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5 Dynamics of rigid Bodies

Up to now we have discussed idealized bodies where their
spatial extension could be neglected and they were therefore
adequately described by the model of a point mass. We have
investigated their motion under the influence of forces and
have presented besides Newton’s laws fundamental conserva-
tion laws for linear momentum, energy and angular momentum.

All phenomena found in nature which are due to the spatial ex-
tension of bodies demand for their explanation an extension of
our model. Besides the translation of point masses, discussed so
far, we have to take into account the fact that extended bodies
can also rotate around fixed or free axes.

At first, we will restrict ourselves to the motion of free extended
bodies under the influence of forces. The motion of single
volume elements of an extended body against each other, that
results in a deformation of the body will be discussed in the next
chapter. Such still idealized extended bodies that do not change
their form, are called rigid bodies.

5.1 The Model of a Rigid Body

We can partition an extended rigid body with volume V and to-
tal mass M into many small volume elements AV; with masses
Am; which are rigidly bound together (Fig. 5.1). We can re-
gard theses mass elements Am; as point masses and treat them
according to the rules discussed in Chap. 2.

The total body can then be composed of these volume elements:

N N
V=) AVi. M=) Am.
i=1 i=1
We name the ratio

0= Am/AV; [o] = kg/m® 5.1

the mass density of the volume element AV. The total mass can

then be expressed as

N
M= 0iAV;. (5.2)
i=1

If the volume elements AV become smaller and smaller, their
number N correspondingly larger, the sums converge for the
limiting case AV — 0 to volume integrals [5.1]

N

V = lim AV, = /dV;
AV;i—0
N—oo i=1 v

(5.3)
M = /QdV,
4

where the volume integral stands for the three-dimensional inte-
gral

22 Y2 X2

= JJ(J4)o)

21 Y1 X1

5.4)

Figure 5.1 Partition of a spatially extended body into small volume elements
AV

for the example of a cuboid, while for a spherical volume with
radius R and a volume element dV = 7% -sin 9 - dr- d® - dg (see
Sect. 13.2) the integral can be written as

ps

R 21
V:///rzsinﬁdrdﬁdgo.

r=09=0¢=0

(5.5)

The mass density o(x, y, z) can generally depend on the location
(x,y, z). For homogeneous bodies o is constant for all points of
the body and we can extract ¢ out of the integral. The mass M
of the body can then be expressed as

M:Q/dV:QV. (5.6)

14

5.2 Center of Mass

As has been shown in the previous chapter the position vector
rs of the CM of a system with N particles at the positions r;
(Fig. 5.2) is

rs = Zivzl r,-Am,-
Z?/:l Am;
L 5.7
== ZriQ(ri)AVi :
M=
For the limiting case AV — 0 and N — oo this becomes
1
rs = M/rdm
. (5.82)
= M/rg(r) dv .
v



Figure 5.2 Definition of the Center of Mass of an extended body

This corresponds to the three equations for the components

1
= — .y,2)dV,
Xs M/w@y@
\%
1/( YAV
=— Xy, ,
ys =7 | velx.y.z
\%

1
=— y,7)dV .
Zs M/ZQ(xyZ)
\%

For homogeneous bodies (0 = const) (5.8a) simplifies to

1
rs:—/rdV.
Vv
14

(5.8b)

Example

Center of Mass of a homogeneous hemisphere.

If the center of the sphere is at the origin (x =y = z = 0)
(Fig. 5.3) symmetry arguments require xs = ys = 0. For
o0 = const we obtain from (5.8b)

1 1
Zs MfZQ V[Z
1% %

Figure 5.3 Center of Mass of a hemisphere

5.3 Motion of a Rigid Body

This becomes with z = r-cos  and dV = r2dr-sin ¥ ddde

1 R 7/2 2n
zs=—/ / /r%osﬁsim?drdﬂdgo
14
r=09=0 ¢=0 (59)
3
= —-R.
8
<

5.3 Motion of a Rigid Body

The center points P; of the volume elements dV; are defined by
their position vectors r;, the CM by rs. The vector

ris =r —TIs
points from the center of mass S to the point P; (Fig. 5.4). The

vector

drig/dt = vis = v; — vg (5.10)

gives the relative velocity of P; with respect to the CM.

In a rigid body all distances are fixed, i.e. |r;5| = const. Differ-
entiation of r% = const gives

2ris-vs =0,

which implies that the vector of the relative velocity is per-
pendicular to the position vector. This can be written as (see
Sect. 2.4)

Vis = ((e) Xr,'s) s (511)

where o is the angular velocity of P; rotating about an axis
through the CM perpendicular to the velocity vector v;s.

Figure 5.4 The motion of a rigid spatially extended body
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5 Dynamics of rigid Bodies

For the general motion of the rigid body the velocity of the point
P

v, =vs + (@ Xrs) (5.12)
can be composed of two contributions: The translational veloc-
ity vs of the CM and the rotation (@ X r;s) of P; around the CM.
Since the consideration discussed above is valid for an arbitrary
point P; we can make the general statement:

The motion of an extended rigid body can always be com-
posed of the translation of its CM and a rotation of the
body about its CM.

Note: The rotational axis is not necessarily constant but can
change its direction in the course of time, even when no external
forces act onto the body (see Sect. 5.7).

The Eq. 5.10 and 5.11 are based on the condition 7% = const
for arigid body. They are no longer valid, if deformations of the
body occur, because then vibrational motions of P; against the
CM can be present as additional movements.

The complete characterization of the motion of a free rigid body
demands 6 time-dependent parameters: The position coordi-
nates

rs(1) = {xs(1). ys(1). zs(n)}

for the description of the CM-motion and three angular coordi-
nates for the description of the rotation of the rigid body about
its CM.

The free rigid body has six degrees of freedom for its mo-
tion.

If one point of the body (for example the CM) is kept fixed the
body can still rotate about this point but cannot perform a trans-
lation. The number of degrees of freedom then reduces to three,
namely the three rotational degrees of freedom. If the body ro-
tates around a fixed axis, only one degree of freedom is left,
namely the one-dimensional rotation described by the angle ¢.

5.4 Forces and Couple of Forces

While a force F acting on a point mass is unambiguously defined
when its magnitude and direction is given, for forces acting on
an extended body the point of origin P has to be added (Fig. 5.5).

We will investigate the change of motion which an extended
body suffers under the action of a force F(P;) with its origin
in an arbitrary point P;. We can simplify the treatment when
we add two antiparallel forces F»(S) and F5(S) = —F,(S) with
equal magnitude which both act on the center of mass S and
therefore do not affect the motion of the body, because they act

Figure 5.5 The two forces F; and F, have equal magnitudes but different
points of application P, and P,. They effect different motions of the body

on the same point S and since F(S) + F3(S) = 0 they cancel
each other.

Now we combine the two antiparallel forces F; and F5; with
equal magnitude (Fig. 5.6) which form a couple of forces, but
regard at first the remaining single force F,, which acts on the
center of mass S. This force causes a translation of the CM. The
couple of forces brings about a torque

DS = (r,'s XF[) s (5133)
referred to the center of mass S. Since F; + F3 = 0 this couple
of forces does not cause an acceleration of the CM. It induces,
however, a rotation of the body around S. Summarizing we can
make the general statement:

A force F acting on an arbitrary point P # S of an
extended body causes an acceleration of the CM and a ro-
tation of the body about the center of mass S.

An extended rigid body initially at rest suffers an accel-
erated translation of its center of mass S and a rotation
around S when a force F acts on a point P # S.

In this chapter we will investigate such motions in more detail.

At first we will restrict the treatment to the special case where
the body rotates around a space-fixed axis. The motion is then
restricted to a rotation which has only one degree of freedom.

N
Fay

Figure 5.6 Decomposition of a force F; into a couple of forces F1F3 and
a force F, that attacks at the Center of Mass



Figure 5.7 Rotation of a rigid body about a fixed axis A, induced by a force
F attacking at the point P. Decomposition of the projection of F onto the x-y-
plane into a normal and a tangential component

We choose the direction of the rotation axis A as the z-direction
and the x-y-plane through the point P(r) where the force F acts
on the body, which has the distance r from the rotation axis
(Fig. 5.7). We can then decompose the force into the three com-
ponents F, || A, the radial component F, || r and the tangential
component F; 1 rand L A. F, is perpendicular to the x-y-plane
and the other two components are in the x-y-plane.

The torque exerted by the force F onto the body is
D=rxF)=rxF)+ (rxF,,
since (r x F,)) = 0.

The first term causes a torque about the z-axis, and therefore an
acceleration of the rotation about the z-axis. The second term
would change the direction of the rotation axis. If this axis is
fixed by axle bearings the torque only acts on the bearings and
does not lead to a change of motion.

If the rotation axis intersects the center of mass S (Fig. 5.8)
which we choose as the origin of our coordinate system, the
torque exerted by the weight F,, = M - g of the body is zero, as
can be seen by the following derivation:

The torque with respect to the rotation axis caused by the grav-
itational force Am; - g on the mass element Am; is D; =

Figure 5.8 Contribution of the mass element Am to the torque about an axis
through the Center of Mass, due to the weight of Am

5.5 Rotational Inertia and Rotational Energy

Figure 5.9 Principle of beam balance

(ris x Am; - g). The torque exerted by the weight of the whole
body is then

D:/(rxg)dm:—gx/rdm
4

14

(5.13b)
=—(gxMrs) =0,

because the center of mass S is the origin and therefore is rg = 0.

If a body can rotate around an axis through the CM it is
always at equilibrium, independent on the space orienta-
tion of the axis because the torque exerted by its weight is
always zero.

All beam balances are based on this principle (Fig. 5.9). The
balance is at equilibrium if Y D; = 0, which means

rixF,+rnxF,=0.

This is the equilibrium condition for a balance as two-armed
lever.

5.5 Rotational Inertia and Rotational
Energy

We consider an extended body which rotates about a fixed axis
A with the angular velocity w (Fig. 5.10). The mass element
Am; with the distance r;; = |r;| from the axis A has the velocity
v; = r; - w. Its kinetic energy is then

1 2 1 2.2
Ekin(Ami) = EAmivi = §Am,-ria) .

Figure 5.10 Definition of moment of inertia
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5 Dynamics of rigid Bodies

The summation over all mass elements gives the total rotational
energy of the body

N
. 1 > 2\ _ 1, 2
NangO (EZAmiru_w>—§w /rldm. (5.14)

Ami—0 i=1

ID:ef/rf_dm:/rf_QdV

1 1

Eo =

The expression

(5.15)

is called the rotational inertia (often also moment of inertia) of
the rotating body referred to the axis A. With this definition we
obtain for the rotational energy

Erw = 310 . (5.16a)

The angular momentum of Am; with respect to the axis A is

Li(Am)) = riy x (Ampv) = 2, Ame (5.17a)

which gives the total angular momentum of the body as

Replacing in (5.16a) w? by L?/I* we obtain for the rotational
energy

E 11 2 _ L (5.16b)

=-lo”" = —. .
rot 2 2[

The rotational inertia / is a measure for the mass distribution
in an extended body relative to the rotational axis. For geo-
metrically simple bodies with homogeneous mass distribution
o = const the rotational inertia / can be readily calculated, as is
illustrated in the following examples. For bodies with a complex
geometrical structure / has to be measured (see below).

If the rotational axis A intersects the center of mass S(r = 0),
the rotational inertia can be written as

ISZQ‘/I’ZdV.

The rotational inertia is always defined with respect to a
definite rotational axis and depends on the location of this
axis with relative to the CM.

5.5.1 The Parallel Axis Theorem (Steiner’s

Theorem)

If a body rotates about an axis B which is parallel to the axis A
through the CM, the rotational inertia with respect to the axis B

Figure 5.11 Steiner's rule: The drawing shows the plane through dm, perpen-
dicular to the axis A

can be readily calculated, if it is known with respect to the axis
A. If the distance between the two axes is a (Fig. 5.11) we can
write

Iy = /rzdm = /(rms + a)*dm

= /rfnsdm—l—Za/rmsdm—l—az/dm.

According to (5.8) is f rmsdm = Rg-M = 0, because the center
of mass S is the origin of the coordinate system and therefore is
RCM = RS =0.

We then obtain

Iy =I5+ a’M . (5.18)

Equation 5.18 is called the parallel axis theorem or Steiner’s
theorem. It states:

The inertial moment of a body rotating around an axis B is
equal to the sum of the inertial moment with respect to an
axis A through the center of mass S with a distance a from
the axis B plus the moment of inertia of the total mass M
concentrated in S with respect to B.

This illustrates that it is sufficient to determine the rotational
inertia with respect to an axis A through S. With (5.18) we can
then obtain the rotational inertia with respect to any axis parallel
to A.

In the following we will give examples for the calculation of /
for homogeneous bodies with different geometrical structures.

Example
1. Thin disc. We assume the height / in the z-direction is
small compared to the extension of the body in the x-

and y-directions.
a) Rotational axis in the z-direction:

I =Q-/(x2+y2)dV.
b) Rotational axis in the x-direction:
Ix=Q-/(yz+zz)dV%Q-/y2dV,

because |z| < h/2 <K Ymax-



Figure 5.12 Moment of inertia of a thin disc with arbitrary shape (a),
circular disc (b)

¢) Rotational axis in the y-direction:
I, =Q-/(x2—|—z2)dVa:Q-/x2dV.

This shows that with the approximation z < x,y one
obtains

Lali+1,. (5.19)

For plane bodies (for example a triatomic molecule)
the rotational inertia for the rotation around an axis
through the CM perpendicular to the plane is equal to
the sum of the two other moments of inertia.

For the case of a thin circular disc we obaqin from
(5.19) because of the rotational symmetry (Fig. 5.12b)

L=1I=1I.

For the homogeneous circular disc with radius R it is
not difficult to calculate I,:

IZ=Q-/r2dV=2nhg/r3dr=g-h-ﬂ~R4/2,

because dV = 27r-h-dr. With M = @ - 7 - R? - h this
gives

I = IMR*. (5.20a)
2. Hollow cylinder with height A, outer radius R and wall

thickness d < R (Fig. 5.13). Rotation about the z-axis
as symmetry axis:

R
Il = Q/rde= 2mho / Pdr,
4 R—d

withdV =27 - R- h-dr and d < R one obtains
L =h-o 7[R —(R-d)'] ~2nohR%d .
This gives withM =2 -r-0-d-h

L=M-R. (5.20b)

5.5 Rotational Inertia and Rotational Energy

Figure 5.13 Moment of inertia of a hollow cylinder

Remark. A simpler derivation starts with the relation
for the total mass of the hollow cylinder with outer
radius r, and inner radius r;:

M=n-g-h(r§—r$) .
Izz/rzdm=2ng-h/r3dr= two-h(r5—r])
= %ﬂg-h(r%—r%)-(r%—l—r%)
~ 1M -2R* = MR .

3. Full cylinder with radius R and height A.

R
I, = 270k / Adr = %th“
0

(5.20c)

which, of course, concurs with (5.20a).
4. Thin rod (length L > diameter (Fig. 5.14))
a) Rotation about the vertical axis a through the cen-
ter of mass S.

+L/2
IS=Q/x2dV=QA / x> dx
in (5.21a)
1 1
= —oAL' = —ML*.
12 12
b a
(b

L/2

A<<L?

AN
~s \J Jx

]

L |

Figure 5.14 Rotation of a thin rod with arbitrary cross section about
an axis a through the Center of Mass and about an axis b at one end of
the rod
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5 Dynamics of rigid Bodies

b) Rotation about the vertical axis b through an end
point of the rod. According to the parallel axis the-
orem (5.18) the moment of inertia is

L 2
Ib=Is+M(—)

2 (5.21b)

1 2 1 2 1 2
= —ML*+ ~ML* = ~ML* .
12 4 3

This result could have been obtained also directly
from

IL
1 1
I, = QA/xzdx = gQAL3 = gML2 .
0

5. Diatomic molecule. Because of the small electron
mass (m, ~ 1/1836m,) the electrons do not con-
tribute essentially to the moment of inertia when the
molecule rotates around an axis A through the CM
perpendicular to the inter-nuclear axis (Fig. 5.15). Be-
cause the diameter of the nuclei (d ~ 107'4m) is
very small compared with the inter-nuclear distance
R (~ 107! m) we can treat the nuclei as point masses
and obtain

Ispn = mlr% a4F m2r2 . (5.22a)

With the inter-nuclear distance R = r; + r, and the
reduced mass u = my-my/(m; +my) (5.22a) becomes
with ry /r; = my/my

Isa = - R . (5.22b)

When the molecule rotates around its inter-nuclear
axis B the nuclei lie on the rotational axis and do not
contribute to the moment of inertia. Now the electrons
provide the major contribution. Because of the small
electron mass the moment of inertia is now very small
and the rotational energy

Eiot = LZ/ZIB

for a given angular momentum L becomes much larger
than for the rotation around A (see Chap. 11 and
Vol. 3).

m; m,

LS |

Figure 5.15 Moment of inertia of a diatomic molecule

Figure 5.16 Derivation of the moment of inertia of a sphere

6. Moment of inertia for a homogeneous sphere. Be-
cause of the spherical symmetry the moment of inertia
is independent of the direction of the rotational axis
through the center of the sphere. The moment of iner-
tia of a mass element Am with a distance a from the
rotation axis (Fig. 5.16) is dI = a*dm. For the whole
sphere we obtain

Is = Q/ade

with dV = #? sin ¥drd¥de and a = rsin 9.

b/

R 2w
IS=Q/ / /r4sin3z9drdz9dgo

r=09=0¢=0
1 [ (5.23)
= gQR5271 / sin®® d '
=0
2 4 2
= ZoR’- 7R = ZMR? .
573 5
<

These examples with their rotational inertia are compiled in
Tab. 5.1.

5.6 Equation of Motion for the
Rotation of a Rigid Body

For the rotation of a rigid body around a space-fixed axis the
angular momentum of a mass element Am; is:

L,‘ = (I‘l'J_ Xpi) = Am,— (ru_ X l),') = Am,-rizlw s (524)
where the velocity v; is perpendicular to the rotation axis (point-

ing into the direction of @ which is the z-direction) and to the
radius r.



Table 5.1 Moments of inertia of some symmetric bodies that rotate about a
symmetry axis

Geometrical figure  Realization Moment of inertia
z
! Y Thin disc 1MR?
X
Hollow cylinder
with thin wall MR
Full cylinder
L vrR2
IMR
Thinrod L > r %ML2
Homogeneous sphere
2 17R2
Hollow sphere sMR
with thin wall % MR
Cuboid I, = S M(b* + ?)

~
Il

b %M(a2 4+ @)

o~
Il

%M(a2 +b?)

[ = um -R2

Diatomic molecule v

The time-derivative of (5.24) is

dL,' dvi
=Ami|ripx — ) = (i xF,) =Dy, 5.25
” m(rLth) (rie x Fy) I (5.25)
where D;; = r;y - F; is the component of the torque D; parallel

to the rotation axis A. The other components F, and F, of the
force F are compensated by elastic forces of the mounting of the
fixed axis A (Fig. 5.17).

For the magnitude D; = |D;;| of the not compensated torque we
obtain from (5.24) and (5.25)

d
Dl‘ = Am,-rz @

0. 5.26
il dr ( )

5.6 Equation of Motion for the Rotation of a Rigid Body 137

Figure 5.17 Torque acting on the rotation about a fixed axis induced by a force
F attacking at the point P

The integration overall mass elements yields

dw
D=] — —=1].

dr de2’ (5.27)

where ¢ is the angle of r against the x-axis.

Rotation About an Axis for a Constant
Torque

5.6.1

For a constant torque which does not change with time the in-
tegration of (5.27) yields the equation of rotation analogous to
(2.6) for the translation of a body

D,
Q= Et + At+B. (5.28a)

The integration constants A and B are specified by the initial

conditions ¢(0) = ¢o and dg(0)/dr = wy. This gives for
(5.28a)
D
¢ = + oot + ¢ . (5.28b)
21
Example

Chapter 5

1. A full cylinder, a hollow cylinder and a ball with equal
masses M and equal radii r role down an inclined
plane. All three bodies start at the same time. Who
will win the race? The question can be answered ex-
perimentally as demonstration experiment during the
lecture and arises always astonishment.

Solution: The rotation takes place around the momen-
tary rotation axis which is the contact line between
the body and the plane (Fig. 5.18). The torque act-
ing on the body is D = M - g - sina where « is the
inclination angel of the plane. The rotational inertia is
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5 Dynamics of rigid Bodies

according to the parallel axis theorem I = Is + Mr?.
Equation 5.27 then becomes

Mgrsina = (Is + Mr*) & . (5.29)

The translational acceleration a = d*s/ds* of the cen-
ter of mass S is equal to the acceleration r - dw/df of
the perimeter which rolls on the inclined plane. This
gives the relation

d%s . Mgrsina
— =0 =r—-
B) 2
dr . Is + Mr (5.30)
_ gsina
T 1+ Is/Mr?

Compare this with the acceleration of a body which
slides frictionless down the plane without rolling. In
this case the acceleration is a, = g - sinc.

For the rolling body part of the potential energy is
converted into rotational energy and only the rest is
available for translational energy. The translational ac-
celeration is reduced by the factor b = (1 + Is/Mr?),
which depends on the moment of inertia /s of the
rolling body. The race is therefore won by the body
with the smallest moment of inertia. According to
Sect. 5.5.1 these are:

Ball: b=7/5—>a=5/7-g-sina,
Full cylinder: b=3/2—>a=2/3-g-sina,
Hollow cylinder: b=2 —a=1/2-g-sina .

Therefore the ball wins the race barely before the full
cylinder, while the hollow cylinder arrives last. It is
instructive to consider the situation from another point
of view: When the body has travelled the distance s
from the starting point on the inclined plane the loss
of potential energy is AE,o = M-g-h = M-g-s-sina
which is converted into kinetic energy Exin = Etrans +
Eo = $(Mv? + 0’Is) = IMv?*(1 + I5/Mv?). This
gives for the translational velocity

» _ 2gssina
V= ——
1—|—Is/Mr2

Differentiation yields with d(v?)/df = 2-v-a the result
(5.30) for the acceleration a.

Figure 5.18 Rolling cylinder on an inclined plane

2. Maxwell’s Wheel. A cylindrical disc with radius R,

mass M and rotational inertia Iy = %MR2 is centered
on a thin axis through S with radius » < R. The disc
hangs on a strand which is wrapped around the axis
(Fig. 5.19). The mass of the axis should be negligi-
ble compared with the mass M of the disc. When the
wheel is released it will roll down on the strand under
the influence of the torque D = r x Mg and will move
down with the acceleration

d>¢ 1D
ey = 2

dr I

r2Mg

IMR® + Mr?
8
1+ R2/2r2°

The acceleration g is therefore reduced by the factor
(1 + $R?/r?). This allows to observe this small ac-
celeration when performing the experiment. After the
CM of the wheel has travelled the distance 4 the total
potential energy Mgh has been converted into kinetic
energy Mgh = Exin = Egans + Erot Where

1 1
By = EMvtzrans = EMrza)2
— Mok 272
- R? 4+ 272
and
1,
Erm = EICU
R2
= Mgh——— .
& R? + 272

Hint: The result is obtained from the relations r2w? =

vZ and v} = ¢*T?/(1 4+ R*/r?)* with the fall time
T = [(2h/g)(1 + 1R*/r*)]'/2. By far the larger frac-
tion 1/(1 + 2r2/R?) of the total energy is converted
into rotational energy.

At the lowest point of its path where the strand is com-
pletely unwound, the wheel continues to rotate in the
same sense (why?) and the strand winds up again,
which causes the wheel to rise nearly up to the starting
point. Because of frictional losses it does not com-
pletely reach its original starting heights.

Figure 5.19 Maxwell's wheel <



5.6.2 Measurements of rotational inertia;
Rotary Oscillations About a Fixed Axis

The experimental determination of inertial moments for bodies
with arbitrary form uses a rotary table consisting of a circular
disc with a concentric axis which can turn in fixed ball bearings
(Fig. 5.20). A coil spring with one end attached to the axis and
the other end to the mounting is bent by the turn of the table and
causes by its tension a restoring torque which is proportional to
the displacement angle ¢ from the equilibrium position ¢ = 0
(see Sect. 6.2)

D=-D;-¢. (5.3D)
The proportionality factor D, is called forsional rigidity. Its
value depends on the rigidity of the spring. The equation of
motion (5.27) for this case is

¢ = —Dp , (5.32a)
where Iy is the inertial moment of the rotary table. We have
neglected any friction. The solution of the differential equation
(5.32a) is with the initial condition ¢(0) = 0

<p:asin(\/Dr—/Iot> .

Once deflected from its equilibrium position the rotary table per-
forms a harmonic oscillation with the oscillation period

To = 27T\/10/D1- .

If a circular disc with known mass M and radius R is placed
concentrically on the table, the moment of inertia increases to
=1+ %MR2 and the oscillation period becomes

(5.32b)

(5.32¢)

Ty = 2m/(lo + $MR?) /D . (5.32d)
From the difference 77 — T3 = 27> uR*/D; the torsional rigidity
D can be determined. Now a body A with arbitrary form can be
placed on the table. The total moment of inertia I, now depends

Inspected
body A

Restoring

= i
_ N SPIING

\
Ball bearings Cut surface

Figure 5.20 Turntable with cut through the ball bearing

5.7 Rotation About Free Axes; Spinning Top

on the location of A with respect to the center of the table. The
measured oscillation period

T =2n+/(o+ 1h) /D;

allows the determination of Iy. With the parallel axis theorem
(5.18) the moment of inertia /s of A with respect to its center of
mass S is Iy = I, — Ma?, where a is the distance between the
center of the rotary table and the CM of A.

(5.32e)

5.6.3 Comparison Between Translation and

Rotation

Table 5.2 shows a comparison between corresponding quantities
for the description of translation of a point mass and rotation of
an extended body. Note the analogous notation for momentum,
angular momentum, energy and power, if the mass m is replaced
by the moment of inertia /.

5.7 Rotation About Free Axes;
Spinning Top

Up to now we have discussed only rotations of rigid bodies
about space-fixed axes. Even for the example of the cylinder
rolling down the inclined plane the direction of the rotational
axis remained constant although it performed a translation.

In the present section we will deal with the more complex situa-
tion that a body can rotate about a free axis, which might change
its direction in space. We will treat at first the case that no ex-
ternal forces act on the body and then discuss the cases where
external torques are present.

Such rigid bodies rotating about free axes are called spinning
fops or gyroscopes.

Table 5.2 Comparison of corresponding quantities for rotation and translation

Translation Rotation
Length L Angle ¢
Mass m Moment of inertia /
Velocity v Angular velocity @
Momentump = m - v Angular momentum L = [ - @
Force F Torque D =r x F
_ @ _a
T T
Eyin = %Uz Erot = §w2
Restoring force Restoring torque
F=-D-x D=-D;-¢
Period of a linear Period of torsional
oszillation oszillation
T =2n+/m/D T =2n+/1/D;
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5 Dynamics of rigid Bodies

For the general motion one must take into account the trans-
lation of the CM (which can be always treated separately) and
the rotation around the CM. If the motion is discussed in the
CM-system where the CM is at rest, one has to regard only the
rotation about the CM. We will see, that the space-orientation
of free axes generally changes with time and the motion of an
arbitrary point of the rigid body might perform a complicated
trajectory.

In order to calculate the motion about free axes we have to deter-
mine the dependence of the moment of inertia on the direction
of the rotation axis, which, however, always should intersect the
CM.

5.7.1 Inertial Tensor and Inertial Ellipsoid

When arigid body rotates with the angular velocity w around an
axis through the center of mass § with arbitrary space orientation
(Fig. 5.21) the mass element Am; moving with the velocity v; =
w X r; has the angular momentum

L= Am;(r; xv;) = Am; (r; X (@ Xr;)) , (5.33a)
using the vector relation (see Sect. 13.1.5.4)
AxXBxC)=A-CO)B—(A-B)C,
this can be transformed into
L= Am;[(r} @) — (ri-®)ri] . (5.33b)

The total angular momentum of the rigid body is then obtained
by integration over all mass elements. This gives

L= / (FPo—(r-w)r)dm. (5.34a)

This vector equation corresponds to the three equations for the
components

L, = Lo + Ixywy + Ixzwz
Ly = Lo, + Lyoy + 0,
L, =L+ Ly, + 0.,

(5.34b)

Figure 5.21 Rotation of a body about an arbitrary axis through the Center of
Mass

where the coefficients /;; are abbreviations for the expressions

I = / (P —22) dm
Ly =1, = —/xydm
I, = / (P =) dm
I, = zyz—/yzdm
I, = / (r2 —zz) dm

IXZ:sz:—/xzdm.

(5.35a)

Equation 5.34b can be readily checked when inserting the rela-
tions 2 = x> +y* + 722 and r- @ = xw, + yw, + zo, into (5.34a)
and using (5.35a). The components /;; can be written in form of
the matrix

Le Ly I
I=\|L, Ly, IL.|. (5.35b)
Ly Izy I,
which allows to write Eq. 5.34b in the vector form
Lx I XX I xy Ixz a)x
Li|=|h by b||e (5.340)
LZ IZX IZ}’ IZZ a)Z
This can be shortened to
L=T o (5.34d)

The mathematical term for I is a fensor of rank two, which
is called inertial tensor. The diagonal elements of / give the
moments of inertia for rotation axes in the direction of the coor-
dinate axes x, y, z.

To illustrate the advantage of introducing this inertial tensor we
will at first calculate the rotational energy of the body for a
rotation about an arbitrary axis @. For a mass element Amy;
(Fig. 5.21) the rotational energy is

%Amiviz = %Am,- (0w xr;) (@ xT17)

= %Am,-[wzri2 — (@ -r,-)z] ,

where the right hand side follows from the vector relation
(AxB)-(AxB)=A’B*—(A-B)>.



The spatial integration over all mass elements gives the rota-
tional energy of the whole rigid body

2 1
w—/rzdm——/(w-r)zdm
2 2

:)2 :)2 :)2

X Yy 7/ 2 2 2

[ S S + + d
> (x y Z) m

1
-3 / [a)xx + wyy + a)zz]2 dm

Eo =

(5.36)

15 2 2
=3 [a)xlxx + oyl + o] IZZ]

+ oyl + 0wl + oyl

where the definitions (5.35b) have been used. Within the tensor
notation (5.36) can be written as

1. T 7
Emtziw o,

which explicitly means

1 Ly Iy I Wy
Eo = E(wxwywz) Ly Ly Iy Wy

I x 7y pad wz

This shows that for arbitrary orientations of the rotation
axis all elements of the inertial tensor can contribute to
the rotational energy.

When the rotation axis @ forms the angles «, 8, y with the co-
ordinate axes the components of @ are

Wy =w-cosa , W, =w-cosy .

wy =w-cos P,
When the rotational energy is written in the form of Eq. 5.16 as

1 2
Eo = jlw ,

the comparison with (5.36) yields for the scalar moment of in-
ertia

I = cos’a I, + cos’f Ly + cos’y I,
+2cosacos 1y +2cosacosy Iy,
+2cosBcosyly, .

(5.37a)

When we introduce a vector R in the direction of the rotation
axis with the components x = R-cosa; y = R-cosf; z =
R - cos y Eq. 5.37a can be written as

Rl = XLy + YLy + 21,

(5.37b)
+ 2xylyy + 2xzly; + 2yzly;

This is a quadratic equation in x, y, and z with constant coeffi-

cients Iyz. All points (x, y, z) for which R?-I = const are located

on an ellipsoid because (5.37) describes for R? - I = k = const

5.7 Rotation About Free Axes; Spinning Top

AZ

Figure 5.22 Inertial ellipsoid

an ellipsoid, with axes which depend on the coefficients Ij.
Since I o« M - R2, the constant k = M - R* has the dimension
[k] = kg-m®*. Its value depends on the mass M of the rigid body
and the mass distribution relative to the center of mass S which
is expressed by a mean distance R,,,.

The moment of inertia I, = k/R?* for a rotation about an ar-
bitrary axis @ = {w,,wy,w,} is proportional to 1/R*> where
R is the distance from the center of the ellipsoid to its surface
(Fig. 5.22). With this notation one can say that the scalar value
I of the moment of inertia as a function of the spatial orientation
(o, B, y) of the rotation axis represents the inertial ellipsoid.

5.7.2  Principal Moments of Inertia

We introduce a coordinate system (&, , {) which is generated
by three orthogonal vectors &, 5 and ¢ with axes which point
into the directions of the principal axes a, b and ¢ of the inertial
ellipsoid (Fig. 5.23). Their magnitude is normalized when di-
viding by Vk. In this coordinate system the ellipsoid equation
(5.37) becomes with R - [ = 1

L+l + L =1. (5.38)
In this principal axis coordinate system all off-diagonal ele-
ments I with i # k of the inertial tensor I are zero and the

Figure 5.23 Definition of principal axes of inertia
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5 Dynamics of rigid Bodies

tensor becomes a diagonal tensor

(e}
oS O

Iy
T=10 (5.39)
0

o &
(;\4

Mathematically such a principal axes transformation can be per-
formed by a diagonalization of the corresponding matrix [5.2].
The principal inertia moments I,,, I, I, (i.e. the moments of iner-
tia for rotations about the principal axes a, b, c) are the solutions
of the determinant equation

Lo—1 Iy I
Le Iy—1 I, |=0 (5.40)
L, Ly L.—I

Note, that generally the principal moments of inertia do
not concur with the elements /., I, I ., because all ele-
ments of the tensor can change under the principal axes
transformation.

According to international agreements [5.3] the assignment of
the principal moments follows the definition:

Iaflbflc'

The moment of inertia for a rotation about an arbitrary axis with

direction angels «, 8, ¢, against the x, y, z, axis is (Fig. 5.24)
I=1I,cos’a+ I cosz,B + 1. coszy . 5.41)

This equation corresponds to (5.37a) since all off-diagonal ele-

ments are zero. The principal axes transformation has made the
expression for the general moment of inertia / simpler.

> O
el

\j
ol

ol

Figure 5.24 Inertial moment about an arbitrary axis
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Figure 5.25 Examples of asymmetric tops

With the principal moments of inertia the angular momentum
and the rotational energy can be written as

L= {La»vaLc} = {wala» wply, wclc} s (5.42)
1
Eior = 3 (602[(1 + wZIb + a)f[c)
(5.43)
_L oL L
21, 2L, 2l

If all three principal moments are different (I, # I, # 1. # I,,)
the body is called an asymmetric top.

Example: A cuboid with three different side lengths a, b, ¢
(Fig. 5.25b) or the NO, molecule (Fig. 5.25a).

If two principal moments of inertia are equal the body is called
a symmetric top.

Example: All bodies with rotational symmetry (circular cylinder
linear molecules but also quadratic cuboids).

Every body with rotational symmetry is a symmetric top,
but a symmetric top has not necessarily a rotational sym-
metry (for example a quadratic post). The inertial ellipsoid
of a symmetric top is, however, always rotationally sym-
metric.

We distinguish between

m  Prolate symmetric tops (Fig. 5.26a) with I, < I, = I.. The
inertial ellipsoid is a stretched rotational ellipsoid where the
diameter along the symmetry axis z is larger than the diame-
ter in the x-y-plane (Fig. 5.27a).

m  Oblate symmetric tops (Fig. 5.26b) with I, = [, < I..
The inertial ellipsoid is a squeezed rotational ellipsoid (disc,
Fig. 5.27b).



Fora=b>c=l,=1,<];
Oblate top

Prolate top
a) b)

Figure 5.26 Examples of symmetric tops: a prolate and b oblate symmetric
top

1
Jl
7o la < =l

a1

NeAT
T B

a) Prolate top b)  Oblate top

Figure 5.27 Inertial ellipsoids of a prolate and b oblate symmetric top

For an asymmetric top the angular momentum L and the
rotational axis @ = {w,, w,, .} generally point into dif-
ferent directions, because the components I, I, I;, in
Eq. 5.42 are different, except if the body rotates aboud
one of its principal axes.

When all three principal moments of inertia are equal, the body
is a spherical top, because in this case its inertial ellipsoid is a
sphere.

Examples: A ball or a cube.

5.7.3 Free Rotational axes

The Eq. 5.42 and Fig. 5.28 give the following important infor-
mation: Angular momentum L and rotational axis @ point for
all bodies with free axes (where the rotation axis is not fixed by
mountings) only then into the same direction if at least one of
the following conditions is fulfilled.

m [, = I, = I, (spherical top) or

5.7 Rotation About Free Axes; Spinning Top

Az

Figure 5.28 Angular momentum L and rotational axis are generally not par-
allel. This is illustrated in a (x, y, z) coordinate system that coincides with the
principal axes (a, b, )

= the body rotates about one of its principal inertial axes, which
implies that only one of the three components w,, w,, w; is
not zero.

= For a symmetric top is L || w if the body rotates around an
arbitrary axis perpendicular to the symmetry axis.

Since without external torque the angular momentum L is con-
stant and has a constant orientation in space the body has in
these three cases a space fixed rotational axis and rotates around
this constant axis with constant angular velocity @. Its rota-
tional motion is then identical to the rotation about axes with
fixed mountings (see Sect. 5.6)

The principal axes of a body are therefore also called free axes
because the body can freely rotate about them even if they are
not fixed by mountings.

The experiment shows, however, that a stable rotation is only
possible about the axes of the smallest and the largest moment
of inertia. For the rotation about a free axis of the intermediate
moment of inertia any tiny perturbation makes the motion in-
stable and the body finally flips into a rotation about one of the
other two principal axes.

Examples

1. A cuboid with I, < I, < I, is suspended by a thread
(Fig. 5.29) and can be induced to rotations about the
thread by a small motor which twists the thread. The
cuboid rotates stable if the thread direction coincides
with the axis of the inertial moments I, or .. If it
is suspended in a way that the thread direction co-
incides with the axis of I, the cuboid flips for faster
rotations into a rotation around the axis b, as shown in
Fig. 5.29¢), it rotates then no longer about the thread
but around the dashed line in Fig. 5.29c), which is a
free axis.
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5 Dynamics of rigid Bodies

Pp o Iy <lp <lg

stabil

instabil
—

[on

b)

c)

Figure 5.29 Rotation of a cuboid about free axes: a stable rotation
about the axis of maximum moment of inertia; b instable rotation about
the axis of median moment of inertia, which jumps into a rotation about
the axis ¢ of maximum moment of inertia (c)

2. A closed chain hangs on a thread and is induced to ro-
tations by a motor (Fig. 5.30). Due to the centrifugal
force the chain widens to a circle which orientates it-
self in a horizontal plane, because in this position the
rotation takes place about the axis of the maximum
inertial moment and therefore the rotational energy
E.L? /21 becomes a minimum. In this stable rota-
tional mode the rotation axis does not coincide with
the direction of the thread.

Figure 5.30 Rotation of a chain about the axis of maximum moment
of inertia

3. A thrown discus flies stable as long as the rotation pro-
ceeds about the symmetry axis (axis of the maximum
moment of inertia) (Fig. 5.31).

Figure 5.31 Stable flight of a discus <

5.7.4 Euler's Equations

For an arbitrary orientation of the rotation axis angular momen-
tum L and rotation axis @ are no longer parallel. The motion of
the body is now more complicated. In order to investigate this
motion as seen by an observer sitting in a space-fixed inertial
coordinate system S, we have to describe it in this system S.

The time derivative dL/dt of the angular momentum is equal to
the torque D acting on the body.

()=

A coordinate system K where the axes are the principal axes
of the body, which is therefore rigidly connected to the rotating
body rotates with the angular velocity w against the system S.
In this system the time derivative of L is (see Sect. 3.3.2)

(5.44)

dL dL
=) =(=) - L), 5.45
(&)= (@), wm o
which gives the vector equation for the torque D
dL
D = (—) + (w xL). (5.46)
dr )¢

This equation corresponds formally to (3.14) if we replace L by
r. Note, that in (5.46) dL/dt is the derivative of L in the body
fixed principal axes system K, while @ is the angular velocity
in the space-fixed system S. If (5.46) is written for the three
components in the direction of the principal axes one obtains
for example for the axis a the relation

D, = (%)a + (0) XL)a

d
= E (Iawa) + (wac - wcLb)

dw,
=li— + wplew. — w lpwy
dr
where D, is the component of the torque in the direction of the
principal axis a.

Similar equations can be derived for the other two components.
This leads to the Euler-equations



do,
Iad_a + (Ic —Ip) w.wp = Dy
t
dow
Ibd_tb + (Ia - Ic) WaWe = Db (547)
dw
I dl‘c + (Ib _Ia) wpw, = D, .

5.7.5 The Torque-free Symmetric Top

A symmetric top has two equal principal moments of inertia. If
the symmetry axis of its inertial ellipsoid is the axis ¢ we have
I, = I, # I.. For rotational symmetric bodies the symmetry
axis is also called the figure axis. For a bicycle wheel as sym-
metric top this is the visible wheel axis (Fig. 5.32). Without any
external torque (D = 0) the magnitude and the direction of the
angular momentum L is constant. Such a top with D = 0 is
called force-free top although it should be called more correctly
torque-free top.

When the top rotates about its figure axis, L and @ coincide
with this axis. The top rotates as if its axis would be hold by a
stable mounting (see Sect. 5.6). If, however, ® points into an
arbitrary direction which does not coincide with the figure axis
the motion becomes complicated.

For the description of this motion one has to distinguish between
three axes (Fig. 5.33a):

m  The space-fixed angular momentum axis L

= The momentary (not space-fixed) rotation axis @

m  The figure axis of the symmetric top, which is only space-
fixed, if L coincides with this axis.

We can win a qualitative picture for the motion of the figure
axis by the following consideration: For D = 0 the angular
momentum L and the rotational energy E,. are both constant.

.

Figure 5.32 Bicycle wheel as symmetric top

5.7 Rotation About Free Axes; Spinning Top

Nutation cone
L

AC o
[

T

Figure axis

a)

Figure 5.33 Figure axis ¢, angular momentum L and momentary rotation
axis : a Decomposition of @ and L into the components parallel and per-

pendicular to the figure axis of the symmetric top. b Nutation cone of L and
12}

Then we obtain from Eq. 5.43

L} 4L + L2 = const = C , (5.48a)
L2 L2 L2
44 b4 2 —const=C,. (5.48b)
1, 1 1.

In a space-fixed coordinate system with the axes L., L,, L,
(5.48a) represents the equation of a sphere. Equation 5.48b
describes an ellipsoid in the principal axes system. Since
the components of the space-fixed vector L must obey both
equations, the endpoint of L can only move on the curve of in-
tersection between sphere and ellipsoid (Fig. 5.34). Since the
ellipsoid is determined by the principal axes system of the top,
i.e. rotates with the top, while L is space-fixed, the top and
therefore also its inertial ellipsoid move in such a way, that the
endpoint of L always remains on the curve of intersection. This
causes a nutation of the figure axis and the momentary rotation
axis @ about the space-fixed axis L (Fig. 5.33b).

While the figure axis can be seen straight forward, the momen-
tary rotation axis can be made visible by an experimental trick:
A circular disc with red, black and white circular segments is

Curve of
intersection

Figure 5.34 The top of the angular momentum vector moves on the intersec-
tion curve of angular momentum sphere and energy ellipsoid
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Nutation [ P (g
cone
. Nutation
7 cone >’
Herpohodie
% cone
Herpohodie " /) o .
cone />~ Polhodie Polhodie
| / - (body fixed cone of
(body fixed cone of . )
. . instanteneous axis)
instanteneous axis)
2(B-0) Figure axis Figure axis
S D
Prolate top Oblate top
a) b)
Figure 5.36 Nutation cone, herpolhode cone and polhode cone for a the prolate, b the oblate top
nutation. The solutions show, that the magnitude w = |@| is

Colour

Motion of momentary
rotation axis

Torque-free
bearing of a top

Figure 5.35 Visualization of the momentary rotational axis

centered on the peak of the figure axis (Fig. 5.35). When the
top rotates the three colors blur to an olive-brown mixed color.
Only at the intersection point with the momentary rotation axis
one can see the color of the specific segment which wanders
slowly from red over black to white which indicates the motion
of the momentary rotation axis.

In order to calculate the motion of the figure axis and the mo-
mentary rotation axis more quantitatively we apply the Euler
equations (5.47) to the special case D = 0 and I, = I,. They
simplify to

d)a—l—.Qa)b:O,
wp,— 2w, =0, (5.49)
w.=0,

with the abbreviation £2 = ((I, — 1,)/1,)w.. The solutions of
this system of equations are
2, =Acos2t, £, =Asin$2r,

. (5.50)
2. =C with A,C = const ,

as can be proved by inserting (5.50) into (5.49). While w is the
angular frequency of the spinning top, §2 is the frequency of the

constant in the body-fixed system as well as in the lab-system,
because w® = w2 + w} + w? = A* + C* = const. However,
the individual components @, and w;, can change and therefore
the direction of .

We separate w into a component w, parallel to the figure axis
and a component w| = /(w? + w}) = A perpendicular to the
figure axis (Fig. 5.33a) . Squaring (5.42) yields then

L=lLw, +I]o.. (5.51)

The figure axis forms a constant angle « against the space-fixed
angular momentum axis with

Lo, I, yoito, g,

A
tana = = — = — . — .
Icwc IC @e IC We

This means that the figure axis migrates on a cone with the full
aperture angle 2« around the space-fixed axis L (Fig. 5.33b and
5.36). This cone is called nutation-cone.

The vector @ with its constant magnitude forms the constant
angle B with the figure axis where sin8 = o, /w = A/w.. The
momentary rotation axis @ is also wandering on a cone with
the opening angel 2(f — «), called herpolhode cone around
the space fixed axis of L. This common motion of figure axis
and momentary rotation axis without external torque is called
nutation.

The common motion of figure axis and momentary rotation axis
can be illustrated by two cones (nutation cone and herpolhode
cone) with different opening angles centered around the space-
fixed axis L. A third cone (polhode cone) centered around the
nutating figure axis touches the space fixed herpolhode cone
along the momentary rotation axis and rolls on the outer sur-
face (prolate top Fig. 5.36a) or the inner surface (oblate top
Fig. 5.36b) of the herpolhode cone. The contact line shows the
momentary rotation line @. The apex of the three cones lies in
the center of mass of the nutating body.



5.7.6 Precession of the Symmetric Top

If an external torque D acts on the body the angular momentum
is no longer space-fixed, because of D = dL/d¢. Depending on
the direction of D relative to the figure axis the direction and
also the magnitude of L changes with time. At first we will
discuss the simplest case where the body rotates with the angular
velocity @ around its figure axis ¢ and all three axis L, @ and ¢
coincide. In this case there is no nutation and for D = 0 the
body would rotate with @ = const about the space-fixed figure
axis.

If the top is not supported in its CM, the gravitational force gen-
erates a torque

D=rxm-g,

where r is the vector from the support point to the CM. If the
symmetric top spins with the angular momentum L the torque is
perpendicular to L and therefore changes only its direction but
not its magnitude (Fig. 5.37). During the time interval dr the
direction of L changes by the angle dg and we can derive from
Fig. 5.37

dL do

|dL| = |L|-d¢p - D = — = |L|— .

dt dr
The angular momentum axis and with it the coincidental figure
axis rotate with the angular velocity

dp D D
Wy =—=—=— 5.52
P dr L o ( )
about an axis perpendicular to the plane of D and L where we
have assumed that w, < . This motion is called precession.

If the figure axis forms the angle o against the vertical direction
the magnitude of the torque is D = m - g - sin. The change dL
of the angular momentum L is now for dL < L (Fig. 5.38)

dL = |L|sina - de .

For w, < w therefore the equation for the precession frequency
becomes

mgr sin o mgr
wy = 0% TeT (5.53)
Iow sin o lw
Suspension D
A
= -
Lo
5
m-g

Figure 5.37 The gravitational force causes a torque acting on a top, that is not
supported in the Center of Mass

5.7 Rotation About Free Axes; Spinning Top

Figure 5.38 Precession of a spinning top

which shows that w, is independent of the space orientation of
the figure axis and depends only on the angular momentum L
and the torque D.

The general treatment of precession has to take into account the
three vectors (Fig. 5.39)

1. The angular velocity @ about the figure axis

2. The angular velocity |, of precession around the vertical z-
axis

3. The total angular velocity @ = wr + @,

According to Fig. 5.39 we get the relations:
wr =w-e withe = {sinf cos g, sinf sing, cos O}

w, =¢-{0,0,1}
@ ={w-sinfcosg,w-sinfsing,w-cosd + ¢} .

(5.53a)

We separate @ into a component | parallel and @ ; perpendic-
ular to the figure axis e.

w|=e-(w+ ¢cosb)

w =ex(wxe) (5.53b)
= ¢@sinf - {—cosf cos@,—cosOsing,sinf} .
Az Ta)||mF
N
L 0P
S |
. Figure
T4 axis
e s
it m-g
1 y
® .

’

Figure 5.39 lllustration of the equation of motion for a spinning top
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5 Dynamics of rigid Bodies
The total angular momentum L is
L=hoy+ (m+1)o,
=1 -e(w+ ¢cosb)

+ (Il +mr3)

- @ sin @{—cos 0 cos ¢, —cos O sing, sin 6} ,

(5.53¢)

where I is the moment of inertia for a rotation about the figure
axis and I, about an axis perpendicular to the figure axis.

Because w, dg/dt and 6 do not change with time the time
derivative of (5.53c¢) is

dL
T =1Ij(w+ ¢cosh)-é

— (I + mr?) ¢* cos O sin O{—sin g, cos ¢, 0} (5.53d)
= [1} - sinf(w + ¢ cos 0)¢
— (I + mr?) ¢*sinf cos 6] - 7 .

where n = {—sin ¢, cos ¢, 0} is the unit vector in the direction
of the torque D. With dL/df = D = m- g-r,-sin 6 - n we obtain
the equation

wp I -0+ wlf cos Ol — 1) = mgr; . (5.53e)
which has two solutions for the precession frequency w,. The

difference between the two solutions depends on the difference
I — I of the two moments of inertia [5.4].

5.7.7 Superposition of Nutation and
Precession

In the general case the top does not rotate about its figure axis.
Without external torque the top would perform a nutation around
the space-fixed angular momentum axis L. With an external
torque the angular momentum axis is no longer constant but pre-
cesses with the angular velocity w, around an axis through the
underpinning point A parallel to the external force (Fig. 5.39)
while the figure axis performs a nutation around the precessing
axis L. With this combination of precession and nutation the
end of the figure axis describes a complicated path (Fig. 5.40).
The exact form of this trajectory depends on the ratio of nutation
frequency £2 to the precession frequency w,.

For the demonstration of nutation and precession a special bear-
ing of the top is useful called a gimbal mounting where the figure
axis can be turned into arbitrary directions and the top is always
“torque-free” (Fig. 5.41). This can be realized if the figure axis
is mounted by ball bearings in a frame which can freely rotate
around an axis perpendicular to the figure axis. The mounting
of this axis can again rotate about a vertical axis. If the system is
turned around the vertical axis, the figure axis of the top diverts
from its horizontal direction. Reversal of the turning direction
also reverses the direction of this diversion. If a short push is
applied perpendicular to the top axis, the angular momentum

Path of angular
/momentum axis

Path of nutating
/figure axis of a
precessing top

Nutation of figure axis for a
space-fixed angular momentum

Figure 5.40 Path of figure axis when precession and mutation are superim-
posed

axis is forced into another direction and the top starts to nutate.
When a mass m is attached to the first frame, a torque acts on
the top which starts to precess around a vertical axis.

Before the invention of the GPS system the precession of the top
was used for navigation purposes (gyro compass). Its function
is explained in Fig. 5.42, where a rotating disc is suspended in
a mounting B which can turn around a vertical axis a through
the suspension point A. The top axis KA can freely turn only in
a horizontal plane. The center of mass lies below the point A.
Different from a torque-free top rotating around its figure axis
where the figure axis and the angular momentum axis coincide,
for the gyro compass the suspension axis through the point A
is rigidly connected with the earth and participates in the earth
rotation with the angular velocity w. Therefore a torque is acting
on the gyro perpendicular to the drawing plane. The gyro turns
around the axis a until the figure axis is parallel to the rotation
axis of the earth and points into the south-north direction. Now
angular momentum axis L and the forced rotation axis wg are
parallel (Fig. 5.42b), and the torque forcing the turn of the figure
axis becomes zero.

This property can be experimentally studied with the gimbal
mount by simulating the earth rotation by the rotation of the
outer mounting in Fig. 5.41. The figure axis then turns into the
vertical position.

Figure 5.41 Gimbal mount of a symmetric top



Figure 5.42 Gyro-compass: a mount, b direction of L and w¢ at the equator
and for higher lattitudes

At the earth equator wg and L are parallel. This is not the case
for a point P on another circle of latitude because L has to lie
in a horizontal plane. However, also in this case the gyro ad-
justs itself in such a way that the component L parallel to wg
becomes maximum. The vector L becomes the tangent to the
circle of longitude, points therefore again to the north. Only at
the two poles of the earth the gyro fails, because here L is always
perpendicular to @g.

5.8 The Earth as Symmetric Top

In a good approximation the earth can be described by a clinched
rotational ellipsoid, i.e. an oblate symmetric top with I, = [}, <
I.. The equator diameter is with 12756km by about 43 km
larger than the pole diameter with 12713km. This clinch is
caused by the centrifugal force due to the rotation of the earth
(see Sect. 6.6). For the following considerations we will com-
pose this oblate ellipsoid by a sphere plus additional bulges
which have their maximum thickness at the equator (red area
in Fig. 5.43).

Because of the inclination of the earth axis (¢ = 90° —23.5° =
66.5°) against the ecliptic (orbital plane of the earth’s motion
around the sun) the two centers of mass S; of the bulge towards
the sun and S, of the bulge opposite to the sun are located above
and below the ecliptic (Fig. 5.43) in contrast to the center of
mass S of the sphere which lies in the ecliptic. While for the

5.8 The Earth as Symmetric Top

®p
@ Earth axis

Ecliptic pole
Wg
NP

23.5

S

To
sun

Ecliptic

SP

Figure 5.43 The earth as symmetric top. The arrows indicate the difference
forces Fy — F; ath the Centers of Mass $; and S, of the two opposite sides of
the bulge

mass mg of the sphere concentrated in S the centripetal force
Fi = GmgM/ r* due to the gravitational attraction between
earth and sun is just compensated by the equal but opposite cen-
trifugal force F, = my vé /7 this is no longer true for the centers
of mass S and S, of the bulges. Since S is closer to the sun the
centripetal force predominates while for S, the centrifugal force
prevails. Since the net forces for S; and S, are antiparallel they
form a couple of forces which act as a torque on the earth and
cause the earth axis to precess (solar precession).

Besides the gravitational force between earth and sun the attrac-
tion between moon and earth must be taken into account. The
calculation is here more complicated because the orbital plane
of the moon around the earth is inclined by an angle of 5.1°
against the ecliptic. The calculation shows that the influence on
the earth is of the same order of magnitude than that of the sun.

Altogether both torques cause the lunar-solar precession where
the earth axis propagates on a cone with an opening angle of
2 x 23.5° by an angle ¢ = 50" per year which gives a preces-
sion period of about 25 750 years for ¢ = 2w (Platonic year).
Within a Platonic year the cone is once circulated. The elonga-
tion of the earth axis describes a circle on the celestial sphere
around the ecliptic pole (Fig. 5.44).

Remark. This precession causes a turn of the intersect-
ing line between ecliptic and equatorial plane by 360° within
25850 years. This shifts the vernal equinox (where day and
night both last 12 hours) by about 50" per year. It causes fur-
thermore a shift of the signs of the zodiac between their naming
2000 years ago and today by about one month. For example the
real constellation of the Gemini (twins) coincides in our times
with the sign of the zodiac Cancer. This is unknown to many as-
trological oriented people who come into trouble if they should
explain whether the real stars or the signs of the zodiac are re-
sponsible for the fate of a person.

The precession of the earth axis described above is not uniform
because of the following reasons:

149

Chapter 5




150

(@)
-
Q
©
(g
D
q
Ul
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4500 BC

Polar star

14850 BC

Lyra

1950 °

8400 BC

Figure 5.44 Due to the precession of the earth its axis traverses a circle on the
celestial sphere around the ecliptic pole. In 1950 it pointed towards the pole star

= Because of the inclination of the earth axis the torque exerted
by the sun changes periodically during the year (Fig. 5.45).
It is maximal on December 22nd and June 21st and minimal
at March 21st and September 23rd

m  The torque exerted by the moon changes because the incli-
nation of the moon’s orbital plane changes with a period of
9.3 years.

= Also the other planets cause a small torque acting on the
earth. Because the relative distances to the earth change in
time, this causes a tiny variation of the precession.

= The motion of the earth around the sun proceeds on an ellip-
tical path and therefore the distance r between earth and sun
changes periodically. It is minimum in December and max-
imum in June (Fig. 5.45). Therefore the gravitational force
acting on the earth changes correspondingly.

Astronomers call these short-period fluctuations of the preces-
sion nutations although they are strictly speaking no nutations
but perturbations of the precession.

There are real torque-free nutations superimposed on the com-
plicated precession. They are caused by the fact, that the figure
axis of the earth and the rotation axis do not exactly coin-
cide (Fig. 5.46). The figure axes (south-north pole intersection)

Sept. 23
D=0
™ F 7\11{? [
’ D%0 D40 0
_’ F Ecliptic F1<—

\ /

March 21

Figure 5.45 Position of the earth axis during the revolution of the earth about
the sun. Note, that the direction of the angular momentum does not change
during the year

5
L Angular momentum

/

Figure axis =
Symmetry axis

Rotational of the rigid geoid

axis
Revolution path

of the momentury
rotation axis

S

Center of mass
of the earth

Figure 5.46 Nutation of the earth axis

therefore nutates around the precessing angular momentum axis
with a measure period of about 303 days. On the other hand the

nutation period is
P 2r I,

w -1,

From the measured nutation period one can therefore determine
the difference I. — I, of the inertial moments [5.5a, 5.5b].

Thu = (5 54)

Since the earth is no rigid body the mass distribution and there-
fore the inertial moments can change, for instance by volcanic
eruptions or by convective currents in the liquid interior of the
earth [5.6a, 5.6b]. This causes small fluctuations of the nutation.
In Fig. 5.47 the wandering of the north-pole of the rotational axis
during the year 1957 is shown.

The above discussion has shown, that the more precise mea-
surements have been made, the more different influences on the
motion of the earth axis have to be taken into account. Even
today there are discussions about the best model for the earth
motion [5.7, 5.8].

90°
East

0° Greenwich

Figure 5.47 Migration of the north pole of the earth’s rotation axis during the
year 1957 about the average position of the period 1900-1905. One second of
arc corresponds to about 30 m



Problems

Summary

= The model of the extended rigid body neglects all internal
motions (Deformations and vibrations). The center of mass
S has the coordinates

1

1
rg = M/"Q(r)dV: ‘—//rdV for © = const .
14

= The motion of a free rigid body can be always composed of
a translation of the center of mass S with the velocity v; and
a rotation of the body around S with the angular velocity w.
The motion of the extended body has therefore 6 degrees of
freedom.

= For the motion of an extended body not only magnitude and
direction of the force acting on the body are important but
also the point of action on the body.

= An arbitrary force acting on an extended body can always
be composed of a force acting on the center of mass S
(translational acceleration) and a couple of forces causing an
accelerated rotation.

m  The moment of inertia (rotational inertia) for a rotation about
an axis through the center of mass S is Iy = f rf_QdV where
r is the distance of the volume element dV from the rotation
axis. The moment of inertia for a rotation around an arbi-
trary axis with a distance a from the parallel axis through S
is I = I, + Ma?® (parallel axis theorem or Steiner’s theorem).
The kinetic energy of the rotational motion is E, = %Iwz.

m  The equation of motion for a body rotating about a space-
fixed axis is D| = I - dw/dt, where D is the component of
the torque parallel to the rotation axis.

= The moment of inertia /; depends on the direction of the ro-
tation axis relative to a selected axis of the body. It can be

described by a tensor. The directions of the axes with the
maximum and the minimum inertial moment determine the
principal axes system. In this system the tensor is diagonal.
The diagonal elements are the principal moments of inertia.

= If two of the principal moments are equal, the body is a sym-
metric top. If all three are equal the body is a spherical top.

= Angular momentum L and angular velocity @ are related by
L = |- ®, where [ is the inertial tensor, which is diagonal
in the principal axes system. In the general case L and @ are
not parallel.

= If the body rotates about a principal axis, L and @ are parallel
and without external torque their directions are space-fixed.

= For an arbitrary direction of w the momentary rotation axis @
nutates around the angular momentum axis which is space-
fixed without external torque.

= Under the action of an external torque the angular momen-
tum axis L precedes around the external force and in addition
the momentary rotation axis nutates around L. The relation
between L and D is D = dL/dz.

s The general motion of a top is completely described by the
Euler-equations.

m The earth can be approximately described by a symmetric
top, which rotates about the axis of its maximum moment
of inertia. The vector sum of the gravity forces exerted by
the sun, the moon and the planets results in a torque which
causes a periodic precession of the earth axis with a period
of 25850 years. In addition changes of the mass distribu-
tion in the earth cause a small difference between symmetry
axis and momentary rotation axis. Therefor the earth axis
performs an irregular nutation around the symmetry axis.

Problems

5.1 Determine the center of mass of a homogeneous sector
of a sphere with radius R and opening angle .

5.2 What are moment of inertia, angular momentum and ro-

tational energy of our earth

a) If the density g is constant for the whole earth

b) If for r < R/2 the homogeneous density @ is twice the den-
sity o, forr > R/2?

¢) By how much would the angular velocity of the earth change,
if all people on earth (n = 5-10° with m = 70 kg each) would
gather at the equator and would start at the same time to run
into the east direction with an acceleration ¢ = 2m/s>?

5.3 A cylindrical disc with radius R and mass M rotates

with @ = 27 - 10s™! about the symmetry axis (R = 10cm,

M = 0.1kg).

a) Calculate the angular momentum L and the rotational energy
Er0t~

b) abug with m = 10 g falls vertical down onto the edge of the
disc and holds itself tight. What is the change of L and E?

c) The bug now creeps slowly in radial direction to the center
of the disc. How large are now w(r), I(r) and E,(r) as a
function of the distance r from the center r = 0?
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5 Dynamics of rigid Bodies

5.4  The mass density o of a circular cylinder (radius R,

height H) increases in the radial direction as o(r) = o(1 +

(r/R)?).

a) How large is its inertial moment for the rotation about the
symmetry axis for R = 10cm and gy = 2kg/dm>?

b) How long does it take for the cylinder to roll down an in-
clined plane with @ = 10° from s = 1mto h = 0?

5.5  Calculate the rotational energy of the Naz-molecule
composed of 3 Na atoms (m = 23 AMU) which form an isosce-
les triangle with the apex angle « = 79° and a side length of
d = 0.32nm when it rotates around the three principal axes
with the angular momentum L = +/I(l + 1) - 4. Determine at
first the three axis and the center of mass.

5.6 A wooden rod with mass M = 1kg and a length [ =
0.4 m, which is initially at rest, can freely rotate about a vertical
axis through the center of mass. The end of the rod is hit by
a bullet (m = 0.01kg) with the velocity v = 200m/s, which

moves in the horizontal plane perpendicular to the rod and to the
rotation axis and which gets stuck in the wood.

What are the angular velocity @ and the rotational energy E;o of
the rod after the collision? Which fraction of the kinetic energy
of the bullet has been converted to heat?

5.7 A homogeneous circular disc with mass m and radius R
rotates with constant velocity @ around a fixed axis through the
center of mass S perpendicular to the disc plane. At the time
t = 0atorque D = Dy - e starts to act on the disc. What
is the time dependence w() of the angular velocity? Numerical
example: wy = 10s™!, m = 2kg, R = 10cm, a = 0.1s7',
Dy = 0.2 Nm.

5.8 A full cylinder and a hollow cylinder with a thin wall
and equal outer diameters roll with equal angular velocity w, on
a horizontal plane and then role up an inclined plane. At which
height / do they return? (Friction should be neglected), numer-

ical example: R = 0.1m, wg = 15s7!.
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