
Chapter 20
Dimensional Effects in Low-dimensional
Systems

Surfaces, interfaces, thin films, and quantum wires provide abundant examples
of quasi two-dimensional or one-dimensional systems in science and technol-
ogy. Quantum mechanics in low dimensions has become an important tool for
modeling properties of these systems. Here we wish to go beyond the simple low-
dimensional potential models of Chapter 3 and discuss in particular implications of
the dependence of energy-dependent Green’s functions on the number d of spatial
dimensions. However, if it is true that the behavior of electrons in certain systems
and parameter ranges can be described by low-dimensional quantum mechanics,
then there must also exist ranges of parameters for quasi low-dimensional systems
where the behavior of electrons exhibits inter-dimensional behavior in the sense
that there must exist continuous interpolations e.g. between two-dimensional and
three-dimensional behavior. We will see that inter-dimensional (or “dimensionally
hybrid”) Green’s functions provide a possible avenue to the identification and
discussion of inter-dimensional behavior in physical systems.

20.1 Quantum mechanics in d dimensions

Suppose an electron is strictly confined to a two-dimensional quantum well. Unless
the material in the quantum well has special dielectric properties, that electron
would still “know” that it exists in three spatial dimensions, because it feels the
1=r Coulomb interaction with other charged particles, and this 1=r distance law is
characteristic for three dimensions. If the electron would not just be confined to two
dimensions, but exist in a genuine two-dimensional world, it would experience a
logarithmic distance law for the Coulomb potential. The reason for the 1=r Coulomb
law in three dimensions is that the solution of the equation

�G.r/ D � ı.x/ (20.1)
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in three dimensions is given by

G.r/ D 1

4�r
;

but in general the solution of equation (20.1) depends on the number d of spatial
dimensions. Appendix J explains in detail the derivation of the d-dimensional
version of G.r/ with the result
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(20.2)

The most direct application of these results are electrostatic potentials. Equa-
tion (20.1) implies that the electrostatic potential of a point charge q in d dimensions
is given by

ˆd.r/ D q

�0
Gd.r/: (20.3)

However, from the point of view of non-relativistic quantum mechanics, the
Green’s functions (20.2) are the special zero energy values of the energy-dependent
free Schrödinger Green’s functions, Gd.r/ D Gd.x;E D 0/. These energy
dependent Green’s functions satisfy

�Gd.x;E/C 2m

„2 EGd.x;E/ D � ı.x/: (20.4)

We have solved this condition in three dimensions in Section 11.1, see equa-
tion (11.17). The solution in d dimensions by two different methods is described
in Appendix J, with the result (J.27)
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The functions K� and H.1/
� are modified Bessel functions and Hankel functions of

the first kind, respectively. These are exponential functions for d D 1 or d D 3,
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and therefore
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and we recover the already known three-dimensional result from Section 11.1,
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These results also give us the screened or Yukawa potentials in d dimensions if
we substitute „=p�2mE ! �, see Figure 20.2.

The Figures 20.1 and 20.2 illustrate that long distance effects of interactions
become more prominent in lower dimensions, while short distance effects become
stronger with increasing number of dimensions.

Fig. 20.1 The Green’s functions (20.2) and the related specific electrostatic potentials ˆd.r/=q in
1, 2 and 3 dimensions. The blue curve is for d D 1, red is for d D 2 and the black curve is the
3-dimensional Coulomb potential
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Fig. 20.2 Yukawa potentials Vd.r/ with screening length �. The blue curve corresponds to d D 1,
red to d D 2 and black to d D 3

The Green’s function does not only determine interaction potentials, but also
has other profound implications for the behavior of particles in d dimensions. We
have already seen in Chapter 11 that potential scattering of particles of energy E D
„2k2=2m is described by energy-dependent Green’s functions. The d-dimensional
version of equation (11.20) is

 .x/ D exp.ik � x/
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and we get the d-dimensional version of the leading order Born approximation
through the substitution of  .x0/ with the incoming plane wave.

Suppose the scattering potential V.x0/ is concentrated around x0 D 0 with finite
range R. The asymptotic form of the Hankel function for large argument x � 1,
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yields the asymptotic form for the scattered wave function in the limit jxj � R (here
we neglect again the normalization factors .2�/�d=2 because they cancel in the cross
section),

 .x/ D exp.ik � x/ � m
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with the scattering amplitude
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The d-dimensional version of (11.2),
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; (20.11)

then yields the same relation between the scattering cross section and the scattering
amplitude as in three dimensions,

d	k

d

D jf .kOx � k/j2 :

Note that the relative prominence of long distance effects in low dimensions
should be amplified in scattering effects, because the Green’s function generically
determines both the scattering potentials V.x0/ and the kernels Gd.x � x0;E/ which
are convoluted into the potentials to calculate the scattered wave functions.

Yet another instance where the number of dimensions plays a prominent role is
the density of states. We have seen this already in equations (12.12, 12.13). How-
ever, this result is also closely linked to the energy-dependent Green’s functions.

First we note that we can write the generalization of equation (20.4) for the
Hamilton operator H D H0 C V ,

�Gd;V.x; x0I E/C 2m

„2 ŒE � V.x/�Gd;V.x; x0I E/ D � ı.x � x0/: (20.12)

also in representation free operator notation,

.E � H/Gd;V.E/ D 1; (20.13)
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where the connection to (20.12) is recovered through the matrix elements1

hxjGd;V.E/jx0i D �2m

„2 Gd;V.x; x0I E/

The solution of (20.13) requires a small complex shift in E to avoid the
singularities on the real axis which arise from the real spectrum of H,

Gd;V.E/ D 1

E � H C i�
:

The positive imaginary shift yields the retarded Green’s function with only outgoing
spherical waves from scattering centers in scattering theory, and only forward
evolution in time, see Section 11.1.

The Hamilton operator in the denominator of G.E/ can be replaced by energy
eigenvalues if we use energy eigenstates

HjE0; �.E0/i D E0jE0; �.E0/i;
XZ

dE0 d�.E0/ jE0; �.E0/ihE0; �.E0/j D 1;

where �.E0/ is a set of degeneracy indices for energy level E0. This yields

Gd;V.E/ D
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dE0 d�.E0/
jE0; �.E0/ihE0; �.E0/j

E � E0 C i�
: (20.14)

The connection to the density of states follows if we rewrite this with the
Sokhotsky-Plemelj relation (2.11),

Gd;V.E/ D P
XZ

dE0 d�.E0/
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E � E0

� i�
XZ

dE0 d�.E0/ ı.E � E0/jE0; �.E0/ihE0; �.E0/j: (20.15)

Comparison with equation (12.17) shows that

%d.E; x/ D � 1

�
=hxjGd;V.E/jxi D 2m

�„2=hxjGd;V.E/jxi: (20.16)

In particular, substitution of the free Green’s functions (20.5) yields again the
result (12.13) which we had initially derived from equation (12.12)

%d.E/ D g‚.E/
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1These concepts are further discussed in Appendix J. However, it is not necessary to read
Appendix J before reading this section.
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For the derivation of (20.17) from (20.16) and (20.5), we recall that

hxjGd;V.E/jx0iˇˇVD0 � Gd;V.x; x0I E/
ˇ
ˇ
VD0 D Gd.x � x0;E/

is translation invariant for free particles, and use the property
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of the Hankel functions. The spin or helicity factor g arises from the summation over
spin states included in the summation over degeneracy indices � in equation (20.15)
if we take into account that the Green’s functions (20.5) in the presence of spin
multiply g � g unit matrices in spin space2.

20.2 Inter-dimensional effects in interfaces and thin layers

The dependence of energy-dependent Green’s functions on the number of
dimensions begs the question whether this can have observable consequences
in (quasi)two-dimensional or one-dimensional systems like interfaces, layers, thin
films, or nanowires. Indeed, the density of states %d.E/ (20.16) is often used to
estimate densities of electron states in low-dimensional systems in nanotechnology.
However, is this really justified? After all, we are still dealing with electrons with
non-vanishing extensions of their wave functions in every direction, including
directions perpendicular to any confining potential barriers. Wave functions can be
squeezed, but they will will never be genuine two-dimensional or one-dimensional.
Furthermore, if the behavior of low-energy particles in confining structures can
be approximated by the laws of one-dimensional or two-dimensional quantum
mechanics, there must exist a transition regime at higher energy levels, where
inter-dimensional effects between low-dimensional and three-dimensional behavior
should be observable.

To examine these questions, we consider a model system of electrons moving in
a bulk material which also contains a layer of thickness 2a located at z D z0. The
potential energy of the electrons inside the layer is shifted by an amount V0,

V.x/ � V.z/ D V0‚.z0 C a � z/‚.z � z0 C a/; (20.18)

and we also assume that electrons in the bulk move with (effective) mass m, while
the effective mass inside the layer is m�. This yields a Hamiltonian which in the first

2For spin or helicity, there is actually a transition from a tensor product to a trace operation in
making the connection between (20.15) and (20.16): 1 D P

s jsihsj ! P
shsjsi D g. Otherwise

equation (20.16) would yield the density of states per spin state.
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quantized formalism has the form

H D p2

2m
Œ1 �‚.z0 C a � z/‚.z � z0 C a/�

C‚.z0 C a � z/‚.z � z0 C a/
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2m�
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�

: (20.19)

We might expect two-dimensional behavior in the limit a ! 0 both from
the difference of effective mass in the interface and from the interface potential.
Indeed, the different effective mass m� in the interface implies different propagation
properties inside the interface and yields quasi two-dimensional behavior both in
terms of propagators and in the density of states3, even for vanishing interface
potential. The corresponding second quantized Hamiltonian is

H D
Z

d2xk
Z

dz
„2
2m

r C.xk; z/ �r .xk; z/

C
Z

d2xk
„2
2�

rk C.x; z0/ �rk .xk; z0/; (20.20)

where the index k is used for two-dimensional vectors parallel to the interface at z0.
The parameter � has dimensions of mass per length.

In the following we will investigate the emergence of quasi two-dimensional
behavior from an attractive interface potential.

Two-dimensional behavior from a thin quantum well

We wish to examine the appearance of quasi two-dimensional behavior from a
quantum well potential, i.e. we assume m� D m. An infinitely thin attractive
quantum well arises from the potential (20.18) if we set V0 D �W=2a and take
the limit a ! 0,

H D p2

2m
� Wı.z � z0/:

The corresponding Schrödinger equation separates, and the z component is
the Schrödinger equation with the attractive ı potential that we had solved in
Section 3.3. This implies three kinds of energy eigenstates. First we have eigenstates
which are moving along the interface,
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„2W; (20.21)

E.kk; �/ D „2
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k2k � m

2„2W
2:

3R. Dick, Physica E 40, 2973 (2008); Nanoscale Res. Lett. 5, 1546 (2010).
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We also have free states with odd or even parity under z ! 2z0 � z, cf.
(3.21, 3.22),

hxjkk; k?;�i D 1
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The wave number k? in (20.22) and (20.23) is constrained to the positive half-line
k? > 0, and the energy levels of the free states are
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:

The energy-dependent Green’s function
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We would not have to solve this equation explicitly, since we know the complete
set of energy eigenstates of the system. However, there is a neat way to solve these
kinds of problems which also works for interfaces in which particles move with
different effective mass4.

We can solve equation (20.24) in a mixed representation using
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4R. Dick, Int. J. Theor. Phys. 42, 569 (2003). See also the previous references.
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Substitution into equation (20.24) yields with � D mW=„2
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This result implies that the retarded Green’s function hk?jG.kk;E/jz0i must have
the form
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with the yet to be determined function f .kk;E; z0/ satisfying
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which follows from substituting (20.29) back into (20.28).
The integral is readily evaluated with the residue theorem,
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and therefore we find with the proper treatment of poles for retarded Green’s
functions the result
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(20.30)

Fourier transformation of equation (20.30) with respect to k? yields finally
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(20.31)

The limit � ! 0 in equations (20.30, 20.31), as well as in equation (20.34) below
reproduces the corresponding representations of the free retarded Green’s function
in three dimensions.

Our results describe the Green’s function for a particle in the presence of the thin
quantum well, but for arbitrary energy and both near and far from the quantum well.
Therefore we cannot easily identify any two-dimensional limit from the Green’s
function. To explore this question further, we will look at the density of electron
states in the presence of the quantum well.

The quantum well at z0 breaks translational invariance in z direction, and we have
with equation (20.16)

%.E; z/ D 4m

�„2=hxk; zjG.E/jxk; zi D m

�3„2=
Z

d2kk hzjG.kk;E/jzi;

where a factor g D 2 was taken into account for spin 1/2 states.
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If there is any quasi two-dimensional behavior in this system, we would expect
it in the quantum well region. Therefore we use the result (20.31) to calculate the
density of states %.E; z0/ in the quantum well. Substitution yields

%.E; z0/ D m
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and after evaluation of the integrals,
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We can also express this in terms of the free two-dimensional and three-
dimensional densities of electron states (cf. (20.17)),

%.E; z0/ D �%dD2
�
E C .„2�2=2m/
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C %dD3.E/
"

1 � „�p
2mE

arctan

 p
2mE

„�

!#

: (20.33)

We note that the states which are exponentially suppressed perpendicular to
the quantum well indeed contribute a term proportional to the two-dimensional
density of states %dD2.E0/ with the kinetic energy E0 of motion of particles along the
quantum well, but with a dimensional proportionality constant � which is the inverse
penetration depth of those states. Such a dimensional factor has to be there, because
densities of states in three dimensions enumerate states per energy and per volume,
while %dD2.E0/ counts states per energy and per area. Furthermore, the unbound
states yield a contribution which approaches the free three-dimensional density of
states %dD3.E/ in the limit � ! 0. The result can also be derived directly from the
energy eigenstates (20.21–20.23) and the definition (12.15) of the local density of
states, see Problem 20.7. However, the derivation from the Green’s function, while
more lengthy for the pure quantum well, has the advantage to also work in the case
of an interface in which the electrons move with different effective mass.

The density of states in the quantum well region is displayed for binding energy
B D „2�2=2m D 1 eV, mass m D me D 511 keV=c2, and different energy ranges in
Figures 20.3 and 20.4.
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Fig. 20.3 The density of
states in the quantum well
location z D z0 for binding
energy B D 1 eV, mass
m D me D 511 keV=c2, and
energies �B � E � 3 eV.
The red curve is the
contribution from states
bound inside the quantum
well, the blue curve is the
pure three-dimensional
density of states in absence of
a quantum well, and the black
curve is the density of states
according to equation (20.32)

Fig. 20.4 The density of
states (20.32) in the quantum
well location z D z0 for
higher energies
0 � E � 100 eV. The
binding energy, mass and
color coding are the same as
in Figure 20.3. The full
density of states (20.32)
approximates the
three-dimensional

p
E

behavior for energies E � B,
but there remains a finite
offset compared to %dD3 due
to the presence of the
quantum well

20.3 Problems

20.1. Derive the d-dimensional version of equation (11.28) for scattering off
spherically symmetric potentials.

20.2. Calculate the differential scattering cross sections for the potentials

20.2a. V.r/ D V0‚.R � r/,
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20.2b. V.r/ D V0 exp.�r=R/,

20.2c. V.r/ D V0 exp.�r2=R2/,
in d dimensions in Born approximation. Which results do you find in particular for
d D 2?

20.3. Derive the optical theorem in d dimensions.

20.4. The solution (3.16) can also be considered as the bound state in a one-
dimensional pointlike quantum dot V.x/ D �Wı.x/,

 dD1.x/ D � exp.��jxj/; � D m

„2W;

with binding energy

B D �E D „2�2
2m

D m

2„2W
2:

No such states exist for higher-dimensional pointlike quantum dots V.x/ D
�Wı.x/, unless we also let the depth W go to zero in a judicious way.

Show that the following wave functions describe bound states in two-dimensional
and three-dimensional pointlike quantum dots if we let W go to zero,

 dD2.r/ D �p
�

K0.�r/;  dD3.r/ D
r
�

2�

exp.��r/

r
:

The binding energy of the states is

B D �E D „2�2
2m

:

Hint: Show that the bound states must be proportional to the energy-dependent
retarded Green’s functions.

Note that we cannot extend this construction to four or more dimensions because
the corresponding Green’s functions are not square integrable any more.

20.5. Suppose we consider a proton and an electron in d � 3 spatial dimensions.
The electromagnetic interaction potential of these particles is

Vd.r/ D �e2

�0
Gd.r/:

Suppose that there are normalizable bound energy eigenstates in this system. Which
relation between the expectation values hKi and hVi of kinetic and potential energy
would then be implied by the virial theorem (4.41)? Can atoms exist in d � 4

dimensions?
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20.6. Show that substitution of the Fourier transform

hkk; k?jG.E/jk0
k; k

0?i D
Z

d2xk
Z

d2x0
k
Z

dz
Z

dz0 hxk; zjG.E/jx0
k; z

0i
.2�/3

� exp
h
i
�

k0
k � x0

k C k0?z0 � kk � xk � k?z
�i

D hk?jG.kk;E/jk0?iı
�

kk � k0
k
�
;

with

hk?jG.kk;E/jk0?i D 1

2�

Z

d2xk
Z

dz hzjG.xk;E/jz0i

� exp
��i

�
kk � xk C k?z � k0?z0�	

in equation (20.24) yields with the same technique that we used to solve (20.28) the
result

hk?jG.E; kk/jk0?i D 1

k2? C k2k � .2mE=„2/ � i�

"

ı.k? � k0?/

C �

�

expŒi.k0? � k?/z0�
k02? C k2k � .2mE=„2/ � i�

 
q

„2k2k � 2mE‚.„2k2k � 2mE/
q

„2k2k � 2mE � „� � i�

C
q
2mE � „2k2k‚.2mE � „2k2k/
q
2mE � „2k2k � i„�

!#

: (20.34)

Show also that Fourier transformation yields again the result (20.30).

20.7. Derive the result (20.32) directly from the energy eigenstates (20.21), (20.22)
and (20.23) for particles in the presence of the quantum well.

Solution.
The decomposition of unity in terms of the eigenstates is

Z

d2kk jkk; �ihkk; �j C
X

˙

Z

d2kk
Z 1

0

dk? jkk; k?;˙ihkk; k?;˙j D 1:

For the application of the definition (12.15) we have to take into account that

d2kk D kkdkkd' ! m

„2 dEd'
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holds both for the two dimensional integration measure d2kk from E D „2.k2k �
�2/=2m, and also in the three-dimensional integration measure d2kk ^ dk?, where
E D „2.k2k C k2?/=2m. This yields with a factor of 4� from g D 2 for electrons and
from integration over ' the result

%.E; z0/D4�m

„2
 

‚.2mEC„2�2/ �
4�2

C‚.E/
Z p

2mE=„

0

k2?dk?
4�3.�2Ck2?/

!

:

Evaluation of the integral yields again the result (20.32).

20.8. Generalize the derivation of the relation (20.16) to the relativistic case.

Solution.
The relativistic scalar Green’s function is

G D „2
p2 C m2c2 � i�

; hkjGjk0i D ı.k � k0/
k2 C .mc=„/2 � i�

;

see also (J.66–J.70). We can write this with H D c
p

p2 C .mc/2 in the form

G D � „2c2
E2 � H2 C i�

D � „2c2
2E

�
1

E � H C i�
C 1

E C H � i�

�

:

Here E D cp0 is still an operator, but we can make the transition to the energy-
dependent Green’s operator G.E/ with classical variable E D „ck0 through jki D
jki ˝ jk0i and

hk0jGjk00i D G.E/ı.k0 � k00/: (20.35)

Use of the Sokhotsky-Plemelj relation (2.11) yields

=G.E/ D �„2c2
2E

Œı.E � H/ � ı.E C H/�

D �„2c2
2E

XZ

n;�
Œı.E � En/ � ı.E C En/� jn; �ihn; �j; (20.36)

and therefore5

=hxjG.E/jxi D �„2c2
2E

�
%.E/ � %.E/	 : (20.37)

5A.C. Zulkoskey, R. Dick, K. Tanaka, Phys. Rev. A 89, 052103 (2014).
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Here %.E/ and %.E/ denote the densities of states of particles of energy E, and of
anti-particles (or holes) of energy E D �E, respectively.

We can test our result in the free (anti-)particle case where the density of states
per helicity state is

O%.E/ D %.E/C %.E/ D 2‚.E2 � m2c4/

.2
p
�„c/d�.d=2/

jEj
p

E2 � m2c4
d�2
; (20.38)

see equation (12.23).
The x-representation hxjG.E/jx0i D G.x � x0; !/ of the energy-dependent free

Green’s function has been calculated in Appendix J, equation (J.42). The modified
Bessel function K�.z/ with real argument is real, and the imaginary part of the
Hankel function iH.1/

� .z/ for real z satisfies [1]

lim
z!0

<H.1/
� .z/ D .z=2/�

�.� C 1/
:

Substitution into (J.42) for r D jx � x0j ! 0 yields

=hxjG.E/jxi D �„2c2
�.d=2/

‚.E2 � m2c4/

.2
p
�„c/d

p
E2 � m2c4

d�2
;

in agreement with equations (20.37) and (20.38).
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