
Chapter 15
Multi-objective Optimization

Kalyanmoy Deb

15.1 Introduction

Multi-objective optimization is an integral part of optimization activities and has a
tremendous practical importance, since almost all real-world optimization problems
are ideally suited to be modeled using multiple conflicting objectives. The classi-
cal means of solving such problems were primarily focused on scalarizing multi-
ple objectives into a single objective, whereas the evolutionary means have been
to solve a multi-objective optimization problem as it is. In this chapter, we discuss
the fundamental principles of multi-objective optimization, the differences between
multi-objective optimization and single-objective optimization, and describe a few
well-known classical and evolutionary algorithms for multi-objective optimization.
Two application case studies reveal the importance of multi-objective optimization
in practice. A number of research challenges are then highlighted. The chapter con-
cludes by suggesting a few tricks of the trade and mentioning some key resources
to the field of multi-objective optimization.

Many real-world search and optimization problems are naturally posed as non-
linear programming problems having multiple conflicting objectives. Due to lack
of suitable solution techniques, such problems were artificially converted into a
single-objective problem and solved. The difficulty arose because such problems
give rise to a set of trade-off optimal solutions (known as Pareto-optimal solutions),
instead of a single optimum solution. It then becomes important to find not just one
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Pareto-optimal solution, but as many of them as possible. This is because any two
such solutions constitute a trade-off between the objectives, and users will be in a
better position to make a choice when such trade-off solutions are unveiled.

Classical methods use a different philosophy in solving these problems, mainly
because of a lack of a suitable optimization methodology to find multiple optimal
solutions efficiently. They usually require repetitive applications of an algorithm
to find multiple Pareto-optimal solutions and on some occasions such applications
do not even guarantee the finding of any Pareto-optimal solutions. In contrast, the
population approach of evolutionary algorithms (EAs) is an efficient way to find
multiple Pareto-optimal solutions simultaneously in a single simulation run. This
aspect has made research and applications in evolutionary multi-objective optimiza-
tion (EMO) popular over the past one-and-half decades. The interested reader may
explore current research issues and other important studies in various texts (Deb
2001; Coello et al. 2002; Goh and Tan 2009; Bagchi 1999), conference proceedings
(Zitzler et al. 2001a; Fonseca et al. 2003; Coello et al. 2005; Obayashi et al. 2007;
Ehrgott et al. 2009; Takahashi et al. 2011) and numerous research papers (archived
and maintained in Coello 2003).

In this tutorial, we discuss the fundamental differences between single- and
multi-objective optimization tasks. The conditions for optimality in a multi-objective
optimization problem are described and a number of state-of-the-art multi-objective
optimization techniques, including one evolutionary method are presented. To
demonstrate that the evolutionary multi-objective methods are capable and ready
for solving real-world problems, we present a couple of interesting case studies.
Finally, a number of important research topics in the area of EMO are discussed.

A multi-objective optimization problem (MOOP) deals with more than one ob-
jective function. In most practical decision-making problems, multiple objectives or
multiple criteria are evident. Because of a lack of suitable solution methodologies, a
MOOP has been mostly cast and solved as a single-objective optimization problem
in the past. However, there exist a number of fundamental differences between the
working principles of single- and multi-objective optimization algorithms because
of which the solution of a MOOP must be attempted using a multi-objective opti-
mization technique. In a single-objective optimization problem, the task is to find
one solution (except in some specific multi-modal optimization problems, where
multiple optimal solutions are sought) which optimizes the sole objective function.
Extending the idea to multi-objective optimization, it may be wrongly assumed that
the task in a multi-objective optimization is to find an optimal solution correspond-
ing to each objective function. Certainly, multi-objective optimization is much more
than this simple idea. We describe the concept of multi-objective optimization by
using an example problem.

Let us consider the decision-making involved in buying an automobile car. Cars
are available at prices ranging from a few thousand to few hundred thousand dol-
lars. Let us take two extreme hypothetical cars, i.e. one costing about 10,000 dollars
(solution 1) and another costing about a 100,000 dollars (solution 2), as shown in
Fig. 15.1. If the cost is the only objective of this decision-making process, the opti-
mal choice is solution 1. If this were the only objective to all buyers, we would have
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Fig. 15.1 Hypothetical trade-off solutions are illustrated for a car-buying decision-making problem

seen only one type of car (solution 1) on the road and no car manufacturer would
have produced any expensive cars. Fortunately, this decision-making process is not
a single-objective one. Barring some exceptions, it is expected that an inexpensive
car is likely to be less comfortable. The figure indicates that the cheapest car has
a hypothetical comfort level of 40 %. To rich buyers for whom comfort is the only
objective of this decision-making, the choice is solution 2 (with a hypothetical max-
imum comfort level of 90 %, as shown in the figure). This so-called two-objective
optimization problem need not be considered as the two independent optimiza-
tion problems, the results of which are the two extreme solutions discussed above.
Between these two extreme solutions, there exist many other solutions, where a
trade-off between cost and comfort exists. A number of such solutions (solutions A,
B and C) with differing costs and comfort levels are also shown in the figure. Thus,
between any two such solutions, one is better in terms of one objective, but this
betterment comes only from a sacrifice on the other objective. In this sense, all such
trade-off solutions are optimal solutions to a MOOP. Often, such trade-off solutions
provide a clear front on an objective space plotted with the objective values. This
front is called the Pareto-optimal front and all such trade-off solutions are called
Pareto-optimal solutions.

15.1.1 How Is It Different from Single-Objective Optimization?

It is clear from the above description that there exist a number of differences be-
tween single- and multi-objective optimization tasks. The latter have the following
properties:
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• Cardinality of the optimal set is usually more than one,
• There are two distinct goals of optimization, instead of one, and
• They possess two different search spaces.

We discuss each of the above properties in the following paragraphs.
First of all, we have seen from the above car-buying example that a multi-

objective optimization with conflicting objectives results in a number of Pareto-
optimal solutions, unlike the usual notion of only one optimal solution associated
with a single-objective optimization task. However, there exist some single-objective
optimization problems which also contain multiple optimal solutions (of equal or
unequal importance). In some sense, multi-objective optimization is similar to that
in such multi-modal optimization tasks. However, in principle, there is a difference,
which we would like to highlight here. In most MOOPs, the Pareto-optimal solu-
tions have certain similarities in their decision variables (Deb 2003). On the other
hand, between one local or global optimal solution and another in a multi-modal
optimization problem, there may not exist any such similarity. For a number of en-
gineering case studies (Deb 2003), an analysis of the obtained trade-off solutions
revealed the following properties:

• Among all Pareto-optimal solutions, some decision variables take identical
values. Such a property of the decision variables means that the solution is an
optimum solution.

• Other decision variables take different values causing the solutions to have a
trade-off in their objective values.

Secondly, unlike the sole goal of finding the optimum in a single-objective
optimization, here there are two distinct goals:

• Convergence to the Pareto-optimal solutions and
• Maintenance of a set of maximally spread Pareto-optimal solutions.

In a sense, these goals are independent of each other. An optimization algorithm
must have specific properties for achieving each of the goals.

One other difference between single-objective and multi-objective optimization
is that in multi-objective optimization the objective functions constitute a multi-
dimensional space, in addition to the usual decision variable space common to
all optimization problems. This additional space is called the objective space, Z.
For each solution x in the, there exists a point in the objective space, denoted by
f(x) = z = (z1,z2, . . . ,zM)T . The mapping takes place between an n-dimensional so-
lution vector and an M-dimensional objective vector. Figure 15.2 illustrates these
two spaces and a mapping between them. Although the search process of an al-
gorithm takes place on the decision variables space, many interesting algorithms
(particularly MOEAs) use the objective space information in their search operators.
However, the presence of two different spaces introduces a number of interesting
flexibilities in designing a search algorithm for multi-objective optimization.
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Fig. 15.2 Representation of the decision variable space and the corresponding objective space

15.2 Two Approaches to Multi-objective Optimization

Although the fundamental difference between single- and multiple-objective opti-
mization lies in the cardinality in the optimal set, from a practical standpoint a user
needs only one solution, no matter whether the associated optimization problem is
single-objective or multi-objective. In the case of multi-objective optimization, the
user is now in a dilemma. Which of these optimal solutions must one choose? Let us
try to answer this question for the case of the car-buying problem. Knowing the num-
ber of solutions that exist in the market with different trade-offs between cost and
comfort, which car does one buy? This is not an easy question to answer. It involves
many other considerations, such as the total finance available to buy the car, distance
to be driven each day, number of passengers riding in the car, fuel consumption
and cost, depreciation value, road conditions where the car is to be mostly driven,
physical health of the passengers, social status and many other factors. Often, such
higher-level information is non-technical, qualitative and experience-driven. How-
ever, if a set of trade-off solutions are already worked out or available, one can eval-
uate the pros and cons of each of these solutions based on all such non-technical and
qualitative, yet still important, considerations and compare them to make a choice.
Thus, in a multi-objective optimization, ideally the effort must be in finding the set
of trade-off optimal solutions by considering all objectives to be important. After a
set of such trade-off solutions are found, a user can then use higher-level qualitative
considerations to make a choice. Therefore, we suggest the following principle for
an ideal multi-objective optimization procedure:

Step 1 Find multiple trade-off optimal solutions with a wide range of values for
objectives.

Step 2 Choose one of the obtained solutions using higher-level information.
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Figure 15.3 shows schematically the principles in an ideal multi-objective opti-
mization procedure. In Step 1 (vertically downwards), multiple trade-off solutions
are found. Thereafter, in Step 2 (horizontally, towards the right), higher-level in-
formation is used to choose one of the trade-off solutions. With this procedure in
mind, it is easy to realize that single-objective optimization is a degenerate case of
multi-objective optimization. In the case of single-objective optimization with only
one global optimal solution, Step 1 will find only one solution, thereby not requiring
us to proceed to Step 2. In the case of single-objective optimization with multiple
global optima, both steps are necessary to first find all or many of the global optima
and then to choose one from them by using the higher-level information about the
problem.

If thought of carefully, each trade-off solution corresponds to a specific order of
importance of the objectives. It is clear from Fig. 15.1 that solution A assigns more
importance to cost than to comfort. On the other hand, solution C assigns more im-
portance to comfort than to cost. Thus, if such a relative preference factor among
the objectives is known for a specific problem, there is no need to follow the above
principle for solving a MOOP. A simple method would be to form a composite
objective function as the weighted sum of the objectives, where a weight for an ob-
jective is proportional to the preference factor assigned to that particular objective.
This method of scalarizing an objective vector into a single composite objective
function converts the MOOP into a single-objective optimization problem. When
such a composite objective function is optimized, in most cases it is possible to ob-
tain one particular trade-off solution. This procedure of handling MOOPs is much
simpler, though still being more subjective than the above ideal procedure. We call
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Fig. 15.4 Schematic of a preference-based multi-objective optimization procedure

this procedure a preference-based multi-objective optimization. A schematic of this
procedure is shown in Fig. 15.4. Based on the higher-level information, a preference
vector w is first chosen. Thereafter, the preference vector is used to construct the
composite function, which is then optimized to find a single trade-off optimal so-
lution by a single-objective optimization algorithm. Although not often practiced,
the procedure can be used to find multiple trade-off solutions by using a different
preference vector and repeating the above procedure.

It is important to appreciate that the trade-off solution obtained by using the
preference-based strategy is largely sensitive to the relative preference vector used
in forming the composite function. A change in this preference vector will re-
sult in a (hopefully) different trade-off solution. Besides this difficulty, it is intu-
itive to realize that finding a relative preference vector itself is highly subjective
and not straightforward. This requires an analysis of the non-technical, qualitative
and experience-driven information to find a quantitative relative preference vector.
Without any knowledge of the likely trade-off solutions, this is an even more dif-
ficult task. Classical multi-objective optimization methods which convert multiple
objectives into a single objective by using a relative preference vector of objectives
work according to this preference-based strategy. Unless a reliable and accurate
preference vector is available, the optimal solution obtained by such methods is
highly subjective to the particular user.

The ideal multi-objective optimization procedure suggested earlier is less sub-
jective. In Step 1, a user does not need any relative preference vector information.
The task there is to find as many different trade-off solutions as possible. Once
a well-distributed set of trade-off solutions is found, Step 2 then requires certain
problem information in order to choose one solution. It is important to mention that
in Step 2, the problem information is used to evaluate and compare each of the
obtained trade-off solutions. In the ideal approach, the problem information is not
used to search for a new solution; instead, it is used to choose one solution from a
set of already obtained trade-off solutions. Thus, there is a fundamental difference in
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using the problem information in both approaches. In the preference-based approach,
a relative preference vector needs to be supplied without any knowledge of the pos-
sible consequences. However, in the proposed ideal approach, the problem infor-
mation is used to choose one solution from the obtained set of trade-off solutions.
We argue that the ideal approach in this matter is more methodical, more practical,
and less subjective. At the same time, we highlight the fact that if a reliable relative
preference vector is available to a problem, there is no reason to find other trade-off
solutions. In such a case, a preference-based approach would be adequate.

In the next section, we make the above qualitative idea of multi-objective opti-
mization more quantitative.

15.3 Non-dominated Solutions and Pareto-Optimal Solutions

Most multi-objective optimization algorithms use the concept of dominance in their
search. Here, we define the concept of dominance and related terms and present a
number of techniques for identifying dominated solutions in a finite population of
solutions.

15.3.1 Special Solutions

We first define some special solutions which are often used in multi-objective opti-
mization algorithms.

15.3.1.1 Ideal Objective Vector

For each of the M conflicting objectives, there exists one different optimal solu-
tion. An objective vector constructed with these individual optimal objective values
constitutes the ideal objective vector.

Definition 15.1. The mth component of the ideal objective vector z∗ is the con-
strained minimum solution of the following problem:

Minimize fm(x)
subject to x ∈ S

}
. (15.1)

Thus, if the minimum solution for the mth objective function is the decision vector
x∗(m) with function value f ∗m, the ideal vector is as follows:

z∗ = f∗ = ( f ∗1 , f ∗2 , . . . , f ∗M)T .

In general, the ideal objective vector (z∗) corresponds to a non-existent solution
(Fig. 15.5). This is because the minimum solution of Eq. (15.1) for each objective
function need not be the same solution. The only way an ideal objective vector
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corresponds to a feasible solution is when the minimal solutions to all objective
functions are identical. In this case, the objectives are not conflicting to each other
and the minimum solution to any objective function would be the only optimal so-
lution to the MOOP. Although the ideal objective vector is usually non-existent, it
is also clear from Fig. 15.5 that solutions closer to the ideal objective vector are bet-
ter. Moreover, many algorithms require the knowledge of the lower bound on each
objective function to normalize objective values in a common range.

15.3.1.2 Utopian Objective Vector

The ideal objective vector denotes an array of the lower bound of all objective func-
tions. This means that for every objective function there exists at least one solution in
the feasible search space sharing an identical value with the corresponding element
in the ideal solution. Some algorithms may require a solution which has an objective
value strictly better than (and not equal to) that of any solution in the search space.
For this purpose, the utopian objective vector is defined as follows.

Definition 15.2. A utopian objective vector z∗∗ has each of its components
marginally smaller than that of the ideal objective vector, or z∗∗i = z∗i −εi with εi > 0
for all i = 1,2, . . . ,M.

Figure 15.5 shows a utopian objective vector. Like the ideal objective vector, the
utopian objective vector also represents a non-existent solution.

15.3.1.3 Nadir Objective Vector

Unlike the ideal objective vector which represents the lower bound of each objec-
tive in the entire feasible search space, the nadir objective vector znad represents
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the upper bound of each objective in the entire Pareto-optimal set, and not in the
entire search space. A nadir objective vector must not be confused with a vector of
objectives (marked as “W” in Fig. 15.5) found by using the worst feasible function
values f max

i in the entire search space. The nadir objective vector may represent an
existent or a non-existent solution, depending on the convexity and continuity of
the Pareto-optimal set. In order to normalize each objective in the entire range of
the Pareto-optimal region, the knowledge of nadir and ideal objective vectors can
be used as follows:

f norm
i =

fi − z∗i
znad

i − z∗i
. (15.2)

15.3.2 Concept of Domination

Most multi-objective optimization algorithms use the concept of domination. In
these algorithms, two solutions are compared on the basis of whether one domi-
nates the other or not. We will describe the concept of domination in the following
paragraph.

We assume that there are M objective functions. In order to cover both mini-
mization and maximization of objective functions, we use the operator � between
two solutions i and j as i � j to denote that solution i is better than solution j on a
particular objective. Similarly, i � j for a particular objective implies that solution i
is worse than solution j on this objective. For example, if an objective function is
to be minimized, the operator � would mean the “<” operator, whereas if the objec-
tive function is to be maximized, the operator � would mean the “>” operator. The
following definition covers mixed problems with minimization of some objective
functions and maximization of the rest of them.

Definition 15.3. A solution x(1) is said to dominate the other solution x(2) if both
conditions 1 and 2 are true:

1. The solution x(1) is no worse than x(2) in all objectives, or f j(x(1)) � f j(x(2)) for
all j = 1,2, . . . ,M.

2. The solution x(1) is strictly better than x(2) in at least one objective, or f j̄(x
(1))�

f j̄(x
(2)) for at least one j̄ ∈ {1,2, . . . ,M}.

If either of these conditions is violated, the solution x(1) does not dominate the
solution x(2). If x(1) dominates the solution x(2) (or mathematically x(1) � x(2)), it is
also customary to write any of the following:

• x(2) is dominated by x(1)

• x(1) is non-dominated by x(2) or
• x(1) is non-inferior to x(2).

Let us consider a two-objective optimization problem with five different solu-
tions shown in the objective space, as illustrated in Fig. 15.6a. Let us also assume
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Fig. 15.6 A set of five solutions and the corresponding non-dominated fronts

that the objective function 1 needs to be maximized while the objective function 2
needs to be minimized. Five solutions with different objective function values are
shown in this figure. Since both objective functions are of importance to us, it is
usually difficult to find one solution which is best with respect to both objectives.
However, we can use the above definition of domination to decide which solution
is better among any two given solutions in terms of both objectives. For example,
if solutions 1 and 2 are to be compared, we observe that solution 1 is better than
solution 2 in objective function 1 and solution 1 is also better than solution 2 in
objective function 2. Thus, both of the above conditions for domination are satisfied
and we may write that solution 1 dominates solution 2. We take another instance of
comparing solutions 1 and 5. Here, solution 5 is better than solution 1 in the first
objective and solution 5 is no worse (in fact, they are equal) than solution 1 in the
second objective. Thus, both the above conditions for domination are also satisfied
and we may write that solution 5 dominates solution 1.

It is intuitive that if a solution x(1) dominates another solution x(2), the solution
x(1) is better than x(2) in the parlance of multi-objective optimization. Since the
concept of domination allows a way to compare solutions with multiple objectives,
most multi-objective optimization methods use this domination concept to search
for non-dominated solutions.

15.3.3 Properties of Dominance Relation

Definition 15.3 defines the dominance relation between any two solutions. There
are three possibilities that can be the outcome of the dominance check between two
solutions 1 and 2. That is (i) solution 1 dominates solution 2, (ii) solution 1 gets
dominated by solution 2, or (iii) solutions 1 and 2 do not dominate each other. Let
us now discuss the different binary relation properties (Cormen et al. 1990) of the
dominance operator.
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• Reflexive. The dominance relation is not reflexive, since any solution p does not
dominate itself according to Definition 15.3. The second condition of dominance
relation in Definition 15.3 does not allow this property to be satisfied.

• Symmetric. The dominance relation is also not symmetric, because p � q does
not imply q � p. In fact, the opposite is true. That is, if p dominates q, then q
does not dominate p. Thus, the dominance relation is asymmetric.

• Antisymmetric. Since the dominance relation is not symmetric, it cannot be anti-
symmetric as well.

• Transitive. The dominance relation is transitive. This is because if p � q and
q � r, then p � r.

There is another interesting property that the dominance relation possesses. If solu-
tion p does not dominate solution q, this does not imply that q dominates p.

In order for a binary relation to qualify as an ordering relation, it must be at
least transitive (Chankong and Haimes 1983). Thus, the dominance relation qualifies
as an ordering relation. Since the dominance relation is not reflexive, it is a strict
partial order. In general, if a relation is reflexive, antisymmetric and transitive, it
is loosely called a partial order and a set on which a partial order is defined is
called a partially ordered set. However, it is important to note that the dominance
relation is not reflexive and is not antisymmetric. Thus, the dominance relation is
not a partial-order relation in its general sense. The dominance relation is only a
strict partial-order relation.

15.3.4 Pareto Optimality

Continuing with the comparisons in the previous section, let us compare solutions 3
and 5 in Fig. 15.6, because this comparison reveals an interesting aspect. We observe
that solution 5 is better than solution 3 in the first objective, while solution 5 is worse
than solution 3 in the second objective. Thus, the first condition is not satisfied for
both of these solutions. This simply suggests that we cannot conclude that solution 5
dominates solution 3, nor can we say that solution 3 dominates solution 5. When this
happens, it is customary to say that solutions 3 and 5 are non-dominated with respect
to each other. When both objectives are important, it cannot be said which of the two
solutions 3 and 5 is better.

For a given finite set of solutions, we can perform all possible pair-wise
comparisons and find which solution dominates which and which solutions are
non-dominated with respect to each other. At the end, we expect to have a set of
solutions, any two of which do not dominate each other. This set also has another
property. For any solution outside of this set, we can always find a solution in this set
which will dominate the former. Thus, this particular set has a property of dominat-
ing all other solutions which do not belong to this set. In simple terms, this means
that the solutions of this set are better compared to the rest of the solutions. This
set is given a special name. It is called the non-dominated set for the given set of
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solutions. In the example problem, solutions 3 and 5 constitute the non-dominated
set of the given set of five solutions. Thus, we define a set of non-dominated solu-
tions as follows.

Definition 15.4 (Non-dominated set). Among a set of solutions P, the non-domin-
ated set of solutions P′ are those that are not dominated by any member of the set P.

When the set P is the entire search space, or P = S , the resulting non-dominated
set P′ is called the Pareto-optimal set. Figure 15.7 marks the Pareto-optimal set with
continuous curves for four different scenarios with two objectives. Each objective
can be minimized or maximized. In the top-left panel, the task is to minimize both
objectives f1 and f2. The solid curve marks the Pareto-optimal solution set. If f1 is
to be minimized and f2 is to be maximized for a problem having the same search
space, the resulting Pareto-optimal set is different and is shown in the top-right
panel. Here, the Pareto-optimal set is a union of two disconnected Pareto-optimal
regions. Similarly, the Pareto-optimal sets for two other cases—(maximizing f1,
minimizing f2) and (maximizing f1, maximizing f2)—are shown in the bottom-left
and bottom-right panels, respectively. In any case, the Pareto-optimal set always
consists of solutions from a particular edge of the feasible search region.

It is important to note that an MOEA can be easily used to handle all of the above
cases by simply using the domination definition. However, to avoid any confusion,
most applications use the duality principle (Deb 1995) to convert a maximization
problem into a minimization problem and treat every problem as a combination of



416 K. Deb

f1

f2

A

x1Globally
Pareto−optimal set

x2

B

Locally
Pareto−optimal set

B

Fig. 15.8 Locally and globally Pareto-optimal solutions

minimizing all objectives. Like global and local optimal solutions in the case of
single-objective optimization, there could be global and local Pareto-optimal sets in
multi-objective optimization.

Definition 15.5 (Globally Pareto-optimal set). The non-dominated set of the entire
feasible search space S is the globally Pareto-optimal set.

Definition 15.6. If for every member x in a set P there exists no solution y (in the
neighborhood of x such that ‖y − x‖∞ ≤ ε, where ε is a small positive number)
dominating any member of the set P, then solutions belonging to the set P constitute
a locally Pareto-optimal set.

Figure 15.8 shows two locally Pareto-optimal sets (marked by continuous curves).
When any solution (say “B”) in this set is perturbed locally in the decision

variable space, no solution can be found dominating any member of the set. It is
interesting to note that for continuous search space problems, the locally Pareto-
optimal solutions need not be continuous in the decision variable space and the
above definition will still hold good. Zitzler (1999) added a neighborhood constraint
on the objective space in the above definition to make it more generic. By the above
definition, it is also true that a globally Pareto-optimal set is also a locally Pareto-
optimal set.

15.3.5 Procedure for Finding Non-dominated Solutions

Finding the non-dominated set of solutions from a given set of solutions is similar
in principle to finding the minimum of a set of real numbers. In the latter case, when
two numbers are compared to identify the smaller number, a ‘<’ relation operation is
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used. In the case of finding the non-dominated set, the dominance relation � can be
used to identify the better of two given solutions. Here, we discuss one simple proce-
dure for finding the non-dominated set (we call here the best non-dominated front).
Many MOEAs require to find the best non-dominated solutions of a population and
some MOEAs require to sort a population according to different non-domination
levels. We present one algorithm for each of the tasks.

15.3.5.1 Finding the Best Non-dominated Front

In this approach, every solution from the population is checked with a partially filled
population for domination. To start with, the first solution from the population is
kept in an empty set P′. Thereafter, each solution i (the second solution onwards) is
compared with all members of the set P′, one by one. If the solution i dominates any
member of P′, then that solution is removed from P′. In this way non-members of the
non-dominated solutions get deleted from P′. Otherwise, if solution i is dominated
by any member of P′, the solution i is ignored. If solution i is not dominated by any
member of P′, it is entered in P′. This is how the set P′ grows with non-dominated
solutions. When all solutions of the population are checked, the remaining members
of P′ constitute the non-dominated set.

Identifying the non-dominated set

Step 1 Initialize P′ = {1}. Set solution counter i = 2.
Step 2 Set j = 1.
Step 3 Compare solution i with j from P′ for domination.
Step 4 If i dominates j, then delete the jth member from P′ or else update

P′ = P′\{P′( j)}. If j < |P′|, increment j by one and then go to Step 3.
Otherwise, go to Step 5. Alternatively, if the jth member of P′ dominates
i, increment i by one and then go to Step 2.

Step 5 Insert i in P′ or update P′ = P′ ∪ {i}. If i < N, increment i by one and
go to Step 2. Otherwise, stop and declare P′ as the non-dominated set.

Here, we observe that the second element of the population is compared with
only one solution P′, the third solution with at most two solutions of P′, and so on.
This requires a maximum of 1+2+ · · ·+(N−1) or N(N−1)/2 domination checks.
This computation is also O(MN2). It is interesting to note that the size of P′ may
not always increase (dominated solutions will get deleted from P′) and not every
solution in the population may be required to be checked with all solutions in the
current P′ set (the solution may get dominated by a solution of P′). Thus, the actual
computational complexity may be smaller than the above estimate.

Another study (Kung et al. 1975) suggested a binary-search-like algorithm for
finding the best non-dominated front with a complexity O

(
N(logN)M−2

)
for M ≥ 4

and O(N logN) for M = 2 and 3.
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15.3.5.2 A Non-dominated Sorting Procedure

Using the above procedure, each front can be identified with at most O(MN2)
computations. In certain scenarios, this procedure may demand more than O(MN2)
computational effort for the overall non-dominated sorting of a population. Here, we
suggest a completely different procedure which uses a better bookkeeping strategy
requiring O(MN2) overall computational complexity.

First, for each solution we calculate two entities: (i) domination count ni, the
number of solutions which dominate the solution i, and (ii) Si, a set of solutions
which the solution i dominates. This requires O(MN2) comparisons. At the end of
this procedure, all solutions in the first non-dominated front will have their domina-
tion count as zero. Now, for each of these solutions (each solution i with ni = 0), we
visit each member ( j) of its set Si and reduce its domination count by one. In doing
so, if for any member j the domination count becomes zero, we put it in a separate
list P′. After such modifications on Si are performed for each i with ni = 0, all solu-
tions of P′ would belong to the second non-dominated front. The above procedure
can be continued with each member of P′ and the third non-dominated front can be
identified. This process continues until all solutions are classified.

An O(MN2) non-dominated sorting algorithm

Step 1 For each i ∈ P, ni = 0 and initialize Si = /0. For all j 
= i and j ∈ P,
perform Step 2 and then proceed to Step 3.

Step 2 If i � j, update Sp = Sp ∪{ j}. Otherwise, if j � i, set ni = ni +1.
Step 3 If ni = 0, keep i in the first non-dominated front P1 (we called this set

P′ in the above paragraph). Set a front counter k = 1.
Step 4 While Pk 
= /0, perform the following steps.
Step 5 Initialize Q = /0 for storing next non-dominated solutions. For each

i ∈ Pk and for each j ∈ Si,
Step 5a Update n j = n j −1.
Step 5b If n j = 0, keep j in Q, or perform Q = Q∪{ j}.

Step 6 Set k = k+1 and Pk = Q. Go to Step 4.

Steps 1–3 find the solutions in the first non-dominated front and require O(MN2)
computational complexity. Steps 4–6 repeatedly find higher fronts and require at
most O(N2) comparisons, as argued below. For each solution i in the second- or
higher level of non-domination, the domination count ni can be at most N−1. Thus,
each solution i will be visited at most N − 1 times before its domination count
becomes zero. At this point, the solution is assigned a particular non-domination
level and will never be visited again. Since there are at most N − 1 such solutions,
the complexity of identifying second and more fronts is O(N2). Thus, the overall
complexity of the procedure is O(MN2). It is important to note that although the
time complexity has reduced to O(MN2), the storage requirement has increased to
O(N2).

When the above procedure is applied to the five solutions of Fig. 15.6a, we obtain
three non-dominated fronts as shown in Fig. 15.6b. From the dominance relations,
the solutions 3 and 5 are the best, followed by solutions 1 and 4. Finally, solution 2
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belongs to the worst non-dominated front. Thus, the ordering of solutions in terms of
their non-domination level is as follows: ((3,5), (1,4), (2)). A study (Jensen 2003b)
suggested a divided-and-conquer method to reduce the complexity of sorting to
O(N logM−1 N).

15.4 Some Approaches to Multi-objective Optimization

In this section, we briefly mention two commonly used classical multi-objective
optimization methods and thereafter present a commonly used EMO method.

15.4.1 Classical Method: Weighted-Sum Approach

The weighted-sum method, as the name suggests, scalarizes a set of objectives into
a single objective by pre-multiplying each objective with a user-supplied weight.
This method is the simplest approach and is probably the most widely used classical
approach. If we are faced with the two objectives of minimizing the cost of a product
and minimizing the amount of wasted material in the process of fabricating the
product, one naturally thinks of minimizing a weighted sum of these two objectives.
Although the idea is simple, it introduces a not-so-simple question. What values of
the weights must one use? Of course, there is no unique answer to this question. The
answer depends on the importance of each objective in the context of the problem
and a scaling factor. The scaling effect can be avoided somewhat by normalizing
the objective functions. After the objectives are normalized, a composite objective
function F(x) can be formed by summing the weighted normalized objectives and
the problem is then converted to a single-objective optimization problem as follows:

Minimize F(x) = ∑M
m=1 wm fm(x)

subject to g j(x)≥ 0, j = 1,2, . . . ,J
hk(x) = 0, k = 1,2, . . . ,K

x(L)i ≤ xi ≤ x(U)
i , i = 1,2, . . . ,n.

⎫⎪⎪⎬
⎪⎪⎭

(15.3)

Here, wm (∈ [0,1]) is the weight of the mth objective function. Since the minimum
of the above problem does not change if all weights are multiplied by a constant, it
is the usual practice to choose weights such that their sum is one, or ∑M

m=1 wm = 1.
Mathematically oriented readers may find a number of interesting theorems

regarding the relationship between the optimal solution of the above problem to
the true Pareto-optimal solutions in classical texts (Chankong and Haimes 1983;
Miettinen 1999; Ehrgott 2000).

Let us now illustrate how the weighted-sum approach can find Pareto-optimal
solutions of the original problem. For simplicity, we consider the two-objective
problem shown in Fig. 15.9. The feasible objective space and the corresponding
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Feasible objective space

Pareto−optimal front
f1

a

b

c
d

A

w2

w1

f2

Fig. 15.9 Illustration of the weighted-sum approach on a convex Pareto-optimal front

Pareto-optimal solution set are shown. With two objectives, there are two weights
w1 and w2, but only one is independent. Knowing any one, the other can be cal-
culated by simple subtraction. It is clear from the figure that a choice of a weight
vector corresponds to a pre-destined optimal solution on the Pareto-optimal front,
as marked by the point A. By changing the weight vector, a different Pareto-optimal
point can be obtained. However, there are a couple of difficulties with this approach:

1. A uniform choice of weight vectors does not necessarily find a uniform set of
Pareto-optimal solutions on the Pareto-optimal front (Deb 2001).

2. The procedure cannot be used to find Pareto-optimal solutions which lie on the
non-convex portion of the Pareto-optimal front.

The former issue makes it difficult for the weighted-sum approach to be applied
reliably to any problem in order to find a good representative set of Pareto-optimal
solutions. The latter issue arises due to the fact that a solution lying on the non-
convex Pareto-optimal front can never be the optimal solution of the problem given
in Eq. (15.3).

15.4.2 Classical Method: ε-Constraint Method

In order to alleviate the difficulties faced by the weighted-sum approach in solv-
ing problems having non-convex objective spaces, the ε-constraint method is used.
Haimes et al. (1971) suggested reformulating the MOOP by just keeping one of the
objectives and restricting the rest of the objectives within user-specified values. The
modified problem is as follows:
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Fig. 15.10 The ε-constraint method

Minimize fµ(x)
subject to fm(x)≤ εm, m = 1,2, . . . ,M and m 
= µ

g j(x)≥ 0, j = 1,2, . . . ,
hk(x) = 0, k = 1,2, . . . ,K

x(L)i ≤ xi ≤ x(U)
i , i = 1,2, . . . ,n.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(15.4)

In the above formulation, the parameter εm represents an upper bound of the value
of fm and need not necessarily mean a small value close to zero.

Let us say that we retain f2 as an objective and treat f1 as a constraint: f1(x)≤ ε1.
Figure 15.10 shows four scenarios with different ε1 values. Let us consider the third
scenario with ε1 = εc

1 first. The resulting problem with this constraint divides the
original feasible objective space into two portions, f1 ≤ εc

1 and f1 > εc
1. The left por-

tion becomes the feasible solution of the resulting problem stated in Eq. (15.4). Now,
the task of the resulting problem is to find the solution which minimizes this feasi-
ble region. From Fig. 15.10, it is clear that the minimum solution is C. In this way,
intermediate Pareto-optimal solutions can be obtained in the case of non-convex
objective space problems by using the ε-constraint method.

One of the difficulties of this method is that the solution to the problem stated in
Eq. (15.4) largely depends on the chosen εεε vector. Let us refer to Fig. 15.10 again.
Instead of choosing εc

1, if εa
1 is chosen, there exists no feasible solution to the stated

problem. Thus, no solution would be found. On the other hand, if εd
1 is used, the

entire search space is feasible. The resulting problem has the minimum at D. More-
over, as the number of objectives increases, there exist more elements in the εεε vector,
thereby requiring more information from the user.

15.4.3 Evolutionary Multi-objective Optimization (EMO) Method

Over the years, a number of multi-objective EAs () emphasizing non-dominated
solutions in a EA population have been suggested. In this section, we shall describe
one state-of-the-art algorithm popularly used in EMO studies.
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15.4.3.1 Elitist Non-dominated Sorting GA (NSGA-II)

The non-dominated sorting GA or NSGA-II procedure (Deb et al. 2002) for finding
multiple Pareto-optimal solutions in a MOOP has the following three features:

1. It uses an elitist principle,
2. It uses an explicit diversity preserving mechanism, and
3. It emphasizes the non-dominated solutions.

In NSGA-II, the offspring population Qt is first created by using the parent popula-
tion Pt and the usual genetic operators (Goldberg 1989). Thereafter, the two popula-
tions are combined to form Rt of size 2N. Then, a non-dominated sorting is used to
classify the entire population Rt . Once the non-dominated sorting is over, the new
population is filled by solutions of different non-dominated fronts, one at a time.
The filling starts with the best non-dominated front and continues with solutions
of the second non-dominated front, followed by the third non-dominated front, and
so on. Since the overall population size of Rt is 2N, not all fronts may be accom-
modated in N slots available in the new population. All fronts which could not be
accommodated are simply deleted. When the last allowed front is being considered,
there may exist more solutions in the last front than the remaining slots in the new
population. This scenario is illustrated in Fig. 15.11. Instead of arbitrarily discard-
ing some members from the last acceptable front, the solutions which will make the
diversity of the selected solutions the highest are chosen. The NSGA-II procedure
is outlined in the following.

NSGA-II

Step 1 Combine parent and offspring populations and create Rt = Pt ∪Qt . Per-
form a non-dominated sorting to Rt and identify different fronts: Fi, i =
1,2, . . ., etc.

Step 2 Set new population Pt+1 = /0. Set a counter i = 1.
Until |Pt+1|+ |Fi|< N, perform Pt+1 = Pt+1 ∪Fi and i = i+1.

F2

Rt

F1

Pt

F3

Pt+1

Rejected
Qt

Non−dominated
sorting

Crowding
distance
sorting

Fig. 15.11 Schematic of the NSGA-II procedure



15 Multi-objective Optimization 423

Step 3 Perform the Crowding-sort(Fi,<c) procedure and include the most
widely spread (N −|Pt+1|) solutions by using the crowding distance values
in the sorted Fi to Pt+1.

Step 4 Create offspring population Qt+1 from Pt+1 by using the crowded tour-
nament selection, crossover and mutation operators.

In Step 3, the crowding-sorting of the solutions of front i (the last front which could
not be accommodated fully) is performed by using a crowding distance metric,
which we describe later. The population is arranged in descending order of mag-
nitude of the crowding distance values. In Step 4, a crowding tournament selection
operator, which also uses the crowding distance, is used.

The crowded comparison operator (<c) compares two solutions and returns the
winner of the tournament. It assumes that every solution i has two attributes:

1. A non-domination rank ri in the population,
2. A local (di) in the population.

The crowding distance di of a solution i is a measure of the normalized search space
around i which is not occupied by any other solution in the population. Based on
these two attributes, we can define the crowded tournament selection operator as
follows.

Definition 15.7. Crowded tournament selection operator. A solution i wins a tour-
nament with another solution j if any of the following conditions are true:

1. If solution i has a better rank, that is, ri < r j.
2. If they have the same rank but solution i has a better crowding distance than

solution j, that is, ri = r j and di > d j.

The first condition makes sure that the chosen solution lies on a better non-
dominated front. The second condition resolves the tie of both solutions being on the
same non-dominated front by deciding on their crowded distance. The one residing
in a less crowded area (with a larger crowding distance di) wins. The crowding
distance di can be computed in various ways. However, in NSGA-II, we use a
crowding distance metric, which requires O(MN logN) computations.

Cuboid

f1

f2

i
i-1

i+1

0

l

Fig. 15.12 The crowding distance calculation
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To get an estimate of the density of solutions surrounding a particular solution
i in the population, we take the average distance of two solutions on either side of
solution i along each of the objectives. This quantity di serves as an estimate of
the perimeter of the cuboid formed by using the nearest neighbors as the vertices
(we call this the crowding distance). In Fig. 15.12, the crowding distance of the ith
solution in its front (marked with filled circles) is the average side-length of the
cuboid (shown by a dashed box). The following algorithm is used to calculate the
crowding distance of each point in the set F .

Crowding distance assignment procedure: Crowding-sort(F ,<c)

Step C1 Call the number of solutions in F as l = |F |. For each i in the set, first
assign di = 0.

Step C2 For each objective function m = 1,2, . . . ,M, sort the set in worse order
of fm or, find the sorted indices vector: Im = sort( fm,>).

Step C3 For m = 1,2, . . . ,M, assign a large distance to the boundary solutions,
or dIm

1
= dIm

l
= ∞, and for all other solutions j = 2 to (l −1), assign

dIm
j
= dIm

j
+

f
(Im

j+1)
m − f

(Im
j−1)

m

f max
m − f min

m
.

Index I j denotes the solution index of the jth member in the sorted list. Thus, for any
objective, I1 and Il denote the lowest and highest objective function values, respec-
tively. The second term on the right-hand side of the last equation is the difference in
objective function values between two neighboring solutions on either side of solu-
tion I j. Thus, this metric denotes half of the perimeter of the enclosing cuboid with
the nearest-neighboring solutions placed on the vertices of the cuboid (Fig. 15.12). It
is interesting to note that for any solution i the same two solutions (i+1) and (i−1)
need not be neighbors in all objectives, particularly for M ≥ 3. The parameters f max

m
and f min

m can be set as the population-maximum and population-minimum values
of the mth objective function. The above metric requires M sorting calculations in
Step C2, each requiring O(N logN) computations. Step C3 requires N computations.
Thus, the complexity of the above distance metric computation is O(MN logN) and
the overall complexity of one generation of NSGA-II is O(MN2), governed by the
non-dominated sorting procedure.

15.4.4 Sample Simulation Results

In this section, we show the simulation results of NSGA-II on two test problems.
The first problem (SCH1) is simple two-objective problem with a convex Pareto-
optimal front:

SCH1 :

⎧⎨
⎩

Minimize f1(x) = x2

Minimize f2(x) = (x−2)2

−103 ≤ x ≤ 103.
(15.5)
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The second problem (KUR) has a disjointed set of Pareto-optimal fronts:

KUR :

⎧⎪⎨
⎪⎩

Minimize f1(x) = ∑2
i=1

[
−10exp(−0.2

√
x2

i + x2
i+1

]
Minimize f2(x) = ∑3

i=1

[|xi|0.8 +5sin(x3
i )
]

−5 ≤ xi ≤ 5, i = 1,2,3.

(15.6)

NSGA-II is run with a population size of 100 and for 250 generations.
Figure 15.13 shows that NSGA-II converges on the Pareto-optimal front and main-
tains a good spread of solutions. In comparison to NSGA-II, another competing
EMO method—the Pareto archived evolution strategy (PAES) (Knowles and Corne
2000)—is run for an identical overall number of function evaluations and an inferior
distribution of solutions on the Pareto-optimal front is observed.

On the KUR problem, NSGA-II is compared with another elitist EMO methodol-
ogy—the strength Pareto EA or SPEA (Zitzler and Thiele 1998)—for an identical
number of function evaluations. Figures 15.14 and 15.15 clearly show the superior-
ity of NSGA-II in achieving both tasks of convergence and maintaining diversity of
optimal solutions.

15.4.5 Other State-of-the-Art MOEAs

Besides the above elitist EMO method, there exist a number of other methods which
are also quite commonly used. Of them, the strength Pareto-EA or SPEA2 (Zitzler
et al. 2001b), which uses an EA population and an archive in a synergistic man-
ner and the Pareto envelope-based selection algorithm or PESA (Corne et al. 2000),
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Fig. 15.13 NSGA-II finds better spread of solutions than PAES on SCH
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Fig. 15.15 SPEA on KUR

which emphasizes non-dominated solutions residing in a less-crowded hyper-box
in both the selection and the offspring-acceptance operators, are common. The
ε-MOEA procedure (Deb et al. 2003b) is found to be a superior version of PESA,
in which only one solution is allowed to occupy a hyper-box for obtaining a bet-
ter distribution of solutions. In addition, the ε-dominance concept (Laumanns et al.
2002a) makes the MOEA a practical approach for solving complex problems with
a large number of objectives. The ε-MOEA is also demonstrated to find a well-
converged and well-distributed set of solutions in a very small computational time
(two to three orders of magnitude smaller) compared to a number of state-of-the-
art MOEAs (Deb et al. 2003b), such as SPEA2 and PAES. There also exist other
competent MOEAs, such as multi-objective messy GA (MOMGA) (Veldhuizen and
Lamont 2000), multi-objective micro-GA (Coello and Toscano 2000), neighborhood
constraint GA (Loughlin and Ranjithan 1997), and others. Further, there exist other
EA-based methodologies, such as particle swarm EMO (Coello and Lechuga 2002;
Mostaghim and Teich 2003), ant-based EMO (McMullen 2001; Gravel et al. 2002)
and differential evolution-based EMO (Babu and Jehan 2003).
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15.5 Constraint Handling

Constraints can be simply handled by modifying the definition of domination in an
EMO method.

Definition 15.8. A solution x(i) is said to “constrain-dominate” a solution x( j) (or
x(i) �c x( j)) if any of the following conditions are true:

1. Solution x(i) is feasible and solution x( j) is not.
2. Solutions x(i) and x( j) are both infeasible, but solution x(i) has a smaller con-

straint violation.
3. Solutions x(i) and x( j) are feasible and solution x(i) dominates solution x( j) in the

usual sense (see Definition 15.3).

This definition allows a feasible solution to be always dominating an infeasible so-
lution and compares two infeasible solutions based on constraint violation values
and two feasible solutions in terms of their objective values.

In the following, we show simulation results of NSGA-II applied with the above
constraint handling mechanism to two test problems—the CONSTR and the prob-
lem TNK described below:

CONSTR

Minimize f1(x) = x1

Minimize f2(x) =
1+x2

x1

x2 +9x1 ≥ 6
−x2 +9x1 ≥ 1

TNK

Minimize f1(x) = x1

Minimize f2(x) = x2

x2
1 + x2

2 −1− 1
10 cos

(
16tan−1 x1

x2

)
≥ 0

(x1 −0.5)2 +(x2 −0.5)2 ≤ 0.5

With identical parameter settings as in Sect. 15.4.4, NSGA-II finds a good dis-
tribution of solutions on the Pareto-optimal front in both problems (Figs. 15.16 and
15.17, respectively).

15.6 Some Applications

Since the early development of MOEAs in 1993, they have been applied to many
real-world and interesting optimization problems. Descriptions of some of these
studies can be found in books (Deb 2001; Coello et al. 2002; Osyczka 2002), confer-
ence proceedings (Zitzler et al. 2001a), and domain-specific journals and conference
proceedings. In this section, we describe two case studies.

15.6.1 Spacecraft Trajectory Design

Coverstone-Carroll et al. (2000) proposed a multi-objective optimization technique
using the original non-dominated sorting (NSGA) (Srinivas and Deb 1994) to find



428 K. Deb

0
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

2

4

6

8

10

6

f_1

f
_
2

Fig. 15.16 Obtained non-dominated solutions with NSGA-II on the constrained problem
CONSTR

0
0

0.2

0.4

0.6

0.8

1

1.2

1.4

f_1

f
_
2

0.2 0.4 0.6 0.8 1 1.2 1.4

Fig. 15.17 Obtained non-dominated solutions with NSGA-II on the constrained problem TNK

multiple trade-off solutions in a spacecraft trajectory optimization problem. To eval-
uate a solution (trajectory), the SEPTOP software is called for, and the delivered
payload mass and the total time of flight are calculated. In order to reduce the com-
putational complexity, the SEPTOP program is run for a fixed number of genera-
tions. The MOOP had eight decision variables controlling the trajectory, as well as
three objective functions, i.e. (i) maximize the delivered payload at destination, (ii)
maximize the negative of the time of flight, and (iii) maximize the total number of
heliocentric revolutions in the trajectory, and three constraints, i.e. (i) limiting the
SEPTOP convergence error, (ii) limiting the minimum heliocentric revolutions, and
(iii) limiting the maximum heliocentric revolutions in the trajectory.

On the Earth–Mars rendezvous mission, the study found interesting trade-off so-
lutions. Using a population of size 150, the NSGA was run for 30 generations on a
Sun Ultra 10 Workstation with a 333 MHz ULTRA Sparc IIi processor. The obtained
non-dominated solutions are shown in Fig. 15.18 for two of the three objectives.
It is clear that there exist short-time flights with smaller delivered payloads (solu-
tion marked as 44) and long-time flights with larger delivered payloads (solution
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Fig. 15.18 Obtained non-dominated solutions

Fig. 15.19 Four trade-off trajectories

marked as 36). To the surprise of the original investigators, two different types of
trajectories emerged. The representative solutions of the first set of trajectories are
shown in Fig. 15.19. Solution 44 can deliver a mass of 685.28 kg and requires about
1.12 years. On the other hand, solution 72 can deliver almost 862 kg with a travel
time of about 3 years. In these figures, each continuous part of a trajectory repre-
sents a thrusting arc and each dashed part of a trajectory represents a coasting arc.
It is interesting to note that only a small improvement in delivered mass occurs in
the solutions between 73 and 72. To move to a somewhat improved delivered mass,
a different strategy for the trajectory must be found. Near solution 72, an additional
burn is added, causing the trajectories to have better delivered masses. Solution 36
can deliver a mass of 884.10 kg.

The scenario as in Fig. 15.19 is what we envisaged in discovering in a MOOP
while suggesting the ideal procedure in Fig. 15.3. Once such a set of solutions with
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a good trade-off among objective values is obtained, one can then analyze them in
order to choose a particular solution. For example, in this problem context, whether
the wait of an extra year to be able to carry an additional 180 kg of payload is worth-
while or not would lead a decision-maker to choose between solutions 44 and 73.
Without the knowledge of such a wide variety of optimal solutions, the decision-
making could be difficult. Although one can set a relative weight to each objective
and optimize the resulting aggregate objective function, the decision-maker will al-
ways wonder what solution would have been derived if a slightly different weight
vector had been used. The ideal multi-objective optimization technique allows for a
flexible and a pragmatic procedure for analyzing a well-diversified set of solutions
before choosing a particular solution.

15.6.2 A Cantilever Plate Design

A rectangular plate (1.2×2 m2) is fixed at one end and a 100 kN load is applied to
the center element of the opposite end. The following other parameters are chosen:

• Plate thickness: 20 mm
• Yield strength: 150 MPa
• Young’s modulus: 200 GPa
• Poisson ratio: 0.25.

The rectangular plate is divided into a number of grids and the presence or absence
of each grid becomes a Boolean decision variable. NSGA-II is applied for 100 gen-
erations with a population size of 54 and crossover probability of 0.95. In order to
increase the quality of the obtained solutions, we use an incremental grid-tuning
technique. The NSGA-II and the first local search procedure are run with a coarse
grid structure (6× 10 or 60 elements). After the first local search procedure, each
grid is divided into four equal-sized grids, thereby having a 12×20 or 240 elements.
The new smaller elements inherit its parent’s status of being present or absent. After
the second local search is over, the elements are divided again, thereby making
24× 40 or 960 elements. In all cases, an automatic mesh-generating finite element
method is used to analyze the developed structure.

Figure 15.20 shows the obtained front with eight solutions: the trade-off between
weight and deflection is clear. Figure 15.21 shows the shape of these eight solutions.
The solutions are arranged according to increasing weight from left to right and
top to bottom. Thus, the minimum-weight solution is the top-left solution and the
minimum-deflection solution is the bottom-right solution.

One striking difference between single-objective optimization and multi-objective
optimization is the cardinality of the solution set. In the latter, multiple solutions are
the outcome and each solution is theoretically an optimal solution corresponding to
a particular trade-off among the objectives. Thus, all such trade-off solutions found
by an EMO are high-performing near-optimal solutions. It is intuitive to realize that
these solutions will possess some common properties that qualify them to be near
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Fig. 15.20 Obtained front with eight clustered solutions shown for the cantilever plate design
problem

Fig. 15.21 Eight trade-off solutions of the cantilever plate design problem

Pareto-optimal. The author first proposed an analysis procedure to decipher hid-
den relationships common to EMO-obtained trade-off solutions in 1993 (Deb 2003)
and later (Deb and Srinivasan 2006) termed the task as innovization procedure—
revealing innovation through optimization. Such useful properties are expected to
exist in practical problems, as they follow certain scientific and engineering princi-
ples at the core. In the recent past, the author and his student have devised several
automated innovization procedures that take EMO solutions and churn out multiple
hidden mathematical relationships of certain structure through an optimization task
(Bandaru and Deb 2010, 2011a,b).
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We consider the canteliver plate design problem to illustrate the usefulness of
the innovization task. The obtained nine solutions are manually analyzed and the
following interesting insights are revealed as properties of those solutions:

1. First, all nine solutions seem to be symmetric about the middle row of the plate.
Since the loading and support are symmetrically placed around the middle row,
the resulting optimum solution is also likely to be symmetric. Although this in-
formation is not explicitly coded in the hybrid NSGA-II procedure, this emerges
as one of the features in all optimal solutions. Although in this problem, it is dif-
ficult to know the true Pareto-optimal solutions, the symmetry achieved in these
solutions is an indication of their proximity to the true Pareto-optimal solutions.

2. The minimum-weight solution simply extends two arms from the extreme sup-
port nodes to reach to the element carrying the load. Since a straight line is the
shortest way to join two points, this solution can be easily conceived as one close
to the minimum-weight feasible solution.

3. Thereafter, to have a reduction in deflection, the weight has to be increased. This
is where the hybrid procedure discovers an innovation. For a particular sacrifice
in the weight, the procedure finds that the maximum reduction in deflection oc-
curs when the two arms are connected by a stiffener. This is an engineering trick
often used to design a stiff structure. Once again, no such information was ex-
plicitly coded in the hybrid procedure. By merely making elements on or off, the
procedure has resulted in a design innovation.

4. Interestingly, the third solution is a thickened version of the minimum-weight
solution. By making the arms thicker, the deflection can be increased maxi-
mally for a fixed change in the weight from the previous solution. Although
not intuitive, this thick-arm solution is not an immediate trade-off solution to
the minimum-weight solution. Although the deflection of this solution is smaller
compared to the second solution, the stiffened solution is a good compromise
between the thin- and thick-armed solutions.

5. Thereafter, any increase in the thickness of the two-armed solution turns out to
be a suboptimal proposition and the stiffened solution is rediscovered instead.
From the support to the stiffener, the arms are now thicker than before, providing
better stiffness than before.

6. In the remaining solutions, the stiffener and arms get wider and wider, finally
leading to the complete plate with rounded corners. This solution is, no doubt,
close to the true minimum-deflection solution.

The transition from a simple thin two-armed cantilever plate having a minimum-
weight solution to a complete plate with edges rounded off having a minimum-
deflection solution proceeds by discovering a vertical stiffener connecting the two
arms and then by widening the arms and then by gradually thickening the stiff-
ener. The symmetric feature of the solutions about the middle row of the plate has
emerged to be a common property of all obtained solutions. Such information about
the trade-off solutions is very useful to a designer. Importantly, it is not obvious how
such vital design information can be obtained by any other means and in a single
simulation run.
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15.7 Tricks of the Trade

Here, we discuss how to develop an ideal multi-objective optimization algorithm in a
step-by-step manner. Since they can be developed by using classical or evolutionary
optimization methods, we discuss each of these in turn.

15.7.1 Classical Multi-objective Optimization

We assume here that the user knows a classical optimization method to optimize
a single-objective optimization problem P with constraints (x ∈ S) and can find a
near-optimum solution x∗. Let us assume that the user desires to find K different
efficient solutions.

Step 1 Find individual optimum solutions x∗i for all objectives, i = 1,2, . . . ,M.
Step 2 Choose K points ε(k) uniformly in the (M − 1)-dimensional plane having

objectives i = 1 to i = M−1 as coordinate directions.
Step 3 Solve each subproblem (k = 1,2, . . . ,K) as follows:

Minimize fM(x)

subject to fi(x)≤ ε(k)i , i = 1,2, . . . ,(M−1)
x ∈ S.

(15.7)

Call the optimal solution x∗(k) and corresponding objective vector f∗(k).
Step 4 Declare the non-dominated set, F = non-dominated(f∗(1), . . . , f∗(K)), as the

set of efficient solutions.

If desired, the above ε-constraint method can be replaced by other conversion meth-
ods, such as the weighted-sum method or the Tchebyshev metric method (Deb 2001;
Miettinen 1999; Chankong and Haimes 1983).

15.7.2 Evolutionary Multi-objective Optimization (EMO)

The bottleneck of the above method is Step 3, in which a single-objective minimizer
needs to be applied K times (where K is the number of desired efficient solutions).
Here, we discuss an evolutionary search principle to find a set of efficient solutions
simultaneously in a synergistic manner. It must be kept in mind that the main aim
in an ideal multi-objective optimization is to (i) converge close to the true Pareto-
optimal front and (ii) maintain a good diversity among them. Thus, an EMO method
must use specific operations to achieve each of the above goals. Usually, an empha-
sis on non-dominated solutions is performed to achieve the first goal and a niching
operation is performed to achieve the second goal. In addition, an elite-preserving
operation is used to speed up convergence.
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Again, we assume that the user is familiar with a particular population-based
evolutionary algorithm, in which in each generation one or more new offspring
are created by means of recombination and mutation operators. We describe here
a generic archive-based EMO strategy.

Step 1 A population P and an empty archive A are initialized. The non-dominated
solutions of P are copied in A. Steps 2 and 3 are iterated till a termination criterion
is satisfied.

Step 2 A set of λ new offspring solutions are created using P and A.
Step 3 Every new offspring solution is checked for its inclusion in A by using a

archive-acceptance criterion CA and for its inclusion in P by using a population-
acceptance criterion CP. If an offspring is not to be included to either P or A, it is
deleted.

Step 4 Before termination, the non-dominated set of the archive A is declared as
the efficient set.

In Step 2, random solutions from the combined set P∪A can be used to create an
offspring solution or some solution from P and some other solutions from A can be
used to create the offspring solution. Different archive-acceptance and population-
acceptance criteria can be used. Here, we propose one criterion each. Readers can
find another implementation elsewhere (Deb et al. 2003b).

15.7.2.1 Archive Acceptance Criterion CA(c,A)

The archive A has a maximum size K, but at any iteration it may not have all K
members. This criterion required domination check and a niching operator which
computes the niching of the archive with respect to a particular solution. For exam-
ple, the crowding distance metric for a solution i in a subpopulation (suggested in
Sect. 15.4.3) measures the objective-wise distance between two neighboring solu-
tions of solution i in the subpopulation. The larger the crowding distance, the less
crowded is the solution and the higher is probability of its existence in the subpop-
ulation.

The offspring c is accepted in the archive A if any of the following conditions is
true:

1. Offspring c dominates any archive member A. In this case, delete those archive
members and include c in A.

2. Offspring c is non-dominated with all archive members and the archive is not full
(that is, |A|< K). In this case, c is simply added to A.

3. Offspring c is non-dominated with all archive members, the archive is full, and
crowding distance of c is larger than that of an archive member. In this case, that
archive member is deleted and c is included in A.
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15.7.2.2 Population Acceptance Criterion CP(c,P)

If the offspring is a good solution compared to the current archive, it will be included
in A by the above criterion. The inclusion of the offspring in the population must be
made mainly from the point of view of keeping diversity in the population. Any of
the following criteria can be adopted to accept c in P:

1. Offspring c replaces the most old (in terms of its time of inclusion in the
population) population member.

2. Offspring c replaces a random population member.
3. Offspring c replaces the least-used (as a parent) population member.
4. Offspring c introduces more diversity of the population compared to an existing

population member. Here the crowding distance or an entropy-based metric can
be used to compute the extent of diversity.

5. Offspring c replaces a population member similar (in terms of its phenotype or
genotype) to itself.

6. Offspring c replaces a population member dominated by c.

It is worth the effort to investigate which of the above criteria works the best in
standard test problems, but the maintenance of diversity in the population and search
for widespread non-dominated solutions in the archive are two activities which
should allow the combined algorithm to reach the true efficient frontier quickly and
efficiently.

In the following, we suggest some important post-optimality studies which are
equally important to the optimality study and are often ignored in EMO studies.

15.7.3 Post-optimality Studies

It should be well understood that an EMO method (no matter whether it is the
above one or any of the existing ones) does not have a guaranteed convergence
properties; nor do they have any guaranteed proof for finding a well-diversed set
of solutions. Thus, there is an onus on the part of EMO researchers/practitioners to
perform a number of post-optimality studies to ensure (or build confidence about)
convergence and achievement of diversity in obtained solutions. Here, we make
some suggestions.

1. Use a hybrid EMO–local search method. From each of the obtained EMO so-
lution, perform a single-objective search by optimizing a combined objective
function—see Chap. 9.6 in Deb (2001) for more details. This will cause the EMO
solutions to reach near to the true efficient frontier.

2. Obtain individual optimum solutions and compare the obtained EMO solutions
with the individual optima on a plot or by means of a table. Such a visual com-
parison will indicate the extent of convergence as well as the extent of diversity
in the obtained solutions.
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3. Perform a number of ε-constraint studies for different values of the ε-vector,
given in Eq. (15.7) and obtain efficient solutions. Compare these solutions with
the obtained EMO solutions to get further visual confirmation of the extent of
convergence and diversity of obtained EMO solutions.

4. Finally, it is advisable to also plot the initial population on the same objective
space showing the efficient solutions, as this will depict the extent of optimization
performed by the EMO local search approach.

For such a post-optimality study, refer to any of the application studies performed
by the author (Deb and Jain 2003; Deb et al. 2004b; Deb and Tiwari 2004; Deb et al.
2004a).

For practical problems, we also suggest performing an innovization study after
multiple trade-off solutions are found to reveal useful properties that are common
to them. As shown in Sect. 15.6.2 and in other studies (Deb and Srinivasan 2006;
Bandaru and Deb 2011b), such a task elicits useful knowledge that is usually more
valuable than just the discovery of a set of trade-off solutions.

15.7.4 Evaluating a Multi-objective Optimization Algorithm

When a new algorithm is suggested to find a set of Pareto-optimal solutions in a
MOOP, the algorithm has to be evaluated by applying them on standard test prob-
lems and compared with existing state-of-the-art EMO algorithms applied to the
identical test problems. Here, we suggest a few guidelines in this direction.

1. Test problems with 20–50 variables must be included in the test set.
2. Test problems with three or more objectives must be included in the test set.

For scalable test problems, readers may refer to WFG (Huband et al. 2005) and
DTLZ (Deb et al. 2005) test problems.

3. Test problems must include some non-linear constraints, making some portion
of the unconstrained Pareto-optimal front infeasible. For a set of constrained test
problems, see the CTP problems (Deb 2001) or DTLZ test problems.

4. Standard EMO algorithms such as NSGA-II, SPEA2, PESA, ε-MOEA, and others
must have to be used for comparison purposes. See the section Sources of
Additional Information for some freely downloadable codes of these algorithms.

5. A proper criterion for the comparison must be chosen. Often, the algorithms are
compared based on the fixed number of evaluations. They can also be compared
based on some other criterion (Deb 2001).

6. Besides static performance metrics which are applied to the final solution set,
running metrics (Deb and Jain 2002) may also be computed, plotted with genera-
tion number, and compared among two algorithms. The running metrics provide
a dynamic (generation-wise) evaluation of the algorithm, rather than what had
happened at the end of a simulation run.
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15.8 Research Challenges

With the growing interest in the field of multi-objective optimization, particularly
using evolutionary algorithms, there exist a number of research directions:

EMO and decision making: EMO methodologies have amply shown that multi-
ple and well-spread Pareto-optimal solutions can be obtained in a single simu-
lation run for a few objectives (four or less). We discuss solving many-objective
problems later in this section. However, finding a set of trade-off solutions is only
a part of the whole story. In practice, one needs to choose only a single preferred
solution. Such a task requires one to use a multiple-criterion decision-making
(MCDM) technique (Miettinen 1999; Belton and Stewart 2002; Chankong and
Haimes 1983; Collette and Siarry 2004; Tzeng and Huang 2011). The combina-
tion of EMO and MCDM can, in principle, be used in three possible ways:

1. A priori approach, in which preference information can be determined be-
fore any optimization task is performed, like in scalarization methods, such
as weighted-sum, ε-constraint, and other methods (Chankong and Haimes
1983). As discussed above, determining a preference information without any
knowledge of trade-off solutions becomes a difficult task. However, if a pri-
ori information is used to find a preferred region of the Pareto-optimal front,
instead of a single preferred solution, MCDM techniques can be used with an
EMO to find a predefined focussed region (Deb et al. 2006; Deb and Kumar
2007a,b).

2. A posteriori approach, in which a set of trade-off solutions is first found and
then a MCDM technique is used to anlayse the solutions to choose a single
preferred solution (Deb 2001; Coverstone-Carroll et al. 2000). Although the
decision-making becomes relatively meaningful when a set of trade-off solu-
tions are available, the approach becomes difficult to apply in problems having
five or more objectives, as finding a set of trade-off solutions for a large set of
objectives is still a difficult task.

3. Interactive approach, in which preference information is used during the EMO
process iteratively, so that the combined approach is directed towards the pre-
ferred part of the Pareto-optimal region. A couple of such hybrid methods
have been suggested recently (Deb et al. 2010; Branke et al. 2009).

In one of the interactive studies (Deb et al. 2010), after every 10 or 20 gener-
ations, a few (four or five) clustered non-dominated solutions are presented to
the decision-maker. Using MCDM techniques, the decision-maker then provides
partial or complete preference information by performing pair-wise comparisons
of these solutions. These information are then used to build a mathematical util-
ity function honoring the decision-maker’s preference information. For the next
10 or 20 generations the EMO modifies its domination principle with the de-
veloped utility function so as to focus its search towards the preferred part of
the search space. These approaches are practical and promise to handle many-
objective problems using a combined EMO and MCDM approach.
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Handling many objectives: So far, most studies using EMO strategies have been
restricted to two- or three-objective problems. In practice, there exist a
considerable number of problems in which 10 or 15 objectives are common-
place. Existing domination-based EMO approaches have difficulties in solving
such large-dimensional problems due to the following reasons:

• A large fraction of the population becomes non-dominated to each other for
a large number of objectives, as there are many ways a solution can be-
come non-dominated. In an EMO approach emphasizing all non-dominated
solutions, such a method does not keep many population slots free for new
solutions, thereby slowing the search.

• A diversity preservation procedure becomes computationally expensive to
determine the extent of crowding of solutions.

• An exponentially large number of solutions are required to represent a large-
dimensional Pareto-optimal front, thereby requiring an exponentially large
population (or an archive) to store trade-off solutions.

• Comparison of two sets of trade-off solutions for set-based EMO approaches
(Zitzler et al. 2010; Zitzler and Künzli 2004) becomes a difficult task for a
large-dimensional problem. Estimation of set-based metrics, such as hyper-
volume, becomes computationally expensive.

• Although not specific to EMO algorithms, visualization of a large-dimensional
dataset becomes difficult.

However, recent studies on many objective optimization problems (Zhang and
Li 2007; Knowles and Corne 2007; López and Coello Coello 2009; Corne and
Knowles 2007; Hughes 2005; Ishibuchi et al. 2008; Deb and Jain 2012) have
shown that computationally tractable EMO algorithms can be developed by us-
ing fixed search directions or fixed reference points to handle large-dimensional
problems.

Non-evolutionary multi-objective optimization: EMO methods include principles
of genetic algorithms, evolution strategy, genetic programming, particle swarm
optimization, differential evolution and others. But other non-traditional opti-
mization techniques such as ant colony optimization, tabu search and simulated
annealing can also be used for solving MOOPs. Although there has been some
research and application in this direction (Hansen 1997; Khor et al. 2001; Balicki
and Kitowski 2001; Bandyopadhyay et al. 2008; McMullen 2001; Gravel et al.
2002; Kumral 2003; Parks and Suppapitnarm 1999; Chattopadhyay and Seeley
1994), more rigorous studies are called for, and such techniques can also be suit-
ably used to find multiple Pareto-optimal solutions.

Performance metrics: For M objectives, the Pareto-optimal region will correspond
to at most an M-dimensional surface. To compare two or more algorithms, it
is then necessary to compare M-dimensional data sets which are partially or-
dered. It is not possible to have only one performance metric to compare such
multi-dimensional data sets in an unbiased manner. A study has shown that at
least M performance metrics are necessary to properly compare such data sets
(Zitzler et al. 2003). An alternative pragmatic suggestion was to compare the



15 Multi-objective Optimization 439

data sets from a purely functional point of view of (i) measuring the extent of
convergence to the front and (ii) measuring the extent of diversity in the obtained
solutions (Deb 2001). It then becomes a challenge to develop performance met-
rics for both functional goals for problems having any number of objectives.
The hypervolume metric (Zitzler and Thiele 1999) has received a lot of attention
among the EMO researchers, due to its ability to provide a combined estimate
of convergence and diversity of a set of solutions. However, the computation of
hypervolume for more than three or four objective problems is time-consuming.
Researchers have devised approximate procedures for estimating hypervolume in
higher dimensions (Bradstreet et al. 2008; While et al. 2006; Bader et al. 2010).

Test problem design: When new algorithms are designed, they need to be evalu-
ated on test problems for which the desired Pareto-optimal solutions are known.
Moreover, the test problems must be such that they are controllable to test an
algorithm’s ability to overcome a particular problem difficulty. Although there
exist a number of such test problems (Deb 2001; Deb et al. 2005), more such
problems providing different kinds of difficulties must be developed. Care should
be taken to make sure that the test problems are scalable to any number of ob-
jectives and decision variables, so that systematic evaluation of an algorithm can
be performed. Recent test problems (Zhang et al. 2008; Huband et al. 2005) are
some efforts in this direction.

Parallel EMO methodologies: With the availability of parallel or distributed pro-
cessors, it may be wise to find the complete Pareto-optimal front in a distributed
manner. A study (Deb et al. 2003a) has suggested such a procedure based on a
guided-domination concept, in which one processor focuses on finding only a
portion of the Pareto-optimal front. With intermediate cross-talks between the
processors, the procedure has shown that the complete Pareto-optimal front can
be discovered by concatenating the solutions from a number of processors. Since
each processor works on a particular region in the search space and processors
communicate between themselves, a faster and parallel search is expected from
such an implementation. Other similar parallelization techniques must be at-
tempted and evaluated. Parallel EMO algorithms are also required to be developed
for GPU-based computing platforms to take advantage of the recent enhance-
ment of GPU technology. Some efforts in this direction are by Sharma and Collet
(2010) and Wong (2009).

Multi-objectivization using EMO principle: Over the past few years and since
the development of EMO methodologies, they have been also used to help solve
a number of other optimization problems, such as (i) in reducing bloating prob-
lems commonly found in genetic programming applications (Bleuler et al. 2001),
(ii) in goal programming problems (Deb 1999), (iii) in maintaining diversity in
a single-objective EA (Jensen 2003a), (iv) single-objective constraint-handling
problems (Coello 2000; Surry et al. 1995), (v) solving constrained optimization
problems (Deb and Datta 2010), (vi) solving multimodal problems (Deb and
Saha 2012), and others. Because of the use of additional objectives signifying
a desired effect to be achieved, the search procedure becomes more flexible.
More such problems, which reportedly perform poorly due to some fixed or rigid
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solution procedures, must be tried using a multi-objective approach. A recent
edited book (Knowles et al. 2008) presents many such recently proposed multi-
objectivization studies.

EMO for redundant objectives: Many practical problems may have a large num-
ber of objectives, but the Pareto-optimal front of the problem may be lower-
dimensional. In such problems, certain objectives get correlated to each other as
the solutions approach the Pareto-optimal front. In such methods, the redundancy
in objectives are determined by various means—through a principal component
analysis (PCA) (Deb and Saxena 2006), nonlinear PCA analysis (Saxena et al.
2013), and other means (Brockhoff and Zitzler 2006, 2007)—as the algorithms
progress and the redundant objectives are eliminated to reduce the cardinality
of the objectives. In problems having 50 objectives, the PCA-based NSGA-II
procedure (Deb and Saxena 2006) was shown to reduce 48 correlated objectives
successively with generations. Further such studies with better computational ef-
ficiency are needed for application to real-world problems.

Theoretical developments: One aspect for which EMO can be criticized is the
lukewarm interest among its researchers to practice much theory related to their
working principles or convergence behaviors. Apart from a few studies (Rudolph
1998; Rudolph and Agapie 2000), this area still remains a fertile field for theo-
retically oriented researchers to dive into and suggest algorithms with a good
theoretical basis. Algorithms with a time complexity analysis on certain prob-
lems have been started (Giel 2003; Laumanns et al. 2002b, 2004) and research in
this area should grow more popular in trying to devise problem–algorithm com-
binations with an estimated computational time for finding the complete Pareto-
optimal set.

EMO on dynamic problems: Dynamic optimization involves objectives,
constraints or problem parameters which change over time (Branke 2001). This
means that as an algorithm is approaching the optimum of the current problem,
the problem definition changes and now the algorithm must solve a new prob-
lem. Often, in such dynamic optimization problems, an algorithm is usually not
expected to find the optimum, instead it is expected to track the changing opti-
mum with iteration. A study (Deb et al. 2007) proposed the following procedure
for dynamic optimization involving single or multiple objectives. Let P (t) be a
problem which changes with time t (from t = 0 to t = T ). Despite the continual
change in the problem, we assume that the problem is fixed for a time period τ,
which is not known a priori and the aim of the (offline) dynamic optimization
study is to identify a suitable value of τ for an accurate as well as computation-
ally faster approach. For this purpose, an optimization algorithm with τ as a fixed
time period is run from t = 0 to t = T with the problem assumed fixed for every τ
time period. A measure Γ(τ) determines the performance of the algorithm and is
compared with a pre-specified and expected value ΓL. If Γ(τ)≥ ΓL, for the entire
time domain of the execution of the procedure, we declare τ to be a permissible
length of stasis. Then, we try with a reduced value of τ and check if a smaller
length of statis is also acceptable. If not, we increase τ to allow the optimization
problem to remain static for a longer time so that the chosen algorithm can now
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have more iterations (time) to perform better. Such a procedure will eventually
come up with a time period τ∗ which would be the smallest time of statis allowed
for the optimization algorithm to work based on the chosen performance require-
ment. Based on this study, a number of test problems and a hydro-thermal power
dispatch problem have been tackled (Deb et al. 2007).
In the case of dynamic multi-objective problem-solving tasks, there is an
additional difficulty which is worth mentioning here. Not only does an EMO
algorithm needs to find or track the changing Pareto-optimal fronts, but in a real-
world implementation, it must also make an immediate decision about which
solution to implement from the current front before the problem changes to
a new one. Decision-making analysis is considered to be time-consuming, in-
volving execution of analysis tools, higher-level considerations, and sometimes
group discussions. If dynamic EMO is to be applied in practice, automated pro-
cedures for making decisions must be developed. Although it is not clear how to
generalize such an automated decision-making procedure in different problems,
problem-specific tools are possible and certainly a worthwhile and fertile area for
research.

Real-world applications: Although the usefulness of EMO and classical multi-
objective optimization methods are increasingly being demonstrated by solving
real-world problems (Coello and Lamont 2004), more complex and innovative
applications would not only demonstrate the widespread applicability of these
methods but also may open up new directions for research.

15.9 Conclusions

For the past two decades, the usual practice of treating MOOPs by scalarizing them
into a single objective and optimizing it has been seriously questioned. The pres-
ence of multiple objectives results in a number of Pareto-optimal solutions, instead
of a single optimum solution. In this tutorial, we have discussed the use of an ideal
multi-objective optimization procedure which attempts to find a well-distributed set
of Pareto-optimal solutions first. It has been argued that choosing a particular so-
lution as a post-optimal event is a more convenient and pragmatic approach than
finding an optimal solution for a particular weighted function of the objectives. Be-
sides introducing the multi-objective optimization concepts, this tutorial also has
also presented two commonly used MOEAs.

Besides finding the multiple Pareto-optimal solutions, the suggested ideal
multi-objective optimization procedure has another unique advantage. Once a set
of Pareto-optimal solutions are found, they can be analyzed. The principle behind
the transition from the optimum of one objective to that of other objectives can be
investigated as a post-optimality analysis. Since all such solutions are optimum with
respect to certain trade-off between objectives, the transition should reveal interest-
ing knowledge on an optimal process of sacrifice of one objective to get a gain in
other objectives.
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The field of MOEAs has now matured. Nevertheless, there exist a number of
interesting and important research topics which must be investigated before their full
potential is unearthed. This tutorial has suggested a number of salient research topics
to motivate newcomers to pay further attention to this growing field of importance.

Sources of Additional Information

Here, we outline some dedicated literature in the area of evolutionary multi-objective
optimization and decision-making.

Books in Print

• C. A. C. Coello, D. A. VanVeldhuizen, and G. Lamont (2002). Evolutionary
algorithms for solving multi-objective problems. Kluwer, Boston—a good refer-
ence book with a good citation of most EMO studies up to 2001.

• A. Osyczka (2002). Evolutionary algorithms for single and multicriteria design
optimization. Physica-Verlag, Heidelberg—a book describing single and multi-
objective EAs with lots of engineering applications.

• K. Deb (2001). Multi-objective optimization using evolutionary algorithms.
Wiley, Chichester (2nd edn, with exercise problems)—a comprehensive book
introducing the EMO field and describing major EMO methodologies and some
research directions.

• K. Miettinen (1999). Nonlinear multiobjective optimization. Kluwer, Boston—a
good book describing classical multi-objective optimization methods and a ex-
tensive discussion on interactive methods.

• M. Ehrgott (2000). Multicriteria optimization. Springer, Berlin—a good book on
the theory of multi-objective optimization.

Conference Proceedings

The following six conference proceedings spanning from 2001 to 2013 are most
useful on the theory, algorithms, and application of EMO.

• Purshouse et al., eds (2013). Evolutionary Multi-Criterion Optimization (EMO-
13) Conference Proceedings, LNCS 7811. Springer, Berlin.

• Takahashi et al., eds (2011). Evolutionary Multi-Criterion Optimization (EMO-
11) Conference Proceedings, LNCS 6576. Springer, Berlin.

• Ehrgott et al., eds (2009). Evolutionary Multi-Criterion Optimization (EMO-09)
Conference Proceedings, LNCS 5467. Springer, Berlin.
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• Obayashi et al., eds (2007). Evolutionary Multi-Criterion Optimization (EMO-
07) Conference Proceedings, LNCS 4403. Springer, Berlin.

• Coello et al., eds (2005). Evolutionary Multi-Criterion Optimization (EMO-05)
Conference Proceedings, LNCS 3410. Springer, Berlin.

• Fonseca et al., eds (2003). Evolutionary Multi-Criterion Optimization (EMO-03)
Conference Proceedings. LNCS 2632. Springer, Berlin.

• Zitzler et al., eds (2001). Evolutionary Multi-Criterion Optimization (EMO-01)
Conference Proceedings. LNCS 1993. Springer, Berlin.

Additionally,

• GECCO (Springer LNCS) and CEC (IEEE Press) annual conference proceedings
feature numerous research papers on EMO theory, implementation, and applica-
tions.

• MCDM conference proceedings (Springer) publish theory, implementation, and
application papers in the area of classical multi-objective optimization.

Mailing Lists

• emo-list@ualg.pt (EMO methodologies)
• http://lists.jyu.fi/mailman/listinfo/mcdm-discussion (MCDM related queries)

Public-Domain Source Codes

• NSGA-II in C: http://www.iitk.ac.in/kangal/soft.htm
• SPEA2 in C++: http://www.tik.ee.ethz.ch/~zitzler
• MOEA/D in C++: http://dces.essex.ac.uk/staff/zhang/webofmoead.htm
• Other codes: http://www.lania.mx/~ccoello/EMOO/
• MCDM softwares: http://www.mit.jyu.fi/MCDM/soft.html
• JMetal software: http://jmetal.sourceforge.net/
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