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414 14 Solutions of the Problems

14.1 Chapter 1 1.11 From s = 1/2g* it follows for the falling time ¢ =

J25/g = 0.455.

— 2 1/2 1/2
1.1 180km/h. _[2G T [40-0010
L nn—1) 40-39
1.2 The length measurement can be performed in different
ways: =16-107s
For example the period of the earth’s rotation depends on 1.6-10-2
the moment of inertia and is therefore proportional to R~2. = 0op/X= ——— =35%.
Independent measurements of length and time can decide 0.45
A the question. 112a)e*/2 =05= 2 =2In2 = x = v2In2 ~ 1.177;
=pf 1.3 This is one, but not the only requirement for a length stan- b) e 2 =01=x2=2In10= x = ~/2In10 ~ 2.156.
% dard. Similarly important is the accuracy of the compari- {13 4 = x — y? = 0A/dx = 1 and 0A/dy = —2y
— son between the length to be measured and the standard. U
_ -3.1)2 -3 2
2 1.4 The length T of a day increases per year by 10~*s. The 0 = [(1000' 107 - 1)7 4 (30-3-107"- 60) ]
Y relative prolongation of a day per year is then =0+ 29]1/2 ~55.
=Y
104 1.14 Quartz clock ATy = 1072 -3.16 - 10’s ~ 0.03s =
dT/T =a= 5 — > =11- 1077 30 ms.
' Atomic Clock: ATyax = 0.3 ps.
a) Since the length of a day increases per year by 10—, it 1.15 For the five points we obtain from (1.35) with n = 5:
is after 10* years longer by 1 s. 5.3 xyvi— x> v
b) How often must a leap second be inserted? a= 5.0 x-2) — (X x;)?
The length of a day increases per day by &t = ! '
1045/365d = 2.74 - 108 s/d. The total time delay af- _ 3 (3+6+20425)-12-18 g
ter x days is 5-(14+4+16+25)—122 R
X
1
At = St/ ndn = §8t‘n2|g b= Qo)) - y) = x) - (X xiv)
0 5-(Cx) — (X x)?
2
1.2 2 828 — 684
=3x8t =1s—>x" = — = —— =2.093
: 8t 230 — 144
— x = 8600d = 23.5 years . — y = 0.628x + 2.093 :
The distance x4 — x, = (2/aTp)"/? - (Vn+1 — /n) o = 0.430 _ 038
between two leap times becomes shorter and shorter and 4 n—2 o
12/ />,
reaches for 7 > 1 the value 1/(aTo)"/?/+/2n. Note, that here (n — 2) instead of (n — 1) has to be used,
1.5 1 lightyear = 9.46-10"m = T = 4.5 years. The dis- because already two values are determined by the equation
tance is 1.39 parsec, the angle 1/1.39 = 0.7". y=ax+b.
1.6 L =2-10° tan(a/2) = 1745m fora = 1°. Fora = , 5-07
1°+ 1= L=1745+029m. Oy = —gg = 0006 = o, = 0.077,
1.7 Since the orbital speed of the earth varies during one rev- 2. 2 .
olution, the time between two culminations of the sun gf = % 2% = 0.102- (1 + 4+ 16 +25) = 0.055
also varies (see Fig. 1.22 and 1.23). Further reasons are 86 86
variations of the mass distribution inside the earth, which = 0, = 0.23.

changes the moment of inertia, caused by magma flow,
earth quakes and melting of glaciers.

1.8 The mass of a hydrogen atom is my = 1.673- 1077 kg = 14.2 Chapter 2
N =5.98-10% /kg.

1.9 The mass of a HyO-molecules is 7,0 = 3.0 - 107°kg; 51 a) The acceleration time #; can be obtained from
om0 = 1kg/litre; = N = 3.0- 10% /litre.
H : 238 v = Vg + aty
1.10 The mass of the uranium nucleus is m(*°U) = 1.661 -
238 - 102 kg. Its density is then o = m/(4 - txr?) = =% (00Z80m/s 0

1.4-10" kg/m?. a 3.6-am/s?
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2.5

b) The time #, from the end of the acceleration period until
the end of overtaking is obtained from the equation for the
distance

s = Vot + %at% + vty .

This distance s is

s = [vo(ty + 1) + (40 + 25 + 40)] m .

where the first term gives the distance, the truck has passed
during the overtaking time. The comparison yields

Vot + %at% + vt = vo(ty + 1) + 105 .

Witht) =4.27s = 1, = 16.77s.

c) The total overtaking time is then t = #; + f, ~ 21 s and
the total overtaking distance 570.6 m.

The overtaking would have been therefore not successful
but lethal and should not have been tried!

X

The driving times are: f; = ﬁ; Hh =

Foo
The total driving time is t = t; + t5. "
The average velocity is

(v) X ARV 2-40-80

V) = = =

h+n V] + Uy 120
= 53.33km/h .

From s = vt + 3ar one obtains: a = —1 cm/s’.

From v = vy +at = t = (v — vg)/a. Inserting into
s = vot + 3ar* = 0.04m gives vg = 5+ 10°m/s.

From s = h + vot — 31> = 0 it follows:
a)t;(vp =5m/s) =2.3s ,

b) (v = —5m/s) = 1.3s ,

¢) derivation of Eq. 2.13 (see figure)

H=y(x;)

0 Xs Xu X
Uy = Vg - COS @, Uy = Vg - sin @, t; = rise time,
ty = fall time, H = rise height

y(t) = —%tz + v sing + i,

. Vg sin
gl =1y SINQY = t;, = 0 go,
8

H= y(ts) .

2.6

2.7

2.8

2.9

Chapter 2

For # the equation holds (free fall)

H—1t2:>t— 24
_2gf f = g,

Xw = Ux* (ts + tf)
- si 2H
:UO'COS(p w+ _ s
8 8
H=-%7+ i h
=35 Vo -sme + h.

Inserting H into x,, yields

v . 2gh 2
Xy = —+COSQ |sIN@ +  [— +sIn"¢ | .
8 Vo
If the vector of acceleration is not parallel to the tangent
on the trajectory the result is a curved trajectory and no
straight line.

v=gt;
1, 1, 1100\ 1
= —9o1" = — = — _— —_— == 39.3 .
=380 =58 2(3.6) 981" "
a) If w is constant the acceleration ¢ = w? - R is also con-

stant. This demands an additional tangential acceleration,
that compensates in each point of the trajectory the tangen-
tial component g-cos « of the gravity acceleration, where o
is the angle between the vertical direction and the tangent
to the trajectory.

b) Velocity in point C: v =
v2g(h—2R).

From the condition (v?/R) > g = v(R) > VR-g = h >
%R§ Umin(B) = /g R.

a) Potential energy of the moon

/2gh; in the point B: v =

MM,
Ep - _G MoME ]

r
Kinetic energy:

1 2.2
Ekin = §MM0" w” .

From My,w? - r = G- My, - Mg/1? = omo = (G -
Me/r%)!/2.
The condition E, + Eyj, = E > 0 yields

2G - Mg

2
3 = 2wy, -

a)2>

The velocity of the moon at the same radius » must be en-
larged by the factor V2.

b) v > (2G - Myo/rwo)'/? gives with My, = 7.36 -
102kg = v = 2.38km/s.

2.10 Velocity of the starting point at the equator:

4.107

— = 44.6-10°m/s .
24‘3600m/s 6-10°m/s

Vo =

415
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416 14 Solutions of the Problems
Rocket equation (neglecting the vertical acceleration if g -
T K Uo):

v = vy + Ve In(mg/m) .

With mg = m + m, (m, = fuel mass) it follows:
i (14+25) = (7.9-10° F 4.6 10%/(45 - 10°)
m

= m, = 2103kg for a launch into the east direction and
m, = 2705kg into the west direction, if the mass of the
fuel container is neglected.

2.11 (mv3/2) > % = mgR = vy > /2gR.

2.12 Because the velocity of the earth at the launch pointis vg =
463 m/s. The initial velocity of the rocket is not zero but
vo = Vg - cos 30° = 400 m/s. One wins the initial kinetic
energy %mv%. For a vertical launch one would need the
escape velocity vg = 4/2gR = 11,200m/s (see (2.30)).
Therefore one only needs to accelerate from 400 m/s until
11,200 m/s. This requires the kinetic energy AEy;, = %m
(vi — v3). The relative energy saving is (1 — AE/E) =
0.004. One saves only 0.4%.

2.13 The total force is F = Fx —m-g = g-nr*(z- 0w — h - 0n).
Forz = %h—>F:0 S

(@)
=
Q
©
et
(¢°)
-—
—
=S

2

= 0H = 30w -
The work is
W= / Fdz = / gnri(zow — hown) dz
=2h/3 21/3

= Zgmrih’o, =24.71.

Without water twice the work would be necessary.
2.14 Egy(hy) = $mv*(hy) = 200N -m

mg(hy — hy) = Exn(h) ,

_ Eyin(h1)
8

= h +h =355m.

215 F = —Dx; = D = L = 400N/m.
N

W:/Dxdx: IDI§=128N-m.

0
2.16 The neutral point between earth and moon, where the

opposite gravitational forces just compensate, has the dis-
tance r, from the earth and r; from the moon. From F = 0

it follows:
G-M, G-M
2M°: 2E and r=r+n
n )
N r 3.84-108m
rhr = =
ST+ Myo/Mp)' 2 1+0.11

~3.46-10°m .

In order to reach the distance r; for the earth the initial
kinetic energy must be

r
dr

1,
EmvozG'MEm e
R

Since My, = 0.012ME we can neglect the attraction by the
moon at the start of the rocket. It follows:

11
vg > 2G-ME(E - —) ~ 0.98 v3(00) .
r

The energy saving is 2% compared with the case where the
second escape velocity is required to reach r = oco.

2.17 a) mw?*r = mG -Mg/r* = r* = G-Mg/w? ,

21
T = — = lday = 24-3600s
w

=0=72-107g"
= r=425-10"m = 42,500km .

b) The energy of the body in the geostationary orbit com-
pared to a body resting on the earth surface is

rs

mv? GmMEg
E:Ekin+Ep:T+ r2 dr
r=R
mw*rg 11
2 R rs

with rg = 42,500 km. It needs the energy supply
E=m[} o’rs+gR(1—R/rs)] .

¢) In order to get the accuracy 0.1 km/day of its position
the upper limit for the accuracy of the angular velocity is

0.1

Aw 6
— = =2.4-107" per day .
day 42,500

The minimum relative stability has to be Aw/w <
24.107°/27r =3.8-1077
Since w? = G-Mg/r’ = Ar/r = =2/3Aw/w = Ar <

10.6 m.
Mg : .
218 E, = —-G-m-— = —m-g- — with R = radius of earth.
r r
Mg 1
Ein =+G-m- ? = _EEp >
Mg
E:Ep-i-Ekin:—G‘m'— = —FEn .
2r
mv>  m 2.2
2.19 E, = mgL(1 — cos ¢); Eyjp, = - = EL ;

E=Eg+E.



The equation of motion is m - L - d*¢ /dt* = —m - g - sin .
Multiplication with L - dg/dt gives

d/m , ., _ d
a(;Lgﬂ)—$(m'g-L-cos<p),
d d
—Egn = —(E—E
ar ~ dt( »)

= Exin + E, = E = const .

220T =2m+/L/g = g =2xL/T?
d 2 o7d
ALY +(EaT
dL dr
ALN:  (2a1\?]"”
g{(?) (% )} ’

—=10".
L

,1/2
Ag

The uncertainty of the length measurement results in a rel-
ative error of time determination

AT,
T 2 L

The uncertainty of time measurement AT = 1072 s gives
with T = 6.34 s a relative error of

AT,

T

=15-1073.

The uncertainty 2A7,>/nT = 10 which corresponds to
the error in the length measurement can be only achieved
forn-T =2000s — n > 316.

With this uncertainty the relative error Ag/g = {2 -
10719312 ~ 1.4-107 = Ag = 1.37-10"*m/s>%.

2.21 From (2.84) one obtains AG/G = Ag/p = 107 =
Ap = 107 -9 o< 0-R3/r*. Sincer > Ri + Ry ~ R,
the maximum elongation angle is ¢« o R;. For a tenfold
mass the elongation angle increases only by 10'/3 ~ 2.1.
For the angle ¢ the limitation is ¢ < R,/L (Fig. 2.60). If
the measuring uncertainty A¢, which is due to air turbu-
lence and vibrations of the ground is reduced by a factor of
10, the uncertainty of the value of G is only reduced by a
factor 10'/3,

2.22 According to Kepler’s 3rd law the major axis a of the comet
trajectory is

T2

1/3
a= [WGM@] =2.68-10%m .

With rpin = a(l —¢) = 0.59AU = 0.88-10!'m = ¢ =
1 —r/a=0.967.
2.23 The escape velocity is vy = 23.6km/s, g = 11.6m/s?.

vo = v2Rg = R=v}/2g =24-10"m.

Chapter 2

The centripetal acceleration is a = w? - R
= w=+a/R=112-10"*s"
2 4
=T="=571-10"s = 15.8h
w
¢g=G-M/R>=M=¢g -R*/G
=11.6-2.4%x10"/(6.67- 107" kg
=1-10kg.

The wanted planet is Neptune.

2.24 The gravitational force between the sun and the earth-moon
system causes the accelerated motion of the system around
the sun. In order to remove the moon from its orbit around
the earth, the difference-acceleration Aa = a; — a, be-
tween a; (sun—moon) and a, (sun—earth) must be larger
than the acceleration a3 (earth—-moon). A fast estimation
shows that this is not the case.

2.25 The pendulum period is T = 27 - \/L/gmo = (g8/8M0) />
Tg. Because g = G- M/R* = (gg/gmo)/?. Tg =
(Rvo/RE) - (Mg/Myo)'/? = 2.47 = T = 2.47s.

2.26 From (2.81) one obtains for the force, that causes the ac-
celeration F = —a - R witha = G- Mg - m/R;.

The force is proportional to R and the motion of the body
therefore a harmonic oscillation R = R - cos(wt) with
w? =a/m=GMg/R;.

The travel time 7 (half the oscillation period)

To =~ = 7Roy/Ro/G - Mg
w

is exactly as long as that of the satellite flying around half
of the earth at a low distance above the surface.

227 Fromw?-r=G-Mg/r* = g-R*/r?

'R2T2 1/3
:>r:[g42 ] =38-10°m.
T

4
228 M = gnR3Q = R=[3M/4r0]'* =5.8-10"m

=g=G-M/R*=113m/s*.

59 Ag  1/RP—1/(R+h)?* R? 2h
' g 1/R? T (R+h? R
2
=320 005 =5%.
6380

2.30 The acceleration which the moon causes on the earth due to
the gravitational force is gmo = G+Myo/r* &~ 3.3-10 °gE.
It causes the accelerated motion of the earth around the
common centre of mass of the earth-moon-system. For the
sun we get: go = G- Mg/r* ~ 5.4 -10"*g. However,
measurements on earth detect only the difference between
the gravitational attraction by the sun acting on the centre
of the earth (which is compensated by the centrifugal force
of the earth motion around the sun) and the effect on the
earth surface. This difference causes the contribution of
the sun to the tides on earth (see Chap. 6).
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14 Solutions of the Problems

2.31 The distance between the centres of the balls is

a)d =02(1—L/R) =0.2(1 —1.57-107%).

b) Due to the gravitational attraction between the balls the
balls do not hang exactly vertical but form an angle Agp =
G-m/(d*-g) ~ 3.4-107° against the vertical direction.
The distance between the balls changes therefore by Ad =
L-Ap =34-10"7"m = 0.34um.

232 Exn = E—E, = E+ G- MgMy/r with E = const. In

the perihelion is r = ry, = a(l — &) with the eccentricity
& = 0.0167, in the aphelion is r = rm,x = a(l + ¢). The
potential energy changes between perihelion and aphelion
b
Y AE, 2
E, 1-¢g
Since Exin ~ —3E, is AEin/Ein = —3.3%. Because
AU/U = %AEkin/Ekin = AU/I) ~ 1.65%. Withv =
2rwa/T =~ 30km/s = vmx = 30.25km/s and vy, =
29.75km/s.

=0.033=33%.

2.33 Conservation of energy demands:

mME

r

l? =B+ G
2mv =

With GMg = gR* we get
2 2_E+ gR? v2»2—E+ gR®
"o a(l—e)  ™m o a(l+ée)’
subtraction yields

VAV = gR?

v

e

a(l —g2)

The semi-major axis can be obtained from
v /a = gR*/a* .

The resultis @ = 1.1 - 10" m. The solution of the quadratic
equation for ¢ gives

e =0.268 = rmax = 13,950km; rpin = 8050km .

14.3 Chapter 3

3.1 For the motion of the ball relative to the elevator we get

a)s = 250m = J(g—a) = 18817 = 1 =
V/5/8.81s &~ 0.75s after the release at r = 0.
b) The fall distance in the lift shaft is

52 = [Ya(t+10)* +5] =9.35m  withry = 35s.
(14.1a)

In the coordinate system at rest one obtains:

s = lgt2 + vot = 2.5m + %at2 + vot ,

1 (14.1b)

where vy = 3 m/s is the velocity of the lift at the time of
the release ¢+ = 0. The result is, of course, identical with
that obtained in the moving system.

¢) In the rest system the ball has the velocity v = vo+g-t =
(3a +9.81-0.7)m/s = 9.87m/s. In the system of the
moving lift, the ball has the impact velocity v, = (g—a)t =
6.17m/s.

32

33

34

3.5

3.6

a) When launching into the north direction is v || @0 =
a. = 0. The trajectory of the rocket is along a circle of
longitude (meridian).

b) When launching into the north-east direction (45°
against the equator) the magnitude of the Coriolis accelera-
tion is |ac| = 2v'-w-sin45° = vw-+/2 = 4.2-1072m/s%.
The acceleration a. points into the radial direction away
from the centre of the earth. The effective acceleration
is the difference between g and a.. The bullet flies on a
slightly upwards curved trajectory in the north-east direc-
tion.

¢) When v points into the north-west direction, a. is point-
ing radially downwards towards the centre of the earth. The
two accelerations g and a, are parallel and must be added.
The trajectory if curved downwards.

tana = w’r/g; r/L = sina = 0’r/Jo*r? + g2 = r =

VI?—g%/ow* = 7.836m = sina = 0.7836 = a =
51.6° v = wr =9.85m/s.

The vertical component of the angular velocity of the ro-
tating earth is w, = w-sing ~ 4.7-107>s~!. The Coriolis
acceleration . = 2w - v -sing = 9.4-107 - 33.3m/s>
points into the horizontal direction. It causes the curvature
of the air flow which would stream radially into the centre
of the deep pressure region for a non-rotating earth. For the
radius r of curvature one obtains from a. = v?/r = r =
v?/a. = 3.5-10°m = 350km.
Fo=m-a.=2m-w-v-sing = 1.8 - 10* N. The Coriolis
force is directed toward west.

The centrifugal force is a) for a horizontal motion

Fof = mo’r = o = (F/mr)'/?
Omax = (1000/5)"/2s7" = 14.1457!
= Umax = 225587,

For constant w the force on the string is constant.

b) If the body rotates around a horizontal axis in the gravity
field of the earth w is not constant. The tangential acceler-
ation is

a; = g-sing(r)



where ¢ is the angle between the radius vector r and the
vertical z-axis. The angular velocity is then

¢
w = w+ (g/r)/singo(t) dr,
0

where wy = w(¢ = 0) is the velocity at the upper point of
the circle. The maximum value of w is reached for ¢ = 7
at the lowest point of the circle. The following relations
hold:

ps

Wmax = W + (§> / sin @(1)dt
r

0 (14.2)
o+ (£) 2]
r o |y
With dg/dt = @ we obtain
8 8
— Wmax = Wo + s
T ) (e one)
_ 1! 8
awmax—; r-wo-i-w—o (14.3)
1 6g g2
Z 24 S
TN T N

For wmin the plus sign before the square root must be re-
placed by a minus sign.

The maximum force onto the string occurs at the lower
point o = .

The condition that the string does not break gives the rela-
tion

F =mwl, -r+m-g<1000N

1 _ 1/2
— Wmax = [w] =13.8 871 .

r

The maximum allowed angular velocity wy at the lower
point ¢ = 0 can be calculated either from (3) or from the
law of energy conservation

1

2 _ 2 : —
mvg = ymvg, —2mg-r with v=r-ow.

=

3.7

3.8

3.9

Chapter 3

Inserting the numerical values gives
wo=12.3s7".

The difference between the velocities in the upper and
lower point is

4g

1.2 1.2 2 2 _
Evmin + ng - Evmax = Dpax — Omin =

At a radial velocity v, = 10m/s the ball needs 1072 s to
reach the outer edge of the disc. For a non-rotating disc
the ball would fly on a straight line with the velocity v =
{vr, vy} in the lab system as well as in the system of the disc
(which are identical for the non-rotating disc). It would
reach the edge of the disc at the displacement R- ¢ from the
position ¢ = 0 which can be obtained from R - ¢ = At -
v, = 0.05m at the angle ¢ = 0.05m/0.2m = 0.25rad =
14.8°. When the disc rotates with @ = 27 - 10s7!, its
edge turns during the time 7 = 0.01s by Rp = RoT =
0.126m = ¢ = 39°. For a radial velocity (d¢/dt = 0)
the bullet would reach the edge at ¢ = —39°. With v, =
5m/s the bullet reaches the edge at ¢ = 14.5° — 39° =
—24.5°. From the point of view of the observer at rest the
bullet flies on a straight line, but viewed by an observer
on the disc it flies along a curved line with the tangential
acceleration

a, =20 .

The trajectory on the disc is a parabola. The velocity is
v = {v,v, — 2v,0t} where v, and v, are the velocity
components in the rest frame while v, and v, — 2v,0t are
the components in the system of the rotating disc.

The centrifugal acceleration is

Adef = 602

=3.7-10"7-6.37 - 10°m/s?
=236-10"2m/s>.

r=w’Rcosg (R = earth radius)

It is acting radially outwards, perpendicular to the angular
velocity @.

The Coriolis acceleration is parallel to a.s. Numerical val-
ues: as = 0.023m/s?, ac = 1.02m/s>. The Coriolis
acceleration is for this case 44 times as large as the cen-
trifugal force.

a) According to the Galilei-transformations is:

Py — 1.1
U, =y — vy =05c—3c=¢c

/_ p—
u,=u, =0.1c
u,=u,=0.

/
b) The Lorentz-transformations give:

’_
u, =0

%c; u; =0.113¢;

=u' ={0.2,0.113, 0}c.

419
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The relative errors of the Galilei transformations are with
Au = ur, — g,

Ad,  1/5-1/6 1

= -~ 16.7% ,
. 1/5 6 0
Au;,  0.013
L= A 11.5%,
W, 0.113 ’
Au, =0
lay 310y =(1-v?/c))"?=2785= L' =L/y = 0.36L.
g 3.11 The nearest distance Earth—Neptune is (Tab. 2.1)
1= L=288AU =43-10%m.
(1°)
: The travel time according to the measurement of the pilot:
=Y
2L 2L
T'="="22\/1—v2/c2=1d 2 8.64-10*s.
yv v

Resolving for v yields
2L
=
(T? + 412/ c)\/2
=y = 1.048.

=0.94-10%m/s = 0.3¢

Travel time according to the observers at rest on earth:

T=Ty=0905-10%
=1d+141-10*s=1d+ 1.15h.

3.12 a) In the rest frame the observer O sits in the middle be-

tween A and B. This is also true, when A, B and O move
with the same constant velocity v.
b) When O" moves with the velocity v, against the length
AB, he measures the simultaneous arrival of the light pulses
from A and B at the point C, if C is away from A by
(L/2)(1 —v/c). C is therefore closer to A than to B.

313 v =0.8c =y =5/3.

The travelling time is according to B: T = 2L/v =
10 years. According to A is 7" = 2L/(vy) = 6 years.
The number of pulses sent by B is

N=fT=1-10=10.
Number of pulses sent by A:
N =fT' =6.
Number of pulses received by A during the journey out:
Ny =(L/v)(1-p)=5-02=1.
On the journey back:
Ny=(L/v)(Q+p)=5-18=9.

3.14 For C the two astronauts A and B meet after a distance x
(in ly) with x = 0.8ct + 0.1ct = 0.9ct, when t is measured
in years.

= t = 8 years after the departure of B, = x = 7.2 ly.
For A the travelling time is 7, = 1/ya with yo = (1 —
0.8%)71/2 = 1.67 = £, = 4.8 years.

For Bisf = 1/yg with yg = (1-0.9%)712 =23 =
1y = 3.49 years.

14.4 Chapter 4

4.1 All particles move into the +x-direction, = v = {v,, 0, 0};
lv| = v.
The centre of mass velocity is

mv — 3mv 1

UCM:TZ—EU.

The particle velocity in the CM-system is

— _3
VicM = V1 —VUcMm = 3V,
— _ 1
Ucm = V2 —Ucm = 3V .
a) Elastic collision:
’ _ _ 3
Viem = ~VieM = T3V,
/ _ _ 1
Uem = ~V2em = 30

V] = Viem T Vem = —2v,
=

;o —
vy = Uy + Vem =0

/ _m,/2 _ 2
Ey, (m) = 3017 = 2mv*=,

El/dn (le) =0.
Before the collisions was

m 3
Eyin(my) = 51)2 i Exn(mp) = Emvz

= ZEkin = ZEl/dn .

b) Completely inelastic collision: The two particles stay to-
gether after the collision. The total mass M = 4 m moves

with the velocity vem = vy = —%v
, 4m , 1
= Ekm TUCM Emv

The rest (3/2)mv? of the initial energy 2mv? is transferred
into heat energy, = 75% are converted into heat, only 25%
remain as kinetic energy.

4.2 The momentum of the bullet: m,v
= the velocity of wooden block + bullet is

npv
"= —"— with M=m +m
M
Lpgr2 _ 1M o
= EkaEMU = Eﬁv



= =L e 0196 = 0.804
cosgpp=1— = vo=1-0. =0.
¢o 2 M?qL
= @y =36.5°.
4.3 We assume that the incident proton moves into the +x-
direction.
a) The momentum conservation for the x- and the y-direction
demands:
x: mvycos By + 2mvj) cos45° = mu, (14.4a)
y:  mv|sinf; = 2mvj, sin45° . (14.4b)
Division by m gives for (14.4b):
, , sin45°
v =2v
! 2 sin 91
Inserting in (14.4a) gives:
’ 1 V1
vy = =
27 2 cos45° + sin45°/ tan 6,
V2(1 +cothy)
— V1
" sinf +cosfy

Energy conservation demands

v% = 1/12 + 2v§2
1 1

=1=
(sin 6y + cos 6)2 + (1 + cot 6y)2
= tanf; =2 = 6, = 63.435° .
mp v .
b) vem = with 2my = my
my + nmy

1 /
= UcMm = 3V1 = Vg -

2 2

v
—12 [(@) + 2™ cos h + 1:|
(1 + j’n%) " "

4 + 4cos63.435° + 1
=} + 0089 + =0.75v}

= v} = 0.866v; .

23
) v

1 1
vy = S (f =) = 5025v] = 0.125v]

= vy =035 .
4.4 a) Energies in the Lab-system:

m
Ein(mi) = = (07 + 0] + v7)

1-O+4+1)=14Nm,
Ekin(mz) =36Nm.

Chapter 4 421

Velocity of the centre of mass:

1
Vcm = M Zm,- - V;
= {UXCM7 vyCM7 szM} = {0, 2,2} m/S .
Relative velocities:
vicm = V) — vem = {3,0, -3} m/s

vacm = V2 — Vem = {—2,0,2f m/s

CM nm
El(dn )(ml) = TU%CM = 18Nm,
ny
ESM (my) = 7v§CM =12Nm.

b) The centre of mass momentum equals the momentum of
the compound particles after the collision.

Chapter 14

Mvey = M{0,2,2}kgm/s ,

M
E, (M) = ?U%M =20Nm.

¢) The fraction of the converted kinetic energy is

E,, (M) 50-20
Eyin(my) + Egin(mo2) 50

)”:1 0.6.

In the centre of mass system is Eflﬁ’l = 0. The total kinetic
energy is converted into heat.

4.5 We choose the x-axis as the direction of v;.
a) Conservation of momentum for the x- and y-components
yields:

mivyy + movy = myvy, + mpvy,
v ={4,0}m/s; v|=1{2,2}m/s;
v, ={lL-1jm/s = vy =0,
myvyy + myvy, = myvy, + myvs,
04+2vy, =2-2-1m/s,
= vy =0m/s
= v, = {0,0} m/s,

i.e. myp was at rest before the collision.
b) Energy conservation (4.17) gives:

0 = Ey;, — Exin

1 2

’2 /
=3 (mlv1 + myv,

2 2
=3 — myvy —I’Hsz)

=—2Nm.
Eiin = 8N m = 25% of the initial energy is converted into
heat.
The centre of mass velocity is
1
vem = o {mivix + myvamyvyy, + mzvzy}
= %{4, 0}m/s .
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14 Solutions of the Problems
The energy of the centre of mass is

ESM = IMv2y, = 2.66Nm.

For a completely inelastic collision the fraction Q = Eyj, —

El(((iiM) is converted into heat. Since the collision of our exam-
ple is not a central collision, |Q| is smaller. In the C-system
37.5% are converted.

¢) Velocities in the CM-system:

viem = v1 —vem = {5.0} m/s

View = V) —vem = {3.2} m/s;

v -/ 16/9
cos 191 = ICM /ICM = / =0.316
|U1CM||U1CM| 64 40
V9o
= 9 =71.578°;
vaem = {—3. 3} m/s: vhey = {—3.—F} m/s
=% = 121.6°.

4.6 Conservation of momentum gives

!/ i
myvy + mpv, = mpv; .

Conservation of energy gives:

’2 ’2 2
mv;T + mpv,” = mpv; .

a) After the collision is v} = —v;]

m m
=>v/2(1——1):v2, v/zz(l—{——l):v%
my nip
=>m1/m2:3.

b) The travel time for m; resp. m, until the left barrier are

_ 1.bm

2.4m v}
n = = —

2
i i i
1 L) V)

>1.5.

Energy conservation demands with x = m, /m,

12 2
Y2 Y
/2 T 2

U] U

Using momentum conservation gives:

5ol
v—%:—(x—l):>x>4.
v; 2

c¢) The velocity of the CM is
, 1
UcM = Uepm = gvz .

The velocities in the lab-system are after the collision:

2 S
) 'Uz:—gl)z.

The two masses meet for the first time at x, = 1.6 m at the
time #; = 0, for the second time #, at the location x (x = 0
is at the left wall). According to the calculation in a) the
masses meet for the second time only after the reflection of
m; at the left wall. It is:

xo+x 084 x)—x
t2: i = 7
v Uy
= x=1.07m.

The two masses meet at x = 1.07 m from the left wall after
m; has suffered a reflection at the left wall and m, at the
right wall.

4.7 The velocity of the steel ball at the impact is

mLg = %mlvf = v, = /2gL =443m/s.

The energy transferred to m;

mpmy
AE =4—E, .
M?2

The steel ball has therefore the energy after the collision
;o mymy 4
B = (1 _4W) E = 5.
It rises up to the height H = L(1 —cos ¢) = %L = cosp =

3= 9 =56.15°

4.8 The distance between ball and lift is As = 20m. The time

until the impact onto the ceiling of the lift is obtained from
lgfi+ vty = As=20m =1, = 1.8s.

During this time the lift has moved over the distance vt; =
3.6 m. The impact point is therefore 26.4 m below A.

b) In the lab system the impact velocity of the ball is v; =
gt = 17.66m/s. The centre of mass moves because M >
m with the velocity vem = v = 2m/s upwards. In the
centre of mass system (which is nearly identical with the
system of the lift) the ball has the velocity viem = v; +
vem = 19.66 m/s downwards. After the completely elastic
reflection at the lift ceiling the ball has the upward velocity
Viem = 19.66m/s.

In the Lab system is v] = vjqy + vem = 21.66m/s. The
ball has won twice the velocity of the lift by the reflection at
the moving lift. It rises now by the distance Ah; = v}?/2g
above the impact point. Inserting the numerical values gives:
Ahy = 23.9m. Its upper return point is then 2.5 m below A.
c) It hits the ceiling of the lift for a second time at the time
t. During the time At = 1, — t; the lift has moved upwards
by Ahy = vAt.

The ball needs a rise time At obtained from v(Ah;) =0 =
vi0gAt = At = v|/g = 2.2s. Its drop time is At, =
1.9 s which is obtained from

LgAB = Ahy —v(225 + An) .

This gives the time At = At; + Aty = 4.1s = Ahy, =
8.2m. The second impact occurs 8.2 m above the first im-
pact point, i.e. 18.2 m below A.



4.9 a) The «-particle should fly into the +x-direction. For the
y-components of the momenta we get

0 = m v} sin 64° — m,v} sin51°

v} sin51° .
L R =3.46 since m, = 4m; .
A sin 64°
b) Ey;, (my) ml”i _1 .3.46% ~ 3.0 .
kln(mZ) mav, 4

4.10 E=c\mic®+p*,

with E=6GeV and pc=4GeV
= moc® = v/20GeV ,
= F = +4/20+25GeV = 6.71GeV .

With
E = mc? :>m’_6.7_ 1
E =m'c? m 6  JT—v2/2
= Y — 0445,
C

The two systems move with v = 0.445c¢ against each other.

14.5 Chapter 5

5.1 When we cut a cone with full aperture angle 2« out of a
sphere we choose the origin of our coordinate system at the
peak of the cone. The z-axis is the symmetry axis. Then the
coordinates of the centre of mass are

Xem = yem = 0,
R /2 2

/ / / r> cos ¥ sin ¥ dr dv de

r=09=n/2—a ¢p=

1
= nR4 [1 — sin? (z —a)]
V 4 2

1
=7 %R“ sin® .

icM

The volume of the cone is V = %nR3( 1 — cosa). Then we
get

3 sin’ o 3
zecm = R ——— | = =R(1 +cosa) .
8 1 —cosa 8

5.2 a) Iem = MR = 9.7-10" kgm?,
L = Icyw = 7.07-10% kgm?s™!

1 1
= Ecurl = EICM(U2 = gMszz =257- 1029J

Chapter 5 423

b) The mass of the earth is for this case

3 8 3 8
With o = M/V = mean density

4 R 4 s 15 4 3
Mg = —mo1— + =m0 | R — =R :gﬂQR .

=01+ 70, =280.

With o) = 20,
16

8
:>92=§Q, 01239'

The moment of inertia is therefore

2 4 R\? (R\?
53719 \2) \2
R\? [R\?
RR— (=) (=
“”[ (2) (2)}
8 R5+ 31 s
T 57 \013p T2y,

L (16,318
= —7T —_— —_—
60 99T 9 ©

~ Zow0 = Ly = 0367 MR
45" 8T 30 ' '

This should be compared with the moment of inertia Icy; =
(2/5)MR* = 0.4MR*> = 9.72 - 10’ kg m? of the homoge-
neous earth.

¢)Ifall N = 5-10° adults on earth would run simultaneously
on the equator eastwards their torque exerted on the earth
wouldbe D = N-m-a-R =5-10°-70-2-6.37-10°N-m =
4.46 - 10'"®*Nm. This would lead to a relative decrease
Aw/w = AL/L of the earth rotation. Inserting the numeri-
cal value for the angular momentum L

Iem

Chapter 14

L = Ieyw = 0.71-10* kgm?/s

we get
Aw/At 1 AL D
Aofar 1AL D _ s jgsgt
w L At L
which is so small, that it falls below the detection limit.
5.3 a) Iy = sMR* =5-10"*kgm’

L = lywo = $MR*wy =3.14-10*Nms ,

ESy = 1o =0.987Nm .
I =l+mR*=(5+1)-10*kgm? =6-10"*kgm?.
The angular momentum does not change, because the bug
falls onto the disc parallel to the rotation axis.

Ly

. 5
w=—= -0
I 6"

1 5
Eou = le = 6Egm =0.823Nm .
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The energy difference AE = 0.164N - m is converted by
friction into heat energy, which is lost during the equaliza-
tion of the tangential velocities of bug and disc (which are
here assumed to occur instantaneously).

c) (r) = 1
w(\r) = 1+mr2/low0
L(r) = Ly, independent of r ,
EO
Ecurl = curl .
1+ mr2/ly
(@)
g R
2
-gl 54a I= /rZQ dV = 2mHp / |:1 + (1%) ] P dr
(¢] |4 r=0
q
1 1 107
—_ = 2mooH | -R* + -R* | = ——0yHR"
= rontt| 1R+ R = o
= JgoRY
= 600 .

The mass is M = [, 0dV = 27ooHR?

:>1—5MR2
=3 )

Numerical values: M = 18.85kg, I = 0.105kgm?.

gsina

. _ gsinl0°
1+ 1Iow/(MRY)

14/9

b)a
h=ia’ = t=(2h/a)'* = 1.35s.

5.5 For the isosceles triangle with height / and side length d the
centre of mass S = (xcm, Yem) has the coordinates xcy = 0,

yem(@).
The moments of inertia around the principal axes are

I, = 2mygy + m(h — ycum)®

I, = 2mx’ |

Lo = m(h = yem)® +2m(* + yen) = L + 1y .
x =dsin(a/2) = 0.204nm ,
h =dcos(a/2) = 0.247nm ,

YoM = %h = 0.082nm .

b
me d2
d
s/
a C
y
m &— X —» m

For the moments of inertia we get:

I, = 0.93 AMU nm? ,
I, = 1.91 AMU nm? ,

I, =2.85AMUnm? .

1AMU = 1.67- 107" kg .
The rotational energy is then

2

Eiot = E

with L2 =1-(+ 1)A*.

Where l = 1,2,3,...and & = h/27 = 1.06-107*J s is
the reduced Planck constant and it is the smallest unit of the
rotational angular momentum.

This gives with 1eV = 1.6-10777

E,=22-10"eV,
E,=1.1-107eV,
E.=073-107eV.

5.6 The inertial moment of a rod with length L is
Iom = 5ML* = 1.33-102kgm® .

The angular momentum of the bullet referred to the CM of
the rod is

Lg = |rxp| = 3Lmv = 04Nms .

The rotational velocity of the rod is

Ly Ly
W=
I Iem + m(L/2)?
=292s' = v =465s".
= Erq = 3l0* =5.67Nm,

Eyin = $mv> = 200Nm ,

= Erot/Ekin =28- 1072 =28%.

97.1% of the kinetic energy of the bullet is lot as heat energy.
Compare this with the case of a completely inelastic central
collision of a bullet with mass m hitting a free mass M. Here
the ratio

+ M)v2
El. B = T Men 2) M (see Sect. 4.2.4) .
mv
) m , m
With UcMm = M——l— mv = Ekin/Ekin I~ M = 0.01.

Question: Why is the transfer of kinetic energy of the bullet
into rotational energy more efficient?



57 loy = MR . D = Iy - 3
. CM_2 ) — ICM dt

1

1
=>a):a)0+1— Ddf

CM

For t — 00 = w(00) = wy + (2Dy/aMR?).
Numerical example: o(t = 10s) = 136.4s~' (because
wo = 10s71).

5.8 Exin = Eror + Erans = %ICM(U(% + %MRZ(U(%

Ep = Mg/’l = Ekin
2

,
= h=—2(I MR?) .
5 Mg( o + )
. | B 3 a)ng
a) Full cylinder: Icpyy = MR = hy = — .
2 4 g
w2R2
b) Hollow cylinder: Icyy = MR* = hy = ——.
8

Numerical example: hy = 17.2cm; hy = 22.9cm.

14.6 Chapter 6

6.1 Tensile strength in the height z above the end of the rope:
0=0-8"2.
Relative elongation:
1
e(z) = EG(Z) .

Total elongation

L L
AL = /a(z)dzz %/U(z)dz

0 0
L
08 08 >
Pl Y

0

a) ose = 7.7-10°kg/m3, E = 2. 10"'N/m?> = AL =
15.3m.

b) Ap = 05 — ow = 6.67 - 10°kg/m> = AL = 13.3m.
¢) The maximum tensile stress o,x = 0 - g - L appears for
z = L at the upper end of the rope. It should be smaller
than oiqr = 8- 108 N/m?

: L < Gtear —

o8

10°m .

6.2

6.3 p(h =10,000m) ~ 10 Pa ~ 103 atm.

6.4

Chapter 6 425

The maximum deflection is according to (6.23)

3

s = EF with [ = cross sectional moment of inertia .

al=L1dr=42.10"m"= s=04m.
b)I = L(bid} —brd3) =7.8-10°m*
= 5s=022m.

The two cross sectional areas are

a)5-107°m?, b)7.5- 107 m%.

Although the area in b) is only 1.5 times larger than in
a) the double-T-profile has twice the stability in the z-
direction and 10 times higher stability when bending into
the y-direction.

Chapter 14

F = 4xr? - p = 2.8 - 10°N. This force equals the weight
of 2.8 - 107 tons.

According to (6.9) is AV = —p - V/K. After Tab. 6.1 is
K=1/k =156-10'""N/m?.

AV 10'8
a) s _64-10
% 1.56 - 1011
Ar 1AV
=22 o107t
r 3V

The radius of the solid sphere decreases by 0.3 mm. This
can be also obtained in the following way: AV/V = —p -
kand k = (3/E)(1 —2un) = Ar/r = —p/E(1 —2pu).
Inserting the numerical values for E and p from Tab. 6.1
one obtains the same results for Ar/r.

b) Compression of a hollow sphere with radius » and wall
thickness d: Now the elastic back pressure during the
compression is missing since the inner sphere with radius
(r — d) is a gas volume, where the compression modulus
is smaller by 3 orders of magnitude. We therefore get for
d < r the pressure

dAr

E Ar Ar E
1—2u\r r—=d) 1=2u 2

Ar

p:

pr
~——=—-(1-2u).
Ed( )

Ford =02mandr=15m=r/d =75 = Ar/rl.5-
1073, The compression is larger by a factor 7.5 compared
to the solid sphere.

The tangential force acting on the wave is

power 3-10° .
= = N=38-10"N.
lenght/time 27 R - 25
a) The torque acting on the axis is
p—rr="cR o, 2L
R I AR e

1 9
= —387-10"rad .
G

With G = 8- 10"°N/m? = ¢ = 5.2-107%rad ~ 3°.
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14 Solutions of the Problems

6.5 Fromk = —(1/V)dV/dp (6.32) = dV/V = —«dp. Inte-
gration yields

InV=—«-p+C with C=lnV(p=0)=InV,
=V= Voe_"”
= 0 = goe™”

with ¥k = 4.8 -1071°m?/N and a pressure p = 108 N/m?
at 10* m water depth we get « - p = 0.048. This gives

0= 00" ~ go(1 4 0.048) .

The density rises by 4.8%.

M = o[lm’ — (1 —2d)>(1m —d)] = ¢-0.0968m> =
755kg.

The cube immerses about 0.755 m. Its centre of gravity Sy
is 0.4069 m above its lower edge, i.e. 0.348 m below the
water surface. The centre of gravity of the displaced water
is 0.3775 m below the water surface i. e. below S,.

For a tilt angle ¢ = 24° the deeper upper edge of the open
cube comes below the water surface. The cube runs full
with water. For this angle ¢ the meta-centre M is still above
Sb, 1. e. the position of a closed cube would be stable.

W= g[(@b —o)a’(h—a)

S
o)

6.7

a

+ / [(er —oNa’(a—2) + QbClZZ]dZ]
0
= gha’ [oy —a1(1 —a/2h)] .

With g, = 7.8:10°kg/m* = W = 2.51-6.85-10°N - m =
1.72-10*°N - m.

The lift in air would require the work mgh = gh - a’o, =
1.96 - 10*N - m.

F=AAp=mnr’Ap = tnd* Ap = 2.5- 10*N for each
of the two semi-spheres., i.e. each horse had to pull with
3.125N = 318kp. If one side of the sphere had been tied
to a tree, 8 horses with the pulling force 318 kp each would
have been sufficient but less impressive.

6.8

6.9 a) The ratio of the two measured values is
|4 19.3
QT 2 10546
(0goa —0)V 183
b) 0.8ngld + O.Q«Qcopper _ 17.2 — 1062
0'8Q801d + 0~29c0pper -1 16.2
1.0550 — 1.0546
© ——————— ~38-107".
1.0546

6.10 Myooq = Lnrzgs = oVi; Ve/chl = 0525/1 = Qwood/Ql,
where r = d/2 and V; is the immersed volume.
= M =16.5kg = V; = 1.65- 1072 m’.
a) The immersed segment of the cylinder has the volume
(see the figure)

Vi = 1L[rPa — (r — h)sin(a/2)r]

where £ is the height below the water surface and « is the
segment angle. With

h=r(1-cose/2) = V=1L (a— {sina) .

Inserting V; = 1.65-1072m?® and r = 0.1 m we get a ~
184.5° = h = 0.108 m. The cylinder immerses slightly
more than half of it height.

b) The sphere has the volume Vi = %nR3 and the mass
My = Vi - 0seel- It experiences a buoyancy g - Vi - ) =
&My - 01/ Oseer- At equilibrium is reached by an immersion
depth where the buoyancy just compensates the weight of
the sphere.

(Mey1 + My)g = (r°0iH + M 01/ 0seeel) 8
= h = 0.553m at ggee] = 7800kg/m> .

14.7 Chapter 7

Me . Mg
®R+h: - UR(+ /R
~ g(h=0)(1-2h/R) .

gh) =G

7.1

Inserting into (7.5a) gives

d
P Q% (1—2n/R)dh.
Po

p

Integration yields
Inp = —@gh + &ghz +C
Po PoR

0g - (h—h*/R)

= p = poexp [—u .
Po

7.2 po = 1bar. The altitude where p=1 mbar is obtained from

e—h/8.33 km — 10—3

= h=8.331n(10*) km = 57.5km .

7.3 p(h=100km) ~ 6- 10 ®bar = 0.6Pa .
ForT=250K=>n=4 =n=17-10"/m’ = 1.7-
10 cm?. o = nm = 1.7-10%.28 AMU = 8-10~°kg/m’
(for Ny).



7.4

7.5

7.6

1.7

7.8
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The buoyancy G, = weight of the displaced air = Ga = 7.9 Av = v — vy = (Av)> = v} + v —2v v, cosa.

o(h)gV = goge™/833.3.10°m? = 3.37- 10*N.

The mass of balloon + load + gas fill can be at most 3.44 -
10° kg. The pressure of the fill gas is p(h) = 0.887py =
8.87 - 10* Pa.

The mass of the fill gas

a) helium: oy = 0.1785kg/m> = o(h) = 0.1583kg/m’>
= mye = 475kg, = mass of balloon + load can be at
most = 2965 kg.

b) Hy: 0o = 0.09kg/m* = o(h) = 0.08kg/m* = my, =
240kg = mass of balloon + load should be smaller than
3200kg.

For i = 0 the pressure is p = py = 10°Paand x = xy =
0.2m. According to the Boyle-Marriott law is

(Po + 08h)Ax = poAxo

a7 ith o= =102m

Ah X0
:A—x%—a;<0

Ax

Ah

s

= X = 4/axp

with Ax = 102 m and Ah = 1 m. The device is usable
down to a depth of 35 m with an accuracy of =1 m.

The number of particles that have passed at least the dis-
tance x without collisions is according to (7.33)

N(x) = Noe /4 .
a) N(x > A) = Noe™! = N(A)/Ny = 0.368 = 36.8%.
b) N(x > 2A) = Noe ™2 = N(2A)/Ny = 13.5%.
The probability W is

V2

4 2 202
ve wduv
Ve /

V1

W:/vzf(v)dv:

~

=2
il Ave™" /0

Vi ’
with v = (v; + v2)/2 = 950m/s and Av = (v —

v2) 100m/s. For Nj-molecules at T = 300K is
vy = 422m/s.
4.950%- 100
SW=——— e =17-107.
- 4223
From (7.6) we obtain
Pl = %A,
P2 P

The density is obtained from o = m - p;/(kT) with m =
0.71mx, + 0.29mo, as o1 = 1.24kg/m?

= Ah = 866m.

a) Since the direction s of the velocity vectors are uni-

formly distributed the average values v = v} = v2 and
cosa = 0:
(Av)? =202 = 1/ (AV)? = V2V 2,
Av = |Av|

= \/(vxl - vx2)2 + (vyl - vy2)2 + (vzl + v22)2
= (v} + vy, + vy + V) + v 405

1/2
- Z(levxZ + Uy1Vy2 + vzlv22)) )

|

|

|

|

|
Chapter 14

b) Here all absolute values v of the velocity v have the
same value = Av = +/2v.

7.10 The molecular density at p = 10°Pa and T = 20°C is

n=25-10"/cm’

110710
nA  25-15
=26-107""m?> =26A%.

= OAr =

If both collision partners are moving, the mean time be-
tween two collisions is T = A/Av where Av is the mean
relative velocity. We have the following numerical values:

ox, =31-107"%cm? ,
Avar = V20 = 565m/s
= T4 =A/Av=26-10""s,

™, = 1.8-1071%s .

7.11 The density is (as in 7.10) n = 2.5 - 10" /cm?.

M 0.1

M. 6.68-10-27
total number of the He-atoms in the container.
b) Ote—pe = 10 - 1071% cm?

AN = = 1.5-10%, where N is the

1
=2A=—=4-10"m.
no

c¢) The sum ), S; is:
ZS,‘ = ZN,‘U,‘ At = NvAt

=15-10"-1260m  for Ar=1s
= 6.3- 10" light seconds

=2-10"light years .
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14 Solutions of the Problems

7.12 Assume, two atoms with velocities v and v, pass the disc
at t = 0. Their arrival times at the detector are

L Av
h=—; h=—=>At=L—
V1 %) V1V

with Av = v; — vs.

If one atom passes the disc at the beginning of the opening
time Aty, the other atom at the end, the time difference
between the arrival times at the detector is

Atmax = At + Aty .

The time spectrum N(¢) of the arriving atoms with the ve-
locity distribution N(v) = N - f(v) can be obtained as
follows: With v = L/t and dv = —(L/?)dt = (v/t)dt
we get the distribution function

1 L
f(v)dv = ?vf (?) dr .

The function f(v) 2V /vy (see (7.30)) is then con-
verted to

L3 —12)22
f(v, 1) x —e wdr .

*
If the time profile of the velocity selector is g(7) the time
dependence of the detector signal is

+o00
S(t) = / g f(—1)dr .
—00

If the opening time Aty of the selector were infinitely short
(Aty — 0), the difference Ar of the arrival times of the
atoms at the detector (because of their different velocities)

would be
7 L 1
At=—Av=— Av=—— =1.6ms.
L vy 6002

Taking into account the finite opening time, the convolu-
tion S(r) gives a time profile with a half width Az which is
for a rectangular opening time profile g(r) with Aty = 1 ms
approximately Af ~ 2.5 ms.

m Mgm 2GMg
713 —v2 > G
P T R e
= vo(h) = vo(h = 0) | —
ol = 0ol = BN T TR

~ 15(0) (1 - %h/R) .

For h = 100km, = vo(h) = 0.992v9(0) = 11.1km/s.
a) If half of all molecules within the Maxwell distribution
has a velocity v > v

_ 8kT
=v>v=,4/— =11.1km/s
Tm

=T=16-10°K.

7.14 The density of the outside air in a height of 50m at T =

300K is
0= Qoe—Qogh/Po ,

with g9 = 1.29kg/m? py = 10°N/m?> = o =

1.28kg/m’.

The exhaust gases must have a temperature 7 > Tj.
Because the pressure at the upper end of the smokestack is
at the same temperature the same for the exhaust gases and
the outside air it follows

= 01/02 =T,/T1 = T, = 452K .

For the outside air is p; = poe~2'¢"/?0 and for the exhaust
gases inside of the smokestack p, = py, - e~028h/Py . With
Py = p2(h = 0) and py(h) = p>(h) we obtain with the
approximatione* ~ 1 + x

Py — 028h = po— 018h
= Apo = po —p, = Aogh
= (1.28 —0.85)-9.81-50Pa = 211Pa.

7.15 0o(He) = 0.178 kg/m? at pg = 1 bar.
= one(1.5bar) = 0.267 kg/m>.
From mye + mpa = Voar =

_ mpga|
~ Onir — One(1.5bar)
0.01

= ——m*=98-10"m’.
1.023

7.16 a) ym- (v?) = 3kT =3.1-107'°7 = 1.9-10%eV.

The ionization energy of the H-atom is 13.5eV. At a den-
sity of 5 - 10?° /m? the mean distance between the protons
is 1.25-107'm. The mean potential energy, due to the
Coulomb repulsion, is E, ~ 1.8 -107'8J which is small
compared to the mean kinetic energy at a temperature of
15 million Kelvin. This means that the matter in the cen-
tral part of the sun can be safely regarded as ideal gas.

[8kT
b)v =/ —7, = 5.6-10°m/s;
mm

Tu = 2.4-107 m/s = 0.08c.
c)p =nkT =1-10"Pa = 10° atm.
47R?-1.013-10°N

9.81m/s?
The comparison with the earth mass Mg = 6-10>* kg shows
that Mam ~ 107° Mg.

718 Mp + Que -V = 0air - V

717 Magm = =53-10"%kg.

My
QAir — QHe '
a)h =0,T = 300K = pay = 1bar, pge = 1.1bar =
oair = 1.23kg/m?, ope(p = 1.1bar) = 0.196 kg/m?

B 300kg
~ (1.23 —0.196) kg/m3

= V=

=V =290m> .



b)h =20km, T = 217K, p =5.5- 102 bar

= oair = 0.9kg/m® .  op.(p = 0.055 bar)

= 0.042kg/m’

300

=— " m’=6250m>.
0.09 — 0.042

=V
The balloon has to expand considerably. On the ground it
has only 5% of its maximum volume.

7.19 a) If the pressure at the upper end of the atmosphere (which
is here assumed to have a sharp edge) should be p; =
10 bar, the pressure at the bottom must be py = 11 bar.
We assume as mean pressure

= 0air(P = 10.5bar , T = 300K)
=1.23-10.5kg/m’ = 12.9kg/m*

=0-g-h=10Pa

10°

=— =79.10°m,
12.9-9.81m

=h

b) The density of solid air at 7 = 0K is ¢ = 103 kg/m?.
= h=10m.

14.8 Chapter 8

8.1 a) The force acting on the area A is according to (8.41b)

FW:cWg 2

“A L.
2

Numerical values: A = 100m?, op = 1.225kg/m>, u =
100km/h = 27.8 m/s.
= F = 5.67-10*N.
5.8 tons.

b) For a simple estimation we assume that the streamlines
of the wind above the roof are following the roof profile.
The air above the roof then passes through a path length
S, = 2-6m = 12m. In the same time the horizontal
wind flow passes only a distance S| = 2-6m - sin(«/2) =
11.6m. The velocity is then u, = 100km/h- 12/11.6 =
103.4km/h = 28.7 m/s. From the Bernoulli equation

This corresponds to a weight of

pP=po—30-%.

we can determine the pressure difference Ap = p — po.
With po (pressure below the roof) = 10° N/m? and %Qﬁ% =
531N/m? the pressure p becomes p = (10° — 531) N/m?
and the difference 531 N/m?. The force is F = A - Ap.
With A = 2L,-6 m-sin(a/2) = 96.7 m? effective roof area
(projection onto a horizontal plane) we get

F=531-967N=5.1-10"N.

Chapter 8

8.2 The buoyancy depends not only on the wing profile but also
on the stalling angle (Fig. 8.43). When a plane flies upside
down the buoyancy is much smaller but can be still larger
than zero if the stalling angle is correctly chosen.

The mean free path length A = 1/(n - o) in liquids with
typical densities n = 3- 10 /m*> and o = 107" m®> =
A = 3-107""m. The boundary layer where molecules
diffuse from neighbouring layers is therefore very thin.
The appearance of curls at large velocities is not caused by
diffusion but by macroscopic turbulence (Convection).

8.3

8.4 The following relations apply:

grad(a-b) = (b-V)a+ (a-V)b+ax (V xb)
+b x(V xa)
= grad (u-u) = grad i’
=2-w-VYu+2-ux(Vxu).

The last equation can be verified in component representa-
tion. For the x-component the left hand side can be written

as:
J 5 2 2
a (ux + uy + uz)
(14.5)
5 Ot ) duy 4o du,
= 2u,— Uy—— z
* ox 7 ox © Ox
For the components on the right hand side is
2( d n a n d )
Uy — — tu,— |u
“ax ey Tl ) (14.6)

+2 [uy(curlu)z — u,(curl u)y] .

The second bracket [ ] in Eq. 14.6 is in the component rep-

resentation
ad ad 0 0
Uy auy - 5% — Uz 8—Zux - 8_qu .

Inserting this into (14.5) the right hand side gives the same
expression as the left hand side.
Analogous results are obtained for the y- and z-component.

8.5 The pressure at the height £ is
p(h)=0-g-(H—=h)+po.

At the exit of the pipe the Bernoulli equation yields

Ap = p(h) —po = Sou:
u? =2g(H—h).

The trajectory of the liquid stream is a parabola. The initial
velocity is

v = {ug,uy = 0,u, =0} .

The drop time can be obtained from h = (1/2) g>* = t =

V2h/g.

429
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a) The point of impinge is with Hy = H(t = 0)

P=tlx—=u-1: y=z=0}= {2 h(H—h),o,o} . = H = \JH—2ar.

The velocity at P is b) d_M _ d_V — _l H
ar ~ %ar T 3T

v(P) = {ux, u; = gt} 1
= ——map+/H; — 2at
lv] = yJu2+u2=+/2gH . 3 s
= M) = %ng (Hg —2at) &
This is the same velocity as for body falling vertically from

9 the height H. c) The t.ime when all qf the water has streamed out of the
Y] b) According to the Hagen—Poiseuille Law is: funnel (i.e. H(1) = 0) is
©
— 2
:'-D'l dv ,dH  mr T =H;/2a .
- —— =—7nR"— = —A
- dt d¢ 8nL With Hy = 03m, r = 2.5-103m, L = 02m, n =
i~ . 1.0-103Pas = T = 62.5s.
th Ap = ogH —
with &p = egHl +po —po d) With 4 litre water = Hy = (9V/x)"/3 = 0.225m.
4 The time to fill the container with V' = 41 completely is
dH " ogH at ; = . .
= - RSL = H = Hpe witha = 7.2- 107" T = 35s. If the outflowing water in
! g the funnel is continuously substituted by pouring water into
4 the funnel in order to keep the water level always constant
with Hy = H(t = 0) and a = 8R2§g . at H = H, the time to fill the 41 container is obtained by:
-n
. . 1
8.6 The probe in Fig. 8.10c measures the total pressure V= gﬂaHo .t
po=p+ sou” = ogh 3.4.1073
3 . =t= — =23.6s.
=10°-9.81-1.5-10" Pa= 1470Pa. 7-7.2-1074-0.2255
The results oﬁthe measurements in Fig. 8.10a give p = 8.8 av _ R Ap with Ap = og(Ah+ Lsina)
10 mbar = 10° Pa dr 8nL

= 0.50u> =470Pa = u = 0.97 m/s.

8.7 If the funnel is filled up to the height H the radius R of the
water surface is R = H -tan(c/2). The volume of the water The mean flow velocity is
is then

= 1.5-107%(0.1 + sina) m?/s.

_1lav 1 dv 7.6(0.1 + sina)m/
= = — =1, . 1n m .
V= %nRzH = %nH3 tanz(a/2) = %nH3 , " A dr wr? dt s °

because tan? 30° = 1/3. The Reynold’s number is

a) The reduction of the water volume per time unit is Re = 2300 = Qruc .
dv._dvdH 1 _,dH
dr ~ dH dr §”H dr This gives the critical velocity

On the other side the Hagen—Poiseuille Law demands _ nRe

u.=— =092m/s.
or

dV _ 7Tr4 . . . . — —

ar 8L P The inclination angle « is then for u = %,

with 7 = d/2 and Ap = ogH sin = 0.021 = o =1.2°.

4
dH _ 370 | pawooar 59 WV TR e AR =10"m*  Ah=20m
dr 8 nLH - dr 8L
. =R= m1/4—6-10‘3 =6
witha = 3 A T2-107 m’s% ~ \ mog- Ah B m=omm
Integration gives:
=d=12cm

H? = —2at + H} = u=88m/s.



This is already above the critical velocity, which means that
d has to be larger because the flow resistance is for u > u,
larger than obtained from the Hagen—Poiseuille law.

8.10 The total force acting on the ball is

4

F=am=m"g—6mnrv with m*:(QK_Ql)§”r3
dv m"

dr — mg m

6 nrv

Rearrangement, division by m* and multiplication by m
yields
dv m*

_— = —dr,
g — (6mnprv/m*) m

with the abbreviations

6 nr m*
b= d c=g—
gm* m
dv
=cdr.
1—bv ¢

Integration gives
1
~3 In(1 —bv) = ct + C4
1
=0V = 3 (1 —e_”c‘e_””) .

Since v(0) = vy = e =1 — b

1
=) = 5 (1 + (vob — 1)e™")
1 v()b —1 —bet
= —1—
==

8.11 Division of (8.36a)by ¢ and applying the differential oper-
ator rot = V x onto both sides yields

%rotu +Vx-Vu

1
=—-Vx(Vp)—Vxg+ QV x divgradu .
o o

Now we use the relations VxVp = 0and VxV-(Vu) = 0.
If the influence of gravity can be neglected (= g = 0) we
obtain with £2 = rotu the relation

w-Vyu= %gradu2 —u Xrotu
=1Vid + (2 xu).
Vector multiplication with V gives with V. x V = 0
Vxm-Vu=Vx(£2 xu).
Then (8.36a) converts to

a2
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14.9 Chapter 9

9.1 Through the capillary flows per second the air mass o -
dV/dt o« p-dV/dr. At the high pressure side this is p; -
dV,/dr and at the low pressure side p, - dV,/dz. It is

The pumped-out volume is V,. According to Hagen—

Poiseuille we get

dv

PZE

p1+p2
2

R
= W(Pl —Pp2)

with p; = 10°Pa, p, = 10~ Pa

Chapter 14

dv
=Py = 425107 mPa/s .

In order to maintain a pressure of 1073 hPa = 107! Pa the
throughput of the vacuum pump must be at least dV/dr =
425.1072m3/s = 42.51/s.

9.2 The force acting on each hemisphere is
d\2
F:n'(i) Ap=25-10*N.

One has to pull on each hemisphere with this force in order
to separate the two hemispheres.

9.3 Forp = 10 hPaisn = 2.5-10"7 /m’.
A
v
21 =N-0 Uy ~ nov2-v with o =10"cm?

A=6m, 7==~12-10%s for v=>500m/s

The number Z; of collisions between the molecules is
Z ~ 18057 .
The number Z, of collisions per sec with the wall is
7z, = %nﬁ ~3-10"m2s7!.

Onto the whole container wall with A = 3.26 m? impinge
9.8 - 10" molecules per second = Z;/Z, = 1.8 -107'3;
Ssi=n-V-Alt=n-V-1=5-10"m/s.

9.4 The number of collisions per second and per m? with the
wall is Z, = in-7v. Atapressure p = 107" hPa = n =
2.5-10°m™3. Withv = 500m/s = Z, = 3-10""m2s7!.
A complete monolayer on the wall is achieved for Z colli-
sions, where

1 m?

- (surface area per molecule)
1

_ _ 19
= 01502 108 o310

Since the number of wall colissions per sec and m? is
Z, = 3-10", it follows that after about 100s the wall is
completely covered by a monolayer.
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9.5 The suction capacity dV/dr of a mechanical pump at the
pressure p; = 0.1 hPa must be equal to the suction capacity
of the diffusion pump at the pressure p, = 107 hPa.

p2-30001/s = pi(dV/df) mech. pump

av
= & P2 30001/s = 3-10721/s = 0.1m3/h .
dr D1

It is, however, advisable to use a larger mechanical pump.
Because the diffusion pump reaches its full suction capac-
ity already at a pressure of 10~ hPa, where the mechanical
pump needs a suction capacity of dV/dt = 1073.30001/s =
10m?3 /h in order to prevent the rise of the pressure p; above
107! hPa.

9.6 When passing through the gas the intensity of the electron
beam decreases according to I = Ile™™°*. The number
of produced ions is then equal to the difference (Iy — I)/q,
where ¢ = —e = —1.6- 1079 C is the electron charge. For
n-o-x < 1 we obtain

(@)
=
Q
©
et
(¢°)
-—
—
=S

Io—1
€

0
= —nox
€

107 15 10-18 I,

=3.10"%ions/s .

The ion current is then 0.5 yA.

9.7 The mean free path length A at a pressure p = 1072 hPa is
A = 6-1073m (see Tab. 9.1) and therefore comparable to
the distance d = 1cm between the hot wire and he wall.
This case is between the limiting cases A > d and A K d.
For A > d we get from (7.49)

dd_‘/:/ = kFAT = 52mW .

Fork = n; -0 (f/2)k = 44Nm 'K F = 27r) - | =
7.8-107 m? und AT = 150K.
For A <« d we obtain

dw dr
— =A-F— =60mW .
dr dx

If we choose for A ~ d the average of the two values we get

dw
— &~ 56mW .
dr

The electric power input is
P.=U-1=1W.

Only 5.6% of the input power are transported by heat con-
duction through the gas. The major part (94.4%) are lost due
to heat radiation and heat conduction through the mountings.

9.8 We assume that every molecule that hits the wall sticks there
for some time and then evaporates again. For a ball at rest

with a temperature equal to that of the gas the velocity dis-
tribution of the evaporating molecules is equal to that of
the impinging molecules. Therefore there is no net angular
momentum transfer. This is different for the rotating ball.
Molecules that impinge onto a strip around the latitude ¢
get the rotational velocity

U=w-r-sint,

while resting on the rotating sphere. We choose the z-axis
into the direction of the rotational axis. The velocity perpen-
dicular to the rotational axis is for the impinging molecules
v, = (v} + v})"/? and the evaporating molecules have the
velocity v/, = (v2 + v2 + u?)!/2.

The number of molecules impinging per sec onto the surface
element dA = 2772 sin ¥ i (the grey strip in the Figure) is
according to (7.47)

dN n
— =—-7vdA.
dr 4v

Each evaporating molecule wins the additional momentum
m - u in tangential direction. The total number impinging on
dA gets the additional momentum per sec

Ap(9) = ZimﬁdA
= %ima)rsinﬁ 27 sind do .

The torque transferred to the ball by these molecules is then
with F = dp/dt

dD(9) = gnﬁmwr4 sin® 9do .

Integration over all ¥ gives with

+7/2

4
/ sin® 9 dd = -,
3

—n/2
the torque
D = %nmﬁa)nr4

= %Vspheremﬁa)nr with V=M/o



d dw
D=——L=—-]—
dt dt
N dw D
— = = —aw
dr (2/5)Mr?
with
Snmv 10
v 2P 38
4ro T rov rov

where the relations p = (1/3)n-m - 9> and 9> = (3kT)/m
have been used.

dw
= — = —qdt= 0w =0we .
1)

For w = 0.99 wy we gete™ = 0.99

1100 0.01
=-In—=—.
a 99 a
Numerical example:
r=1-10"m,
0=5-10kg/m?,
v =5-10"m/s,

p=10"2hPa=10""Pa
=a=13-10"%s" =1 ="78s.

14.10 Chapter 10

10.1 The ratio of Eyjn/Epy is generally larger for liquids than
for solids. Therefore, the atoms move in the upper part
of the interaction potential V(ry) between neighbouring
atoms. Here the slope of the attractive part of the poten-
tial is smaller, therefore, the mean distance (r;) increases
faster with increasing energy than in the lower part of the
potential (Fig. 6.1).

102 a) AL=oa-L-AT

=16-10"-20-40m

=1.28-10°m = 1.28cm.
b) The maximum distortion can be obtained from the fig-
ure below as

x=R—d=R(l—cosp).

Since the length L increases by AL = 1.28 cm, the half
length of the circular arc is

R-B = (104 0.64-107%) = 10.0064 m

10 .
= sinf8 .

10.3

Chapter 10 433
R-B X
10m
R d
p
<
-
Division by R - sin 8 gives Q
)
B ! =
= —— = 100064 = ——— =10.0064m ©
sin 8 1—¢p? =
o
= f = 0.00623 = 3.57°
10m
R=—=160.6
sin3.57° .

= x=160.6-(1 —c0s3.57°) =031 m.

c¢) If the distortion should be prevented, the necessary
pressure onto the rail in the longitudinal direction can be
obtained from the relation

F AL o, 00128
= - =F-— =200-10°N/m?- ——
A L 20

= 0.128GPa
AL ;
F=A-E —==25-10°N.

The heat energy of one mole is

Q:J%-R-T.

a) For heliumisf =3 = Q0 = %R‘T
The heating energy is then
W=10-tWs
= 3R(100 —20)K + 10 Ws/K - 80K ,
where the last term takes into account the heating of the
container wall. With R = 8.3J/(K - mol) we get

. 120-8.31 + 800

s = 180s = 3min .
10

For N,-molecules at the temperature 7 > 300K is f =
5/2.
f 200-8.31 + 800
- 10

b) The heating up to 1000 °C takes for helium the time

s =246s = 4.1 min .

_980-3R/2 + 9800
o 10

s &~ 2200s &~ 37 min ;
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10.4

10.5

for N, is f in the range from 20-500°C f = 5; for T >
500°Cisf =17/2.

dQ = U(T») —U(Ty) = R(1T» - 3T)

=2.89-10*J
d
== 1—§s=2.89-103s=48min.

If T is lower than the temperature T of the surrounding
the temperature T will be approach Ts by heat conduction.
After the mixing the temperature Ty, is above Ts. The
heat losses are proportional to the temperature difference
(T — Ts). Therefore the temperature decline

dr/dt = —a- (T —Ts) .

The time-dependence of T'(¢) after the mixture atr = 1, is
then

dr

=—a(t—t) = T—Ts = Ce ™),
T T (t—1) s

If the mixing process occurs in a very short time at t = t,
itisTt =14) =Typ, = C =Ty, —Ts > T(t) =
Ts + (T — Ts) - e~ @010,

If the real measured temperature curve 7(¢) is replaced
by the dashed curve in Fig. 10.12b in such a way, that the
areas A| and A, are equal, the true mixing temperature is
obtained. The dashed curve represents the ideal case of an
infinitesimal short mixing process, where the heat losses
are zero during the mixing process.

1 Mole air (N,/O,-mixture) has a mass of about 29 g and
contains 6 - 102> molecules. For the lift of the container
by 10 cm in the gravity field of the earth the energy

E=m-g-h=0.129kg-9.81m/s>-0.1m
=0.13N-m

is required.
The thermal energy of the gas at room temperature is

ES* = (5/2)R-T=62-10°N-m,
and that of the container with the specific heat ¢ is
ot — - c-T =0.1-10%-300
=3-10"'N-m
= Eu=3.6-10'N-m.

The energy additionally required for the lift is therefore
very small compared to the thermal energy. And the
cooling after the lift would be only AT = 1-10~3 K. Nev-
ertheless this lift is extremely improbable, not because of
energetic reasons but because of statistical reasons:

For the lift the z-component of the momentum must be at
least p, = m-vo, = m-+/2gh = p, > 0.18kg - m/s. The
mean velocity component (v,) of all molecules, which is

10.6

10.7

(v,) = 0 at thermal equilibrium, must be (v,) > vy =

4

pz7mgas = 6.2m/s. The probability that a molecule has a
velocity component v, > vy is given by the integral

o0

+00
W(v, > vg) = /e’”zzm/ZdevZ/ / t:"’zz”’/Zdel)z .
—00

vo

With x? = 1m - v2/kT and x(vy) < 1 =

o0 X0 o0
[=-]+]
X0 0 0
X0 X0
> X
with /e*dex/(l—xz)dx:xo—?.
0 0

This gives with vop = 6.2m/s = W(v, > vg) = 0.49.
The probability that all 6-10> molecules have at the same
time the velocity component v, > vy is then

W = 04976107 ~ o107

and therefore practically zero.

a) The entropy change AS for an isobaric temperature rise
from Ty = 273K to T} = 500K is

T Vi
ASisobaric =V CV In FO + RIn VO s

where v = 1/22.4 is the mole fraction.
With V, /Vy = T /T, for p = constand C, = R+ Cy we
obtain

ASisobaric = ‘)Cp 1n(Tl/TO)
with C, = 21J/(K - mol)

1 . 500
In>— =057J/K .

ASisobaric = ==
= Aisobaric = 557 MM 53

b) isochoric heating:

T,
ASisochoric =vCy In —
Ty

with Cy = 12.7J/(K - mol)

= ASisochoric = 0.34J/K .

With M = o - V the critical mole volume is

0.044kg  0.044
VC = —-——=
Oc 46
=9.56-10""m’ = 0.9561 .

The mole volume is compressed from 22.41 at standard
conditions of an ideal gas to 0.9561.
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10.9

From the general gas equation of an ideal gas it follows:
__RT,
De

Ve =033-107m’ .

This shows that eigen-volume and internal pressure of a
real gas around the critical point cause considerable devi-
ations from the ideal gas. From Eq. 10.129 we obtain the
van-der-Waals constants

1 -3_3
b=3Ve = b5=032-10"m’,
a=3p.V? = a=208N-m’.

Under standard conditions (p = 1bar, T = 273K) the
internal pressure is for 1 mole

a

— =4.1-10*N/m?
V2 /m

= 41% of normal pressure!

The eigen-volume of CO, molecules is b/4 = 8-107> m?

and the relative correct3igr§ lié V= (2)53,42&::8: = 1.4%.
AS| = mc, In —

" J/K
273.15 /
=4.18-10°In1.183J/K
= 689J/K ;

2
AS; = mc, In —2-
2 v 1T2

323.152

=05-418-10> ln————
127315.373.15

=49.62J/K .

The theoretically possible maximum efficiency for 7; =

600°C and T, = 100°C is
_Th—T, 500K
T, 873K

=0.57.

The heat delivered at 100°C amounts therefore to 43%
of the heat reveived at 600 °C. When using the technique
of “cogeneration of heat and mechanical power” the heat
delivered at 100 °C can be partly used for heating of build-
ings. The efficiency increase for cooling down to 30°C is

100 — 30
£= —
373

= 18.8% .

However, this saves only part of this efficiency increase,
because when the additional heat energy available by
cooling from 100 °C down to 30 °C can be used for driv-
ing a gas-turbine connected to an electric generator, this
can deliver additional electric power. The theoretical effi-
ciency of the power station increases then from n = 57%
ton = 570/873 = 0.65 = 65%. In order to prevent the
water vapour to condensate at temperatures below 100 °C
one has to decrease the pressure in the expansion cham-
ber. This demands additions energy for the expansion
against the external pressure.

10.10 a)

Chapter 10

mici(Ty — Tw) = myco (T — T2)
nmicy T] + H12€2T2

=Th =
micy + mycy

Numerical values:
m; = 1kg, ¢y =470J/(kg-K),
my = 10kg, ¢ =4.17-10°J/(kg-K)

= T, =23.2°C=296.34K .

b) T, 296.34
1= melin o 157315
= -310J/K
296.34
AS, =10-4.1-10°In ——
2 129315
= +445]/K

AS = AS| + AS, = +135J/K..

10.11 a) Amass M = 2-5kg = 10kg exerts a pressure onto the

area0.1m- 1073 m = 10~* m?

98

o3 N/m? = 9.8-10°Pa.

p =

Since the increase of the melting temperature Ty, under
the pressure p at T = —8°C is given by dT,,/dp =
1077 °C /Pa the resulting temperature increase is d7,, =
1077-9.8-10°°C = 0.1°C. Ice at T = —8°C therfore
cannot melt solely due to the pressure.

b) The heat conduction is, according to (10.35)

WithA = 722 = 7-025-10%m? = 7.8- 107" m?,
dx = 5cm = 0.05m, d7 = 35°C = 35K and A =
67W/m™! . K=, for steel we get

dQ/dt = 0.037W .

This heat energy flows into the horizontal part of the wire
and in the surrounding volume of the ice. Since the sur-
face 2nrL of the wire with radius r and length L is large
compared to its volume, we can assume that nearly all of
the heat energy flows into the ice. If the wire should melt
the ice, it has to increase the temperature up to 7y, and in
addition it has to supply the heat of fusion. The energy
balance requires:

do av
E = (Clce'AT+ Wm)Q' E .

This gives the velocity with which the wire melts through
the ice block:

dz 1 dQ/dr
dt ~ L-d-o c- AT+ Wy~

435
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Inserting the numerical values gives: ¢ = 2.1kJ/(kg - K), The stationary heat conduction equation (10.38a) gives
0=09-100kg/m’>, L = 0.Im,d = 1073 m, W, = with 8T/9/t = 0
333kJ/kg, AT = 8K. .
i i : A 0T
This finally yields the result: L =Ty .
0-c 0x?
d_ o m/
ar S Inserting of (14.7) yields
The observed velocity is higher by one order of magni- T  och* e
tude. The reason for this is the heat, transferred directly P T(Tl —To)e
from the warm wire at the edges of the horizontal part into . ”
‘@) the i.ce. This increasgs dQ/dt considerably. =al= och = = /QCh A h )
g 10.12 During the compression of V| to V, < V; the work sup- A A m- A
= plied to the system is ) For AT # 0 = T = Ty + (T) — To)e™" +
FD'I 2 ATe " cos(wt — kx),
T
; 14 m = —AT -e " . wsin(wt — kx) ,
WithdS =dQ/T=0=d0=0= T

= o2(T) — To)e ™" + (a3 — k*)ATe ™"

e

(. —
p- Vi =const=Cp = - cos(wt — kx) — 2o ATe " - k - sin(wt — kx) .

V2
dW: = — G dv — C - 1 Inserting into (10.38a) gives the stated relations by com-
1= ve T =1\t oyt paring the coefficients of sin and cos.

Vi

v (1 w)
= 1- .
(=1 Vit L (/v 14.11 Chapter 11
During the transition 3 — 4 the system delivers the work
c | | 111 F=D-x. With# = INandx = 0.05m = D =
aw, = & ( LI K_l) . 20N/m. = T = 27 \/m/D = 1.4s,

NG Vi 11.2 a) Approximationm < M = - L.

Velocity of the transverse wave

The gain of energy during one cycle is then

C, -G (1 1 ) vpn = VF/pu = /mg/ 1 .

AW = -
—1 -1
(k= 1DV3 Vi/ V) Running time of the wave over the distance z:
For the isochoric processes 2 — 3 and4 — 1is AW = 0. z
The heat energy supplied to the ssterm is for 1 mole h = Ven = zy/p/mg .
01 =Cy(T(3)—T(1)) . Falling time of the ball:
For isentropic processes is dQ = 0, T- V¥~! = const = h=v2/g.

C, for the point 2 and C; for the point 3.
Withe = C,/Cy = (k —1)-Cy = C, — Cy = R. The
efficiency then becomes

For t; = t, the ball overtakes the wave pulse.

=z=2m/p,
y,:A—Wzl_;. = with M = p - L this gives
O (Vi/Va)r!
2m
Example: Vi = 10V, k = 1.4 = n = 0.6. z= ﬁL'
Note that n does not depend on the temperature but only
on the compression ration V;/V,. This shows, that for m > M = z > L the ball cannot
10.13 We treat at first the stationary case with AT = 0 overtake the wave.
b) More accurate calculation for an arbitrary ratio m/M:
=T =T+ (T) — To)e ™™™ For the distance z below the suspension point z = 0 the
2T (14.7) force

) —x
a—xz_o[l(Tl—To)e " F=ulL—z)g+mg



11.3

11.4

acts on the rope due to the weight of rope + mass m. The
phase velocity of the wave is

vph(2) = [(L—z+m/p)gl'/? .

It decreases with increasing z (due to the decreasing
weight force) according to

dv g
dz =~ 2v(7)
With
dv dv dz g g

TR PR TR T
=v()=v(Ez=0)— %gt.
The distance z that the wave propagates during the time ¢
is then
z21(t) = vot — 1gi* .

The ball falls in this time the distance z,(1) = 3g1*.
The meeting pointis t atz; = 2»

1 2 1 2
= Vol — thl = Egtl

4 4 L+m
:>t1=—v0/g=— K .
3 3 gu

This gives the meeting point

, 8

—1t L+m —8L 1+m
m =581 =g w) "9 M)

2179

According to (11.36) the power supplied to the oscillating
system is
P=m-yw’A}
(F3/m) -y - o?
(@3 — )’ + Qyw)?

It is proportional to the square of the imaginary part b
in equation (11.27c¢), because only the friction consumes
energy. The real part a in (11.27b) determines the phase
shift ¢, because tan¢ = b/a, but does not consume en-
ergy. Forb=0and w # wgis ¢ = 0.

For b = 0 and w = wy no stationary oscillation is pos-
sible. The amplitude A of the forced oscillation increases
until A = oo (resonance catastrophe). In this case energy
is supplied by the exciter which increases the amplitude
until the oscillating system is destroyed.

The pressure at equilibrium is p = 4¢/r with ¢ = 0.
Changing the radius r changes the pressure by

11.5

11.6

11.7
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Therefore the restoring force is
dF = 4nr*dp = —16edr = F = —167er.

With the restoring constant D = 16 e the oscillation pe-
riod becomes

T =2rx+m/D = %\/nm/s = nryod/ep

with the mass m = 477 - ¢ - d and the thickness d of the
skin of the soap bubble.

(The small change of the air pressure inside the bubble
due to the small change of the volume is negligible).

The phase velocity is

vph = VE/0=5.2" 103m/s.

Chapter 14

The wavelength is

A= vph/l) =0.52m.

The maximum change of the length appears between
maxima and minima of the longitudinal wave. Therefore
we obtain

(AL/L)max = 2A/(A/2) = 4A/A

= AL/L=177-10"*
AL
:>Umax=E(—) =1.7-105N/m?>.
L max
This is below the tensile strength by a factor 9.
The intensity of the sound wave is
[ = LA

2 oupp

v/ 20vpp! .

At the hearing limit is I = 107'2W/m?. With ¢ =
1.25kg/m>, vp, = 300m/s is

Apo =2.74-107°N/m? .

With Apg = vpp - 0 - @ - & the oscillation amplitude be-
comes

g0 =12-100"m=0.12A .

The amplitude is therefore smaller as one atomic diame-
ter. The acoustic particle velocity u is

up = wéy =7-10"m/s .

This is small compared to the thermal velocity (v) = 5 -
107 m/s of the molecules.

a) The surface of the liquid at rest is z = 0 in both sides
of the U-tube. For a change Az = zop—z = —z in one side
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of the tube rises the liquid in the other side by +z. The
restoring force is then for an ideal liquid (no friction)

F = —2708A = m?

20gA
= z(f) = Azsin (‘/Q—gt) = Azsinwt
m

2
S w=35s"=>T="2_18s.
(]

The velocity v is then
v=2z=wAzcoswt .

With Az = 0.1 m is follows: Vpax = @ - Az = 0.35m/s.
The acceleration is

a=3%=—w’ AzSIn0f = dpay = 1.23m/s2 .

b) Taking into account friction:
According to Hagen—Poiseuille the velocity profile is

AP (g2 )

ur) = 4nL

Defining a mean velocity u, averaged over the cross sec-
tion 7 - > we obtain with (8.31) and Fy = Ap - wr? the
friction force on a liquid column of length L

R
1
Fr=8nnlu with u=— /ﬁ(r)andr.
R?
0

In the equation of motion
m-7—b-z—208nR*2=0.
With dz/df = u, b = 8w nL the damping constant

y=b/Q2m) =4xnL/m=4-10"2s7",

where
m

L=——=16m and n=10">Pa-s
o R?

have been inserted. After the time T = 25 s the oscillation
amplitude has decreased to 1/e of its initial value.
The intensity distribution of the wave, diffracted by the
slit is
) .
sin“(wdsina /A
I(a) = i Crdsine/A)
(mdsina/L)?
where « is the diffraction angle.
a) For I(a)/Ip = 0.5 is
sin® x
2

=05=x~14=sina=141/(nd) .

11.9

11.10

With A = ¢/v = 330/(2-10%) = 0.165m und d =
0.5m = sinae = 0.147 = o = 9.4°

= As=2-20-tanoe = 6m .
b) For I(«) /Iy = 0.05 = x ~ 2.5 = « = 17.0°

= As =109m.

Conservation of energy demands for the intensities of the
waves:

I. =1+ 14
with I = Jovpnu} (g = sound particle velocity).
1 2 1 2 1 2
= 501Vph1ly, = 501Vph1ly, + 502VpPh2lgy -
With the wave resistance z = o - vpy, this can be written as
2 2\ _ 2
21 (”0e - ”m) = 22Upq -

At the boundary is uge + uor = uoq

_ 71— 22 2z
= Upr = U and  upg = uy,
' eZ] + 22 ezl + 22
1 22— ?
=t = (—)
T ¢ 2+ 2
= RIl., R = reflection coefficient
1 2122
Id = —Zzl/t2 =4[,——
g ehud ¢ (z1 + 22)2

=TI, T = transmission coefficient .

‘With the numerical values

oair = 1.29kg/m? |

vpl = 334m/s

Owater = 103 kg/m3 5
Ut = 1480 m/s
we obtain

Z, = 1.29-334kg/(m?-s) ,

Z, = 10° - 1480kg/(m? - s)

= R=9988%; T=0.12%.
E=6+6&
A Ak
— 24cos (22— —2z ) cos (Wt — kyz)
2 2
= 2A cos(85t — 0.25z) cos(715¢ — 1.75z) ;
800
Viph = 6;:—11 = Tm/s =400m/s ,
630
Vopn = 6;:—22 = Em/s =420m/s ,
A 170
VG = A—(;: = Em/s =340m/s .



11.11 For large values of A the term 27o/(oA) in equation
(11.86) can be neglected. This gives

gA 2mh
=4/ 5 tanh — .
Uph b an A
For A =500m and & > A is tanh(2rh/A) =~ 1.

= Upp = 28111/8 .

For A = 0.5mis g-A/27 ~ 0.78m?/s? and with ¢ =
7.257/m?is 2o /(0 A) ~ 9.1-1072m?/s?

= vph = 0.93m/s .

11.12 The frequency of the fundamental oscillation is

1 1
= —JF = —
o= vElR=5vole.
lo:2L=>Uph:\)olo:\/0/Q.

With ¢ = 3-10''N/m?> = 3-10*N/mm? und ¢ =
7.8-10°kg/m’, L = 1m

= vy = 10%s™!
1
=Ty=—=1ms

Vo
= Ao=2m, vph:2‘103m/s.

11.13 The weight m - g is compensated by the elastic restoring
force Fg = nrzE%

m-g=—kAL with k=mr’E/L.
m-g
=>k=—.

AL
The oscillation period is

T =2n+m/k=2rn+/AL/g .

It is independent of m as long as the mass of the rope is
negligible.

With AL=2-102m = T = 0.09s.

A pendulum with the length L has the oscillation period
T = 2n+/L/g. In our example the period would be 7' =
2.84 s, i.e. 30 times as long.

11.14 A force F acting onto the end of the flat spring bends the
end by a distance (see (6.20))

413
As = —
Ed3b
Ed’b
F=—-kA ith =
= kAs with k TE

The oscillation period of the spring without additional
mass is

wy = ak/mg = 2\/k/mg .
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Here the fourfold restoring force constant has to be in-
serted because the mean deflection of the spring is

L
1 1
As = 7 / As(x)dx = ZAS(L) .
x=0

3

Ed’b
Withmg =90-b-d-Landk = Fweobtain

d
wy = E\/E/Q .
The frequency deceases with 1/L3!
With wy = 27 -100s™', L = 0.1m, E = 2- 10" N/m?
and o = 7.8-10°kg = d = 0.63 mm.
If a mass m is attached to the end of the spring, the fre-
quency becomes

Chapter 14

o = k/(m + mg/4)

F/4 4
I S Ve NP L
w mg/4 mg

11.15 Without waves the equilibrium position is given by:

buoyancy = weight,
=aqloy-g=m-g = m=alqo.

If the buoy is immersed by Az below its equilibrium po-
sition and then released it performs an oscillation because
of the restoring force F = —qo1gAz

7= Azsinwyt with a)g =998 _ % .
m a

If waves are present the water surface at the location of
the buoy is

2
z=20+ h-sinwgt with a)0:7 and zp=0.

The waves generate an additional periodic buoyancy
AFg=h-q-g-0 -sinwt,
which results in a forced oscillation
Az = Asin(wf + ¢) .

The oscillation amplitude is then, according to (11.26)
when we neglect friction

Aw) = 8D

(W} — »?)

Numerical values: a-L = 30m, h =2m, T = 5s =
w=125s5"" wy=057s"! = A(w) = 0.525m.
Without waves (plane water surface) the fraction (1 —a)L
of the buoy are above the water surface, at the wave peak
only x = [(1 — a)L — (2m — 0.525m)]. If the buoy should
be just under water at the wave peak we must set x = 0.
This gives L = 32.475m.
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11.16 The radial part of the Laplace-operator is

20 he
T ordr a2

2 ik 2 2k k .
(kr—wt)
Arf—|:—3+—2+r—3—7—7i|Ael @
2
— _k_Aei(kr—wt) — _k2E
(B r '
-
Q 82_52_(025 ZV_EZw_zAE :>c:8
= o FE S k-
D
- 1
-_ 11.17 a) v = vo———; From v/vy = 1.12246
=~ l—u/vph
= = 1— =0.1091
" ”"h( 1.12246) oPh

with vp, = 330m/s;
ug ~ 36m/s = 130km/h .
ug
b)v:vo(l—l——) = l—l—;‘—B: 1.12246
vPh Ph

= up = 0.12246vp, ~ 145km/h .

11.18 We choose x = 0 as equilibrium position. When the block
is shifted to an elongation xo > 0, is potential energy is

X0
Epo, = / 2Dgxdx = Doxj .
0

a) After releasing the block it slides until the reverse point
x1 and loses on the way the energy by friction

E; = fimg(xo —x;) with x; <0.
= Dox} = Doxg — fimg(xo — x1)

m
:>x1:f—1 g—x0<0.
Dy

The absolute values of the elongations are
lxi| = |xol — fimg/Dyo .
For the general reverse points we obtain
[Xu| = |Xu—1| — fimg/Do = |xu—1| —0.059m ,
[xa| = |x0| — nfimg/Do = |xo| —n-0.059m .

The distances between the revers points decrease linearly
with n. The motion of the block is a damped, but not
harmonic oscillation.

b) The block sticks at the nth reverse point, if here the
restoring force is smaller than the static friction coeffi-
cient.

Doxo  fo
= 2Dy|x,| <fo-m-g =n> - —.
bl fimg  2fi
Inserting the numerical values gives
100-0.22 0.9
2.3,

n> - =
03-2-981 2.03

i.e. the block sticks at least at the 3rd reverse point, if it
reaches it at all. In order to check this we determine its
start energy at the 2nd reverse point:

E, = Dox = Dy(xo — 2fimg/Do)* .

It should be larger than the friction energy fi - m - g|lx; —
Xz|, if it should reach the reverse point x3. Inserting the
numerical values gives: E,(x;) = 1.05N - m, f; -m-g|x3—
x3| = 0.346 N - m. This proves that the block reaches x3
but sticks there.

c) The total energy is

E = %Dox% = %Dox2 + %mv2 +f1-mg - (xo —x)
=02 = (Do/m) (x(z) —xz) —2f1g(xo — x) .

The block is released at xy. The time T at which it reaches
X1 is

fy |

T = /dt—i—/dt where fo = 1(x=0)

t=t(x = x1)
=0 fo

—dx=vdt = dr=—dx/v

0 X1 X0
dx dx dx
ST=—|—— [ ==[=.
v v v
X0 0 X1

Inserting of

v =/ (Do/m)(x} —22) — 2fig(xo — )

gives with the substitutions
ZZ(xo—x)=>x(2)—x2:(xo—x)-(xo+x)
=7z-2x—2); dx=-dz

>x=x) =2z=0; x=x =>z7=271 =Xx9—X|

a=Dy/m; b=2-a-xo—2fig
0

dz
T = 71/2 .
(—az? + bz)

=21

The integral can be solved analytically and gives

T 1 . —2az+b
= ——— | arcsin ——
Ja b

0

zl
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The revers point x; can be obtained from The function v(x) represents in an x-v-diagram a closed
curve (called phase-space trajectory) where xo = x(r =
o =lm g 0) and v(z = 0) = 0.
Dy

. 1/2
With xp = 0.22m = x = —0.161m = z;, = 0.22 + o) =+ [A—a? = 2|
0.16 = 0.38m 2

=T7T=+ ! |:arcsin 1 — arcsin (1 — %):I . which is periodically traversed. For v = 0 we obtain the

vDo/m b intersection points of v(x) with the x-axis

1/2

2 24 <
14.12 Chapter 12 NN DRI -
b b? b
O
L )
m-x 4+ + 2+ )12 The time for one circulation is obtained from 2
b) m-% 4 ke — (K/L)E =0 . v:%:m,:% (@)
v(x
) m-¥+4kx=0; wy= (4k/m)'/*. T "
. =T=4 / 77
For xg/L = sis w = wy - K(&) ~ wo(1 — £2/2), where I, [A—ax? — 5x4]
K(¢) is the elliptical integral, that has been discussed in =
Sect. 2.9.7). because the path from x = 0 until x,, is traversed in the
time 7'/4. The elliptical integral can be found in integral
tables.
12.3 a) Withy = x/xp and t* = wyt we get
d’x d%y |
W = XOW and dr = a)_odt
d’x , d%y

ar T Mgpr

The differential equation then transformes into

12.2 ¥F+ax+b=0, a,b>0
X+ ax X a d2y klxo kzx% 2 0
po G P v v dr @ ofrom” " wfxom”
de d?z A&t dx dr dx
_ ld(vz) This yields with w} = k;/mand & = (ka/k1)xo
2 dx
d?y 5
by gz Ty Ter=0
with the initial conditions: y(0) = 1 and y(0) = 0.
+A b) With r* = w - t we obtain the equations
> 2
—X +X, X d’y 2 _
m R m P +y+ey =0, (14.8a)
d2
d—tf Foly+ o0ty =0, (14.8b)
d?y 5
Inserting and integration over x and multiplication with dr ol +a]=0. (14.8c)

the factor 2 yields the equation
The last equation can be solved by series expansion with

regard to &, because the term (1 4 €) can be regarded as

b b
v2+ax2+—x4=const=ax%+—x3:A. . . e
2 2 perturbation term of the unperturbed equation with ¢ = 0.
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12.4

We make the ansatz

y(t, &) = yo(t) + eyi () + ey (1) + ...

w:wo+8w1+52w2+... .

Inserting this into the differential equation (14.8) and or-
dering the term according to the power exponents of ¢,
the different “coefficients” of " have to be zero, if the
equation should hold for arbitrary values of ¢.

For the e-free terms with % one obtains the unperturbed
equation for the oscillation

d2
ﬂ#—wgyozo =

a2 Yo = Ag : cos wpt .

For the term with ¢! this gives

— + (% + y1) + lwgwiyo = 0.
Inserting yo from the previous equation we get

d2
dT);l + wg(Ag cos® wot + y1) + 2wey1Agcoswt = 0 .

Proceeding to the quadratic term with 2 one obtains after
some efforts

2
w(e) = wy (1 — Sisz + 0(53)) .
12

Fore = 0.1 = o = wy(1 —4.17- 107342).
Fixpoints occur for dx/df = 0. From the two equations
of the problem we get for the fix points
a) F = (xp1, xp2) = (0,0).
b) F = (xp1,xp2) = (A3/A2,A1/A2).
They are stable, if for an elongation Ax from the fix point
the conditions hold

AX,‘<O; i:1,2,
Ax;>0; i=1,2.

x; >0 for
x; <0 for

If the stability condition only holds for one direction (for
instance x; but not for x,) than the fix point is stable for
shifts in the direction of x; but not for a shift in the direc-
tion of x;.

In analogy to a saddle point on a curved surface this fix
point is called saddle point. If the stability condition does
not hold for both directions, the fix point is unstable.
Which of the cases applies for x; and x, can be obtained
as follows:

Addition of the two equations yields

X1+ X = Aixp — Azx2 .

The stability depends on the sign of A; and A3. That of A,
is not significant.

We distinguish between the 4 cases listed in the table. The
arrows indicate the motion of the point ¥ = (0,0) at a

12.5

A A3 F(0,0)
{
«~ F —-> x
>0 <0 Saddle
T
X2
T
>0 <0 Unstable «~ F -
\
2
<0 >0 Stable — F <«
0
0
<0 <0 Saddle — F <«
2

displacement. If the arrows point towards F the fix point
F is stable against displacements in this direction, if they
point away from F' it is unstable in this direction.

For the second fix point F = (A3/A,,A1/A;) no stable
position exists. For (A; > 0,43 < 0) and (A; < 0,3 >
0) saddle-points exist. For the other two possible cases F
moves on an elliptical path.

In Sect. 2.9.7 it was shown that the oscillation period T of
the undamped pendulum is given by

2
T = —ToF (o)
T

with
/2

[ =
J \/l—sin2(<p0/2)sin2§.

F(go) =

As can be seen in tables of elliptical integrals [2.6a, 2.6b],

is
T b4
F =—)=163; F =—]=184;
(‘Po 4) (‘Po 2)

3
F((pozzn):2.4; F((p():%):oo.

The oscillation periods of the undamped pendulum are
then

a=1.038 for ¢ =mn/4,
=117 fi =m/2
(@) =a-Ty with or ¢ ’f/’
a=153 for ¢ =37
a= oo for p=m.

For the last case the pendulum reaches the metastable
position in the upper reversal point where it could stay
(without perturbation) infinitely long.

The equation for the damped oscillation can be solved
only approximately, when using the expansion sing =

p—19+...



12.6

12.7

The resulting equation
2

b+aje+yp— 29 =0

can be solved for the case y/wy <« 1 with the ansatz

=@ +epr+...
This gives the oscillation period

T:TO 4F((p0) 21
,/1+%A2 N

where F(¢p) is again the elliptical integral and A = ¢(t =
0) the initial amplitude (see Probl. 12.2).

| -1
() = [9 + (— - 9) e—a<'-'o>]
a 20 a

with z(r = 0) = z9, z(t = 00) = a/b.
The doubling time for the case a = b:

with Ty =

1. 2-2
T=-In ZO.
a 1—220

This shows that z doubles for 0 < zg < 0.5 within a finite
time, but for zo = 0.5 only after an infinite time. For
z9 > 0.5 there is no doubling at all.

The numerical analysis of the equation
Xpr1 = 3.1x,(1 — x,)

gives for xp = 0.5

lim Xop = 0.5580... = XF1 »
n—00

lim Xop+1 = 0.7646... = XE2 .
n—00

For xo = 1/4 the two quantities xg; and xp, interchange
their values remain, however, independent of the initial
value x.

For a = 3.3 one obtains

xp = 0479 ..., xp =0.8236... .

The Ljapunov exponent is
N—1

1 ,
A= lim ;lnv ()] -

12.8

12.9

12.10

Chapter 12 443

With f(x,) = ax,(1 —x,) = f'(x,) = a — 2ax,
= A=Ina+ %ln|1 — 2xp1| + %ln|1 — 2xp2] .

Fora = 3.1 = 1 = —0.264.
Fora =33 = A =—-0.619.

For each iteration the length of a triangle side is cut in
halves, but the number of sides becomes threefold larger.
The total length therefore becomes

L,=(3)"Ly and N(L/2)=3N(L).

<
-
InEq. 12.54is A = 1/2 and A* = 3. E
In3 a
n
=>K=—ﬁ:>d:—/c:1.58496.... o]
n =
o

The condition for the boundary curve is: 7 = 0.
I = \/E .

The first solution r; = 0 gives the stable fix point. The
second solution r, = +/a and ¢ = wyt gives as boundary
curve a circle with radius /a and centre r = 0, which is
traversed with constant angular velocity.

dv

dx

=@-r*)r=0 =r=0,

= —2a(x — x0) — 3b(x — xp)*.

The equation of motion: F = mx

2a — 6b —2axg + 3bx2
a xox " ax X0

=X+

3,
—x"+
m m

Y+Ax+D*4+C=0.

Besides the minimum at x = xg, V(x) has a maximum

dv
— =2a(x— 3b(x —x0)> =0
™ a(x — xo) + 3b(x — xp)
2a
:>xmax:x0_§-

The maximum amplitude is then 2a/3b. For |x — x| >
2a/b no periodic motion is possible.
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