

Geometric compatibility requires

X = _ALo (9.34)
11
One can use either symbolic integration or numerical integration to evaluate the flexibility
coefficients. We prefer to use the numerical integration scheme described in Sect. 3.6.6.
The solution simplifies considerably when axial deformation is neglected with respect to bending
deformation. One sets A = oo in (9.33). This leads to

L L
wL wx? Ay MyAy
10 J( 272 )Elcos6’ JEICOSG
9 oy 0 (9.35)
Yy
o1 = dx
t +JEICOS€
0
Suppose Ay is chosen such that
L 2
Ay =g 2 —pm, (9.36)
2 2
Then,
A ! )
1,0 = —7011
p
and it follows that

1

X ==
b (9.37)

M=My+ X 0M = M, + (%) (—ﬂMo) =0
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With this choice of geometry, the arch carries the exterior load by axial action only; there is no
bending. Note that this result is based on the assumption that axial deformation is negligible. In
general, there will be a small amount of bending when # is not small with respect to L, i.e., when the
arch is “shallow.” One cannot neglect axial deformation for a shallow arch.

Example 9.11 Parabolic Arch with Uniform Vertical Loading

Given: The two-hinged parabolic arch defined in Fig. E9.11a.

Y
™
w
L 4 ] 4 4 4 + + + &#J-l-i-
L)
! h
¥(x)
B
AL 2

Fig. E9.11a

Determine: The bending moment distribution.

Solution: The centroidal axis for the arch is defined by

ol

The bending moment in the primary structure due to the uniform loading per unit x is

wL wx?  wl? [x X\ 2
- )
2 2 2 |L L

We note that the expressions for y and M are similar in form. One is a scaled version of the other.

wL? 1 wiL?
M = —— = —
0= an” T jn
Then, noting (9.36),
8h
P =

L2
and X| = M;;—h
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The total moment is the sum of M and the moment due to X;.

wL? wL? —0

gh” 8

We see that there is no bending for this loading and geometry. We should have anticipated this result
since a uniformly loaded cable assumes a parabolic shape. By definition, a cable has no bending
rigidity and therefore no moment. We can consider an arch as an inverted cable. It follows that a

two-hinged uniformly loaded parabolic arch behaves like an inverted cable.

M=M,—yX| =

Example 9.12 Approximate Solutions

Given: The two-hinged arch and the loading defined in Fig. E9.12a. The integral expression for X is
given by 9.3.4. Noting (9.35), the solution equals to

M
SRR T
(&) 5
El
This result applies when there is no support movement.

Determine: An approximate expression for X;. Assume the cross section of the arch is deeper at the
abutment than at the crown, and use the following approximation to define /,

Iy
" cosd

where [ is the cross-sectional inertia at the crown.

P

l

Fig. E9.12a Variable depth arch
. o dx . o
Solution: Substituting for / and ds = s the integrals simplify to
cos

+<1/E10>JAyModx
X =

<1/E10>j<Ay>2dx

and now one can easily determine analytical solutions.
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Suppose a concentrated force, P, is applied at mid-span. The corresponding terms for a symmetri-

cal parabolic arch are:
4y x?
Ay=—(x——
=2 (1)

1 5 PhL?
— | AyMydx = —
EIOJ AT

1 5 8 h’L
— | (ay)2de = 22 E
E]OJ( y) 15 El,

e

_ 25, (L
T8 \n

Note that the bending moment is not zero in this case.
Example 9.13

Given: The two-hinged arch and the loading defined in Fig. E9.13a
2.5 wy 25wy

H'o

wn
(=]
-

| 100 ft

Fig. E9.13a

Determine: The particular shape of the arch which corresponds to negligible bending.
Solution: This two-hinged arch is indeterminate to the first degree. We take the horizontal reaction at
the right support as the force redundant (Fig. E9.13b).
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100 ft

Fig. E9.13b Primary structure—redundant reaction

The applied loading is given by (Fig. E9.13c)

1.5
w(x) =W0{2.5—50x} 0<x<50
2.5 Wy 2.5 Wwo
Wo
A B
S o
—>x

Fig. E9.13c

The corresponding shear and moment in the simply supported beam spanning AB are

dv 15,
o wx) =V = WO{Z.Sx—mx } +C
dm 2.5 1.5
= _V M= — -2 -3 C C
P = wo{zx 300)6}—1- 1Xx+ Gy
Enforcing the boundary conditions,
(0)=0
M(100) =0
leads to
C,=0
1.5(100)*
= 1.25(100) - ——=—» =
C] Wo{ 5( 00) 300 75W0

Finally, the expression for M reduces to
M = wo{75x — 1.25x* +0.005x} 0 <x <50

follows (9.36) and (9.37).
The desired shape is
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Fig. 9.29 (a) Single a
tie arch. (b) Multiple
connected arches

Tic\

M(x)
X

y(x) = T = 200755 — 1,250 40,0058} = ~2f(x)
Xl Xl

The function f{x) is plotted below. Note that the shape is symmetrical.

f(x)

X
0 50 100

When the abutments are inadequate to resist the horizontal thrust, different strategies are employed
to resist the thrust. One choice is to insert a tension tie connecting the two supports, as illustrated in
Fig. 9.29a. Another choice is to connect a set of arches in series until a suitable anchorage is reached
(see Fig. 9.29b). The latter scheme is commonly used for river crossings.

We take the tension in the tie as the force redundant for the tied arch. The corresponding primary
structure is shown in Fig. 9.30. We just have to add the extension of the tie member to the deflection
611. The extended form for &;; is

ds L
— — &1 =Jy2§+ﬁ (9.38)
t

The expression for A; o does not change. Then, the tension in the tie is given by:

(Mods/EI)
X =M o (9:39)

o (J yz(ds/EI)> + (L/AE)

Note that the horizontal reaction is reduced by inserting a tie member. However, now there is
bending in the arch.
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Fig. 9.30 Choice of
redundant

Example 9.14

Given: A parabolic arch with a tension tie connecting the supports. The arch is loaded with a
Iy

cos 6
Determine: The horizontal thrust and the bending moment at mid-span (Fig. E9.14a).

uniformly distributed load per horizontal projection. Consider / to be defined as

Tie B

Fig. E9.14a

Iy
cos@

Solution: We note the results generated in Example 9.12 which correspond to taking I =

ds 1 (*
Ao=— oS = | yMydx
1,0 Jy OE1 EIOJOy 0

1wl (*,
= (== dx
E10<8h)Joy

_ L (B (L) AL’
 El\15 8h ) 15EI,
L 8 KL

Sl ==
"= AE T 15 B

The tension in the tie is
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¥ A wl? 1
T oen 8h (14 (15/8) (Io/ARY))

Using this value, we determine the moment at mid-span.

M<%> =My — hX,

_wL2 1 1
C 8 | (14 (15/8)(1o/aR))

M(g)_w_ﬁ (15/8)(lo/AR%) | _wL? !
2) 8 \(1+(15/8)(fo/AR%)) [ 8 | (1+(8/15)(AR*/1o))

Note that the effect of the tension tie is to introduce bending in the arch.

9.5 Application to Frame-Type Structures

Chapter 4 dealt with statically determinate frames. We focused mainly on three-hinge frames since
this type of structure provides an efficient solution for enclosing a space. In this section, we analyze
indeterminate frames with the force method. In the next chapter, we apply the displacement method.
The analytical results generated provide the basis for comparing the structural response of determi-
nate vs. indeterminate frames under typical loadings.

9.5.1 General Approach

We consider the arbitrary-shaped single bay frame structure shown in Fig. 9.31. The structure is
indeterminate to the first degree. We select the horizontal reaction at the right support as the force
redundant. The corresponding compatibility equation is

Ao+ onX =44

where A; is the horizontal support movement at D.

We compute d;; and A, with the Principle of the Virtual Forces described in Sect. 4.6. The
corresponding form for a plane frame specialized for negligible transverse deformation is given
by (4.8)

Fig. 9.31 (a) Actual a b
structure. (b) Primary C B G
structure—redundant B
reaction
D D i
—
A . A

) e
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Fig. 9.32 (a) Actual a p b
structure. (b) Primary C B C
structure—redundant
reactions
D X1, A
-4
2 e xl 42 1
717' A X , As

doP =" membersj { (%)M + (&) 5F}ds

S

Axial deformation is small for typical non-shallow frames and therefore is usually neglected. The
011 term is the horizontal displacement due to a horizontal unit load at D. This term depends on the
geometry and member properties, not on the external loads, and therefore has to be computed only
once. The A term is the horizontal displacement due to the external loading and needs to be
evaluated for each loading. Different loading conditions are treated by determining the corresponding
values of A; o. Given these displacement terms, one determines X; with

X 1= —ﬁ
on

Consider the frame shown in Fig. 9.32. Now there are three force redundant and three geometric
compatibility conditions represented by the matrix equation (see (9.11)),

A primary structure = A() + §X

The flexibility matrix § is independent of the loading, i.e., it is a property of the primary structure.
Most of the computational effort is involved with computing 6 and A numerically. The integration
can be tedious. Sometimes numerical integration is used. However, one still has to generate the
moment and axial force diagrams numerically.

If the structure is symmetrical, one can reduce the computational effort by working with simplified
structural models and decomposing the loading into symmetrical and anti-symmetrical components.
It is very useful for estimating, in a qualitative sense, the structural response. We discussed this
strategy in Chap. 3.

In what follows, we list results for different types of frames. Our primary objective is to show how
these structures respond to typical loadings. We use moment diagrams and displacement profiles as
the measure of the response.

9.5.2 Portal Frames

We consider the frame shown in Fig. 9.33a. We select the horizontal reaction at D as the force
redundant.

The corresponding flexibility coefficient, &;;, is determined with the Principle of Virtual Forces
(see Chap. 4).
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Fig. 9.33 Portal Frame. a, g 2 b s C
(a) Geometry. Iz
(b) Redundant. ;
(¢) Reactions due by 1 ' b,
toX, = 1 . £
A AA
L " e Bt
c B <
1 +—» AA
h')'h1i D,,,; (_X1=1
hy-b 1
L
Fig. 9.34 Reactions— a
gravity loading +—t
J'P
B € &
h
1 h2
A
-] D 3
Fa-Dor E
n i p
r L
L
f f
o by L
S = - hi + h5 + hih 9.40
" 3E 3E13+3E12{1+ 2 hha} (9:40)
This coefficient applies for all loading. Considering the arbitrary gravity loading shown in
Fig. 9.34, the expression for the displacement, 4, , is determined in a similar way.
Pa(L — a) Pa(h, — hy) , )
A W =——"—"{(L—a)h h ——— (L" +2a" — 3al 9.41
1,0|grav1ty 2ELL {( a) 2 t+a 1} + 3ELLL ( +2a a ) ( )
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Fig. 9.35 Reactions— P B &
lateral loading > 4
by b
—i— A
p :
by D %
¥ 8
L hl
[ lp
L
L

Lastly, we consider the lateral loading shown in Fig. 9.35. The displacement term due to loading is

1 (Pw3 1 (PhiL (hy
A1,0|lateral = _?h {31} + Elz{ 3 (2 + hl) } (942)

When h, = hy = hand I, = I, = I, these expressions simplify to

2 L,
o1 = @‘FE( )
Ph
Al,0|gravity = _ﬁ (Cl)(L - a) (943)
PR PHL
Al,O’lateral - 7@ - ET

Gravity loading:
P L\ (a/L)(1 — (a/L))
X1 ‘gravity = (E z) W

M, |gravity = hX, |gravity

a
M2|gravity = a<1 - Z)P - M, |gravity
Lateral loading:
P
Xl ’1aleral = E

Ml ’]atera] = th lateral

The corresponding bending moment diagrams for these two loading cases are shown in Fig. 9.36.
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Fig. 9.36 Two-hinged a b
frame (a) Gravity loading. é : M,
(b) Moment diagram. p
(c) Lateral loading. l 4
(d) Moment diagram B C M, M,
I
h I :
A D
'l L 'l
T T
c d
P B M
W C 1 +
> : M
h I I
, A D
i ,

9.5.2.1 Lateral-Loading Symmetrical Portal Frame
We consider first the two-hinged symmetrical frame shown in Fig. 9.37. This structure is indetermi-
nate to the first degree. We decompose the loading into symmetrical and anti-symmetrical
components and generate the corresponding symmetrical and anti-symmetrical structural modes
using the material presented in Sect. 3.9. These results are shown in Fig. 9.38b. Point E is at
mid-span. The anti-symmetrical model is statically determinate since the bending moment at
mid-span must equal zero for anti-symmetrical behavior (Fig. 9.38c).

The symmetrical loading introduces no bending in the structure, only axial force in member
BE. The bending moment distribution due to the anti-symmetrical component is plotted in Fig. 9.39.

Fig. 9.37 Geometry of 5 B e
two-hinged portal frame P ¥
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Fig. 9.38 Structural models. (a) Decomposition into anti-symmetrical and symmetrical loadings. (b) Anti-symmetric
and symmetrical models. (¢) Free body diagrams of anti-symmetric and symmetrical segments

Fig. 9.39 Bending
moment distribution due to
the anti-symmetrical lateral
loading

2 \
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9.5.2.2 Gravity-Loading Symmetrical Portal Frame

We consider next the case of gravity loading applied to a two-hinged portal frame. Figure 9.40a
defines the loading and geometry. Again, we decompose the loading and treat separately the two
loading cases shown in Fig. 9.40b.

B ,I, C

h II l|
A D
| L 1
I 1
b a a a a a
1 4 +—t 4+ +—t
P ' P2 P2 P/2 P2
B l C B l T c B l l c
= +
A D A D A D

Fig. 9.40 (a) Two-hinged frame under gravity loading. (b) Decomposition of loading into symmetrical and anti-
symmetrical components

Geometry and Loading
The anti-symmetrical model is statically determinate. Figure 9.41 shows the model, the
corresponding free body diagram and the bending moment distribution.
The symmetrical model is statically indeterminate to one degree. We take the horizontal reaction
at the right support as the force redundant and work with the primary structure shown in Fig. 9.42.
Assuming unyielding supports, the compatibility equation has the following form

Ap,o + oppHp =0

where Ap o and dpp are the horizontal displacements at D due to the applied loading and a unit value
of Hp. We use the Principle of Virtual Forces specialized for only bending deformation to evaluate
these terms. The corresponding expressions are

EI
s (9.44)
EI

ds
Apo = JMoéM—

s
dpp = l(‘sM)
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Fig. 9.41 (a) Anti- a a a
symmetrical model. (b) a e — b PP
Free body diagram—anti- P/2 P/2
symmetrical segment. B l T B
(¢) Bending moment . - ¢ =
distribution—anti- FR = o
symmetrical loading j]: Pa
h h I
A D A
LR g S
| .' —2 L% !
- L2
ST
c Pa 2a
T
Pa 2a
2 4=
Fig. 9.42 Primary a a
structure for two-hinged 1 +—t
frame—symmetrical
loading case P/2 P/2
B =
A D «— H D’ A D

where M is the moment due to the applied loading and 6M is the moment due to a unit value of Hp.
These moment distributions are plotted in Fig. 9.43.
Evaluating the integrals leads to:

P ha
AB 0= —EE(L—G)
s o . 2L (9.45)
® T 3EL T EL
Finally, the horizontal reaction at support D is

a(L — a) |
Hp =P 9.46
P 2hL |1+ (2/3) (rg/rc)] (9.46)

where



620 9 The Force Method

Fig. 9.43 Bending a

a
moment distributions— +— 4+
symmetrical loading—
primary structure E Pa
2 2
/T\ b h
h / _ h
v .
M
¢ M
Fig. 9.44 Final bending a
moment distribution At : a '
P M;
P M-
B l C +
M, M,
h
A D
L
! I
T 1
L I
rc:Z rgzz (947)

are the relative stiffness factors for the column and girder members.
Combining the results for the symmetrical and anti-symmetrical loadings results in the net bending
moment distribution plotted in Fig. 9.44. The peak moments are defined by (9.48).

Pa a !
M= —7( _Z)W

_ Pa|(a/L)+ (2/3)(rg/re)| Paf 2a

Mo=+5 1+ (2/3)(rg/re) ] 2(1L (9.48)
_ [ Pa|(a/L) + (2/3)(r¢/rc)|  Pa( 2a

Ms =+ 1+ (2/3)(re/re) ]Jr 2 (1 L>
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Example 9.15 Two-Hinged Symmetrical Frame—Uniform Gravity Load

Given: The frame and loading defined in Fig. E9.15a.

Determine: The bending moment distribution.

Fig. E9.15a

A D «— Hp: Ap

Fig. E9.15b

Solution: We work with the primary structure shown in Fig. E9.15b. We only need to determine the
Ap term corresponding to the uniform loading since the dpp term is independent of the applied

loading. The solution for Hp, is
_ wL? 1
DT 2R 1+ (2/3)(rg/re)

where

Figure E9.15c shows the bending moment distribution. The peak values are

_ w2 1
FT2 14 (2/3) (re/re)
wlL? 2 1

M, = 8 ! 31+ (2/3)(rg/rc)
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When members AB and CD are very stiff, r. — oo and Hp — wL?/12h. In this case, the moment
at B approaches wL?/12 which is the fixed end moment for member BC.

Fig. E9.15¢ Bending moment distribution

9.5.2.3 Symmetrical Portal Frames with Fixed Supports

We consider the symmetrical frame shown in Fig. 9.45. Because the structure is symmetrical, we
consider the loading to consist of symmetrical and anti-symmetrical components. The structure is
indeterminate to the second degree for symmetrical loading and to the first degree for anti-
symmetrical loading (there is zero moment at mid-span which is equivalent to a hinge at that
point). Figure 9.45b defines the structures corresponding to these two loading cases.

Fig. 9.45 (a) Geometry. a P
(b) Decomposition into 5 B C
symmetrical and anti- Iy
symmetrical loadings
h I I,
A D
L
1 1
) )
b R Mg
P2 B E P2 B W
> -3 > W
~ FE
Ve |
h E h
A A
L2 L2
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Fig. 9.46 Bending M *
moment distribution—
anti-symmetric loading P2 M * \ M * P/2
% %
‘ =
M*
y*
~ +
” - o
* ok
M M* ¥
Evaluating the various displacement terms for the anti-symmetrical loading, one obtains:
_PLR?
B0 REL
5o — L N L*h
*F T 24EL, T 4Kl
Ve — —Ago (Ph) 1
P \2L) (14 (1/6)(L/I) (11 /h)
The moment diagrams are plotted in Fig. 9.46. The peak values are
« Ph 1
M=t————-—
41+ (1/6)(1‘C/rg)
. Ph 1 1
M™ =+— -1+ (9.49)
> |7 e <rc/rg>)]
I I
Fe=— Fg=—
" h f L
There are inflection points located in the columns at y* units up from the base where
* 1 1
=h|l —c——FF—— 9.50
' [ 21"‘(1/6)(%/”‘;)1 5:30)

When the girder is very stiff relative to the column, r./r, — 0 and y" — h/2. A reasonable
approximation for y* for typical column and girder properties is ~0.6 h.

Figure 9.47 shows the corresponding bending moment distribution for the two-hinged portal
frame. We note that the peak positive moment is reduced approximately 50 % when the supports
are fixed.

We consider next the case where the girder is uniformly loaded. We skip the intermediate details
and just list the end moments for member AB and the moment at mid-span (Fig. 9.48).
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Fig. 9.47 Moment
distribution for two-hinged

9 The Force Method

frame 2 —
2 pn e 2 P/2
—_— = -
- % —| Ph
2
Ay
Fig. 9.48 (a) Portal frame g W b W M
with fixed supports under L J A J J ) PR SR 8
gravity loading. (b) C B H_D
Moment at mid-span Iy E F
h 11 Il h
A D & L2
1 L L}
Mo — wL? 1
AT 14 (1/2) (re/re)
1
MAB :EMBA (951)
v W2 1
FTs 31+ (1/2)(re/re)

The bending moment distribution is plotted in Fig. 9.49. The solution for the two-hinged case is
shown in Fig. 9.50. These results show that the bending moment distribution is relatively insensitive

to end fixity of the base.

My = Mg

My = Mga

2/3

1+2/3(rg/re)

C1+2/3(rg/r)  wl? L (@3
23 8 1+2/3(rg/re)
1+ 1/2(rg/re) (9.52)

L+ 1/2(rg/re) — wl?

1
12 (1 +2/3(rg/rc)>
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Fig. 9.49 Bending ME
moment distribution—
symmetrical loading— /:l—\
B /
f E \ \
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A w4 MpB Mag > D

Fig. 9.50 ' Be‘ndi.ng M-
moment distribution— B
symmetrical loading—
hinged supports +
\

fixed supports
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M, M,

9.5.3 Pitched Roof Frames

We consider next a class of portal frames where the roof is pitched, as shown in Fig. 9.51a. We choose
to work with the primary structure defined in Fig. 9.51b.

We suppose the structure is subjected to a uniform load per horizontal projection on members BC
and CD. The bending moment distribution in the primary structure due to the applied loading, M, is
parabolic with a peak value at C (Fig. 9.52). Taking Hg = 1 leads to the bending moment distribution
shown in Fig. 9.53. It is composed of linear segments.

Assuming the supports are unyielding, the flexibility coefficients are

wL3 5 1
Apo=———Sh1+=hy p —
50 120059{ 1ty 2}E12
- . 2 (9.53)
Spp=-—~t 4+ —— W+ hh+2
EE 3E11+Elzcos¢9{ 1t 2+3}
We define the relative stiffness factors as
Il * 12
r=— I =— 9.54
1= 2T (9.54)

where L” is the length of the inclined roof members BC and CD.
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L2 , 1k

| L2 L2 2

Fig. 9.52 (a) Primary structure-external loading. (b)Bending moment distribution for applied loading, M,
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a

Iy

by

Fig. 9.53 (a) Primary structure-unit load. (b)Bending moment distribution for Hg = 1

Fig. 9.54 Distribution of
total bending moments

# L

L = 9.55
2cos @ ( )
Using this notation, the expression for the horizontal reaction at E takes the form
L? 1+ (5/8)(h2/h

e =13, (1/3)(r3/r1) + 1+ (ha /1) + (1/3)(ha/ 1y )?

The total bending moment distribution is plotted in Fig. 9.54. Equation (9.57) contains the
expressions for the peak values.

L2
M1 = —w—a1
wlé (9.57)
My, =+—a

where

1+ (5/8)(h2/h1)
(1/3)(r3/r1) + 14 (ho/hy) + (1/3)(ha/Iy)*

2 h
a=1 —§<1+h—i>a1

a) =

(9.58)
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a w b
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Fig. 9.55 Three-hinge solution. (a) Loading. (b) Bending moment distribution

These values depend on the ratio of heights /,/h, and relative stiffness, rz*/rl. One sets h, = 0 and
> = 2r, to obtain the corresponding two-hinged portal frame solution. For convenience, we list here
the relevant solution for the three-hinge case, with the notation modified to be consistent with the
notation used in this section. The corresponding moment distributions are shown in Fig. 9.55.

The peak negative and positive moments are

WL2 h1

My == _ "1
T8 (h+ )

w2 [1 1 & 1/ h 2
My=—"-I{—— L - !
8 14 2 +h 4\ +hy

In order to compare the solutions, we assume r,* = rq, and &, = h; in the definition equations for
the peak moments. The resulting peak values are

Three-hinge case (9.59):
M wL? (1
T 2

(9.59)

Two-hinge case (9.57):

L* (13 L?
Ml_—w< >_—W(0.4O6)

8 \32 8
I, __'_wL2 3
2T 16

We see that the peak negative moment is reduced by approximately 20 % when the structure is
reduced to a two-hinged frame. However, the positive moment is increased by a factor of 3.
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a
=
X}. ? &1
Actual structure Primary structure- redundant reaction
b /
XA
=
Xp A
Actual structure Primary structure-redundant internal force
Cc
X, - A,
=
Actual structure Primary structure-redundant internal forces
d
= X4y
/ X 17 Al
A, . A,
Actual structure Primary structure-redundant internal force and reaction

Fig. 9.56 Examples of statically indeterminate trusses

9.6 Indeterminate Trusses

Examples of indeterminate truss structures are shown in Fig. 9.56. One can choose a primary structure
by taking either reactions or member forces or a combination as the force redundants. When working
with member forces, one visualizes the member as being cut and works with the relative displacement
of the adjacent faces. Continuity requires that the net relative displacement is zero.

We illustrate the Force Method procedure for the three-member truss shown in Fig. 9.57a. The
truss is indeterminate to the first degree. The force in member BC is taken as the force redundant and
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AAB:ABD =:Al
4dpc = 43
Lap=Lpp=7r,
Lpc=1,sing

f hY
K . A

2sin@ Zcosd

\ ),

Fig. 9.57 (a) Three-member truss. (b) Primary structure—redundant internal force. (¢) Fy. (d) SF(X; = 1)

A, is the relative displacement together at the end sections. Two deflection computations are required,
one due to the external loads and the other due to X; = 1. We use the Principle of Virtual Forces
discussed in Sect. 2.3.4 for these computations. Results are summarized below.

Displacement due to external loads:

FoL
A=) (ﬁ)&v

B 1 Py . Py L, . 1 Py Py Ly
© 2sinf\2sind  2cosd)AE 2sinf) \2sinf 2cosf)AE

Py L
2sin20AE

Displacement due to X; = 1:

L
Sn=> (5F)2E

- 1 Ll Ll sin9+ 1 L1 - 1 L] +L1 sin @
© 4sin20 AjE - AE  4sin?0 AjE 2sin20 AJE AE

Enforcing compatibility (9.3) leads to

Ajo+onX; =0
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Py~ Ao _ (Py/2sin?0)(L, /AE)
B A T s T (1/25in20) (L1 JAE) + (L, sin0/A3E)
(9.60)
(Az/ sin 9)
Y(A,/ sin@) + 2A, sin26
Lastly, the remaining forces are determined by superimposing the individual solutions.
F =Fy+ oFX,
Py Ajsiné

Fap=——+P

AP 200s6’+ y{(Az/ sin @) + 24, sin2¢9} (9.61)

P — Py n Ajsind
PP 0 cos0 Y (Ay/ sinf) + 24, sin 20

As expected for indeterminate structures, the internal force distribution depends on the relative
stiffness of the members. When A, is very large in comparison to Ay, Py is essentially carried by
member BC. Conversely, if A, is small in comparison to A;, member BC carries essentially none
of P,.

y

Example 9.16

Given: The indeterminate truss shown in Fig. E9.16a. Assume AFE is constant, A = 2 in.2, and
E = 29,000 ksi.

6 kip
—+ 4kip «— B
LN
4 Y
o N
10 ft 7 \\
/ S
/ \
—- o F AN
7 e < AN
4 D™ 5
/ / \ LS
10 ft . e \
L =N
dag o
15 ft 15 fit

Fig. E9.16a

Determine: The member forces.
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Solution: The truss is externally indeterminate to the first degree. The horizontal component of the
reaction at C is taken as the force redundant (Fig. E9.16b).

B

/ D\ \
/ Vs \\\
s
A e
A { C—) X, 0 4
Fig. E9.16b Primary structure—redundant reaction

We apply the geometric compatibility equation to this truss,

A1 o+611X1=0

where L
Ao = ZF()(SFE

L
Si=)y_ (5F)ZE

The corresponding forces are listed in Figs. E9.16c and E9.16d.

6 kip

1

4kip «— »B

-3
t.j,\ S Mo
5611
Fig. E9.16¢c F,
B
ol -1.6
1.67
D
24 24
I(-+-T5;' &i—b X, =1
i
4

Fig. E9.16d 6F(X, = 1)



9.6 Indeterminate Trusses 633
, L (6F)° L E)sFi
Member L (in.) A (in.?) A Fo oF AE AE
AB 300 2 150 7.5 —1.67 418.3/E —1878.7/E
BC 300 2 150 14.16 —1.67 418.3/E —3547/E
CD 216.3 2 108.2 -10.21 2.4 625.1/E 2656/F
DA 216.3 2 108.2 -10.21 2.4 625.1/E 2656/F
BD 120 2 60 —11.33 2.67 422.7/E —1815/E
¥ 2509.5/E —12,552.7/E

Inserting this data in the compatibility equation leads to

X =

(A 125527
& 25095

Then, the forces are determined by superimposing the individual solutions

F = Fo + 6FX,

The final member forces and the reactions are listed below:

Member Fy OFX, F

AB 7.5 —8.35 —0.85
BC 14.16 —8.35 5.81
CD —10.21 12.0 1.8
DA —10.21 12.0 1.8
BD —11.33 13.35 2
R.x 4.0 -5.0 —-1.0
Ray —0.33 0 —0.33
R« 0.0 +5.0 +5.0
Rey —5.67 0 —5.67
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Example 9.17

Given: The indeterminate truss shown in Fig. E9.17a.

Determine: The member forces. Assume AE is constant, A = 200 mmz, and £ = 200 GPa.

50 kN
+ B C—>30kN
4m
1A D

im

Fig. E9.17a

Solution: The truss is internally indeterminate to the first degree. The force in member BD is taken as
the force redundant (Fig. E9.17b).
B \

Fig. E9.17b Primary structure—internal force redundant

We apply the geometric compatibility equation to this truss,

Ao+611X1 =0

where
L
A]’O: E F05 E

L
Sn=> (5F)2E
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The corresponding forces are listed in Figs. E9.17c and E9.17d.

50 kN
> 30 kN
Fig. E9.17¢ F,
B = 0.6 C
X, =1 1
-08 -0.8
X =1
O A D
! - 0.6
0 0
Fig. E9.17d S§F(X; = 1)
L

Member L (mm) A (mm?) A Fo SF (6F)*(L/AE) FoSF(LIAE)
AB 4000 200 20 -50 —0.8 12.8 800
BC 3000 200 15 0 —0.6 5.4 0
CD 4000 200 20 —40 —0.8 12.8 640
DA 3000 200 15 0 —0.6 5.4 0
BD 5000 200 25 0 1 25 0
AC 5000 200 25 50 1 25 1250

2 86.4/E 2690/E

Enforcing comparability leads to

Ao 2690
Xy=Fgpp=—""—=——=-31.13
PR T ST 864

SFgp = 31.13kN  compression
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Then, the forces are determined by superimposing the individual solutions.

The final member forces and the reactions are listed below.

F =Fy+ 6FX;

Member Fq OFX, F
AB —50 24.9 —25.1
BC 0 18.68 18.68
CD —40 249 —15.1
DA 0 18.68 18.68
BD 0 —31.13 —31.13
AC 50 —31.13 18.87
Rax —-30 0 —-30
Ra,y 10 0 10
Rp, 40 0 40
50 kN
l 18.68
B C—S30kN
-31.13
2251 -15.1
18.87
18.68
10 kN 1 i 40 kN
9.7 Summary
9.7.1 Objectives

The primary objective of this chapter is to present the force method, a procedure for analyzing
statically indeterminate structures that work with force quantities as the unknown variables.

Another objective is to use the force method to develop analytical solutions which are useful for
identifying the key parameters that control the response and for conducting parameter sensitivity

studies.



9.8 Problems 637

9.7.2 Key Factors and Concepts

» The force method is restricted to linear elastic behavior.

» The first step is to reduce the structure to a statically determinate structure by either removing a
sufficient number of redundant restraints or inserting force releases at internal points. The resulting
determinate structure is called the primary structure.

» Next one applies the external loading to the primary structure and determines the resulting
displacements at the points where the restraints were removed.

» For each redundant force, the displacements produced by a unit force acting on the primary
structure are evaluated.

» Lastly, the redundant forces are scaled such that the total displacement at each constraint point is
equal to the actual displacement. This requirement is expressed as

A actual — A loading + Z (6unilforce)X

redundant forces

where the various terms are displacements at the constraint points. One establishes a separate
equation for each constraint point. Note that all calculations are carried out on the primary structure.

9.8 Problems

Problem 9.1 Determine the vertical reaction at B. Take E = 29,000 ksi and / = 200 in4

2kip/ft

\iLlLlllllLlLL‘
/ ] ¢

%} TI 0in

| 201 | 10 ft |
| I I

Problem 9.2 Determine the vertical reaction at B. Take E = 200 GPa and I = 80(10)® mm*.

ISkN/m
144 3 1 1 1 1

A : { B
" ’g-r Tl.? mm
|

6m

| I
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Problem 9.3 Determine the force in spring CD.

ky, = 60 kip/in.
E = 29,000 ksi

I =200 in.*
1.0 kip/ft

NS A SN S S A S S

B
g

10 ft

>
AVLRNY

10 f

o’

Problem 9.4 Given the following properties and loadings, determine the reactions.

P = 40 kN
w = 20 kN/m
L=10m

E = 200 GPa

[ = 170(10)° mm*
k, = 40 kKN/mm

6 = 20 mm
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= I B 1 B
, 14L , L2 L2
| I | 1
b
A 8 C
T 1 B 1 &
l 14L | L 1
I | [
C B
A g C
I S
- T;é;:, I
14L L

0.7L 0.7L L
i : i |
e w
I I
ky
7777
TL 171

Problem 9.5 Use the force method to determine the reaction at B caused by:

1. The distributed load shown
2. The support settlement at B
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[ =400in.*

L = 54ft

w = 2.1kip/ft
5]3 = 1.2in. l
E = 29,000ksi

Problem 9.6 Use the force method to determine the forces in the cables. Assume beam is rigid.
Ac = 1200 mm?, L = 9 m, P = 40 kN, and E = 200 GPa.

C
s L ”
B
- -
A
— - Cable 3A¢
\ ]
34L L2 2A¢ Cable
L4l A Neable p
- 1 /Ih:am 1
L/4 2
| L/4 . i L/2 }

Problem 9.7 Consider the parabolic arch shown below. Assume the arch is non-shallow, i.e., A/L is
order of (1/2).

y(x)
B
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(a) Determine the horizontal reaction at B due to the concentrated load.

(b) Utilize the results of part (a) to obtain an analytical expression for the horizontal reaction due to
a distributed loading, w(x).

(c) Specialize (b) for a uniform loading, w(x) = wj.

(d) Suppose the horizontal support at B is replaced by a member extending from A to B. Repeat part
(a).

Problem 9.8 Consider the semicircular arch shown below. Determine the distribution of the axial
and shear forces and the bending moment. The cross-section properties are constant.

P

!

Problem 9.9

Parabolic arch

9m

18 m | 18 m
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Use a computer software system to determine the bending moment distribution and deflected
shape produced by the following loadings.

TakeA = 20,000mm?, [ =400(10)®mm* and E = 200GPa

a 15 kN/m
S N S S S T S N N S

b 540 kN

180 kN 180 kN
Sy —

4m

-1.mI

Problem 9.10
A =30in2 I=1000in* E =29,000ksi

Use a computer software system to determine the maximum bending moment and the axial force in
member ABC. Consider the following values for the area of the tension rod AC: 4, 8, and 16 in.?

Problem 9.11

Tension rod

120 ft

A =40in> I=1200in.* E =29,000ksi

Use a computer software system to compare the bending moment distributions generated by the
following loadings:
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Parabolic arch

a cIth mhp mklp mhp th 20hp 20k|p 2ﬂk|p 10 kip

1 kip/ft
| N Y P O O O P A Y R

f\m

20!'[ 20ﬂ "Uﬂ 20l'l 201'[ 20I’I ‘?Gl‘l 200

b 0 klp 40I:1p 40k|p iﬂklp mklp d 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
kip hp hp hp ku kp kip kip kip hp kip kip kip kip kip

iy bl bl dob ] Ld J,l“‘"’

mf\

Il'l ID 10 ID IU 0, IIJ !0 10 l(l 10 10 10 ID 10 IO

: 160 1 i
Problem 9.12 Determine the horizontal reaction at support D.
B 1 kipt
2 kip——> E T S— C
2
1 1 20 ft
A D
. A
n
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Problem 9.13 Determine the peak positive and negative moments as a function of 4. Consider
h=2,46m.

15 kN/m
I 1T 1 T 1

Problem 9.14 Determine the peak positive and negative moments as a function of 4. Consider
h =10, 20, 30 ft.

1.2 kip/ft
4 1 1 1 i i ) &
+— B &
21
h 1 I
1 Az mr D
S50 ft

Problem 9.15 Using a computer software system, determine the bending moment distribution and
deflected shape due to the loading shown.

7.5 kip

5 ki S ki
2.5 kip 3 l Skip

10 kip —,

40 1, I:s fl 25 fl[ I

15 ft 65t 65 ft 15
I I ! I !
T T T T T
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Take /; = 1000 in.*, I, = 2000 in.*, E = 29,000 ksi, and A = 20 in.” all members.
Problem 9.16 Compare the bending moment distributions and the vertical displacement at B for the

structures defined below. Take E =200 GPa, I = 400(10)° mm®*, A = 100,000 mm? and
Ac = 1200, 2400, 4800 mm?. Use a computer software system.

9m

6m 6m 6m 6m
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Problem 9.17 Is there any difference in behavior for the structures shown below? Answer the
question without resorting to calculations.

Hinge 4

80

Problem 9.18 Determine the reactions and the member forces for the truss shown. Assume the
vertical reaction at d as the force redundant.

E = 200 GPa

A = 660 mm? all members
a=12 x 10°%°C

AT = 10°C

AT
4m AT
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Problem 9.19 Determine the forces in the members. E = 29,000 ksi and A = 1 in. all members.

6 kip
10 ki
—-— lp > b c
12 ft
T d d

91t

Problem 9.20 Determine the member forces of the truss shown. Assume the horizontal reaction at
¢ as the force redundant.

10 kip [

12t

l6 16 ft

=t
-t

A=A, = A; = A, = 10 in.?

As = 5in.?
a=6.5 x 10°°F
AT = 60 F

E = 29,000 ksi
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Problem 9.21 Determine the member forces for the truss shown. Assume A = 1000 mm> and
E = 200 GPa for all the members. Take the force in member ac and the reaction at support f as the
force redundants.

40 kN

b 30 kN

Reference
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