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Chapter 8
Intuitionism and Intuitionistic Logic

H.C.M. (Harrie) de Swart

Abstract Brouwer’s intuitionism is based on quite different philosophical ideas
about the nature of mathematical objects than classical mathematics. This intuition-
istic point of view results in a different use of language and in a corresponding
different intuitionistic logic which is far more subtle than the classical use of lan-
guage and corresponding classical logic. Nevertheless an intuitionistic deduction
system and a notion of intuitionistic deducibility was developed by A. Heyting and
it is amazing to see that a small change in the logical axioms, replacing the logical
axiom =—A — A by A — (A — B), may have such far reaching consequences.
Since finding (intuitionistic) formal deductions may be difficult, an intuitionistic
tableaux based formal deduction system is presented in which the construction of
intuitionistic deductions is rather straightforward. The semantics of intuitionistic
logic and the notion of (intuitionistic) valid consequence are given in terms of (in-
tuitionistic) Kripke models and it is shown that the three notions of intuitionistic
valid consequence, intuitionistic deducibility and intuitionistic tableau-deducibility
are equivalent. Intuitionistic sets are either finite constructions or otherwise, they
are (subsets of) construction projects. Spreads are a particular kind of construction
project, inducing specific principles which typically do not hold for other sets.

8.1 Intuitionism vs Platonism; basic ideas

A classical mathematician studies the properties of mathematical objects like an
astronomer, who studies the properties of celestial bodies. Mathematical objects are
like celestial bodies in the sense that they exist independently of us; they are created
by God. And mathematicians are like astronomers who try to discover properties of
these objects.

An intuitionist creates the mathematical objects himself. According to Brouwer’s
intuitionism, mathematical objects, like 5, 7, 12 and +, are mental constructions. A
proposition about mathematical objects (like 5+ 7 = 12) is true if one has a proof-
construction that establishes it. Such a proof is again a mental construction.
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380 8 Intuitionism and Intuitionistic Logic

Mathematics is created by a free action, independent of experience. [L.E.J. Brouwer [3], p.
97]

In order to better understand the intuitionistic point of view, let us consider the
classical or platonistic standpoint more closely. Using Dummett’s terminology, one
might say that from a classical or platonistic point of view mathematical objects
exist in some external realm of mathematical reality; this realm of mathematical
reality, existing objectively and independently of our knowledge, renders our math-
ematical statements (like 5 + 7 = 12) true or false.

From a classical or platonistic standpoint, the understanding of a mathematical statement
consists in a grasp of what it is for that statement to be true, where truth may attach to it
even when we have no means of recognizing the fact. [M. Dummett [4], p. 6-7]

The following quotation, translated from German, from P. Bernays [1] may further
illuminate the classical or platonistic standpoint.

One considers the objects of a theory as the elements of a totality and concludes from that:
for every property, which can be expressed by means of the notions of the theory, it is an
established fact whether there is an element in the totality which has this property or not.
From this way of seeing things follow also the following alternatives: either all elements of
a set have a given property or there is at least one which does not have this property.

One finds in the axiomatics of geometry — in the form Hilbert has given to it — an example
for this way of building a theory. When we compare Hilbert’s axiomatics with those of
Euclid, where we waive that in the case of the Greek mathematicians still some axioms are
missing, we notice that Euclid talks about figures, which should be constructed, while for
Hilbert the systems of points, of lines and of planes already exist right from the beginning.
Euclid postulates: one can connect two points by a straight line; Hilbert, on the contrary,
formulates the axiom: Given two arbitrary points, then there exists a straight line, on which
both points are located. Existence refers here to the system of straight lines. This example
already shows that the tendency, we are talking about, goes in the direction to consider all
objects as detached from any connection with the thinking subject.

Since this tendency has become valid most of all in the philosophy of Plato, let me be
allowed, to call it Platonism. [P. Bernays [1], pp. 62-63]

The contrast between ’Platonism’ and ’Intuitionism’ already figures in essence in
the comment of Proclos (450 A.D.) on the first book of Euclid’s Elements, in which a
distinction is made between Speusippos and his adherents (350 B.C.), who maintain
that all construction problems are theorems, and Menaichmos and the people around
him (350 B.C.), who maintain that all theorems are construction problems. (See Paul
Ver Eecke [19], pp. 69-70.)

The different views underlying classical and intuitionistic mathematics also re-
sult in a different view of the infinite. In classical mathematics, the infinite (for
instance, the set N of the natural numbers 0, 1,2,3,...) is treated as actual or com-
pleted. Quoting S.C. Kleene,

An infinite set is regarded as existing as a completed totality, prior to or independently
of any human process of generation or construction, and as though it could be spread out
completely for our inspection. [S.C. Kleene [8], p. 48]
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Since for an intuitionist mathematical objects are mental constructions, in intuition-
ism the infinite is treated only as potential or becoming or constructive. Intuitionis-
tically, the set N of natural numbers is identified with the construction project for
its elements: start with 0, and add 1 to each natural number which has already been
constructed before. And it was one of the main achievements of L.E.J. Brouwer
(1881-1966) to solve the problem how we can talk constructively about the non-
enumerable totality R of the real numbers (see Section 8.7).

For this purpose Brouwer introduced his notion of spread, which is again a con-
struction project for producing the elements of the spread, the elements being (po-
tentially) infinite sequences of natural numbers rather than natural numbers them-
selves. And since real numbers can be represented by infinite sequences of natural
numbers, more precisely, by infinite sequences of intervals with rational endpoints,
Brouwer’s notion of spread enables us to talk constructively about the set R of the
real numbers. (See Section 8.7 for a more elaborate discussion of sets in intuitionism
and spreads in particular.)

Since, according to Brouwer, both the mathematical objects themselves and the
proofs establishing properties of them are mental constructions, doing mathematics
is in principle language-less. Nevertheless, language may be introduced for reasons
of communication.

People try by means of sounds and symbols to originate in others copies of mathematical
constructions and reasonings which they have made themselves; by the same means they
try to aid their own memory. In this way mathematical language comes into being, and as
its special case the language of logical reasoning. [L.E.J. Brouwer, [3], p. 73]

8.1.1 Language

The following is a quotation from L.E.J. Brouwer [3].

The immediate companion of the intellect is language. From life in the Intellect follows
the impossibility to communicate directly, instinctively, by gesture or looks, or, even more
spiritually, through all separation of distance. People then try and train themselves and their
offspring in some form of communication by means of crude sounds, laboriously and help-
lessly, for never has anyone been able to communicate his soul by means of language. ...

Only in those very narrowly delimited domains of the imagination such as the exclusively
intellectual sciences — which are completely separated from the world of perception and
therefore touch the least upon the essentially human — only there may mutual understand-
ing be sustained for some time and succeed reasonably well. Little confusion is possible
about the meaning of such words as ’equal’ or ’triangle’, but even then two different people
will never think of them in exactly the same way. Even in the most restricted sciences, logic
and mathematics (a sharp distinction between these two is hardly possible), no two differ-
ent people will have the same conception of the fundamental notions of which these two
sciences are constructed; and yet, they have a common will, and in both there is a small,
unimportant part of the brain that forces the attention in a similar way. ...

Language becomes ridiculous when one tries to express subtle nuances of will which are
not a living reality to the speakers concerned, when for example so-called philosophers
or metaphysicians discuss among themselves morality, God, consciousness, immortality or
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the free will. These people do not even love each other, let alone share the same subtle
movements of the soul. Sometimes they do not even know each other personally. They
either talk at cross purposes or they each build their own little logical system that lacks any
connection with reality. For logic is life in the human brain; it may accompany life outside
it: it can never guide it by virtue of its own power. ...

Language by itself has no meaning; any philosophy, which in this way tried to find a firm
foundation has come to grief. Lulled into sleep by the mistaken belief in its certainty one
later hits upon deficiencies and contradictions. A language which does not derive its cer-
tainty from the human will, which claims to live on in the *pure concept’ is an absurdity. To
be able to go on talking without being caught in contradiction or without making a silent
assumption is an art to be valued only in an acrobat. [L.E.J. Brouwer [3], pp. 6-7]

8.1.2 First Steps in Intuitionistic Reasoning

Since, intuitionistically, the truth of a mathematical proposition is established by
a proof — which is a particular kind of mental construction —, the meaning of the
logical connectives has to be explained in terms of proof-constructions:

A proof of A A B is anything that is a proof of A and of B.

A proof of AV B is, in fact, a proof either of A or of B, or yields an effective
means, at least in principle, for obtaining a proof of one or other disjunct.

A proof of A — B is a construction of which we can recognize that, applied to
any proof of A, it yields a proof of B. Such a proof is therefore an operation carrying
proofs (of A) into proofs (of B).

Intuitionists consider —A as an abbreviation for A — L, postulating that nothing
is a proof of L (falsity).

Also the existential quantifier has a constructive meaning in intuitionism: 3x[P(x)]
(there exists an x with the property P) means that I have an algorithm to construct an
x in the given domain and next prove that this x has the property P. Consequently,
Tx[P(x)] has a much stronger meaning than —Vx[—P(x)] (not every x has the property
=P, i.e., the assumption Vx[—P(x)] yields a contradiction). The constructive reading
of AV B may be rendered by Ix[(x =0AA)V (x=1AB)].

The constructive meaning of the intuitionistic connectives causes that many fa-
miliar laws from classical logic are no longer valid. Below we shall make clear
that the different philosophical points of view, the intuitionistic and the platonistic
one, concerning the nature of mathematical objects, result in a quite different use of
language.

1. Tt is reckless to affirm the validity of A V —A. Classically, the validity of AV
—A means that the state of affairs expressed by proposition A is either true or
false, without necessarily having a method to decide which of these two. But
intuitionistically the validity of AV —A means that we have a method adequate
in principle to solve any mathematical problem. Consider Goldbach’s conjecture
G, which states that each even number is the sum of two odd primes: 2 =1+
,L4=34+1,6=5+1,8=7+1,10=74+3,12=7+5,14=7+7, 16 =
13+3,18=13+35, .... One can check only finitely many individual instances,
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while Goldbach’s conjecture is a statement about infinitely many (even) natural
numbers. So far neither Goldbach’s conjecture, G, nor its negation, ~G, has been
proved. We are therefore not in a position to affirm GV —~G. Someone who does,
claims that he or she can provide a proof either of G or of —G; such a person is
called reckless. Of course, an intuitionist can prove that (2+3=5)V—-(2+3 =
5). But the validity of A V —A means that he can give a proof of A or can give a
proof of —A for any mathematical proposition A. And this is a reckless statement.
Note that the proposition =(G V =G) implies a contradiction. From G — GV -G
it follows that =(G V =G) — —=G. And from =G — GV G it follows that =(G V
-G) — ——G. So, =(G V —G) implies both =G and ——G, i.e., a contradiction.

2. =—(AV —A) is intuitionistically valid, and hence it is false to assert (A V —A).
Proof: (A V B) is intuitionstically equivalent to =A A—B. So, since =(-AA—=—A)
holds intuitionistically, it follows that =—(A V —A) is intuitionistically valid.

3. Itis reckless to affirm the validity of -—E — E. For taking E = AV —A, we have
seen in 2) that == (A V —A) is intuitionistically valid, while A V —A is not, as we
have seen in 1).

4. E — ——F is intuitionistically valid.

Proof : We have a proof of =—FE when we can show that we shall never have a
proof of —FE, that is, when we show that we shall never have a proof that £ will
never be proved. Clearly, in general this does not amount to a proof of E itself,
as we have seen in 3) by taking £ = AV —A. On the other hand, a proof of E does
count as a proof that £ will never be disproved, for otherwise the possibility of
deriving a contradiction would remain open; hence £ — ——F is intuitionistically
valid.

5. =D — ——~D is intuitionistically valid.

Proof : From 4), taking E = —D.

6. (A — B) = (-B — —A) is intuitionistically valid. But the converse, (—B —
—A) — (A — B) is not intuitionistically valid.

Proof : Given A — B, if we have a proof that B can never be proved, then clearly
A can never be proved either, since we could transform any proof of A into a
proof of B. We may thus always infer -B — —A from A — B.

From 6) follows immediately that (=B — —A) — (=—A — ——B) and hence also
that (-B — —A) — (A — ——B) is intuitionistally valid, because A — ——A is
intuitionistically valid. But because ——B — B is not intuitionistically valid, we
may not conclude the validity of (—B — —A) — (A — B).

7. =-—~D — —D is intuitionistically valid.

Proof : By 4) D — ——D is intuitionistically valid. Hence by 6) -———D — —Dis
intuitionistically valid. From 5) and 7) it follows that =D and ———D are intu-
itionistically equivalent; in other words, three negation signs can be reduced to
one, four negation signs can be reduced to two, five to one, and so on. However,
recall that in general =—FE is not equivalent to E, as we have seen in 3).

8. It is reckless to assert the validity of (A — B) V (B — A). Explanation: Let G be
Goldbach’s conjecture and F be another unsolved mathematical problem; then
we are neither in the position to assert ' — G nor in the position to assert G — F'.
Notice that (A — B) V (B — A) is classically valid; see Exercise 8.7.
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In the preceding subsection we have seen how a different philosophical point of view
concerning the nature of mathematical objects, results automatically in a different
use of language and in a different logic.

The classical meaning of, for instance, A V —A, may be rendered intuitionistically
by =—(AV —A). In Exercise 8.12 we shall give a translation from classical formulas
to intuitionistic formulas, preserving the actual meaning of the formulas.

While the classical connectives can all be defined in terms of — and any one other
(cf. Section 2.5), all three connectives listed above —, A and V are intuitionistically
independent. Notice that A = B can be defined as (A — B) A (B — A).

In Section 8.2 a proof-theoretic formulation of intuitionistic propositional logic is
given; we present a Hilbert-type proof system for intuitionistic propositional logic,
consisting of (logical) axioms and one rule Modus Ponens (MP), and a tableaux
system which given formulas Ay, ... A, and B will give either an intuitionistic de-
duction of B from Ay,...,A, or a counterexample showing that such a deduction
cannot exist. In Section 8.4 we give a model-theoretic description of intuitionistic
propositional logic in terms of Kripke models.

In classical propositional logic each formula built by means of connectives from
only one atomic formula P is equivalent to either P A—P, P, =P or P — P (see Exer-
cise 2.14). Nishimura [12] showed that in intuitionistic propositional logic, however,
an infinite number of non-equivalent formulas can be built from only one atomic for-
mula P (see Exercise 8.13). So by the intuitionistic refinement of the propositional
language, formulas which are indistinguishable classically (i.e., equivalent in clas-
sical propositional logic) become different intuitionistically (i.e., non-equivalent in
intuitionistic propositional logic). For instance, the formulas =——A — B, A — B and
A — ——B are classically equivalent, but not intuitionistically. Summarizing: the lan-
guage of the intuitionist is richer and more subtle than the language of the classical
mathematician.

Exercise 8.1. For the following pairs of formulas, which can be inferred from which
intuitionistically?

(a) A— B and -B— -A

(b) ~(AAB) and —-AV-B

(c) A—>B and —(AA-B)

(d A—B and -AVB

(e) A=BVC and (A=B)vV(A—C)

) AV-A and -—A —A

Note that the two formulas in each pair are classically equivalent (and hence classi-
cally indistinguishable), but not so intuitionistically. So, in this sense, the intuition-
istic language is richer than the classical one.

Exercise 8.2. Verify that the following inferences are intuitionistically correct.

1.IfA — C, then -—A — —-—=C.
2.IfA— (B— C) and B, then =—A — —~—C.
3.IfA— (B— C) and =—A, then -—B — ——C.
4. If =—(A — B), then =—A — ——B.
(Hint: use 3 with A — B, A, Binstead of A, B, C, respectively.)
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9,1

. =A — ——Biff =—(A — B).
6. If =—A A ——B, then =—(A A B).
(Hint: use 3 with A, B, A A B instead of A, B, C, respectively.)
7. =—A A =B iff ~—=(AAB).
. If =—A V ——B, then -~ (A V B).
9. Show that conversely not for all formulas A, B, if =—(AV B), then -—AV —=—B
intuitionistically.

o]

Exercise 8.3. Note that if A is decidable, i.e., AV —A is intuitionistically true, then
also =—A — A is intuitionistically true.

8.2 Intuitionistic Propositional Logic: Syntax

The alphabet for intuitionistic propositional logic looks the same as the one for
classical propositional logic, but the atomic formulas and the connectives now have
a constructive interpretation, different from the classical interpretation.

Definition 8.1 (Alphabet). The alphabet for intuitionistic propositional logic con-
sists of the following symbols:

1. P,P5,Ps, ..., called atomic formulas or propositional variables, to be interpreted
as (atomic) propositions.

2. —, A, V and —, called connectives, to be interpreted constructively in terms of
proofs.

3. (and ), called brackets.

Definition 8.2 (Constructive interpretation of the connectives).

A — B: I have a construction which transforms any proof of A into a proof of B.
AAB: Ican construct a proof of A and I can construct a proof of B.

AV B: Thave an algorithm that yields a proof of A or a proof of B.

-A: A — 1, where L is a special atomic formula, denoting falsity.

1 falsity; a proof of this formula implies a proof of any formula.

Definition 8.3 (Formulas). 1. If P is any of the atomic formulas P, P>, P;, ..., then
P is an (atomic) formula.

2.1f A and B are formulas, then (A — B), (AAB), (AV B) and (—A) are (composite)
formulas.

We apply the usual convention for leaving out brackets, see Section 2.1.

A proof theoretic formulation of intuitionistic propositional logic was given in
1928 by Arend Heyting (1898-1980) and is obtained by replacing axiom schema 8,
——-A — A of classical logic (see Section 2.6) by axiom schema 8: —A — (A — B).
So, the axiom schemata for intuitionistic propositional logic are the following ones:

1. A—(B—A)
2. A=B)—-((A—=>B—0C)—=A—0)
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3. A—(B—AAB)

4a AANB—A
4 AANB—B
52 A—AVB
5b B—AVB

6. A—=C)—=((B—C)—=(AVB—C())
7. (A—B)— ((A— —-B)— —A)
8. —A— (A—B)

A A—B

In addition, like in classical propositional logic, Modus Ponens 5>

rule of inference for intuitionistic propositional logic.

is the only

Definition 8.4 (Intuitionistic Deducibility and Provability).

a) A deduction of B from Aq,...,A, in intuitionistic propositional logic := a finite
list of formulas with B as last one, such that each formula in the list is either:

1. one of the premisses Ay, ...,A,, or

2. an instance of one of the axiom schemata for intuitionistic propositional logic, or
3. obtained from two earlier formulas in the list by an application of Modus Ponens.

b) In case there are no premisses Ay,...,A,, we speak of a (formal) proof of B.
¢) Bis deducible from Aq,...,A, in intuitionistic propositional logic := there exists
a deduction of B from Ay,...,A, in intuitionistic propositional logic.

Notation: Aj,...,A, F; B.By Ay,...,A, I/i Bwe mean: notAy,...,A, ; B.
d) B is (formally) provable in intuitionistic propositional logic := there is a (formal)
proof of B in intuitionistic propositional logic. Notation: ; B.

Since the intuitionistic axiom schema 8/, -A — (A — B) is provable in classical
propositional logic, it follows that all propositional formulas provable intuitionis-
tically are also provable classically; see Exercise 8.4. In order to formally prove
AV —A classically, we proved that =—(A V —A) and next used =—B — B with
B = AV —A. However, such a proof is no longer available in intuitionistic logic.
In Section 8.4 we shall show that no intuitionistic formal proof of A V —A can exist.

Since searching for deductions and proofs in terms of logical axioms and Modus
Ponens may be difficult, we shall introduce a tableaux system for intuitionistic
propositional logic in Section 8.3. In this system searching for an intuitionistic de-
duction of a putative conclusion from given premisses is straightforward and a sys-
tematic search either yields such a deduction or provides us with a counterexample
showing that such a deduction cannot exist.

Gentzen’s natural deduction rules for intuitionistic propositional logic are obtained
from Gentzen’s natural deduction rules for classical propositional logic (see Section

2.7.2) by leaving out the double negation elimination rule ﬁﬁ .

Exercise 8.4. (i) Show that all formulas provable in intuitionistic propositional logic
are also provable in classical propositional logic.

(i1) Show that the deduction theorem also holds for intuitionistic propositional logic:
ifAy,...,A,, AF; B, thenAy,... A, ;A — B.
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Exercise 8.5. Show that the deductions in Gentzen’s system of natural deduction,
found in Exercise 2.60 a i), b 1) and c i) are intuitionistically correct, but not so are
the deductions found in Exercise 2.60 a ii), b ii) and c ii).

8.3 Tableaux for Intuitionistic Propositional Logic

Definition 8.5 (Signed Formula). A signed formula is any expression of the form
T(A) or F(A), where A is a formula.

Intuitionistically, T (A) is read as: I have a proof of A; and F(A) as: I do not have
a proof of A (which is weaker than ‘I have a proof of —A’!). If no confusion is
possible. the brackets may be left out: so, we frequently write TA instead of T(A)
and FA instead of F(A).

Definition 8.6 (Sequent). A sequent S is a finite set of signed formulas.

A tableaux system for intuitionistic propositional logic is obtained from the tableaux
system in Section 2.8 for classical propositional logic by replacing the tableaux rules

F — and F— by
S,FB—C

S, F =B
F —; Sy, TB, FC and

St, TB "
respectively, where Sy = {TA | TA € S}, i.e., St is the set of all T-signed formulas
in S. We have drawn a line in the rules F —; and F—; in order to stress that in the
transition from S to S7 all F-signed formulas in §, if any, are lost.

For the sake of completeness we list here the fableaux rules for intuitionistic
propositional logic (see also Fitting [5, 6]):

F

A S, TBAC FAN S, FBAC

S, TB, TC S,FB | S, FC
TV S, TBVC Fv S, FBVC

S, TB| S, TC S, FB, FC
T— S, TB—C F—; S, FB—=C

S,FB | §, TC Sr, TB, FC
T- S, T-B F-; S, F-B

S, FB Sr, TB

Notation: S,TA stands for SU {TA}, i.e., the set containing all signed formu-
las in S and in addition TA; and S, FA similarly stands for SU {FA}. Instead of
{TBy,...,TBy, FC,,...,FC,} we often simply write TBy,...,TBy, FCi,...,FC,.
For example, by {TD, FE}, TA we mean {TD, FE, TA}, but we will usually write
TD, FE, TA.
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S,FB—~C
Sr, TB, FC
preted as follows: if I am in a proof-situation (this notion is analogous to the notion
of possible world) in which I do not have a proof of B — C, then there is a proof-
situation accessible from the given one, in which I do have a proof of B without hav-
ing a proof of C. The change from S to St (where St is the set of all T-expressions in
S) is explained by noting that formulas of which I did not have a proof in the former
situation may have been proved by me in the latter situation, while sentences once
proved remain proved forever (an ideal mathematician does not forget); so F-signed
formulas in § may not be copied down below the line.

In a similar way there is a shift of one proof-situation to another in the interpre-

. S, F —-B o . T
tation of rule F—; S’ TR’ while in interpreting the other intuitionistic tableaux
T,

rules there is no such shift. For instance, rule

Reading the tableaux rules from the top down, rule F —; is inter-

S, TB—~C

T
~ S, FB|S,TC

is read as follows: if I am in a (proof-)situation in which I have a proof of B — C,
then in that same (proof-)situation I do not have a proof of B or I do have a proof of
C. So the intuitionistic tableaux rules in which there is a shift from S to S7 (the rules
which have a bar in it) are precisely the rules the interpretation of which requires a
shift from a former to a later proof-situation.

Notice that the rules for intuitionistic propositional logic still have the property
that in any application of the rules all 7-signed formulas in the upper half of the rule
may be repeated in its lower half; because of the rules ' —; and F—; the same does
not hold any more for the F-signed formulas.

Example 8.1. Below is an intuitionistic tableau-deduction of =Q — —P from P —
Q. The tableau starts with the premisses 7-signed and the putative conclusion F-
signed. Informally, we check the possibility to have a proof of the premisses without
having a proof of the putative conclusion. Next we apply the tableaux rules and if
all possibilities turn out to be closed, i.e., after all to be impossible, then we say that
we have a tableau-deduction of the putative conclusion from the given premisses.

TP—Q,F-Q— P
TP—Q, T-Q, F-P
TP—Q, FQ, F-P
FP, FQ, F~P|TQ, FQ, F-P
TP—Q, T-Q, TP|closure
TP—Q, FQ, TP
FP,FQ, TP|TQ, FQ, TP
closure | closure

So, we start with the supposition that we have a proof of P — Q without having a
proof of =Q — —P. That might be possible in three different ways, but all of these
three turn out to be impossible, in other words give closure. Therefore we shall say
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that P — Q +; =Q — —P. The schema above is called a (closed) tableau .7 with
initial branch 8y = {T P — Q, F =Q — —P}.

Let tableau Jp = {%o} and %1 = B;U{T—-Q, F-P}, where the * in %" in-
dicates that only 7T-signed formulas in % may count towards closure. Then we
call tableau 7] = {%,} a one-step expansion of F, corresponding with the ap-
plication of rule F —; to F =Q — —P in %. Next let %, = %, U {FQ}, then
we call % = {%,} a one-step expansion of 7], corresponding with the applica-
tion of rule 7— to T—Q in ;. Next let branch %y = %, U{FP} and branch
DBy = B, U{TQ}, then we call tableau T3 = {H9, %1} a one-step expansion
of %, corresponding with the application of rule T — to T P — Q in %,. Let
branch %00 = A5, U{TP}, then tableau .74 = {Hr0, %1} is called a one-step
expansion of 73, corresponding with the application of rule F—; to F—P in .
Let Baoo0 = PBroo U {FQ}, then T5 = {PBao00,%>1} is a one step expansion of ;.

Tableau .7 above consists of three branches and is closed since all of its branches
are closed, i.e., contain for some formula A both TA and FA. Informally this means
that the assumption that it is possible to have a proof of P — Q without having a
proof of =Q — —P turns out to be untenable.

Definition 8.7 ((Tableau) Branch). (a) A rableau branch is a set of signed formu-
las. A branch is closed if it contains signed formulas TA and FA for some formula
A. A branch that is not closed is called open.

(b) Let Z be a branch and TA, resp. FA, a signed formula occurring in 4. TA, resp.
FA, is fulfilled in A if (i) A is atomic, or (ii) £ contains the bottom formulas in the
application of the corresponding rule to A, and in case of the rules TV, FA and T —,
2 contains one of the bottom formulas in the application of these rules.

(c) A branch & is completed if % is closed or every signed formula in 4 is fulfilled
in A.

Definition 8.8 (Tableau). (a) A set .7 of branches is a tableau with initial branch
P if there is a sequence 9, A, ..., I, such that Fp = { Ay}, each J;4 is a one-
step expansion of Z; (0 <i<n)and I = .9,.

(b) We say that a finite # has tableau .7 if .7 is a tableau with initial branch 2.
(c) A tableau .7 is open if some branch 4 in it is open, otherwise 7 is closed.

(d) A tableau is completed if each of its branches is completed, i.e., no application
of a tableau rule can change the tableau.

Definition 8.9 (Tableau-deduction/proof). (a) A (logical) tableau-deduction of B

from Ay, ... A, (in intuitionistic propositional logic) is a tableau .7 with %, =
{TA,,...,TA,,FB} as initial branch, such that all branches of .7 are closed.
In case n = 0, i.e., there are no premisses Ay,...,A,, this definition reduces to:

(b) A (logical) tableau-proof of B (in intuitionistic propositional logic) is a tableau
J with By = {FB} as initial sequent, such that all branches of .7 are closed.

Definition 8.10 (Tableau-deducible). (a) B is tableau-deducible from Ay, ... A,
(in intuitionistic propositional logic) := there exists a tableau-deduction of B from
Ay,...,A,. Notation: Ay,...,A, F/B. Ay,...,A, 1/, Bmeans: notAj,...,A, -} B.
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(b) B is tableau-provable (in intuitionistic propositional logic) := there exists a
tableau-proof of B. Notation: - B.

(c¢) For I' a (possibly infinite) set of formulas, B is tableau-deducible from I' := there
exists a finite list Ay, ...,A, of formulas in I" such thatA,,... A, I—f» B.

Notation: I' -/ B.

Example 8.2. We check whether we can show that -Q — =P ; P — Q or equiva-
lently ; (=Q — —=P) — (P — Q). So, we start a tableau with 7 =Q — —P, F P — Q:

T-Q—-PFP—Q

T -Q— P, TP, FQ
F—-Q, TP, FQ|T —P, TP, FQ
F—Q, TP, FQ|FP, TP, FQ

TQ, TP |closure

The right branch does close, but the left branch does not; so we did not construct an
intuitionistic tableau-deduction of P — Q from —=Q — —P. From this open branch
we shall construct in Section 8.5 an intuitionistic Kripke counterexample in which
—=Q — —P is true, but in which P — Q is false. Since the intuitionistic proof system
is sound, i.e., all formulas that are intuitionistically tableau-provable are also true
in all intuitionistic Kripke models (cf. Theorem 8.2), it follows that there does not
exist an intuitionistic tableau-deduction of P — Q from -Q — —P.

In order to show that the intuitionistic notions of tableau-deducibility (Definition
8.10) and (Hilbert-type) deducibility (Definition 8.4) are equivalent, we first prove
Theorem 8.1: if Ay,...,A, I} B, then Ay,...,A, I; B. In Section 8.4 it is shown
that the Hilbert type proof system for intuitionistic propositional logic is sound,
ie., if Ay,...,A, ; B, then also Ay, ...,A, = B (B is an intuitionistically valid (or
logical) consequence of Ay,...,A,). And in Section 8.5 we show completeness: if
Ayp,... Ay ’:,'B, then Ay,... A, |_:»B.

Theorem 8.1. (i) If B is tableau-deducible from Ay, ... ,A, (in intuitionistic propo-
sitional logic), i.e., Ay, ...,A, ! B, then B is deducible from Ay, ..., A, (in intuition-
istic propositional logic), i.e., Ay, ...,A, i B. In particular, for n = 0:

(ii) If ! B, then +; B.

Proof. Suppose Aj,...,A, I B, i.e., B is intuitionistically tableau-deducible from
Ay,...,A,. It suffices to show:

for every sequent S = {TDy,...,TDy, FEj,...,FE,} in an intuitionistic tableau-
deduction of B from Ay,...,A, it holds that Dy,...,Dy - E1 V...V Ey,. (*)

Consequently, because {TAy,...,TA,, FB} is the first (upper) sequent in any given
intuitionistic tableau-deduction of B from Ay,...,A,, we have that Aq,...,A, F; B.

The proof of (*) is tedious, but has a simple plan: the statement is true for the closed
sequents at the bottom of an intuitionistic tableau-deduction, and the statement re-
mains true if we go up in the intuitionistic tableau-deduction via the T and F rules.
Basic step: Any closed sequent in an intuitionistic tableau-deduction of B from
Ay,...,A, is of the form {TD,,...,TDy, TP, FP, FE|,...,FE,}. So, we have to
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show that Dy,...,Dy, P =; PVE V...V E,. And this is straightforward:
Dy,....,Dy, P-iPand PH; PVE|V...VE,.

Induction step: We have to show that for all rules the following is the case: if (*)
holds for all lower sequent(s) in the rule (induction hypothesis), then (*) holds for
the upper sequent in the rule. For convenience, we will suppose that S = {TD, FE}
in all rules.

Rule T —: TD,FE, TB—C

TD, FE,FB | TD, FE, TC
Suppose D +; EV B and D, C+; E (induction hypothesis). To show: D, B— CH; E.
Because EV B, B— CH; EVC (see Exercise 2.50), by the first induction hypothesis,

D,B—~CHEVC. (1)
From the second induction hypothesis, by the intuitionistic deduction theorem (see
Exercise 8.4), D, C — E. 2)

Because EVC, C — E ; EV E (see Exercise 2.50), it follows from (1) and (2):
D, B— Ct; EVE.But (by V-elimination) EV E | E. Hence D, B— CH; E.

Rule F —;: TD,FE, FB—C

TD, TB, FC
Suppose D, B +; C (induction hypothesis). Then by the (intuitionistic) deduction
theorem (see Exercise 8.4), D+; B— C and hence D ; E V (B — C), what was to
be shown.

The other tableaux rules are treated similarly, see Theorem 2.27. Notice that the
proof for rule F — with S = {TD,FE} instead of S7 = {TD} in rule F —;, would
not intuitionistically hold anymore: from D, B \-; E'V C it does not follow that D ;
EV (B — C), since in order to show the latter one needs the assumption BV —B. O

Exercise 8.6. a) Show that all axioms for intuitionistic propositional logic (see Sec-
tion 8.2) are tableau-provable (in intuitionistic propositional logic). b) verify that:
1) H; A — —=—A, but trying to show +} =—A — A fails;

2) H ==(A Vv —A), but trying to show F} AV —A fails;

3) AV B F; A — B, but trying to show A — B ! —AV B fails.

4) -AV —B +;=(A AB), but trying to show ~(A AB) F; AV —B fails.

5) H ——=—=A — —A.

¢) Check that it is not possible to construct an intuitionistic tableau-deduction of B
from A — B and —-A — B; the intuitive reason for this is, of course, that A V —~A does
not hold intuitionistically.

Exercise 8.7. Prove: ' (P — Q) V (Q — P) classically, but not intuitionistically.

Exercise 8.8. Prove the Disjunction Property for intuitionistic propositional logic:
if =; BV C, then -, B or I} C. Notice that the corresponding statement for classical
propositional logic does not hold.

Exercise 8.9. Show that the implications in the following diagrams all hold intu-
itionistically, but not in the converse direction. Note that the formulas in each dia-
gram are classically equivalent.
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(@) (b) (©
AVB ANAB
/ \ / \ -—A —B
(A—B)— (B—+A)—A ——AANB AA-—B }
\/ \/ s
}
—\—\ A\/B -—A A =B A— B

Exercise 8.10. Show that the following pairs of formulas are intuitionistically equiv-

alent. 1) =—A A —=B and =—=(A AB); 2) =—A — ——B, =—~(A — B) and A — —~—B.
A s stable := F} ——A — A. So 1) and 2) above say that if both A and B are stable,

then A AB and A — B are stable too.

3) Show that —A is stable for each formula A.

4) For A V B := =(—A A —B) show that A V B is stable, if both A and B are stable.

5) Show that =—A V =—B and ——(A V B) are not intuitionistically equivalent and

hence we cannot conclude: if A and B are stable, then A V B is stable too.

Exercise 8.11. A is decidable := AV —A.

1) Prove that -, (AV -A) — (——A — A). Hence, if A is decidable, then A is stable
(see Exercise 8.10).

2) Prove that not F} (-—A — A) — (AV —A). Find a formula B which is stable such
that we cannot say that it is decidable. (Hint: see Exercise 8.10, 3.)

Exercise 8.12. Let E* come from E by replacing (or ‘translating’) each part of E

of the form shown below in the first line by the respective expression shown in the
P A—B ANB AVB A

-—P A—B AAB —(-AAN-B) -A

1. Note that E* is stable, i.e., I—:» ——E* — E*, for each formula E (see Exercise

8.10).

2. Using F; =—E* — E*, prove that classical propositional logic can be defined

within the intuitionistic one: if Ay, ..., A, = B (classically), then A7,... A} F; B*.

second.

Exercise 8.13. Show that no two of the formulas P — P, PA—P, P, =P, P\/ =P, (PV
—P) — P are intuitionistically equivalent. Confer this with the classical case where
each formula built from only one atomic formula P is equivalent to either P — P, P A
=P, P or —P (see Exercise 2.14). In fact, the formulas mentioned above are just the
initial formulas of an infinite list of formulas built from only one atomic formula
P such that 1) no two of the formulas in the list are intuitionistically equivalent to
each other, and 2) any formula built from only one atomic formula P is equivalent
(intuitionistically) to one of the formulas in the list. See I. Nishimura [12].
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PA=P

ﬁP/ \P
[

/\

Exercise 8.14. * Let A be a formula and let I" be a set of formulas of intuitionistic
propositional logic. I' | A is defined by induction on A as follows.

r | P =I |_,' P.

I''BVC =T'|FBorl' |FCwherel'|FA:=T|Aand ' };A.

I'|BAC =T |BandT |C.

I'NB—C =if ' |FB,thenI" | C.

I'|-B :=if I' |- B, then I' is inconsistent.

Prove the following theorem (S.C. Kleene, 1962): if I" | C for all formulas C in I”
and I' F; A, then I" | A. Conclude the following corollary: If H | H and H -; BV C,
then HH;BorH+; C.

Exercise 8.15. * Prove the following intuitionistic analogue of Theorem 2.18, in-
troduced by S.A. Kripke (oral communication, August, 1977). Every consistent for-
mula A is intuitionistically provably equivalent to a disjunction A| V...V A,, where
eachAj, 1 < j <n,is a consistent conjunction of atomic formulas, of negations —B,
where not A; I; B, and of implications B — C, where not A; ; B; hence for each
such A;, Aj[A; (see Exercise 8.14). Hint: if A; = (B — C) AA’, and A; I B, then
i Aj =C /\A/j.

8.4 Intuitionistic Propositional Logic: Semantics

In this section we define a notion of intuitionistically (Kripke-)valid consequence,
Ay,...,A, = B, for intuitionistic propositional logic and we shall show that this (se-
mantic) notion of valid consequence for intuitionistic propositional logic is equiv-
alent to the (syntactic) notions of deducibility, Ay,...,A, ;B and Ay,... A, }—g B
for intuitionistic propositional logic.

In the intuitionistic tableaux rules (see Section 8.3) we interprete TA as: I have a

proof of A, and FA as: I do not (yet) have a proof of A. Then, reading these rules from

S,FB—=C
the top down, rule F —; _’ may be interpreted as follows: if [ am in a
Sr, TB, FC

proof-situation (this notion is analogous to the notion of possible world in Chapter
6) in which I do not (yet) have a proof of B — C, then there is a proof-situation
accessible from the given one, in which I do have a proof of B without having a
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proof of C. The change from S to S, where St is the set of all 7-signed formulas in
S, is explained by noting that formulas of which I did not have a proof in the former
situation may have been proved by me in the latter situation, while sentences once
proved remain proved forever (an ideal mathematician does not forget); so F-signed
formulas in § may not be copied down below the line.

In a similar way there is a shift of one proof-situation to another in the inter-
pretation of rule F—; ‘;TF ;g, while in interpreting the other intuitionistic tableaux

rules there is no such shift. For instance, rule 7" —; SS[VE ‘B S_’ gc

if I am in a (proof-)situation in which I have a proof of B — C, then in that same
(proof-)situation I may not have a proof of B or I may have a proof of C. So, the
intuitionistic tableaux rules in which there is a shift from S to S7 (the rules which
have a bar in it) are precisely the rules the interpretation of which requires a shift
from a former to a later proof-situation.

These considerations form the basis for S.A. Kripke’s semantics for intuitionistic
logic; see Kripke [11]. In fact, this semantics has grown out of the possible world
semantics for modal logics (see Chapter 6) developed by Kripke [10] two years ear-
lier in 1963. And although E.W. Beth [2] in 1947 had already developed a semantics
for intuitionistic logic which is very close to the later Kripke-semantics, the latter
one has become more popular because it is easier to work with.

is read as follows:

Definition 8.11 (Kripke model). M = (S, R, |=; ) is a Kripke model for intuition-
istic propositional logic :=

1. § is a non-empty set; the elements of S are called possible proof-situations.

2. R is a binary relation on S, which is reflexive, i.e., for all s in S, sRs, and transi-
tive,i.e., for all s, s, 5" in S, if sRs’ and s'Rs"”, then sRs". sRs' is read as: the proof
situation s’ is accessible from and later in time than the proof-situation s; R is called
the accessibility relation.

3. | is a relation between the elements of S and the atomic formulas (of intu-
itionistic propositional logic) such that for all s, s’ in S, if s &=; P and sRs’, then
s’ =i P. This condition is evident if one reads s |=; P as: P has been proved in the
proof-situation s; once proved, it remains proved.

Definition 8.12 (M, s |=; A). Given a Kripke model M = ( S, R, =; ), we define
M,s |=; A, to be read as: A has been proved (or holds) in the situation s of the model
M, for arbitrary s in S and for arbitrary formulas A as follows:

M,s =i P = s |=; P (P atomic)

M,s=iBAC = M,s|=;BandM,s |= C

M,s =iBVC = M,S)ZiBOI‘M,S):iC

M,s =i B — C := foralltin S, if sRt, then not M,z =; Bor M.t |=; C,
or, equivalently, if sRt and M,t |=; B, then M, |=; C,

M,s =; —B := forall ¢ in S, if sRt, then not M,z =; B.

Note that the definition of M,s |=; —B results from the one of M,s =; B— C by
identifying —B with B — L and postulating that for all s in S, not M,s |=; L (L is
the so-called false formula).
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Lemma 8.1. Let M = ( S, R, =; ) be a Kripke model, s and t elements of S and A a
Sormula. If M,s |=; A and sRt, then Mt |=; A.

Proof. For atomic formulas P this follows immediately from condition 3 in Defi-
nition 8.11. Now suppose that the lemma has been proved for the formulas B and
C (induction hypothesis), i.e., a) if M,s |=; B and sRt, then M,t |=; B, and b) if
M,s =; C and sRt, then Mt |=; C.

Then for A =BAC and A = BV C the induction proposition follows immediately
from the definition of M,s |=; A and from a) and b).

Now suppose A =B — C, M,s =; B — C and sRt. We have to show that M,z |=;
B—C,ie., forall ' in S, if tRt' and M,¢' }=; B, then M,t’ |=; C. So suppose tRt’ and
M,t' |=; B. Then since sRt and tRt’, by the transitivity of R, sRt’ and hence, since
M,s =i B— C and M,t’' =; B, it follows that M, ¢’ |=; C.

The case A = —B is treated similarly. a

Definition 8.13 (44,...,A, =i B).

l.Let M = (S, R, |=; ) be a Kripke model and A a formula. M is an intuitionistic
model of A (or A is true (intuitionistically) in M) :=for all s in S, M, s |=; A.
Notation: M =; A. Otherwise M is called an intuitionistic countermodel for A (or
an intuitionistic counterexample to A). Notation: M [~=; A.

2. A is intuitionistically (Kripke-)valid := for all Kripke models M, M |=; A.
Notation: |=; A.

3. Bis an intuitionistically (Kripke-)valid consequence of Ay, ... A, := for all Kripke
models M = (S, R, |=; ) and forall sin S, if forall j=1,...,n, M,s = A;, then
M,s =; B. Notation: A,,... A, |=; B.

Note that Ay,...,A, ':,'B iff ':,'Al N...NA, — B.

Example 8.3. Let M = ({0,1}, R, |=; ) be the intuitionistic (Kripke) model with
{0, 1} being the set consisting of the natural numbers 0 and 1 only, R being defined
by ORO, 1R1 and ORI (and not 1R0), and |=; being defined by 1 |=; P (and not
0 |=; P). This model can be completely characterized by the following picture:

0

!
1p

Note that not M,0 |=; P and not M,0 |=; =P and hence that not M,0 |=; PV —P.
So M is an intuitionistic counterexample to PV =P and therefore f~; PV —P. Also
notice that for this Kripke model M, for any formula A, M |=; A iff M,0 |=; A.
Notice that M,0 [~; =P and M, 1 [=; =P and therefore M,0 |=; ——P, while M, 0 ~;
P. So, M is an intuitionistic countermodel to -——P — P. Hence =——P — P is not
intuitionistically valid, i.e., & =——P — P.

Example 8.4. Let M = ({0,1,2},R, = ) be the intuitionistic (Kripke) model with
{0,1,2} being the set consisting of the natural number 0, 1 and 2, R being defined
by ORO, 1R1, 2R2; OR1, OR2 (and not 1R2, not 2R1, not 1RO, not 2R0), and |=; being
definedby 1 = P,2 |=; Q (and not 1 = Q, not 2 |=; P, not 0 |=; P, not 0 =; Q).
This model can be completely characterized by the following picture:
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0
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Note that M,0 |=; =(PAQ), butnot M, 0 |=; =P and not M,0 =; ~Q. Hence, M,0 };
=(PAQ) — =PV —Q. So M is a counterexample to ~(P A Q) — =PV —~Q and
therefore ~; =(P A Q) — =PV —=Q. Also notice that for this Kripke model M, for
any formula A, M |=; A iff M,0 =; A.

Notice that M,0 [~ P — Q and M,0 |~; Q — P. Therefore, M is an intuitionistic
(Kripke) counterexample to (P — Q) V (Q — P). Hence, & (P — Q) V (Q — P).

The reader can easily check that, for instance, P — ——P and PV —-Q — —(PA Q)
are Kripke valid, i.e., true in all intuitionistic Kripke models, in particular in the
Kripke models of Example 8.3 and 8.4. Let us prove this for the formula P — ——P.
We have to show that M, s |=; P — ——P for all Kripke models M = ( S, R, |=; ) and
for all s in S. So suppose sRt and Mt |=; P. Then we must prove that M,z |=; =P,
i.e., forall ¢ in S, if tRt', then M,t’ }~; —P. So suppose tRt’. Then, since M, |=; P,
it follows from Lemma 8.1 that M, ¢’ |=; P and consequently that M, ¢’ f=; —P. O

In Theorem 8.1 we have shown: ifAy,...,A, I—:» B,thenAy,...,A, F; B, i.e., any for-
mula which is intuitionistically tableau-deducible from given premisses Ay, ...,A,
is also intuitionistically deducible from these premisses (in terms of the intuitionis-
tic logical axioms and Modus Ponens).

Now we shall show the soundness theorem for intuitionistic propositional logic:
ifAy,...,A,F; B, then Ay,...,A, =i B, i.e., each formula which is intuitionistically
deducible from given premisses Ay, ..., A, is also an intuitionistically (Kripke) valid
consequence of these premisses.

In Section 8.5 we shall close the circle and prove the completeness of intuitionistic
propositional logic, that is, the intuitionistic logical axioms together with Modus
Ponens are complete with respect to the intuitionistic (Kripke) semantics, i.e., if
Ay,... Ay ’:,'B, then Ay,... A, |_:»B.

Theorem 8.2 (Soundness). IfAj,...,A, ;i B, then Ay,... A, =i B.

Proof. 1t is easy to see that every intuitionistic logical axiom is intuitionistically
(Kripke) valid. Let us check the intuitionistic logical axioms A — (B — A) and
-A — (A — B).So,let M = (S, R, |=; ) be an intuitionistic (Kripke) model.

1. To show: forall sin S, M,s |=; A — (B — A). So, suppose sRt and Mt =; A (1).
Then we have to show that M, |=; B — A. So suppose fRt’ (2) and M,t' |=; B. To
show: M,t' |=; A. This follows from (1), (2) and Lemma 8.1.

2. To show: for all sin S, M,s |=; =A — (A — B). So, suppose sRt and M, t |=; A,
i.e., for all ¢ in S, if tRt’, then M,t" }~; A. Therefore, for all ¢ in § with tRt', if
MJ/ ’:,'A, then MJ/ ’:,' B,ie., M.t ’:,'A — B.

3. Next we have to show that Modus Ponens is sound with respect to the intuition-
istic Kripke semantics, i.e., if M,s |=; A (1) and M,s |=; A — B (2), then M, s |=; B.
So suppose (1) and (2). We have to show that M, s |=; B. This follows from (1), sRs
and (2). O
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Exercise 8.16. Prove:

a) If M, is a Kripke counterexample to B and M, is a Kripke counterexample to C,
then from M, and M, one can construct a Kripke counterexample to BV C.

b) Conclude from a): if |=; BV C (B V C is intuitionistically Kripke valid), then |=; B
or (in its classical meaning) |=; C (B is Kripke valid or C is Kripke valid).

8.5 Completeness of Intuitionistic Propositional Logic

We shall prove completeness of intuitionistic propositional logic, i.e., that any in-
tuitionistically (Kripke-)valid consequence of given premisses may be logically de-
duced by the intuitionistic tableaux rules from those premisses: if Ay,...,A, =; B,
then Ay,...,A, b} B (Theorem 8.5).

In order to prove completeness of intuitionistic propositional logic, we define a pro-
cedure to construct a counterexample to a given conjecture that Ay, ..., A, F} B with
the following property: if the procedure fails, i.e., does not yield a Kripke coun-
terexample, we have in fact constructed an intuitionistic tableau-deduction of B
fromAy,...,A,. The procedure makes use of the tableaux rules and produces ‘trees’
which we shall call (intuitionistic) search trees.

Definition 8.14 (Procedure to construct a counterexample). In order to construct
a (Kripke-)counterexample to the conjecture that Ay,..., A, -} B, we must construct
an intuitionistic Kripke model M such that for some proof situation s in M, M, s |=;
Al A...NA,, but M,s t~; B.

Step I: Start with {TAy,...,TA,,FB} and apply all intuitionistic tableaux rules
for the propositional connectives, except the rules F —; and F—;, as frequently as
possible. However, in case one of the split-rules 7 —, TV and FA is applied, we
make two search trees: one with the left split and one with the right split. Notice
that for an intuitionistic tableau-deduction both search trees have to close.

For instance, consider the conjecture —(P A Q) F; =PV —Q:

search tree (1) search tree (2)

T -(PNQ), F PV —Q T—(PAQ), F =PV —Q
FPAQ, F—-PV-Q FPAQ, F—=PV-Q
FPAQ, F-P, F-Q FPAQ, F—-P, F-Q
FP, F —P, F-Q FQ, F =P, F —=Q

In the transition from the third to the fourth line we apply the rule FA to F PAQ,
which causes a split. At that stage we make two search trees, one with the left split
signed formula F'P and one with the right split signed formula F' Q. One continues
to apply all possible rules, except the F—; and F —; rules, as frequently as possible.

At this stage we have partially constructed one, two (or more) search trees, each
consisting of one node labeled with signed formulas. A labeled node s in which all
tableaux rules except the F—; and F —; rules have been applied as frequently as
possible will be called logically complete. Intuitively, this means that one has fully
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described which formulas have been proved and which formulas have not (yet) been
proved in the present proof situation s. Next we continue to expand each search tree
by one or more applications of the F'—; and F —; rules.

Step 2 Each labeled node s in a search tree T which is logically complete may
contain one or more signed formulas of the form F —B or F B — C. For each of the
signed formulas of the form F =B and F' B — C in a labeled node s we construct
a new node s, declare s" accessible from s in the given search tree 7, i.e., SRy,
and label this node s’ with the formulas S, FB or Sy, TB, FC respectively, which
result from applying the rule F—; to S, F —B or the rule F —; to S, F B — C,
respectively. It is important to copy all T-signed formulas occurring in s to the new
node s’ (formulas once proved remain proved). Notice that F-signed formulas that
occur in labeled node s may not occur anymore in node s’ and that for closure it
suffices that one of the successor nodes contains 7A and FA for some formula A.

Next we apply step 1 again, but now starting with Sy, FB or St, TB, FC, de-
pending on whether rule F —; or F —; has been applied, resulting in one or more
logically complete nodes (proof situations) s'.

Step 1 and 2 are repeated as frequently as possible.

For search tree (1) above one may apply the F —; rule to F' =P, losing all other F
signed formulas, and one may apply the F' —; rule to F' =Q, again losing all other F
signed formulas. Similarly for search tree (2) above.

search tree (1) search tree (2)
T -(PNQ), F =PV -0 T-(PAQ), F -PV—Q
FPAQ, F—=PV-Q FPAQ, F—PV-Q
FPAQ, F—P, F-Q FPAQ, F—P, F-Q
FP, F =P, F-Q FQ, F —P, F =Q
/N RN
T—~(PANQ), TP T—(PNQ), TQ T-(PNQ), TP T—(PANQ), TQO
FPANQ, TP FPANQ, TQO FPANQ, TP FPANQ, TO

Application of rule FA to search tree (1) yields four different search trees; three of
them are closed, i.e. contain a branch that is closed (a branch is closed if it contains
TA and FA for some formula A), but one of them, search tree T below, is not closed:

search tree T
T -(PNQ), F -PV -0 Kripke model M;
FPAQ, F—=PV-0Q
FPAQ, F—-P, F-Q s
FP, F =P, F-Q VRN
VRN v e
T -(PNQ), TP T—(PANQ), TQ s1 P s Q
FPANQ, TP FPANQ, TO
FOQ, TP FP, TQ

The open (i.e., not closed) search tree 7 yields a (Kripke-)counterexample M to the
conjecture that (P A Q) F} =PV —Q, as depicted in the right column above.

The Kripke model My = ({s,s1,52}, Rz, =) is defined as follows: sR¢s|, sRs2,
s1 =i P, corresponding with the fact that TP occurs in s, and s, =; Q corresponding
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with the fact that TQ occurs in s,. Clearly, M¢,s |=; =(P A Q), corresponding with
the fact that 7 —(P A Q) occurs in s, but Mz, s [~ =P and Mz, s = ~Q, corresponding
with the fact that F' —P, respectively F —Q, occurs in s.

Definition 8.15 (Search tree).

A search tree T for the conjecture Ay,...,A, F! B is a set of nodes, labeled with
signed formulas, with a relation R; between the nodes, such that:

0. The upper node contains TAy,...,TA,,FB.

1. sR;s' :=s' = s or s is an immediate successor of s, i.e., s’ results from applying
the rule F —; or F —; to a formula in s of the form F —C, respectively F C — D.

2. For each node s in the search tree 7:

a) if TP occurs in s and sR;s’ , then TP occurs in s'.

b) if T C — D occurs in s, then for all §' in 7, if sR;s’, then FC occurs in s’ or TD
occurs in §';

¢) if F C — D occurs in s, then there is a node s in T with sR;s’, TC occurs in s’
and FD occurs in §';

d) if T C A D occurs in s, then TC occurs in s and 7' D occurs in s;

e) if F C A D occurs in s, then FC occurs in s or F'D occurs in s;

f)if T CV D occurs in s, then TC occurs in s or T'D occurs in s.

g) if F CV D occurs in s, then FC occurs in s and F'D occurs in s;

h) if T —C occurs in s, then for every node s in 7, if sR;s’, then FC occurs in s';

i) if F —C occurs in s, then there is a node s’ in T with sR;s” and T'C occurs in s’

Definition 8.16 (Closed branch; closed search tree).

a) A branch in a search tree 7 is closed if it contains at least one node labeled with
TA and FA for some formula A. Otherwise, the branch is called open.

b) A search tree 7T is closed if it contains at least one closed branch. Otherwise, the
search tree is called open.

Theorem 8.3. Let T be an open search tree for the conjecture Ay, ,...,A, F} B with
upper node so. Let St the set of nodes in T and let R; be defined as in Definition
8.15. Define s |=; P := TP occurs in s. Then My = ( S¢,R¢,|=; ) is an (intuitionistic)
Kripke countermodel to the conjecture that Ay, . .. ,A, b} B. More precisely, M¢, sy =
Al N NA,, but My, sy = B.

Proof. Let T be an open search tree with sg as upper node, containing TAy,...,TA,,
FB. Let M; = ( Sz,R:,[=; ) be the corresponding Kripke model, as defined in the
theorem. We shall prove by induction:

1) If TA occurs in s, then M¢,s |=; A; and 2) If FA occurs in s, then Mz, s F~; A.
Since TAy,...,TA,,FB occur in the top node s, it follows that Mz, s0 =i Aj A... A
Ap, but Mr,so ~; B. Therefore, Ay, ..., A, [~ B.

Induction basis Let A = P be atomic. If TP occurs in s, then by definition s |=; P,
i.e., Mr,s |=; P.If FP occurs in s, then - since T is open - TP does not occur in s and
hence by definition s |~; P, i.e., M¢,s [~ P.

Induction step Suppose 1) and 2) hold for C and D (induction hypothesis). We shall
prove that 1) and 2) hold for C — D, CAD, CV D and —C.

Let A= C — D and suppose T C — D occurs in s. Then according to Definition
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8.15 b, for all s’ in 7, if sR;s', then FC is in s’ or TD is in s'. So, by the induction
hypothesis, for all s’ in 7, if sR;s', then My,s' }=; C or My,s' =; D. Consequently,
Mzy,s ':,' C—D.

Let A =C — D and suppose F C — D occurs in s. Then according to Definition 8.15
¢, there is a node s’ in T with sR;s" such that TC is in s’ and FD is in s'. So, by the
induction hypothesis, M¢,s' =; C and My,s’ }~; D. Consequently, My, s = C — D.
The cases that A=CAD,A=CVD and A = —C are treated similarly. O

Example 8.5. We wonder whether }—g PV =P. So, in the left column below we start
a search tree 7 beginning with F' PV —P:

F PV—P s
FP, F-P |
| J

TP s’ P

In the application of rule F—; to F—P the F-signed formulas are not be copied to
the next proof-situation. We do not find a tableau-proof of PV —P. Instead we have
actually constructed a search tree 7 for PV —P which is open, i.e., no node in it
contains both 7B and F'B for some formula B; and from this open search tree one
can read off an intuitionistic Kripke counterexample to PV =P, as is shown in the
right-column above. Confer Example 8.3.

Example 8.6. We wonder whether I, (P — Q) V (Q — P). So, in the left column
below we start a search tree 7 beginning with F (P — Q) V (Q — P):

F(P—-Q)V(Q—P) s

FP—>Q FQ—P AN
VN v hV

TP,FQ TQ, FP siP 50

At the second line of the search tree in the left column above, we can apply rule F —;
to F P — Q losing the expression F' Q — P or apply rule F —; to F Q — P losing the
expression F' P — Q. In neither case we find a tableau-proof of (P — Q) V (Q — P).
Instead we have actually constructed a search tree for (P — Q) V (Q — P) which is
open, i.e., no node in it contains both 7B and F B for some formula B; and from this
open search tree one can read off a Kripke counterexample to (P — Q) V (Q — P).
Confer Example 8.4.

Example 8.7. We wonder whether PV —Q +} (R — P) V (Q — R). Application of
the procedure to construct a counterexample to this conjecture yields two different
search trees which both turn out to be closed.
TPV-Q,F (R—P)V(Q—R) TPV-Q,F(R—P)V(Q—R)
TPV-Q,FR—P, FQ—R TPV-Q,FR—P FQ—R
TP, TPV-Q,FR—P,FQ—R T-0,TPV—-Q,FR—P,FQ—R
FQ,TPV—-Q,FR—P,FQ—R

/N /N
TP, TR, FP TP, TQ, FR T-Q, TR, FP T-Q, TQ, FR
closed FQ, TR, FP FQ, TQ, FR

closed
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Note that the two branches which give closure together yield an intuitionistic
tableau-deduction of (R — P) V (Q — R) from PV —Q:

T PV—-Q, F (R— P)V(Q—R)

TPV-Q,FR—P, FQ—R
TPV-Q,TP,FR—P,FQ—R | TPV-Q,T-Q, FR—P, FQ—R

T PV—-Q, TP, TR, FP TPV-Q,T-Q, TQ, FR
closure T PvV-Q, FQ, TQ, FR
closure

The correctness of this remark is not accidental and follows immediately from the
definition of a tableau-deduction and the structure of the procedure in Definition
8.14 to construct a counterexample.

Theorem 8.4. If all search trees for the conjecture Ay,...,A, F\ B are closed, i.e.,
contain closure in one of their branches, then Ay, ...,A, F} B.

Proof. Suppose all search trees for the conjecture A, ...,A, I B are closed. Then it
follows from the procedure to construct a counterexample to this conjecture that
the closed branches together form an intuitionistic tableau-deduction of B from
Al,.. Ay O

Theorem 8.5 (Completeness). IfA;,...,A, =i B, then Ay,... A, l—; B.

Proof. SupposeAy,...,A, =; B. Apply the procedure to construct a counterexample
to the conjecture Ay, ...,A, I} B. If one of the resulting search trees is open, say T,
then by Theorem 8.3, Mr,so =i A1 A ... AAp, while Mr,so F~; B. This contradicts
the assumption Ay,...,A, |=; B. Hence, there can be no open search tree for the
conjecture Ay,...,A, I—:» B. That is, all search trees for this conjecture are closed. So,
by Theorem 8.4, Ay,...,A, ! B. O

The procedure to construct a counterexample to the conjecture Ay,...,A, F} B
will stop after finitely many steps and then either yield an intuitionistic Kripke-
counterexample or an intuitionistic tableau-deduction of B from Ay, ... ,A,. There-
fore, intuitionistic propositional logic is decidable.

Theorem 8.6 (Decidability). Intuitionistic propositional logic is decidable, i.e.,
there is a procedure to decide in finitely many steps whether Ay, ...,A, - B.

Proof. Given a conjecture Ay, ...,A, I B, the procedure (in Definition 8.14) to con-
struct a counterexample yields only finitely many different search trees, each of
which will be completed in a finite number of steps. If they all close, by Theorem
8.4 they actually give us a tableau-deduction of B from Ay,...,A,, showing that
Al,... Ay }—g B and hence Ay, ...,A, |=; B; if one of them is open, by Theorem 8.3
it actually yields a Kripke counterexample to the given conjecture, showing that

Ay,...,Ay 5 Band hence Ay,...,A, t/} B. O
Note that while the decision procedure for Aj,...,A, = B in classical propositional
logic was immediately evident from the definition of A, ...,A, = B (the truth table

of B has 1 in all lines in which all of Ay,...,A, are 1), this is not so for the notion of
Kripke valid consequence (A1,...,A, =; B) in intuitionistic propositional logic.
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Exercise 8.17. Construct either an intuitionistic tableau-proof or an intuitionistic
Kripke counterexample for the following formulas (confer Exercise 8.1):

(a) (P— Q) = (-Q — —P) and (-Q — —P) — (P — Q).

(b) =(PAQ) — (-PV—=Q) and (-PV Q) — ~(PAQ).

(©) (P— Q) = ~(PA—Q) and ~(PA=Q) — (P — Q).

(d)(P—Q)— (-PVQ)and (-PVQ)— (P— Q).

@ P—QVR)—»(P—Q)V(P—R)and(P—Q)V(P—-R)— (P— QVR).
(f) (PV—P) — (—=—P — P) and (——P — P) — (PV —P).

Exercise 8.18. * (S.A. Kripke, oral communication, 1977)

Let M = (S, R, |=; ) be defined as follows: S is the set of all formulas A of intu-
itionistic propositional logic such that A | A (see Exercise 8.14). For H, H' in S, let
HRH':=H'\;H.ForHin S let H |=; P := H t; P (P atomic).

Verify that M = (S, R, =; ) is a Kripke model for intuitionistic propositional logic
such that for all formulas A, M,H |=; A iff H -; A. Hint: use Exercise 8.14 and 8.15.
As a corollary we have the completeness theorem for intuitionistic propositional
logic: if |=; A, then F; A.

8.6 Quantifiers in Intuitionism; Intuitionistic Predicate Logic

We have already seen in Section 8.1 that in classical mathematics the infinite — for
instance, the set N of the natural numbers — is treated as actual or completed. On the
other hand, since for an intuitionist mathematical objects are mental constructions,
the set N of the natural numbers intuitionistically cannot be regarded as a completed
totality, but only as potential or becoming or constructive. As explained in Section
8.1, the set N of the natural numbers is intuitionistically a construction project: start
with 0 and for every natural number n already constructed earlier construct n+ 1.
As a consequence the quantifiers have intuitionistically a meaning different from the
classical one.

The classical meaning of there exists an n such that P(n) (3n[n € NAP(n)]), that
somewhere in the completed infinite totality of the natural numbers there occurs an
n such that P(n), is not available to the intuitionist, since he does not conceive the set
N of the natural numbers as a completed totality. The intuitionistic meaning of the
proposition there exists a natural number n such that P(n) is that one can construct a
natural number n which one can prove has the property P. So, an intuitionistic proof
of the proposition in question must be constructive, i.e., it must indicate a concrete
natural number with the property P, or at least indicate a method by which one can
construct such a natural number.

The intuitionistic meaning of all natural numbers n have the property P (Vn[n €
N — P(n))), or briefly for all n, P(n), is the following: I have a method (construc-
tion), which applied to any natural number n provides a proof of P(n). Note that
the classical concept of a completed infinity of the natural numbers does not oc-
cur in this intuitionistic interpretation of a universal quantification over the natural
numbers.
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Propositions of the form for all natural numbers n, P(n) may be proved intuition-
istically by using the principle of mathematical induction: if (1) P(0) and (2) for all
n € N, if P(n), then P(n+ 1), then for all n, P(n). In order to arrive at an intuition-
istic proof of the proposition for all natural numbers n, P(n), the proofs of both the
induction basis (1) and the induction step (2) should, of course, be intuitionistic too.

That intuitionistic methods are to be distinguished from non-intuitionistic ones
is explained by S.C. Kleene [8] as follows:

In classical mathematics there occur non-constructive or indirect existence proofs, which
the intuitionists do not accept. For example, to prove there exists an n such that P(n), the
classical mathematician may deduce a contradiction from the assumption for all n, not P(n).
Under both the classical and the intuitionistic logic, by reductio ab absurdum this gives not
for all n, not P(n). The classical logic allows this result to be transformed into there exists
an n such that P(n), but not (in general) the intuitionistic. Such a classical existence proof
leaves us no nearer than before the proof was given to having an example of a number n
such that P(n) (though sometimes we may afterwards be able to discover one by another
method). [S.C. Kleene [8], p. 49]

Intuitionistic methods are to be distinguished from non-intuitionistic ones not only
in the case of proofs, but also in the case of definitions. For instance, suppose one can
show that the number 3 has a given property P if Goldbach’s conjecture (G) is true
and that if Goldbach’s conjecture (G) is false, then the number 5 has the property
P. From a classical point of view one may say that one has shown the existence of
a natural number n with the property P. But because Goldbach’s conjecture is an
open, i.e., not solved, problem, from an intuitionistic point of view no construction
of such a natural number n has been given. Neither 3 nor 5 is an example as long
as Goldbach’s conjecture has not been solved. From an intuitionistic point of view
one has only proved the implication if G or not G, then there exists an n such that
P(n), where G is Goldbach’s conjecture. From a classical point of view, the premiss
GV G of this implication is available and consequently from a classical point of
view one may infer its conclusion that there is a natural number n with the property
P. However, in the present state of knowledge, an intuitionist does not accept the
principle G or not G and hence the number n which is equal to 3 if G, and equal to
5 if not G is intuitionistically not a valid definition of a natural number n: one has
no method to construct this natural number.

We have just seen that the quantifiers in intuitionism have a meaning quite different
from their classical one. Let V be an (intuitionistic) set. Vx € V[A(x)] (for every
x in V, A(x)) means intuitionistically: I have a construction which assigns to each
object a in V a proof of A(a). And 3x € V[A(x)] (for some x in V, A(x)) means
intuitionistically: I can construct an object a in V and give a proof(-construction) of
Ala).

The reader should verify for himself that for the intuitionistic quantifiers we still
have —=3x € V[A(x)] &2 Vx € V[-A(x)] , and also 3x € V[-A(x)] — —Vx € V[A(x)],
but not anymore the converse, —=Vx € V[A(x)] — Jx € V[-A(x)]: from the assump-
tion that =Vx € V[A(x)], i.e., that Vx € V[A(x)] yields a contradiction, one can in
general not construct a particular element x in V such that —=A(x). An intuitionistic
(weak) counterexample to —Vx € V[A(x)] — Ix € V[-A(x)] is obtained as follows:
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Let C(k) := in the decimal expansion of 7 a sequence of the form 0123456
7 8 9 occurs before the k" decimal. And let p = 0. a; a> as... , where a; = 3 if
~C(k), and ay = 0 if C(k). Thenif p # }, i.e., p #0.333..., then —Vk € N[-C(k)],
andif p #£0.33... 000..., then =3k € N[C(k)].

Let Q be the set of all rational numbers. Then
(1) =Vx € Q[x # p], i.e., it is not the case that p is irrational; for if p is irrational,
then both p # ; and p # 0.33... 000... and therefore both -k € N[~C(k)] and
-3k € N[C(k)] or equivalently Vk € N[-C(k)]; contradiction.

(2) But it is reckless to assume that Ix € Q[—(x # p)]: for indicating a ratio-
nal number equal to p implies Yk € N[-C(k)] vV 3k € N[C(k)], or equivalently,
-3k € N[C(k)] vV 3k € N[C(k)], which clearly is a reckless statement since it states
that I know whether in the decimal expansion of 7 a sequence of the form 0 123 4
567 89 occurs or not.

From (1) and (2) it follows that —Vx € Q[x # p] — Ix € Q[~(x # p)] is reck-
less. Note that —=Vx € V[A(x)] — Jx € V[-A(x)] is a generalization of =(P A Q) —
—PV —Q, of which we have already seen in Section 8.5 that it was intuitionistically
reckless.

We are not able to give an intuitionistic proof of Vx € V[-—A(x)] — ——Vx €
V[A(x)]. In Section 8.7 we shall show that this formula does not hold intuitionisti-
cally in the case that V = {0,1}"V: Let A(cx) express that o is the infinite sequence
consisting of only 0’s, which we denote by o = 0, i.e., Vi € N]a(n) = 0]. Then
Vo € {0, 1} N[=~(a =0V & # 0)], but -Vox € {0, 1}N[ae =0V x #0].

However, in the case that V = N, whether Vx € N[-—A(x)] — ——Vx € N[A(x)] holds
intuitionistically or not is still an open problem.

8.6.1 Deducibility for Intuitionistic Predicate Logic

The language of intuitionistic predicate logic is the same as the one for classical
predicate logic (see Chapter 4), the difference being that the connectives and quan-
tifiers now have another, constructive and intuitionistic meaning. For the sake of
completeness we give the alphabet of predicate logic and mention the rules accord-
ing to which the well formed expressions or formulas of predicate logic are formed.

Definition 8.17 (Alphabet for Predicate Logic).
The alphabet for (intuitionistic) predicate logic consists of the following symbols:
individual constants: c¢y,c¢3,c3,...

predicate symbols: Py, P>, P,..., where P; is supposed to be n;-ary, i.e., taking n;
arguments.
free individual variables: a;,a,as,...; bound individual variables: x;,x2,x3, ...

connectives: &, —, A, V, —; quantifiers: 3, V
brackets: (, ), [, ]

We shall use a,b to range over free individual variables, x,y,z to range over bound
individual variables, and P, Q, R to range over predicate symbols.
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Definition 8.18 (Formulas of Predicate Logic).

If P is a n-ary predicate symbol and ¢y, ...,t, are terms, i.e., individual constants or
free individual variables, then P(z1,...,#,) is an (atomic) formula.

If B and C are formulas, then also (B <= C), (B — C), (BAC), (BV ) and (—B) are
formulas.

If A(a) is a formula containing the free variable a, then Vx[A(x)] and Jx[A(x)] are
formulas, where A(x) results from A(a) by replacing all occurrences of a by x.

A Hilbert-type proof-theoretic formulation of intuitionistic predicate logic is ob-
tained by replacing axiom 8, -—A — A for classical predicate logic (see Section
4.4) by axiom 8/, -A — (A — B) (see Section 8.2). The other axioms and rules
for the connectives and quantifiers remain unchanged and the reader should ver-
ify intuitively that they all hold true for the intuitionistic interpretation of =, —
, A\, V, 7, Vand 3.

Definition 8.19 (Axioms and Rules for Intuitionistic Predicate Logic).

The (logical) axioms and rules for intuitionistic predicate logic consist of:

1. the axiom schemata for intuitionistic propositional logic, given in Section 8.2.

2. the axiom schemata for the quantifiers: Vx[A(x)] — A(¢) and A(r) — Ix[A(x)],
where ¢ is a term, i.e., an individual cozlstant or free individLX% V)ariablei4 @

. A A—B C—Aa a)—C

3. the logical rules for —, V and 3: B (MP), C 5 VHAW)] AW = C°

provided C does not contain a.

Definition 8.20 (Deduction; Deducible).

1. An intuitionistic (Hilbert-type) deduction of B from A1, . .. A, (in predicate logic)
is a finite list By, ..., By of formulas, such that

(a) B = By is the last formula in the list, and

(b) each formula in the list is either one of Ay,...,A,, or an axiom of intuitionistic
predicate logic (i.e., an instance of one of the axiom schemata), or is obtained by
application of one of the rules to formulas preceding it in the list, such that

(c) all free variables of Ay, ...,A, are held constant, i.e., the V-rule and the 3-rule

are not applied with respect to a free variable a occurring in Ay,...,A,, except pre-
ceding the first occurrence of Ay, ...,A, in the deduction.
2. B is intuitionistically deducible from Ay,...,A, = there exists an intuitionis-

tic (Hilbert-type) deduction of B from Aj,...,A,. Notation: A{,... A, ; B. The
symbol |; may be read ‘yields intuitionistically’. Ay,...,A, I/; B abbreviates: not
Ay,...,An i B.

3. For I" a (possibly infinite) set of formulas, B is intuitionistically deducible from I
:=thereis a finite listAy,...,A, of formulasin I" such thatAy,...,A, I; B. Notation:
I';B.

Example 8.8. 3x[=A(x)] F; —Vx[A(x)]. Proof: Vx[A(x)] — A(a) is an (intuitionistic)
axiom. Hence, F; ~A(a) — —Vx[A(x)], and hence, by application of the rule for 3,
i 3x[=A(x)] — —Vx[A(x)]. Consequently, Ix[-A(x)] F; =Vx[A(x)].

However, conversely, the classical deduction of Jx[—A(x)] from —Vx[A(x)] is not
intuitionistically valid: A(a) — 3x[A(x] is an axiom. Consequently, - =3x[A (x)] —
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—A(a) and hence - —3x[A(x)] — Vx[-A(x)] and F —Vx[=A (x)] — —=—3x[A(x)]. Now
classically, but not intuitionistically, one may remove the double negation signs,
obtaining - —Vx[—A (x)] — 3x[A(x)] classically, but not intuitionistically.

Without proof we mention here the following generalization of Exercise 8.12, that
classical predicate logic can be defined within intuitionistic predicate logic. For a
proof of this theorem we refer the reader to S.C. Kleene [8], Section 82.

Theorem 8.7. If Ay,...,A, = B (classically), then Af,...,A; & B* (intuitionisti-
cally), where A* is defined as follows: For A atomic, A* := ——A.

(BAC)*:=B*NC* (Vx[B(x)])* := Vx[B(x)*],
(BVC)* :==(-B* A—=C¥) (Fx[B(x)])* := —Vx[-B(x)*],
(A—B)*:=A* - B* (mA)* =A%

8.6.2 Tableaux for Intuitionistic Predicate Logic

A tableaux system for intuitionistic predicate logic is obtained by replacing the rules
F— , F—and F V for classical predicate logic (see Subsection 4.4.2) by the rules
F— F—y and F V;:

S, FB=C S, F-B S, F Vx[A(x)]

' Sy, TB,FC " Sy, TB " Sr, FA(a)

where a is new, i.e., does not occur in S, F Vx[A(x)], and where St = {TB|TB € S}
is the set of all T-expressions in S. So, the tableaux rules for intuitionistic predicate
logic are obtained by adding to the tableaux rules for the intuitionistic connectives,
presented in Section 8.3, the intuitionistic tableaux rules for the quantifiers:

F—

T3 S, TWAX)] F3 S, F3x[A(x)]
S, TA(a) S, F 3x[A(x)], FA(z)
anew: a does not occur in S, 7 3x[A(x)] ¢ being any term
TV S, T Vx[A(x)] FY; S, FVx[A(x)]
S, T Vx[A(x)], TA(z) St, FA(a)
¢ being any term a new: a does not occur in S, F Vx[A(x)]
The definitions of an intuitionistic tableau-deduction of B from Ay, ...,A, and of B

is intuitionistically tableau-deducible from Ay, ... ,A,, denoted by Ay,...,A, F} B,
are similar to the ones given in Section 8.3.

Example 8.9. 3x[=A(x)] F} —Vx[A(x)]. Proof: the tableau in the left column below is
an intuitionistic tableau-deduction of —Vx[A(x)] from Ix[-A (x)]:

T Ix[-A(x)], F —Vx[A(x)] T —Vx[A(x)], F 3x[-A(x)]
T 3x[-A(x)], T Vx[A(x)] F Vx[A(x)], F 3x[-A(x)
T -A(ay), T Vx[A(x)] F Vx[A(x)], F —A(ay)]

F A(ay), T Vx[A(x)] FVx[A(x)], T A(a1)]
FA(al), TA(al) FA((IQ), TA(al)

closure no closure



8.6 Quantifiers in Intuitionism; Intuitionistic Predicate Logic 407

But, conversely, we do not find a tableau-deduction of Jx[—A(x)] from —Vx[A(x)]:
the tableau in the right column above fails to be an intuitionistic tableau deduction
of 3x[-A(x)] from —Vx[A(x)].

Without proof we mention that Theorem 8.1 for intuitionistic propositional logic
can be generalized to intuitionistic predicate logic.

Theorem 8.8. (i) If B is tableau-deducible from Ay,...,A, (in intuitionistic predi-
cate logic), i.e., Ay,...,A, B, then B is deducible from Ay ..., A, (in intuitionistic
predicate logic), i.e., Ay, ..., A, ;i B. In particular, forn =0:

(ii) If ' B, then +; B.

8.6.3 Kripke Semantics for Intuitionistic Predicate Logic

In the definition of a Kripke model for intuitionistic predicate logic below, we shall,
for the sake of simplicity in notation, assume that our language contains no indi-
vidual constants. The definitions below generalize Definition 8.11 for intuitionistic
propositional logic.

Definition 8.21 (Kripke Model for Intuitionistic Predicate Logic).

A Kripke model M for intuitionistic predicate logic is a quadruple ( S, R, U, ;)
such that

1. S is a non-empty set (of possible proof-situations);

2. R is a binary relation on S (regarded as the accessibility relation), which is reflex-
ive and transitive (see Definition 8.11);

3. U assigns to each s in S a non-empty set U(s), such that if sRs’, then U (s) is a
subset of U(s"). U(s) can be conceived as the Universe of the proof-situation s, i.e.,
the set of objects constructed in the situation s;

4. |=; is a relation between elements of S and expressions of the form P(ay,...,a;)
[n1,...,ng], such that

i)if s = P(ay,...,ar)[n1,...,n), then ny,...,n; are elements of U (s), and

i) if s = Play,...,ax)[n,...,m] and sRs', then s’ |= P(ay,...,a)[n1, ..., ngl.

s E P(ay,...,ar)[ni,...,ng] is to be read as: in the proof situation s it has been

shown that (ny,...,n;) has the property P.

Definition 8.22. (M,S ':,'A(al gooo ,ak)[nl gooo ,nk])

Given a Kripke model M = ( S, R, U, =, ), s in S, a formula A(a,...,a;) and
elements ny,...,ng in U(s), M,s =i A(ay,...,ax)[ny,. .., ng) is defined as follows:
M,s i P(ay,...,a0)[n,...,m] :=s i Pay,...,a)[n1, ... ,ml;

M,s =i BAClny,...,nt] :=M,s =i B[ni,...,ng] and M, s |=; Clny, ... ,ng];

The definition for BV C, B — C and —B is analogous to the one (Definition 8.12)
for intuitionistic propositional logic.

M,s = Vx[B(x,ai,...,a;)][ni,...,n;] :=for all s" in § such that sRs" and for all n in
U(s'),M,s" \=; B(a,ay,...,ay)[n,n,...,n] (where a is new);

M,s |=; Ix[B(x,ay,...,a)][n1,...,ng) = M,s |= B(a,ay,...,ar)[n,n,...,n; for at
least one n in U (s) (a being a new free variable).
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Example 8.10. Let M = ({s,s'}, R, U, |=; ) be the Kripke model for intuitionistic
predicate logic defined by sRs', U(s) = {1}, U(s') = {1,2}, s = P(a)[1], s’ =
P(a)[1], and s }~; P(a)[2].

{1} S|P(a)[l]

1
{1,2} 5" P(a)[1]

Then M,s |=; —Vx[P(x)], because M,s F~; Vx[P(x)] (since M,s' t~; P(a)[2]) and
M,s' B Yx[P(x)]. But M, s b£; 3x[=P(x)], because M, s [=; =P (a)[1].
Hence, M, s ~; —=Vx[P(x)] — 3x[-P(x)].

Example 8.11. Let M = (S, R, U, |=; ) be the Kripke model for intuitionistic pred-
icate logic defined by:

S ={s1,52}, s1Rs1,s1Rs, and s,Rs7, {1} P(a)[1]

U(s1) ={1}, U(s2) = {1,2},

s1 =i P(a)[l], 52 =i P(a)[1], 52 =i O, s2 =i Pa)[2], {1,2} [ P(a)[1],0
2

Then M, s |=; Vx[P(x) V Q], but M,s; = Vx[P(x)]V Q (because M, s F; Vx[P(x)]
and M, s| [~ Q). Hence, M, sy [~ Vx[P(x) V Q] — Vx[P(x)] V Q.

Example 8.12. Let M = ( S, R, U, |=; ) be the Kripke model for intuitionistic pred-
icate logic defined by:

SZ{S],SQ,...}, {l}sl
foralli,j,if 1 <i< j, then s;Rs;, {1,2} 5o | P(1)
foralli=1,2,....U(s;)) = {1,...,i}, {1,2,3} 53| P(1),P(2)
foralli >2,s; = P(a)[l],...,si = P(a)[i—1], |

si = P(a)[i], |

|
Then foreach sin S, M,s }~; Vx[P(x) V—P(x)]. Hence, M,s; |=; =Vx[P(x) V=P (x)].

The reader can easily verify that the analogue of Lemma 8.1 holds again for intu-
itionistic predicate logic.

Lemma 8.2. Let M = (S, R, U, |=;) be a Kripke model, s and t elements of S and
A=A(ay,...,a) aformula.
IfM,s =i Alny,...,ng] and sRt, then Mt |=; Alny, ... ng).

Definition 8.23 (Intuitionistically Kripke-valid Consequence).

Let M = (S, R, U, |=; ) be a Kripke model for intuitionistic predicate logic and
A=A(ay,...,a;) aformula.

(a) M is a model for A, or A holds in M := for all s in S and for all ny,...,n in U(s),
M,s =i A(ay,...,ag)[n1,- .., ng]. Notation: M |=; A.

(b) A is intuitionistically Kripke-valid := for all Kripke models M, M =; A.
Notation: =; A.

(c) B is an intuitionistically Kripke-valid consequence of Ay,... A, :=

':,'Al A...A, — B. Notation: A{,...A, ):i B.
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Example 8.13. For the Kripke model M of Example 8.10, M [~; —Vx[P(x)]
Ix[-P(x)]. For the Kripke model M of Example 8.11, M & Vx[P(x) V Q]
Vx[P(x)] V Q. And for the Kripke model M of Example 8.12, M [~ ——Vx[P(x) V
=P(x)]. Since |=; Vx[——(P(x) V —P(x))], it follows that Vx[——A(x)] & ~—Vx[A(x)].

%
—

8.6.4 Soundness and Completeness

The intuitionistic Hilbert-type proof system in Subsection 8.6.1 for intuitionistic
predicate logic is sound with respect to the intuitionistic Kripke semantics given in
Subsection 8.6.3.

Theorem 8.9 (Soundness). IfAy,...,A, t; B, then Ay,...,A, =i B

Proof. The proof is a generalization of the proof of the soundness theorem (Theo-
rem 8.2) for intuitionistic propositional logic.

The procedure to construct a counterexample to a given conjecture Aj,...,A, b}
B, given in Definition 8.14 for intuitionistic propositional logic, may be adapted
to intuitionistic predicate logic, taking also the quantifiers into account. We shall
illustrate this procedure in the Examples 8.14 and 8.15. Again, if this procedure
yields an open search tree, then we have actually constructed an intuitionistic Kripke
counterexample to the given conjecture. And if all search trees are closed, then the
closed branches form together a tableau-deduction of B from Ay,...,A,. Hence,
again we may conclude that the tableaux rules for intuitionistic predicate logic are
complete with respect to the Kripke semantics for intuitionistic predicate logic:

Theorem 8.10 (Completeness). IfAy,...,A, |=; B, then Ay, ..., A, i—; B.
Finally, we may generalize the proof of Theorem 8.1 to intuitionistic predicate logic:
Theorem 8.11. IfA,,...,A, F. B, then Ay,...,A, - B.

Hence, the three notions of Ay,...,A, F; B, Ay,...,A, =i Band Aj,... A, H B turn
out to be equivalent.

Example 8.14. We wonder whether —Vx[P(x)| F! 3x[-P(x)]. Our procedure to con-
struct a counterexample to this conjecture yields the search tree in the left column
below:

ﬁVx[P(x)] F 3x[-P(x)]

—Vx[P(x)], F ~P(ar)

ﬂVX[P( )], T Plar) {1} s Pla)l1]

FVx[P(x)], T P(ar) |
| XS

T —Vx[P(x)], F P(az), T P(a;) {1,2} 5’ P(a)[1]
Although we may proceed with developing this search tree, it is clear that we will
never find closure. In fact, we have constructed the Kripke counterexample M de-
scribed in Example 8.10, as depicted in the right column above. For instance, by
definition s |=; P(a)[1], corresponding with the fact that 7 P(a;) occurs in s.
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Example 8.15. We wonder whether Vx[P(x) V Q] F} Vx[P(x)] V Q. Our procedure to
construct a counterexample to this conjecture yields among others the search tree in
the left column below:

T Vx[P(x) Vv Q], F Vx[P(x)]V Q
T P(a;)V Q, T Vx[P(x)V Q], F Vx[P(x)],

] {1} 51| P(a)[1]
TP(ay), T Vx[P(x)V Q], F Vx[P(x)]

FQ
» FO

TP(a;), T Vx[P(x)V Q], FP(ay)
TP(ay), T P(az)V Q, T Vx|P(x)V Q], FP(ay) {1,2} 52 |P(a)[1], O
TP(ay), TO, T Vx[P(x)V Q], FP(a3)

From this open search tree one may easily read off the the Kripke counterexample
described in Example 8.11, as depicted in the right column above. For instance,
by definition s; =; P(a)[1] corresponding to the fact that T P(a;) occurs in sy and
2 =i O corresponding to the fact that TQ occurs in s;.

The proofs of the soundness and completeness of intuitionistic predicate logic with
respect to (intuitionistic) Kripke semantics are generalizations of the correspond-
ing proofs for intuitionistic propositional logic (see the proofs of Theorem 8.2 and
8.5), and are analogous to the corresponding proofs for classical predicate logic (see
Chapter 4).

There is however one complication. Also for intuitionistic predicate logic we
have: if A is Kripke valid, then there is no open search tree starting with F' A. Thus,
if A is Kripke valid, we can conclude that each search tree starting with ' A is not
open, i.e., each search tree starting with F' A is not not closed. Classically, we can
conclude from this that each search tree starting with FA is closed (and hence that
A is formally provable), but not so intuitionistically. So the completeness theorem
for intuitionistic predicate logic with respect to (intuitionistic) Kripke semantics
can only be proved if we use a classical metalanguage and not if we want to use
intuitionistic metamathematics.

W. Veldman [16] has discovered a generalization of the notion of an intuitionistic
Kripke model and hence a somewhat different notion of Kripke validity, such that
completeness with respect to this generalized Kripke semantics can be proved intu-
itionistically. The essence is to allow that L (falsum) is true in one or more proof
situations and to demand that if L is true in situation s (s =; L), then every formula
A is true in s (s |=; A). Next this idea was used by de Swart [14] to give another
intuitionistic completeness proof with respect to a different semantics.

Note that the transition from ‘not not closed’ to ‘closed’ is intuitionistically cor-
rect in the case of intuitionistic propositional logic, because in that case we can for
each search tree decide whether it is closed or not. And from Vz[C(¢) V —C(¢)] and
Vi[-—C(t)], where C(r) stands for ‘the search tree ¢ is closed’, it follows intuition-
istically that V¢[C(7)].

Like classical predicate logic, also intuitionistic predicate logic is undecidable.
The search trees starting with F' A may become infinitely long, each time introducing
new variables and we may not know whether we can stop at some stage.
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Exercise 8.19. Verify (intuitively) that intuitionistically the following formulas hold
true: a) ~3x € V[-A(x)] 2 Vx € V[-—A(x)]; b) =—Vx € V[A(x)] = Vx € V[-—A(X)].
c¢) Verify (intuitively) that the following formula does not hold intuitionistically:

Vx € V[=—A(x)] — Vx € VIA(x)].

d1) Show that a) is intuitionistically tableau-provable and d2) that a) is also formally
provable (in the intuitionistic Hilbert-type proof system).

Exercise 8.20. Prove that for A a formula in prenex normal form (see Subsection
4.3.5) L A (in intuitionistic predicate logic) is decidable. Since intuitionistic predi-
cate logic is undecidable, it follows that not every formula has a prenex normal form
to which it is equivalent in intuitionistic predicate logic.

Exercise 8.21. Prove that if ] 3x[A(x)] (intuitionistically) and in A(a) there occur
no other free variables than a, then H} Vx[A(x)].

Exercise 8.22. Prove that Vx[P(x) V Q] — Vx[P(x)] V Q holds in all Kripke models
(for intuitionistic predicate logic) M = ( S, R, U, |=; ) with constant domain, i.c.,
U(s)=U(s) forall s, s’ in S. (Compare Example 8.11.)

Exercise 8.23. For each formula A of intuitionistic predicate logic we define a for-
mula A’ of modal predicate logic by induction as follows: P’ := 0P, (B — C) :=
OB — '), (-B) :=0~(B'), (BAC) :=B'AC', (BVC) =B Vv, (Vx[B(x)])
:= OVx[B(x)'], (3x[B(x)])" := 3x[B(x)']. Prove that =; A iff = A’ in $4, ie., A is
intuitionistically Kripke valid iff A’ is valid in the modal logic S4 (see Chapter 6).

8.7 Sets in Intuitionism: Construction Projects and Spreads

Intuitionistically, a set — like any other mathematical object — should be a men-
tal construction. Natural numbers can be conceived as objects which are finitely
constructible. Intuitionistically, the set of all natural numbers is identified with the
following construction project: a) 0 is a natural number, and b) if 7 is a natural num-
ber, then n’ is a natural number too. (The term ‘construction project’ was coined by
Johan J. de Tongh.)

The set N of the natural numbers is intuitionistically not regarded as a completed
totality, but only as potential or becoming or constructive. The construction project
can be stated in only two clauses, but it generates the potentially infinite set N of
the natural numbers. At each stage only finitely many elements of N will actually
have been constructed; but also at each stage the construction project tells us how to
continue the construction of new natural numbers.

In classical mathematics one accepts the Powerset axiom: if V is a set, then P(V)
is a set too. It follows that P(N), PP(N), PPP(N), ... are sets of ever increasing
cardinality. However, these sets are not surveyable in the most literal meaning of the
word; more precisely, no construction project is known of which we could reason-
ably say that it generates the elements of such a set in the course of time. For that
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reason, Brouwer rejected the powerset axiom and refused to accept the existence of
these sets.

The notion of construction project is a primitive, i.e., undefined, one. But we cer-
tainly want to say that the clauses a) and b) above together define a construction
project for N. In what follows we introduce the notion of spread, which we want to
consider as a particular kind of construction project. We do not exclude the possibil-
ity that one may discover other kinds of construction projects in the future, although
we are not aware of them now.

The intuitionist constructs the integers from the natural numbers (Z is enumer-
able) and the rationals from the integers (Q is enumerable), just like this is done in
classical set theory. A more difficult question is whether there is an intuitionistic set
which can reasonably be called R; in other words, if we can generate the elements
of such an R by an appropriate construction project. Only if this is the case, does
quantification over the reals (‘forallx € R...” and ‘for some x € R...”) make sense.
One could say that Brouwer invented the spread concept in order to answer this
question.

Now the construction project for R is rather complicated. For that reason we first
indicate a construction project for {0, 1}V, i.e., the set of all (potentially) infinite
sequences of zeros and ones. Schematically, the construction project for {0, 1}
looks as follows:

As an introduction one might think of a construction project as a mental project
generating all possibilities to swim from Amsterdam to ‘the end of the world’, where
at each stage one has the choice of going to the left or going to the right.

By choosing an element from {0, 1} at successive moments or stages, potentially
infinite sequences of zero’s and one’s come into being. These sequences are gener-
ated in the course of time by a simple precept, called the choice-law: at each stage
choose either a zero or a one. We identify the (intuitionistic) set {0, 1} with this
precept; and we call the potentially infinite sequences of zero’s and one’s the el-
ements of this set, since they are generated in accordance with the corresponding
choice-law. One does have an overall picture of how the elements of this set come
into being.

The elements of a spread are generated by choosing natural numbers consecu-
tively, with due observation of a choice-law (corresponding to the given spread),
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which prescribes which natural numbers may be chosen given the choices already
made before.

In the case of {0,1}", the choice-law dictates that to each finite sequence of
natural numbers already chosen before, we may choose only an element of {0,1}.
This spread is also called oy or the binary spread. A different choice-law is the
one that dictates that given a finite sequence of natural numbers chosen before, one
may choose an element of {0, 1} if the given finite sequence does not contain 1 and
that otherwise one has to choose an element of {1}. The spread belonging to this
choice-law generates the monotone non-decreasing elements of 6p; and is called
O01mon- Below is a picture of Go10n-

The elements of the spread, called choice-sequences, are the potentially infinite se-
quences of natural numbers which are admitted by the choice-law of the spread. So
the elements of {0, I}N are the potentially infinite sequences of zero’s and one’s.

O 1s the universal spread, i.e., NN, This choice-law dictates that to each finite
sequence of natural numbers already chosen before, one may choose any natural
number n in N.

Some authors define a spread simply as a tree in which each node has at least one
successor. This is not in the spirit of intuitionism, but rather in the spirit of classical
mathematics.

We may consider every element of {0,1}" as the characteristic function of a
subset of N (see Theorem 3.12). Note that from an intuitionistic point of view, the
characteristic function Ky (Definition 3.27) of a subset U of N is only well defined
if U is decidable, i.e., if for each n € N one can decide whether n € U or not. So,
the intuitionist also has at his disposal the set Py..(N), i.e., the set of all decidable
subsets of N.

The set containing just 0 if Goldbach’s conjecture holds and containing just 1 if
Goldbach’s conjecture does not hold, is a subset of N, but not a decidable one. In
fact, the intuitionist does not know of any spread to which we could reasonably give
the name P(N). Up till now no one has succeeded to present a construction project
which might be said to generate in the course of time all subsets of N.

As he needed a construction project for R, and not just for N, Brouwer gener-
alized the notion of spread just introduced. A dressed spread consists of

1. a choice-law, prescribing — given a finite sequence of natural numbers already
chosen before — which natural numbers may be chosen next, and
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2. a correlation-law, which after each choice correlates effectively an object from
a fixed countable set to the finite sequence of natural numbers chosen up till now.

The elements of a dressed spread, again called choice-sequences, are the poten-
tially infinite sequences of objects which have been assigned by the correlation-law
to the sequences of natural numbers chosen according to the choice-law.

In Brouwer’s applications those correlated objects can be natural numbers, but
also rational numbers and intervals with rational endpoints. Defining real num-
bers as infinite sequences of intervals with rational endpoints (for instance, v/2 =
[1,2],[1.4,1.5],[1.41,1.42],[1.414,1.415],...), Brouwer indicated a specific choice-
law and a specific correlation-law such that the corresponding spread has precisely
the reals as elements.

A (dressed) spread is not thought of intuitionistically as the ‘totality’ of its el-
ements, but rather as the pair consisting of the choice-law and the correlation-law,
which together govern the generation process under which its elements grow. So
a (dressed) spread is a construction project, which generates the elements of the
spread in the course of time. These elements are potentially infinite sequences (for
instance, of intervals with rational endpoints, in the case of R), of which at each
stage only a finite initial segment has been completed, but of which also is pre-
scribed at each stage how the finite sequence already constructed can be continued.
Among the elements of a spread there are choice sequences which are extensionally
the same as individual choice sequences defined by a particular law or otherwise.

For sets which can be obtained by means of a construction project, in particu-
lar for spreads, some surprising axioms are defended. One of them is Brouwer’s
Continuity Principle, which we explain below.

Brouwer’s Continuity Principle for natural numbers: Let ¢ be a spread.
If Vo € o 3k € N [A(a., k)], then

VocoImeN3IkeNVB o [Bm=am— A(B,k)].

i.e., for each o in ¢ there is an initial segment of length m and a natural number k
such that to all B in ¢ having the same initial segment of length m as o the same
natural number k is correlated; fm = om :=Vn < m[f(n) = a(n)].

Justification: Although Brouwer used this principle without further justification,
we now try to give a justification. Suppose Va € ¢ 3k € N [A(¢t, k)]. Because intu-
itionistically the elements of a spread are considered as continuously growing with
new choices and not as being completed, and because natural numbers themselves
are finite constructions, the correlation that associates with each o in o a natural
number k can intuitionistically only consist in such a way that the correlated natural
numbers will be determined effectively at a certain finite stage in the growth of the
choice sequences. That is, intuitionistically the correlated natural numbers will have
to be determined by finite initial segments of the choice sequences. The justification
of Brouwer’s principle ultimately rests on the insight that each element o in ¢ can
be thought of as being given step by step, also in the case that some particular o is
determined by a finite law. And the truth of A(ct,k) does not depend on the manner
in which o has been generated. (I
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We now derive a consequence from Brouwer’s principle.

Theorem 8.12. Let 0 = 0y and 0 be the element in 6y, such that Vn € N [0(n) =0).
Then —Vo € o [oo =0V —(oe =0)].

Proof. Suppose Voo € 6 [ =0V ~(a=0)],i.e.,
VaeokeN[k=0Aa=0)V(k=1A-(a=0))].
By Brouwer’s principle, Vo € 6 3m € N3k € NV € o [Bm = aum —
(k=0AB=0)V(k=1A=(8=0))].

Now consider & = 0. Then there is m € N such that Vf € [Bm=am— B =0].
However, let 8 be such that fm = &m = Om and (m) = 1. Then 8 # 0. Contradic-
tion. Therefore -V € o [ =0V —~(a = 0)]. O

Notice that although for each & € oy the statement ¢ =0V a # 0 itself does not
yield a contradiction — in fact, =— (ot = 0V & # 0) —, the simultaneous quantifica-
tion over all & € oy of the expression ¢ =0V a # 0 does lead to a contradiction.
Summarizing: ~—(a =0V o # 0), but Vo € op; [ =0V a # 0.

From Brouwer’s principle it also follows that there do not exist bijective map-
pings from either 6y or Gy1men to N (Brouwer 1918; see Exercise 8.24). Note that
from a classical point of view Gy, 1S an enumerable set.

Given a construction project which results in an intuitionistic set V and given
a well defined extensional property A(x) concerning the elements x of V, an intu-
itionist also accepts W := {x € V | A(x)} as a set, for quantification over W may be
explained in the usual way as a restricted quantification over V : Vx € W [E(x)] :=
Vx €V [A(x) = E(x)]and Ix e W [E(x)] :=Tx € V [A(x) AE(x)].

For a more extensive treatment of spreads and the axioms holding for them see
Gielen, Veldman and de Swart [7].

Choice Sequences Choice-sequences are the potentially infinite sequences of natu-
ral numbers which are generated by the choice-law of the spread. And in the case
of a dressed spread choice sequences are the potentially infinite sequences of ob-
jects which have been assigned by the correlation-law to the sequences of natural
numbers chosen according to the choice-law.

Some particular choice sequences may be called lawlike, for instance, the se-
quence 0 which is generated by the choice-law that dictates that given a finite se-
quence of choices already made before one has to choose a 0 and nothing else.
Other particular choice sequences may be called lawless, for instance, the sequence
which is generated by the choice-law that dictates that given any finite sequence of
choices already made before one has to choose any natural number and of which we
have determined in advance that the choice-law will never impose any restriction on
further choices.

However, the expression ‘a is lawlike’ is not a well defined propositional func-
tion for o € oy, for the following reasons:

1. The notion of finite law has not been defined precisely.
2. Let A(@) := o is lawlike. Then A(0) is true. But A(0,0,0,...) is not true for the
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sequence 0, 0, O, ... which ‘accidentally’ only contains zero’s. But a well defined
propositional function should be a function in the sense that if o and 3 are exten-
sionally equal, then A(¢r) and A(f3) should be the same well defined assertion.

‘0 is lawlike’ is a well defined proposition (what-ever ‘lawlike’ may mean pre-
cisely). But as long as & has not been specified by some specific finite law, the
expression ‘¢ is lawlike’ has no clear meaning, because the notion of ‘finite law’
has not been defined. Consequently, we are not able to speak about the set of all law-
like sequences and hence we cannot quantify over them. Similar observations hold
for the expressions ‘o is lawless’ and ‘the set of all lawless sequences’. We have no
construction project that generates in the course of time all lawlike (respectively, all
lawless) sequences! See de Swart [15].

A(B), e.g., Vn[B(n) = 0], is a propositional function, rather than a well defined
proposition. If we have a construction determining all values of 3, then this con-
struction together with our understanding of A(f3) would result in a well defined
proposition. But as long as such a finite law for 3 is not given, we have neither a
proof of A(3), nor an insight in the impossibility of experiencing the truth of A(3).

Summarizing: 1. Intuitionistic objects, in particular sets, are finite constructions
or construction projects. 2. Construction projects for non-denumerable sets techni-
cally boil down to spreads. A dressed spread consists of i) a choice law and ii) a
correlation law. 3. Choice sequences are just the elements of a spread. 4. Brouwer
defines the set R as a dressed spread whose choice sequences are infinite sequences
of (decreasing) intervals with rational endpoints. 5. Brouwer’s principle is proved
by reflection on what it means to have a proof of Voo € 63k € N [ A(a, k) ], rather
than the result of the peculiar epistemological status of choice sequences. 6. Quan-
tification only makes sense if it is a quantification over an intuitionistic set, i.e., a
set for which one has a construction(-project).

Starting from these philosophically sound principles it is quite possible to de-
velop intuitionistic mathematics, enough for the purposes of science (physics, eco-
nomics, etc.). See, for instance, Veldman [17, 18] and de Swart [13].

Exercise 8.24. Using Brouwer’s principle, prove that there is no bijection from oy
to N, neither from 6y, to N. However, from a classical point of view Gpimon 18
enumerable; explain the difference.

8.8 The Brouwer Kripke axiom

Brouwer-Kripke axiom (Brouwer, 1948) Let P be a determinate proposition. Then
there is an o in op; such that P < Info(n) = 1].

Justification Given a determinate proposition P it can be pondered again and again
in my mathematical life. We construct o/ as follows: a(n) = 1 if at stage n I did
succeed in proving P; otherwise, o:(n) = 0. O
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Johan de Iongh stressed that P should be determinate, i.e., P should not depend on
infinite objects which are still under construction. As long as information about P
has not yet been completed, I cannot really start to think about its truth. In particular,
P should not be of the form Vr[f3 (n) = 0], in which case one would obtain a contra-
diction from the Brouwer-Kripke axiom and what Kleene [9] called Brouwer’s prin-
ciple for functions. Wim Veldman [17] calls this principle AC;;, where AC stands
for Axiom of Choice.

Theorem: The Brouwer Kripke axiom and AC;; (Brouwer’s principle for functions)
are contradictory when applied to the expression Vn[f (n) = 0] with 8 in oy;.

For a precise formulation of ACy; and for a proof of this theorem we refer the reader
to [17] or [7]. Several authors have blamed this contradiction on AC;; (Brouwer’s
principle for functions); however, the restriction proposed by Johan de longh that P
should be determinate seems rather natural and self-evident, while AC;; has a good
justification.

Application of the Brouwer-Kripke axiom: Let ¢(n) = 1 if at stage n I have a
proof of GV =G, where G is Goldbach’s conjecture. Then GV =G < Inja(n) = 1].
Because of = —(G V —=G) we know ——3n[a(n) = 1]. But GV =G, i.e., In[o(n) = 1]
cannot be asserted.

8.9 Solutions

Solution 8.1. (a) If A — B, then -B — —A. Conversely, if -B — —A, then A — ——B.
But we are not entitled to infer A — B from =B — —A. For =B — —(——B) is intu-
itionistically valid and =——B — B is not.

(b) (mAV =B) — —(A A B) is intuitionistically valid: (—A V —B) and (A A B) to-
gether yield a contradiction. The converse formula —=(A AB) — (-A V —B) is not
valid intuitionistically: interpreting A as Goldbach’s conjecture and B as —A we
have —(A A —A), but not A V ~—A.

(¢) (A — B) — —(A A—B) is intuitionistically valid: (A — B) and (A A —B) together
yield a contradiction. But (A A—B) — (A — B) is not valid intuitionistically: inter-
preting A as ——B we have ~(——B A —B), but not =—B — B, as we have seen before.
(d) (-AVB) — (A — B) is intuitionistically valid: A — (A — B) and B— (A — B),
hence (—AV B) — (A — B). But (A — B) — (—AV B) is not valid intuitionistically:
interpreting B as -—A we have A — ——A, but not ~A V = —A.

@ ((A—=B)V(A—C)) — (A— BVC) is intuitionistically valid: (A — B) — (A —
BvC)and (A—C)— (A—BVC), hence (A—B)V(A—C)) = (A—BVC(C).
But the converse formula is not valid intuitionistically: interpreting A as BV C we
have BV C — BV C,butnot (BVC — B)V (BVC — C).

() (AV—-A) — (-—A — A) is intuitionistically valid: for if A V —A, then =—A rules
out the second possibility —A; so, only the first possibility A is left. (-—A — A) —
(AV —A) is not intuitionistically valid: interpreting A as ——P we have -———P —
——P, but not =—P V ———=P which is equivalent to = =PV —P.
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Solution 8.2. 1. If A — C, then =C — —A and hence —~(—A) — —(=C).

2.IfA— (B— C)and B, then A — C and so by 1) =—A — ——C.

3.IfA — (B — C) and ——A, then by 2) B — ——C and hence by 1) =—B — =———C,
ie., "B — -—=C.

4. From 3) with A — B, A, Binstead of A, B, C respectively, if (A — B) — (A — B)
and -—(A — B), then ~—A — ——B.

5. Suppose =—A — ——B and —(A — B). Then =—A and —B, for A — B follows
both from —A and from B. So, =——A and =——A — ——B. Therefore, ——B. Contradic-
tion with =B. So, if =—A — ——B, then -—(A — B).

6. From 3) with A, B, A ABinstead of A, B, C respectively, if A — (B — AAB) and
——A, then -—B — ——(A A B). Hence, if =—A A =—B, then -—(A A B).

7.ANB— A.Hence by 1), -—=(A A B) — ——A. Similarly, -—(A AB) — ——B.

8.A — AVB.Henceby 1), ~—A — ==(A VB). Similarly, =—B — =—(A V B). There-
fore, if =—A vV =—B, then =—=(A V B).

9. Take B = —A. Then =—(A V —A), but =—=A V —A is not intuitionistically valid.

Solution 8.3. If A is decidable, i.e., AV —A, then =—A eliminates the second option
—A and consequently only the first option A is left.

Solution 8.4. Axiom 8/, =A — (A — B), of intuitionistic propositional logic is (for-
mally) provable in classical propositional logic. This follows from —A, A F B (weak
negation elimination) by two applications of the deduction theorem. Hence, we have
(i): all formulas provable in the intuitionistic system are provable in the classical
system. Since the proof of the deduction theorem only uses the axiom schemas 1
and 2 and applications of Modus Ponens and since all these tools are available in
intuitionistic propositional logic, we have (ii): the deduction theorem also holds for
intuitionistic propositional logic.

Solution 8.5. Note that the deductions found in Exercise 2.60 a ii), b ii) and c ii) do
use the rule of double negation elimination (d—FE), while those in a i), b i) and ¢ 1)
do not.

Solution 8.6. a) We restrict ourselves to a tableau-proof of A — (B — A) and of

-A — (A — B):
FA— (B—A) F-A— (A—B)
TA,FB—A T-AJFA—B
TA, TB, FA T—-A FA,FA—B
closure T-A, TA, FB
T -A, FA, TA, FB
closure

b) 1) In the left column below is an intuitionistic tableau-proof of A — ——A, while
in the right column there is a failed attempt to give an intuitionistic tableau-proof of
——A = A:

FA——-—A F—-—A—A
TA, F ——A T ——A, FA
TA, T -A T ——A, F -A, FA
TA, FA T A, TA

closure no closure
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b) 2) Below is in the left column an intuitionistic tableau-proof of =—(A V —A),
while in the right column there is a failed attempt to give an intuitionistic tableau-
proof of AV —A:

F ~—(AV-A) FAV-A
T —(AV-A) FA, F-A
T —(AV-A), FAV-A TA

T -(AV—A), FA, F-A no closure
T —(AV-A), TA

T —~(AV-A), FAV-A, TA

T ~(AV-A), FA, F-A, TA

closure

¢) It is not possible to construct an intuitionistic tableau-deduction of B from A — B
and -A — B:
TA—B, T-A—B, FB
FA, TA—B,T-A—B, FB | TB, T -A—B, FB
FA,TA—B,F-A,FB | FA\TA—B,TB,FB | TB, T -A— B, FB
TA—B, TA
FA,TA | TB, TA

no closure

Solution 8.7. Below in the left column there is a classical tableau-proof of (P —
Q) V (Q — P), and in the right column there are two failed attempts to construct an
intuitionistic tableau proof of (P — Q) V (Q — P).

F({P—=Q)V(Q—P) F(P—=Q)V(Q—P)
FP—Q, FQ—P FP—5Q, FQ—P

TP, FQ,FOQ—P v N\

TP, FQ, TQ, FP TP,FQ TQ,FP

no closure no closure

Solution 8.8. In all F-rules, except in the rules F — and F—, going from the top
downwards, only F-formulas are introduced, while in the intuitionistic rules F —;
and F—;, S is replaced by S7. So: if an intuitionistic tableau-proof starts with
FBVC
FB, FC
then it is impossible that in the lowest sequents — which are of the form S, TA, FA
— in the tableau-proof of BV C, TA results from FB and FA results from FC, by
application of the rules. Hence, if -, BV C, then I} B or -, C.
The classical variant does not hold; for instance, =’ PV =P, but I/ P and t/ —P.

Solution 8.9. AV B, (A — B) — B, butnot (A — B) — BF,AVB:

TAVB,F(A—B)—B T(A—B)—B, FAVB
TAVB, TA— B, FB T (A— B)— B, FA, FB
TA,TA—B,FB| TB,TA—B,FB  FA—B, FA, FB | TB, FA, FB
TA, FA, FB | TA, TB, FB | closure TA, FB

closure closure no closure
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(A — B) = B+ ——(AV B), but conversely not =—(AV B) - (A — B) — B:

T (A— B)— B, F -—(AVB) T -~(AVB), F (A—B)— B
T(A—B)—B, T ~(AVB) T ——(AVB), TA— B, FB
T(A—B)— B, FAVB T ——(AVB), FA, FB|T ~—, T B, FB
T (A—B)— B, FA, FB F —~(AVB), FA, FB | closure
FA—B, FA FB| TB,FA,FB TAVB,TA—B
TA, FB, T-(AVB) | closure TA,TA—B | TB,TA—B
TA, FB, FAVB TA, FA |TA, TB | TB, FA | TB, TB
TA, FB, FA, FB closure | no closure | no closure | no closure
closure

Solution 8.10. 1) -~—AA—=—B +; =—(AAB) and ~—(AAB) . =—A A ——B.

2) =—A — ——B +} =—(A — B) and conversely; =—(A — B) +; A — ——B and
conversely.

3) for each formula A, F; = —=—A — —A.

4) It follows from 3) that (if A and B are stable, then) A V B is stable.

5) =—AV ——B F} ==(AV B), but conversely not =—(AV B) +} =—AV--B.

Solution 8.11. 1) Here is an intuitionistic tableau-proof of (AV —-A) — (-—A — A):
F(AV-A)— (——mA—A)
TAV-A, F——A—A
TAV-A, T ——A, FA
TA, T ——A, FA|T -A, T =—A, FA
closure | T-A, F —A, FA
closure
2) =P (P atomic) is stable, i.e., -} =——P — =P, but =P is not decidable, i.e., not
Hi =PV —==P.

Solution 8.12. 1. If E = P (atomic), then E* = =—P and I} =——=—=P — =—P, i.e.,
E* = ——P is stable. Suppose that A* and B* are stable (induction hypothesis).
If E = AAB, then E* = A* A B¥; and by Exercise 8.10 (1) E* is stable.
If E=A — B, then E* = A* — B*; and by Exercise 8.10 (2) E* is stable.
If E = —A, then E* = —A*; and E™* is stable by Exercise 8.10 (3).
If E = AV B, then E* = —(—A* A =B*); and by Exercise 8.10 (4) E* is stable.
2. Suppose Ay, ...,A, F B (classically), i.e., there is a schema of the form
axiom 1, ..., axiom 8, Aq,...,A,

C C—D
D

B

Replace each formula E in this schema by E*.

(axiom 1)* = (A — (B — A))* = A* — (B* — A*) is again an instance of axiom
schema 1. (axiom 5a)* = (A - AVB)*=A* — (AVB)* = A* = =(-A* A—=B*) is
intuitionistically provable.



8.9 Solutions 421

(axiom 6)* =((A -C) - (B—-C) - (AVB—= ()" =(A*"—->C") = ((B* —
C*) = (-(-A* A=B*) — C*)). Now, ; (A* — C*) — ((B* — C*) — (=(-A* A
—B*) — ——C*)) and, since C* is stable, -; =—C* — C*. Therefore, I-; (axiom 6)*.

(axiom 8)* = (—-—A — A)* = ~—A* — A* is intuitionistically provable (since A* is

stable).

k *
Since (C — D)* = C* — D*, ¢ (g*_) D)
Ponens. Therefore, the schema above can be transformed into an intuitionistic de-
duction of B* from AJ,...,A;.

is again an application of Modus

Solution 8.13. While classically the formulas P — P and PV —P are equivalent
and both classically valid (always true), because of the stronger meaning of the V-
connective in intuitionism, the formula PV —P is intuitionistically no longer valid;
however, the formula P — P is also intuitionistically valid.

Solution 8.14. * Suppose I' | C for all formulas C in I" and let I" I-; A. Then either
1.A €T, or2.Aisan axiom, or 3. there are formulas B and B — A such thatI" ; B
(1),I' =; B— A and A is deduced from B and B — A by Modus Ponens.

In case 1, I" | A by hypothesis. In case 2, one easily checks that I" | A for each
intuitionistic axiom A. In case 3, by induction hypothesis, I' | B(2) and I" | B— A
(3). From (1) and (2), I' |- B and hence, by (3), I" | A.

Suppose H | H and H +; BV C. Then, by the Theorem just proved, H | BV C, i.e.,
H|FBorH |FC.Hence,HF;BorHI;C.

Solution 8.15. * For A = P (atomic), the theorem is trivial. Induction Hypothesis:
FiA1 2B V...VBy, and - Ay = C1 V...V G, where each B; and C; satisfies the
conditions specified.

Case 1: A=A VA thent; A=B{V...VB,VC;V...VC,.

Case 2: A=A ANAy; then - A2 (BIAC) V...V (BuAC1)V ...V (B ACy),
leaving out those B; A C; which are inconsistent.

Case3:A=A; > Ay IfA| > Ay A, thenH A2 Ay, hence H A= C V... VG,
IfA; > A A, thenH A2 B V...VB, - C;V...VC, and hence ; A =
(Bi = C1V..VCy)NA...N(By— C1V...VC,), where forall k, 1 <k <m,At/; By
because we have supposed that A I/; A} and therefore A t/; By V...V By,. (B —
CiV...VC)A...AN(By — C1 V...VCp,) is consistent since, by hypothesis, A I/; A;.
Case 4: A=—-Aq;then; A= -B{A...\—By,.

Proof of Aj |Aj: LetAj = PA-BA(C — D), where A /; C and P atomic. To show:
Aj|PandAj|-BandA;|C— D,ie.,AjF; PandnotA; |- Band (ifA; |- C, then
Aj|D).Ajt; Pis trivial. Because A; F-; =B and A is consistent, it follows that not
Aj |- B. And because of A t; C it follows that (if A; |- C, then A; | D).

Solution 8.16.

N

S0
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a) Let M| = (S1, Ry, |=1) be an intuitionistic Kripke model such that not M1,s| =1 B
for some s; in S;. And let My = (S2, R, |=2) be a Kripke model such that not
My, s, =5 C for some s, in Sp. Let M = (S, R, |=;) be the following Kripke model:
1) S contains all nodes of §; and of S» and in addition one extra node s.

2) soRs for all s in Sy; soRs for all s in S;. R restricted to S| equals Ry and R restricted
to §7 equals Ry, i.e., for all 5,7 in Sy, sRt := sR ¢ and for all s,7 in S», sRt := sRyt.
3)Forsin Sy, s = P:=s = Pand for s in Sy, s =; P := s =5 P. For all atomic
formulas P, by definition, s |=; P. One easily checks that for all formulas A, M, s |=;
A iffM],S ):1 A, if s in Sl, andM,s ):,'A ifsz,S ):2 A, if sin SQ.

Now suppose M, sy =; BV C. Then M, sy =; B or M, sy |=; C.

Case 1: M,sg |=; B; then M, s1 |=; B and hence, M} ,s; =1 B; contradiction.

Case 2: M, sy |=; C; then M, s, |=; C and hence, M5, s, |=» C; contradiction.
Therefore, not M, sy |=; BV C.

b) Suppose |=; BV C, not |=; B and not |=; C. Then there is a Kripke counterexample
M, to B and a Kripke counterexample M, to C. By a) it follows that there is a Kripke
counterexample M to BV C, contradicting =BV C.

Solution 8.17. (a) The following schema is an intuitionistic tableau-proof of (P —

Q) (-Q - ~P):

F (P Q) = (~Q = ~P)
TP—Q, F-Q— P
TP—Q, T-Q,F—-P
TP—Q, T—-Q, TP
TP—Q, FQ, TP

FP,FQ, TP | TQ, FQ, TP

Applying our procedure to construct a Kripke counterexample for (—Q — —P) —
(P — Q) we find two different search trees, one of which is open:
F(-Q—=-P)=>(P=0) 0

T-Q——-PFP—Q 1

T -Q — —P, TP, FQ 2 P
F -Q, TP, FQ
TQ, TP 3 PO

From this open search tree one can read off a Kripke counterexample to (—Q —
-P)— (P— Q): M =({0,1,2,3}, R, |=;), where R is reflexive and transitive such
that OR1, 1R2 and 2R3;and 2 |=; P, 3 |=; Pand 3 |=; Q. Then M, 0 }~; (-Q — —P) —
(P Q).

(b) ... (f) are treated similarly.

Solution 8.18. * M = (S, R, |=;) is a Kripke model, for:
1. R is reflexive,ie., H-; H,
2. R is transitive, i.e., if H' -, H and H' -, H', then H" -; H,
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3.if H =, Pand HRH', then H' |=; P, ie.,if HF; Pand H' +; H, then H' +; P.
Proof of: M,H = Aiff H+; A, forH € S,ie.,H | H.
1. For A = P (atomic), by definition.
2. Induction hypothesis: M,H |=; Biff H+; B,and M,H |=; C ifft H \; C.
a) A=BAC: M,H}=;BAC iff M\,H |=;Band M,H |=; C,

(ind. hyp.) iff H-;Band HF; C,

iff H-; BAC.

b)A=BVC: M,H = BVC iff M,H}= BorM,H |=;C,

(ind. hyp.) iff H-;BorHF; C,

(Exercise 8.14) iff H+; BV C.
¢) A=B— C: M,H |=; B— C iff for all H' in S such that HRH',

if M,H' |=; B, then M,H’ |=; C.
(ind. hyp.) iff for all H' in S such that H' -; H,
if '+ B,then H' - C. (%)

To show: () iff H+; B — C. 1) Suppose H F; B — C. Then (}) easily follows.
ii) Suppose (7). By Exercise 8.15 H A B is intuitionistically provably equivalent
to a disjunction H; V...V H, such that for all H;, 1 < j <n, H; | Hj, ie., Hjis
an element of S. Now H; - H AB. So, H; I-; H and H; I; B. Hence, by (), for all
J,» 1< j<n,H;I=; C. Therefore, by V-elimination, H V ...V H, ; C;s0, HAB; C.
Consequently, H -; B — C.
Now suppose |=; A. One easily checks that P — P| P — P, i.e., P — P is an element
of S. So, M,P — P |=; A. Therefore, P — P+ A, i.e., F; A.

Solution 8.19. a) -3x € V[-A(x)] — Vx € V[-—-A(x)]: Suppose ~Ix € V[-A(x)], a
in V and —A(a). Then 3x € V[—A(x)]. Contradiction. Therefore, Vx € V[——-A(x)]
Vx € V[-—-A(x)] = —3x € V[-A(x)]: Suppose Vx € V[-—A(x)] and Ix € V[-A(x)].
Then for some «a in V, both —A(a) and ——A(a). Contradiction. Therefore, —3x €
V[-=A(x)].

b) Suppose ~—Vx € V][A(x)], a in V and —A(a). Then —Vx € V[A(x)]. Contradiction.
Therefore Vx € V[——A(x)].

c) Let V = {a},A(a) := PV —P. Then Vx € V[-—A(x)] iff -—(PV —P) and Vx €
VIA(x)] iff PV —P. Now ——(PV —P) is intuitionistically valid, while PV =P is in-
tuitionistically invalid (see Section 8.1.2).

d1)
F —3x[-A(x)] — Vx[—A(x)] F Vx[—A(x)] — —3x[-A(x)]
T —3x[-A(x)], F Vx[-—=A(x)] T Vx[-—A(x)], F ~3x[-A(x)]
T —3x[-A(x)], F ——A(ay) T Vx[-—A(x)], T Ix[-A(x)]
T —3x[-A(x)], T -A(a;) T Vx[-—A(x)], T —A(a;)

F Ix[-A(x)], T -A(ay) T ——A(ay), T —A(ay)

F —|A(Cl1)7 T —‘A(al) F —|A(Cl1), T —|A(Cl1)
TA((I])7 T —\A(al) TA(al), T —‘A(al)
TA((I])7 FA(al) TA(al), FA (11)

closure closure

Hence, -, =3x[-A(x)] — Vx[~—A(x)] Hence, ' Vx[-—A(x)] — —3x[-A(x)]
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d2) By F-introduction, =3x[—-A(x)],~A(a) F Ix[-A(x)]. Also —=Ix[-A(x)],~A(a) I
—3x[-A(x)]. Therefore, by —-introduction, —=3x[-A(x)]  =—A(a). Hence, by V-
introduction, ~3x[-A(x)] F Vx[-—A(x)].

Vx[——-A(x)],—A(a) - —A(a) A ——A(a), and hence, by weak negation elimination,
Vx[=—-A(x)], ~A(a) = BA—B for any B. Hence, by 3-elimination,

Vx[=—A(x)], 3x[-A(x)] F BA—=B. So, by —-introduction, Vx[——A (x)] F =3x[-A(x)].

Solution 8.20. Z(3x[B(x,ay,...,am)]) := {B(ax,ai,...,am), Blai,ai,...,am),...,
B(am,ai,...,am)}, and let Z(Vx[B(x,ay,...,an)]) := {B(ak,a1,...,an)}, where a;
is the first free variable not occurring in 3x[B(x,ar,...,am)], Vx[B(x,a1,...,am)]
resp. If V is a set of formulas of the form 3x[B(x,ay,...,a,)] or Vx[B(x,ay,...,am)],
then Z(V) := the union of all Z(C) for C in V. Clearly, if V is finite, then Z(V) is
finite and the number of elements of Z(V) can easily be estimated from the defini-
tions above.

Now suppose A is a prenex formula Q'x; ... Q"x, [B], where Q' =V or Q' = 3. Let
Vi :=Z(A) and by induction V; := Z(V,_1), k=2,...,n. Note that ' A iff V| con-
tains at least one tableau-provable formula. By an easy induction with respect to
k, k=2,...,n,we find that -’ A iff V; contains at least one tableau-provable formula.
Consequently, A is tableau-provable iff V, contains at least one tableau-provable
formula. However, all formulas in V,, are quantifier-free and hence are decidable.
And since V, is finite, we can decide by a finite method whether there is a tableau-
provable formula in V.

Solution 8.21. Suppose +; Jx[A(x)] and ay is the only free variable in A(a). A
F Ix[A(x)]

FA(ax)
and then proceeds to closure. By replacing in a given tableau-proof of 3x[A(x)] the
upper sequent, FIx[A(x)], by FVx[A(x)], one obtains a tableau-proof of Vx[A (x)].

tableau-proof of Jx[A(x)] starts with

Solution 8.22. Let M = (S, R, U, |=;) be a Kripke model (for intuitionistic predi-
cate logic) with constant domain U. M, s |=; Vx[P(x) VV Q] := for all s’ in S such that

sRs' and foralln e U(s"), M,s' |=; P(a)[n] or M,s" |=; Q. (1)
M,s ;i Vx[P(x)]V Q := M,s =; Q or for all s in S such that sRs' and for all
nel(s), M,s =i P(a)[n]. 2)

(1) = (2): If M,s |=; Q, we are done. If M,s [; Q, then by (1) for all n € U(s),
M,s |=; P(a)[n]. Now suppose sRs” and n € U (s); then, since U is constant, n € U (s)
and, since M, s |=; P(a)[n] and sRs', M,s' |=; P(a)[n], which was to be shown.

Solution 8.23. Suppose = A’ in $4. We want to show that |=; A (intuitionistically).
So, let M = (S, R, U, ;) be a Kripke model (for intuitionistic predicate logic).
Define the Kripke model M’ = (S, R, U, |=) for $4 as follows: s = P := s |=; P.
Then, since R is reflexive and transitive, M’ is a Kripke model for the modal logic
S4 (satisfying the extra condition: if M’,s = A and sRt, then M.t = A).

Claim: M,s =; A intuitionistically iff M’,s = A’ in S4. Now, since = A" in $4,
M’ = A’ in §4 and hence, M =; A (intuitionistically).

Proof of claim : for A = P (atomic), M, s |=; P (intuitionistically) iff
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for all ¢ in S, if sRt, then M, |=; P, iff
forall ¢ in S, if sRt, then M’ 1 = P, iff
M, s = 0P in $4, iff
M'.s|= P in 54,
Induction hypothesis: the claim is correct for B and C. We shall show that the claim
also holds for B — C and for Vx[B(x)], leaving the other cases to the reader.
M,s =i B — C (intuitionistically) iff for all 7 in S, if sRt and M,t |=; B, then
M,t |=; C. By induction hypothesis, this is equivalent to: for all ¢ in S, if sRf and
M.t = B' in $4, then M',t = C' in S4. And this latter expression is equivalent to
M, sEOB —C),ie, M sk (B—C) inS4.
M,s |=; Vx[B(x)] iff for all r with sRt and for all nin U (), M,t =; B(a)[n],
(ind. hyp.) iff for all t with sRt and for all nin U (¢), M',t = B(a)'[n] in S4,
iff for all ¢ with sRt, M’ |t = Vx[B(x)'] in 54,
iff M’ s = 0OVx[B(x)'] in S4
iff M’ s = (Vx[B(x)])’ in S4.
Conversely, suppose |=; A intuitionistically. To show: = A’ in S4. So, let M =
(W, R, U, ) be a Kripke model for $4, i.e., R is reflexive and transitive. Define
M; = (W, R, U, ;) as follows: w |=; P := for all w in W, if wRw’, then w' |= P.
Then M; is a Kripke model for intuitionistic logic, since from the transitivity of R it
follows that: if w =; P and wRw', then w' |=; P.
Claim: M;,w |=; A (intuitionistically) iff M,w = A’ in $4. So, since |=; A (intuition-
istically), M; |=; A intuitionistically and hence, M = A’ in S4.
Proof of claim : For A = P (atomic), M;,w |=; P (intuitionistically) iff w |=; P,
iff for all w' in W, if wRw/, then w = P,
iff M,w = OP,
iff M,w = P’ in S4.
Induction hypothesis: the claim holds for B and C. We shall show that the claim
holds for B — C and for Vx[B(x)], leaving the other cases to the reader.
M;,w |=; B — C (intuitionistically) := for all w’ in W, if wRw' and M;,w’ |=; B, then
M;,w' |=; C. By the induction hypothesis this is equivalent to: for all w' in W, if
wRw' and M,w' |= B, then M,w' |= C’. And this latter expression is equivalent to
M,w =0(B' — ('), in other words, M,w |= (B — C)' in 4.
M;,w |=; Vx[B(x)] := for all w' with wRw' and for all n in U (W), M;,w' |=; B(a)|n],
iff (ind. hyp.) for all w’ with wRw' and for all nin U(w'), M,w' |= B(a)'[n],
iff for all w’ with wRw', M,w' |= Vx[B(x)']. And the latter expres-
sion is equivalent to M, w |= OVx[B(x)'] and hence to M,w = (Vx[B(x)])’ in S4.

Solution 8.24. Suppose f : 091 — N were a bijection. Then Vo € o) Ik € N [k =
f(a)]. By Brouwer’s principle, Vo € 0p; Im € N Ik e NV € oy [fm = am —
k= f(B)]- Let o« = 0. Then there are m € N and k € N such that

VB € oot [Bm = am=0— k= f(B)]

Now, take 8 such that Bm = &m = Om and B(m) # o(m). Then B # c, but
k= f(B) = f(a). So, f is not injective. Contradiction. The proof for Gpen is sim-
ilar. The classical function f : Gp1mon — N, defined by f(0) =0, f(1) =1, f(01) =
2,f£(001) = 3, etc. is intuitionistically not well defined: we cannot determine the
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value of f () for the sequence o defined by o (n) = 0 if at stage n I do not have a
proof of Goldbach’s conjecture G and o/(n) = 1 if at stage n I do have a proof of G.
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