
Chapter 15
Coupling to Electromagnetic Fields

Electromagnetism is the most important interaction for the study of atoms,
molecules and materials. It determines most of the potentials or perturbation
operators V which are studied in practical applications of quantum mechanics,
and it also serves as a basic example for the implementation of other, more
complicated interactions in quantum mechanics. Therefore the primary objective of
the current chapter is to understand how electromagnetic fields are introduced in the
Schrödinger equation.

15.1 Electromagnetic couplings

The introduction of electromagnetic fields into the Schrödinger equation for a
particle of mass m and electric charge q can be inferred from the description of
the particle in classical Lagrangian mechanics.

The Lagrange function for the particle in electromagnetic fields

E.x; t/ D �rˆ.x; t/ � @A.x; t/

@t
; B.x; t/ D r � A.x; t/

is

L D m

2
Px.t/2 C qPx.t/ � A.x.t/; t/ � qˆ.x.t/; t/: (15.1)

Let us check (or review) that equation (15.1) is indeed the correct Lagrange
function for the particle. The electromagnetic potentials in the Lagrange function
depend on the time t both explicitly and implicitly through the time dependence x.t/
of the trajectory of the particle. The time derivative of the conjugate momentum

p D @L

@Px D mPx C qA (15.2)
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302 15 Coupling to Electromagnetic Fields

is therefore

dp
dt

D mRx C qPxi
@A
@xi

C q
@A
@t

:

According to the Euler-Lagrange equations (cf. Appendix A), this must equal

@L

@x
D qPxirAi � qrˆ:

The property (7.14) of the � tensor implies

ei
�Pxj@iAj � Pxj@jAi

� D ei�ijk�klm Pxj@lAm D Px � B;

and therefore the Euler-Lagrange equation yields the Lorentz force law

mRx D q.E C v � B/ ; (15.3)

as required.
The classical Hamiltonian for the particle follows as

H D p � Px � L D 1

2m
.p � qA/2 C qˆ D m

2
Px2 C qˆ: (15.4)

The Hamilton operator of the charged particle therefore becomes

H D 1

2m
Œp � qA.x; t/�2 C qˆ.x; t/; (15.5)

and the Schrödinger equation in x representation is

i„ @

@t
‰.x; t/ D � 1

2m
Œ„r � iqA.x; t/�2‰.x; t/ C qˆ.x; t/‰.x; t/: (15.6)

This is the Schrödinger equation for a charged particle in electromagnetic fields. If
we write this in the form

i„ @

@t
‰ � qˆ‰ D 1

2m
.i„r C qA/2‰

we also recognize that this arises from the free Schrödinger equation through the
substitutions

i„r ! i„r C qA; i„ @

@t
D i„c@0 ! i„c@0 � qˆ: (15.7)
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These equations can be combined in 4-vector notation with p0 D �E=c,
A0 D �ˆ=c,

p� D � i„@� ! p� � qA� D � i„@� � qA�:

This observation is useful for recognizing a peculiar symmetry property of equa-
tion (15.6). Classical electromagnetism is invariant under gauge transformations of
the electromagnetic potentials (here we use f .x/ � f .x; t/),

ˆ.x/ ! ˆ0.x/ D ˆ.x/ � c@0'.x/; A.x/ ! A0.x/ D A.x/ C r'.x/; (15.8)

where the arbitrary function '.x/ has the dimension of a magnetic flux, i.e. it comes
in units of Vs. The Schrödinger equation (15.6) should respect this invariance of
classical electromagnetism to comply with classical limits, and indeed it does. If we
also transform the wave function according to

‰.x/ ! ‰0.x/ D exp
�

i
q

„'.x/
�

‰.x/; (15.9)

then the Schrödinger equation in the transformed fields and wave functions has
exactly the same form as the Schrödinger equation in the original fields, because
the linear transformation property

i„ @

@t
‰0 � qˆ0‰0 C 1

2m
.„r � iqA0/2‰0

D exp
�

i
q

„'.x/
� �

i„ @

@t
‰ � qˆ‰ C 1

2m
.„r � iqA/2‰

�

implies that

i„ @

@t
‰0 � qˆ0‰0 C 1

2m
.„r � iqA0/2‰0 D 0

holds in the transformed fields if and only if the Schrödinger equation also holds in
the original fields,

i„ @

@t
‰ � qˆ‰ C 1

2m
.„r � iqA/2‰ D 0:

The reason for the linear transformation law is

@� � i
q

„A0
� D @� � i

q

„A� � i
q

„ .@�'/

D exp
�

i
q

„'
� �

@� � i
q

„A�

�
exp

�
�i

q

„'
�

;
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which implies that the covariant derivatives

D�‰ D
�
@� � i

q

„A�

�
‰

transform exactly like the fields,

‰.x/ ! ‰0.x/ D exp
�

i
q

„'.x/
�

‰.x/;

D�‰.x/ ! D0

�‰0.x/ D exp
�

i
q

„'.x/
�

D�‰.x/;

D�D� : : : D�‰.x/ ! D0

�D0

� : : : D0

�‰0.x/ D exp
�

i
q

„'.x/
�

D�D� : : : D�‰.x/:

This implies preservation of every partial differential equation which like the
Schrödinger equation uses only covariant derivatives,

i„cD0‰.x/ D � „2

2m
D2‰.x/ , i„cD0

0‰0.x/ D � „2

2m
D02‰0.x/:

Coupling of matter wave functions to electromagnetic potentials through covariant
derivatives is known as minimal coupling.

Observables are gauge invariant, too. For example, the mechanical momentum
of the charged particle in electromagnetic fields is

m
d

dt
hxi.t/ D

Z
d3x ‰C.x; t/ Œ� i„r � qA.x; t/� ‰.x; t/

D
Z

d3x ‰0C.x; t/
�� i„r � qA0.x; t/

	
‰0.x; t/: (15.10)

Electromagnetic interactions ensure local phase invariance of nature. We can
rotate the wave function with an arbitrary local phase factor without changing
the dynamics or observables of a physical system, due to the presence of the
electromagnetic potentials. In hindsight, we should consider this as the reason
for the peculiar coupling of the electromagnetic potentials in the Schrödinger
equation (15.6).

The presence of the electromagnetic potentials in the observables will of course
affect conservation laws. E.g. the mechanical momentum (15.10) of the particle
will generically not be conserved, because it can exchange momentum with the
electromagnetic field which carries momentum pem.t/ D �0

R
d3x E.x; t/ � B.x; t/.

The conserved momentum1 of the coupled system of non-relativistic charged

1The canonial momentum hpi.t/ D �i„ R
d3x ‰C.x; t/r ‰.x; t/ D m.dhxi.t/=dt/ C qhA.x; t/i

is also generically not conserved, except if the particle moves in a spatially homogeneous electric
field E.t/ D �dA.t/=dt, e.g. in a plate capacitor. However, note that this is an artifact of the gauge
ˆ D 0.
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particle and electromagnetic fields is

P D m
d

dt
hxi.t/ C pem.t/ D

Z
d3xP.x; t/;

where the momentum density with symmetrized action of the derivatives on the
wave functions is given by

P.x; t/ D „
2i

�
‰C.x; t/ �r‰.x; t/ � r‰C.x; t/ � ‰.x; t/

	

� q‰C.x; t/A.x; t/‰.x; t/ C �0E.x; t/ � B.x; t/: (15.11)

The derivation of momentum conservation for the classical particle-field system
in the full relativistic setting can be found in Appendix B, see in particular equa-
tion (B.29). Systematic derivations of momentum densities in the coupled system
of charged particles and electromagnetic fields in the framework of relativistic
spinor quantum electrodynamics (QED) can be found in Sections 21.4 and 21.5, see
in particular equations (21.90) and (21.106). Problem 21.5 and equation (21.133)
provide the corresponding results in relativistic scalar QED.

Both the non-relativistic limits for bosons and fermions lead to (15.11) for the
conserved momentum density in non-relativistic QED, which is also known as
quantum electronics.

Multipole moments

In many applications of quantum mechanics, simplifications of the electromagnetic
coupling terms in equation (15.6) can be employed if the electromagnetic fields
have large wavelengths compared to the wave functions in the Schrödinger equation.
The leading order and most common approximation is related to the electric dipole
moment of charge distributions, and therefore we will briefly discuss the origin of
multipole moments in electromagnetism.

Suppose that we probe the electromagnetic potential of a charge q which is
located at x. We are interested in the potential at location r, where jrj � jxj. Second
order Taylor expansion of the Coulomb term in the variables x yields

q

jr � xj � q

r
C q

r � x
r3

C q
3.r � x/2 � r2x2

2r5
D q

r
C r � d

r3
C 1

2r5
r � Q � r

with the dipole and quadrupole terms

d D qx; Q D q
�
3x ˝ x � x21

�
:
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For an extended charge distribution %.x/ this implies at large distance a representa-
tion of the potential

4��0ˆ.r/ D
Z

d3x
%.x/

jr � xj � q

r
C r � d

r3
C 1

2r5
r � Q � r

in terms of the monopole, dipole, and quadrupole moments

q D
Z

d3x %.x/; d D
Z

d3x %.x/x; Q D
Z

d3x %.x/Œ3x ˝ x � x21�:

We will find that the leading order coupling of long wavelength electromagnetic
fields to charges appears through electric dipole moments of the charges.

Semiclassical treatment of the matter-radiation system
in the dipole approximation

In the semiclassical treatment the electromagnetic fields are considered as exter-
nal classical fields with which the quantum mechanical matter (atom, nucleus,
molecule, solid) interacts.

If we consider e.g. an atom with an internal (average or effective) potential Vint.x/

experienced by the electrons, the Schrödinger equation for these electrons in the
external electromagnetic fields is

i„ @

@t
‰ D � 1

2m
.„r � iqA/2‰ C .qˆ C Vint/‰: (15.12)

If the electromagnetic fields vary weakly over the extension a of the wave functions
(corresponding to approximately homogeneous field over the extension of the
atom or molecule under consideration), we can effectively assume a spatially
homogeneous field E D E.t/ corresponding to a potential ˆ.x; t/ D �E.t/ � x. If we
assume that our material probes range over length scales from 1 Å (corresponding
to the size of atoms) to several Å (corresponding to molecules containing e.g.
several Benzene rings), electromagnetic fields with wavelengths larger than 100 nm
or photon energies smaller than 12 eV can be considered as approximately spatially
homogeneous over the size of the probe. Furthermore the magnetic field in the
electromagnetic wave satisfies

B.t/ D 1

2
r � .B.t/ � x/ (15.13)

and

jBj D 1

c
jEj; j PBj D !

c
jEj D 2�

�
jEj:
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We have
ˇ
ˇ̌
ˇ
@A
@t

ˇ
ˇ̌
ˇ D 1

2

ˇ̌
ˇ PB � x

ˇ̌
ˇ ' �a

�
jEj � jEj ;

and therefore the description of E only through the electric potential,

E.t/ D �rˆ.x; t/ D r.E.t/ � x/;

is justified for � � a. Furthermore, the magnitudes of magnetic contributions to the
Schrödinger equation are of order

q„
m

jA �r‰j ' q„
2mc

jEj jxj jr‰j ' q„
2mc

jEj j‰j ; (15.14)

q2

2m
A2 j‰j ' q2

8mc2
E2x2 j‰j ' q2a2

8mc2
E2 j‰j : (15.15)

For comparison, the electric contribution has a magnitude of order

q jEj jxj j‰j ' qa jEj j‰j :

The ratio of the linear magnetic term (15.14) to the electric term is „=.2mca/. If we
use the electron mass for m, we find

„
2mca

	 2 � 10�3 � 1 Å

a
;

i.e. the linear magnetic term is often negligible compared to the electric term.
The ratio of the second magnetic term (15.15) to the electric term is approx-

imately qa jEj =8mc2. Validity of the non-relativistic approximation requires that
the electrostatic energy qa jEj due to the electric field should be small compared
to mc2. Therefore we also find that the second magnetic term should be negligible
compared to the electric term. Quantitatively, if we assume mc2 D 511 keV, we have
ea jEj =8mc2 � 1 for

jEj � 8mc2

ea
D 4 � 1016 V

m
� 1 Å

a
:

For comparison, the internal field strength in hydrogen is of order e=.4��0a2
0/ '

5 � 1011 V/m.
We conclude that for � � a the effect of external electromagnetic fields can be

approximated by the addition of a term

	V.x; t/ D qˆ.x; t/ D � qE.t/ � x D � d � E.t/ (15.16)
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in the Schrödinger equation. The approximation of spatially homogeneous external
field yields a perturbation proportional to the dipole operator and is therefore
denoted as dipole approximation.

Two cautionary remarks are in order at this point. The term dipole approx-
imation is nowadays more widely used for the long wavelength approximation
exp.ik � x/ ' 1 in matrix elements irrespective of whether the perturbation operator
has the dipole form (15.16) or is given in terms of the coupling to the vector potential
A.x; t/ in (15.12).

Furthermore, if we describe electromagnetic interactions at the level of photon-
matter interactions, the dipole approximation (15.16) is generically limited to first
order perturbation theory, and holds in second order perturbation theory only if
additional conditions are met, see Section 18.9 and Problem 18.10.

Dipole selection rules

The first order scattering matrix elements in dipole approximation are given by
Sfi D p

2� iqE.!fi/ � hf jxjii=„, i.e. only transitions jii ! jf i with non-vanishing
dipole matrix elements qhf jxjii are allowed in this approximation. This yields
straightforward selection rules for states which are eigenstates of M2 and Mz. The
commutator relation ŒMz; z� D 0 implies

hn0; `0; m0jŒMz; z�jn; `; mi D „hn0; `0; m0jzjn; `; mi.m0 � m/ D 0; (15.17)

and therefore an electric field component in z direction can only induce transitions
between states with the same magnetic quantum number.

In the same way, the commutators ŒMz; x ˙ iy� D ˙„.x ˙ iy/ imply

hn0; `0; m0jx ˙ iyjn; `; mi.m0 � m 
 1/ D 0; (15.18)

such that electric field components in the .x; y/ plane can only induce transitions
which increase or decrease the magnetic quantum number by one unit.

Finally, the fairly complicated relation ŒM2; ŒM2; x�� D 2„2fM2; xg yields

hn0; `0; m0jxjn; `; mi.` C `0/.` C `0 C 2/Œ.` � `0/2 � 1� D 0: (15.19)

This implies that the matrix element can be non-vanishing only if `0 D ` ˙ 1.
`0 D ` D 0 is not a solution, because in this case the wave functions depend only
on r and the angular integrations then show that the matrix element vanishes.

Equations (15.17–15.19) imply the dipole selection rules 	` D ˙1 and
	m D 0; ˙1.
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15.2 Stark effect and static polarizability tensors

Polarizability tensors characterize the response of a quantum system to an external
electric field E. The calculation of polarizability tensors is another example of
applications of second order perturbation theory in materials science. It also
illustrates the role of perturbation theory in derivations of quantum mechanical
expressions for measurable physical quantities, which were first introduced in
classical electrodynamics and were initially approximated by means of simple
mechanical models.

The calculation of polarizabilities generically involves many particles and related
dipole operators V.t/ D � PN

iD1 qiE.t/ � xi, where it is assumed that all particles are
confined to a region which is still small compared to the wavelength of the electric
field. We will develop the theory in a single-particle approximation in the sense that
we only use the single charged (quasi)particle operator V.t/ D �qE.t/ � x. In the
present section we will do this for time-independent external field, where we can
use the techniques of time-independent perturbation theory. The case of dynamical
polarizability for time-dependent external fields will be discussed in Section 15.3.

Linear Stark effect

Before we jump into the second order calculation of the response to an electric
field, we consider the implications of first order perturbation theory for the dipole
approximation.

An external static electric field shifts the Hamilton operator according to

H0 ! H D H0 C V D H0 � qE � x:

Time-independent perturbation theory tells us that the first order shifts of atomic
or molecular energy levels due to the external field have to be determined as the
eigenvalues of the matrix

h‰.0/
n;˛jV.x/j‰.0/

n;ˇi D � qh‰.0/
n;˛jxj‰.0/

n;ˇi � E;

and when the n-th degeneracy subspace has been internally diagonalized with
respect to V.x/, the first order shifts are

E.1/
n;˛ D � qh‰.0/

n;˛jxj‰.0/
n;˛i � E D � dn;˛ � E;

with the intrinsic dipole moment in the state j‰.0/
n;˛i

dn;˛ D qh‰.0/
n;˛jxj‰.0/

n;˛i: (15.20)
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The perturbation V has odd parity under x ! �x, while atomic states of opposite
parity are usually not degenerate. Therefore in systems which are symmetric under
the parity transformation x ! �x, the states in the n-th energy level usually satisfy

h‰.0/
n;˛jxj‰.0/

n;ˇi D 0

because the integrand is odd under the parity transformation. Usually this implies
absence of a linear Stark effect in atoms, and the same remark applies to molecules
with parity symmetry. An important exception is the hydrogen atom due to
`-degeneracy of its energy levels (if the matrix elements of V are larger than the fine
structure of the hydrogen levels). States with angular momentum quantum number
` have parity .�1/`, so that the n-th hydrogen level with n > 1 contains degenerate
states of opposite parity. Diagonalization of V in that degeneracy subspace then
yields states j‰.0/

n;˛i with h‰.0/
n;˛jxj‰.0/

n;˛i ¤ 0.

Quadratic Stark effect and the static polarizability tensor

Second order perturbation theory yields the following corrections to discrete atomic
or molecular energy levels,

E.2/
n˛ D

XZ

m¤n

X

ˇ

jh‰.0/

mˇjVj‰.0/
n˛ ij2

E.0/
n � E.0/

m

D q2E �
XZ

m¤n

X

ˇ

h‰.0/
n˛ jxj‰.0/

mˇih‰.0/

mˇjxj‰.0/
n˛ i

E.0/
n � E.0/

m

� E:

The notation takes into account that the intermediate levels can be continuous, but
degeneracy indices are always discrete.

We can write the second order shifts in the form

E.2/
n˛ D � 1

2
d.n˛/ � E D � 1

2
E � ˛.n˛/ � E;

where

d.n˛/ D ˛.n˛/ � E

is the induced dipole moment and ˛.n˛/ is the static electronic polarizability tensor

in the state j‰.0/
n˛ i,

˛.n˛/ D � q2
XZ

m¤n

X

ˇ

1

E.0/
n � E.0/

m

�
h‰.0/

n˛ jxj‰.0/

mˇi ˝ h‰.0/

mˇjxj‰.0/
n˛ i

C h‰.0/

mˇjxj‰.0/
n˛ i ˝ h‰.0/

n˛ jxj‰.0/

mˇi
�

: (15.21)
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Note that in the ground state ˛ii > 0 (no summation convention), i.e. in second
order perturbation theory, which usually should capture all linear contributions from
a weak external electric field to the induced dipole moment, there is no electronic
dia-electricity for the ground state.

15.3 Dynamical polarizability tensors

We cannot use time-independent perturbation theory if the perturbation operator
V.t/ D �qx � E.t/ varies with time. Application of our results from Chapter 13 for
time-dependent perturbations implies that the first order transition probability from
a state jmi into a state jni under the action of the electric field E.t/ between times t0
and t is proportional to2

P.1/
m!n.t; t0/ D

ˇ̌
ˇ̌ q

„
Z t

t0
d
 exp.i!nm
/E.
/ � hnjxjmi

ˇ̌
ˇ̌
2

;

where

!nm D 1

„ .En � Em/ :

For t0 ! �1, t ! 1, this becomes in particular (see our previous
results (13.28, 13.29))

P.1/
m!n D 2�

ˇ̌
ˇ
q

„E.!nm/ � hnjxjmi
ˇ̌
ˇ
2

;

i.e. long term action of an external electric field can induce a transition in first order
between energy levels Em and En only if the field contains a Fourier component of
the corresponding frequency !nm.

However, at this time we are interested in the problem how equation (15.21) can
be generalized to a dynamical polarizability in the presence of a time-dependent
external field E.t/.

Suppose the system was in the state j‰.0/
n;˛.0/i � j‰.0/

n;˛i at t D 0, when it begins
to experience the effect of the electric field. The shift of the wave function j‰.0/

n;˛.t/i
under the influence of the external field is

j‰n;˛.t/i � j‰.0/
n;˛.t/i D ‚.t/ ŒU.t/ � U0.t/� j‰.0/

n;˛i
D ‚.t/U0.t/

�
UC

0 .t/U.t/U0.0/ � 1
	 j‰.0/

n;˛i
D ‚.t/U0.t/ ŒUD.t/ � 1� j‰.0/

n;˛i;

2Recall that jSnmj2 is a true transition probability only if the initial and final state are discrete, while
otherwise it enters into decay rates or cross sections.
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and the first order shift is therefore

j‰.1/
n;˛.t/i D � i

„‚.t/U0.t/
Z t

0

d
 HD.
/j‰.0/
n;˛i

D � i

„‚.t/U0.t/
Z t

0

d
 UC
0 .
/V.
/U0.
/j‰.0/

n;˛i

D � i

„‚.t/
Z t

0

d
 U0.t � 
/V.
/U0.
/j‰.0/
n;˛i:

The induced dipole moment in the state j‰.0/
n;˛i is then given in leading order by the

first order terms (recall that the 0th order term corresponds to the intrinsic dipole
moment (15.20))

d.n˛/.t/ D h‰.0/
n;˛.t/jqxj‰.1/

n;˛.t/i C h‰.1/
n;˛.t/jqxj‰.0/

n;˛.t/i

D q2 i

„‚.t/
Z t

0

d
 h‰.0/
n;˛jUC

0 .t/xU0.t � 
/x � E.
/U0.
/j‰.0/
n;˛i

� q2 i

„‚.t/
Z t

0

d
 h‰.0/
n;˛jUC

0 .
/x � E.
/UC
0 .t � 
/xU0.t/j‰.0/

n;˛i:

This becomes after insertion of complete sets of unperturbed states in
U0.t � 
/ D U0.t/UC

0 .
/ and UC
0 .t � 
/ D U0.
/UC

0 .t/

d.n˛/.t/ D q2 i

„‚.t/
XZ

m;ˇ

Z t

0
d
 expŒi!nm.t � 
/�h‰.0/

n;˛ jxj‰.0/

m;ˇ
i

�h‰.0/

m;ˇ
jx � E.
/j‰.0/

n;˛i � q2 i

„‚.t/
XZ

m;ˇ

Z t

0
d
 expŒ�i!nm.t � 
/�

�h‰.0/
n;˛ jx � E.
/j‰.0/

m;ˇ
ih‰.0/

m;ˇ
jxj‰.0/

n;˛i

D
Z 1

0
d
 ˛.n˛/.t � 
/ � E.
/; (15.22)

with a dynamical polarizability tensor

˛.n˛/.t/ D q2 i

„‚.t/


XZ

m;ˇ

exp.i!nmt/h‰.0/
n;˛jxj‰.0/

m;ˇi ˝ h‰.0/

m;ˇjxj‰.0/
n;˛i

�
XZ

m;ˇ

exp.�i!nmt/h‰.0/

m;ˇjxj‰.0/
n;˛i ˝ h‰.0/

n;˛jxj‰.0/

m;ˇi
�

: (15.23)

Now we assume harmonic time dependence of an electric field which is switched
on at t D 0,

E.
/ � E!.
/ D E‚.t/ sin.!
/ D E‚.t/
exp.i!
/ � exp.�i!
/

2i
:
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The time integrals in the two terms for d.n˛/.t/ then yield

˙ q2

2„
Z t

0

d

�

expŒ˙i!nm.t � 
/ C i!
� � expŒ˙i!nm.t � 
/ � i!
�
�

D ˙ q2

2i„



exp.i!t/ � exp.˙i!nmt/

! 
 !nm
C exp.�i!t/ � exp.˙i!nmt/

! ˙ !nm

�

D ˙ q2

i„
! cos.!t/ ˙ i!nm sin.!t/ � ! exp.˙i!nmt/

!2 � !2
nm

: (15.24)

We also assume slowly oscillating field in the sense ! � j!nmj for all
quantum numbers m which correspond to large matrix elements jh‰.0/

m;ˇjxj‰.0/
n;˛ij.

This means that the external field is not likely to induce direct transitions between
different energy levels. Under these conditions, the contribution from the integrals
in equation (15.24) to d.n˛/.t/ will be dominated by the term which is in phase with
the external field,

˙ q2

2„
Z t

0

d

�

expŒ˙i!nm.t � 
/ C i!
� � expŒ˙i!nm.t � 
/ � i!
�
�

! q2

„
!nm sin.!t/

!2 � !2
nm

;

and the induced dipole moment in this approximation is

d.n˛/!.t/ D q2

„
XZ

m;ˇ

!mn

!2
mn � !2

�
h‰.0/

n;˛jxj‰.0/

m;ˇih‰.0/

m;ˇjx � E!.t/j‰.0/
n;˛i

C h‰.0/

m;ˇjxj‰.0/
n;˛ih‰.0/

n;˛jx � E!.t/j‰.0/

m;ˇi
�

:

This can also be written as

d.n˛/!.t/ D ˛.n˛/.!/ � E!.t/

with the frequency dependent polarizability tensor for the state j‰.0/
n;˛i (usually the

ground state)

˛.n˛/.!/ D q2

„
XZ

m;ˇ

!mn

!2
mn � !2

�
h‰.0/

n;˛jxj‰.0/

m;ˇi ˝ h‰.0/

m;ˇjxj‰.0/
n;˛i

C h‰.0/

m;ˇjxj‰.0/
n;˛i ˝ h‰.0/

n;˛jxj‰.0/

m;ˇi
�

: (15.25)

The zero frequency polarizability tensor ˛.n˛/.0/ is the static tensor (15.21), as
expected.
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The frequency dependent polarizability tensor is not only relevant for slowly
oscillating fields, but appears implicitly already in the equations (15.22, 15.23),
which do not include a restriction to slowly oscillating external field. If we agree
to shift the denominator in (15.25) by small imaginary numbers according to

˛.n˛/.!/ D q2

„

XZ

m;ˇ

!nm

!2 � !2
nm � i�

h‰.0/
n;˛jxj‰.0/

m;ˇ
i ˝ h‰.0/

m;ˇ
jxj‰.0/

n;˛i

C
XZ

m;ˇ

!nm

!2 � !2
nm C i�

h‰.0/

m;ˇ
jxj‰.0/

n;˛i ˝ h‰.0/
n;˛ jxj‰.0/

m;ˇ
i
�

; (15.26)

we find that the dynamical polarizability tensors in equations (15.23) and (15.26)
are related via

˛.n˛/.t/ D ‚.t/

�

Z 1

�1
d! ˛.n˛/.!/ exp.�i!t/: (15.27)

Oscillator strength

Equation (15.26) yields an averaged polarizability

˛.n˛/.!/ D 1

3
tr ˛.n˛/.!/ D 2q2

3„
XZ

m;ˇ

!mn

!2
mn � !2

jh‰.0/

m;ˇjxj‰.0/
n;˛ij2

D q2

m

XZ

m;ˇ

fm;ˇIn;˛

!2
mn � !2

with the oscillator strength for the transition j‰.0/
n;˛i ! j‰.0/

m;ˇi:

fm;ˇIn;˛ D 2m

3„ !mnjh‰.0/

m;ˇjxj‰.0/
n;˛ij2 D � fn;˛Im;ˇ: (15.28)

We use m both for the mass of the charged (quasi)particle which has its wave
functions shifted due to the external field, and as a label for the intermediate states.
Since mass never appears as an index in equation (15.28) or the following equations,
this should not cause confusion.

The polarizability is also often averaged over degenerate initial states. If the
degeneracy of the n-th energy level is gn, then

˛n.!/ D 1

gn

X

˛

˛.n˛/.!/ D q2

m

XZ

m

fmjn
!2

mn � !2

with an effective oscillator strength which is averaged over degenerate initial states
and summed over degenerate final states,

fmjn D 1

gn

X

˛;ˇ

fm;ˇIn;˛ D � gm

gn
fnjm: (15.29)
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With these conventions, positive oscillator strength corresponds to absorption
and negative oscillator strength corresponds to emission. Oscillator strengths are
sometimes also defined through absolute values, but for the f -sum rules below it
plays a role that emission transitions contribute with negative sign.

For an explanation of the name oscillator strength for fm;ˇIn;˛ , we observe that a
classical isotropic harmonic oscillator model for polarizability

mRx.t/ C m!2
0x.t/ D qE sin.!t/

yields an induced dipole moment

d!.t/ D qx.t/ D q2

m

1

!2
0 � !2

E sin.!t/ D ˛.!/E!.t/

with the polarizability

˛.!/ D q2

m

1

!2
0 � !2

;

i.e. every virtual transition j‰.0/
n;˛i ! j‰.0/

m;ˇi contributes effectively like an oscillator

of frequency j!mnj D
ˇ
ˇ̌
E.0/

m � E.0/
n

ˇ
ˇ̌
=„ to the polarizability ˛.n˛/.!/ of the state

j‰.0/
n;˛i, but the contribution of that transition is weighted with the oscillator

strength (15.28).

Thomas-Reiche-Kuhn sum rule (f -sum rule)
for the oscillator strength

Kuhn, Reiche and Thomas found a sum rule for the oscillator strength already in the
framework of old quantum theory3. The quantum mechanical proof is based on the
fact that the Hamiltonian operator H D .p2=2m/ C V.x/ yields a commutator

ŒH; x� D „p
im

: (15.30)

This implies for a discrete normalized state j‰.0/
n;˛i

XZ

m;ˇ

fm;ˇIn;˛ D 2m

3„
XZ

m;ˇ

!mnh‰.0/
n;˛jxj‰.0/

m;ˇi � h‰.0/

m;ˇjxj‰.0/
n;˛i

D 2m

3„2

XZ

m;ˇ

�
E.0/

m � E.0/
n

� h‰.0/
n;˛jxj‰.0/

m;ˇi � h‰.0/

m;ˇjxj‰.0/
n;˛i

3W. Kuhn, Z. Phys. 33, 408 (1925); F. Reiche, W. Thomas, Z. Phys. 34, 510 (1925).
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D m

3„2

XZ

m;ˇ

�
h‰.0/

n;˛jxj‰.0/

m;ˇi � h‰.0/

m;ˇjŒH0; x�j‰.0/
n;˛i

� h‰.0/
n;˛jŒH0; x�j‰.0/

m;ˇi � h‰.0/

m;ˇjxj‰.0/
n;˛i

�

D 1

3i„
XZ

m;ˇ

�
h‰.0/

n;˛jxj‰.0/

m;ˇi � h‰.0/

m;ˇjpj‰.0/
n;˛i

�
D
‰.0/

n;˛jpj‰.0/

m;ˇi � h‰.0/

m;ˇjxj‰.0/
n;˛i

�

D 1

3i„h‰.0/
n;˛j.x � p � p � x/j‰.0/

n;˛i D 1:

This is the4 Thomas-Reiche-Kuhn sum rule,

XZ

m;ˇ

fm;ˇIn;˛ D 1: (15.31)

Averaging over initial degeneracy indices (15.29) then also yields

XZ

m
fmjn D 1: (15.32)

Equation (15.30) implies a further relation which connects matrix elements of x
and p,

!mnh‰.0/

m;ˇjxj‰.0/
n;˛i D 1

im
h‰.0/

m;ˇjpj‰.0/
n;˛i:

This yields an alternative representation of the oscillator strength

fm;ˇIn;˛ D 2

3m„!mn
jh‰.0/

m;ˇjpj‰.0/
n;˛ij2; (15.33)

which is known as the velocity form of the oscillator strength, while equation (15.28)
is denoted as the length form of the oscillator strength. Yet another common
definition in atomic, molecular and optical physics is

fm;ˇIn;˛ D 2m!mn

3„q2
Sm;ˇIn;˛; fmjn D 2m!mn

3„q2
Sm;n;

4If the wave functions are N-particle wave functions and the potential V is the corresponding sum
of dipole operators, the number on the right hand side of the sum rules becomes N.
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with the electric dipole line strength of the transition j‰.0/
n;˛i ! j‰.0/

m;ˇi

Sm;ˇIn;˛ D jh‰.0/

m;ˇjqxj‰.0/
n;˛ij2 D

ˇ̌
ˇ̌ q

m!mn
h‰.0/

m;ˇjpj‰.0/
n;˛i

ˇ̌
ˇ̌
2

;

Sm;n D 1

gn

X

˛;ˇ

Sm;ˇIn;˛ D gm

gn
Sn;m:

Tensorial oscillator strengths and sum rules

We can define oscillator strength tensors through the relations

˛.n˛/.!/ D q2

m

XZ

m;ˇ

f
m;ˇIn;˛

!2
mn � !2

;

˛n.!/ D 1

gn

X

˛

˛.n˛/.!/ D q2

m

X

m

f
m;n

!2
mn � !2

;

i.e. we have representations for oscillator strength tensors

f
m;ˇIn;˛

D m

„ !mn

�
h‰.0/

n;˛jxj‰.0/

m;ˇi ˝ h‰.0/

m;ˇjxj‰.0/
n;˛i

C h‰.0/

m;ˇjxj‰.0/
n;˛i ˝ h‰.0/

n;˛jxj‰.0/

m;ˇi
�

D m

2„2

�
h‰.0/

n;˛jxj‰.0/

m;ˇi ˝ h‰.0/

m;ˇjŒH0; x�j‰.0/
n;˛i

� h‰.0/
n;˛jŒH0; x�j‰.0/

m;ˇi ˝ h‰.0/

m;ˇjxj‰.0/
n;˛i

C h‰.0/

m;ˇjŒH0; x�j‰.0/
n;˛i ˝ h‰.0/

n;˛jxj‰.0/

m;ˇi

� h‰.0/

m;ˇjxj‰.0/
n;˛i ˝ h‰.0/

n;˛jŒH0; x�j‰.0/

m;ˇi
�

D 1

2i„
�
h‰.0/

n;˛jxj‰.0/

m;ˇi ˝ h‰.0/

m;ˇjpj‰.0/
n;˛i � h‰.0/

n;˛jpj‰.0/

m;ˇi ˝ h‰.0/

m;ˇjxj‰.0/
n;˛i

C h‰.0/

m;ˇjpj‰.0/
n;˛i ˝ h‰.0/

n;˛jxj‰.0/

m;ˇi � h‰.0/

m;ˇjxj‰.0/
n;˛i ˝ h‰.0/

n;˛jpj‰.0/

m;ˇi
�

D � f
n;˛Im;ˇ

; (15.34)

and reduced oscillator strength tensors

f
mjn D 1

gn

X

˛;ˇ

f
m;ˇIn;˛

D � gm

gn
f

njm: (15.35)
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This yields tensorial f -sum rules,

X

m;ˇ

f
m;ˇIn;˛

D 1

2i„h‰.0/
n;˛j �

Œxi; pj� � Œpi; xj�
� j‰.0/

n;˛iei ˝ ej D 1 D
X

m

f
mjn:

For comparison, we note that the polarization tensor of an isotropic classical
oscillator is easily shown to be

˛.!/ D q2

m

1

!2
0 � !2

1:

The standard oscillator strength is related to the oscillator strength tensor via

fm;ˇIn;˛ D 1

3
tr f

m;ˇIn;˛
:

15.4 Problems

15.1. Show that the probability current density in the presence of electromagnetic
potentials is given by

j D „
2im

�
‰Cr‰ � r‰C � ‰ � 2i

q

„‰CA‰
�

:

Is this expression gauge invariant?

15.2. Suppose that a particle is moving in a spatially homogeneous magnetic field
B.t/. Show that in order jqBj this yields the Zeeman term

hxjHZ.t/j‰.t/i D �hxj q

2m
B.t/ � lj‰.t/i D i

q„
2m

B.t/ � .x � r/‰.x; t/

in the Schrödinger equation (15.6).
Hint: You can use equation (15.13).

15.3. A hydrogen atom is initially in its ground state when it is excited by an
external electric field E.t/.

15.3a. Show through direct evaluation of the matrix elements that the dipole term
V.t/ D �qx � E.t/ in first order only excites higher level p states.

15.3b. The external field is

E.t/ D ezE exp.�t2=
2/: (15.36)
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How large are the first order transition probabilities P1!n into excited bound energy
levels?

15.4. How large is the ionization probability for a hydrogen atom in the electric
field (15.36) in leading order perturbation theory?

15.5. Calculate the ionization probability (13.40) for a hydrogen atom in its ground
state which is perturbed by an oscillating electric field in z direction,

V.t/ D ezE cos.!t/:

15.6. Calculate the linear Stark effect for the first excited level of hydrogen due to
a homogeneous static electric field E.

15.7. Calculate the static polarizability tensor in the ground state of hydrogen.

15.8. Calculate the oscillator strengths fn0In D 2m!n0njhn0jxjnij2=„ for a one-
dimensional oscillator. Why does the equation for the one-dimensional oscillator
strength differ by a factor 3 from the three-dimensional oscillator strength (15.28)?

15.9. Calculate the oscillator strengths fn;`;mI1;0;0 for the hydrogen atom. How large
is the sum

1X

`D0

X̀

mD�`

Z 1

0

dk k2fk;`;mI1;0;0

of the oscillator strengths into Coulomb waves?

15.10. We consider the transition jmi ! jni due to an external electric field E.t/.
Show that the square of the corresponding first order scattering matrix element is
related to the oscillator strength tensor of the transition through

jSnmj2 D �q2

m„!nm
E.!nm/ � f

nIm � E.!nm/:

15.11. Show that normalizable energy eigenstates, hnjni D 1, have vanishing
momentum expectation values,

hnjpjni D 0:

Why does this equation not hold for plane wave states?

15.12. Prove the Bethe sum rule5,

2m

„
XZ

m;ˇ

!mn

ˇ̌
ˇh‰.0/

m;ˇj exp.ik � x/j‰.0/
n;˛i

ˇ̌
ˇ
2 D k2:

5H. Bethe, Annalen Phys. 397, 325 (1930).
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