18

The bootstrap

In the forthcoming chapters we will develop statistical methods to infer knowl-
edge about the model distribution and encounter several sample statistics to
do this. In the previous chapter we have seen examples of sample statistics
that can be used to estimate different model features, for instance, the em-
pirical distribution function to estimate the model distribution function F,
and the sample mean to estimate the expectation p corresponding to F. One
of the things we would like to know is how close a sample statistic is to the
model feature it is supposed to estimate. For instance, what is the probability
that the sample mean and p differ more than a given tolerance €? For this
we need to know the distribution of X,, — p. More generally, it is important
to know how a sample statistic is distributed in relation to the corresponding
model feature. For the distribution of the sample mean we saw a normal limit
approximation in Chapter 14. In this chapter we discuss a simulation proce-
dure that approximates the distribution of the sample mean for finite sample
size. Moreover, the method is more generally applicable to sample statistics
other than the sample mean.

18.1 The bootstrap principle

Consider the Old Faithful data introduced in Chapter 15, which we modeled
as the realization of a random sample of size n = 272 from some distribution
function F. The sample mean Z,, of the observed durations equals 209.3. What
does this say about the expectation p of F'7 As we saw in Chapter 17, the value
209.3 is a natural estimate for u, but to conclude that u is equal to 209.3 is
unwise. The reason is that, if we would observe a new dataset of durations, we
will obtain a different sample mean as an estimate for p. This should not come
as a surprise. Since the dataset x1,zo,...,z, is just one possible realization
of the random sample X7, X, ..., X, the observed sample mean is just one
possible realization of the random variable
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n

A new dataset is another realization of the random sample, and the cor-
responding sample mean is another realization of the random variable X,,.
Hence, to infer something about p, one should take into account how realiza-
tions of X,, vary. This variation is described by the probability distribution
of X,,.
In principle! it is possible to determine the distribution function of X,, from
the distribution function F' of the random sample X1, Xo, ..., X,,. However,
F' is unknown. Nevertheless, in Chapter 17 we saw that the observed dataset
reflects most features of the “true” probability distribution. Hence the natural
thing to do is to compute an estimate F' for the distribution function F and
then to consider a random sample from F and the corresponding sample mean
as substitutes for the random sample X1, X5, ..., X,, from F and the random
variable X,,. A random sample from F is called a bootstrap random sample,
or briefly bootstrap sample, and is denoted by

X5, X5,.. X
to distinguish it from the random sample X1, X5, ..., X, from the “true” F.
The corresponding average is called the bootstrapped sample mean, and this
random variable is denoted by

o XT+Xs+---+ X7

" n

to distinguish it from the random variable X,,. The idea is now to use the
distribution of X' to approximate the distribution of X,.

The preceding procedure is called the bootstrap principle for the sample mean.
Clearly, it can be applied to any sample statistic h(X1, Xo, ..., X,,) by approx-
imating its probability distribution by that of the corresponding bootstrapped
sample statistic h(X7, X5,..., X}).

BooTsTrRAP PRINCIPLE. Use the dataset xy,zo,...,%, to com-

pute an estimate F' for the “true” distribution function F. Replace

the random sample X7, X5,...,X,, from F by a random sample

X7, X5, ..., X from 13‘, and approximate the probability distribu-

tion of h(X1, Xs,...,X,) by that of (X7, X5,..., X}).

Returning to the sample mean, the first question that comes to mind is, of
course, how well does the distribution of X approximate the distribution

! In Section 11.1 we saw how the distribution of the sum of independent random
variables can be computed. Together with the change-of-units rule (see page 106),
the distribution of X,, can be determined. See also Section 13.1, where this is done
for independent Gam(2,1) variables.
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of X,? Or more generally, how well does the distribution of a bootstrapped
sample statistic h(X7, X5,..., X)) approximate the distribution of the sam-
ple statistic of interest h(X71, Xo,...,X,)? Applied in such a straightforward
manner, the bootstrap approximation for the distribution of X,, by that of
X* may not be so good (see Remark 18.1). The bootstrap approximation will
improve if we approximate the distribution of the centered sample mean:

Xn_Mv

where p is the expectation corresponding to F. The bootstrapped version
would be the random variable

X; - :U*7
where p* is the expectation corresponding to F'. Often the bootstrap approx-
imation of the distribution of a sample statistic will improve if we somehow
normalize the sample statistic by relating it to a corresponding feature of the
“true” distribution. An example is the centered sample median

Med(X1, Xo, ..., X,) — F™(0.5),

where we subtract the median F™¥(0.5) of F. Another example is the nor-
malized sample variance

S

o2’

where we divide by the variance o2 of F.

QUICK EXERCISE 18.1 Describe how the bootstrap principle should be applied
to approximate the distribution of Med(X1, Xa, ..., X,) — Fv(0.5).

Remark 18.1 (The bootstrap for the sample mean). To see why
the bootstrap approximation for X, may be bad, consider a dataset
T1,%2,...,Ty that is a realization of a random sample X1, Xs, ..., X,, from
an N(p,1) distribution. In that case the corresponding sample mean X,
has an N(u,1/n) distribution. We estimate u by Z, and replace the ran-
dom sample from an N(u,1) distribution by a bootstrap random sample
X7, X5,...,X,; from an N(Zp,1) distribution. The corresponding boot-
strapped sample mean X has an N(Z,,1/n) distribution. Therefore the
distribution functions G, and G, of the random variables X,, and X} can
be determined:

Gn(a) = ®(vn(a—p)) and Gj(a) = 2(Vn(a—Zn)).

In this case it turns out that the maximum distance between the two dis-
tribution functions is equal to

20 (5V/nlZn — pl) — 1.
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Since X, has an N(u, 1/n) distribution, this value is approximately equal to
2® (|z|/2) — 1, where z is a realization of an N(0,1) random variable Z. This
only equals zero for z = 0, so that the distance between the distribution
functions of X,, and X will almost always be strictly positive, even for
large n.

The question that remains is what to take as an estimate F for F. This
will depend on how well I’ can be specified. For the Old Faithful data we
cannot say anything about the type of distribution. However, for the software
data it seems reasonable to model the dataset as a realization of a random
sample from an Ezp(A) distribution and then we only have to estimate the
parameter A. Different assumptions about F' give rise to different bootstrap
procedures. We will discuss two of them in the next sections.

18.2 The empirical bootstrap

Suppose we consider our dataset z1,xs,...,T, as a realization of a random
sample from a distribution function F'. When we cannot make any assumptions
about the type of F', we can always estimate F' by the empirical distribution
function of the dataset:
F‘(a) — Fu(a) = number of x; less than or equal to a.
n

Since we estimate F' by the empirical distribution function, the corresponding
bootstrap principle is called the empirical bootstrap. Applying this principle
to the centered sample mean, the random sample X, Xo,...,X,, from F is
replaced by a bootstrap random sample X7, X5, ..., X from F,,, and the
distribution of X,, — i is approximated by that of X* — u*, where u* denotes
the expectation corresponding to Fj,. The question is, of course, how good
this approximation is. A mathematical theorem tells us that the empirical
bootstrap works for the centered sample mean, i.e., the distribution of X,, —
is well approximated by that of X —u* (see Remark 18.2). On the other hand,
there are (normalized) sample statistics for which the empirical bootstrap fails,

such as
1 maximum of X7, Xo,..., X,
9 b)

based on a random sample X1, Xo,..., X,, from a U(0,0) distribution (see
Exercise 18.12).

Remark 18.2 (The empirical bootstrap for X,, — ). For the centered
sample mean the bootstrap approximation works, even if we estimate I
by the empirical distribution function F,. If G,, denotes the distribution
function of X,, — pu and G the distribution function of its bootstrapped
version X — pu*, then the maximum distance between G}, and G, goes to
zero with probability one:
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P< lim sup |G, (t) — Gn(t)] = O) =1
n—0o0 tcR

(see, for instance, Singh [32]). In fact, the empirical bootstrap approxima-
tion can be improved by approximating the distribution of the standardized
average /n(X, —u) /o by its bootstrapped version \/n(X} — u*)/o*, where
o and ¢ denote the standard deviations of F' and F,,. This approximation
is even better than the normal approximation by the central limit theorem!
See, for instance, Hall [14].

Let us continue with approximating the distribution of X,, — u by that of
X — p*. First note that the empirical distribution function F), of the original
dataset is the distribution function of a discrete random variable that attains
the values x1,xa, ..., x,, each with probability 1/n. This means that each of
the bootstrap random variables X, has expectation

/L* ZE[X;] =2 1 +Zg - 1 + Ty ! = Tn.
n n n
Therefore, applying the empirical bootstrap to X,, — y means approximating
its distribution by that of X* — Z,,. In principle it would be possible to deter-
mine the probability distribution of X* —z,,. Indeed, the random variable X*
is based on the random variables X, whose distribution we know precisely:
it takes values x1, %2, ..., 2, with equal probability 1/n. Hence we could de-
termine the possible values of X — Z,, and the corresponding probabilities.
For small n this can be done (see Exercise 18.5), but for large n this becomes

cumbersome. Therefore we invoke a second approximation.

Recall the jury example in Section 6.3, where we investigated the variation
of two different rules that a jury might use to assign grades. In terms of
the present chapter, the jury example deals with a random sample from a
U(—0.5,0.5) distribution and two different sample statistics T' and M, cor-
responding to the two rules. To investigate the distribution of T" and M,
a simulation was carried out with one thousand runs, where in every run we
generated a realization of a random sample from the U(—0.5,0.5) distribution
and computed the corresponding realization of T and M. The one thousand
realizations give a good impression of how 7" and M vary around the deserved
score (see Figure 6.4).

Returning to the distribution of X} —Z,,, the analogue would be to repeatedly
generate a realization of the bootstrap random sample from F), and every time
compute the corresponding realization of X* — Z,,. The resulting realizations
would give a good impression about the distribution of X* —Z,,. A realization
of the bootstrap random sample is called a bootstrap dataset and is denoted
by

*

* *
L1y, Loyeeey Ty

to distinguish it from the original dataset x1,xs,...,x,. For the centered
sample mean the simulation procedure is as follows.
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EMPIRICAL BOOTSTRAP SIMULATION (FOR X,,—p). Given a dataset
r1,T3,...,T,, determine its empirical distribution function F,, as an
estimate of F', and compute the expectation

v = T+ T2+ Ty
M = a:‘n =
n
corresponding to F,.
1. Generate a bootstrap dataset z7,z3, ...,z from F,.
2. Compute the centered sample mean for the bootstrap dataset:

« _
Ty — Tn,

where

it tan
z, = .

n
Repeat steps 1 and 2 many times.

Note that generating a value z} from Fj, is equivalent to choosing one of the
elements x1, za, ..., z, of the original dataset with equal probability 1/n.

The empirical bootstrap simulation is described for the centered sample mean,
but clearly a similar simulation procedure can be formulated for any (normal-
ized) sample statistic.

Remark 18.3 (Some history). Although Efron [7] in 1979 drew attention
to diverse applications of the empirical bootstrap simulation, it already
existed before that time, but not as a unified widely applicable technique.
See Hall [14] for references to earlier ideas along similar lines and to further
development of the bootstrap. One of Efron’s contributions was to point out
how to combine the bootstrap with modern computational power. In this
way, the interest in this procedure is a typical consequence of the influence of
computers on the development of statistics in the past decades. Efron also
coined the term “bootstrap,” which is inspired by the American version
of one of the tall stories of the Baron von Miinchhausen, who claimed to
have lifted himself out of a swamp by pulling the strap on his boot (in the
European version he lifted himself by pulling his hair).

QUICK EXERCISE 18.2 Describe the empirical bootstrap simulation for the
centered sample median Med (X1, X2, ..., X,) — F'1V(0.5).

For the Old Faithful data we carried out the empirical bootstrap simulation
for the centered sample mean with one thousand repetitions. In Figure 18.1
a histogram (left) and kernel density estimate (right) are displayed of one
thousand centered bootstrap sample means
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Fig. 18.1. Histogram and kernel density estimate of centered bootstrap sample
means.

Since these are realizations of the random variable X} — Z,,, we know from
Section 17.2 that they reflect the distribution of X} — ,,. Hence, as the dis-
tribution of X — ¥, approximates that of X,, — u, the centered bootstrap
sample means also reflect the distribution of X,, —u. This leads to the following
application.

An application of the empirical bootstrap

Let us return to our example about the Old Faithful data, which are mod-
eled as a realization of a random sample from some F. Suppose we estimate
the expectation p corresponding to F' by z,, = 209.3. Can we say how far
away 209.3 is from the “true” expectation p? To be honest, the answer is
no. .. (oops). In a situation like this, the measurements and their correspond-
ing average are subject to randomness, so that we cannot say anything with
absolute certainty about how far away the average will be from p. One of the
things we can say is how likely it is that the average is within a given distance
from p.

To get an impression of how close the average of a dataset of n = 272 ob-
served durations of the Old Faithful geyser is to u, we want to compute the
probability that the sample mean deviates more than 5 from u:

P(|X, —pu|>5).

Direct computation of this probability is impossible, because we do not know
the distribution of the random variable X,, — . However, since the distribution
of X} — Z, approximates the distribution of X,, — , we can approximate the
probability as follows

P(|X, — u| >5) ~ P(|X} — Z,| > 5) = P(|1 X} — 209.3| > 5),,
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where we have also used that for the Old Faithful data, z, = 209.3. As we
mentioned before, in principle it is possible to compute the last probability
exactly. Since this is too cumbersome, we approximate P(|)_(;fb —209.3| > 5)
by means of the one thousand centered bootstrap sample means obtained from
the empirical bootstrap simulation:

7o —209.3 Th, 2093 - Tk 1000 — 209.3.

In view of Table 17.2, a natural estimate for P (| X} — 209.3| > 5) is the relative
frequency of centered bootstrap sample means that are greater than 5 in
absolute value:

number of 7 with |7}, ; —209.3| greater than 5
1000 .

For the centered bootstrap sample means of Figure 18.1, this relative fre-
quency is 0.227. Hence, we obtain the following bootstrap approximation

P(|X, — p| >5) = P(|X} —209.3] > 5) ~ 0.227.

It should be emphasized that the second approximation can be made ar-
bitrarily accurate by increasing the number of repetitions in the bootstrap
procedure.

18.3 The parametric bootstrap

Suppose we consider our dataset as a realization of a random sample from a
distribution of a specific parametric type. In that case the distribution function
is completely determined by a parameter or vector of parameters 0: F' = Fy.
Then we do not have to estimate the whole distribution function F', but it
suffices to estimate the parameter(vector) 6 by 0 and estimate F by

F=F,

The corresponding bootstrap principle is called the parametric bootstrap.

Let us investigate what this would mean for the centered sample mean. First
we should realize that the expectation of Fy is also determined by 6: u = pg.
The parametric bootstrap for the centered sample mean now amounts to the
following. The random sample X7, X5, ..., X,, from the “true” distribution
function Fp is replaced by a bootstrap random sample X7, X5,..., X from
Fj, and the probability distribution of X,, — po is approximated by that of
X — p*, where

W= g
denotes the expectation corresponding to Fy.
Often the parametric bootstrap approximation is better than the empirical
bootstrap approximation, as illustrated in the next quick exercise.
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QUICK EXERCISE 18.3 Suppose the dataset x1,x2,...,x, is a realization of a
random sample X1, Xs,..., X, from an N(u, 1) distribution. Estimate u by
Z,, and consider a bootstrap random sample X7, X5, ..., X,' from an N(Z,,1)

distribution. Check that the probability distributions of X,, — y and X} — Z,,
are the same: an N(0,1/n) distribution.

Once more, in principle it is possible to determine the distribution of X* — My
exactly. However, in contrast with the situation considered in the previous
quick exercise, in some cases this is still cumbersome. Again a simulation
procedure may help us out. For the centered sample mean the procedure is as
follows.

PARAMETRIC BOOTSTRAP SIMULATION (FOR X, — u). Given a
dataset x1,x9,...,2,, compute an estimate 6 for 6. Determine Fy
as an estimate for Fy, and compute the expectation u* = p, corre-
sponding to Fj.

1. Generate a bootstrap dataset x7,z3, ...,z from Fjy.

2. Compute the centered sample mean for the bootstrap dataset:

— %
Ty, — /j‘éa
where

oyt

—*
x, =

n
Repeat steps 1 and 2 many times.

As an application we will use the parametric bootstrap simulation to investi-
gate whether the exponential distribution is a reasonable model for the soft-
ware data.

Are the software data exponential?

Consider fitting an exponential distribution to the software data, as discussed
in Section 17.3. At first sight, Figure 17.6 shows a reasonable fit with the ex-
ponential distribution. One way to quantify the difference between the dataset
and the exponential model is to compute the maximum distance between the
empirical distribution function F;, of the dataset and the exponential distri-
bution function Fj estimated from the dataset:

ts = sup | Fy(a) — F(a)l.
a€R

Here F(a) =0 for a < 0 and

Fs(a) =1— e for a >0,

where \ = 1 /T, is estimated from the dataset. The quantity txs is called the
Kolmogorov-Smirnov distance between F,, and Fj.
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The idea behind the use of this distance is the following. If F' denotes the
“true” distribution function, then according to Section 17.2 the empirical
distribution function F, will resemble F' whether F' equals the distribution
function Fy of some Exp(A) distribution or not. On the other hand, if the
“true” distribution function is F), then the estimated exponential distribu-
tion function Fy will resemble F), because A= 1/Z,, is close to the “true” \.
Therefore, if I' = F), then both F,, and F will be close to the same distribu-
tion function, so that #is is small; if I is different from F), then F, and Fj
are close to two different distribution functions, so that tyg is large. The value
tyks is always between 0 and 1, and the further away this value is from 0, the
more it is an indication that the exponential model is inappropriate. For the
software dataset we find \ = 1/Z, = 0.0015 and t,s = 0.176. Does this speak
against the believed exponential model?

One way to investigate this is to find out whether, in the case when the data are
truly a realization of an exponential random sample from F}, the value 0.176 is
unusually large. To answer this question we consider the sample statistic that
corresponds to tys. The estimate A=1 /Ty, is replaced by the random variable
A=1 /X, and the empirical distribution function of the dataset is replaced
by the empirical distribution function of the random sample X1, Xo,..., X,
(again denoted by F,):

number of X; less than or equal to a

F,.(a) = "

In this way, txs is a realization of the sample statistic

T = sup | Fa(a) — F4(a).

a€R
To find out whether 0.176 is an exceptionally large value for the random vari-
able Tiks, we must determine the probability distribution of Tis. However, this
is impossible because the parameter A of the Exp () distribution is unknown.
We will approximate the distribution of Ty by a parametric bootstrap. We use
the dataset to estimate A by A= 1/, = 0.0015 and replace the random sam-
ple X1, Xs,..., X, from F)\ by a bootstrap random sample X;, X5, ..., X*
from Fy. Next we approximate the distribution of Tis by that of its boot-
strapped version

Ty = sup |[F;(a) — Fj.(a)l,

a€R

where F is the empirical distribution function of the bootstrap random sam-

ple:

number of X less than or equal to a
Er(a) = ! n 5

and A* = 1/X}, with X} being the average of the bootstrap random sample.

The bootstrapped sample statistic 7)Y, is too complicated to determine its
probability distribution, and hence we perform a parametric bootstrap simu-
lation:
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1. We generate a bootstrap dataset x7, x5, ..., 2735 from an exponential dis-
tribution with parameter A = 0.0015.

2. We compute the bootstrapped KS distance

tis = sup [F/(a) — F5. (a),
a€R
where F)' denotes the empirical distribution function of the bootstrap
dataset and Fj. denotes the estimated exponential distribution function,

where \* = 1/z% is computed from the bootstrap dataset.

We repeat steps 1 and 2 one thousand times, which results in one thousand
values of the bootstrapped KS distance. In Figure 18.2 we have displayed a
histogram and kernel density estimate of the one thousand bootstrapped KS
distances. It is clear that if the software data would come from an exponential
distribution, the value 0.176 of the KS distance would be very unlikely! This
strongly suggests that the exponential distribution is not the right model for
the software data. The reason for this is that the Poisson process is the wrong
model for the series of failures. A closer inspection shows that the rate at
which failures occur over time is not constant, as was assumed in Chapter 17,
but decreases.

25 25

20 20

15 15

10 10

5 5

0 0
0 0.176 0 0.176

Fig. 18.2. One thousand bootstrapped KS distances.

18.4 Solutions to the quick exercises

18.1 You could have written something like the following: “Use the dataset
T1,%2,...,Tn to compute an estimate F for F. Replace the random sample
X1, Xo,..., X, from F by a random sample X7, X5,..., X} from F, and
approzimate the probability distribution of
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Med(X1,Xo, ..., X,) — F™(0.5)

by that of Med(X7,X5,...,X}) — F™(0.5), where F™(0.5) is the median
of F.”

18.2 You could have written something like the following: “Given a dataset
T1,T2, ..., Tn, determm(_e its empirical distribution function F,, as an estimate
of F', and the median F™ (0.5) of F,.

1. Generate a bootstrap dataset x5, x5, ..., xk from F,.

2. Compute the sample median for the bootstrap dataset:
Med;, — F'™(0.5),

where Med) = sample median of x§, x5, ..., x5k,

Repeat steps 1 and 2 many times.”

Note that if n is odd, then F'™¥(0.5) equals the sample median of the original
dataset, but this is not necessarily so for n even.

18.3 According to Remark 11.2 about the sum of independent normal ran-
dom variables, the sum of n independent N(u, 1) distributed random variables
has an N(nu,n) distribution. Hence by the change-of-units rule for the normal
distribution (see page 106), it follows that X,, has an N(u,1/n) distribution,
and that X,, — u has an N(0,1/n) distribution. Similarly, the average X* of
n independent N(Z,,1) distributed bootstrap random variables has a nor-
mal distribution N(Z,,1/n) distribution, and therefore X — Z,, again has an
N(0,1/n) distribution.

18.5 Exercises

18.1 [0 We generate a bootstrap dataset z7,x3,..., 2§ from the empirical
distribution function of the dataset

21 1 4 6 3,

i.e., we draw (with replacement) six values from these numbers with equal
probability 1/6. How many different bootstrap datasets are possible? Are
they all equally likely to occur?

18.2 We generate a bootstrap dataset a7, 23, 25, 2} from the empirical distri-
bution function of the dataset

1 3 4 6.

a. Compute the probability that the bootstrap sample mean is equal to 1.
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b. Compute the probability that the maximum of the bootstrap dataset is
equal to 6.

c. Compute the probability that exactly two elements in the bootstrap sam-
ple are less than 2.

18.3 H We generate a bootstrap dataset x7,z3,..., 2], from the empirical
distribution function of the dataset

0.39 0.41 0.38 0.44 0.40
0.36 0.34 0.46 0.35 0.37.

a. Compute the probability that the bootstrap dataset has exactly three
elements equal to 0.35.

b. Compute the probability that the bootstrap dataset has at most two ele-
ments less than or equal to 0.38.

c. Compute the probability that the bootstrap dataset has exactly two ele-
ments less than or equal to 0.38 and all other elements greater than 0.42.

18.4 [ Consider the dataset from Exercise 18.3, with maximum 0.46.

a. We generate a bootstrap random sample X7, X5, ..., X{, from the empir-
ical distribution function of the dataset. Compute P (M7, < 0.46), where
My = max{X7, X5,..., X0}

b. The same question as in a, but now for a dataset with distinct elements
x1,T2,...,%, and maximum m,. Compute P(M} < m,,), where M} is
the maximum of a bootstrap random sample X7, X5,..., X generated
from the empirical distribution function of the dataset.

18.5 [ Suppose we have a dataset
0 3 6,

which is the realization of a random sample from a distribution function F'. If
we estimate F' by the empirical distribution function, then according to the
bootstrap principle applied to the centered sample mean X3 — p, we must
replace this random variable by its bootstrapped version X; — #3. Determine
the possible values for the bootstrap random variable X — #3 and the corre-
sponding probabilities.

18.6 Suppose that the dataset x1,xo,...,x, is a realization of a random
sample from an Fzp(\) distribution with distribution function Fy, and that
Ty = 5.

a. Check that the median of the Fzp(A) distribution is my = (In2)/\ (see

also Exercise 5.11).

b. Suppose we estimate A by 1/Z,,. Describe the parametric bootstrap sim-
ulation for Med (X1, Xa, ..., X,,) — ma.



282 18 The bootstrap

18.7 H To give an example in which the bootstrapped centered sample mean
in the parametric and empirical bootstrap simulations may be different, con-
sider the following situation. Suppose that the dataset x1,xs,...,x, is a re-
alization of a random sample from a U(0, ) distribution with expectation
= 0/2. We estimate 6 by

s n+1
0= M,
n
where m,, = max{x1,x2,...,x,}. Describe the parametric bootstrap simula-

tion for the centered sample mean X,, — p.

18.8 H Here is an example in which the bootstrapped centered sample mean in
the parametric and empirical bootstrap simulations are the same. Consider the
software data with average Z,, = 656.8815 and median m,, = 290, modeled as
a realization of a random sample X7, X5, ..., X, from a distribution function
F with expectation p. By means of bootstrap simulation we like to get an
impression of the distribution of X,, — p.

a. Suppose that we assume nothing about the distribution of the interfailure
times. Describe the appropriate bootstrap simulation procedure with one
thousand repetitions.

b. Suppose we assume that F' is the distribution function of an Exp () distri-
bution, where A is estimated by 1/, = 0.0015. Describe the appropriate
bootstrap simulation procedure with one thousand repetitions.

c. Suppose we assume that F' is the distribution function of an Ezp(\) dis-
tribution, and that (as suggested by Exercise 18.6a) the parameter A
is estimated by (In2)/m,, = 0.0024. Describe the appropriate bootstrap
simulation procedure with one thousand repetitions.

18.9 [ Consider the dataset from Exercises 15.1 and 17.6 consisting of mea-
sured chest circumferences of Scottish soldiers with average z, = 39.85 and
sample standard deviation s, = 2.09. The histogram in Figure 17.11 suggests
modeling the data as the realization of a random sample X1, X5, ..., X, from
an N(u,0?) distribution. We estimate p by the sample mean and we are inter-
ested in the probability that the sample mean deviates more than 1 from pu:
P (|)_(n — pl > 1). Describe how one can use the bootstrap principle to approx-
imate this probability, i.e., describe the distribution of the bootstrap random
sample X7, X3,..., X and compute P(| X — p*| > 1). Note that one does
not need a simulation to approximate this latter probability.

18.10 Consider the software data, with average Z, = 656.8815, modeled as
a realization of a random sample X1, X5,..., X,, from a distribution func-
tion F'. We estimate the expectation p of F' by the sample mean and we are
interested in the probability that the sample mean deviates more than ten
from p: P(| X, — p| > 10).
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a. Suppose we assume nothing about the distribution of the interfailure
times. Describe how one can obtain a bootstrap approximation for the
probability, i.e., describe the appropriate bootstrap simulation procedure
with one thousand repetitions and how the results of this simulation can
be used to approximate the probability.

b. Suppose we assume that F' is the distribution function of an Exp(A) dis-
tribution. Describe how one can obtain a bootstrap approximation for the
probability.

18.11 Consider the dataset of measured chest circumferences of 5732 Scottish
soldiers (see Exercises 15.1, 17.6, and 18.9). The Kolmogorov-Smirnov distance
between the empirical distribution function and the distribution function
F3, s, of the normal distribution with estimated parameters ji = Z,, = 39.85
and & = s, = 2.09 is equal to

tks = sup | Fy(a) — F3,, s, (a)| = 0.0987,
a€R

where Z,, and s, denote sample mean and sample standard deviation of the
dataset. Suppose we want to perform a bootstrap simulation with one thou-
sand repetitions for the KS distance to investigate to which degree the value
0.0987 agrees with the assumed normality of the dataset. Describe the appro-
priate bootstrap simulation that must be carried out.

18.12 To give an example where the empirical bootstrap fails, consider the
following situation. Suppose our dataset xi,xs,..., T, is a realization of a
random sample X7, Xo, ..., X, from a U(0,0) distribution. Consider the nor-
malized sample statistic

M,

9 Y

where M,, is the maximum of X7, Xs,..., X,,. Let X7, X3,..., X} be a boot-
strap random sample from the empirical distribution function of our dataset,
and let M be the corresponding bootstrap maximum. We are going to com-
pare the distribution functions of T}, and its bootstrap counterpart

T,=1-

*

T 1 MY
n — - )

ez

where m,, is the maximum of z1,z2,...,Z,.

a. Check that P(T,, <0) = 0 and show that

P(T;<O):1—<1—711)n.

Hint: first argue that P(TF < 0) = P(M = m,,), and then use the result
of Exercise 18.4.
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b. Let G, (t) = P(T), < t) be the distribution function of T},, and similarly let
G (t) = P(T;} < t) be the distribution function of the bootstrap statistic
T). Conclude from part a that the maximum distance between G, and
G, can be bounded from below as follows:

teR n

Sup |G () — Gn(8)] > 1 — (1 - 1>n.

c. Use part b to argue that for all n, the maximum distance between G},
and G, is greater than 0.632:

sup |G (1) — Gp(t)| > 1 —e ! =0.632.
teR

Hint: you may use that e=* > 1 — x for all x.

We conclude that even for very large sample sizes the maximum distance
between the distribution functions of 7}, and its bootstrap counterpart 7
is at least 0.632.

18.13 (Exercise 18.12 continued). In contrast to the empirical bootstrap, the
parametric bootstrap for T;, does work. Suppose we estimate the parameter 6
of the U(0,0) distribution by

~ n+1 .
0= My, where m, = maximum of x1,Za,...,2Ty.
n

Let now X7, X3,..., X be a bootstrap random sample from a U(0,6) dis-
tribution, and let M. be the corresponding bootstrap maximum. Again, we
are going to compare the distribution function G,, of T, = 1 — M,, /6 with the
distribution function G% of its bootstrap counterpart T* = 1 — M /6.

a. Check that the distribution function Fy of a U(0,6) distribution is given
by

Fg(a):; for 0 <a <46.

b. Check that the distribution function of T;, is
Go(t) =P(T, <t)=1—(1—t)" for0<t<1.

Hint: rewrite P(T,, <t) as 1 — P(M,, <6(1—t)) and use the rule on
page 109 about the distribution function of the maximum.

c. Show that T} has the same distribution function:
Grt)=P(T,<t)=1-(1-¢t)" for0<t<1.

This means that, in contrast to the empirical bootstrap (see Exer-
cise 18.12), the parametric bootstrap works perfectly in this situation.





