Thermodynamics

10.1 Temperature and AmountofHeat . . ... ................ 254
10.2 HeatTransport . .... ... ... ... .. 266
10.3  The Three Laws of Thermodynamics . . ... ............... 279
10.4  Thermodynamics of Real Gases and Liquids . .............. 299
10.5 Comparison of the Different Changes of State . . . . ... ....... 309
10.6  Energy Sources and Energy Conversion . . . ............... 309
SUMMANY . . o o e 317
Problems . . . . ... ... . 318
References . . . .. .. . . 319
=)
-
S
7]
]
o
©
=
O
© Springer International Publishing Switzerland 2017 253

W. Demtroder, Mechanics and Thermodynamics, Undergraduate Lecture Notes in Physics, DOI 10.1007/978-3-319-27877-3_10



254

(@)
=
Q
©
et
(¢°)
-—
—
o

10 Thermodynamics

The insight, that heat is just one of several forms of energy
and can be explained by a mechanical model, is today common
knowledge, but it is only about 170 years old. The physician
Julius Robert Mayer (1814—1878) formulated in 1842 his ideas
about the energy conservation for the conversion of mechanical
energy into heat, and he could already give a numerical value
for the thermal energy equivalent (Sect. 10.1.5). However, only
after the development of the kinetic gas theory (see Sect. 7.3)
the microscopic explanation of heat of a macroscopic body as
the total energy (kinetic plus potential energy) of all molecules
of the body was possible. As has been explained in Sect. 7.3, a
measure of the mean kinetic energy of all particles with mass m
in a gas volume, which have three degrees of freedom for their
motion is the absolute temperature

T = 02, (10.1)
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With this definition of the temperature all macroscopic phenom-
ena and the general laws derived from them (Boyle.-Marriott,
general gas law) could be reduced to microscopic models de-
scribing matter as composed of atoms and molecules.

In this chapter, we will discuss in more detail the measurement
of temperature, the definition of temperature scales, the experi-
mental findings of energy transport and conversion, of material
changes with temperature such as thermal expansion and phase
transitions. An important subject is the formulation of basic
laws of thermodynamics which can be regarded as a summary
of many experimental results. We try to explain all macroscopic
phenomena as far as possible by microscopic models, where,
however, some explanations need a deeper knowledge of atomic
physics, which will be imparted in volume 3 of this textbook
series.

At the end of this chapter a short excursion to the thermodynam-
ics of real gases and liquids is presented, which might be helpful
for the explanation of many phenomena observed in nature.

10.1 Temperature and

Amount of Heat

The definition of the absolute temperature, given in (10.1), is
for most practical applications of temperature measurements not
very helpful. One has to use measuring techniques that are reli-
able, accurate and easy to handle.

Qualitative information about the temperature can be already
obtained with the heat sensibility of our body. Our skin has
sensors that inform us whether a body is cold or hot. This sens-
ing is, however, not very accurate and depends on the previous
experience, as the following experiment illustrates: Three con-
tainers with (1) hot water, (2) lukewarm water and (3) cold water
are placed side by side. Dipping a finger at first into (1) and then
into (2) the lukewarm water seem to be cold, but dipping at first
into (3) and then into (2) the same lukewarm water seems to be
warm.

Copper

T “ T

Constantane

O ;

) b)

[

Figure 10.1 a Liquid thermometer; b thermo couple

This demonstrates that the sensing of our body is not reliable
and cannot be used for quantitative measurements. In order to
measure temperatures and the amount of heat, measuring instru-
ments and techniques have to be developed that are for practical
applications sufficiently easy to handle and which give reliable
and reproducible results.

10.1.1 Temperature Measurements,

Thermometer, and Temperature Scales

For the measurement of temperatures in principal all physical
effects can be used that depend on the temperature. These are
for instance:

m  The geometrical dimensions of solid, liquid or gaseous bod-
ies, which generally increase with the temperature. Metal
wires become longer, liquid or gas volumes expand with in-
creasing temperature at constant pressure.

m  The electrical resistance of a body changes with the temper-
ature 7. For metals it increases with 7" for semiconductors it
decreases (see Vol. 2, Chap. 2)

m The electric contact potential difference between two dif-
ferent metals in contact changes with temperature (Thermo-
voltage see Vol. 2, Sect. 2.9)

= The radiation power emitted by a hot body increases with 7*
and can be used for the measurement of the temperature of
remote bodies such as stars (Radiation Pyrometer see Vol. 2
Chap. 12).

Devices for the measurement of temperatures are called ther-
mometers (Tab. 10.1). For daily practice the expansion of
liquids are generally used (liquid thermometer, Fig. 10.1a) or
the change of the contact voltage (thermo-elements, Fig. 10.1b).

For the quantitative specification of a temperature, numerical
values for fixed temperatures have to be defined that can be ac-
curately reproduced under readily realizable external conditions
(temperature fix points). Furthermore, a temperature scale has
to be defined. This has been historically realized in different
ways.



Table 10.1 The mostly used thermometers

Thermometer type
Liquid thermometers:

Temperature range /°C

—38to +800
—110to +210
—200 to ~+30

Mercury
Alcohol
Pentane mixture

Solid state thermometers:

Metal rod —150 to 41000
dependent on specific metal
Bimetal —150to 4500

Resistance thermometers:

Measuring principle

Thermal expansion of liquid in glas capillary

Thermal expansion of metals

Length expansion difference

10.1 Temperature and Amount of Heat

Error limits

depending on scale division 0.1-1°C

1-2% of scale range

Dependent on model

Metal wire —250 to +1000 Temperature dependence of electric resistance  0.1-1°C
Semiconductor —273 to +400
Thermo couple:
Fe-CuNi (iron-constantan) —200to +760 Temperature dependence of thermovoltage 0.1-1°C
Ni-CrNi —270 to +1000
Ni-CrNi —200 to +1370
Pt-PtRh —50 to 41700
W-WMo —200 to 43000
Pyrometer 4800 to +3000 Heat radiation 2-10°C
10.1.1.1 The Celsius Scale °F
Boiling point
The astronomer Anders Celsius (1701-1744) proposed 1742 to of water —212
use the expansion of a mercury column for the measurement at 1 atm
of temperatures (mercury thermometer). Two fix points were - 176
defined for the temperature scale: The melting point of ice L 140
(Tc = 0°C) and the boiling point of water (7c = 100°C at
a pressure of 1 atm = 1013.25hPa). The range between these - 100=37,7°C
two fix points is divided into 100 equal units, where each unit o L 68
corresponds to 1 °C. Fixpoint = Fixpoints
melting point L 30
Note: We will label the Celsius temperature with 7¢ in order to of water . .
distinguish it from the Fahrenheit temperature (7%) and Kelvin [0 Meltmg point of
ice-salt mixture
temperature 7.

10.1.1.2 The Fahrenheit Scale

The Fahrenheit scale, which was proposed by Daniel Gabriel
Fahrenheit (1686—1736) is still used in the USA. It defines as
fix points the melting point of a defined ice-water-ammonia
chloride solution at 7 = O0°F (—17.8°C) and the normal
body temperature at 7 = 100 °F (+37.7°C). The range be-
tween the two fix points is equally divided into 100 units where
1 unit corresponds to 1 °F. From this definition it follows that
0°C = 32°F and 100°C = 212°F. The conversion between
the two scales is as follows (Fig. 10.2):

Te)°C =
Tr/°F =

3 (Te/ F-32)

10.2
2(Tc/°C+32) . (102)

10.1.1.3 The Absolute Temperature Scale

The absolute temperature scale needs only one fix point, which
is the triple point of water (see below). It is measured with gas
thermometers.

Figure 10.2 Comparison of Celsius and Fahrenheit scale. For the Kelvin scale
there is only one fixpoint (triple point of water at 0.01 °C)

Its definition is: The Kelvin is the unit of the thermodynamic
temperature scale. 1K is the 273.16th part of the temperature
T, of the triple point of water. The zero point of the Kelvin
scale is the lower absolute limit of possible temperatures and is
defined by general laws of thermodynamics (see Sect. 10.3).

10.1.1.4 Accuracy of Thermometers

The temperature scale of liquid thermometers depends on the
choice of the liquid and also of the glass of the thermometer cap-
illary, because not only the liquid but also the glass expands with
rising temperature. The thermal expansion of liquids and solids
is generally not constant over the temperature range measured
by thermometers and is not necessarily linear (see next Section).
For mercury, the deviation from linearity is small. The compar-
ison with an alcohol thermometer shows that its scale differs
from that for the mercury thermometer and is not equidistant
(Fig. 10.3).
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10 Thermodynamics

°C Scale division
100 100
90 90
80 80
70 70
60 60
50 50
40 40
30 30
20 20
10 10
0 0
Hg  Alcohol

Figure 10.3 Demonstration of non-uniform expansion of liquids by comparing
mercury and alcohol themometers

If higher accuracy is demanded, other thermometers have to be
found which have a better linear temperature scale. A possi-
ble solution is the thermal expansion of gas volumes at constant
pressure or the pressure increase at constant volume that are uti-
lized in the gas thermometer (see Sect. 10.1.3). They are used
for the definition of the absolute temperature scale (Kelvin scale,
Sect. 10.1.4).

10.1.2 Thermal Expansion of Liquids and
Solids

The length L of a rod changes with temperature. Experiments
show that the relative length change AL/L within a restricted
temperature range is approximately proportional to the temper-
ature change AT:

L(Te) = L(0) - (1 + aTc) . (10.3)

The expansion coefficient

a = (dL/dT)/L (10.4)
gives the relative length change for a temperature change AT =
1°C.

Integration of (10.4) gives

L(T) = L(0) - 2T with AT =T-T,. (10.4a)
Table 10.2 compiles numerical values of @ for some materials.
One can see that for most materials « is positive, i. e. the length
L increases with 7. The coefficients « can be measured with
the device shown in Fig. 10.4. A tube made of the material to
be inspected, is clamped on one end A, but can freely slide on

Table 10.2 Thermal expansion of solids and liquids at T = 293K = 20°C

Solids Linear Liquids Volume
expansion expansion
coefficient coefficient
a/(1076K™1) y/(1074K™T)

Aluminium 23.8 Water 2.07

Iron 12 Ethanol 11

V2A Steel 16 Acetone 14.3

Copper 16.8 Benzene 10.6

Sodium 71 Mercury 1.8

Tungsten 43 Glycerin 5.0

Invar 1.5 N-Pentane 15

Cerodur <0.1 Water at

Hard rubber 75-100 T =0°C —0.7

T =20°C +2.07
Fimy A Sliding /XI:A—Fﬁ
fixed tube mounting of tube D
Vapor (g T
I /N [l °
[ [ \ |
:A , ‘ L |
13
Heating Thermo-element
Water

Figure 10.4 Demonstration of thermal expansion of metal tubes

the other end B where a turnable tongue is connected to the rod
that shows the length change on a calibrated scale. When hot
water vapour streams through the tube, it expands and turns the
tongue. The scale is set to zero at 7c = 20°C. The temperature
of the tube is measured with a calibrated thermo-element. Metal
tubes can be also heated by an electric current through the tube.

The reason for the thermal expansion is the asymmetric potential
of the interaction between neighbouring atoms (Fig. 10.5). The
atoms of a solid are not fixed at a constant value rq of the dis-
tance between neighbouring atoms but oscillate around ry (see
Vol. 3). The length L of arod is determined by the mean distance
(r) of this oscillation. Increasing the temperature causes an in-
crease of the vibrational energy and of the oscillation amplitude
r(t). Because of the asymmetric potential the mean value (r) in-
creases with increasing amplitude #(7) thus causing an increase
of the length L.

More detailed measurements prove that the thermal expansion
is not strictly linear. Expansion of (10.4a) gives

L(T) =LO)(1 +a- AT+ $(@AT)* +...).  (10.4b)

This nonlinear expansion can be also expressed by a
temperature-dependent expansion coefficient o

a(Tc)=a(Tc=0+pB-Tc=ap+ B -Tc. (10.4¢)



E, = 3KT,

Figure 10.5 Atomic model of thermal expansion due to the anharmonic inter-
action potential

Instead of (10.3) the more accurate equation is then

L(Tc) = Lo (1 + aTc + BTE) . (10.5)
However, within the temperature range between 0 °C and 100 °C
the deviation from linearity is very small, i.e. B - Tc < ag. For
small temperature intervals AT the length L(7¢) can be approx-
imated by a straight line with a slope dL/dT = o + B - Tc that
slightly depends on 7.

Example

At room temperature the expansion coefficients of alu-
minium are a(Tc = 20°C) = 23.8-107%/°C, B =
1.8-1078/(°C)2.

The relative proportion of the nonlinear expansion is
therefore B - Tc/a = 7.5 - 10~*. This implies that the
coefficient o changes within a temperature range AT =
100°C only by 7.5%. |

For some alloys the expansion coefficient is very small. Exam-
ples are INVAR (64 % iron and 36% nickel) or the glass ceramics
CERODUR (see Tab. 10.2 and 10.3) [10.1].

Since all length dimensions of a three-dimensional body vary
with the temperature, also the volume of the body must change.

Table 10.3 Dependence of mean thermal expansion coefficient «/10-6 K"
on temperature (given in K)

T/K Al Cu Fe Al;0O3 SiO;
50 35 3.8 1.3 0.0 —0.86
100 12.0 10.5 5.7 0.2 —0.80
150 17.1 13.6 8.4 1.0 —0.45
200 20.2 15.2 10.1 2.8 —0.1
250 22.4 16.1 11.1 4.0 +0.2
300 23.8 16.8 12.0 5.0 +0.4
350 24.1 17.3 12.6 6.0 +0.5
400 24.9 17.6 13.2 6.4 +0.55
500 26.5 18.3 14.3 12 +0.58

10.1 Temperature and Amount of Heat

‘ I { Mounting

T,<Ty To T.>T,
a) b)

Rotation axis

Bimatal strip

Figure 10.6 Bimetal thermometer. a Principle, b technical design

For homogenous and isotropic bodies applies

V(Tc) = Vo(1 + aTc)®  with Vo = V(Tc = 0°C)
~Vo(l +3aTc) for aTc K1
=Vl +yTc) with y=3a.
(10.6)

For non-isotropic bodies the expansion may differ for the dif-
ferent directions and one obtains, instead of (10.6), the equation

V(Tc) = Vo(l + a1Tc) - (1 + axTc) - (1 + a3Tc)
~ Vo[l + (ar + az + a3)Tc]

=Vo(1 +3aTc) with o = %(051 +oay+o3).
(10.6a)

The difference of expansion coefficients of different metals
is utilized for bimetal thermometers (Fig. 10.6). When two
metal strips of different materials are bonded (e. g. by welding
or soldering) the double strip will bend when the temperature
changes. A special device converts the bending, which is pro-
portional to the temperature change AT, into the turn of a hand
with a scale (Fig. 10.6b) where after calibration the temperature
can be read on the scale.

If the thermal expansion should be prevented by an external
force very large forces are necessary, as the following experi-
ment demonstrates (Fig. 10.7). A thick rod S made of wrought
iron, is clamped between two stable mountings L; and L,. On
one end a bolt B with 5mm diameter fixes the rod S to the
mounting L;. Now the rod is heated with a Bunsen burner until
it is red glowing. The resulting thermal expansion loosens the
screw M on the right side at L,, which is tightened again at the
highest temperature of the rod. Now the rod cools down and
contracts. The contraction force is so large that the bold at the
left side cracks.

A quantitative calculation of the forces necessary to prevent
thermal expansion or contraction proceeds as follows:

The force necessary to achieve an elongation of a rod with
length L and cross section A < L? and with an elastic modu-
lus E is according to (6.2) and (10.4)

F=E-A-AL/L=E-A-o-AT. (10.7)
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10 Thermodynamics

Figure 10.7 Bolt cracker. Demonstration of large forces when the thermal
expansion is hindered. (B = bolt, S = hot rod, Ly, L, = mounts, M = screw
nut)

If the thermal expansion should be prevented by application of
external pressure, we obtain from (6.7) and (10.7) the required
pressure

_ a-E
T 1-2u

p AT, (10.8)

where p is the transverse contraction ratio (Poisson number).

Examples

1. Asteelrod (E = 120GN/m?, o = 16-107%/ °C) with
the cross section A = 100cm? suffers a temperature
change AT = 30°C. In order to prevent its expansion
aforce F = 5.76 - 10° N is necessary.

2. A section of a railroad track of steel with L = 20m
and @ = 16 - 107%/ °C expands for a temperature dif-
ference AT = 40°Cby AL = o-L- AT = 1.3cm.
For modern railroad tracks all sections are welded to-
gether at 7 = 20°C without gap. Without strong
mountings each section between the welding spots
would bend in such a way, that the length expan-
sion AL = o - LAT could be realized. This would
give for AT = 60°C a maximum deviation from the
straight line of about 30 cm. This bending is prevented
by strong supports where at every meter the rails are
mounted. The force on the welding surfaces with a
cross section A = 0.02m? (d = 10cm, b = 20cm)
is then (see Probl. 10.2) F = 1.5 10°N. When the
rail track cools down to T = —20°C a tensile force
of the same magnitude acts onto the welding surfaces
which corresponds to a tensile stress of 8 - 107 N/m?.
This is still sufficiently far below the break stress of
7- 108 N/m?. <

For the thermal expansion of liquids only the volume expansion
can be given. When measuring this volume expansion one has to
take into account that the solid container also expands. For the
measurement of thermal expansion of liquids a device proposed
by Dulong and Petit (Fig. 10.8) has been developed. The liquid
is contained in a U-shaped tube where one side is encased in a
jacket containing melting ice, while the other side is heated to
100 °C by water vapour. Of course the inspected liquid should
not boil at 100 °C and should not freeze at 0 °C. Since the total

-4

%3; Ah |
ool &Y
o0 0O
Water-ice 8 8 Q Boiling
mixture 0°C 08 water
J | 100°c

Figure 10.8 Design of Dulong—Petit for the measurement of thermal expan-
sion of liquids

mass M = p -V of the liquid is constant, independent of the

temperature, the density
Qo
o(Tc) =

1+ yTc

does depend on 7" It is smaller in the hot side and larger in the
cold side. The height k¢ of the liquid surface will be therefore
lower in the cold side by Ah. Rearrangement of the equation
yields
1 ( Qo ) 1 Ao
y = —_— —_ = — .
Tc \o(Tc) Tc o(Tc)
From the equilibrium condition

ho-00-g =hTc) o(Tc) - g

gives
/e = h/ho .
The thermal volume expansion coefficient y is then

1 Ah

=—-—. 10.9
e o (10.9)

14

Table 10.2 compiles some values of y.

Note, that they are much larger than the volume expansion coef-
ficients 3« of solids. This justifies the neglect of the glass tube
expansion for liquid thermometers.

10.1.3 Thermal Expansion of Gases;
Gas Thermometer

Experiments show that the volume of ideal gases (see Sect. 7.3)
increases at constant pressure proportional to the temperature.
V(Tc) = Vo(l + Yv Tc) s (1010)

where the temperature is measured in °C and Vy = V(T¢ =0°C).



Table 10.4 Thermal expansion coefficient of some gases

Gas y/(1073/K)
Ideal Gas 3.661
He 3.660
Ar 3.671
0, 3.674
CO, 3.726
The expansion coefficient
V(Tc) — Vi
yy = LI~ Vo (10.11)
Vo-Tc

gives the relative change AV/V, per 1 °C. The experimentally
obtained numerical values of yy are compiled in Tab. 10.4.

For Helium, which comes closest to an ideal gas, one finds

1
——°Cc!'=3661-1073°C"".

W= 57315

Accurate experiments performed at a constant gas volume give
for the temperature dependence of the pressure the completely
analogue relation

p=po(l1+v,-Tc)
L oo (10.12)

~ 27315

with y, =yy =y

(Law of Gay-Lussac).

The gas thermometer (Fig. 10.9) utilizes this pressure depen-
dence for the measurement of temperatures. The volume V is
connected with a U-shaped tube filled with mercury. The height
of Hg in the left side of the U-tube can be changed by up- and
down lifting of the right side, which is connected with the left
side by a flexible tube. When the gas volume is heated, the pres-
sure rises. In order to keep the gas volume constant, the level
of the Hg in the left side is always kept at the same height. The
pressure is then indicated by the difference A% between the left
and the right side. Itis p = opg - g -+ Ah. The temperature,
obtained from (10.12)

1 — A
Te = — 2720 973152 ¢ (10.13)
Y Po Po
V(:apillary<<V
Water
5\ - Ah
! 0
Gas Mercury
piV
Flexible
tube
N J
| Heater |

Figure 10.9 Gas thermometer

10.1 Temperature and Amount of Heat

is therefore determined by a pressure measurement. At the tem-
perature Tc = 0 which is realized by immersing the gas volume
into a melting ice-water mixture, the height difference is ad-
justed to Ah = 0. The pressure in the gas volume V is then

P = Do-

10.1.4 Absolute Temperature Scale

We will now discuss the relation between the Celsius scale and
the absolute temperature scale, which is also called (after its
creator Lord Kelvin) Kelvin scale or thermo-dynamical tem-
perature scale. In Sect. 7.3 the absolute temperature 7" was
used in the general gas equation
pV=N-k-T, (10.14a)
relating pressure p, particle number N in the gas volume V with
T. The absolute temperature 7" was defined by Eq. 10.1, which is
based on the results of the kinetic gas theory (see Sect. 7.3). The
general gas equation (10.14a) states that for constant pressure

and temperature the gas volume has a definite value, which is
the same for all ideal gases independent of the specific kind.

At a temperature 7; (at 0°C) and a pressure pg = lbar =
103 hPa (normal conditions) Eq. 10.14a becomes
po-Vo=N-k-Ty. (10.14b)
From (10.14a) and (10.14b) we can conclude
Y T (10.14c)
=po-— - —. 14c
P =Po v T,

In the gas thermometer the volume V = V, is kept constant.
The comparison of (10.14¢c) with (10.12) yields

T
p=po-— =po(l+y-Tc). (10.15)

To

This gives with the experimental value y = (273.15)7! the re-
lation

T = T() . (1 + ]/Tc) = To TC (1016)

P
273.15

between the absolute temperature 7 and the Celsius scale T¢.

Note: The unit oft the absolute temperature scale is the Kelvin.

It is the 273.16th part of the thermodynamic temperature of
the triple point of water.

A definition of the absolute temperature that is independent
of the specific substance, can be given with their help of the
Carnot-Cycle (see Sect. 10.3.5)
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10 Thermodynamics

10.1.5 Amount of Heat and Specific Heat
Capacity

When a defined energy AW is transferred to a body, its temper-
ature rises by AT ~ AW. A simple demonstration (Fig. 10.10)
uses an immersion heater which is immersed into water in a
thermally isolated Dewar flask and heated for a time At. The
electric energy AW = [ - U - At (I = electric current, U =
voltage, see Vol. 2 Chap. 2) causes a temperature rise AT that
depends on the mass of the water. The increase AQ of the heat
Q (often also called the amount of heat) is given by

AQ=AW=c-M-AT. (10.17)
The proportional constant ¢ is the specific heat. It depends on
the specific material of the heated body. It gives the amount of
heat that increases the temperature of a body with M = 1kg by
AT = 1 K. The product C = ¢-M is the heat capacity of a body
with mass M.

In former times the unit was the large calorie (1 kcal). This is the
amount of heat that increases the temperature of 1 kg water from
14.5 to 15.5°C. Nowadays the unitis 1 Joule (1J = 1W.s =
1N -m). It has the great advantage, that for the conversion of
heat into electrical or mechanical energy the same units are used
and therefore the conversion factor is 1. This is not the case, if
the unit calorie is used. Here measurements give the electrical
heat equivalent

AQ [cal]

WEg = ————
T AW W]

= 0.23885[cal /W s] . (10.18)

This equation means: If AW, is measured in Joule, but AQ in
calories, the ratio AQ/AW, has the numerical value 0.23885
i.e. 1Ws =0.2389cal or 1 cal = 4.1868 W3s.

The temperature rise in the experiment shown in Fig. 10.10 does
not occur abruptly but continuously over the time interval At of
the heating (Fig. 10.10b). During this time interval, a steady

u,l 1

Thermometer

| NS

M\ ~\

+ Vacuum

Water

a)

Figure 10.10 Measurement of the electric heat equivalent with immersion
heater and Dewar flask. a Experimental setup; b time progression of electric
power and temperature

Handl

Ball
bearing

F=mg

Figure 10.11 Measurement of mechanical heat equivalent

heat flux takes place between the hot water and its surround-
ing which decreases the temperature difference AT. In order to
consider this, a temperature progression for a sudden change
of AT is simulated, indicated by the vertical dashed line in
Fig. 10.10b. The time ¢, is chosen such that the areas A; and
A, are equal in order to maintain the same value for the integral

[Tdi ~ [dQ = AQ.

Instead of heat generation by electrical power, heat can be also
produced by mechanical work due to friction. This is demon-
strated by the arrangement in Fig. 10.11. Here a metal tape is
wrapped around a copper cylinder, filled with water. A weight
with mass m presses the tape tightly onto the cylinder. Now the
cylinder with radius r is turned by a handle during a time in-
terval Az with such a frequency f that the weight G = m - g is
just compensated by the friction force between tape and cylin-
der. The work performed against the friction force by turning
the cylinder N-times during the time interval At is

AW =m-g-2nr-N

(10.19a)
(ew - Mw + cco - Mco) AT

where My is the mass of the water and Mc, that of the cop-
per cylinder. Repeating the experiment without water filling a
larger temperature difference AT, is measured. From these two
measurements we obtain from the relation

(cwmw + cco - mco) ATy = cco - Mo - ATy = AW
for the heat, put into the water the relation

AT
AQ = cwMwAT, = (1 - —1) AWpeen . (10.19b)
AT,

The mechanical heat equivalent, determined with such exper-
iments is

AQ/cal

——— =4.186,
AWmech/Nm

WEneeh = (10 190)



A (@)
I Stirer
l: ,..J AT

|- Decay caused

Y] by heat losses
| |
My Cw

O

Ty g

a) b)

Figure 10.12 Measurement of specific heat ¢ of a solid body using a mixture
calorimeter. a Experimental setup; b measurement of time-dependent tempera-
ture (t; = immersion of solid body, T; = initial temperature, Ty, = temperature
of mixture)

should of course have the same mechanical value as the electri-
cal heat equivalent, because of the definition I W:.s = 1 N-m
in the SI system.

The specific heat ck of a body can be measured with the mixture
calorimeter shown in Fig. 10.12. In a well-isolated Dewar con-
tainer is water with the mass My at the temperature 7;. Now
a solid body with the mass Mk that had been heated up to the
temperature 7, > T is inserted into the water. The temperature
Twm (1) of the mixed system (body + Dewar + water) is measured
as a function of time (Fig. 10.12b).

The heat (ck M (T, — Ty ) transferred from the body to water
plus Dewar is equal to the heat change cw - Mw + ¢p - Mp of
water plus Dewar. This gives the specific heat of the body

_ Mw-ew + Co)(Tm—T1)
My (T> — Tv)

CK , (10.20)
where Cp = c¢p - Mp is the heat capacity of the dewar. The tem-
perature Ty of the mixture is determined in the same way as in
Fig. 10.10. The measured curve 7(¢) in Fig. 10.12b is replaced
by the simulated red curve where the vertical line is placed at
the time #; where the areas A; = A,. This takes into account the
heat loss during the heat transfer form body to water. The in-
tersection points of the vertical line with the two horizontal red
curves give the correct temperatures 7 and Ty;.

The heat capacity Cp = c¢p - Mp of the Dewar can be mea-
sured when two portions of water with masses M; and M, at
temperatures 7 and 7, are mixed in the Dewar and the mixing
temperature Ty is measured [10.1].

10.1.6 Molar Volume and Avogadro Constant

One mole is according to the definition given in Sect. 1.6 the
amount of a substance that contains as many atoms or molecules

10.1 Temperature and Amount of Heat

as 12 g carbon !>C. The molar mass of a substance YX with the
atomic mass number y is then equal to (y/12) - m('2C)g.

The molar volume V) contains 1 mol of the gas.

Examples

1 mol helium gas He are 4 g He,
1 mol hydrogen gas H; are 2 g Hy,
1 mol nitrogen N, are 28 g N,. |

The number of atoms or molecules per mole is the Avogadro
constant Na. This number is independent of the specific sub-
stance.

It can be measured with different methods (see Vol. 3, Chap. 2).

The average value of many measurements is
Na = 6.022 - 10%/mol .

One mole of atoms or molecules always fills the same volume
under equal external conditions, independent of their specific
kind. One finds under normal conditions

Vpm(p = latm = 101.3kPa, Tc = 0°C) = 22.4dm’
Vm(p = 1bar = 100kPa, Tc = 0°C) = 22.7dm’> .

The general gas equation (10.14a) can be written for 1 mol with
V= VM and N = N, A

p-VM=Na-kT =R-T, (10.21)
where the general gas constant
R = Nj-k=2831J/(K-mol) (10.22)

is the product of Avogadro number N and Boltzmann constant
k. All gases that obey this equation are called ideal gases.

For an arbitrary volume V = v - Vy Eq. 10.14a can be written
as

pV=v-R-T, (10.21a)

where the number v quotes how many moles are contained in V.

10.1.7 Internal Energy and Molar Heat

Capacity of Ideal Gases

The amount of heat AQ supplied to one mole of a gas with molar
mass M (kg/mol) leads to a temperature rise AT

AQ=c-My-AT =C-AT.
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10 Thermodynamics

The product C = ¢ - My of specific heat and molar mass is
the molar heat capacity with the unit [C] = [J/(mol - K)]. It
is the heat energy that increases the temperature of 1 Mole by
AT = 1 K. For an arbitrary mass M = v - My is

AQ=v-C-AT.

The quotient AQ/AT = v - C [J/K] is the heat capacity of the
body with mass M.

The molar specific heat of a gas depends on whether the gas is
heated at constant volume or at constant pressure. We will at
first discuss the situation for a constant volume.

We define the internal energy of a gas with volume V as the
total energy of its N molecules. It is composed of translational
energy plus possible rotational and vibrational energy. For non-
ideal gases also the potential energy of their mutual interaction
has to be taken into account (Fig. 10.5). The internal energy
of a gas depends on the number f of degrees of freedom of the
molecules. In Sect. 7.3 it was shown that the mean energy of a
molecule is (E) = f - %kT. The internal energy of a gas volume
with N molecules is then

U=3f N-kT
and for 1 mol with N = Ny itis

U(Vm) = 3f Na-kT = 3f -R-T. (10.23)

Under thermal equilibrium the energy U is uniformly dis-
tributed among all degrees of freedom.

This equipartition is accomplished by collisions between the
molecules (see Sect. 4.2 and Vol. 3, Chap. 8).

When the heat AQ is supplied, the internal energy U increases
by AU = AQ, if the volume V of the gas stays constant. We
therefore obtain the equation

AQ = AU =vCy - AT, (10.24)

and with AU = %f -V - R - AT the molar heat capacity at
constant volume

Cv=13fR. (10.25)

10.1.8 Specific Heat of a Gas
at Constant Pressure

When a gas is heated at constant volume the pressure increases
according to the general gas equation (10.14a). In order to
achieve a temperature increase at constant pressure, the gas vol-
ume must expand (Fig. 10.13b). Such an expansion can be

N
F =const
- -
F =F(x)
l AX[" p = const
Veonst .U T V+A¥_’+_ZJ-F AU,
a) b) AW

Figure 10.13 Determination of C,. Heating of gas a at constant volume, b at
constant pressure

realized when the piston with area A moves by the distance Ax
against the external pressure p. This requires the work

AW =F -Ax=p-A-Ax=p-AV. (10.26)

This energy AW must be supplied additionally. The heat AQ is
therefore

AQ=Cy-AT +p-AV. (10.27)

The general gas equation for 1 mol of the gas before and after
the expansion is
p-V=R-T,
p(V+ AV)=R- (T + AT) .

Subtraction yields
p-AV =R-AT.
Inserting this into (10.27) we obtain
AQ = (Cy +RAT =C,- AT . (10.28)

The factor C, is the molar specific heat at constant pressure

C,=Cv+R. (10.292)

With

Cv=1ifR—C,=(f+2)R, (10.29b)

the quotient Cp/Cy is called adiabatic index or specific heat
ratio

(10.29¢)



10.1.9 Molecular Explanation of the Specific
Heat

Since atoms or molecules can move into three directions, they
have three degrees of freedom of translation. Their mean trans-
lational energy is therefore

Epans = 3 %kT 5
the molar specific heat of atomic gases is therefore
Cyv = (3/2)R.

For molecules the supplied energy can be also converted into
rotational or vibrational energy. Nonlinear molecules can rotate
around three orthogonal axis. They have therefore three degrees
of freedom for the rotation. Linear molecules have only 2 rota-
tional degrees of freedom, because of the following reason:

The rotational energy
En = L*/21

is determined by the angular momentum L and the moment
of inertia / (see Sect. 5.5). As shown in Quantum physics
(see Vol. 3 Chap. 4) the angular momentum has the amount
L=(-(+1)1/2. 4 with [ = 1;2;3;.... The smallest angular
momentum is then Ly, = +/2 - i, where i = h/2m is Planck’s
quantum constant, divided by 2. The moment of inertia for
a rotation around the axis of a linear molecule is very small
because the heavy nuclei are located on the axis and the light
electrons do not contribute much to /. Therefore the rotational
energy is very large, generally much larger than the translational
energy at accessible temperatures. Collisions cannot excited this
rotation and it therefore cannot contribute to the accessible en-

ergy.

The vibration of diatomic molecules is one-dimensional and
has therefore only one degree of freedom. However, the vi-
brational energy has two contributions: The kinetic and the
potential energy (see Sect. 11.6). The mean value of both contri-
butions is equal to %kT and the thermal energy of the vibration
is kT. Therefore two degrees of freedom (f = 2) are for-
mally attributed to the vibration. A diatomic molecule has then
f =342+ 2 = 7 degrees of freedom, if the temperature is
sufficiently high to excite the vibrations.

Note: Quantum Theory shows (see Vol. 3) that the classical
model of a vibrating oscillator with regard to the total energy
E = Ey, + E, is correct, but that the energy can be only ab-
sorbed in discrete quanta /- v. This does, however, not influence
our argumentation above.

For polyatomic molecules with j atoms each atom has three de-
grees of freedom. If we subtract 3 degrees of freedom for the
translational motion of the whole molecule and 3 degrees of
freedom for the rotation (2 degrees for a linear molecule) we
end up with fy;, = 3j — 6 (3j — 5 for linear molecules) vibra-
tional degrees of freedom.

The total internal energy U of a molecule with j atoms is then

U=1L-f-Na-kT with f = fuans + frot +fuin - (10.30)

10.1

a ACX
5

v
my Si m,

Rotational excitation

Temperature and Amount of Heat

b OW\N\NW‘O<TOA

my my v
Vibrational excitation

Figure 10.14 Excitation of rotational degrees of freedom of a diatomic
molecule induced by collisions. The collision with an atom A causes a rota-
tion of the molecule about an axis perpendicular to the drawing plane (a), or
causes the excitation of a molecular vibration (b)

Since collisions can transfer translational energy to rotations or
vibrations only if the thermal energy of the collision partners
is sufficiently high, at low temperatures only translational de-
grees of freedom are available and f. = 3. With increasing
temperature at first the rotation can be excited (foif = 6 resp.
5 for linear molecules) and at still higher temperature also the
vibrations contribute to the specific heat, because their energy is
higher than that of the rotations (foefr = 3 + 3 + 2 (37 — 6) resp.
3 4+ 2+ 2(3j — 5) for linear molecules). This gives for diatomic
molecules fof =3 +2+2=7.

The molar specific heat is

o= () =Lk
vV — BT V_Zeft .

(10.31)
Here the partial derivative is used, because U can depend on
several variables (p, V, T). The index V indicates that the energy
supply occurs at constant volume.

Examples

1. For the atomic gas Helium is f = 3. Since the trans-
lational energy is not quantized all three degrees of
freedom are excited even at low temperatures. There-
fore the specific heat of Helium is independent of the
temperature (Fig. 10.15).

CJ/R
NO, f. =12

’
D

o = N W~ OO

T T T T T |=
0 200 400 600 800 T/IK

Figure 10.15 Temperature dependence of molar heat capacity of he-
lium, nitrogen N, and nitrogen dioxyde NO, (see also Sect. 10.1.10)
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10 Thermodynamics

2. For nitrogen gas consisting of the diatomic molecules
N, kT is for very low temperatures smaller than the
energy of the lowest rotational level (see Probl. 10.3).
The rotational energy cannot be excited. Therefore
fer = 3. With increasing temperature when k7 =
E.o foir approaches the value fo = 5. For still higher
temperatures kT ~ E., forf becomes for = 7 because
the vibrational degrees of freedom are counted twice
(see Sect. 10.1.9). The specific heat of a molecular gas
is therefore dependent on the temperature and reaches
its maximum value only if kT is sufficiently high to
excite all degrees of freedom.

3. Polyatomic gas (e.g. NO, at T > 200K where NO,
has a sufficiently high gas pressure). At this tempera-
ture already all three rotational modes can be excited.
We then obtain f = 3 + 3 = 6.

Above T = 300K the bending vibration can be ex-
cited, rising f to f = 8. Only above T = 800K
all three vibrational mods can be excited and we have
f = 12. The molar specific heat is then Cy = 6R. <«

10.1.10 Specific Heat Capacity of Solids

With decreasing temperature all gases become liquids and pass
finally into the solid state (except helium, which solidifies only
under high pressures). Considerations about the specific heat of
solids require a knowledge about the possible degrees of free-
dom for atoms and molecules in solids. Since the atoms in a
solid can only oscillate in three directions around their fixed
equilibrium positions but have no degrees of freedom for trans-
lation or rotation we would expect f = 2 -3 = 6. However,
it turns out that the oscillation frequencies of all atoms are not
the same but spread over a large frequency range. In order to
get an idea about the frequency distribution, we regard a one-
dimensional arrangement of atoms in an ideal crystal where
all atoms are regularly placed at a distance d (Fig. 10.16a).
When an atom oscillates around its equilibrium positions, the
oscillation can be transferred to the neighbouring atoms, due
to the coupling force between the atoms. This results in elas-
tic waves travelling through the crystal (see Sect. 11.8). The
waves are reflected at the end faces of the crystal, superimpose
with the incoming waves and form stationary standing waves.
Longitudinal as well as transversal standing waves can develop,
depending on whether the oscillation occurs in the direction of
wave propagation or perpendicular to it. The standing wave with
the smallest possible wavelength A (i.e. the highest frequency
v = c¢/A) is realized, when the neighbouring atoms oscillates
against each other (Fig. 10.16a, b lowest line). The oscillation
with the largest possible wavelength (A = L with L = length of
the crystal) has the lowest energy /-v. Atlow temperatures only
those vibrations with the lowest energy can be excited. With in-
creasing temperature more and more vibrations can be excited.
The number of possible vibrations Z ~ N? is proportional to

:l Y e o- 0 -0-0-0-0

% o o-0-0-0-90 o

-~ O e~ o -0 o

c) T

Figure 10.16 Stationary vibrational modes of a linear chain. a Transversal;
b longitudinal standing waves. ¢ Number of vibrational modes per energy inter-
val dE of a solid body as function of temperature T

the third power of the number N of atoms in the crystal. This
means that the specific heat rises continuously with the temper-
ature (Fig. 10.16¢) until at kT > EJ* all vibrations are excited
and the specific heat takes its maximum value. Since the in-
teraction between neighbouring atoms depends on the specific
kind of atoms the progression C(T) differs for the different ma-
terials (Fig. 10.17). However, all curves C(T') approach for high
temperatures the same value of the molar specific heat

Cy=6-1No-k=3R  (Dulong—Petitlaw). (10.32)

Measurements of the temperature-dependent progression of
Cy(T) gives information about the distribution of the vibrational
frequencies and therefore about the coupling forces between the
atoms of the solid. They are furthermore a convincing experi-
mental proof of quantum theory (see Vol. 3).

Table 10.5 gives numerical values of Cy for some materials.

T T
200 300 T/K

T
100

Figure 10.17 Qualitative temperature dependence of molar heat capacity of
different solids



Table 10.5 Specific heat ¢ of some materials at 20 °C and 1013.25 hPa, spe-
cific heat of fusion A and heat of evaporation A,

Substance c/kikg K=" X¢/klkg™ Ae/klkg™
Water 4.182 333.5 2256
Ethanol 2.43 105 840
Mercury 0.14 12.4 285
Aluminium 0.896 397 10,900

Iron 0.45 277 6340

Gold 0.13 65 16,500
Copper 0.383 205 4790
Iceat0°C 2.1 332.8 =
10.1.11 Fusion Heat and Heat of Evaporation

When a constant heat power dQ/dr is supplied to a container
with 1kg ice (specific heat ¢;) at a temperature 7¢c < 0°C the
temperature

T) =T +a-t with a=(dQ/dr)/c (10.33)
rises linearly with the slope a = (dQ/dr) - ¢;, (¢; = specific heat
of ice) up to Ty, = 0°C at t+ = t,. Here the temperature stays
constant until 7, when the ice is completely molten, in spite of
a constant power supply dQ/dr (Fig. 10.18). Then the temper-
ature rises again but with a different slope b = (dQ/df)/cw
(cw = specific heat of water) upto T = 100°C at t = t3, where
the water starts to boil (at p = bar 1). Again the temperature re-
mains constant until # = 7, when the whole water is evaporated.
Then the temperature rises further with the slope (dQ/dt)/cyap.

The energy dQ/dr) - (t, —t1) supplied during the melting process
is called fusion heat, the energy dQ/dr) - (z4 — t3) is the heat of
evaporation.

The energy As = (dQ/dr)/m [J/kg] necessary to melt 1 kg of a
substance is the specific fusion heat while the molar fusion heat
is labelled by Ay [J/mol]. Analogue label A, and A, the specific
and the molar heat of evaporation.

Since the temperature has not changed during the melting
process, also the kinetic energy must have stayed constant.

Evaporatior/ \
{ dr,. _ 1
: dt Cy (gas)
|
T
Cy (liquid) |
/ |
|
T =02 " " B>
to t3 ty t/s
T' T \ g = o< 1
! dt Cy (solid)

Figure 10.18 Temperature T(t) of water under constant energy supply within
the temperature range from below the melting temperature up to above the
evaporation temperature (ice—water-water vapor)

10.1 Temperature and Amount of Heat

A E

V()

N

Figure 10.19 Energy distribution N (E) and mean total energy E of molecules
just below the melting temperature, illustrated by the interaction potential V(r)

Therefore the supplied energy (dQ/dr) - (1, — ¢;) must have in-
creased the potential energy of the atoms or molecules. This can
be explained by the molecular model as follows:

The molecules in a solid body are bound to the equilibrium
positions by attractive forces. This means that all molecules
vibrate in a potential V(r) that is determined by the vector sum
F =) F;, = —VV(r) of all forces. At the melting temperature
the mean total energy E = Eyin + Epoy is illustrated in Fig. 10.19
by the horizontal line close to the dissociation energy Ep of
the interaction potential between the atoms or molecules. The
energy distribution N(E) of the molecules follows a Maxwell—
Boltzmann distribution, as depicted in Fig. 10.19. Those
molecules with £ > Ep can leave their fixed equilibrium po-
sition without changing their kinetic energy.

Continuous energy supply increases the number of molecules
that leave their fixed position until all molecules can freely
move: The solid body has dissolved and has become a liquid.

The energy supplied during the melting process keeps the
kinetic energy constant but increases the potential energy.

An analogous process occurs during the evaporation process.
The molecules from the higher energy part of the Maxwell-
Boltzmann-distribution have sufficient energy to leave the liquid
against the attractive forces and enter the vapour phase. Since
the density of the vapour at atmospheric pressure is about 3
orders of magnitude smaller than that of the liquid, the mean
distance between the molecules if about 10 times larger. The
negative potential energy of the mutual attraction is therefore in
the gas phase negligible against their kinetic energy. Similar to
the melting process the supplied energy increases the potential
energy but not the kinetic energy because the temperature re-
mains constant. The potential energy increases from a negative
value (work function, surface tension, see Sect. 6.4) to nearly
ZEerO0.

The numerical values of fusion energy and evaporation energy
depend on the substance. In Tab. 10.5 the values for some ma-
terials are listed.
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10 Thermodynamics

10.2 Heat Transport

Always when a temperature difference exists between two dif-
ferent locations, heat is transported from the warmer to the
colder region (see Sect. 7.5.3) Such a heat transport is very
important for many technical problems and also for different
measuring methods. In many cases one tries to maximize heat
transport (for example for cooling heat generating systems) in
other cases it is minimized (for heat isolating devices such as
Dewars or refrigerators).

There are essentially three mechanisms of heat transport: Con-
vection, heat conduction and thermal radiation.

10.2.1 Convection

When the bottom of a container with water is heated,
(Fig. 10.20) the lowest liquid layer is heated first. Its temper-
ature increases and its density therefore decreases. This causes
a rise of this lower layer through the layers across, which sink
down. This process is called convection. It results in a heat
transport from the warmer to the colder region. This convec-
tion of liquids can be demonstrated by colouring the lower layer
and observing how this coloured layer moves upwards when the
bottom of the container is heated.

Convection occurs also for gases. It plays an essential role in
the earth atmosphere and is responsible for the generation and
the equalization of pressure differences (Fig. 10.21). Heated air
rises from the bottom just above the earth surface, creating a lo-
cal low pressure region. Air from the surrounding with higher
pressure streams into this region. The wind transports not only
mass but also heat [10.2a, 10.2b]. This mass- and heat transport
depends on the wind velocity and the temperature difference be-
tween high and low pressure region. The wind flow can be either
laminar or turbulent, depending on the boundary conditions.

Although the total energy received by the earth is due to ra-
diation from the sun, the local distribution of this energy is
essentially determined by convection. This is illustrated by sud-
den local temperature changes when the wind direction changes,
although the intensity of the sun radiation has not changed.

Figure 10.20 Convection in a liquid. a Lamination of dyed and pure water at
equal temperatures; b mixing of the layers by convection due to heating at the
bottom

NN
72BN

Ocean

Heated surface

b)

Figure 10.21 Convection in the earth atmosphere. a Onshore wind during the
daytime, when the ocean surface is colder than the land surface; b wind flow
into a low pressure region which is created by uprising air (thermal lift)

Also the temperature distribution in the oceans is mainly de-
termined by convection. Examples are the gulf-stream, which
influences the climate in the northern part of Europe, or the
Humboldt current along the west coast of south America, caus-
ing the Atacama desert, because the cold water induces the
moisture of the west wind to rain down before it reaches the
dry areas.

When the temperature gradient of a liquid, heated at the bot-
tom, exceeds a certain value that depends on the viscosity of the
liquid, ordered macroscopic structures of the velocity field can
develop. Current roles are created and the liquid moves along
cylindrical stream lines (Fig. 10.22b). This sudden start of a

Ts
TPTe ) dova HTH
Low heat power High heat power
a) b)

Figure 10.22 a Linear vertical temperature gradient; b Bénard instability



“self-organization” is called Bénard-instability. When the lig-
uid is further heated, the rolls begin a wave-like motion along
the cylinder axis. Such organized motions that develop from
random conditions play an important role for the creation of or-
ganized structures from disordered systems. These processes
are investigated in the rapidly developing field of Synergetics,
which represents a frontier area between Physics, Chemistry,
Biology and Computer Science [10.3, 10.4].

10.2.2 Heat Conduction

Contrary to the situation for convection, for heat conduction
only energy transport takes place, but generally no mass trans-
port. Heat conduction can only occur in matter, i.e. in vacuum
no heat conduction is possible while thermal radiation also takes
place in vacuum (otherwise we would not receive the sun radia-
tion).

We will at first discuss heat conduction in solids, where the
atoms or molecules are bound to fixed equilibrium positions and
no convection can happen.

10.2.2.1 Heat Conduction in Solids

A rod with length L and cross section A is connected at both
ends with thermal reservoirs that keep the two ends always at
the fixed temperatures 77 and 7, with 7 < T, (Fig. 10.23).
After a sufficient long time a stationary state appears, where a
temperature gradient d7'/dx is established that depends on the
temperature difference AT = T| — T,, and on the length L. If
we neglect heat losses through the side wall of the rod, a con-
stant heat energy
do dr

o)A —

10.34
dr dx (10-342)

flows per sec through the cross section A of the rod . The con-
stant A([A] = [W-m™" . K~']) depends on the substance of the
rod and is called heat conductivity. In Tab. 10.6 the heat con-
ductivities of some substances are listed.

For a homogeneous rod with constant cross section A, the sta-
tionary temperature T(x) is a linear function of x, as can be seen
by integrating (10.34a), which yields

dQ/dr
T(x) =— C. 10.34b
() =5+ (10.34b)
T,>T, dT/dx T,
dQ/dt dQ/dt
-> ---------------------- -
ax | |.
L X
Figure 10.23 Heat conduction in a stab

10.2 Heat Transport

Table 10.6 Heat conduction coefficient of some materials at 20 °C

Substance A/(Wm~'K™")
Aluminium 221
Iron 67
Gold 314
Copper 393
Zinc 112
Lead 35
Normal concrete 2.1
Foamed concrete 0.22
Glas 0.8
Glas wool 0.04
Wood 0.13
Ice 2.2
Water 0.6
Air (p = 1 atm) 0.026
CO; (p = 1l atm) 0.015
Helium (p = 1 atm) 0.14

The integration constant C is determined by the boundary con-
dition T(x = 0) = T3 = C. The energy supply necessary
to maintain the given temperature gradient d7'/dx, is obtained
from

dQ/dt = A-A-(T) — T»)/L .

For the general nonstationary heat conduction through inho-
mogeneous bodies with variable cross section the temperature
function T'(x, ¢) is more complicated. For its derivation we re-
gard a volume element dV between the planes x = x; and x;
(Fig. 10.24).

= =h-(T(x)- T,
pm (T(x1) = To)
TO
— . —
dQ1 T(X1) T(XZ) dQ
— —] 2
dt & [ e
7
dx _
X4 Xo X

T2

Figure 10.24 Derivation of the heat conduction equation
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For the one-dimensional case (for instance a thin homogeneous
rod) the temperature changes only in one direction and we ob-
tain for the heat power, transported through the cross section A
at the position x;
do, oT
— =—-1-A —. 10.35

dr ox ( )
The partial derivative is used here, because the temperature
T(x,t) depends on the two variables x and ¢. At the plane
X = x1 + dx the temperature has changed to

T(xy) = T(x1) + (0T /0x) - dx .
The heat passing per sec through the plane at x = x; is

do, a( aT

T+ )

—AA-—

= 10.36
dr ox ( )

ox

When the temperature is higher at x; than at x,, the heat dQ; /dr
flows per sec from the left side in Fig. 10.24 into the volume
dV = A - dx, and the heat dQ,/dt leaves it per sec to the right
side. The change dQ/dt of the heat per second in the volume dV
is then

d d d 92T
o
! ! ! * (10.37)
0T
a ox? ’

Because dQ = ¢-m -dT and m = o - dV this net supply of heat
power dQ changes the temperature T according to (10.37) by

2T

X2

aT

= L (10.38a)
at  o-c
If the rod has heat losses H = dQy/dt through the side walls
(for example through cooling by the surrounding air) a loss term
H = h-(T—Tp) has to be added to (10.37) which is proportional
to the temperature difference between the rod temperature at the
position x and the surrounding temperature 7y. The factor & has
the unit [W-K~']. Equation 10.38a can then be generalized with
hx = h/(c-m) as

aT

2T

A
=—— - (T-Ty). 10.38b
dt  o-c 0x? ( 0 ( )

If T depends also on y and z all net heat power contributions
supplied from all directions to the volume element dV add to

the total energy increase of dV. One obtains for this three-
dimensional case the general equation for the heat conduction

T A (9T N T N 9°T
d  c-o\0x2 W 92

X (10.39)
:—'AT:AT‘AT,
c-Q0

with the Laplace operator A (see Sect. 13.1.6). The factor A =
(A/c- o) is the thermal diffusitivity.

e

Heating  |pp
source

I:::.Cu

Matches

Fe

T

Figure 10.25 Demonstration of the different heat conduction of some metals

The heat conduction in solids is accomplished by the coupling
between adjacent atoms, which causes the transport of the vibra-
tional energy of atoms at the plane x to the neighbouring position
x + dx without a transport of the atoms themselves.

In metals the freely moving electrons contribute essentially to
heat conduction by collisions with each other and with the
atoms. Because of their small mass, their thermal velocities
and in particular their Fermi-velocities (which can be only ex-
plained by quantum theory, see Vol. 3) are very high. They can
therefore transfer their large kinetic energy much faster by col-
lisions. The heat conductivity in metals is therefore mainly due
to the electrons. Experiments confirm in deed that for metals the
thermal conductivity (1) is proportional to the electrical conduc-
tivity (o), which is solely caused by electron transport.

This is expressed by the Wiedemann—Franz law

Ao=a-T witha=n%>/3¢

(10.40)

=245-10°V?/K? ,
where the constant a is determined by the Boltzmann constant k
and the elementary charge e.

This can be readily demonstrated by a simple experiment
(Fig. 10.25). The red centre plate of a cross with four arms of
different metals is heated by a small burner. At the ends of the
arms four matches are placed. After the heating starts it takes
different times #; until the ends of the arms reach the ignition
temperature. The matches are ignited at times t; < f, < 13 < I4.
This time sequence reflects the electrical conductivity of the
metals, where the arm 1 (Cu) has the highest electrical and ther-
mal conductivities.

In solids (even in non-metals) the thermal conductivity is much
larger than in gases, because of the much larger density and the
resulting larger coupling strength between neighbouring atoms
(see Tab. 10.6). However, the coefficient of heat conductivity
Ar = A(c - 0), which gives the time constant of reaching a
stationary temperature, is for solids and gases nearly the same
because of the much smaller density o of gases.



In gases temperature differences are equated in times com-
parable to those in solids.

One of the reasons is the much smaller heat energy to reach a
temperature rise AT for a given volume of a gas than for the
same volume of a solid.

For the measurement of heat conductivities stationary as well as
time resolving techniques have been developed [10.5].

For the stationary methods a constant heat power dQ/dr is sup-
plied to one end of the body (for instance a rod), which is
extracted on the other side by cooling. According to (10.35)
this results for a rod with constant cross section A in a constant
temperature gradient

T\—-T, 1 dQ

TAA dr

(10.41)

— = const =
ox L

which can be determined by measuring the temperatures 77 and
T, and the length L.

The dynamical methods for the measurement of the heat con-
duction under non-stationary conditions are based on a time-
dependent supply of the heat power. The heat power dQ/dt is
either periodically modulated or supplied in short pulses. If for
example the heat power supplied at x = 0 is

dQ/dt = dQy/dt + a - cos(wt) ,
the temperature at x = 0 is
T(0,t) =T, + AT - cos(wt) ,
and one obtains from the heat conduction equation (10.38b) for
a thin cylindrical rod with heat losses & - (T — Ty) through the

side walls (Fig. 10.26) the solution

T(x,1) = To + (T1 — To)e™™"*

10.42
+ ATe ™" - cos(wt — kx) . ( )

Inserting this into (10.38b) yields for the coefficients

o = [och* h*
1 — A - ATv

2+ o)'? 1 1/2
%= [ 247 ] ’

‘ (h*2+w2)1/2_h* 172
- 2A71 ’

The temperature 7(x) along the rod is a superposition of a con-
stant time-independent contribution that decays exponentially
with x due to the heat losses through the sidewalls, and a damped
temperature wave with an exponentially decreasing amplitude.
The phase of this wave is determined by the loss coefficient 4,

10.2 Heat Transport

H = h(T(x)=To)
TO

- — T®

AT - e 7%

Figure 10.26 Damped temperature waves in a stab under periodic energy sup-
ply

the frequency w and the wavelength A7 of the temperature wave.
The phase velocity of the wave

w
vPh:;:

2(1)2 . AT

1/2
@ 1 )2 +h*] (10.42a)

depends on the frequency .
Temperature waves show dispersion!

When amplitude and phase of temperature waves are measured
at selected points x for different frequencies w, the quantities /
and A7 = A /o - ¢ can be obtained.

Without heat losses (2 = 0) (10.42) reduces to

T(x,t) = Ty + ATe ** cos(wt — kx)

10.42b
with o =k = (0/2A7)"/? . ¢ )

10.2.2.2 Heat Conduction in Liquids

In liquids, there are no shear forces (see Sect. 6.2). Therefore,
the coupling between neighbouring atoms is much weaker than
in solids and the heat transport is slower. The heat conduc-
tion in liquids that have no electrical conductivity, is therefore
smaller than in solids (see Tab. 10.6). However, in liquids the
freely moving molecules can transfer energy by collisions. The
effective energy transfer depends on the mean velocity of the
molecules, the time between two collisions and the cross sec-
tion for energy transferring collisions.

In electrically conducting liquids (for example mercury or
melted metals) the free electrons make the major contribute to
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Water vapor

Figure 10.27 Demonstration of the small heat conductivity of water

the energy transfer, similar to the situation in solids. Their heat
conductivity is therefore much larger than for non-conductive
liquids, because of their much larger mass, the ions give only a
minor contribution.

Because of the free mobility of the molecules in liquids, gen-
erally convection occurs besides heat conduction. This can be
prevented when the liquid is heated from above, because then
the hot liquid layer has a smaller density and therefore remains
at the top.

The small heat conductivity of water can be demonstrated by
the experiment shown in Fig. 10.27. At the bottom of a glass
tube filled with water, are small ice cubes which are prevented
from uprising by a mesh. One can heat the upper part of the
water until it boils and emits water vapour. Nonetheless, the
ice cubes do not melt in spite of the temperature difference of
AT = 100°C between the lower and upper part of the tube due
to the poor heat conductivity of glass and water and the absence
of convection.

10.2.2.3 Heat Conduction in Gases

In Sect. 7.5 it was shown, that heat conduction in gases is caused
by collisional energy transfer between the molecules which
move with thermal velocities. According to Eq. 7.49 the heat
energy transferred per m> between two parallel walls at temper-
atures 7 and T3 is

Jy =Kk (T1 =T7) .

According to (7.49a) the heat conduction coefficient is

a=n-v-k-f/8~n-/T/m.

Because of the much smaller density n of gases compared to
liquids the heat conduction in gases is generally much smaller,
except for ionized gases where the electrons contribute essen-
tially to heat conduction. For neutral gases it is maximum for
hydrogen because of the small mass m of hydrogen molecules.

When the mean free path A is larger than the dimensions of the
gas container, the heat conduction becomes independent of the
gas pressure.

Tungsten wire

Figure 10.28 Demonstration of heat conduction in gases and its dependence
on the molecular mass

The influence of the molecular mass m on the heat conduction
can be demonstrated by the device shown in Fig. 10.28. A tung-
sten wire runs coaxially through two separated parts of a glass
tube, which are filled with hydrogen gas in the left part and nitro-
gen gas in the right part. When the wire is heated by an electric
current the right part has a higher temperature and is glowing
red while the left part remains much colder due to the differ-
ent heat conduction of the two gases. When removing the two
gases both parts of the wire glow equally strong. This effect is
intensified by two causes:

1. The electrical resistance R of tungsten decreases with de-
creasing temperature 7. Therefore the electrical power
dW/dt = I? - R supplied to the wire is smaller in the cold
part.

2. The visible radiation power of the glowing wire is propor-
tional to 7%, Even a small change of the temperature T
results in a large change of the radiation power.

A modification of the demonstration experiment (Fig. 10.29)
uses a vertical glass tube with the coaxial wire, which is filled
with a gas mixture of H, and N,. At first the heated wire glows
equally bright along the whole tube. After some minutes, the
lighter H,-gas diffuses to the upper part while the heavier N,-
gas sinks to the bottom (see Sect. 7.6 and Fig. 7.34). This effect
is even amplified by convection where the hot gas around the
wire rises up while the colder gas close to the inner wall of the
glass tube sinks down. Now the lower part of the wire is brighter
than the upper part.

Ha
H2+N2
Uniformly mixed l Demixed
>
g
N

Initial Later

Figure 10.29 Demixing of a gas mixture by convection and diffusion in the
gravitation field of the earth



For most situations the convection in gases at atmospheric pres-
sure gives a larger contribution to the energy transport than heat
conduction.

10.2.3 The Heat Pipe

Often the problem arises that heat produced in a volume V
should be extracted as effectively as possible, in order to reach
a sufficient cooling power. For the solution of this problem a
special device was developed, which uses evaporation of a lig-
uid on the hot side and condensation of the vapour on the cold
side. The heat transport occurs by convection. This heat pipe
allows a heat transport through the unit area that is larger by two
orders of magnitude than can be achieved with metals. Its basic
principle is illustrated in Fig. 10.30.

A tube of metal or another material is connected at the hot
side (left) with the volume at the temperature 7; that should be
cooled and on the cold side with a cooling bathat 7 =T, < Tj.
The evacuated tube is filled with a substance that has an evapo-
ration temperature 7, < 7} and a melting temperature Ty, < 7.
For instance, if water is used, the temperatures should be 7} >
100°C and 7, > 0°C.

At the hot side the substance boils which extracts the evapora-
tion heat from the volume to be cooled. The vapour streams to
the cold end where it condenses and delivers its heat of fusion to
the cooling bath. Along the tube a gradient of the vapour density
develops and an opposite gradient of the liquid density. An es-
sential part of the heat pipe is a mesh that is wrapped around the
inner part of the tube close to the wall. For the correct choice of
the materials for tube and mesh the liquid substance wets both
the mesh and the inner wall of the tube. Due to capillary action
the liquid then flows between mesh and wall from the fusion
zone back to the evaporation zone where it can be again evapo-
rated and extract heat. The heat transport of this cyclic process
depends on the vapour density and its flow velocity from the hot
to the cold zone, but mainly on the magnitude of evaporation
and fusion energy. For cooling media with a large evaporation
energy (for example water) and a large convection velocity a
very large heat transport per sec can be achieved.

Cooling pipe
T4 Grid To< Ty

R .o.-.o..:. '..'.w-o..o

- . "Vépor, e T o= "",'. o
..-....' .'..--.. 'T\.(\O '..'

Heat [ """~~~ = = -~
supply 00

* Heat pipe return AQ
AQ transport of liquid Heat

caused by capillary release

forces

Figure 10.30 Heat pipe

10.2 Heat Transport

With the mass dm/dt evaporated per sec the energy extracted
per sec from the hot volume is

dwW/dt = A - dm/dt ,

where A, is the specific evaporation energy. This is much larger
than the heat ¢,(dm/df) AT transported through the heat pipe
with a temperature difference AT = T — 75 (see Tab. 10.5). At
the cold end the heat

dW,/dt = (A - +c, AT) - dm/dt

has to be transferred to the cooling water.

More details about the technical design and the applications of
heat pipes can be found in [10.6].

10.2.4 Methods of Thermal Insulation

While in Sect. 10.2.3 the realization of devices with a maximum
heat transport was discussed, in this section we will treat meth-
ods to prevent heat transport out of a volume or to make it at
least as small as possible. In order to reach this goal one has
to take into account the contributions of all three heat transport
mechanisms and minimize them. We will illustrate this by con-
sider the thermal isolation of a residential house.

The heat transport between the inside and outside is mainly gov-
erned by heat conduction through walls and windows and to a
minor part by air convection through leaky joints and during air-
ing of a room. Depending on the size and the technical features
of the windows also heat radiation can be important for heat ex-
change.

The heat flux through the area A of walls or windows with thick-
ness d and a temperature difference AT = T; — T, between
inside and outside is

dQ/dt = —(A/d)-A- AT, (10.43)
where A [W/(m - K)] is the heat conductivity, which depends
on the material. It is generally characterized by the constant
k = A/d, which gives the energy flux through the unit area
A = 1m? at a temperature difference AT = 1 K. For most esti-
mations of the heat isolation of houses the k value [W/(m? - K)]
of walls and windows is given. For good heat insulation it
should be as small as possible. In Fig. 10.31 the k-values and
the temperature rise from an outside temperature 7p = —15°C
to the room temperature 7; = +20°C are depicted for dif-
ferent wall compositions. These figures illustrate, that even a
thin layer of Styrofoam considerably improves the thermal in-
sulation. The largest heat losses are caused by the windows,
where the heat transport process is more complex. We re-
gard at first a single-layer window (Fig. 10.32). In spite of the
small heat conductivity of glass (A = 0.9 W/(mK)) the k-value
k = 200 W/(m? - K) is much larger than that of the thick walls,
due to the small thickness (d = 4 mm) of the window.

Because of the temperature gradient in the air layers close to the
inside and outside of the glass a convective air current develops,
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k=1,14W/m2K k = 0,55W/m2K
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+20°C

/
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Figure 10.31 Thermal insulation. a Temperature behaviour across a plastered

claybrick wall; b plastered wall of pumice stone; ¢ pumice stone wall with styro-
foam layer. The arrows give the direction of the convection current
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Figure 10.32 Heat transport across a single pane window

which is for 7, < T; downwards at the inside and upwards at
the outside (Fig. 10.32). Due to friction between glass and air
a thin boundary layer of air adheres on both sides of the glass
(see Sect. 8.4). The heat passes through these layers to the con-
vective air layers. Since the heat conduction is smaller for gas
at atmospheric pressure than for glass, the k-value is smaller for
these adhered air layers then for the pane of glass.

From Eq. 8.24 one obtains a thickness of 5 mm for the boundary
air layer with a k-value k = 3.4 W/(m? - K) for heat conduction,
compared to k = 200 W/(m? - K) for the pane of glass.

Another heat transport mechanism is heat radiation (see
Sect. 10.2.5). The room temperature in the inner part of the
house causes infrared radiation, which can escape through the
windows. The heat loss can be estimated as 4.6 W/(m? - K).
This gives a total k-value of the inner air layer k =
8W/(m?- K).

For the outer convective air layer the k-value is different because
the air flows upwards against the gravitation. Detailed calcula-
tions give a value k = 20 W/(m? - K) including radiation losses.
For successive layers the reciprocal k-values add (analogous to
electrostatics where the reciprocal electric conductivities add)
and we obtain from

1
+ — (10.44)

the total k-value k = 5.5 W/(m? - K). The comparison with the
k-value of the walls k < 1 W/(m? - K) shows that windows with
a single pane of glass constitute a major heat loss.

A much better heat insulation can be achieved with windows of
two panes of glass and an inert gas enclosed between the panes
(Fig. 10.33a).

The k-value of the gas depends on the thickness d of the gas
between the glass panes. For d < 1cm the heat conduction is
dominant, while for larger values of d convection undertakes the
major part of heat transfer. Fig. 10.33b shows, that ford = 1 cm
the minimum k-value is reached because the boundary layers
that adhere to the glass walls, prevent convection.

For such a double glass window, the k-value for heat conduction
is substantially smaller than for a single pane window. In order

AK/(W/m2K)
54 @ Single pane
|l— d —s=]| A K/(W/m2K) a1

! S Heat conduction

' 1Tj=20°C — 1

. | i 34 Convection 3 @ Two pane

: / : o4 2+ ® Three pane with organ as fill gas
T.=0°C ' f— ! ‘ o
=4/ Fill gas ! 14 1+ @ Two pane with dielectric

! ! 3 ® Three pane wit dielectric

: ! — T T T = & and Xe as fill gas

123 4 d/cm Technical progress

a) b) c)

Figure 10.33 Double pane glas window. a Composition and temperature change across the window; b k-values as a function of the thickness d of the gas layer

between the two glas panes; ¢ decrease of k-values through technical progress



to minimize also the radiation losses, the glass panes are cov-
ered by a thin dielectric layer [10.8], which reflects the infrared
radiation from the inside of the house (see Vol. 2, Sect. 10.4).
Without a reflecting layer, k-values of k < 3 W/(m? - K) can be
realized, while with reflecting layer the k-value decreases down
to k < 0.6W/(m?-K). The k-values are then comparable to
those of the walls [10.8, 10.9].

The considerations above illustrate that all three heat-transfer
processes as heat conduction, convection and radiation have to
be taken into account in order to optimize the heat insulation of
a house. In Fig. 10.33c the technical progress of minimizing the
total k-value is illustrated.

A more quantitative representation of heat insulation can be
found in [10.7] and the references gives there and also in many
books on energy saving new house construction [10.9].

10.2.5 Thermal Radiation

Every body at a temperature Tx exchanges energy with its
surrounding. If Tk is higher than the temperature 75 of the
surrounding, the energy emitted by the body is larger than the
energy received from the surrounding. If no energy is supplied
to the system body +surrounding, the system approaches ther-
mal equilibrium, where the temperature of the body is equal to
that of the surrounding (Fig. 10.34). This energy balance can be
reached by heat conduction, convection or radiation. If the body
is kept in vacuum, (for instance our earth) radiation is the only
way to exchange energy with the surrounding, because both heat
conduction and convection need matter for the transport of en-

ergy.

Extensive experiments have proved, that radiation emitted by
hot bodies represents electromagnetic waves, which can trans-
port energy through matter and also through vacuum.

\U//{\WZ

™ Te=T Ty=T,
‘\/\
) ) %
dw,  dw
Initial: T¢> Ty = T1 > dt2

At thermal equilibrium: Ty 5Ty =Ty« Ty

Figure 10.34 Energy exchange by thermal radiation between a body and its
surroundings. At thermal equilibrium is dW; /dt = dW,/dtand Ty = T,

10.2 Heat Transport

Since the intensity and the spectral distribution of the radiation
emitted by a body depends essentially on the temperature of
the body, this radiation is called heat radiation or thermal ra-
diation. In this section we will discuss the characteristics of
thermal radiation.

10.2.5.1

At first we will experimentally study, how the intensity of ther-
mal radiation depends on the surface conditions of the body. We
use a metal hollow cube filled with hot water, where the four side
walls have a different surface structure (black, white, shiny and
rough). All side walls have the same temperature. Four equal ra-
diation detectors, which measure the total radiation (integrated
over all wavelengths) are placed at the same distance d from the
four walls (Fig. 10.35). They all show different radiation pow-
ers. When the cube is turned by n-90° (n = 1, 2, 3, ...) about
a vertical axis, it can be proved that the difference is not due to
differences of the detectors but that the different sidewalls really
emit different radiation powers. The experiment shows surpris-
ingly that the black side wall emits the maximum power and the
shiny white surface the minimum power. The radiation power
emitted from the surface area dA into the solid angle d$2 can be
quantitatively described by

d_W:E*.dA.d_Q'
dr

The constant E* is the emissivity of the surface. It gives the
radiation power dW/dt, integrated over all wavelengths that is
emitted from a surface element dA = 1m? into the solid angle
df2 = 1sr around the surface normal (Fig. 10.36). According
to the experiment the emissivity E* of a black surface is larger
than that of a white surface at the same temperature.

Emissivity and Absorptivity of a Body

The integral absorptivity A* is defined as the mean value of the
quotient A* = absorbed radiation power / incident radiation
power, averaged over all wavelengths.

The ratio
E*(T)
K(T 10.45
= (10.45)
Iﬁ, Black
? ? ? glossy
T d
Black —
matte White matte
\
White
glossy

Figure 10.35 Experimental setup for the measurement of emission
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dQ

dA
dW/dt- dQ

dW/dt=E*- dA-dQ

Figure 10.36 lllustration of the emissivity E* of a surface element dA

depends solely on the temperature 7 and not on the material of
the body, as can be demonstrated by the following experiment:

Experiment

We place in Fig. 10.37a in front of the black surface A,
of the hot cube an equivalent surface A} of the detector at
a distance d and in front of the shiny surface A, a shiny
detector surface A} at the same distance d. Measuring the
temperatures T; of A} and T, of A} one finds that T, > 7.

Since the surface structure of A is equal to that of A}, and

that of A’ is equal to that of A,, the absorptivity A must
p) 1

be equal to A}" and A = A%

B/ack Reflective
A1,E; AZYEé
a) W, «cEj-Aj T>T, W; o E5-Ap
Az,Ep ALE]
Ez E{
AjA; ALA;
b) WjocEj-Aj =T W, oc Ef - A%

Figure 10.37 Derivation of (10.47)
The power absorbed by the two detector surfaces is
dwi/dr ~ Ef - AT and dW,/dr ~ E5 - A5 .

Since Ef > Ej (according to the foregoing experiment,
a black surface emits a larger power than a shiny one) and

AT > A% (ablack surface has a higher absorptivity than a
shiny one) it follows that dW; /dt > dW,/dt — T} > To.

Now the cube is turned about a vertical axis by 180° and
the surface A; now faces A}, and A, faces A (Fig. 10.37b).
The absorbed powers are

AW, /dt ~ E5 - A% and  dWh/dt ~ EF - A% .

The experimental result is now 7y = T, — dW;/dt =
dw, / dr.

E{(T) _ E5(T)
A A

(10.46)
<

A separate experiment proves that the absorptivity of the sur-
faces does not depend on the temperature at least within the
temperature range from 0—100 °C, which is covered in the exper-
iment above. Therefore it follows from (10.46) for an arbitrary
body

EN(T) _ E5(T)

= =K(T).
A7 A; 0

(10.47)

The ratio of emissivity to absorptivity can be described
for any body by a function K(7') that depends solely on
the temperature 7.

A body with A* = 1 is called a black body.

It completely absorbs any incident radiation. According to
(10.47) a black body must also have the maximum emissivity
compared to all other bodies with equal temperature.

Note: Bodies with a large absorption coefficient o but a sud-
den increase of « at the glossy surface are not a black body,
because their reflectivity also increases (Fig. 10.38a). There-
fore the major part of the incident radiation is reflected and only
the minor part, that penetrates into the body is absorbed (see
Vol. 2, Chap. 8). In order to realize a black body, the absorp-
tion coefficient should not increase suddenly at the surface but
must continuously increase over a distance Az > A (A = wave-
length of the incident radiation) from zero to its maximum value
(Fig. 10.38b). This can be for instance realized by a roughened
surface (black velvet, soot or graphite with a rough surface)
where the optical density rises slowly from the outside to the
inner part of the body. The sun is an example of a nearly perfect
black body, because the gas density and with it the absorptivity
increases slowly from the diffuse outer edge of the photosphere
to the interior.

Often the problem arises to keep a body at a constant tempera-
ture Tk, that differs from the temperature Ts of its surrounding
by supporting (Tx > Ts) or extracting (Tx < Ts) energy. This
energy can be minimized when heat conduction, convection and
radiation are minimized. The experimental realization uses ma-
terials with low heat conductance and radiation shields.
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Figure 10.39 a Thermos bottle; b Dewar gasket

10.2 Heat Transport

1. A thermos bottle (Fig. 10.39a) consists of a double
wall glass flask. The space between the two walls
is evacuated and the two inner sides of the walls are
mirrored. The vacuum prevents heat conduction and
convection. The reflective walls minimize the escape
of thermal radiation to the outside. Therefore, the heat
losses from the inner volume are very small and the
coffee stays hot for a long time or cold drinks remain
cold.

2. For the storage of liquid nitrogen a Dewar is used
(Fig. 10.39b), which is based on the same principle as
the thermos bottle. Here the heat transfer from the out-
side is minimized in order to keep the evaporation of
the cold liquid nitrogen (7" = 77 K) as low as possible.
The small portion of evaporating nitrogen extracts the
heat of evaporation and keeps the temperature in the
Dewar low.

If liquid air is used (78% N, and 21% O,), the nitrogen
evaporates faster because of its higher vapour pressure
and the concentration of the reactive oxygen increases
until an explosive concentration is reached. Therefore,
generally liquid air is dangerous and is only used for
special purposes. |

10.2.5.2 Characteristic Features of Thermal Radiation

The energy that is emitted by the surface element dA into the
solid angle dS2 around the direction @ against the surface nor-
mal can be measured with a radiation detector (for example a
thermo-couple connected to a black surface). The detector area
dA, at a distance r from the radiation source receives the radia-
tion within the solid angel

o Yo
r

Experiments prove that for many radiation sources the angular
distribution of the measured radiation power is
dW(®)/dr = S*cos © - dA - dS2 . (10.48)
The quantity S* is the emittance or radiation density of the
source. It describes the radiation power per m? of the radia-

tion source, emitted into the solid angle d§2 = 1 sr around the
surface normal (Fig. 10.40a).

The radiant intensity

W
1 —
Ny

J(©) = / S*cosfdA, [J]= (10.49)

F
is the total radiation power emitted by the radiation source into

the solid angle d§2 = 1 sr around the direction ® against the
surface normal.

Note: The relation between the radiation density S* and the
emissivity E* is outlined in Sect. 10.2.5.3.
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= J(0) AQ
a) b)

Figure 10.40 a lllustration of radiant intensity J(#). b The length of the arrow
is proportional to the radiant intensity J(6)

The emitted radiation power generally depends on the wave-
length A resp. the frequency v = c¢/A of the electromagnetic
wave. The spectral radiation intensity S}, is defined by the equa-

tion
o0
§* = /S:dv.
v=0

The radiation of the source results in an electromagnetic field
with the energy density w [J/m?] and the intensity 7 [W/m?].
The spectral energy density w,, is the energy per m> within the
spectral frequency interval Ay = 1s7!. It is related to the total

energy density w by
w = / w, - dv .

For a radiation source with isotropic radiation (for instance the
sun) the relation between I = |S| and w is

(10.50)

(10.51)

I=(c/4r) w, (10.52a)
and similar for the spectral quantities
I, = (c/4n) - w, , (10.52b)

where c is the velocity of light. For plane waves the relations
are/ =c-wand/l, =c-w,.

The detector element AA, at a distance r from the isotropic
source receives from the source element AA; the radiation
power

aw
—L = Stcos )AL AR
dr (10.53)

= (87 cos 01 AA| AA; - cos ) /17,

where A2 = AA, -cos 6,/r? is the solid angle under which the
tilted surface element AA, appears from the source (Fig. 10.41).

The Equation 10.53 is symmetric. Replacing S} by the radiation
intensity of the surface element AA, the equation describes the
radiation power dW,/dt received by AA; from AA,.

Figure 10.41 The surface element AA; receives from AA; the radiation
power dW/dt = (S* AA; - AA, - cos b4 - cos 6,) /r?

The ratio

dw,/d
2/dt = / (dA; S} cos 0y cos 6,) /r*
AA,

Ay

(10.54)

is the irradiance or intensity at the detector [W/m?].

Note: The radiation power, absorbed by the detector with the
normalized absorptivity A*, the reflectivity R and the transmis-
sionT (A*4+R+T=1)is

dw, dw; dw;
abs:A*—lz(l—R—T)—l,
dr dr dr

because the fraction (R + T') of the incident radiation is reflected
and transmitted.

10.2.5.3 Black Body Radiation

A black body with the absorptivity A* can be experimentally re-
alized by a cavity with absorbing walls and a small hole with
an area AA that is small compared to the total inner wall area A
of the cavity (Fig. 10.42). Radiation that penetrates through the
hole into the cavity, suffers many reflections at the absorbing
walls before it can eventually escape with a very small proba-
bility through the hole. The absorptivity of the hole area AA is
therefore A* =~ 1.

When the cavity is heated up to a temperature 7, the hole area
AA acts as radiation source with an emissivity E* that is, accord-
ing to (10.47) larger than that of all other bodies with A* < 1
at the same temperature 7 (the black body radiation is therefore
also called cavity radiation). This can be demonstrated by the
following experiment (Fig. 10.43):

The letter H is milled deeply into a graphite cube. At room
temperature, the letter H appears darker than the surface of the
cube (left picture of Fig. 10.43). When the cube is heated, up to

AA<< A

Figure 10.42 A cavity with a small hole AA absorbs nearly all of the radiation
incident onto AA



Low temperature

H

Tk=~Ty

High temperature

H

T« >Ty

Figure 10.43 The letter H milled into a graphite block appears darker as its
surrounding at low temperatures but brighter at high temperatures

T = 1000K the letter H appears much brighter than the other
surface elements (right figure).

Some simple considerations allow one to postulate some basic
laws of the black body radiation:

m  Under stationary conditions (77 = const) emission and ab-
sorption of the cavity walls must be balanced. This implies
for all frequencies v of the radiation that the absorbed power
of an arbitrary surface element AA of the walls must be equal
to the emitted power:

dW,(v)/dt = dW,.(v)/dz .

At this equilibrium we define the temperature 7 of the black
body radiation as the temperature of the walls.

m  The black body radiation is isotropic. The spectral irradiance
I, [W/(m? - s~ - sr] is for any point in the cavity indepen-
dent of the direction in the cavity and also of the material
or structure of the walls. If the radiation were not isotropic,
one could place a black disc into the cavity and orientate it
in such a way, that its surface normal points into the direc-
tion of maximum radiation intensity S*. The disc would then
absorb more radiation power and would heat up to higher
temperatures than the walls. This contradicts the second law
of thermodynamics (see Sect. 10.3).

m The black body radiation is homogeneous, i.e. its energy
density is independent of the specific location inside the cav-
ity. Otherwise one could construct a perpetuum mobile of
the second kind (see Sect. 10.3).

When we place a body in the radiation field of the cavity, the
spectral radiation power S - dv - dA - dS2, falls within the solid
angle d§2 onto the body. The spectral power absorbed by the
surface element dA is

dw,
d—ta = A*S*dA-d2 -dv , (10.55a)
while the emitted power is
dw,
d—te =E'dA-dQ-dv. (10.55b)

At thermal equilibrium the absorbed power must be equal to the
emitted power. Since the cavity radiation is isotropic, this must

10.2 Heat Transport

Isotropic
cavity
radiation

Figure 10.44 A body inside a closed cavity at thermal equilibrium with the
radiation field

be valid for all directions. Therefore it follows from (10.55a,b)
the Kirchhoff-Law

EY/AY = S¥(T) . (10.56)
For all bodies in the radiation field of the cavity the ratio of
spectral emissivity and absorptivity equals the spectral radiation
density S} of the radiation field.

For a black body is A* = 1 for all frequencies v. We can there-
fore conclude:

The spectral emissivity E}; of a black body is equal to the
spectral radiation density S7 of the cavity radiation.

10.2.5.4 The Emitted Radiation Power of a Hot Body

The surface S of a black body at the temperature 7" emits, ac-
cording to the Stefan-Boltzmann Law, (see Vol. 2, Sect. 12.3)
the radiation power

dw
— =0-S-T*.

10.57
@ ( )

For a black surface with A* = 1 the Stefan-Boltzmann constant
o has the numerical value o = 5.67051 - 1078 W/(m? - K). For
bodies with A* < 1 the emissivity is smaller and therefore also
the emitted radiation power at the same temperature is smaller
than for a black body. The Stefan—Boltzmann Law can be de-
rived from Planck’s radiation law (see Vol. 3, Chap. 3). The
deviation of the experimental results for small wavelengths from
those predicted by the Stefan—Boltzmann law,. gave the impetus
for the development of quantum theory.

Note:

m  The radiation power of a hot body is proportional to the
fourth power of the surface temperature. With increasing
temperature it therefore represents an increasing fraction of
the total energy loss of a body.

m  The thermal radiation is an electromagnetic wave and there-
fore propagates also through vacuum. The energy transport
by radiation is not bound to matter. We own our existence to
the heat radiation from the sun because this is the only en-
ergy transport mechanism from the sun to the earth (except
the negligible contribution of particles such as electrons and
protons emitted by the sun).
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10 Thermodynamics

A more detailed and quantitative treatment of heat radiation will
be postponed to Vol. 3, because it demands some basic knowl-
edge of quantum theory.

10.2.5.5 Practical Use of Solar Energy

The radiation energy of the sun, received on earth, can be ei-
ther directly converted to heat by solar energy collectors or
transformed into electrical power by photovoltaic semiconduc-
tor elements. While the second technique is treated in Vol. 3,
the first will be shortly discussed here [10.10, 10.11].

The radiation power of the sun, incident on 1 m? of a surface
black surface element outside of the earth atmosphere has an
annual average Po, = 1.4kW/m? (solar spectral irradiance).
However, even at a clear day without clouds only a smaller
power Pg reaches the earth surface because of absorption and
light scattering in the atmosphere. For geographical latitudes
¢ = 40°-50° one measures Pg ~ 0.5P. For an inclination an-
gle o of the incident radiation to the surface normal the received
power at a clear sky is Pg &~ 730 - cosaW/m?.

With the absorptivity A* of the surface, the power absorbed
within the time interval At by a plane surface with area AA is

P, =A" - AA-Pg-cosa-At.

This results in a temperature increase AT of a sun collector with
mass m and specific heat ¢

AT = A" - AA-Pg-cosa - At/(c-m) , (10.58)

if no heat losses occur.

The temperature increases with irradiation time if the heat is
not dissipated. This dissipation can be achieved, when on the
backside of the sun collector tubes are welded with a good heat
contact to the sun collector and a liquid is pumped through the
tubes, which takes away the heat. In order to keep the tempera-
ture of the sun collector constant, the pumping speed is chosen
such that the heat transport just balances the received radiation
power.

With a mass flow dmy/dr of the heat transporting liquid with
the specific heat ¢ and the temperature increase AT the energy
balance is given by the equation

A* - P AA cosa = (dmy/dr) ¢ AT + (dW/dr), . (10.59)
The angle o depends on the inclination of the energy collecting
plane, on the latitude ¢ and on the daytime. In Fig. 10.45 the
daytime dependence of the sun energy received by a collector
with « = 45° in Kaiserslautern (¢ = 49°) is illustrated for
three different dates. Two effects cause this variation with the
daytime: 1) The variation of the angle o due to the apparent
motion of the sun and 2) The variation of the path length of
the sun radiation through the atmosphere during the day, where
absorption and scattering attenuates the radiation energy.

P,coso /W-m™

A
600 1 —— June 21st @ = 49°
500 1 777 March 21st

—— Dec. 21st

400
300 March
200 December
100

8 10 12 14 16 18 20 Uhr

Figure 10.45 Variation of the sun radiation incident onto a sun radiation col-
lector at the lattitude ¢ = 49° as a function of daytime for three different times
of the year

The area under the curves gives the integrated energy (J/m?- sun
hours) received during a whole day between sunrise #; and sun
set 1.

5]

Wg = /PEcosadt

I

(10.60)

The average radiation power per day is then (Pg-cosa) =
We/(t2 — t1).

Example

A* = 0.8; (Pg-cosa) = 250 W/m? during a clear day
in August at ¢ = 45°; AA = 8§ m?2. With water as the
heat transporting liquid (cw = 4186 Ws/ (kg - K)) which
is heated from 20 to 60 °C. With a good heat insulation
the heat losses dW;/df can be kept down to 50 W/m? for
a temperature difference of AT = 40°C. The amount
of water heated per sec is then given by dmy/df =
(A* - (Pg -cosa) —dW,/dt)-A/(cw- AT) = 0.0072kg/s.
Within one hour 261 water are heated from 20 to 60 °C.

<

Figure 10.46 shows a possible realization of a sun power col-
lector for the heating of houses. It consists of a blackened

Solar radiation

Heat Glas cover
radiation Air
Absorbing sheet
Yy sV s VY
O 00O OO O O O4- Water pipes

Insulation

Figure 10.46 Cross section of a flat solar radiation collector which is mounted
on house roofs
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Figure 10.47 Thermal solar radiation collector for heating water with heat
exchanger

absorber plate with pipes connected to the backside with good
heat contact. Through the pipes a water-glycol mixture (to avoid
freezing at low temperatures) is pumped. In cases where temper-
atures above 100 °C are reached, low viscosity oil is used. The
absorber plate is placed inside a heat insulating housing with a
glass plate in front. Heat losses are due to reflection of the sun
radiation by the glass plate, by heat radiation of the black ab-
sorber plate and by heat conduction from the hot part of the sun
radiation collector (including the pipes for the transport of the
hot liquid) and convective cooling by the wind that blows along
the device.

The heated liquid transfers its heat through a heat exchanger to
a thermal storage system inside the house that generates hot ser-
vice water (Fig. 10.47). A temperature sensor and a feedback
system controls the temperature of the service water and takes
care that it always has the wanted temperature. In case the sun
energy is not sufficient, a conventional heating system is con-
nected which only operates if the temperature sinks below the
wanted value. When the hot water is used for room heating,
a floor heating system is advantageous, because here the water
temperature can be lower than that for radiator heating [10.9—
10.11].

In large facilities for thermal solar energy conversion, it is more
effective to heat the liquid above its boiling point. The gener-
ated vapour drives turbines which can produce electric current
through electric generators. The technical realization uses large
spherical mirrors that focus the sun radiation onto a black sur-
face connected to a pipe system that transports the hot vapour.
Temperatures above 1000°C can be achieved and an electric
output power of many kW has been demonstrated. The installa-
tion costs for such systems are up to now very high and therefore
only a few pilot plants have been built. One example is the sys-
tem in Almeria in Spain.

10.3 The Three Laws of Thermodynamics

10.3 The Three Laws of
Thermodynamics

We will define a thermodynamic system as a system of atoms
or molecules that interacts with its surroundings by exchange of
energy in form of heat or mechanical work. The system can be
described by physical quantities such as temperature, pressure,
volume, particle density etc. In this section we will discuss,
how the state of such a system changes by the exchange of
energy with its surroundings. The results of all investigations
can be condensed in three laws of thermodynamics, which have
a comparable importance for Physics as the conservation laws
of mechanics for momentum, angular momentum and energy.
These three laws are solely based on experimental data and can-
not be derived mathematically from first principles contrary to
a widespread false opinion.

At first we must discuss, which quantities are necessary to de-
scribe the state of a thermodynamic system.

10.3.1 Thermodynamic Variables

The state of a system is defined by all characteristic properties,
which are determined by the external conditions. A ther-
modynamic system is completely determined if the chemical
composition is known and the quantities pressure p, volume V
and temperature 7 are given. If these quantities do not change
with time, the system is in an equilibrium state and it is called
a stationary system. Most of the thermodynamic considerations
deal with stationary systems. Often a system changes so slowly,
that it can be described by a succession of equilibrium states.

Systems far away from equilibrium play an important role for
all chemical and biological reactions and they are intensively
discussed in modern physics. They are therefore shortly treated
at the end of this chapter. In this section, we will restrict the
discussion to ideal gases. The thermodynamics of real bodies
will be discussed later.

An equilibrium state of a system is unambiguously determined,
if the three quantities pressure p, volume V and temperature T
are fixed. These quantities are therefore called thermodynamic
variables.

Definition

A thermodynamic variable is a variable in the equation of
state of a thermodynamic system. It describes the momen-
tary state of the system and is independent of the way on
which the system has reached its momentary state. Be-
sides V, p and T also the total energy, the entropy and the
enthalpy are thermodynamic variables.
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p, = const

V.0, V, = const,p V,p
dQ = CpAT dQ=CAT dQ=0;T=const
V= V+AAx p =>p+Ap p -V =const.
a) b) c)

Figure 10.48 a Heating at constant pressure; b heating at constant volume;
c no heat supply

The thermodynamic variables are related to each other by the
equation of state for a gas volume V of an ideal gas with N
molecules

p-V=v-R-T, (10.61)
where v = N/N, is the number of moles and N, the Avogadro
number. Also for real gases a corresponding equation can be
derived (see Sect. 10.4). For a given volume V and a pressure p
the temperature 7" determines the internal energy

U=3-v-f-R-T (10.62)
of molecules with f degrees of freedom. For ideal gases (for
instance helium) is f = 3. If the volume decreases (dV < 0) at
a constant pressure p the necessary work is

dW = —p-dV. (10.63)

The sign is chosen in such a way that the applied work
is positive, if the energy of the system increases. Work
performed by the system means a decrease of its internal
energy and is therefore defined as negative.

When a gas is heated at constant pressure p its volume increases
(Fig. 10.48a). The quantity

1 (aV)
w=v\57) -
v \ar),

that describes the relative volume change per Kelvin tempera-
ture rise, is the isobaric expansion coefficient.

(10.64)

In an analogous way the heating of a gas at a constant volume
(Fig. 10.48b, where the pressure increases, is described by the
isochoric pressure coefficient

_! (3_1’
)/v—p or ),

which describes the relative pressure increase Ap/p for a tem-
perature rise of 1 K.

(10.65)

The isothermal compressibility

=t (3_V
Yr =K = v &),

gives the relative volume change AV/V for a pressure change
Ap at a constant temperature 7.

(10.66)

As recollection keep in mind:

isothermal: 7 = const
isobaric: p = const
isochoric: V = const .

The total change dV of the volume V(p, T'), when both quantities
p and T are changing is

dv = 8Vd+3V dT
“\op /), \or),

=—k-V-dp+y-V-dT.

(10.67)

For isochoric processes the volume V stays constant, i.e. dV =
0. Then (10.67) reduces to

0=—k-V-(@dp)v+ V- @)y

(10.68)
= k-dp=y,-dT.

Division by dT yields with (dp/dT)y = yyv - p the relation

Yo=K yv:pD (10.69)

between isobaric expansion coefficient y,, isothermic compress-
ibility «, isochoric expansion coefficient yy and pressure p.

10.3.2 The First Law of Thermodynamics

The heat AQ applied to a system can be either used for rising the
temperature 7 at a constant volume V, or for the expansion of
the volume V against the external pressure p where the system
has to perform the work AW. Energy conservation demands

AQ =AU - AW, (10.70a)

where, as defined before, AW < 0 if the system performs
work (which decreases its own energy). This sign definition
is in agreement with the definition (2.35) for the work. If the
system, for instance, performs work against an external force
F = —p - A when a piston with area A is moved along the dis-
tance Ax against the external pressure p, the work is

AW=F-Ax=—p-A-Ax=—p-AV with AV >0.



Equation 10.70 is the first law of thermodynamics. It is a spe-
cial case of the general law of energy conservation. It can be
formulated as:

The sum of the external heat AQ, applied to a thermody-
namic system, and the supplied mechanical energy AW is
equal to the increase AU of the total internal energy U.

AU = AQ + AW (10.70b)

When the system performs work against an external force, is
AW < 0 and therefore AU < 0. Many inventors have tried
to construct machines that deliver more energy than they con-
sume. Such a machine could use part of the delivered energy for
its own operation. It could run continuously delivering energy
without external energy input. Therefore this hypothetical ma-
chine is called a perpetuum mobile. Because it contradicts the
first law of thermodynamics it is also called perpetuum mobile
of the first kind.

Equation 10.70 can be also formulated in a more floppy way as:

A perpetuum mobile of the first kind is impossible.

Note: This statement cannot be proved mathematically. It is
solely based on empirical knowledge.

For ideal gases the work performed during the expansion of the
volume V by infinitesimal amount dV against the external pres-
sure p is

dW =p-dVv.

The first law of thermodynamics for ideal gases can therefore be
written in a differential form as

dU=d0—p-dv. (10.71)

For dV > 0 the system releases energy and according to (10.71)
dU < dQ,i.e. the loss of internal energy cannot be compensated
by the supplied heat dQ. For dV < 0 the volume is compressed
and the system gains the energy p - dV. Now dU > dQ, the gain
of internal energy is larger than the supplied heat.

The relation between the thermodynamic variables p, V, T can
be derived from (10.71) for special processes where in each case
one of the variables p, V, T or the quantity Q is kept constant.

Note, that the quantity Q is not a thermodynamic variable! The
state of a system does change with the supply of heat dQ, but
one cannot unambiguously determine the final state of the sys-
tem, because either U or V or both variables can change. In a
mathematical language this means: dQ is not a complete differ-
ential.

10.3 The Three Laws of Thermodynamics

10.3.3 Special Processes as Examples of the
First Law of Thermodynamics

Note: We will discuss the following processes for one mole of
a gas where the number of molesis v = V/Vy = 1.

10.3.3.1 Isochoric Processes (V = const)

With dV = 0 it follows from (10.71)

dQ =dU = Cy-dT . (10.72)
The heat supplied to the system is used solely for the increase of
the internal energy U. We can therefore relate the specific heat
to the internal energy U by

U
Cv=—=) . 10.73
o= (7). (10.73)
10.3.3.2 Isobaric Processes (p = const)
The first law of thermodynamics has now the form
dQ=dU+p-dV=C,-dT, (10.74)

where we have used (10.28). When we introduce the enthalpy

H=U+p-V (10.75)
as new thermodynamic variable with
dH =dU+p-dV+V.-dp=dQ+V-dp, (10.76)
we can write the first law of thermodynamics as
dH =dU +p-dV =dQ. (10.77)

For isobaric processes the increase dH of the enthalpy H
is equal to the supplied heat dQ.

The specific heat at constant pressure is then

6= (™
"o \or ),

The variable H is often used for phase changes, chemical reac-
tions or other processes that take place at constant pressure, but
where the volume can change. A further example is the expan-
sion of a gas from a reservoir with constant pressure into the
vacuum where the pressure p = 0 is maintained by pumps.

(10.78)
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Figure 10.49 Isothermal and adiabatic curves in a p-V-diagram

10.3.3.3 Isothermal Processes (T = const)

Since the internal energy per mole of a gas depends solely on
the temperature 7 but not on the pressure p or the volume V, for
isothermal processes U must be constant, i.e. dU = 0. From
(10.71) it follows

dg=p-dv. (10.79)
The external heat energy dQ supplied to the system is com-
pletely transferred to the work p - dV that the system releases
to the outside. Its internal energy does not change.

The equation of state p- V = R - T then reduces to the Boyle—
Marriott law (see Sect. 7.1)

p-V = const . (10.80)
The state p(V) of the system can be plotted in a p-V-diagram
(Fig. 10.49) for isothermal and adiabatic processes at different
temperatures 7. This gives for isothermal processes the hyper-
bolas

R-Tx const

P=—y"="v

which are called isotherms (black curves in Fig. 10.49).

We will now discuss how large the work is that a system has
to perform for an isothermal expansion from a volume V; to
V, > V| at constant temperature 7.

Vo V2
av
W=—[pdv=-r-T |2
Vi i, (10.81)
1%
= R-T-n—2=R-T-In— .
1 Vs

10.3.3.4 Adiabatic Processes

During adiabatic processes no heat is exchanged between the
system and its surroundings. Adiabatic processes occur in na-
ture, when changes of volume or pressure are so fast, that the
energy exchange during this short time period can be neglected.
An example is the propagation of acoustic waves at high fre-
quencies v through a medium (see Sect. 11.9). During one

oscillation period AT = 1/v nearly no energy exchange be-
tween maxima and minima of the wave can occur.

The first law of thermodynamics (10.71) can be written with

(10.73) for adiabatic processes
dU =Cy-dT = —p-dV . (10.82)

From the equation of state (10.21) p -V = R - T we obtain
p = R-T/V. Inserting this into (10.82) yields

Cy-dT/T = —R-dV/V .
Integration gives

Cy-InT = —R-InV + const
= In (T - VF) = const .
With R = C, — Cy this can be written as
T . VG~ = const . (10.83a)

The 1/Cy-th power of (10.83a) yields with the adiabatic index
k = C,/Cy the equation

T-V! =const , (10.83b)
because 7 = p - V/R, this can be also written as
p- V= const . (10.83¢)

The Eq. 10.83a—c describe the relations between the thermody-
namic variables T, p, V for adiabatic processes. They are called
Poisson-adiabatic equations.

In a p—V-diagram (Fig. 10.49) the red adiabatic curves p(V)
1/V¥ (k > 1) are steeper than the isothermal curves p(V)
1/Vv.

For an ideal gas is f = 3 and «k = (f + 2)/f = 5/3. For
molecular nitrogen N, is f = 5 — « = 7/5.

Example

In the pneumatic cigarette lighter, the volume V filled
with an air—benzene-mixture is suddenly compressed to
0.1 V. According to (10.83b) the temperature T rises from
room temperature (T; = 293K) to T, = T1(Vy/ Vo)< !
For air is k = 7/5 which gives T, = 736 K = 463 °C.
This is above the ignition temperature of the air-benzene-
mixture. |

10.3.4 The Second Law of Thermodynamics

While the first law of thermodynamics represents the energy
conservation when thermal energy is converted into mechanical



energy, the second law of thermodynamics gives the maximum
fraction of thermal energy that can be really transferred into me-
chanical energy.

As we will see, this is connected with the question, into which
direction the transfer of one form of energy into another form
proceeds by its own, i.e. without external action. All of our
experience tells us, that heat flows by its own only from the
hotter region into the colder one, not vice versa. Furthermore all
experiments show, that mechanical energy can be completely
converted into heat, but that for the opposite process only part
of the heat can be converted into mechanical energy.

This fact, that is based solely on experimental experience, is
formulated in the second law of thermodynamics:

Heat flows by its own only from the warmer body to the
colder one, never into the opposite direction.

We will now discuss more quantitatively the transformation of
heat into mechanical work. This will be illustrated by con-
sidering thermodynamic cyclic processes, which leads us to a
quantitative formulation of the second law of thermodynamics.

10.3.5 The Carnot Cycle

A thermodynamic cycle is a series of processes where a ther-
modynamic system passes through several different states until
it finally reaches again its initial state. At the end of this cycle,
the system shows again the same thermodynamic variables as in
the initial state, although it has passed during the cycle through
different states with different variables. A simple example is a
system that is heated and then cooled again until it has reached
the initial temperature.

If the cyclic process can traverse into both directions the cycle is
called reversible (Fig. 10.50) otherwise it is called irreversible.
Although such reversible processes can occur in micro-physics
if only a few particles are involved, they represent in the

pA T

\

a) Vop) t

Figure 10.50 Thermodynamic cycle from the state 1 (T;, py, V4) via the state
2 (T, p2, V») back to the state 1. a In a p—V-diagram; b in the temperature-
time diagram. Note: The cycle shown here, can only proceed, if energy is fed
into the system during the first step and energy is taken away from the system
during the second step

10.3 The Three Laws of Thermodynamics

Isothermal curve

2
Adiabatic curve

ViV, Vo Vg V

Figure 10.51 Carnot's cycle

real world of many-particle systems only idealized “Gedanken-
experiments”, which represent limiting cases of real processes
that are always irreversible.

All periodically operating machines, such as steam engines or
car motors traverse irreversible cyclic processes. Although they
arrive at the end of the cycle again at the initial state, if they are
regarded as isolated systems, but they have lost energy during
the cycle (for instance friction losses) which has to be replaced
for each cycle.

The most famous reversible cyclic process is the Carnot-cycle
that represents an idealized loss-free cycle. It was published
in 1824 by Nicolas Leonard Sadi Carnot. This cyclic process
will enable us to calculate the maximum fraction of heat that
can be transformed into mechanical energy and therefore allows
the quantitative formulation of the second law of thermodynam-
ics. Furthermore, it illustrates nicely the difference between
reversible and irreversible processes.

The Carnot Cycle is a “Gedanken-Experiment”, where a ther-
modynamic system passes through two isothermal and two adi-
abatic processes during two expansion and compression events,
until it finally reaches its initial state again (Fig. 10.51).

Note: The following considerations are valid for 1 mol of an
ideal gas, where in Eq. 10.61 V = Vjyand v = 1.

The state of the system at the starting point 1 is defined by the
thermodynamic variables (Vy,p;,T1). The isothermal expan-
sion brings the system to the state 2 = (V,, po, T1). During this
process, the heat AQ; has to be supplied to the system in order
to keep the temperature constant. Now an adiabatic expansion
follows and the system gets to the state 3 = (V3,p3,T> < Ty).
In the next step the system is isothermally compressed and
reaches the state 4 with the conditions (Vy4, ps, Tp). Here
the heat AQ, has to be removed from the system. Finally
an adiabatic compression brings the system back to its initial
state | = (Vy,p1,T1). Such a virtual thermodynamic system
that passes through a Carnot cycle is called a Carnot Machine.

We will now calculate the heat energies AQ; and AQ, which
are exchanged between the system and a heat reservoir during
the isothermal processes.

1st process: Isothermal expansion from the state 1 to the
state 2. According to the first law of thermodynamics we ob-
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10 Thermodynamics
tain for an isothermal expansion

dQ=p-dv.

The heat supplied to the system is equal to the mechanical
work the system performs during the expansion.

With (10.81) it follows:
Va
AQ| = —AW, = /pdV
Vi
=R-Ty-In(V,/V)) .

(10.84a)

2nd process: Adiabatic expansion from state 2 to state 3.
For adiabatic processes the heat exchange is zero. We therefore
obtain:

d0=0—-dU=—p-dV =AWy . (10.84b)
The work performed during the expansion is negative, because
it is delivered from the system to the surrounding. This results
in a decrease AU = U(T,) — U(T)) of the internal energy U
because 7> < Tj.

3rd process: Isothermal compression from state 3 to state 4.
Similar to step 1 is the heat AQ, delivered at the lower temper-
ature 7 to the heat reservoir equal to the work AW34 necessary
to compress the volume V

AW34 =R-T,- 1H(V3/V4) = _AQZ >0. (1084C)

4th process: Adiabatic compression from state 4 to the start-
ing conditions in state 1. Similar to step 2 is here no heat
exchange with the surrounding and the work performed during
the compression is converted to the increase AU of the internal
energy

AU = U(T)) — U(T») . (10.84d)

Total energy balance: The work delivered to the surrounding
during the 2nd process is equal to the work supplied to the
system during the 4th process. Therefore, only during the
isothermal processes a net energy is transferred. The net me-
chanical work during the Carnot cycle (Fig. 10.52) is

AW = AWy + AWy
=R- T1 'ln(Vl/Vz) +R- T2 '111(V3/V4) .

For the adiabatic processes 2 — 3 and 4 — 1 the relations hold

T Vil =T, V5!
T Vil =1, v

and

Division of the two equations yields

Va/Vi = V3/Vy = In(V3/V4) = —In(V,/ V) .

Figure 10.52 Heat exchange and net mechanical energy AW = AW; —
AW;; of Carnot's cycle

The net work is then

AW =R-(T) —T>) - In(V,/V>) . (10.85)
The Carnot Engine has received the heat AQ; and has supplied
the mechanical work AW < 0 to the outside.

Such a machine that transfers heat into mechanical energy is
called heat engine.

The heat AQ, supplied to the surrounding, is generally lost.
Therefore the efficiency of the engine is defined as the mechan-
ical work supplied by the engine divided by the heat AQ, put
into the engine.

The efficiency of the Carnot Engine is then

_ ‘ AW |  R(T)—T)-In(V2/Vy) Ti—T)
T= a0, R-Ti-In(Va/V)) T,
T, —T1T
- . 10.86
T, ( )

This is a remarkable result: During the cycle the total received
heat cannot be transformed into mechanical work, but only the
fraction n = (T} — T»)/Ty < 1. This fraction is called ex-
ergy. The remaining part (1 — 1) of the input energy (Anergy) is
exchanged as heat AQ; to the surrounding at the lower temper-
ature 7,. The conservation of total energy can be written as

Energy = Exergy + Anergy .

The efficiency of the Carnot Engine increases with increasing
temperature difference 7; — 75. It is therefore advantageous to
choose T as high as possible and 7, as low as possible. We will
see in Sect. 10.3.10 that it is impossible to reach 7, = 0 K.

This implies that 7 is always smaller than 1.



When the Carnot cycle is traversed into the opposite direction,
heat is transported from the lower temperature 75 to the higher
temperature 7. This requires the work

AW :R~(T2—T1)‘ln(V1/V2) .

This represents the ideal limiting case of a heat pump, which
is also used as refrigerating machine (see Sect. 10.3.14). Its
coefficient of performance (also called figure of merit) is defined
as the ratio of delivered heat AQ to the input work AW.

A
AW T —-T, n’

8hp
Note, that g, > 1.

Example

T, =30°C = 303K,
T, = 10°C = 283K = &y, = 15.2. |

Note:

1. The heat pump does not contradict the second law of ther-
modynamics, because here the heat does not flow by its own
from the colder to the hotter place but needs mechanical
work to drive this heat transport.

2. The Carnot Engine works with an ideal gas and all energy
losses are neglected. The Carnot Cycle is reversible. Real
engines have always losses that cannot be avoided. They are
due to friction of the moving pistons, friction in the non-ideal
gas, heat conduction from the system to the surroundings etc.
These losses decrease the efficiency of the engine. We will
now indeed prove, that:

There is no periodically working machine with
a higher efficiency than that of the Carnot engine.

Proof

Assume, there is a machine M, with a higher efficiency
than the Carnot Engine. This “magic machine” needs
for a given mechanical energy output a smaller heat in-
put than the Carnot Engine, i.e. AQ, < AQ;. We now
combine M, with a Carnot engine that passes the cy-
cle in opposite direction, i.e. it works as a heat pump
(Fig. 10.53). We adapt the size of M, in such a way that it
delivers just the mechanical work AW, which the Carnot
engine needs as heat pump. The Carnot engine then trans-
ports the heat

|AQi| = |AQs| + [AW]

from the colder to the warmer reservoir. Since we have as-
sumed that the magic machine M, has a higher efficiency

10.3 The Three Laws of Thermodynamics

than the Carnot Engine, it needs less heat from the reser-
voir at the temperature 7' for its operation than the Carnot
Engine transports to this reservoir. It furthermore delivers
less heat to the cold reservoir at 75 than the Carnot engine
needs for its operation as heat pump.

Heat reservoir T{>T,

[}
AQX V <AQ1 AQ1
Magic »| Carnot
engine AW engine
AQy <AQ2 “AQQ
|

Heat reservoir Tp<T,

Figure 10.53 Proof of the impossibility of the perpetuum mobile of
the second kind

The combined system therefore transports heat from the
colder to the hotter reservoir without mechanical energy
input. This contradicts the second law of thermodynamics
which has been proved by numerous experiments. There-
fore a heat engine with a higher efficiency than that of the
Carnot engine is not possible! <

Remark. These considerations can be also applied to a heat
pump, where the cycle is traversed into the opposite direc-
tion. We replace the Carnot Engine in Fig. 10.53 by a “magic
heat pump” and the magic machine M, by the Carnot Engine
(Fig. 10.54) and assume that the coefficient of performance ¢,
is larger than that of a Carnot heat pump. An analogous con-
sideration shows that &, < e¢c = 1/nc. This can be seen as
follows:

The Carnot engine in Fig. 10.54 now runs as heat engine that
extracts the heat AQ; from the hot reservoir at the temperature
T, and delivers the heat AQ, = AQ,— AW to the cold reservoir
at T, < T). The output energy AW is transferred to the magic
heat pump, which takes the heat AQ, from the cold reservoir

Heat reservoir T{>T,

\
Qs
Y
Carnot _ | Magic
engine (W] heat pump
\
1Qq

Qal
Y

Heat reservoir To<T4

Figure 10.54 Proof, that the energy efficiency ratio of a heat pump is always
smaller than that of a Carnot-engine that operates as a heat pump
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10 Thermodynamics

and transports the heat AQ; = AQ + AW to the hot reservoir.
Assume that the coefficient of performance ¢, = AQ3;/AW of
the magic heat pump is larger than ec = 1/nc = AQ;/AW of
the Carnot engine. Then |AQ3| > |AQ;| and |AQ4| = |AQ3| —
W > |AQ,| = |AQ| This implies that the combined system
Carnot engine plus magic heat pump can pump heat from the
cold to the hot reservoir without mechanical energy input. This
again contradicts the second law of thermodynamics.

The coefficient of performance &, of an arbitrary heat
pump cannot be larger than ec = 1/nc where 7c is the
efficiency of the Carnot engine.

With other words: The coefficient of performance ¢, of any heat
pump cannot be larger than that of a Carnot heat pump ec =
T/(T) — Tr).

From the considerations above it follows: All reversible cycles
have the same efficiency

n=AW/AQ, = (T) —T)/T ,

independent of the working material, which can be different
from an ideal gas.

10.3.6 Equivalent Formulations of the Second
Law

The considerations above allow the following statements:

m The efficiency n = AW/AQ; < 1 of any heat engine is
always smaller than 100%. This means that heat cannot com-
pletely converted into mechanical work.

m The Carnot engine has the maximum possible efficiency:
n= (T] — T2)/T1

The value n = 1 would be only possible for 7, = 0. However,
we will see that this is excluded by the third law of thermody-
namics (see Sect. 10.3.13)

The first and second laws of thermodynamics are purely rules of
thumb, based on numerous experimental facts. They cannot be
proved mathematically without additional assumptions.

The second law can be formulated in different ways:

m  Heat flows by its own only from the hot to the cold region,
never into the opposite direction.

= There is no periodically acting machine that can convert heat
completely into mechanical work without additional energy

supply.

Such a machine is called a perpetuum mobile of the second kind.
The second law can then be formulated similar to the first law:

The realization of a perpetuum mobile of the second kind is im-
possible.

Example

A perpetuum mobile of the second kind could be a ship
with engines that receive their energy solely from the heat
of the sea. Such a ship could move without additional
energy and would not need oil or coal. <

A perpetuum mobile of the second kind does not contradict the
first law of thermodynamics, because it does not violate the en-
ergy conservation. Therefore numerous inventors have tried to
construct such machines, however unsuccessful!

The Carnot cycle allows a method to measure the Kelvin temper-
ature, which is independent of the thermometer substance and
works down to very low temperatures where gas thermometers
are no longer useful, because all gases condense at such low
temperatures. From (10.84) we can deduce the ratio of the heat
energies AQ; and AQ; supplied from and released to the heat
reservoirs

AQir T

AQ, T,

The temperatures of the two heat reservoirs can be compared,
when the heat energies, exchanged between the system and the
reservoirs, are measured. For instance, if one of the reservoirs
is kept at the temperature 77 = 273.16 K of the triple point of
water the temperature 75 is obtained from

[AQs|
[AQ]

T, = 273.16 - =273.16- (1 — 1)) .

The heat reservoir, kept at the temperature 7, can be electrically
heated, which allows the determination of AQ;. The efficiency
n can then be measured as the ratio of mechanical work AW =
p+AA - Ax when a piston with area A moves by the distance Ax
against the external pressure p and the supplied heat AQ;.

The temperature scale obtained by this way is called the ther-
modynamic temperature scale.

One Kelvin (1 K) is 1/273.16 times the temperature of the
triple point of water.

10.3.7 Entropy

By introducing the entropy as new thermodynamic variable, the
second law of thermodynamics can be mathematically formu-
lated in an elegant way. When the heat dQ is supplied to a
system at the temperature 7 we define as reduced heat the ra-
tio dQ/T.

For the Carnot cycle in Fig. 10.51 we can bring the system from
the point 1 to the point 3 on two different ways: 1 — 2 — 3
or | — 4 — 3. Only during the isothermal processes, heat is



exchanged with the surroundings. The absolute values of the
reduced heat energies |AQ;|/T; and |AQ,|/T, on the two ways
are equal, as can be seen from (10.84a—c). This means: The
reduced energies do not depend on the way but only on starting
and final state of the system. This is not only valid for the Carnot
cycle but for all reversible processes.

We introduce the thermodynamic variable S called the entropy
with the dimension [S] = [J/K], in the following way. We define
the change dS of the entropy as the reduced heat exchanged on
an infinitesimal part of a reversible process

ds = dQ/T .

Since the change AS for a system that is brought from a defined
initial state into a defined final state is independent of the way
between these two states, and depends solely on initial and final
states of the system, the quantity S is a thermodynamic vari-
able which describes together with pressure p, temperature 7'
and volume V the state of a thermodynamic system.

In the Carnot Cycle the reduced heat energies change only dur-
ing the isothermal processes. According to (10.84) the entropy
then changes by
A V.
As=22 _igmlz,
T Vi

(10.87)

For the complete reversible cycle we have

A0l _ A0
T T

’

and therefore
AS=0.

For a reversible cycle the entropy S is constant.

Processes where S = const are called isentropic processes. For
these processes is AS = 0 and therefore AQ = 0 and T =
const. During isentropic processes the system must be kept at
a constant temperature. This distinguishes isentropic processes
from adiabatic processes where also AQ = 0 but where the
temperature changes.

With the first law of thermodynamics (10.71) the entropy change
dS during reversible processes of an ideal gas can be calculated
as

_ 40wy _ dU+pdV
T T ’

ds

(10.88)

For 1 mol of the gasisdU = Cy -dT and p - Viy = R-T. This
converts (10.88) to

ar v
dS = Cy— +R- -

v (10.89)

Integration over the temperature range from 7 to 7, where the
molar heat capacity can be assumed as constant, yields for iso-
baric processes where V and T can change but p = const.

10.3 The Three Laws of Thermodynamics

e %
ASiobar = Cvlan +R-In—.
1

10.90
m (10.90)

In a similar way one obtains for isochoric processes (V = const)
with Cy = Cp —R andpl/Tl = pz/Tz

T2 T2
ASisochor = Cy In ?1 = (Cp —R)In T—

1

T T,
=Cy,In——RIn —
T, T,

T
ASisochor = Cp In Fz —R-In P_Z . (10.91)

1 P1

Since the entropy S is a thermodynamic variable, its change AS
does not depend on the kind of process but only on initial and
final state of the process. We can therefore determine AS also
for irreversible processes. This can be seen as follows:

We consider a substance at the temperature 7 (e.g. a solid
body) in a gas volume V. The body should be in thermal contact
with the gas. Now the gas is slowly expanded in an adiabatic
process, which results in a slow decrease of the temperature. If
this proceeds sufficiently slowly, the temperature of the body
is always equal to that of the gas, because sufficient time is
available for reaching temperature equilibrium. Finally the tem-
perature has decreased to 7,. This process is reversible because
the initial state can be retrieved by slow adiabatic compression.

When the solid body is regarded as isolated body without the
gas, the cooling process is irreversible, because heat is trans-
ferred to the surrounding. The entropy change of the body is

— A Qirr
T

AS

Iy
dT
= CV B —

- (10.92)

T

T
:CV-ln? <0 for T, <T;,
1

as in the reversible process. However, since heat has been
transferred to the surroundings the entropy of the surroundings
increases. For the total change of the system body + surround-
ings ASirey > 0, i. e. the entropy increases!

Example

1. We regard in Fig. 10.55 two equal bodies with mass
m and specific heat ¢ which have been brought by dif-
ferent energy supply to different temperatures 7', and
T, < T). Their heat energies are then Q) = m-c- T
and O, = m - c-T,. When they are brought into
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10 Thermodynamics

thermal contact heat flows from the hot body 1 to
the colder body 2 until the temperatures are equal to
the average temperature 7y,. If no heat is transferred
to the surroundings the body 1 has lost the energy
AQ; = m- c(Ty, — Ty) and the body 2 has received
the energy AQ, = —m -c - (T» — Tyy). Because
AQ; = AQ, we obtain the average temperature

T +T

Tin >

(10.93)

The entropy change AS of body 1 is

de de
T
AS) = / 40 =mc | —
T T
T T

= mcIn(T,/Ty) .

Since Ty, < T) — AS; < 0.
The change of S is accordingly

ASy = meln(Ty/T) .

where AS, > 0. The total change of the entropy of the
system of bodies is therefore

AS = AS; + AS,
T2 (10.94)

m

T, -T,

= mcln

Since Ty = 5 (T1 + T2) we get T2/(T1 - Tp) > 1
because the arithmetic mean is always > geometric
mean. This gives AS > 0. The entropy increases
during the irreversible process. The combination of
the two bodies at different temperatures to a com-
bined system is an irreversible process, because the
cooled body cannot heat up again by cooling the other
body without the supply of energy from outside (sec-
ond law).

T, T T,

1 1+2 2

sufficiently long time ¢ > O they are uniformly dis-
tributed over the whole volume V = V| + V,. The
gas temperature remains constant during this isother-
mal expansion (experiment of Gay-Lussac) because
no work is needed for the expansion into the vacuum
(p-dV =0).

Vy g \Z t<0

V=V,+V, | t>0

|
I

Figure 10.56 Diffusion of molecules from a small volume V; through
a hole into the large volume V,. After a sufficiently long time the
molecules are uniformly distributed over the total volume V; + V;

The diffusion is irreversible, because it is highly im-
probable that all gas molecules diffuse back through
the hole into the small volume V; (see below). It is,
however, nevertheless possible to calculate the entropy
change by using as reversible substitute process the
isothermal expansion (against an external pressure)
with the same initial and final states as the diffusion.
For this process, the supply of heat AQ is necessary in
order to keep the temperature constant (Sect. 10.3.5).
Since the reduced heat does not depend on the way
during the expansion but solely on initial and final
states the entropy change AS

AS=R- lnK (10.95)
Vi
for the adiabatic expansions must be the same as for
the diffusion.
This can be also understood, when we substitute the
diffusion by a Gedanken-experiment, where the dif-
fusion is separated into two steps (Fig. 10.57). The
gas drives during the isothermal expansion a piston
and extracts from a heat reservoir the heat AQ; as in
the Carnot cycle. The work AW = AQ; performed
during the expansion drives a stirrer that releases the
heat AQ; again to the heat reservoir due to frictional
losses. For this Gedankenexperiment initial and final
states are identical to those of the diffusion. Therefore,

the entropy change must be the same. Since in (10.95)
Based on this diffusion process a statistical expla-
nation of the entropy can be derived. We regard a

Figure 10.55 Increase of entropy during the equalization of tempera-
tures at the contact of two bodies with different temperatures

2. The second example, which will give us a deeper in-

sight into the meaning of entropy, is related to the
diffusion of an ideal gas from a small volume V;
through a hole into a larger volume V,. Initially (for
times ¢+ < () the gas is confined to the small vol-
ume V;. Att = 0 the hole in the barrier separating
V) from V, is opened and the gas molecules diffuse
into the evacuated volume V, (Fig. 10.56). After a

molecule in volume V;. Before the hole in the bar-
rier is opened, the probability of finding the molecule
in V; is P; = 1, because it must be for sure in V. Af-
ter opening the hole the probability has decreased to
P =Vi/(Vi + Vo) =Vi/V.

For two molecules the probability of finding both
molecules in V| is equal to the product P, = P, -P; =



P2 of the probabilities for each molecule. For N
molecules we therefore obtain

py= (1)

v=y .

For 1 molis N = Nax = R/k, where k is the Boltzmann
constant and N the Avogadro number. We then get

v, R/k
PNA = 7 o

(10.96)

(10.97)

—

Piston

\YRVAVAVRVAVAVAVA
%%— Stirer

Heat bath

Figure 10.57 Separation of the diffusion process in Fig. 10.56 into two
steps: Isothermal expansion and conversion of the mechanical work into
heat at the heat reservoir <

Example

For V| = (1/2)V, N5 = 6-10? /mol the probability that
all molecules are found in V; is

Py = =610

— 1018107
~ 0 (Fig. 10.58).

a)

b)

Figure 10.58 The probability P that all N molecules are simultane-
ously in the volume V; = (1/2)Vis P = (1/2)" <

Because of the large numbers in the exponent it is more conve-
nient to use the logarithm of the probability P. From (10.97) we

obtain

%4
—RIn — .
Vi

1%
k.lnsz.1n7‘= (10.98)

According to (10.95) the right side of (10.98) is equal to the
change AS of the entropy. We therefore obtain for the change

10.3 The Three Laws of Thermodynamics

AS during the transition from state 1 (all molecules are in vol-
ume V) to state 2 (all molecules are distributes over the volume
V = V| + V, the result

AS = S(V) — S(V}) = k- (InP(V) — In P(V}))

Pﬁnal (10993)

=k-In

initial
This illustrates that the entropy change AS during the diffusion

from state 1 with the probability Piyiia to the state 2 with the
probability Py

P final )

Pinitial

is a measure for the probability that a system undergoes a tran-
sition from the initial to the final state. This can be formulated
in a more general way:

AS=k- (ln (10.99b)

The probability that a system occupies a state i is propor-
tional to the number Z of possible ways that lead to this
state.

Example

When N particles, each with the energy n;E that are in-
teger multiples of a minimum energy E( occupy a state
with the total energy E = ) n;Ey, the number Z of possi-
ble realizations of this state equals the number of possible
combinations of the integers »; that fulfil the condition
Z n=E / Ep. <

The entropy S of a thermodynamic system state that can be re-
alized by Z = P possible ways is

S=k-InP. (10.99¢)

The entropy S of a thermodynamic state is proportional to
the number of possible realizations for this state.

As a third example, we will discuss the increase of entropy
for the mixing of two different kinds of molecules X and Y.
Initially all Nx molecules X should be in volume V; and all
Ny molecules Y in volume V,. We assume that pressure p
and temperature 7 are equal in both volumes, which demands
Nx/Vi = Ny/V,. When we open a hole in the barrier between
the two volumes the molecules will diffuse through the hole un-
til a uniform distribution of both kinds of molecules is reached.
This process is irreversible and the entropy increases because
the molecules Nx as well as the molecules Ny fill now a larger
volume V = V| + V,, and the number of possible realizations of
this situation is larger than that of the initial state. The increase
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10 Thermodynamics

of entropy for the Nx molecules is

v\ 1%
ASx =k-In[—) =k -Nxln—
X (V]) X Vl

N N-
— k- Nyln XM
Nx

and for the Ny molecules

N- N-
ASy = k- Nyln XY
Ny

The total change of entropy (called mixing entropy) is then

ASm = ASX —I— ASY
—_— + NY In —— . ( )

=k |:Nx In

X Y
These examples illustrate that only changes of entropy can be
measured. The absolute value of the entropy S(V, p, T) of a ther-
modynamic state

S=58+AS (10.101)
is only defined, if the constant term Sy is known. We will show
in Sect. 10.3.10, how Sy can be determined.

10.3.8 Reversible and Irreversible Processes

For a completely elastic collision between two particles, en-
ergy and momentum of the two-body system are conserved
(Sect. 4.2). A movie of such a collision process could run
backwards and the observer would not notice this, because the
reverse process is equally probable (Fig. 10.59). The collision
process is reversible. One can also say that the process is time-
invariant, i. e. one con exchange ¢ with —¢ without violating any
physical law.

Contrary to this situation, the collision process in Fig. 10.60,
where a bullet hits a glass ball that shatters in numerous pieces,
is irreversible. The inverse process, where the pieces come again
together to form a glass ball, which then emits the bullet, is
highly improbable. The following question now arises: Since
the glass ball consists of atoms and for each atom a reversible
collision process should occur, why is the macroscopic process
irreversible?

The answer to this question leads us again to the number of pos-
sible realizations of a macroscopic state that depends on a huge
number of atoms or molecules. While before the collision the
glass ball was at rest and the bullet had a well-defined energy
and momentum the final state could have a very large number of
possible realizations, because energy and momentum conserva-
tion still allows many different flight paths of the fragments as
long as the sum of all individual pieces fulfils the conservation
laws. The distribution of the fragments, observed for one exper-
iment, represents only one of many possible distributions. At

& T/
->
@o——-o P>
->
Py
2
-
t'=—t

b) \

Figure 10.59 Reversible collision process. Reversing the time course of the
process inverts the direction of all momentum vectors

<
\Oiw/g/
o—0 ¢

f??g?\\

Figure 10.60 Collision of a steel ball with a glas hollow sphere, which bursts
into many fragments, as example of an irreversible process

a second experiment under identical conditions, another distri-
bution will be observed although both distributions obey energy
and momentum conservation. The entropy increases during this
collision process because the process starts from a state with a
well-defined realization and ends at a large number of possible
realizations. This is the signature of an irreversible process.

We can define an irreversible process as follows:

m  The change of a thermodynamic state of a closed system is ir-
reversible, if the reverse process that leads to the initial state,
does not proceed by its own but only with additional energy
supply from outside.

m  The change of a thermodynamic state is irreversible, if the
entropy increases during this process.

= The transition from an ordered state to a non-ordered state
(for instance the melting of a crystal) always increases the
entropy.

Note, that these statements are only valid for closed systems,
which do not interact with their surroundings. For a macro-
scopic subsystem the entropy can indeed decrease if that of the



other subsystems which, interact with the selected one, does in-
crease.

Examples

1. When single crystals are formed out of the molten
bath, a non-ordered state (the liquid) is transferred into
an ordered state (the single crystal). The entropy S of
the crystal is lower than that of the liquid, however, the
decrease of S for a subsystem is over-compensated by
the increase of S for the surroundings of the crystal.

2. All living beings (plants, animals, humans) decrease
their entropy S by building up ordered structures, but
at the expense of an increase of S of their surroundings
(for example the digestion of food increases S). <

In all of these cases the entropy of the total system increases!

Ordered structures therefore cannot be formed in closed sys-
tems. Their formation needs open systems far away from
thermal equilibrium. This nonequilibrium allows the exchange
of energy between the open system and its surroundings, which
can induce the decrease of the entropy of the open system.

For all macroscopic closed systems strictly speaking reversible
processes cannot occur, because always part of the kinetic en-
ergy (even if it is very small) is converted into heat by the
unavoidable friction. One of many examples is a swinging
pendulum, where the amplitude continuously decreases due to
friction by the air. The oscillation to the right will not be exactly
reproduced by the following oscillation to the left, because of
this amplitude decrease.

The interesting question, why the time has only one direction,
can be related to the increase of entropy. The time-derivative
dS/dr can define a time arrow that allows us to distinguish
between past and future [10.12]. For completely reversible pro-
cesses time reversal would not change the validity of physical
phenomena.

10.3.9 Free Energy and Enthalpy

The first and second law of thermodynamics contain the es-
sential statements of thermodynamics. For their application to
special problems it is useful to introduce as a new parameter the
free energy

F=U-T-S. (10.102)

With the entropy S we can formulate the first law in a more
specific form:

dU = dQrey + dQirr + dW . (10.103a)
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With dQyy = T-dS and inserting the free energy F = U—-T-S =
dFF =dU —T -dS — S - dT, this becomes

dF = dQjy + dW — SdT < dW — 8dT (10.103b)

where the equal sign holds for reversible and the <-sign for ir-
reversible processes.

For isothermal processes is d7" = 0. This reduces (10.103) to
dF <dW = —dW < —dF . (10.104a)

This means:

=  For isothermal processes, the maximum increase of the
free energy is equal to the mechanical work supplied to
the system.

= The maximum work that a system can deliver during an
isothermal process, is equal to the decrease of its free
energy.

The difference
U-F=T-S

is called bound energy. From the relations
dU =dQ+dW and dF <dW
follows by subtraction
d(U—-F)=>dQ.
For isothermal processes the bound energy U — F is completely

converted into heat and is therefore not available for mechanical
work. This explains the label “bound energy”.

Chapter 10

The second law of thermodynamics makes the following state-
ment:

For isothermal processes, the change of the bound energy
is at least equal to the supplied heat. The increase of the
free energy is at most equal to the supplied mechanical
energy.

If the isothermal process occurs at a constant volume (dV = 0)
no mechanical energy is exchanged, i.e. dW = 0. Then

dF <dW =0, (10.104b)

which means that the free energy decreases.

A spontaneous isothermal process without exchange of work al-
ways proceeds in the direction where the free energy decreases.
The entropy S then increases because of

T-S=U—-F and U = const .



292

(@)
=
Q
©
et
(¢°)
-—
—
o

10 Thermodynamics

Since most of the processes occurring in nature are irreversible,
the free energy of the universe decreases and therefore also the
capability to perform mechanical work. All irreversible pro-
cesses always tend to decrease existing temperature differences,
because then the entropy increases (see the examples in the pre-
vious section).

Pessimists say: “The universe strives towards its heat death.
This means, that all temperature differences approach zero,
where no longer any chemical and biological processes are
possible. However, it will take quite a while until this might
happen and furthermore it is not clear, which fate the universe
after many billion years will suffer, because it is still an open
question, whether the universe represents a closed or an open
system.”

As the last thermodynamic parameter we will introduce besides
the ethalpiy H = U + p - V the free enthalpy G (also called
Gibb’s chemical potential) defined by the relation

G=U+pV-TS=H-TS. (10.105)
The total differential of G is
dG=dU+p-dV+V-dp—-T-dS—-S-dT". (10.106a)
With the first law of thermodynamics
dU+p-dV=T-dS, (10.106b)
this converts to
dG=V-dp—-S-dT. (10.106¢)

10.3.10 Chemical Reactions

Chemical reactions represent the basis of all living processes.
The utilization of food or the decomposition of waste products
proceed by chemical reactions. It is therefore of essential in-
terest, under which conditions chemical reactions proceed by
themselves and when they need external energy supply for their
start. For all reactions that proceed at constant pressure and con-
stant temperature the Gibbs’ potential is constant. That is the
reason why G is called chemical potential. Often several com-
ponents react with each other. If v; moles of the i-th component
exist before the reaction, the total free enthalpy is G = Y v;u;
(p; = Gibbs potential for one mole of the i-th component).

The mixing of the different components increases the entropy
(see (10.100)) by the amount

AS,, = —R - Zvi Inx; , (10.107)

where x; = v;/ > _ v; is the mole fraction of the i-th component.

A chemical reaction between the molecules A which results in
the formation of molecules B is then described by

14

J=kt1

(10.108)

k
Z U,'Ai —
i=1

The number of moles can change by the reaction. For instance
for the reaction

2H, + O, — 2H,0
isyy=2v,=landv;=2—) v, # > u.

If the number v; of moles for the i-th component changes by Av;,
the free enthalpy G changes for processes with Ap = AT =0
according to (10.106a) by

AG =Y Avip;i—T-AS,

(10.109a)
= Z Av;u; — RT - Z(v,- + Av) Inx,,

where x; = (v; + Avy)/ Y (vi + Avy).

When a reaction proceeds by its own (without external energy
supply), its free enthalpy must decrease; i.e. AG < 0. Equilib-
rium is reached if G becomes minimal.

If the number of moles does not change during the reaction, one
can define a chemical equilibrium constant K by

K = exp [Z v:G; /RT] .
The change of the free enthalpy can then be written as

AG = RT [an +) &n v,-] , (10.109b)

where £; is the fraction of the component i that reacts.

When the quantity of all components is one mole (v; = 1)
Eq. 10.109b can be reduced to
AG(1mol) = RTInK . (10.109¢)

The equilibrium constant K is therefore directly related to the
change AG of the chemical potential G.

10.3.11 Thermodynamic Potentials; Relations

Between Thermodynamic Variables

The thermodynamic variables: internal energy U, free energy
F, Gibbs’ potential G and enthalpy H are also called thermody-
namic potentials. The advantage of their introduction is based
on the fact that all thermodynamic variables can be written as
partial derivatives of these potentials. The total differentials of



the potentials are

ar = (o€ av + N\ ar
~\ov ), aT )

dU:(a_U) dV+(8—U) as
v ) S )y

a6 = (29) q - G ar
“\op ), " \or ),
dH (BH) ds+(8H) d

= —_— —_— l)7
as /, o /s

where the lower index at the brackets denotes the quantity that
is kept constant. The comparison with the equations derived in
the previous sections

dF = —pdV — SdT . (10.103)

dU = —pdV + TdS , (10.88)

dG = Vdp — SdT , (10.106¢)

dH = dU + pdV + Vdp (10.76)
=dQ + Vdp

gives the following relations between the thermodynamic vari-
ables and the potentials.

For the entropy we obtain

0G oF
S =— (_) = — (_) , (10.110a)
oT » aT /),
and for the pressure
= oF = ou (10.110b)
P==\w s \av /)y’ :
while the relation for the volume V is
0G 0H
V= (—) = (—) . (10.110c¢)
op )y ap /s

S U \Y
H F
p G T

In the “Guggenheim Square”, each thermodynamic potential
can be placed in such a way, that the results of their deriva-
tives can be immediately seen by the following procedure: One
goes in the scheme from the potential symbol to the derivative
variable and from there to the opposite corner on the diagonal.
If this way on the diagonal is in the direction of the arrow, the
result is positive, if it is opposite to the arrow, it is negative.

10.3 The Three Laws of Thermodynamics

Examples
wl .. 66 _
as |, oT|,
oF| __ . oH| _, )
v, P Bl

An example for the application of thermodynamic potentials is
given in Sect. 10.4.2.

10.3.12 Equilibrium States

The thermodynamic potentials play a comparable role in ther-
modynamics as the mechanical potential E,, that determines the
forces F = —grad E;, which governs the motion of particles.
In a similar way the gradient of the thermodynamic potentials
keeps the chemical processes running until the minimum of the
potentials is reached.

A system is at equilibrium, if without the action of external in-
fluences the state of the system does not change. If the state of a
system changes due to external action, but returns to its original
conditions after the external action ends, the equilibrium is sta-
ble. If, however, the system further removes from equilibrium,
even after the termination of the external influence, the equilib-
rium is unstable. A mechanical example is a mass m which is
fixed to a rigid rod that can rotate around a horizontal axis. At
the minimum of the potential energy, where the mass is just be-
low the horizontal axis the mass is in a stable equilibrium. When
the mass is at its maximum height vertically above the horizon-
tal axis, the equilibrium is unstable. Every slight perturbation
brings m downwards. In a thermodynamic system, the thermo-
dynamic potentials take the role of the potential energy in our
example. We will illustrate this for several specific processes.

We assume a thermodynamic system with the internal energy U
and the volume V at the temperature 7 and the pressure p. An
arbitrary change of the conditions of the system is described by
the differentials dU, dV, dT and dp. If the change is reversible,
the work dW = —p - dV performed by the system during an
adiabatic expansion, causes a decrease dU = dW of the internal
energy.

For irreversible processes, the system loses heat which causes a
decrease of the total energy. Equilibrium is reached, if no fur-
ther irreversible process is possible. Since for all irreversible
processes with constant volume the entropy increases, the equi-
librium condition can be formulated as

s <0. (10.111)

For all possible processes, which bring a thermodynamic
system away from equilibrium the entropy must decrease.

293
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10 Thermodynamics

With other words:

A closed system with constant volume is in an equilibrium
state if its entropy is maximal.

The thermodynamic potentials of an equilibrium state have their
minimum value. This can be seen as follows:

With the change of entropy dS = dQ/T we obtain from the first
law of thermodynamics (10.71)

dU+p-dV—-T-dS=0. (10.112)
For isothermal-isochoric processes is dV = 0 and T = const.
From (10.111) it follows: dS < 0. Inserting this into (10.112)
gives

d(U—TdS)>0—dF >0. (10.113)

Under isothermal and isochoric conditions a system has
reached its equilibrium state, if the free energy F has its
minimum value.

Under isothermal-isobaric conditions ( d7 = 0 and dp = 0)
equilibrium is reached if

AU +pdV —TdS =d(U +p-V—T-5) =dG =0,

because for all processes that drive the system away from equi-
librium dG > 0, as can be seen in an analogous way as the
arguments above for dFF > 0.

Under isothermal-isobaric conditions a system is in an
equilibrium state, if the Gibbs’ potential is minimal.

In a similar way it can be proved, that for adiabatic-isobaric pro-
cesses (dQ = 0 and dp = 0) the system is in an equilibrium state
if the enthalpy H = U + p - V is minimal.

For adiabatic-isochoric processes (dQ = 0 and dV = 0) the
internal energy < U must be minimal at equilibrium.

All reactions that are possible without external interaction
must start from states far away from equilibrium.

Therefore the thermodynamic treatment of chemical reactions
and biological processes is based on the description of systems
that are not at thermodynamic equilibrium.

10.3.13 The Third Law of Thermodynamics

We have seen in Sect. 10.3.7 that the entropy S is only deter-
mined apart from an additive constant Sy. We will now show,
that for 7 — 0

limS(T) =0.
This fixes the constant Sp = S(7 = 0) = 0.

For the proof we start with the free energy F = U — T - S.
Because of (10.110a) this can be also written as

F=vyr(X
B ar ), -

We regard an isothermal chemical reaction where the system
starts with the free energy F and ends at F. The change AF =
F 1 — F 2 is

(10.114a)

10.114b
T ( )

d
AF = AU + T(—AF) .
v
For T > 0 the changes AF and AU differ, but for T — 0 the
difference approaches zero

lim(AF — AU) = 0. (10.114c)

Nernst observed that with decreasing temperature the deriva-
tives d(AF)/dT and d(AU/dT) decreased and that they ap-
proached zero for T — 0. This means that the curves AF(T)
and AU(T) come towards each other with horizontal slopes
(Fig. 10.61).

Nernst therefore postulated that also for the general case

JAF
lim (—) =0 and (10.115a)
T—0 T v
A
lim 8_U) =0. (10.115b)
T—0 aT v
because of (10.114a) it follows then
aU oF
li — -] = 10.11
(57— ar) =0 aonso
AU(T)
KSIope: ACy,
AU(0) T-AS
=AF(0)
/\Slope:—AS
AF(T)
TV

Figure 10.61 Nernst's theorem: Temperature course of AU(T), AF(T) near
the absolute zero temperature



With

a
(—AF) — s
T~ ),
= lim AS(T) = 0.
T—0

This means that at sufficiently low temperatures reactions in
pure condensed substances proceed always without changes of
entropy i.e. AS = 0. These reactions therefore proceed re-
versible.

Investigating the dependence S(T) of condensed substances
(liquified or solid gases) at very low temperatures, one finds
indeed that the entropy does not depend on the crystal modifica-
tion or on the specific substance as long as it is a pure substance,
i. e. not a mixture of different substances. This suggests that the
entropy of all pure substances approaches for 7 — 0 the same
value. Quantum theoretical considerations show (see Vol. 3) that
for all pure substances the entropy S approaches zero for 7 — 0.

limS(T) =0. (10.116)
The relations (10.115)—(10.116) are named the 3rd law of ther-
modynamics or Nernst’s Theorem.

Regarding the statistical interpretation of the entropy S = k-In W
the 3rd law can be also formulated as:

The thermodynamic equilibrium state at 7 = 0 is a state
with maximum order, which has only one possible realiza-
tion with P = 1. The entropy is then S = 0.

Note: The statement S(7T = 0) = 0 is only valid for pure sub-
stances. Mixed substances (for example mixed crystals) have
even for T = 0 an entropy S > 0, called the mixing entropy (see
Sect. 10.3.7).

The definition Sy = 0 for the zero point of the entropy allows
the determination of the absolute value of S(T > 0).

For one mole one obtains

T T ,
sty = [ 42 = [ Dy
0 0

(10.117)

In order to fulfil the condition lim S(7" — 0) = 0 the specific
heat C(T) must converge sufficiently fast towards zero for T —
0 This is indeed observed experimentally (see Sect. 10.1.10).
More detailed measurements show that for solids at very low
temperatures C(T) oc T3 (see Vol. 3). This is indeed observed
experimentally. The entropy S(7) is then, according to (10.117),
also proportional to 77,

Remark. The first and second law of thermodynamics could
be formulated as the impossibility to realize a perpetuum mobile
of the first resp. the second kind. Also the third law can be
formulated as an impossibility statement:

10.3 The Three Laws of Thermodynamics

It is impossible to reach the absolute zero 77 = 0 of the
thermodynamic = absolute temperature scale.

This can be seen as follows by an experimental argument.

If one tries to reach experimentally the absolute zero 7' = 0 this
could be only realized by an adiabatic process, because every
cooling process where heat is exchanged, requires a system that
is colder than the system to be cooled.

During an adiabatic process no entropy change occurs because
dQ = §-dT = 0. For an adiabatic isobaric process is

ds = anv+ 8SdT =0
)Y or
This gives
(0S/9V)r
dT = ———224v. 10.118
(3s/0T), ( 2)

For the partial derivative applies

as . AS . 1 AQ C,
—=lm|(—) =1lm|=-—] =—/,
oT  AT—0\ AT » AT>0\T AT ), T

and with (10.110a) and (10.114a) it follows

sy _ b (0F
v ), v \or) "’

For T — 0 is with (10.115¢)

oF ou
o 7 o = CLv,
aT aT
and we obtain from (10.118a)
C C
ir=-17- Y =-17.—"_ . (10.118b)
Cp Cy+R

This shows that for T — 0 also dT — 0. The absolute zero
T = 0 for the temperature can be therefore not reached.

10.3.14 Thermodynamic Engines

When the Carnot cycle in Fig. 10.51 is traversed into the oppo-
site direction, i.e. counterclockwise, the corresponding engine
uses mechanical work to transport heat from the cold to the
warmer part of a system (Fig. 10.62). This has technical ap-
plications in refrigerators and heat pumps.

10.3.14.1 Refrigerators

In refrigerators the heat O, is extracted at a temperature 7, from
the volume V, that should be cooled and a larger heat energy
01 = O, + Wis transported to a warmer environment. This
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Ty>Tp
p A ;
Q, Surrounding
Q1 > Q2
Refrigerator ~e— dQ=0
W=>Q;-Q,
A
Q, Q,
T, v

Figure 10.62 Principle of a refrigeration machine and heat pump based on the
inverse Carnot's cycle

demands the supply of mechanical or electrical work W to the
system. We have neglected all energy losses by friction or heat
conduction. The coefficient of performance

0, dQy/dt

K = — =
T W T dw/dr

(10.119a)

gives the ratio of cooling rate dQ,/d¢ and power input dW/dz.

From the efficiency 71 of the Carnot engine we obtain for the
inverse Carnot cycle the coefficient of performance for the re-
frigerator the relation

Ip)

I(rele/r}:Tl_T2 .

(10.119b)

This shows that a refrigerator works more efficiently for small
temperature differences (7; — 7>) between the cooled volume
and the warmer environment.

10.3.14.2 Heat Pumps

Heat pumps use the heat reservoir of the environment (air,
ground) for heating water for floor heating of rooms or for
swimming pools. The basic principle is the same as that of re-
frigerators. Heat is transported from a cold to a warmer volume.
This demands the supply of mechanical or electrical energy.
The useful energy is the heat transported to the warmer vol-
ume. Therefore the coefficient of performance is defined as in
(10.119b)

0 dOy/dt T

K —_ — = — .
T W T aw/dr T, - T

(10.120)

Contrary to the efficiency n < 1 of the Carnot engine the coef-
ficient Ky, = 1/7 is larger than 1! It increases with decreasing
temperature difference AT = T} — T>.

Example

A heat pump used for heating a swimming pool takes the
heat from a river with a water temperature of 10°C =

High pressure

</

Compressor Condenser

Refri- Evaporator Qq
Q = T, Low pressure exchange
gerator

Throttle valve

D

Cooling

Figure 10.63 Technical realization of a refrigerator

283 K and heats the swimming pool to a temperature of
T = 27°C = 300K. The maximum coefficient of per-
formance is then Ky, = 17.6. One therefore saves a
factor of 17.6 of heating costs compared with the direct
heating of the swimming pool. In this idealized example
all other losses of the heat pump system have been ne-
glected. Realistic values, taking into account all losses,
are Ky, = 5-10. |

For practical applications heat pumps and refrigerators operate
with special cooling liquids, which are not permanent gases but
evaporate and condense during one cycle. This is illustrated
schematically in Fig. 10.63. The heat Q, is transported from
the room to be cooled to the liquid cooling agent at the low tem-
perature 75 in the evaporator. The resulting temperature increase
of the cooling liquid results in the evaporation of the liquid . In
the condenser the heat Q; is extracted by a heat exchanger from
the vapour at high pressure. This causes the condensation of the
vapour. The liquid under high pressure expands through a throt-
tle valve, which decreases its temperature and is again used for
heat extraction from the volume to be cooled.

10.3.14.3 Stirling Engine (Hot Air Engine)

The Stirling engine uses air as working agent, which is periodi-
cally expanded and compressed in a cycle of two isotherms and
two isochors (Fig. 10.64a). The red arrows indicate the heat ex-
change between the environment (white) and the system (red).
During the isothermal expansion 1 — 2 the heat Q; is supplied
at the temperature 7 to the system. During the isochoric cool-
ing 2 — 3 the temperature drops to 7, < 7). Now isothermal
compression 3 — 4 occurs where the heat Q, is transported
to the environment. Finally the isochoric compression 4 — 1
with heat supply Q4 brings the system back to its original state
1. The heat Q4 is necessary to increase the temperature from 7,
to 71 > T,. Since no work is performed during the isochoric
processes, the energy balance demands

0 = =04 = C,AT .
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Figure 10.64 Cycle of a Stirling engine, b Otto engine (gasoline engine),
c Diesel engine, d steam engine. The red curve gives the vapor pressure p(V) of
water vapor

Figure 10.65

Stirling engine with two pistons and two cylinders

Total volume
Cold volume
Hot volume

Volume

a) time/steps

The Three Laws of Thermodynamics

Figure 10.67 Stirling motor with two pistons in one cylinder

When the extracted heat Q, can be stored and resubmitted to
the system during the process 4 — 1, the system does not loose
energy during a cycle and the efficiency of the Stirling process
would be comparable to that of the Carnot cycle.

This can be technically realized, at least approximately, by using
two pistons, the working piston and the displacer piston in two
different cylinders: a hot cylinder and a cold one (Fig. 10.65).
The two pistons are driven by the same crankshaft with a 90°
phase shift against each other. The two cylinders are connected
by a pipe filled with an energy storage material (regenerator).
When the piston compresses the gas in the hot cylinder the hot
gas flows from the hot to the cold cylinder through the connect-
ing pipe and heats up the storage material. In the next step the
cold cylinder is compressed and the cold gas flowing through
the pipe is heated by the storage material. About 80% of the
energy exchanged during one cycle can be stored in the regen-
erator. In the diagrams of Fig. 10.66 the time sequence of the
total volume, the hot and the cold volume are depicted for the
Stirling engine, used as heat engine and as heat-pump.

Total volume
Cold volume
Hot volume

Volume

b) time/steps

Figure 10.66 Volume-diagram V(t) of a Stirling engine: Left diagram: used as heat engine, right diagram: used as heat pump
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12

Heated wall: T,

—— Slave piston

— Heat storage

Working piston

Isochoric
cooling

Isothermal
expansion

Isothermal
compression

Cold wall: T,

Isochoric
heating

Figure 10.68 Positions of working piston and slave piston during the four sections of a Stirling cycle. The energy necessary for the operation of the engine is

supplied by heating the upper wall

Another version of the Stirling engine uses only one cylinder
but still two pistons. The displacer piston presses the air pe-
riodically into the upper hot volume and in the next step into
the lower cold volume. During these processes the air streams
through a hole in the piston which is filled with metal cuttings.
They are heated during the passage 2 — 3 of the hot air and
they transfer their heat during the passage 4 — 1 to the cold
air.

In Fig. 10.67 and 10.68 the different steps durng a working cycle
are illustrated for a Stirling engine with one cylinder and two
pistons.

10.3.14.4 The Otto-Engine

The Otto-engine is used in many cars as effective drive. In the p-
V-diagram it passes a cycle consisting of two isentropic and two
isochoric processes (Fig. 10.64b). In the state 1 the gasoline-air
mixture is sucked in and compressed. At point 2 the ignition
oocurs where the mixture explodes so fast that the volume does
not change essentially. The heat Q; released at the explosion
is fed into the system and increases the pressure very fast up
to point 3. Now an isentropic expansion (no further heat sup-
ply) follows until point 4 is reached. Here the exhaust valve is
opened and the exhaust gas streams into the exhaust pipe. This
causes a decrease of the pressure, a release of the heat O, and
the restitution of state 1.

The efficiency n depends on the compression ratio V;/V,. One
obtains (see Probl. 10.12)

1

— W , (10.121)

n=1

where k = C,/C, is the specific heat ratio.

Example

Vi/Va =9 and k = 9/7 — n = 0.44. Note, that the real
efficiency is only about 0.3—-0.35 due to energy losses by
friction and heat conduction. |

10.3.14.5 Diesel Engine

For the Diesel engine the cycle in the p-V-diagram (Fig. 10.64c)
consists of two isentropic, one isobaric and one isochoric pro-
cess. In the state 1 air is sucked in and the volume is compressed
until point 2 is reached. The compression ratio is much larger
(up to 1:20) as in the Otto-engine. During this compression the
temperature rises to 700-900 °C, which is above the ignition
termperature of Diesel-fuel. Now Diesel fuel is injected, which
does not explode as in the Otto-engine but burns more slowly
(there is no electrical ignition). This causes the air-fuel-mixture
to expand isobaric until point 3 is reached, where the combus-
tion stops. The volume now further expands isentropically to
the point 4, where the exhaust valve opens and the pressure sud-
denly drops to the atmospheric pressure outside. Here the intial
point 1 is reached again.

The efficiency of the Diesel engine is higher thatn that of the
Otto-engine because of the higher compression ratio. Its theo-
retical value is about 0.55 but due to unavoidable losses the real
enegines only reach about 0.45. The disadvantage of the Diesel
engine is the higher output of NO, gases and soot particles.

10.3.14.6 Steam Engine

In a Steam Engine the cyclic process (Clausius—Rankine
Process) consists of two isentropic and two isobaric parts
(Fig. 10.64d). In the initial state 1 the system contains water.
A pump increases the pressure at a constant volume isentropic



from p; to p,. From point 2 to 3 heat is supplied at constant
pressure, which causes the volume to expand and increases the
temperature above the boiling point of water. The hot vapour
drives a piston during the isentropic expansion and the sys-
tem reaches point 4 where the temperature is cooled down, the
vapour condenses and the heat Q; is transferred to the surround-
ing. Now the initial point 1 is reached again. Mechanical work
is performed on the part 3 — 4.

The red curve in Fig. 10.64d gives part of the Van der Waals
curve p(V) for water vapour (see Sect. 10.4.1). Inside this curve
water and vapour can exist simultaneously, in the region left of
the curve only the liquid phase exists, to the right hand of the
curve only the vapour phase.

10.3.14.7 Thermal Power Plants

In thermal power plants, heat is produced by burning fossil fuels,
such as coal, oil, wood or gas, or by fission of atomic nuclei.
For fossil fuels the heat comes from the reaction heat that is
released during the oxidation of atoms or molecules and is due
to the different chemical binding energies of reaction partners
and reaction products. The essential part of this energy stems
from the oxidation of carbon atoms C to CO,. The produced
heat is 8 kcal = 33kJ for 1g C. The fission of 1 g Uranium
produces an energy of 2.5 - 107 kJ. This is 7.5 - 10° times more!

The heat produced in thermal power plants is converted into
the generation of hot water vapour under high pressure, driv-
ing turbines that propel electric generators for the production of
electric energy. The maximum efficiency depends, according to
the second law, on the initial temperature 7' and the final tem-
perature 7.

The initial temperature is limited by technical conditions (heat
and pressure resistance of the hot vapour tank. Typical values
are between 600 and 700 °C. Only for the high temperature re-
actors, temperatures above 800 °C are realized.

For the choice of the final temperature 7, two options exist:

1. One chooses 7, = 100 °C (condensation temperature of wa-
ter) and uses the rest energy of the hot water for heating of
houses. The efficiency for the conversion of heat into me-
chanical (or electric) energy is then for an initial temperature
of T} = 600°C = 873K: n = 500/873 = 0.57. In addi-
tion the heat AQ of the hot water can be delivered to houses
nearby the power station.

2. The final temperature of the water vapour is chosen as
T, = 30°C. In order to avoid condensation one has to
lower the pressure below the atmospheric pressure by pump-
ing the expanding volume. This increases the efficiency to
n = 570/873 = 0.65. The work needed for evacuating the
expanding volume against the external pressure is smaller
than the additional energy gain due to the lower final tem-
perature.

In case 1 one does not win the total energy of the hot water AQ
compared to case 2 because here one could use the extra energy
due to the higher efficiency 7, = (600 — 30)/873 to transport
electric energy for heating. The increase of the efficiency for

10.4 Thermodynamics of Real Gases and Liquids
case 2 compared to case 1 is

m—n = (70/873 — ) AQ
= (0.19—&)AQ,

where ¢ - AQ is the mechanical work of the pump, necessary
to evacuate the volume down to a pressure that is equal to the
vapour pressure of water at 7 = 30 °C.

10.4 Thermodynamics of Real Gases
and Liquids

Up to now, we have discussed the thermodynamics of ideal
gases, where the interaction between the atoms of the gas has
been neglected.

We will now discuss, which rules have to be generalized and
which are still valid without restrictions, when we treat the ther-
modynamics of real atoms and molecules including their size
and their mutual interactions.

While ideal gases remain gaseous at any temperature, real gases
condense below their boiling temperature and they can even be-
come solids below the melting temperature. In this section, we
will investigate what are the conditions for transitions between
the different phases solid, liquid and gaseous and what are the
equilibrium conditions of the different phases.

10.4.1 Van der Waals Equation of State

At very high pressures, the density of atoms or molecules be-
comes so high, that the internal volume of the molecules (also
called covolume) cannot be neglected compared with the free
volume V that is available for the molecules.

When we describe the atoms as rigid balls with radius r, two
atoms cannot come closer to each other than at a minimum dis-
tance d = 2r. If one atom is in the volume V the other atoms
cannot penetrate into the volume Vigmpigaen = (4/3)d® = 8V,
where V, is the volume of one atom in the model of rigid balls
(Fig. 10.69a). Furthermore the centres of all balls must have the
minimum distance d = r from the walls of the container.

Assume there were only two atoms in the cubic volume V = /5.
The volume available for the second atom is then

Vy = (L—2r)* -8V, (Fig. 10.69b) .
A third atom could only be found in the volume
Vs=(L—2r>—2-8V,,

and the rest volume available for the n-th atom is then

Vi=(L-2r¥—m—1)-8V,.
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a)
| L |
‘N
\_/ r
b) A

Figure 10.69 lllustration of the co-volume. a The center of B cannot be in the
bright red circle. b Forbidden volume (bright red) of molecule B in the volume
L3 with one atom A

An estimation of the real sizes shows, however, that, for ex-
ample, for N = 10%° atoms in a volume with L = 0.1m the
forbidden volume at the wall is with 7 ~ 107! m completely
negligible compared to the internal volume N -V, of the N atoms
in the volume V. The average over all N atoms gives then for
the mean volume available to each atom

N
1
V= (L—2r)3—NZ(n— 1)-8V,
=1 (10.122)
=L —6r-L—6r"-L+ 8~ —4NV,

~L3—4NV, for N> 1.

because the 2nd, 3rd and 4th term are neglible compared to the
Ist and last term.

We therefore have to replace in the general gas-equation (10.21)
the volume V by the reduced volume

V—b=L'—4-N-V, with b=4N-V,.

For the situation N > 1 the volume Vyaiane available to
the N atoms in a volume V is reduced by 4 times the total
atomic volume N - V, = N - (4/3)m - 1.

The next question concerns possible corrections for the pressure
p due to the attractive or repulsive forces between the atoms. At
low temperatures or for high densities the interaction between
the atoms can be no longer neglected. The total force on a se-
lected atom resulting from the interaction with all other atoms

Bs
B [o]
50 B
\ Az/ o
°
7 =
B, © : °B,
[o]
Bs
3 Fi(A) =0 IF| cop(B)
Pt ©2p(A) - p(B)
a) b)

Figure 10.70 |llustration of the internal pressure. Forces on an atom A a inside
a gas, b at the boundary between wall and gas

cancels for atoms inside a liquid or a gas volume, because the
interaction forces are in the average uniformly distributed over
all directions (Fig. 10.70a) (see the similar discussion about the
surface tension in Sect. 6.4.1). At the boundaries between liquid
and gas or between gas and wall, the interaction forces are no
longer uniformly distributed but are directed only into the half
space of the medium. They do not cancel and the total force F,
on one atom is not zero but is proportional to the number den-
sity n, of atoms in the half-sphere shown in Fig. 10.70b, which
means to the density o = M/V, where M is the total mass of the
gas in the volume V.

The amount of the total force F = |Y_ F;| « n, - F, onto all n,
atoms is therefore proportional to ng o @%. The force is directed
towards the interior of the gas and causes an intrinsic pressure

po=a-o* xa/V*,

which acts onto the atoms in addition to the external pressure p.

Taking into account this intrinsic pressure and the co-volume
b = 4N -V, the general gas equation for one mole of an ideal
gas

p'VM:R'T

has to be modified to the van der Waals-equation of real gases

(p+ %) (Vu—b)=R-T. (10.123)

where the constant b = 4 - N, - V, gives 4-times the internal
volume of the N, atoms in the mole volume V).

The progression of the function p(V) at constant T for a real
gas, described by (10.123), depends on the constants a and b. In
Fig. 10.71 the isotherms of CO, are shown for different temper-
atures. They confirm, that for high temperatures (Eyin > |Epo|)
the curves are similar to those of an ideal gas, but for low
temperatures closely above the condensation temperature they
deviate strongly.
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Figure 10.71 Van-der-Waals-isotherms of CO, for different temperatures

Solving (10.123) for p at constant T gives a polynomial p(V)
of third order, which shows for low temperatures a maximum
and a minimum (Fig. 10.71). How looks the comparison of this
theoretical curve with experimental results? Let’s see this for
the example of CO,.

If one mole of CO, is compressed at the temperature 7 = 0°C
starting at low pressures one finds in deed that the curve p(V)
follows quite nicely the theoretical curve until the point A in
Fig. 10.71. Further compression does not increase the pressure
p, which stays constant until the point C is reached where the
pressure shows a steep increase and follows again the van der
Waals curve.

The reason for this strange behaviour is the condensation of the
CO, vapour that starts at the point A. On the way from A to
C the fraction of the liquid phase continuously increases until
in C the vapour is completely liquefied. On the way from C to
smaller volumes, the pressure increases steeply because of the
small compressibility of the liquid. Between A and C gas and
liquid can both exist (co-existence range).

For a quantitative description of the condensation process we
must discuss the different phases (aggregation states) in more
detail.

10.4.2 Matter in Different Aggregation States

The different aggregation states of matter (solid, liquid gas) are
called its phases. In this section we will discuss, under which
conditions a phase transition solid — liquid, liquid — gas or
solid — gas can occur and when two or three phases can exist
side by side.

10.4.2.1 Vapour Pressure and Liquid-Gas Equilibrium

When a liquid is enclosed in a container which it fills only partly,
one finds that part of the liquid is vaporized and in the volume

10.4 Thermodynamics of Real Gases and Liquids
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Figure 10.72 Measurement of vapor pressure curve ps(T)

above the liquid surface a vapour phase has established at a
vapour pressure ps(7T) that acts upon the walls and the liquid
surface. The dependence of the vapour pressure ps(7) on the
temperature can be measured with the pressure tank shown in
Fig. 10.72 that is equipped with a thermometer and a manome-
ter.

At a constant temperature 7 a constant saturation vapour pres-
sure p,(T) is present where the liquid and the gaseous phase can
exist simultaneously under stable conditions.

The explanation given by molecular physics is based on the ki-
netic gas theory (Sect. 7.4). Similar to the situation in a gas also
the molecules in a liquid show a velocity distribution with ki-
netic energies that follow the Maxwell-Boltzmann distribution.
The fastest molecules in the high energy tail of the velocity dis-
tribution can leave the liquid, if their energy is larger than the
surface tension of the liquid (See Sect. 6.4). On the other hand,
when molecules in the gas phase hit the liquid surface, they can
enter into the liquid.

At the saturation vapour pressure pg(7) the liquid and the gas-
phase are at equilibrium, which means that the rate of molecules
leaving the liquid is equal to the rate of molecules that reenter
the liquid from the gas phase.

The higher the temperature the more molecules have sufficient
energy to leave the liquid, i. e. the vapour pressure rises with in-
creasing temperature (Fig. 10.72). The quantitative form of the
vapour pressure curve ps(7) can be calculated in the following
way:

In Fig. 10.73 we regard for 1 mol of the evaporating liquid a
cyclic process in the p, V-diagram of Fig. 10.71. In the state
C'(T + dT, ps + dps) the vapour should be completely con-
densed and the liquid occupies the volume Vj. Now the volume
is isothermally expanded at the temperature 7' + d7, while the
pressure is kept constant. Here the heat dQ, = A, which is
equal to the evaporation energy of 1 mol, has to be supplied
in order to keep the temperature constant. At A’ the total lig-
uid is evaporated. During the next step, the adiabatic expansion
A" — A, pressure and temperature are lowered by an infinites-
imal small amount. The system remains in the vapour phase
and reaches the point A(ps, T). Now the vapour is isothermally
compressed while the pressure remains constant, because con-
densation progresses during the path from A to the point C. The
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P

Ps +dps

Ps

Figure 10.73 Carnot cycle C’A’ACC’ in a p-V diagram of Fig. 10.71 illustrating
the derivation of the Clausius—Clapeyron-equation

condensation heat dQ, is released to the surrounding. The step
A — C corresponds to the curve ABC in Fig. 10.71. The liquid
state in point C is then transferred by an infinitesimal step to the
initial point C'(p 4+ dp, T + dT).

The temperature of the system changes only on the short paths
A" — A and C — C'. During the isothermal expansion C' — A’
the system has delivered the work dW; = (ps +dps) - (Vi — V),
while during the compression A — C the work dW, = p,-(V, —
V1) has to be supplied to the system. The net work is therefore
dW = dW1 + dW2 = (Vl - VV) . dps.

In Sect. 10.3.5 it was shown that the efficiency 7, of the Carnot
engine for an arbitrary working material is

n= |AW| — (Vv_Vl)dps

AQ; A
_T+dl—T _dT
T or4+4dr T T

because here is d7” < T. This gives for the evaporation energy
for 1 mol evaporated liquid the Clausius—Clapeyron equation

dps
A=T—V,— V). 10.124
T ( 1) ( )

The evaporation heat is proportional to the difference of the
mole-volumes of the liquid and gaseous phases and to the slope
dps/dT of the vapour pressure curve.

Note: Often the specific evaporation energy A [kJ/kg] is given
instead of the molar evaporation energy [kJ/mol]. The conver-
sion factor is

1kJ/mol = (10°M) kI /kg ,

where M is the molar mass in g/mol.

The evaporation energy pro molecule is w = A/Nj with Ny =
Avogadro number.

The heat of evaporation has two causes: The first cause is the
energy necessary to enlarge the volume V) of the liquid to the
larger volume V, of the vapour against the external pressure p.

The second cause is the energy spend to enlarge the distance be-
tween the molecules against their mutual attraction. The second

contribution is by far the largest one. It is therefore nearly equal
to the heat of evaporation.

Example

The volume of 1 kg water expands during the evaporation
from V; = 1 dm? to Vy, = 1700 dm?>. The work performed
during the expansion against the external pressure of 1 bar
isW = p-dV = 10°Nm-1.7m> = 170kJ. The measured
specific evaporation heat is A = 2080kJ/kg. Therefore
the first contribution only amounts to 8%. <

As one of many applications of the thermodynamic poten-
tials we will derive the Clausius—Clapeyron equation (10.124)
with the help of the thermodynamic potentials, where here the
Gibbs’-potential G(p, T) of (10.105) is used.

Differentiation of (10.105) gives

G
dp + —
T aT |,

3G

dG
ap

dr .

The compilation scheme of the potentials in Sect. 10.3.11 shows

oG

= =v d —
i an

o aT

At the phase equilibrium is dG; = dG,

—> dG] = V]dp —SldT = ngp - Ssz = dGz
(82 =8)dT = (V2 — Vi)dp
dp S -8
a7 Vv, -V’

From the definition of the entropy we conclude

2

dQey A
Sz—Slzf—QTre :?7
1

which finally gives
dp A
dT ~ T(V,—Vy)

The heat supply does not increase the kinetic energy of the
molecules, (because the temperature stays constant), but only
the potential energy. Therefore in Fig. 10.18 the long horizontal
line T(t) appears during the evaporation process.

Since in (10.124) V,, > Vj we can neglect V) in (10.124) and we
can also approximate in the general gas equation p -V = RT the
volume V ~ V, — V, = R - T/p. Inserting this into (10.124)
we get

Ldpg A

ps dT ~ RT?°



Pa

pc _____________________________
Solid

ps(T)

Gas phase

Figure 10.74 Phase diagram with vapor pressure curve ps(T) representing the
separating line between liquid and vapor phase from the triple point up to the
critical point P(pc, T) and melting curve Py (T) as separation line betweeen solid
and liquid phase

Integration yields

A
=——+C

In p,
UPs == pr

with the integration constant C. This gives with the boundary
condition ps(Tp) = po

—A/RD - with A = ¢VETo

pPs=po-A-e (10.125)
This van’t-Hoff equation shows that the vapour pressure rises

proportional to exp(—1/T).

Along the vapour pressure curve ps(7') the vapour phase and the
liquid phase are at equilibrium, i.e. at each temperature there
exists a vapour pressure ps(7) where the two phases exist si-
multaneously and are both stable.

The vapour pressure curve divides the area in the p-T-diagram
into two sections (Fig. 10.74). For p(T) < ps(T) only the vapour
phase exists under equilibrium conditions, for p(T) > p(T)
only the liquid phase.

The vapour pressure curve terminates at the critical temperature
T = T.. The corresponding vapour pressure p. = ps(7.) is the
critical pressure. Above the critical temperature 7, no distinc-
tion between liquid and vapour phase is possible. The densities
of both phases become equal. The slope of the vapour pressure

curve is there
dp) _pe-4
dr /o, sz '

The evaporation heat decreases with increasing temperature and
becomes zero at the critical temperature 7.. Just below 7 part of
the liquid changes statistically into the vapour phase and back.
This causes striations in the optical density which can be seen
in the transmitted light.

(10.126)

The critical temperature is related to the interaction potential be-
tween the molecules. Above T, the mean kinetic energy of the
molecules is larger than the amount of the mean potential en-
ergy. In the p-V-diagram of Fig. 10.71 the isotherms have for 7.
three intersection points with the horizontal line p = const < p.

10.4 Thermodynamics of Real Gases and Liquids

N \
s p(V, T< Tc)
v, v, v

Figure 10.75 Behaviour of Van-der-Waals isotherms p(V) around the critical
point (p, Tc)

When the volume V is compressed, the real pressure curve
(Fig. 10.75) shows a kink at V = V, and follows until V| not
the van der Waals curve but the horizontal line p = const be-
cause here condensation takes place. The dashed black curve in
Fig. 10.75 gives the volume V, where condensation starts and
V| where the whole gas is liquefied. At the critical temperature
T, the curve p(V) has no longer minima and maxima but only an
inflection point, which indicates that there are no longer phase
transitions but only a unique phase is present, which is called the
supercritical phase. The tangent to the curve p(V) in the critical
point p(T¢, V¢) is horizontal. The critical point can be calculated
from the van der Waals equation (10.123) with the conditions

0 92
(_p) =0 and (_p) =0
V). vz ) .

This gives for p. and T the results

1 a 8 a
Pe =572 e °= 27Rb ( 2)
and for the van der Waals constants a and b
) 1
a=3p.V:;, b= §VC . (10.127b)

It is therefore possible to gain information about the attrac-
tive interaction between the molecules and their internal volume
from measurements of the critical parameters p. and 7.

10.4.2.2 Boiling and Condensation

If the vapour pressure ps becomes larger than the external pres-
sure p acting on the liquid surface, vapour bubbles can form in
the inside of a liquid. They rise, due to buoyancy, to the liquid
surface: The liquid boils. The boiling temperature 7}, depends
on the external pressure p. From (10.125) one obtains

1
— £ In(p/po) -

Ty(p) = Tv(po) - X (10.128)
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Example

Water boils under a pressure p = 1bar at T, = 373K =
100 °C. For p = 400 mbar 7y, = 77 °C. Since the cooking
time of food strongly depends on the temperature, cook-
ing at high altitudes becomes tedious. Therefore one uses
a pressure cooker, which operates at about 1.5-2 bar and
reduces the cooking time considerably. <

If the vapour pressure becomes smaller than the external pres-
sure the vapour starts to condensate.

In our atmosphere the air mixed with water vapour generally
does not reach an equilibrium state (p, T), because the condi-
tions in the atmosphere change faster than the time necessary to
establish an equilibrium. The water vapour pressure is therefore
in general lower than the saturation pressure.

The concentration of water vapour in our atmosphere, measured
in g/m?, is called the absolute humidity ¢,. The maximum pos-
sible concentration of water vapour is reached, when the water
vapour pressure p,, is equal to the saturation pressure ps. The
humidity ¢ at this pressure is the saturation humidity ;.

The relative humidity is the quotient

Pa Pw
GDrel = — = —

. (10.129)
Ps DPs

Example

A relative humidity of 40% is reached, when the vapour
pressure of water is py = 0.4ps (H,O). <

For a given absolute humidity the relative humidity increases
with decreasing temperature because the vapour pressure of wa-
ter decreases with 7. (Fig. 10.76). When ¢, = 1 it starts to
rain. The temperature Ty where ¢, = 1 is the dew point or
saturation temperature.

For the operation of air conditioning systems, this has to be
taken into account. If the air is cooled below the dew point,
the water vapour will condense and increase the humidity in the
cooled room. The air has therefore to be dried before it is cooled
down.

p i

ps(T4)

Pw

Figure 10.76 lllustration of relative and absolute humidity of air and of dew
point

10.4.2.3 Liquefaction of Gases;
Joule-Thomson Effect

In order to liquefy gases at the pressure p one has to lower their
temperature below the pressure-dependent boiling temperature
Ts(p). There are several experimental realizations:

Adiabatic Cooling with Energy Output

Here the internal energy U of the gas at the pressure p; de-
creases because the expanding gas delivers the work dW = p-dV
against the lower external pressure p, while no heat is exchanged
(dQ = 0). From the first law (10.82) we obtain for 1 mol

dU=C,-dT = —p-dV.
This yields the temperature decrease

ar = gy
C,

Example

10 mol of a gas at room temperature 7 = 300« are ex-
panded against an external pressure of 10bar = 10°Pa
by AV = 1072m? (this corresponds to 5mol volumes.
With C, = 20.7J/(mol - K) we obtain AT = —4.8K.

<

This adiabatic cooling can be realizes for ideal and also for real
gases. It comes from the decrease AU of the internal energy due
to the partial transfer into mechanical work.

Joule-Thomson Effect

For real gases cooling can be also achieved without the trans-
fer into mechanical work. The expansion of the volume V
increases the mean distance between the molecules. This re-
quires work against the attractive forces between the molecules,
which means that the potential energy of the system increases at
the expense of the kinetic energy and the temperature decreases.

When a real gas expands adiabatically through a nozzle at a
pressure p; that is kept constant, from the volume V) into the
volume V, (Fig. 10.77) with the pressure p, < p; there is no
heat exchange with the surrounding (dQ = 0) and the enthalpy
H = U + p -V, is constant because the cooling is due to the
work against the attractive forces between the molecules during
the expansion.

The internal energy U of a real gas is the sum of the kinetic
energy Exin = (f/2) - R- T and a the potential energy

Vi
a a
Ep:/wdvz—vl,
o0

which is due to the attractive forces between the molecules and
causes the internal pressure (cohesion pressure).



P2, Vo

v

b) po = const

P1, V4

Figure 10.77 Comparison between adiabatic cooling and Joule-Thomson ef-
fect. a Adiabatic expansion with work delivery AW = p, - AV; b adiabatic
expansion through a nozzle without work output

Solving the van der Waals equation (10.123) for p, we obtain

_R-T a
P=y_p v

The enthalpy then becomes

f a RT a

V—b V2
; . vy (10.130)
= RT (— + —) -=.

2 V-b

Since H is constant during the adiabatic expansion through the
nozzle, we get

dH = aHdV—i— 8HdT =0
SV T
aHd bT 2a
—dv —_— - —
_ v _ (V-b?> RV
=dT = g ]: v dv
aT 2 V-b (10.131)
bRT —2a qv
T+ DRV
For temperatures below the inversion temperature
T =2 (10.132)
" bR '

we get dT7 < 0. The gas cools down although no heat ex-
change with the surrounding takes place. The value of the
inversion temperature depends on the ratio of the amount of
the attractive forces (described by the constant @) and the co-
volume b = 4N -V, of the molecules. For ideal gases is
a =b =0 = dT = 0 and no cooling occurs. The cooling of
real gases through adiabatic expansion through a nozzle is the
Joule-Thomson effect. It is only realized for real gases, not for
ideal gases. This can be seen as follows: When the gas flows

10.4 Thermodynamics of Real Gases and Liquids

~—

Counter-
flow

Figure 10.78 Schematic illustration of the Linde-process for liquefaction of air

through the nozzle, driven by the pressure p;, the energy p; - V|
is released. The gas, streaming into V,, builds up the pressure p
which requires the energy p, - V>. Energy conservation demands
Uy+p- Vi =Uy+pr- Vo, = H; = H, (10.76). The expansion
therefore proceeds at constant enthalpy.

For temperatures above the inversion temperature is d7 > 0, i.e.
the gas heats up. In order to use the Joule-Thomson effect for
cooling, the gas has at first to be precooled below the inversion
temperature. For higher pressures the density of molecules in-
creases and with it the relative share of the covolume b = 4N-V,
and the inversion temperature 7; becomes pressure dependent.
More detailed information on the curves T;i(p) can be found
in [10.14].

In Tab. 10.7 the maximum values of 7; are compiled for some
gases. The numbers show that for air the inversion tempera-
ture lies above room temperature. Therefore precooling is not
necessary. The gases N, and O, can be cooled below their con-
densation temperatures solely with the Joule-Thomson effect.
This is realized with the Linde-gas liquefying system, which
uses the counter-current principle (Fig. 10.78). The gas is com-
pressed by the piston K and streams through the valve VI into
the volume V, where it is dehumidified. It then passes through a
cooling system where it is precooled, before it streams through
the counter current cooler and finally through a nozzle into the
container D at low pressure. During this last step, it further cools
down. The cooling rate is for air AT/Ap = 0.25K/bar. For a
pressure difference Ap = 100 bar one reaches a cooling rate of
25K per step. The cold vapour is guided through the counter-
current cooler and helps to precool the incoming gas. Finally, it
is sucked in through the valve V1, into the initial chamber dur-
ing the expansion phase of the piston. The next step starts then
already with a colder gas and reaches therefore a lower final
temperature. After several steps the cooling during the expan-
sion through the nozzle reaches the condensation temperature
and the gas is liquefied.

During the cooling of air, which is composed of N, and O,, at
first the higher condensation temperature of oxygen is reached
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Table 10.7 Critical temperatures T, critical pressure p., maximum inversion temperature T; and boiling temperature for some gases

Gas T./K P./bar a/N-m#/mol?
Helium 5.19 2.26 0.0033
Hydrogen 332 13 0.025

Nitrogen 126 35 0.136

Oxygen 154.6 50.8 0.137

Air 132.5 37.2 =

CO, 304.2 72.9 0.365

NH; 405.5 108.9 0.424

Water vapor 647.15 217.0 -

before N, liquefies. Therefore the two gases can be readily sep-
arated.

Nowadays liquid nitrogen rather than liquid air is used for
many applications, because liquid oxygen contains the explo-
sive ozone O3. Liquid air that is kept in a Dewar increases its
0O, and O3 concentration in the course of time since N, evapo-
rates faster due to its higher vapour pressure and therefore after
some time liquid air reaches a critical concentration of Oz which
explodes above a critical temperature.

The gases H,, He of Ne can be liquefied by precooling them
with liquid nitrogen below the inversion temperature before they
can be further cooled by the Joule-Thomson effect.

10.4.2.4 Equilibrium Between Solid and Liquid
Phase; Melting Curve

If the temperature of a solid material is increased above a certain
temperature that depends on the material, the solid phase starts
to convert into the liquid phase. Only at the melting tempera-
ture T}, both phases can coexist under equilibrium conditions.
The pressure dependence d7;,/dp of the melting temperature
is much smaller than that of the evaporation temperature, i.e.
the slope of the curve p(T) in the p-T-diagram of Fig. 10.79
is much larger than that of the evaporation curve. One of the
reasons is the much smaller change of the volume during the
melting process, compared with the much larger change during
the evaporation process. A similar consideration as that result-
ing in Eq. 10.124 for the heat of evaporation gives the heat of
fusion

Am =T- d_p(vliquid - Vsolid) . (10133)
dr

For most materials the density decreases during the melting

process, i.e. Vigua > Vioia- This gives dp/dT > 0, be-

cause A, > 0. There are some substances (e. g. water) where

Viiquia < Vsoia. For these substances is dp/dT < 0, the melting

curve has a negative slope (anomaly of water) (Fig. 10.79b).

Note: The fact that for water Viiquia < Vsolia —> Qliquid > Osolid
is essential for many processes in nature. Lakes freeze up from
the top to the bottom. Since the heat conductivity of ice is small,
this gives an isolating layer at the top, preventing the complete
freezing of the water, thus protecting fishes and other sensitive
creatures.

The fact, that water has its maximum density at T = 4°C is
called its anomaly. It is due to the temperature dependent molec-
ular structure of water. Liquid water does not solely consist of

b/10% m3/mol T;/K Ts/K at po = 1.013 bar
24 30 4.2
27 200 20.4
38.5 620 77.4
31.6 765 90.2
- 650 80.2
42.5 >1000 194.7
37.2 >1000 -
- - 373.2

H>O molecules but also contains multimers (H,O),, in a con-
centration that depends on the temperature and on the distance
from the surface of water. In the multimers the different H,O
molecules are connected by hydrogen bonds. At higher temper-
atures theses weak bonds break and a structural change results
in a change of the mean distance and therefore also a change of
the density. In the solid phase the H,O-molecules form a regular
lattice with empty space between the molecules. Therefore the
density of the solid is smaller than that of the liquid phase.

Example

At T = 0°C the density of solid ice is ¢ = 0.917 kg/dm?,
that of sea water is ¢ = 1.04kg/dm?. Therefore, only
about 12% of an iceberg are above the seawater surface,
but 88% are below. |

Application of external pressure decreases the mean distance be-
tween the molecules and therefore the ice can melt, according to
the principle of minimum constraint. This is utilized by skaters,
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Figure 10.79 Melting curve, vapor pressure curve and triple point for a a pos-
itive, b a negative slope of the melting curve. a represents the phase diagram
of CO,, b that of water
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Figure 10.80 Apparently convincing demonstration of the lowering of the
melting temperature by pressure

where the high pressure below the sharp ice skates forms a thin
liquid layer with low friction (see, however, the remarks below).

The lowering of the melting temperature ATy, = (dT},/dp) - Ap
is often demonstrated by a wire that is pulled through an ice
block by a heavy weight (Fig. 10.80).

Remark. More detailed calculations show, however, that the
major part of the necessary melting energy comes from heat
conduction from the higher temperature of the wire to the ice
surface (see Probl. 10.11).

Even without external pressure a thin liquid layer is formed at
the surface of ice above T = —33°C. The necessary energy
for melting this layer is provided by the gain in surface en-
ergy. The boundary ice-air needs more energy for evaporating
molecules than the boundary ice-liquid. A liquid layer therefore
has a lower potential energy and the loss of potential energy is
larger than the melting energy.

10.4.2.5 Coexistence of different phases; Triple Point

Since the melting curve in the p-V-diagram of Fig. 10.76 has a
larger slope than the vapor curve the two curves must intersect
in a point (py, Ty ), called the triple point. Here the three phases
solid, liquid and gase can coexist.

For T < T, there is one boundary curve (sublimation curve)
that separates the solid and the gaseous phases. It has in the
(p, V)-diagram generally a positive slope. Solid materials can
directly pass into the gaseous phase without becoming liquid.
This process is called sublimation. Because of the small vapor
pressure of solids this process is, however, very slow.

If there are more than one phase of a material in a container,
pressure p and temperature 7" are no longer independent of each
other. For example, the coexistence of the liquid and the vapor
phase is only possible on the vapor curve ps(7T). This implies
that p and T are related by the evaporation coefficient A in
(10.125). 1Tt is possible to change T but then ps(7T) is fixed.
At the triple point (py, T) p and T are connected by two con-
ditions: the vapor curve and the sublimation curve. This means

10.4 Thermodynamics of Real Gases and Liquids

that none of the two variables p and T can be changed without
leaving the triple point.

This can be generalized by Gibb’s phase rule, which relates the
number f of the degrees of freedom in the choice of the variables
p and T with the number ¢ of coexisting phases. It states:

f=3—¢q (10.134)
At the triple pointis ¢ = 3 — f = 0, i.e. no degree of freedom
in choosing the variables p and 7. If only one phase is present
(¢ = 1) we obtain f = 2. The pressure p as well as the temper-
ature T can be chosen independently (within certain limits). On
the vapor curve is ¢ = 2 and therefore f = 1. We can choose
one variable and the other is then fixed.

For a mixture of different chemical components, which can be
present in different phases the generalized Gibbs phase rule
states:

f=k+2—gq (10.135)

where k is the number of components.

10.4.3 Solutions and Mixed States

Up to now we have discussed only pure substances, which are
composed of only one component and do not contain any impu-
rities. We have explained the different phases of solid, liquid and
gaseous states and possible transitions between these phases.
In nature, however, often mixed substances are present where
molecules of different species are mixed together. Examples are
NaCl-molecules or sugar molecules, which are dissolved in wa-
ter and dissociate into their atomic components. Other examples
are metal alloys

For the complete characterization of such mixed states pressure
and temperature are not sufficient, but also the concentration of
the different components have to be defined.

The concentration of a substance dissolved in a liquid is gen-
erally given in g/litre or in mole/litre. Often not the complete
substance has dissolved but a rest remains as solid sediment
(if ©sotia > Qliquia) Or as layer on the liquid surface (if Qolia <
Oliquid)-

The solution of substances can alter the characteristic features of
the liquid considerably. In this section we will shortly discuss
the most important features of solutions.

10.4.3.1 Osmosis and Osmotic Pressure

Assume a container with a semipermeable membrane including
a solution with the concentration ¢ of the dissolved substance
is submerged into a reservoir with the pure liquid (Fig. 10.81).
One observes that the level of the solution in a standing pipe
rises above the level of the pure solution, if the molecules of the
solvent can penetrate through the semipermeable membrane but
not the molecules of the dissolved substance. Such permeable
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Figure 10.81 Demonstration of osmosis in a Pfeffer cell

membranes with substance-specific transmission play an impor-
tant role in biological cells.

In the example of Fig. 10.81 the concentration difference of the
dissolved substance between outside and inside of the container
results in a diffusion of the solvent molecules into the solution
through the permeable membrane. This builds up a pressure
difference, indicated by the height 4 in the standing pipe.

Ap=o0-g-h,
which stops the net diffusion, because now an equal number of
molecules diffuses into and out of the container.

The net diffusion caused by the concentration difference is
called Osmosis and the pressure difference Ap is the osmotic
pressure.

The osmotic pressure posm is proportional to the concentration
of the dissolved molecules and to the temperature.

Experiments show that

Posm*V=V-R-T, (10.136)

where v is the number of moles dissolved in the volume V of
the solvent.

This van’t Hoff’s Law is the analogue to the general gas equa-
tion
p-V=v-R-T.

The osmotic pressure of a solution exerted onto the walls
of the container equals the pressure that would be present,
if the dissolved molecules were in the gas phase at the
temperature 7.

10.4.3.2 Reduction of Vapour Pressure

Due to the additional attractive forces between the dissolved
molecules and the solvent molecules the work function of the

Pso(T)
PsA
Ps1(T)
Pafr —m————————
Liquid
p, = external
ATy |- pressure
Gas phase
a) Tso Ts1 T
PsA
Pa _SO_lId
Gas phase
= < Lot
b) ™ 10 T

Figure 10.82 a Decrease of vapor pressure and increase of boiling tempera-
ture AT, of a solution compared to that of a pure solvent; b decrease of melting
temperature ATy,

solvent molecules increases. This means that at identical tem-
peratures less molecules evaporate than in pure liquids. The
vapour pressure is therefore lower than in a pure solvent.

The vapour pressure reduction Ap is proportional to the con-
centration of the dissolved molecules (if their vapour pressure is
negligible).

Francois Marie Raoult formulated in 1882 the law

A
ps ___ Ut (10.137a)
Dso Vo + Vi

here py is the vapour pressure of the pure solvent, v is the
number of moles of the solvent and v, that of the dissolved sub-
stance. For diluted solutions is v; < vy and (10.137a) reduces
to

Vi
Aps = —pso - — .
Vo

(10.137b)

The lowering of the vapour pressure causes an increase ATy, of
the boiling temperature as shown in Fig. 10.82a. The vapour
pressure has to rise by Apg to reach the external pressure p,.
From the vapour pressure curve ps(7T) in Eq. 10.125 we can
derive the relation between Ap, and ATy. Differentiation of
(10.125) gives

d A RT? A
ﬁ=—2ps=>AT:— ps.
dT  RT A ps

(10.137c¢)



Together with (10.137) this yields the Raoult’ Law

RT? v,
AT, = — — .

10.138
A ( a)

When several substances with the molar concentrations v; are
dissolved, this generalizes to

RT?
AT, = — ) v;.
AUO ;

(10.138b)
Since ATy, depends on the molar evaporation heat A, it is depen-
dent not only on the dissolved substances but also on the specific
solvent.

For dissolved substances that partly dissociate (for instance dis-
sociates NaCl into Na™ + CI7) the sum in (10.138b) extends
over all dissociated and non-dissociated components dissolved
in the solvent.

The lowering of the vapour pressure also results in a lowering of
the melting temperature 7Ty, (Fig. 10.82b). Similar to (10.138a)
one gets

RT? v,

ATy =-—— -1,

10.139
A ( )

where A, is the molar melting heat.

Example

For water with the concentration of v; moles of a dis-
solved substance is the lowering of the melting tempera-
ture

ATy, = —1.85K: v .

When 50g NaCl are dissolved in 1 litre water, (1 mol
NaCl are 58 g), the lowering of the melting temperature
is with > v; = 2-50/58 = 1.72mol: AT,, = —3.2K.

<

Seawater has a melting temperature that lies several degrees be-
low 0 °C depending on the salt concentration.

The lowering of the melting temperature is used to clear icy
roads from ice and snow by salting the roads.

The zero point of the Fahrenheit temperature scale is defined by
the melting temperature of a specific salt-water solution. From
(10.2) and (10.139) the zero point can be obtained as

0°F=—-17.8°C.

Solutions with dissolved substances have generally a
larger temperature range of the liquid phase than pure sol-
vents, because the boiling point rises and the melting point
is lowered.

10.5 Comparison of the Different Changes of State

10.5 Comparison of the Different
Changes of State

Here we will summarize all possible changes of thermodynamic
states and the corresponding equations.

1. Isochoric processes: V = const

dQ = Cy-dT (10.140a)
2. Isobaric processes: p = const
dQ=C,-dT =dU +p-dV (10.140b)
3. Isothermal processes: T = const
dU=0, dQ=p-dV, p-V =const (10.140c)
4. Adiabatic processes: dQ = 0
p- V¥ =const; k=C,/Cy (10.140d)
5. Isentropic processes: S = const
dS=Cy-dT/T+R-dV/V =0
(10.140e)

= T- V! = const

A reversible adiabatic process is always isentropic, but
not every isentropic process is also adiabatic.
6. Isoenthalpic processes

H=U-+p-V = const

(10.140f)
dH = (aH/ap)T:const + (aH/aT)p:const

10.6 Energy Sources and Energy
Conversion

The supply of sufficient energy that can replace to a large extent
manual work, has changed our life considerably. It is fair to say
that only the provision of sufficient and affordable energy has
essentially improved our standard of life. This is the reason why
in developing countries the desire for more energy will cause a
drastic increase of worldwide energy consumption.

The first law of thermodynamics teaches us, however, that en-
ergy can be neither generated nor annihilated. The phrase
“energy generation” (for example in power stations) means cor-
rectly speaking the conversion of energy from a specific form
into another (for instance from thermal energy into electric en-

ergy).

In fossil power stations the potential energy of CO- and
CO,-molecules is transferred into heat (kinetic energy of the
molecules and atoms), which is further converted via turbines
into mechanic energy of the rotating turbine, which drives an
electric generator that produces electric energy.
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Figure 10.83 Cooling towers of the coal power plant Staudinger. The plant delivers 500 MW electric power and 300 MW heat power. It reaches an efficiency of

42.5% (With kind permission of PreuBen Elektra AG, Hannover)

In car engines this molecular potential energy is converted into
mechanical energy that drives the car. In nuclear power stations
the potential energy of uranium nuclei (which exceeds that of
molecular bindings by 6 orders of magnitude) is converted by
nuclear fission into kinetic energy of the fission products and
then into heat of circulating cooling water.

Wind energy converters convert the kinetic energy of airflow
into rotation energy of the converter rotor blades, which drive

an electric generator. The wind energy has its origin in the solar

radiation energy, which in turn stems from nuclear fusion energy
in the interior of the sun.

In order to realize an energy conversion efficiency as high as
possible, one has to understand the basic physical processes
of the different conversion processes. We have learned in
Sect. 10.3.3 that the maximum possible conversion factor for
the conversion of heat into mechanical energy is given by the



efficiency of the Carnot engine which depends on initial and fi-
nal temperature during the conversion. The maximum initial
temperature is generally limited by the material of the container
walls which enclose the working gas. The lowest final tempera-
ture is often limited by the temperature of the surrounding. By
using the rest energy of the cooled gas for heating (combined
heat and power) the energy efficiency can be improved. This
reduces the waste of energy which would otherwise heat up the
environment. The non-usable rest heat energy is taken away by
cooling towers (Fig. 10.83).

The increasing concern about the warming of our atmosphere
(global warming) by man-made emission of molecular gases
such as CO,, CH4, NO, etc., which absorb the infrared emis-
sion of the earth surface thus heating up the atmosphere, has led
to the proposal and partly realization of several different “energy
sources”, i. e. energy conversion processes. In particular regen-
erative energy sources, where the working material is available
in unlimited quantities, or where the consumption of the work-
ing material is replaced by nature over time intervals of many
centuries, are favourable candidates. Such energy conversion
processes should not contribute to global warming. Examples
are nuclear energy conversion, wind energy, solar energy and
energy conversion based on the tides of the ocean. The most
important renewable energy conversion processes include:

= Hydro-electric power plants (based on the potential or kinetic
energy of water)

Wind-energy converters

Geothermic plants

Solar-thermal power plants

Solar-electric conversion (photo-voltaic devices)

Bio-energy (burning of regrowing biological material such as
wood, plants)

Some examples shall illustrate these different “energy sources”.
At first we will clarify some often used definitions.

The primary energy is the energy directly obtained from the
different sources (coal, oil, gas, water, wind, sun radiation, nu-
clear fission) while the secondary energy is won by conversion
of the primary energy into other energy forms (mechanical en-
ergy, electric energy, etc.). The conversion of primary into
secondary energy has an efficiency n < 1. This means a frac-
tion (1 — n) is lost and is delivered as heat into the surrounding.
If the consumption of primary energy in a country is larger than
the production of energy sources, the country has to import coal,
oil or gas.

In Tab. 10.8 the increase of the worldwide primary energy con-
sumption is summarized from 1990 to 2012. Note the large
increase of the electric power consumption. In Fig. 10.84 the

Table 10.8 Worldwide total energy consumption (in 10 TWh) and electric en-
ergy

Year Total energy Electric energy
1990 71 6
2000 117 15
2012 155 23

10.6 Energy Sources and Energy Conversion
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Figure 10.84 Worldwide energy consumption of different energy sources in
units of 10" Btu ~ 108 J ~ 300 TWh

contributions of the different energy sources to the total world-
wide energy consumption are illustrated and Tab. 10.9 lists some
countries with the highest energy consumption. It illustrates the
enormous increase during the last 40 years.

The units for energy and their abbreviations are given below:

1 Kilojoule =1k =10%J
1 Megajoule =1MJ =10°J
1 Gigajoule =1GJ] =10°J
1 Terrajoule =1TJ =10'27J
1 Petajoule =1P] =10"]J
1 Exajoule =1E] =10'%]

1 Kilowatt hour = 1 kWh = 3.6 MJ

It is interesting to compare the total energy consumption of Ger-
many (13400PJ per year) with the energy that it receives per
year from the sun. The energy of solar radiation per sec and m?
outside the atmosphere (solar constant) is 1.367 kW/(m? - s).
During its transit through the atmosphere, the radiation power
decreases through backscattering (30%) and absorption (20%)

Table 10.9 The countries with the highest consumption of primary energy (in
Megatons Oil-Units) [10.31]

Pos. Country 1970 2000 2010 2013 %

1 China 202.1 980.3  2339.6 28524 224
2 USA 1627.7  2313.7 22849 22658 17.8
3 Russia 483.0 619.4 674.1 699.0 5.5
4 India 64.8 295.8 510.2 595.0 4.7
5 Japan 279.9 518.0 506.8 474.0 3.7
6 Canada 156.4 303.0 315.6 3329 2.6
7 Germany 309.6 333.0 322.5 325.0 2.6
8 Brasilia 36.8 185.8 2574 284.0 22
9 South Korea 14.3 193.9 254.6 271.3 2.1
10  France 155.8 258.7 253.3 248.4 2.0
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and therefore only about 50% reach the earth surface. Since
the sun radiation generally does not incide vertically onto a
surface element but under an angle « that depends on the day-
time, the latitude and the yearly season, the annual average
P = Py - cosa of the incident radiation intensity is for a latitude
of 45° about 300 W/(m? - s). With an annual sunshine duration
of 1000h/year (3.6 - 10°s/year) we receive the annual average
of solar radiation energy of about 1 GJ per m? and year. In order
to match the energy consumption one needs in Germany an area
of 3 - 10* km? for solar energy collectors with an efficiency of
50%.

For the whole earth (the hemi-sphere with the area of 2.55 -
108 km?) the total incident sun radiation power is 10" . 2.55 -
108 = 2.55-10% J/year. The total energy consumption in the
year 2011 was, however, only 5-102° J/year which is about 0.2%
of the incident sun energy.

10.6.1 Hydro-Electric Power Plants

Most of the hydro-electric power plants use water reservoirs
where the water outlet streams through pipes and drives turbines
that generate electric power. Here the potential energy of the
damned up water is converted into kinetic energy of the water
flowing through the pipe.

For a storage height / an area A of the reservoir and a density o
of the water the total potential energy is

Eyw=0-8-h-A-Ah,

when the storage height is lowered by Ah < h.

Example

A =1km?> =10°m% h = 30m, Ah = 5m — Epy =
1.5-10"2) = 1.5TJ. -«

Some hydro-electric power stations use the flow energy of
rivers, where in most cases, however, the river has several bar-
rages where again the potential energy of the dammed river is
used to drive turbines. This method was often used in earlier
times to drive corn mills and hammer mills which only need
moderate powers.

Example

When a channel with a width of Sm and a depth of
3 m is branched off a river the water with a velocity of
v = 6km/h = 1.67 m/s drives a turbine, the maximum
available power is

P = %Mv2 =0-B-h-v?/2.
With the numerical values given above this yields P =
21 kW. <

10.6.2 Tidal Power Stations

Tidal power stations use the tidal range between low and high
tide for power generation. This range is in particular large in
the mouth of rivers, where it can reach up to 16 m. The water
passes through turbines built into logs in the river. At low tides,
the water streams seawards and at high tides against the river.
This streaming water drives the turbines at low tides as well as
at high tides (Fig. 10.85), which activates generators for produc-
ing electric energy. At a water level difference Al between the
dammed river and the sea level the energy that can be converted
is

W= /(dM/dt) -g - Ah(t)dr,

where dM/dt is the mass of water passing pro second through
the turbines, Ah is the time dependent level difference and T
(about 5 h) the time duration of low resp. high tide.

Here the gravitational energy of earth-moon attraction and the
decrease of the rotation energy of the earth (due to friction by the
tides) are the primary energy sources. During the time intervals
where Ah = 0 the tidal power station cannot deliver energy.

The first tidal power station was built in France in the mouth
of the river Rance (Fig. 10.86) where a tidal range of 16m is
obtained. The river dam is 750 m long and has 24 passages
where the turbines are located. The total power station deliv-
ers an electric power of 240 MW and per year an electric energy
of 600 GWh. This equals the energy delivered by 240 wind con-
verters with 1 MW power each and 3000 hours of full operation
per year.

The disadvantage of such tidal power stations is the separation
of the bay at the mouth of the river. This can change the bio-
logical conditions for plants and fishes and it can furthermore
influence the tidal range in neighbouring bays with the danger
of flooding.

Generator

Reservoir ngh tide

1

Hydraulic turbine

Generator

Low tide

.

Hydraulic turbine

Figure 10.85 Schematic illustration of a tidal power station
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Figure 10.86 Tidal Power Station St.Malo. Aerial view of the power station in the estuary of the river Rance in France. Here the tidal amplitude is about 8 m (see

Sect. 6.6). With kind permission © Foto dpa

10.6.3 Wave Power Stations

Wave power stations use the kinetic and potential energy of sea
waves for the generation of electric energy. Their basic princi-
ple is illustrated in Fig. 10.87. A pneumatic chamber is filled
with air in its upper part while the lower part has a connection
to the sea. The incoming waves induce a periodic change of
the water level in the lower part of the chamber. This causes
a periodic change of the air pressure in the upper part and an
air flow through the pipe at the top of the chamber that peri-
odically changes its direction. In the upper part of the pipe a

Generator

Turbine
Air flow wells

Periodic
lift

Water

Incomming
wave

’:

Ground

Figure 10.87 Concept of a wave-power station

Wells-turbine is installed, that always rotates in the same direc-
tion independent of the direction of the air flow. This turbine
has symmetric blade profiles in contrast to normal turbines that
have asymmetric blade profiles, optimized for one direction of
the airflow. The efficiency of the Wells-turbine is smaller than
that of normal turbines. It has, however, the advantage that it
rotates continuously for both directions of the air flow.

Wave power stations do not use the tide difference between high
and low tide but the wave energy, which is in turn driven mainly
by the wind energy and only to a minor part by the tides [10.32,
10.33].

10.6.4 Geothermal Power Plants

The temperature of the earth’s interior increases with increas-
ing depth by about 3-5°C/100 m, because heat flows from the
hot kernel to the outer parts of the earth. The heat in the kernel
was mainly generated in the formation period of the earth (about
4 billion years ago) where heavier elements dropped down to the
kernel due to gravitational forces. This increased the tempera-
ture of the kernel. Another cause for the production of heat is
the radioactive decay of elements such as Uranium, Thorium
and Potassium that are contained in the kernel as well as in the
earth mantle.
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Hot rock

Figure 10.88 Schematic illustration of a geothermic power station

In regions with volcanic activities, water rising from the interior
to the surface of the earth has a sufficiently high temperature to
be useful as energy source. For example in Iceland residences,
green houses and swimming pools are heated by hot water from
the earth interior. This energy streaming out of the earth interior
is called geo-thermal energy.

Iceland can cover about 80% of its primary energy consumption
(40 PJ = 40 - 103 ) by this geothermal sources.

In regions without such active volcanism, one can drill deep
bore holes (3000-5000 m) in order to utilize geothermal energy.
The temperature at a depth of 5000 m is about 200-300 °C. For
energy production water is pumped into the bore holes which
interacts with the hot rock and is heated up. The hot water is
pumped back to the surface and can be used for heating purposes
or, if its temperature is above 100 °C it can produce through heat
exchangers hot steam that drives turbines (Fig. 10.88).

The limitations of the geothermal energy usage in non-volcanic
regions is the slow transport of heat from the surrounding of a
bore hole, which is mainly due to heat conduction. When the
heat extraction becomes larger than the supply of energy from
the surroundings the temperature drops and the efficiency of the
plant decreases accordingly [10.24]. A much more serious prob-
lem are possible geological dislocations. The water pumped
under high pressure into the bore hole can modify the rock in
the surroundings of the bore hole and can increase the volume
of such chemically altered porous rocks. This will cause local
uplifts at the earth surface which can damage buildings. Such
geothermal plants should be therefore operated far away from
inhabited areas.

10.6.5 Solar-Thermal Power Stations

These power stations use the heating of material that absorbs the
sun radiation and transfers the heat to a liquid transport medium,
such as water or oil. In order to reach sufficiently high tem-
peratures the sun radiation is focused by parabolic or spherical
mirrors onto the heated devices.

Sun light

Absorber

Parabolic
reflector

Pipes heated by
sunradiation

Figure 10.89 Thermal solar power station using parabolic reflectors

Stirling engine

%

Tracking
parabolic mirror

Figure 10.90 Solar power station with parabolic mirrors, that follow up the
sun position and focus the sun radiation onto a Stirling motor [10.26]

In the parabolic gullies construction the water or oil is pumped
through pipes that are located in the focal line of cylindrical
mirrors with parabolic profile (Fig. 10.89), which concentrates
the sun radiation onto the pipes [10.25].

Another modification consists of several hundred parabolic mir-
rors (heliostats) that follow up the changing sun position during
the day (Fig. 10.90) and concentrate the sun radiation, nearly
independent of the position of the sun, onto a small volume at
the top of a high tower (Fig. 10.91).

The achievable radiation density of this device is much higher
than in the parabolic gully construction and temperatures of
about 1000 °C can be reached. This increases the efficiency for
the conversion into electric energy. The generated hot steam
drives turbines as in fossil power stations.

An example of such a solar-thermal power station is the plant
“Plataforma solar de Almeria” in Spain (Fig. 10.92). Here
300 heliostats with 40 m? parabolic mirror surface each concen-
trate the sun radiation onto the radiation collector at the top of an



Solartower
with absorber

Sun radiation

Heliostats

Figure 10.91 Solar tower power station

80 m high tower. This plant produces an average electric power
of 40 MW.

The solar-thermal power plants discussed so far only work effi-
ciently for direct sun radiation, i.e. under a clear sky, because
the concentration by the heliostats onto a small volume does not
work efficiently for the diffuse radiation at cloudy days.

Here another type of solar power stations, the upwind plant,
is favourable (Fig. 10.93). The air above a large area under a
sloped glass roof that is formed like a cone, is heated by di-
rect or diffuse sun radiation. The hot air streams to the centre
of the area where it rises up into a chimney, driving a turbine.
Although the efficiency of such a plant is only about 5% it still
pays off because of the low construction and operation costs.

An example is the plant “Fuente el Fresno” in Spain, where an
area of 2.5km? is covered by the glass roof. The chimney is
750 m high and the delivered electric power amounts to 40 MW.
The large area is not lost for agriculture but can be used for
growing plants and fruits even during colder periods, since it
operates like a green house.

10.6 Energy Sources and Energy Conversion

Upwind

\ (v— Chimney
Turbine

< Glas roof

Generator

— Air
—

Figure 10.93 Upwind solar power station

10.6.6 Photovoltaic Power Stations

Here the sun radiation energy is directly converted into electric
energy by photovoltaic semiconductors. The efficiency amounts
to 5-20% depending on the semiconductor material. The basic
physics of these devices is explained in Vol. 3.

The price per kWh was very high in the beginning but decreases
now rapidly due to mass production of solar cells or thin film
photovoltaic devices. In view of the rising prices for fossil en-
ergy sources it will soon be able to compete with conventional
power plants.

The large disadvantage of all solar power plants is the de-
pendence on the unreliable sunshine duration. It is therefore
necessary to realize energy storage devices which can bridge
the time periods where the sun does not shine.

Figure 10.92 Gemasolar power station close to Sevilla. 2650 mirrors reflect the sun light onto a tower where a salt solution is heated. It will deliver electric

energy of 110 GWh per year. (Torresol Energy Investment S.A.)
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10 Thermodynamics

10.6.7 Bio-Energy

The burning of farming refuse, such as waste wood, stray,
garbage or biogas, which remains in agriculture can produce
useful energy, named bio-energy, because the burned material
is of biological origin. The advantage of this energy source is
that it is renewable as long as the consumption does not exceed
the natural production. Its disadvantage is the emission of CO,
which generally exceeds the consumption of CO, by the grow-
ing plants, although the net emission balance is more favourable
than for conventional fossil power plants. Furthermore other
species such as SO,, phosphor and heavy metal compounds
are emitted. If only substances as burning material are used,
which cannot be utilized for other purposes, the bio-energy can
be judged positively. However, if food is used for the produc-
tion of gasoline, this is contra-productive and should be rejected.
Also the burning of wood pellets only makes sense, if they are
produced from wood waste, but this technique is nonsense if the
pellets are pressed from trees that could have been used else-
where.

10.6.8 Energy Storage

The increasing production of energy from renewable resources
that are not continuously available, demands the realization of
sufficient energy storage systems in order to bridge time periods
where these sources cannot deliver sufficient energy. There are
several proposals for such storage systems, where some of them
have been already realized.

The oldest energy storage systems are pumped hydro storage
plants. Here water is pumped from a lower storage reservoir
into a higher one during times, where sufficient energy is avail-
able. During periods where more energy is needed, the water
runs back from the higher into the lower reservoir and drives
turbines, which activate electric generators. The generators are
used during the up-pumping period as electric motors that drive
the pumps. This method is up to now the most efficient, but
it needs sufficient space on the top of mountains for the upper
reservoir. One of many examples is the Walchensee plant in
Bavaria, Germany, where the water is pumped from the lower
Kochelsee into the 200 m higher Walchensee.

For bridging the night periods, where solar plants cannot work,
salt storage systems have been developed. Here the surplus en-
ergy produced during daytime is used to heat up and melt a salt
solution. During night time the heat of the hot solution and the
heat of fusion that is released when the solution solidifies, can
be used to bridge the energy gap. With multi-component salt
solutions, there are several melting temperatures and the heat of
fusion is more uniformly delivered during the cooling of the so-
lution. Examples of such salt solutions are Mg(NO3), - 6H,0,
or CaCl, - 6H,O.

For small energy demands during night-time compact lithium
batteries have been developed which have a storage capacity of

Electrolysis
of H,0 Ha

2H,0 — 2H,+0,

HZ'
reservoir

0;

Combustion

H,O

Figure 10.94 Hydrogen gas as energy reservior

0.2 kWh per kilogram mass. For a volume of 0.5 m? of the bat-
tery system one can reach a storage energy of 20kWh. This
is sufficient for most private households, which may have so-
lar collectors on the roof and can provide with such a combined
system their energy demands during day and night.

A promising storage medium is hydrogen gas H,, which can
be produced by electrolysis during times where surplus solar or
wind energy is available. According to the endothermic reaction

2H,0 — 2H, 4+ O, , (@)
(Fig. 10.94) hydrogen gas is produced by electrolysis of water.
In the reverse exothermic reaction

2H; + O, — 2H,0 (b)
energy is released. The advantage is, that no environmentally
dangerous gases such as CO, or NHj3 are emitted. The elec-
trolytic systems can be placed directly inside the tower of wind
converters and the produced hydrogen gas can be stored in high
pressure bottles. The systems can be controlled in such a way,
that reaction (a) operates during the time period of wind energy
surplus and reaction (b) during times of wind energy shortage.
For large plants the hydrogen gas is stored in huge underground
caverns, for instance in no longer used salt mines and is trans-
ported by underground pipes to special power stations which can
burn hydrogen gas. Meanwhile long-time experience is present
for the storage of hydrogen gas in caverns.

Example

The cavern Clemens Dome, close to Lake Jackson USA,
has a volume of 580000 m>. The stored gas at a pressure
of 10 MPa can deliver an energy of 90 GWh. It is operated
since 1986. <

While for H, storage the reaction energy of the reaction (b) is
used, for air storage at high pressures the potential energy p-V of
the gas volume is utilized. When the gas flows from the storage
tank through a pipe, the potential energy is converted into kinetic
energy, which is used to drive a turbine (Fig. 10.95).



Low pressure High pressure Turbine  Generator
valve valve
Compressor
I Electrical
current

Gas reservoir

Figure 10.95 Scheme of a high pressure gas reservior

Summary

Example

p = 100atm = 10MPa, V = 500000m® — E,o =
p-V=5-102N-m=5-10"”Ws = 1.39 GWh. <

Summary

The temperature of a body is given either as absolute temper-
ature T in Kelvin or as Celsius temperature Tc/ °C or in the
US as Fahrenheit temperature. The relations are

T/K = Tc/ °C + 273.15,

T/F = (9/5)Tc°C + 32
= (9/5)[T/K — 273.15) + 32
= (9/5)T/K — 459.67 .

For temperature measurements all quantities can be used,
that depend on the temperature (expansion of a liquid vol-
ume, electric resistance, thermo-voltage, conductivity of
semiconductors).

The thermal expansion of bodies is caused by the non-
harmonic interaction potential between neighbouring atoms.
The absolute temperature is determined with the gas ther-
mometer, where the increase of the gas pressure with temper-
ature in a constant volume is proportional to the temperature
increase.

The thermal energy of a body is determined by the kinetic
and potential energy of the atoms or molecules. The tempera-
ture increase AT of the system is proportional to the supplied
heat energy AQ = C- AT.

The molar heat capacity for a constant volume of a gas
Cy = R-f/2, is equal to the product of gas constant R =
k - Na times one half of the number f of degrees of freedom
of the atoms or molecules in the gas.

The molar heat capacity at constant pressure is C, = Cy +R
The transition from the solid to the liquid phase requires the
molar melting energy W = A, per mole. During the melt-
ing the potential energy of the atoms or molecules increases
while the kinetic energy stays constant. Similar the transi-
tion from the liquid to the gaseous phase needs the energy
per mole W = A, (heat of evaporation).

Thermal energy can be transported from one area to another
— by heat conduction

— by convection

— by thermal radiation

The amount of heat transported per second by heat con-
duction in the direction r through the area A is dQ/dr =
—A - A - (gradT),, i.e. the product of heat conductivity A,
area A and temperature gradient in the direction of r.

For metals the heat conductivity is proportional to the elec-
trical conductivity, which indicates that the electrons are
mainly responsible for both conductivities.

The thermodynamic state of a system is unambiguously de-
termined by the state variables pressure p, volume V and
temperature 7. For v moles of an ideal gas in the volume
V the general gas equation is

p-V=v-R-T.

The number of internal state variables in real gases is given
by Gibbs’ phase rule (10.134).

The entropy S of a system is a measure for the number of
possible ways the state of the system can be realized. The
change of the entropy is dS = dQ/T where dQ is the heat
energy supplied to or by the system.

The first law of thermodynamics AU = AQ + AW de-
scribes the energy conservation. The change AU of internal
energy U = N - (f/2)kT of a system with N atoms or
molecules equals the sum of supplied heat AQ and mechan-
ical work AW performed on or by the system. For real gases
is U = Eyn + Epo, because the interaction energy between
the atoms has to be taken into account.

Special processes in a system of an ideal gas are:

isochoric processes (V = const) = dU = Cy - dT,

isobaric processes (p = const) = dU = dQ — pdV,
isothermal processes (T = const) = p - V = constant,
adiabatic processes (dQ = 0) = dU = dW and p - V¥ =
constant with k = C,/Cy = adiabatic index.

The second law of thermodynamics states that at the con-
version of heat into mechanical energy at most the fraction
n = (Ty — T,) /T can be converted when the heat reservoir
is cooled from the temperature 7 to 7.

The entropy S = k- In P is a measure for the number P of re-
alization possibilities for a system with a given temperature
T and total energy E.
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m  Reversible processes are ideal processes where a system
passes a cycle of processes and reaches its initial state with-
out any losses. An example is the Carnot Cycle where the
system passes through two isothermal and two adiabatic pro-
cesses.

= For reversible processes the entropy remains constant. For
all irreversible processes the entropy increases and the free
energy F = U — T - S decreases.

= The entropy S approaches zero for 7 — 0 (third law of ther-
modynamics).

= For real gases the Eigen-volume of the atoms and the inter-
action between the atoms cannot be neglected as for ideal
gases. The equation of state p- V = v - R- T of ideal gases is
modified to the van der Waals equation (p+a/V?)-(V—b) =
R - T, where a/V? denotes the internal pressure and b/4 the
Eigen-volume of the Ns molecules per mole.

= The heat of evaporation of aliquid A = T-dps/dT-(V,—V)) is
due to the mechanical work necessary to enlarge the volume
V) of the liquid to the much larger volume V, of the vapour
against the external pressure and against the internal attrac-
tive forces between the molecules. The second contribution
is much larger than the first one.

m In a p(T) phase diagram the liquid and gaseous phases are
separated by the vapour phase curve and the liquid and solid
phase by the melting curve. The two curves intersect in the
triple point (T, p) where all three phases can coexist.

m  The vapour pressure of a liquid is lowered by addition of
solvable substances, which increases the evaporation temper-
ature. Also the melting temperature can be lowered.

Problems

10.1  Give a physically intuitive explanation, why the thermal
expansion coefficient for liquids is larger than that of solids.

10.2 Prove example 2 in Sect. 10.1.2.

10.3 A container with 1 mol helium and a container of equal
size with 1 mol nitrogen are heated with the same heat power
of 10 W. Calculate after which time the temperature of the gas
in the containers has risen from 20 to 100 °C. The heat capac-
ity of the containers is 10 Ws/K. How long does it take, until
T = 1000°C is reached, when we assume that the vibrational
degrees of freedom of N, can be excited already at T = 500 °C?
All heat losses should be neglected.

10.4 Give a vivid and a mathematical justification for the time
dependent temperature function 7'(¢) during the mixing experi-
ment of Fig. 10.12.

10.5 A container (m = 0.1kg) with 10mol air at room tem-
perature rests on the ground. What is the probability that it lifts
by itself 10cm above ground? Such an event would cause a
cooling (conversion of thermal into potential energy). How large
is the decrease of the temperature? (Specific heat of the gas is
(5/2)R, that of the container is 1 kJ/(kg - K).)

10.6 A volume of 1dm? of helium under standard condi-
tions (po = lbar, Ty = 0°C) is heated up to the temperature
T = 500K. What is the entropy increase for isochoric and for
isobaric heating?

10.7 The critical temperature for CO, (M = 44 g/mol) is
T. = 304.2K and the critical pressure p. = 7.6 - 10°Pa, its
density at the critical point is ¢ = 46kg/m?. What are the van
der Waals constants a and b?

10.8 What is the entropy increase AS; when 1kg water is
heated from 0 to 50 °C? Compare AS; with the entropy increase
AS, when 0.5 kg water of 0 °C is mixed with 0.5 kg of 100 °C.

10.9 A power station delivers the mechanical work W; when

water vapour of 600°C drives a turbine and cools down to

100°C.

a) What is the Carnot efficiency?

b) How many % of the output energy can one win, when the
water of 100 °C is used for heating and cools down to 30 °C?

10.10 A hot solid body (m = 1kg, ¢ = 470J/(kg-K),
T = 300°C) is immersed into 10 kg of water at 20 °C.

a) What is the final temperature?

b) What is the entropy increase?

10.11 Calculate the pressure that a wire with 1 mm diameter
exerts onto an ice block with a width of 10cm (according to
Fig. 10.80) when both ends are connected with a mass m = 5Skg.
What is the increase of the melting temperature? What is the
heat supplied to the ice block by the wire, if the outside temper-
ature and the wire temperature are 300 K? How much ice can be
melted per second by the wire?

10.12 Calculate from the diagram of Fig. 10.64b the theoretical
efficiency of the Otto-motor.

10.13 Show that for a periodically supplied heat at x = 0
Eq. 10.42 is a solution of the Eq. 10.38b for one-dimensional
heat conduction.

10.14 What is the maximum power an upwind power plant
can deliver (area 5km?, temperature below the glass roof T =
50°C, height of the tower 100 m, outside temperature 20 °C at
the top of the chimney).
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