Chapter 22
Applications of Spinor QED

We have seen in Chapter 18 that inclusion of the quantized Maxwell field did
not change the basic formalism of time-dependent perturbation theory, see equa-
tions (18.71-18.73), and this property also persists after promotion of the matter
fields in the Hamiltonian to relativistic Klein-Gordon or Dirac fields. In the follow-
ing sections we will use the Hamiltonian (21.94) of spinor quantum electrodynamics
for the calculation of scattering processes. However, we first should generalize our
previous results for the scattering matrix to the case of two free particles in the initial
and final state.

22.1 Two-particle scattering cross sections

We have discussed events with one free particle in the initial or final state of a scat-
tering event in the framework of potential scattering theory in Chapters 11 and 13,
or in photon emission, absorption or scattering off bound electrons in Sections 18.6—
18.9. The techniques that we have discussed so far cover many applications of
scattering theory, but eventually we also wish to understand scattering involving
two (quasi-)free particles in the initial and final states. Electron scattering off atomic
nuclei, electron-electron scattering, electron-photon scattering, or electron-phonon
scattering provide examples of these kinds of scattering events which happen all
the time in materials. In these cases we are discussing scattering events with two
particles in the initial or final states. We should therefore address the question how
to generalize the equations from Sections 13.6 and 18.9, which dealt with the case
of one free particle in the initial and final state.

Let us recall from Section 13.6 that with a free particle with wave vectors k and
k' in the initial and final state, the scattering matrix element for a monochromatic
perturbation W (f) ~ exp(—iw?)

Sy x = (K'|Up(00, —00)[k) = —iMy 18(w(K) — w(k) — @)
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has dimension length? due to the length dimensions of the external states, and yields
a differential scattering cross section

S a|’ — PR My |’

d ) & L . N e 7 B
Okt Tdj(k))d*k 2 djk) |k

S(wk) — w(k) — w).

Here we substituted the more precise notation dj(k)/d*k for the incoming current
density j;, per k space volume. Substitution of the current density for a free particle
of momentum %k

djky v

Bk (2n)3

yields

280K — w(k) — 0)dK, (22.1)

UdO'k_)k/ = 47'[2 |Mk/,k

see also equation (18.115), where we found this equation for photon scattering off
atoms or molecules.

Now suppose that we have two free particles with momenta k and ¢ in the
initial state, and they scatter into free particles with momenta k” and ¢’ in the final
state. We also assume that the scattering preserves total energy and momentum. The
corresponding scattering matrix element

Stqkg = K4 |Up(00.~00)k.g) = —iMy gu K +4 —~k—q)  (22.2)

has dimension length®. This is consistent with the fact that |Sk/.q/;kiq\2 is a transition
probability density per volume units d*k’d*q’d*kd’q in wave vector space.

For ease of the present discussion, we also assume that the scattering particles
are different, like in electron-photon or electron-phonon scattering, and we will use
markers e and y to label quantities referring to the different particles. The notation
is motivated from electron-photon scattering, but we will develop the formalism in
this section with general pairs of particles of masses m, and m, in mind.

Suppose the two particles have momentum 4-vectors

Pe = hk = h(we/c,k), p, =hq=h(w,/c,q)

relative to the laboratory frame in which we observe the collisions. The scattering
rate will be proportional to the product

do.(k) dj,(q) _ do.(k) do,(q) .

Pk dq | &Pk dg
where
k
by = |—— L (22.3)
W, W,
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is the relative speed between the two particles that we assign from the point of view
of our laboratory frame. The speed ., is usually replaced with another measure for
relative speed between the two particles,

; \/k ey 22.4
vey—wewy (k-q) T (22.4)

which agrees with v, in laboratory frames in which the two momentum vectors p,
and p,, are parallel or anti-parallel, or where the laboratory frame coincides with the
rest frame of one of the two particles:

6
~2 2 c 2 2 2
Vey = Vey = 733 lk|” |gq|” (1 — cos® ).
e @y

Here ¢ is the angle between p, and p,. E.g. in the rest frame of the e-particle,
hk, = h(w./c,0) = (m.c,0), we find

2 -4
v =< Rl —cz—lpy|—v
ey Y 2 = = Uy,
wy h E,
and in the center of mass frame of the two particles, k = —q, we also find the

difference of particle velocities,

4 272\2_ 2 2 8
L W (@ewy +c7k7) —m;my ¢

v ool
2274 532 2 Ap20,2 ) 0 2 2
_ C42h k' +2h* w.w k" + kS (m;+m) =c4k2we + 0, + 20,0,
holw’ wlw?
k 2
_ (cz_ _Czi) , (22.5)
e wy

As a byproduct we also find another useful formula for the relative speed in the
center of mass frame,

W, + wy

Vey = 62|k|
Wewy

(22.6)
Please keep in mind that (22.6) is the relative particle speed assigned to the two
colliding particles by an observer at rest in the center of mass frame, but not the
speed of one particle relative to the other particle as measured in the rest frame of
one of the particles.

The differential cross section for two-particle scattering can then be defined
through the equation
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2
|Sk’ q'k.q }
VT (do./d*k)(dj, /d*q)

vdoy g g = V&K dq’

iSk’,q’;k.q |2

— d3k/d3q/ )
VT (do./d*k)(do,/d*q)

(22.7)

In words, we divide the scattering rate d*k’'d’q’ \Sk/,q/;k,q|2d3kd3q/ T between
wave vector volumes d’kd>q — d’k’d*q’ by the number of scattering centers Vdo,
in the phase space volume Vd>k and the incoming particle flux dj, in the wave vector
volume d>q to calculate Aoy gt /-

If we substitute the scattering amplitude My, , for the scattering matrix
element and use for the 4-dimensional § function in momentum space the equation

cVT

4 T
§4(0) = lim BT

k—0 (27)*

/ d*x exp(ik-x) =
we find
2
¢ }Mk/,q’;k.q|
(2m)*(do./d*k)(doy /d*q)

The density per x space volume and per unit d’k of k space volume for
momentum eigenstates is

YK +q —k—q). (22.8)

— B 73,
vdoy g g = d’K'd’q

do 1
&k (2n)3
This yields
Vdoy g g = 477 | My iy |2 YK + 4 —k—q)d’k'd°q . (22.9)

Note from equation (22.2) that the two-particle scattering amplitude My, , has
the dimension length? while the single-particle scattering amplitude M,/ ; has
dimension length®/time due to the use of a § function in frequencies rather than
wave numbers in the single-particle case.

We can derive a single-particle scattering cross section from (22.9) by integrating
over the final wave number of one of the two particles, e.g. ¢’, while considering its
initial wave number fixed, e.g. ¢ = 0. This yields

vdoy_y = v /d3q’ do,;;—:;/k/#
= 42 | My s o $(@ W) — (k) — 0, )d K,
with
w,=w@=0—wq =k-—k')

and a resulting single particle scattering amplitude M, ; = cMy j—p 4 0-
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Measures for final states with two identical particles

To explain the necessary modifications of the previous results if we have two
identical particles in the final state, we first consider decay of a normalizable state
|7) into two identical particles with momenta %k, and #%k,.

The initial state belongs to a set of orthonormal states, (i|j) = ;. For the
final states with two identical particles, we have to take into account that the
decomposition of unity on identical 2-particle states is

1
lidentical 2—particle states — 5 /d3k1 /d3k2 Ikls k2)(k1 »k2|

% [ Pk, / Phey a (k)™ (k2)]0) (Olatka)alky).

If the scattering matrix allows only for decay into the two-particle states, unitarity
Ug‘ Up = 1 (or equivalently STS = 1) implies

1
5 [ [ 1 kelup(ee ~co =
The proper probability density for the transition |i) — |k, k,) is therefore
= Lokdhy ek )|
Wi—)kl,kz - E 1 2 |( 1, 2|UD(OO’_OO)|1)I .

Equation (22.9) for the two-particle scattering cross section must therefore be
modified if the final state contains two identical particles,

2
SHK) + Ky — ki — k2)

vdo—k1.kz—>kq,k; = 47126‘ )qu,k;;khkz
1
x§d3k’1d3k’2, (22.10)
and the total two-particle cross section is
_ 371/ 37./ k1 kz—)k k/
O_/dk /dk PR,

c 2
= §[d3k’l /d3k;4n2;}Mk/l,k£;kl,k2 SHK, 4+ Ky — ky — ko). (22.11)

However, if we want to derive an effective single-particle differential scattering
cross section do/d<2 from doy, ,—k| &, by integrating over the momentum of one
particle and the magnitude of momentum of the second particle using the energy-
momentum conserving § function, we have to take into account that the particle
observed in direction d2 can be either one of the two scattered particles:
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31/ / / 2 Okt ky—k] kz
o = Jou [ amanr

Ok, Jea—/ K
/d3k/ / d|k/ | |k/ |2 dslk/zd:;k/ 2 .
In the center of mass frame this reduces to a factor of 2,

do o0 Ao, ok ¥

— =2 d3k// || [k | — . 22.12

as / 2 )y eIk Bk, d3k, (22.12)
If we then wish to calculate the total two-particle scattering cross section (22.11)
from the single-particle differential cross section (22.12), we have to compensate
with a factor 1/2,

2 a2

In practice one is often only interested in the effective single-particle differential
cross section (22.12) and the total two-particle scattering cross section o. The
factor 1/2 is then usually neglected in the differential two-particle cross section
Aoy, -k, &, /(d*Kkd’K}), so that the factor of 2 is not needed in the calculation of
do/d<2 (22.12) because it has been absorbed in doy, x, i x;/ (K, d°k). However,
the factor 1/2 is still needed in the calculation of the total two-particle cross section
o from do/dS2 according to equation (22.13).

o= l/dQ— (22.13)

22.2 Electron scattering off an atomic nucleus

As a first application of two-particle scattering, we discuss scattering of an electron
off an atomic nucleus. We assume that the nucleus is also a fermion and that the
electrons are not energetic enough to resolve the internal structure of the nucleus.
In that case we can use an effective description of the nucleus through Dirac field
operators for a particle of charge Ze and mass M for the nucleus.

The Coulomb gauge Hamiltonian (21.94) has the form

H = Hy + H,, + Hy, + Hc, (22.14)

where the free part H, contains the kinetic and mass terms and we have separated
the different interaction terms.
The electron-photon and nucleus-photon interaction terms are

H,, =ec /d3xW(x, Ny -Ax, D)y (x,1)

and

Hy, = —Zec /d%@(x,t)y A, )V (x, 1),
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respectively. The relevant part of the Coulomb interaction term is the term describ-
ing the interaction of the electron and the nucleus,

. / P / A M L VACR)

Hy=—-7
N 4reg lx — X|

’

where the sum is over 4-spinor indices. The relevant leading order matrix element
contains two terms,

Sp = —iMpS(k + K —K —K') = S + 5.
which correspond to photon exchange,
(¥) /o S ze? 4 dy -
S0 = K.S:k.s|-3T [ dx [ dXYx)y ANV &)
xU(X)y -AX)V(X)|K, S: k,s), (22.15)

or Coulomb scattering,

.Z 2
SO — (K, Sk, o | L /d4x/d3x
: 4h

IK.S:k,s).  (22.16)

Wj— (x» t)\y:/r (Xv t)qjc/ (X? t)WL'(x’ t)
- Z e —X]

We first calculate the Coulomb contribution to the scattering amplitude. Evalua-
tion of the operators yields

o _  Zoc uf ) - u g (K') -us(K)
"8 JE()E. ) Ex(K)En(K)
. /d4x/d3X expli(K—K')-X + i(k — k') -x]
e — X
x exp[—i(w, (k) + on(K) — w. (k') — oy (K'))1].
In the next step we use the Fourier decomposition of the Coulomb potential

_ig - 4
/d3x M _ (22.17)
x| 7

to find

§O _ i Zepoc uf (k') -ug(kyul, (K') - us(K)
T 4@ JEW)E, (K Ey(K)Ey(K)
Stk +K—K —K')
k—KP

(22.18)



552 22 Applications of Spinor QED

For the evaluation of the photon exchange contribution (22.15), we first note that
the photon operators between the photon vacuum states yield

h/L()C
OITAG B A00[0) = 12 [ 41 >l @ ol

x [G)(t—T) explig - (x — X)]-+O(T — 1) exp[—ig - (x — X)]]
_ e L/d4 explig- (x — X)] ,_1%®4
(2m)3 27i g% —ie A
Evaluation of the fermion operators yields
(K, S K S [Y 0y y () @ WX)yW(X)|K, S;k, 5)

__uy(K)yu, (k) ® iy (K')yus(K)
4(2m)° \E.(K')E(k) Ex(K")Ex(K)
Assembling the pieces yields

¢"=wy (g)/c=lq

expli(k — k') - x+i(K — K') - X].

o Ze* pyce Sk+ K-k —K') 1

m 4iQ2n)*h JE,W)E, () Ey(K ) Ex(K) (k—K)? — i€

k—k)® (K—-K')
k—KP2

ity (€ )y, k) (1+ )aS/(K’)yus(Kx

where k —k' = —(K — K’) from momentum conservation was used in the projection
term. Substitution of the free Dirac equation for the external fermion states yields

0 _ ZEZ/L()C S(k—l—K—k/—K/) 1
t T 4iQm)*h JE,(0)E. (k) Ey(K)Ey(K) (k= k)? — i€
x (T (€ yu, (0) - Tig (K' s (K)

[Ee (k) —E. (k) [Ex (K)—En (K’
H2c 2|k k/|2

1 (K yuy (k)

)] +(K/)u (K))

and energy conservation yields finally

¥ _ Ze MoC 8(]( + K — k/ K/) 1
f 4iQ2n)*h JE,(K)E.(k)Ey(K ) Ex(K) (k—K)> —ie
x (T (€ yu, (0) - Tis (K'ypus(K)

(E.(k) — E.(K')*_
n2clk — kP2

— iy () u, (k) s (K)y us(K)).  (22.19)
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The sum S; = S;iy) + SJ(L,-C) contains a term

1 (1+ (Ee(k)—Ee(k’))z) 1

k— K2 Rk —k)Y —ie)  (k—K)—ie

This yields finally the scattering matrix element
Sp=—iMuStk+ K-k —K')

 Zo Ry u(R)is (K )y,us(K) 8k + K — K = K')
4ni E(OEGEyK)EyEK) —(k—k)?—ie

(22.20)

where the fine structure constant @ = poce?/4mh (7.61) was substituted.
The differential scattering cross section for electron-nucleus scattering is then
given by (22.9)

vendo = 4’| M;|*8(k + K — K — K')&’K'd°K’

with the relativistic expression for the relative velocity of the electron and the
nucleus,

3

~ E(k)Ex(K)

Ven VEHK - k)2 — m>M2c*, (22.21)

where m is the electron mass. Integration over the momentum K’ of the scattered
nucleus and the magnitude k’ of the scattered electron momentum yields

ooy -2 _ az2el ke (22.22)
Y dQy RETCOVELT| P '
where &’ has to satisfy the condition
fK) = \/ (k' — K — k)2 + (Mc/h)? + /K + (mc/h)?
— VK2 + (Mc/h)? — /K2 + (mc/h)? = 0. (22.23)

Usually we are not interested in the scattering with fixed initial and final spin
polarizations. Therefore we average over initial spins and sum over final spins to
calculate the unpolarized scattering cross section,

1
IM|? — i > IM (22.24)

5.5".8.8"
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We will further evaluate these expressions for the case of negligible momenta
and momentum transfers compared to Mc. We can take this into account through the
limit M — oo. The condition (22.23) then reduces to the elastic electron scattering
condition k = k’ which yields

k/Z
= kK h)2.
9706/ e/
Furthermore, using the Dirac representation (21.36) of the y matrices yields with
equations (21.45, 21.46, 21.50) for the 4-spinors the limit

y iy (K" y"us(K)
im

M—oo \/En(K)Eyn(K)

Note that this equation is invariant under similarity transformations of the y matrices
and therefore holds in every representation. Furthermore, the speed v.y (22.21)
becomes the electron speed in the rest frame of the heavy nucleus, v,y =
c?hk/E, (k).

The spin polarized scattering amplitude following from (22.20) in the heavy
nucleus limit is

= 2855/ 7]“0. (2225)

_ Zem®y'ul) by

My = .
" JEWER) (k=K —ie

The remaining electron spin averaging is easily accomplished using equa-
tion (21.58),

(22.26)

2
% > [ )y u ) = S (me — he-)y"(me = 1 - y)y"]

The trace theorems for products of y matrices in Appendix G, in particular
equation (G.19) and equation (G.20) in the form

t(yey v, v®) = 800’ + 4, (22.27)
and the vanishing traces of odd numbers of y matrices yield
1
2 >l )y us(®)|” = 2mPc* + 402K + 202k - K
ss’
= 22 (WK + B2k - K + m*c?).
This yields the unpolarized differential scattering cross section for electrons in the
field of a heavy nucleus,
do  Z?a? 2m*c® + h?k*(1 + cos 0)
dQy — 2h? k*(1 — cos 6)2 '

(22.28)
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where k = |k|. The Rutherford scattering formula (11.45) follows for ik < mec.
Electron scattering off a heavy nucleus is equivalent to scattering in an external
Coulomb field Ze/4meyr. This is known as Mott scatteringl. From our calculation,
we can easily understand why scattering off heavy nuclei is equivalent to scattering
in an external Coulomb field. The Coulomb scattering matrix element (22.18) yields
already the amplitude (22.26) in the heavy nucleus limit, while the photon exchange
matrix element (22.19) vanishes in that limit. If we take into account that terms of
the form uy (k') yuy(k)/+/ E.(k')E, (k) are of order #?|k||k’|/m*c*> < 1 in the non-
relativistic limit, we find that the ratio between the photon exchange amplitude and
the Coulomb amplitude in the non-relativistic limit is of order

SO (B - EK)? W K7
S;iC) - hZCZ(k _ k/)2 - 4m202(k _k/)2

k=K Rk+E)®Kk+k) k—K

- L (2229
k] anic? TR

If we denote the average velocity of the incoming and the scattered electron
with v,, equation (22.29) tells us that photon exchange is suppressed by about
p2/m*c> = v?/c® compared to the Coulomb interaction in the non-relativistic
limit. That is the reason why Coulomb gauge is convenient for the description of
systems with non-relativistic charged particles. We can use Coulomb potentials in
the calculation of scattering events and bound states of the non-relativistic particles
without worrying about photon exchange. The photon terms are only needed for
photon absorption and emission, and for photon scattering. On the other hand, if we
are primarily concerned with interactions of relativistic charged particles, then use
of a Hamiltonian like (21.88) with covariantly gauged photons as in Section 21.6 is
more efficient.

22.3 Photon scattering by free electrons

Photon scattering by free or quasifree electrons is also known as Compton scatter-
ing. The cross section for this process had been calculated in leading order by Klein
and Nishina?.

The electron-photon interaction term from (21.94) is

H,p = ecWy -AV. (22.30)

We denote the wave vectors of the incoming photon and electron with ¢ and &,
respectively. The relevant second order matrix element for scattering of photons by

IN.F. Mott, Proc. Roy. Soc. London A 124, 425 (1929).
20. Klein, Y. Nishina, Z. Phys. 52, 853 (1929).
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free electrons is

Sﬁ = Sk/.s’;q/.a’|k.s;q,a

6262 (] t i
=—— /d3x/d3x’[ dt/ dr (k',s';q',a'| exp| —Hot

n L 7
xW(x)y - A(x)¥(x) exp (—%Ho(f - f/)) Y(x')y AV ()

X exp (—%Hot’) |k, s;q,a)

=— ;—z /d4x /d“x’ O -1 K, s':q .o |¥(x)y -Ax)¥(x)
XU )y AWV X))k, s:q, o).

Here A(x) = Ap(x,t) and W(x) = Wp(x,r) are the freely evolving field
operators (18.21, 21.51) in the interaction picture.

We can insert a decomposition of unity between the two vertex operators
Wy - AV with a fermionic and a photon factor,

I=1®I1,.
The relevant parts in the photon factor have zero or two intermediate photons,
1 3 7 Y 1 Q!
Ly = 10001+ 5 > | @K | @K' |K,B: K BVK. iK', Bl
B.B

while for the intermediate fermion states only states with one intermediate electron
or with two intermediate electrons and a positron contribute,

= Y [ @l0)0lb o)

+% > /d3lc /d3:c’/d3)u b ()b, (k")dF (1)]0)

o,0’,v

x(0ld, (A)bo (i) b (k).
The full photon matrix element is

h/,L()C
1673 /|qllq’|

xexpli(g-x' — ¢ 9] + €alg) ® e (@) explilg-x—g'-x)] ).

(@A) ®AX)lg. ) = (e(@) ® €ala)
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where the first term arises from the term without intermediate photons and the
second term arises from the term with two intermediate photons after integrating
the intermediate photon momenta K and K’

Evaluation of the fermion matrix element with an electron in the intermediate
state yields

Y (K STy ¥ )bT ()|0) ® (01bs (1) P )y W)k, s)

B Z explik - (x —x') —ik’ - x + ik - x]_
&~ (Qn)S4E(k) JEW)E(K)

We can substitute the sum over intermediate u spinors using equation (21.58),

v (K)yus (1) & i (1) y us (k).

DS TI@y Y @)bT (10)]0) ® (0lby (1) W)y ¥ () K, 5)

_explik - (x —x') —ik'-x + ik'x/]e' D e
T emMEw) VEK)ER)

xity (k')y' (mc® —hey -k — Y E()) y/uy (k).

Assembling the pieces so far then yields the amplitude with a single intermediate
fermion,

G _ y 20(t—1)

é / E(k) / / 8(2m)%ohc/1qllq |ER)ERK)
Xty (k)| (ear (@) -7) (me — hete -y = y"E() (€0 (@) ¥)
xexp ik —K —¢')-x+i(k+q—«)-X]

+ (ealg) - ) (m? —hex -y — y°Ek)) (€a (@) - ¥)

xexp[i(k =K +q)-x+i(k—q — k)] ]us(k). (22.31)

The fermion matrix element with three intermediate fermions is

5 Z (K. 5" TP 0y ¥ ()b, (k)b (k')d,} (4)]0)

(01dy (A)byr (kYoo ()T )y W) k. 5)
., exp[id - (x — x) + ik-x — ik’ - X']
= N 8 — k)8 —k
2 s = R VEE®
oA yis) @ iy (€ vy (),
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The last line has been simplified from an expression which is symmetric in the
intermediate momenta x and k’ by taking into account that those momenta will be
integrated.

We can substitute the sum over intermediate v spinors using equation (21.60),

3 2 WS TRy Pb, Gb (! (10)
@ (01, ()b (' (VB p W)l o
explid - (x —x') + ik-x — ik’ - X]

(m)$4EL) VE®)E(k)

xe; ® ejiy (K')y (mc* + hcy - A + y°E(X)) y'uy(k).

=8k’ —Kk)s(k — k)

If we substitute A — « (after integration over the intermediate electron
momenta) for the wave vector of the intermediate positron, the contribution from
three intermediate fermions to the scattering matrix element is

5(3):_/ / /4, 0@ —1)
! E(c) 8(2m)%€ohe/lallq'[ERERK)
<ty (k) (ear(@)-¥) (me? + heic -y + y°E(©) (ea(@)-¥)
xexp[i(k +k+q)-x—i(k + & +¢)-x]
+(€a(q) - ¥) (me® + her -y + y°E()) (e (d) - ¥)
xexp ik +k—q)-x—i(k + kK —q)-X] ]us(k). (22.32)
We can simplify S; = S,gl) + S](f) by swapping x < X’ in S;?) and taking into
account that

[t fn by 760

2+ ) —ie SPID

/d3 /d 0exp(llc x)(mc? — hey - k)f () exp(—ikPct)

—(w(r)/c) +i€][k” + (w(k) /c) — i€]

mc* —hek -y + y°E(k)
2w(k)

= 27icO(t) /d3IC exp(ik - x) f (1) exp(—iw(k)t)

2 _ 20
—2mic®(—t) /d3x exp(ik - x) me” —hee -y —y E(K)f(lc) exp(iw(k)r)
—2w(k)
&’k
— irc®
incO(r) /a)(lc) e
3
+inc®(—) f dx (22.33)
w(K) KO=w(k)/c
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This yields the total scattering matrix element in the form

S‘—/d“/“[‘“ ie?
i = Kk |dx |dx
4(2m)eoh?c/Iqllq'|ER)E(K')
mc —hy -k
k% + (m*c?/h?) —ie
xexp ik —K —¢')-x+i(k+q—«)-X]

ity (k)] (e (@) ¥)

(€a(q)-¥)

mc —hy -k
k2 + (m2c2/h?) —ie

+ (ea(g)-¥) (€ () -¥)

xexp ik —K +q)-x+i(k—q —k)-X] ]us(k).

After performing the trivial integrations, we find

ie?

16m2eoh?c v/ Iq|lq'|ER)E(K')
o ) mc —hy - (k+q)
ity (k)] (ew (@) 7) T O T T
mc —hy - (k—q)
(k—q')? + (m*>c*/h?) —ie

Si=8K +4 —k—q)

(ea(q)-¥)
€

+(e@)- ) (e (@) ) Jus0). 2234)

The first contribution to the amplitude corresponds to absorption of a photon
with wave vector g followed by emission of a photon with wave vector ¢’, see
Figure 22.1, while the second contribution to the amplitude corresponds to emission
of the photon with wave vector ¢’ before absorption of the photon with wave vector
q as shown in Figure 22.2.

The denominators in (22.34) can be simplified by noting that k%> 4 (m*c? /A#?) = 0,
¢* = ¢? =0, and

k-g=k-q—|q|\Jk* + (m*c?/h?) < 0.

v q
i U
e k k+q R )
" T

Fig. 22.1 Absorption of the incoming photon with momentum #q before emission of the outgoing
photon with momentum %q’. The virtual intermediate electron has 4-momentum % (k + g). The left
panel uses particle labels and the right panel uses momentum labels
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Fig. 22.2 Emission of the
outgoing photon with q
momentum #q’ before 14

absorption of the incoming
photon with momentum #gq.
The virtual intermediate
electron has 4-momentum

h(k—q')

This yields with the definition a = ¢?/(4mweohic) (7.61) of Sommerfeld’s fine
structure constant the result

Sﬁ=5(k/+q,—k—

i
)
O /gl E@E®)

—hy(k

o) (e ) 7) "D ) p)

mec —hy - (k—q')
k-q

~ (eal@)-7) (ew@)-y) Juto.  (2235)

The spin and helicity polarized differential scattering cross section then follows
from (22.9),

28k +q —k—q)
167%|q||q'|E(K)E(K')

_ 31, 33 ./
vdo—k.s;q,a—>k’,s’;q’.a/ = Cd k d q

by (k
<[] (e @) 1) "D (6, )-7)
hy (k—q) ’

—(ealg) y) == . (22.36)

(e (@)-¥) Justh)

k-q
Spin-polarized cross sections are usually of less physical interest than electron-

photon cross sections which average over polarizations of initial electron states and
sum over the polarizations of the final electron states’,

1
dak;q.a—>k’;q/.a/ = 5 E :dUk,s;q.aﬁk’.s/;q’,a"
s,8

3However, spin polarized cross sections for electron scattering will likely become important in the
framework of spintronics and spin based quantum computing.
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Use of the property (21.58)

()i (k) = mc? — heyPk
Zu () = me” =Ry il
and of the relations (@) " = y°u, ;| = y%y,y", yields

a?38(kK +4 —k—gq)
—tr| (mc—hy -k
327°|q|lq'|E(K)E(K") ( )

— 331’ .3,/
vdUk;q,a—)k’;q/,a’ =d’k q

(v n LD e -p)

mec—hy-(k—q')

~ a0 "D (i) p) ) ey b
—hy.
(i@ n "D (¢q)-)
q
(e @)7) "D @) } (2237)

This can be evaluated using the trace theorems for y matrices from Appendix G.
The full evaluation of doy,, y—«'.¢’ o D€Eds in particular the trace theorems (G.20-
G.22) for products of 4, 6 and 8 y matrices.

We can simplify the evaluation in the rest frame of the initial electron,

L] (\/m2c4+h2k2):>mc(l)

he hck A \0
We can also use that €,(q) - ¢ = €,(q) - ¢ = 0 implies

(v-9) (a(q) - ¥) = — (€a(@) - ¥) (v - 9).
This reduces products according to
(mc —hy - (k + q)) (€o(q) - y) (mc — hy - k)
= (mc + mecy® —hy -q) (€a(q) - y) me (1 +7°)
= (€a(q)-y) (mc —mey® + hy -q) me (1 + y°)
= mhc (ea(q)-¥) (v-q) (1 +7°) .
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The resulting cross section in the rest frame of the electron before scattering is

B8k +q —k—q)
dCo.g st o = Ak dPq t —hy K
Ok " Sawcalgiewy | M)

x((ea/(q’)-y)( @1 " o)) o) v) )(1+y°)

(ﬂ (€a(q)-¥) (ear(q) - ¥) + Vh,q| (€ (q)-y) (ea(q)-r))}-

(22.38)

Traces over products of an odd number of y matrices vanish. The terms under
the trace proportional to mc? contain products of six y matrices, but two of these
products vanish due to (y - g)> = —¢* = 0 and (y - ¢')> = —¢'*> = 0. The remaining
two terms involving six y matrices turn out to yield the same result, such that the
contribution to the trace term from products of six y matrices is

8mc
tro = (-4 — 2(ea(@) - € @) g4
lqllq’|

+2(e0() - €0 @) (€0 @) -4 ew @) ) ). (22.39)

For the traces over products of eight y matrices, we observe that those which
contain the products (y - ¢)y°(y - q) or (¥ -¢')y°(y - ¢') can be simplified to products
of six y matrices due to

YOy gy = (= 20" — v v"y") quqy = —2lqly"q.

This yields for the sum of those terms which contain the products (y - g)y°(y - ¢) or
(y-q)y°(y - ¢') the result

= 1 |(2(ea/<q> K)(ewld) )~ K -q)

+ﬁ<2(€a(‘1) K eal@)-q) K.

and after substitution of X' = k + g — ¢/,

trg, = 16me + ﬁ(q qd +2(ex(q)-q) )

8h
_ﬁ(" q +2e@-q7). (22.40)
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The traces over products of eight y matrices which contain terms (y - ¢)y°(y - ¢')
or (y-q)y°(y - g) can also be reduced to traces over products of six y matrices by
using the fact that y° can only by contracted with one of the three y matrices in
products with 4-vectors. This yields after a bit of calculation and after substitution
ofk =k+q—¢,

8mc
trg, = 16mc<2(€a(q) 'fa’(q/))z - 1)_|q||ql| (q-q’

—2(€a(q)  €2/(4))’q- 4 +2(ea(q) - €0/ (@) (€0 (@) -4') (€ (¢) - q)>

h h
~ 16— 7

(€ (q)-q@)” + 16— (ea(q) - 4)*. (22.41)

lq| lg

The total trace term is therefore

tr = trg + trg, + trgp

1 1
= 32mc(ea(q) - € (q)* + 8h (_ - _/) q-q,
lgl lq'|

and combining all the terms yields

a8k +q —k—q)
4m2clq|lq’'|E(K')

A0y gt g = d K dq
/)2 1 1 /
X |dmc(€eq(q)-€x (@) +h|-———)q-q|. (22.42)
lgl  1q'l
The product g - ¢’ is directly related to the photon scattering angle,
q-4 =—lqllg'| (1 —cos0).
However, energy and momentum conservation also imply

2.2
me me g _

h? h

1 1
94 ==3q=q7 ==K -0’ =

me . _
5 h(lql lq]) -

The relation between scattering angle and scattered photon wave number is therefore

g—1-"¢ ( 11 ) w melg| o2y
cosf =1——[———), _ . .
ho\lg| gl 1 mc + h|q| (1 — cos 6)

This is of course nothing but the Compton relation (1.11) for the wavelength of the
scattered photon in terms of the scattering angle,

h
A=A+ —(1—cosb).
mc
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The four-dimensional § function

SK +q —k—q) = 8(\/k’2 - R /B) + || — (me/h) — |q|)
x8(k' +4 —q)

reduces the six-dimensional final state measure d°k’d’q’ to the two-dimensional
measure d2(§') = dQ over direction of the scattered photon after integration
over d°k’ and d|q’|. We include already the factor |¢’|E(k") in the denominator in
equation (22.42) in the calculation:

31/ * / |q/| / / A
[ [ ) gt (a0 + 4 —k—a)

_ /Ood|q/| lg'lf(lq'])
0 c/h2|q'|> + h2|q|? — 2h2|q'||q| cos O + m2c?

x8(V1a'P + lal> = 2lq'lalcos & + (m2c2/3) + |q'| — (me/h) — Iq])
_ 1 [ l4'lf (g'D ]
¢ Lme + 1lql(1 = c08 ) 1ig/=puclgl/me-+ hlql(1—cos )

_ mlq| ( melg| )
[mc + hlg| (1 — cos 0)]* \mc + hlg| (1 —cosb) )
This yields the Klein-Nishina cross section
o*h?
4me [me + hlg| (1 — cos 0)]

72| (1 — cos 0)?
mc + hlq| (1 —cos )

d00qa—>q—q'sq/ ' = dS2

X (4mc(ea(q) -€0r(q))” + ) . (22.44)

Averaging over the initial photon polarization and summing over the final

polarization (18.119) yields the unpolarized differential cross section

a’h?

2me [me + hlq| (1 — cos 0)]?

1
doog—q—q:¢ = > § :dUO;q,a%q—q’;q’.a’=dQ
aaf

(22.45)

h2|g|? (1 — cos 6)
x<m6(1+00529)+ lg” (1 = cos 0) )

mc+hlq| (1 — cos 6)
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The resulting total cross section is

mo? 2(mc)*+8(mc)*hq|+9me(hlq))>+(hlq))?
00;g—>q—q'sq¢ = hlq|

mch|g|? (mc + 2hlq])*
— [2(mc)2+2mch|q|—(h|q|)2] ln(l—i—M) :| (22.46)
me

Photons below the hard X-ray regime satisfy #|q| <« mc. This limit is also
often denoted as the non-relativistic limit of Compton scattering because the kinetic
energy imparted on the recoiling electron is small in this case,

h(q —q')* = 2h°q* (1 — cos ) < m*c?.

The cross section in the non-relativistic limit yields the Thomson cross sec-
tion (18.120, 18.121) for photon scattering,

dUO; a—>q—q';q .o’ ah ’
g9 q 9 (—) (Ga(q) ‘fo/(q,))27
mc

ds2
d00gsq—q:q (@B’ 1+ cos?O
s ~ \me 27

87 (ah) .
Oqrg—a'sa’ = ?” (ch) = o7 = 6.652 x 1077 A2 = 0.6652barn. (2247

The unpolarized differential scattering cross section (22.45) for Compton scat-
tering is displayed for various photon energies in Figure 22.3. Forward scattering is
energy independent, but scattering in other directions is suppressed with energy.

The energy dependence of the total Compton scattering cross section (22.46) is
displayed in Figure 22.4.

22.4 Mgller scattering

The leading order scattering cross section for electron-electron scattering was
calculated in the framework of quantum electrodynamics by C. Mgller.
The Hamiltonian (21.94) in Coulomb gauge V -A = 0 for the photon field is

H = Hy + H; + He, (22.48)

4C. Mgller, Annalen Phys. 406, 531 (1932).
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Fig. 22.3 The differential scattering cross section (22.45) for scattering angle 0 < 6 < x. The
energy of the incident photon is E,, = 0 (top black curve), E, = 0.2mc? (center blue curve) and
E, = 2mc? (lower red curve)

with the electron-photon interaction term
H;=H,, =ec /d%@(x,t)y CA(x, )W (x, 1)

and the Coulomb interaction term

1
8meg lx —x'|

2
He = & Z/d3x /d3x’ U (e, OV (), 1) ——— Wy (¢, 1) W, (x, 7).

Note that the summation is over Dirac indices, which are related to spin projections
through the corresponding « or v spinors.
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Fig. 22.4 The total Compton scattering cross section (22.46) in units of the Thomson cross
section (22.47) for incident photon energy 0 < E, < 2mc?

The corresponding Hamiltonian on the states in the interaction picture is

Hp(1) = ecZ/cﬁx@(x, Ny -Ax, )W,(x, 1)

+

8 lx —x'|

2
1
_— [ &x / & U e )T (W ) —— Wy (. 1), (x. 1)
€0 — X —

with the freely evolving field operators A(x,t) (18.21) and W(x,¢) (21.51) of the
interaction picture.
The scattering matrix element for electron-electron scattering

S = Sk/l 515K5.55 ket s13K2,52

= (k/’s’l;k’z,s’2|Texp(—% /

[e.]

leD(t)) |k1,S1;k2,S2)
0
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becomes in leading order O(e?)
=57+,

with the photon contribution

2
5 = 15 [ [ @t O 1) 5k Ty AU
XU )y AW )W)k, 515k, 52)
and the Coulomb term

© _
Sp =

1,8k, s’2|/d4x/d4x’\lf+(x)\11+(x')
5(61‘ ct')

o YOOIk K 5).

We evaluate S(V) first. Substitution of the relevant parts of the mode expansions

yields (here we also use summation convention for the helicity and spin polarization
indices)

2 A d3 / d3 / d3 /
= £ 2 /d4 /d4x'®(t—t)/ i H 1
‘ h? 8(2m) VE@) ) VE@) ) VIq'|

/ q, “q expli(q'+4g5—q}) - x—i(g + g1 — ¢2) - X]
\/E(q1 \/E(‘Iz \/m

xu(q}.0)yu(qs.o') - €5(q")ex(q) - (g, . )y u(g,. s")(0|b(k]. s1)b(k, s5)
xbt (g}, 0)b(qh, 0" )ag(q)at (@b (q,.9)b(qy. s )bT (ka, 52)bT (K1, 51)]0).

Elimination of the photon operators yields

2 d3ql d3 /
s — Hoe ¢ /d4x/d4x’ O —1) / 1 2
8 (2m)%h VE@) | JVE@) Iql
d3ql d3q2 : / / : 7
expli(q + ¢5 — ¢)) - x—i(g + g1 — q2) - X]
vV E(qy) \/E(‘Iz)
xu(qy, 0)yu(gy, o') - €,(q)€x(q) (g, s)yu(g,, s')(0]b(k], s)b(k), 55)
Xb+ (q/l ’ U)b+ (ql s s)b(q/Z7 Ul)b(qb S/)b_'_ (kZ’ SZ)b+ (kl ) S1) IO)»
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where fermionic operators were also re-ordered such that only the connected
amplitude contributes. Evaluation of the fermionic operators yields

) _ € e / /4 ,/d3q O — ) explig- (x — x')]
=8 2n) lgl JE®,)EK,)E(ky)E(k2)

X[ﬁ(k'z» sy)yulky, s1) - €q(q)€a(q) - ulky, s7)yulks, s2)

x(exp[i(kl —Ky)-x— (K, — k2) - X'] + explilks — K,) - x — i(K, — ki) ~x’])
—u(ky, sy yulk,s1) - €a(q)€a(q) - ulksy, sy) yulka, s2)

x(exp[i(kl — k) x — ik — ko) - X]

+ explilks — ) -x — ik, — k1) -x’])].

This yields after changing the integration variables x <> x’ in the second and fourth

term

2
() _ € Hoc
Si =

8h (27)° \JE( VEW)Ehy)E (ko) [ d'x / @ / lal
x (@), 5 yutky, 1) - €0 (@ealq) - TH; . 5)yutks, s2)
xexpli(ky —K,) - x + i(ky — K}) - x]

— Wy sy ulky. 1) - €a(q)ea(q) T, s)yulka, 52)

xexplifky — K{) - x + ik — k) -]

X(@(l‘ —)explig:- (x —x)] + O — 1) explig- (x' — x)])
We can use the following equation with w(q) = c+/q? + (m2c?/h?)

s fl@explig-x) [ 4 cf(q) exp(iq - x) exp(—iw?)
[t i e == [ L e o
exp(—iw(g)?)

20(q)
explioo(q)r)
—2w(q)

= 27ci®O(r) / d*qf (q) exp(iq - x)
—2mci®(—1) [d3qf(q) exp(ig - x)

3
— imc O) / %f(q) explig-x)

w=w(q)

+imc O(— t)[—f(q) exp(—iq - x) (22.49)

w=w(q)
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to find

2
S’ = 415 (Ozenc)10 \/E(k’l)E(k’zl)E(kl)E(kz) / d'x / a / qzd—qif
x (@) 5 yutky, 1) - €0 (@ea(q) - TH; 5 yutks, 52)
x expli(ky — Ky + q) - x +i(ka — K — q) -]
—u(ky, s)yulk,s1) - €a(q)eq(q) - ulky, s3) yulks, 52)

xexplitki — K +g)-x + iks — kK, — q) -¥]).

The integrations then yield

G _ e Stk — K — k)
i 16inh \JE(K)EKL)E(k,)E (ky)

« (ﬁ(k/p syyulky,s)) - €q(ky —ki)eq(ky — ky) -uky, s))yulks, s2)

K —ki)? —ie
B u(ky, s))yulky,s:) - €q (k] —ki)eq (K — ky) - u(ky, s5)yu(ka, s2)
K —ki)? —ie '

Taking into account the energy-momentum conserving ¢ function, the transversal
projectors can e.g. be written as

(k) — k) ® (ky — k)
(K} —ky)?

ek] —k) Qe(k) — ki) =1+

The Dirac equation implies

E(K) — E(k)ﬁ(k/

uk',s )y - (k' —ku(k,s) = o

)y u(k, s).

This yields the photon exchange contribution to the electron-electron scattering
matrix element,

o) _ poce® 8kt ko — ki — k)
T 16inh \JE(K])E(G)E(k,)E (ky)

y u(ky, sy)yu(ky,s,)-u(ky, s)yu(ks, s)
% —ki)? —ie

B u(ky, s))yuky,sy)-ulky, sy)yu(ks, s)
K —k)? —ie
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M(klvsz))/ uky, s))u(ky, s7)y u(ks, s2) [E(ky) — E(ky)]?

(Ky — k1)* —ie h2c2(ky — ky)?
N u(ky, s))y ulky, s)u(ky, s,)y ulks, s2) [E(ky) — E(ky))? (22.50)
(K, —k1)2 —ie ncky —k? ) T

For the evaluation of the Coulomb term, substitution of the mode expansions and
evaluation of the operators in S](?C) yields

(©)_ Moce / / I 8(ct ct')

i 8nih 4(2m)6 \/E(k’)E(k VE(k)E(k2) =l
(R s e s)u (0, syuthen, 52) expliCk; = ko) -/ +i(K] = k) -]
—ut (K, shyulky, s)ut (k). s))ulks, s2) exp[i(k] — ko) - X' +i(ky — ky) - x] )

Moce 1
 167ih (27)6 \/E(k’ VE(KY)E (k1) E(k>)

Ix—xl

X (ﬁ(k’ .50y ulky, 51Ky, s5)y ulks, s2) explitkh, — ko) - (x' — x)]
— (k. s5)y ulkey, s))u(k’. s1)y ulks. s2) exp[ilk] — k) - (x' — x)] )

In the next step we use the Fourier decomposition (22.17) of the Coulomb
potential to find

(O _ Hoce 8K 4K~k —k)
fi 16n2ih \/E(K,)E(k)E (k) )E(k>)

y (ﬁ(k/ L5 Y ulky, s1)uks, s5)y ulks, s2)
(kK — k)?

(22.51)

_ u(ky, sy)yulky, sy)u(ky, s;)y° u(kz,sz))
(k' —k)?

For the addition of S/gy) and ngc), we observe

1 [w(E) — w(k)]? 1
wr ( )= e

(kK —k)?
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to find
S5 = i{?cs; S(k/l, + ké/— ki — k)

wh JEW,)ERY)E(k1)E(K>)

y (ﬁ(k/’S'l))’“u(klysl)ﬁ(k/’Slz)VuM(kz,Sz)
(k] — ky)?
ﬁ(k/»S/z)V“M(kl,Sl)ﬁ(k/ss/l))/u%(kz,sz))
(ky — k1)?
= —iMS(ky + ko — K, — Kb). (22.53)

where the last equation defines the scattering amplitude
Mﬁ = qu ST ) k1 515k 52

for Mgller scattering.

The two contributions to the scattering amplitude can be interpreted as virtual
photon exchange with virtual photon 4-momentum k; — k) or k; — kj, respectively.
This is shown in Figure 22.5.

The scattering amplitude (22.53) yields the spin polarized differential cross
section (22.10)

2
_ 2
vdo—k/l,s/l;ké.sélkl,Sl;kz.sz =dnc Mkﬁ.S’l;k;,sﬂkl,sl;kz,sz

1
x8(ky + ky — k) — k§)§d3k’ld3k’2,

where

A3

"~ E)E(ky)

V (B2ky - ky)? — mtct (22.54)

is the relative speed (22.4) between the two electrons with momentum 4-vectors fik;
and #fik,.

Fig. 22.5 Contributions to
the Mgller scattering
amplitude (22.53)
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The differential cross section is often averaged over initial spin states and
summed over final spin states,

1
doki;kﬂkl;kz = 4 2 : do_ki.S’l;kéqfﬂkl.sl;kz&z'

! S
S1,52,87,5)

The property (21.58)

Z u(k, syu(k, s) = mc* — heytky

R

K=wk)/c

yields

2 2 / /

c Joce 8(ky + ko — ky — KS)

d — _d3k/d3k/ 1 2
vao = Hdiadin ( 16nh) E(K)E(ky)E (k1) E (k»)

1 2 _ I M 2 _ . v
x((k/l _kl)4tr[(mc hcy k1) y (mc hey kl) y ]
xtr[(me® — hey -Ky) vy (mc® —hey ko) v

1

—_—
MR

[(mc? —hey -Ky) y* (mc* — hey k) v"]

xtr[(me® — hey k) yyu (mc® —hey ko) v ]
K — k020 — k2

[(mc2 —hey ko) y* (mc* — hey - k)

x y" (mc® —hey ki) yu (me® —hey - k) v] ) (22.55)

where it is understood that all 4-momenta of electrons are on shell. The 4-momenta
of the intermediate photons are then automatically off shell with dominant spacelike
components, (k' — k)?> > 0 (except in the zero momentum transfer limit & = k).

The traces in equation (22.55) are readily evaluated using the contraction and
trace theorems for y matrices from Appendix G. This yields together with 4-
momentum conservation k| + k, = k; + k the result

e\ Sk 4k — K —K)

dmeoh ) E(k))E(KY)E(k))E (ky)

« h4(k1 'k2)2 + h4(k1 k/2)2 + 2m2C2h2k1 kll + 2}’}’Z4C4
(k) —k)*

vdo = cd’k,d’k) (
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n h4(k1 'kz)z + h4(k1 k/1)2 + 2m2C2h2k| k; + 2mct

(Ky — ky)*
h4(k1 . k2)2 + 2m202h2k1 . kz
2 . 22.56
T kg — k) ) (2230

We further evaluate the cross section through integration over @k} and d|k}| in
the center of mass frame k| + k, = 0 of the colliding electrons. If we integrate
over the final states d*k’, of one of the electrons to get a single-electron differential
cross section do/dS2, we have to include a factor of 2 because we could just as well
observe the electron with momentum k) being scattered into the direction dS2, see
equation (22.12).

It is convenient to define k = ky, k' = k. The integration with the energy-
momentum § function then yields

o0
[ [ aww e o, + )

xs(z,/|k’|2 + (me/hy: — 24K + (mc/h)Z)
= B0 R+ e k. ik~ ).

The scalar products in the center of mass frame are
ki -ky = —2[k|* — (mc/h)?,
ki k] = —|k|*(1 — cos ) — (mc/h)?,
ky-ky = —|k|2(1 + cos6) — (mc/h)z,

where 6 is the angle between k and k’. The relative speed (22.54) of the electrons in
the center of mass frame is

2chlk|
VI + m2e?
The differential scattering cross section is then with the factor of 2 from
equation (22.12), and using the fine structure constant o = e>/(4mwephc),

do L k(3 + cos? 0)? + m>c? (4h%k* + m*c?)(1 + 3 cos® 0) (22.57)
—_— = : )
aQ 412k (R2K2 + m2c?) sin 0

This is symmetric under § — (7r/2) — 6 with a minimum for scattering angle
0 = m/2 and divergences in forward and backward direction. This divergence in the
zero momentum transfer limit is due to the vanishing photon mass, or in other words
due to the infinite range of electromagnetic interactions. It is the same divergence
which rendered the Rutherford cross section non-integrable.
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Equation (22.57) looks fairly complicated, but in terms of energy it essentially
entails that Mgller scattering is suppressed with kinetic energy K like K~2: The low
energy result for K ~ #%k? /2m < mc? is

do ( ahc

2
— = ———) (1+3cos?9),
ds2 4Ksin29) ( )

and the high energy result for K ~ fick > mc? is
do  (ahc3+ cos® 6 2
dQ  \2K sin?0 )~

With respect to low-energy electron-electron scattering, we also note that the
scattering matrix element (22.53) is dominated by the Coulomb contribution (22.51)
if the electrons are non-relativistic, #|k| < mc, hlk'| < mc. The estimate (22.29)
for the ratio of scattering amplitudes in the low energy limit applies here too, and
this confirms again the domination of Coulomb interactions between non-relativistic
charged particles.

22.5 Problems

22.1. Derive the relation (22.9) between the differential scattering cross section and
the scattering amplitude in box normalization.

22.2. Calculate the differential scattering cross section for scattering of a relativistic
charged scalar particle off a heavy nucleus. Assume that the heavy nucleus is non-
relativistic and that the scalar particle cannot resolve its substructure, such that you
can describe the nucleus with Schrodinger field operators.

22.3. Calculate the differential scattering cross section dog.gq—x.q/dS2 for
electron-photon scattering with polarized initial photons, i.e. sum over the
polarizations of the scattered photons but do not average over the initial polarization.

22.4. Show that the differential cross sections (22.42, 22.44) for Compton scatter-
ing can also be written in the form
a?h?8(k + 4 —k—q)

4mlq|lq'|E(K)

31/ 43,/
dUO;q,a—)k/;q/,a/ =d’k'd q

x (4(ea(q) -€a (@)’ + g1 + |i,| - 2) : (22.58)
gl lq']

dovg (1Y (i 1)
dQ2 2mclq| ¢ ¢ lgl gl '
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22.5. Calculate the kinetic energy imparted on the recoiling electron in Compton
scattering as a function of |g| and 6.

22.6. Derive the scattering amplitude for electron-nucleus scattering using covari-
ant quantization for the photon.

22.7. Derive the scattering amplitude for Compton scattering using covariant

quantization for the photons.

22.8. Derive the scattering amplitude for Mgller scattering using covariant quanti-
zation for the photon.
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